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Abstract: Semi-crystalline polymeric composites are increasingly used as bearing material in the
biomedical sector, mainly because of their specific mechanical properties and the new advances
in 3D printing technologies that allows for customised devices. Among these applications, total
or partial prostheses for surgical purposes must consider the influence of temperature and loading
rate. This paper proposes a new constitutive model for semi-crystalline polymers, commonly used
as matrix material in a wide variety of biomedical composites, that enables reliable predictions
under a wide range of loading conditions. The most recent models present limitations to predict
the non-linear behaviour of the polymer when it is exposed to large deformations at high strain
rates. The proposed model takes into account characteristic behaviours of injected and 3D printed
thermoplastic polymers such as material hardening due to strain rate sensitivity, thermal
softening, thermal expansion and combines viscoelastic and viscoplastic responses. These
viscous-behaviours are relevant for biomedical applications where temperature evolution is
expected during the deformation process due to heat generation induced by inelastic dissipation,
being essential the thermo-mechanical coupling consideration. The constitutive model is
formulated for finite deformations within a thermodynamically consistent framework.
Additionally, the model is implemented in a finite element code and its parameters are identified
for two biomedical polymers: ultra-high-molecular-weight-polyethylene (UHMWPE) and high
density polyethylene (HDPE). Finally, the influence of viscous behaviours on dynamic
deformation of semi-crystalline polymeric matrices is analysed. This constitutive model predicts
the mechanical behaviour of semi-crystalline polymeric matrices for a wide range of strain rate
and temperature conditions, allowing for the optimisation of new composite materials potentially
used as effective joint replacement prostheses.
Keywords: Biomedical materials; Polymer–matrix composites (PMCs); Constitutive model;
UHMWPE composites.

1. Introduction
Semi-crystalline polymers and their composites are currently used in a wide range of applications
that are subjected to dynamic loading [1-4]. In several applications, the dynamic deformation of
these polymers is an essential consideration, such as in the biomedical, the aeronautical and the
automotive industries [5]. Among the materials employed as matrix in a wide variety of
composites, these polymers stand out due to their wear resistance, biocompatibility and good
mechanical properties [6-8]. In the biomedical sector, injection moulded and 3D printed polymers
are used as bearing material for prostheses [9-12], highlighting their use in hip and knee joints
[13]. In such applications, the pure polymeric material still presents mechanical limitations in
terms of severe material degradation, Fig.1, and damage arising from its low hardness, its
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relatively low stiffness, as well as high creep rate under load [14,15]. In order to enhance its
mechanical properties, a wide range of fillers are used: carbon fibres, hard particles,
hydroxyapatite, boron carbide and graphene oxide nanoparticles [2,16,17]. The advance in the 3D
printed polymeric composites field requires, then, the proper understanding of the mechanical
behaviour of matrix materials. In this regard, semi-crystalline polymers behave in a complex
manner that presents a strong non-linearity and depends on many factors such as strain rate [18],
temperature [19], stress state [20], large deformations and plastic flow [21]. Therefore, the proper
understanding of the polymeric matrix is essential for the study of the mechanical response of the
composite. To this end, constitutive models for reliable predictions of the mechanical behaviour
of such materials must account for strain rate, temperature and stress state dependences combining
both viscoelastic and viscoplastic behaviours.

(a)

(b)

(c)

Fig. 1. (a) Real polyethylene-metal hip prosthetic. (b)-(c) Polyethylene acetabular cup removed
from patients due to excessive material erosion. Materials provided by Dra. I. Gómez Arrayás
(Hospital Ruber Internacional of Madrid).
Moreover, fibre reinforced semi-crystalline composites are also used in structural components for
applications that require excellent impact performance [22]. In this regard, when semi-crystalline
polymers are used in aeronautical -for example, as bulk space filters- and automotive applications
-for example, as vehicle crashworthiness structural components-, other effects must be also
accounted for faithfully describing its mechanical behaviour. The exposure of this polymer to
high strain rates leads to variations in its response [23]. In this sense, there is a positive
dependence of elastic modulus and yield stress on strain rate [18,24]. In addition, there is a strong
coupling between the mechanical and thermal behaviours of the polymer which becomes more
relevant at high strain rates [12,19,25]. When the polymer exhibits large deformations, there is a
heat generation due to inelastic-viscous dissipation that induces an increase in material
temperature leading to thermal softening. These thermal effects have a strong influence on the
mechanical behaviour of semi-crystalline polymers at high strain rates and should be considered
by constitutive models for providing reliable predictions of their behaviour. Under dynamic
conditions, the understanding of the composite matrix becomes essential when strain rate and
temperature play an important role in its behaviour, resulting in variations of the composite
mechanical response [25-29].
Many constitutive approaches have been developed for modelling the mechanical behaviour of
semi-crystalline polymers and, particularly, of several types of polyethylene. The first
approaches, as the work developed by Hughes [30], described the mechanical response of these
polymers by classical isotropic, rate-independent plasticity using Mises yield criterion. Following
this line, several authors have used constitutive models to analyse the mechanical response of
ultra-high-molecular-weight-polyethylene (UHMWPE) components of hip and knee prosthesis
under different loading conditions, where a Mises yield surface is associated with a flow rule
followed by isotropic hardening [31-33]. However, these models cannot provide reliable
predictions of the non-linear behaviour of the polymer when it is exposed to large deformations.
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In addition, these models present considerable limitations when the structural component deforms
at high strain rates. In order to develop more robust and reliable constitutive models for semicrystalline polymers, some authors have proposed viscoelastic-viscoplastic rheological models
combining springs and dashpots to capture the inelastic response [34,35]. These models allow for
taking into account the non-linear response through the constitutive definition of the springs and
the rate-dependent response through the flow rule definition of the dashpots. In this regard,
Bergström et al. [36] developed a constitutive model, called hybrid model, for predicting the large
strain time-dependent behaviour of UHMWPE. More recently, based on previous models [37,38],
Ayoub et al. [39] presented a constitutive model for polyethylene that includes a viscohyperelastic network resistance acting in parallel with a viscoelastic-viscoplastic intermolecular
resistance, where the amorphous and crystalline phases are taken under consideration. Moreover,
Garcia-Gonzalez et al. [19] proposed a constitutive model for semi-crystalline polymers
formulated in finite deformations where temperature dependence is additionally taken into
account.
For reliable modelling of a group of semi-crystalline polymeric matrices is necessary to take into
account not only viscoplasticity but also viscoelasticity. The model developed herein considers
strain rate and temperature dependences, pressure sensitivity, thermal expansion and thermomechanical coupling considering temperature evolution due to inelastic dissipation from
viscoelastic and viscoplastic deformation. Regarding temperature dependency, this influence is
incorporated for both intermolecular and network stretching resistances. The constitutive
equations are formulated in finite deformations within a thermodynamically consistent
framework. The constitutive framework is implemented in a VUMAT subroutine for the
commercial finite element solver Abaqus/Explicit [40]. The model parameters are identified for
UHMWPE and for high density polyethylene (HDPE), two widely used materials in orthopaedics
applications, from experimental data reported by Brown et al. [18]. Moreover, the constitutive
model is suitable for predicting the mechanical behaviour of a wide variety of polymeric matrices.
The application of the model to the study of stretching tests on polymers has demonstrated the
importance of taking into account viscous behaviours and thermo-mechanical coupling. This
study shows how specific deformation mechanisms govern the mechanical response of polymers
and can lead to global or local deformations. The model developed herein is physically motivated
on the deformation mechanisms behind the mechanical behaviour of semi-crystalline polymeric
matrices and is observed to faithfully describe their mechanical response under a wide range of
loading conditions. The work aims at providing a proper understanding of the mechanical
behaviour of polymeric matrices, allowing for the development of new composite materials,
especially when dealing with dynamic applications.

2. Description of the constitutive model
Semi-crystalline polymeric matrices often exhibit complex viscous effects where both
viscoelastic and viscoplastic behaviours are combined. In addition, their stress-strain response
can be physically interpreted as the combination of overcoming an intermolecular resistance
which is increased by the development of strain-induced crystallization; and a network resistance
caused by molecular orientation. The intermolecular resistance may exhibit rate-dependency that
can be described by viscoplasticity. The network resistance is commonly defined as purely elastic
but it may also exhibit rate-dependency that can be potentially described by viscoelasticity. In
addition, viscous contributions to the mechanical behaviour of thermoplastic polymers lead to
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temperature increments due to inelastic dissipation and, consequently, induce thermal softening
in the material behaviour.
Motivated on the evidence introduced above, this work proposes a constitutive model that
incorporates viscous behaviours in the mechanical response of semi-crystalline thermoplastic
materials. The model is based on three constitutive branches according to the rheological scheme
shown in Fig. 2. Here, the intermolecular resistance (I) introduces a rate- and temperaturedependent part that is defined by a Neo-Hookean hyperelastic spring and a nonlinear viscoplastic
dashpot. The network resistance (N) introduces a non-linear temperature-dependent hyperelastic
part that is defined by a modified eight-chain spring. The third viscous constitutive branch
introduces viscoelasticity through a non-linear hyperelastic response which depends on strain rate.

Fig. 2. Rheological scheme of the proposed constitutive model.
According to the arrangement of the rheological model elements depicted in Fig. 2, the total
Cauchy stress 𝛔 is determined by the contribution of the intermolecular 𝛔𝐈 , the network
backstress 𝛔𝐍 and the viscous 𝛔𝐕 resistances:
𝛔 = 𝛔𝐈 + 𝛔𝐍 + 𝛔𝐕

(1)

In order to facilitate the understanding of this section, a summery with the nomenclature used
along the formulation is presented in Appendix A.

2.1. Kinematics
The kinematics of the model proposed herein are based on the establishment of five spatial
configurations, see Fig. 3. This kinematics goes from an initial reference configuration Ωo to a
final deformed or current configuration Ω. Three more spatial configurations are defined to allow
the determination of the constitutive equations associated to each constitutive element. The first
̅ in which only thermal deformation is accounted for;
one is referred to as a dilated configuration Ω
̿ in which both thermal
the second one is referred to as a plastic dilated relaxed configuration Ω
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and plastic deformations are accounted for; and the third one is referred to as a viscous dilated
̃ in which both thermal and viscous deformations are accounted for.
relaxed configuration Ω

Fig. 3. Kinematics of the model showing the reference or initial configuration Ωo , the dilated
̅ , the plastic dilated relaxed configuration Ω
̿ , the viscous dilated relaxed
configuration Ω
̃ , and the current or loaded configuration Ω.
configuration Ω
According to the kinematics, the deformation gradient F is broken down into thermal, 𝐅 𝛉 , and
mechanical, 𝐅 𝐌 , parts [41,42]. Thus, the total deformation gradient reads as:
𝐅 = 𝐅 𝐌 𝐅𝛉

(2)

The mechanical part of the deformation gradient, 𝐅 𝐌 , is equivalent for the three constitutive
branches according to the rheological model. The mechanical part associated to the network
resistance is defined as purely elastic, 𝐅𝐍𝐞 ; the part associated to the intermolecular resistance is
𝐩
divided into elastic, 𝐅𝐈𝐞 , and plastic, 𝐅𝐈 , components; and the part associated to the viscoelastic
resistance is divided into elastic, 𝐅𝐕𝐞 , and viscous, 𝐅𝐕𝛎 , components. Therefore, the total
deformation gradient can be decomposed depending on the constitutive branch as:
𝐩

𝐅 = 𝐅𝐈𝐞 𝐅𝐈 𝐅 𝛉 = 𝐅𝐍𝐞 𝐅 𝛉 = 𝐅𝐕𝐞 𝐅𝐕𝛎 𝐅 𝛉

(3)

The velocity gradient l, in terms of the kinematics associated with the viscous resistance elements,
can be written using Eq. (3) as:
̃ 𝛎𝐕 𝐅𝐕−𝐞 + 𝐅𝐕𝐞 𝐅𝐕𝛎𝐋̅𝚹 𝐅𝐕−𝛎 𝐅𝐕−𝐞
l = 𝐅̇𝐅 −1 = 𝐥𝐞𝐕 + 𝐅𝐕𝐞 𝐋

(4)

where 𝐥𝐞𝐕 = 𝐅̇𝐕𝐞 𝐅𝐕−𝐞 is the elastic component of the velocity gradient in the current configuration
̃ 𝛎𝐕 can be defined in the viscous dilated relaxed configuration Ω
̃ as:
and the viscous component 𝐋
̃ 𝛎𝐕 = 𝐅̇𝐕𝛎 𝐅𝐕−𝛎
𝐋

(5)

This velocity gradient, as well as the plastic velocity gradient of the intermolecular resistance
𝐩
̿ 𝐩𝐈 + 𝐖
̿ 𝐈𝐩 , can be decomposed into its symmetric and skew parts by 𝐋
̃ 𝛎𝐕 = 𝐃
̃ 𝛎𝐕 + 𝐖
̃ 𝐕𝛎. In this
𝐋̿𝐈 = 𝐃
̃ and Ω
̿ are assumed to be invariant to the rigid body rotations of the current configuration,
work, Ω
𝛎
̃ 𝐕 =𝐖
̿ 𝐈𝐩=0, and therefore 𝐃
̃ 𝛎𝐕 =𝐋
̃ 𝛎𝐕 and 𝐃
̿ 𝐩𝐈 =𝐋̿𝐩𝐈 [43,44]. The thermal contribution is assumed
that is 𝐖
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isotropic according to Bouvard et al. [45], so that 𝐅 𝛉 is spherical and it is possible to assume
̅ 𝚹 = 𝟎.
𝐖
The kinematics of the intermolecular and network resistances have been defined in agreement
with standard approaches from literature [19].
2.2. Thermodynamics
This section provides the modelling assumptions made for the formulation of the Helmholtz free
energy function from which the constitutive equations derive. In addition, the thermodynamic
consistency is verified from the development of the Clausius-Duhem inequality expressed in the
dilated configuration (this is the common configuration for the three constitutive branches).
̅ , is defined as
The Helmholtz free energy function per unit volume in the dilated configuration Ψ
the additive combination of the deformation resistances [46,47] as:
(6)

̅ (𝐂𝐈𝐞 , 𝐂𝐕𝐞 , 𝐂𝐍𝐞 , θ) = Ψ
̅ I (𝐂𝐈𝐞 , θ) + Ψ
̅ V (𝐂𝐕𝐞 ) + Ψ
̅ N (𝐂𝐍𝐞 , θ)
Ψ

where the Helmholtz free energy depends on the elastic right Cauchy-Green deformation tensors
𝐂𝐈𝐞 = 𝐅𝐈𝐞𝐓 𝐅𝐈𝐞, 𝐂𝐕𝐞 = 𝐅𝐕𝐞𝐓 𝐅𝐕𝐞 and 𝐂𝐍𝐞 = 𝐅𝐍𝐞𝐓 𝐅𝐍𝐞, and temperature θ.
̅ = e̅ − θη̅, the time derivative of Ψ
̅ can be
From the definition of the Helmholtz free energy Ψ
calculated as:
̅̇ =
Ψ

̅
∂Ψ
: 𝐂̇𝐈𝐞
∂𝐂𝐈𝐞

+

̅
∂Ψ
: 𝐂̇𝐕𝐞
∂𝐂𝐕𝐞

+

̅
∂Ψ
̇𝐞
𝐞 : 𝐂𝐍
∂𝐂𝐍

+

̅
∂Ψ
θ̇
∂θ

(7)

̅ , the Clausius-Duhem inequality can
Using these modelling assumptions for the definition of Ψ
be obtained from the combination of the first and second thermodynamics principles following
the procedure used by Garcia-Gonzalez et al. [19] as:
̅

̅

̅

∂Ψ
∂Ψ
∂Ψ
𝐩
𝐩𝐓
(𝐅𝐈 𝐒̅𝐈 𝐅𝐈 − 2 ∂𝐂𝐞) : 𝐅𝐈𝐞𝐓 𝐝𝐞𝐈 𝐅𝐈𝐞 + (𝐅𝐕𝛎 𝐒̅𝐕 𝐅𝐕𝛎𝐓 − 2 ∂𝐂𝐞 ) : 𝐅𝐕𝐞𝐓 𝐝𝐞𝐕 𝐅𝐕𝐞 + (𝐒̅𝐍 − 2 ∂𝐂𝐞 ) : 𝐅𝐍𝐞𝐓 𝐝𝐞𝐍 𝐅𝐍𝐞 +
𝐈

𝐕

𝐍

̅

̅∇
̅ 𝐈: 𝐃
̅𝐩 + 𝐌
̅ 𝐕: 𝐃
̅ 𝛎 + (− ∂Ψ − 3𝑓𝜃 Ψ
̅ − η̅ + 𝑓𝜃 (𝐌
̅𝐈 + 𝐌
̅𝐕 + 𝐌
̅ 𝐍 ): 𝐈) θ̇ − 1 𝐐
̅x θ ≥ 0
𝐌
∂θ

θ

(8)

where 𝐒̅𝐈, 𝐒̅𝐍 and 𝐒̅𝐕 are respectively the corresponding second Piola-Kirchhoff stress tensors of
̅ as 𝐒̅𝐢 =
the intermolecular, network and viscous resistances expressed in the configuration Ω
̅𝐈 , 𝐌
̅ 𝐍 and 𝐌
̅ 𝐕 are respectively the Mandel stress tensors of the
JM 𝐅𝐢−𝐌 𝛔𝐢 𝐅𝐢−𝐌𝐓 and 𝐌
̅ as 𝐌
̅ 𝐢 = 𝐅𝐢𝐌𝐓 𝐅𝐢𝐌 𝐒̅𝐢 with i={I,N,V}. 𝐝𝐞𝐈 , 𝐝𝐞𝐍
intermolecular, network and viscous resistances in Ω
𝐞
and 𝐝𝐕 are the symmetric part of the velocity gradient tensors in Ω of the intermolecular, the
network and the viscous resistances; 𝑓𝜃 is a temperature-dependent function; η̅ is the specific
̅ is the heat flux per unit volume in Ω
̅ ; and 𝐐
̅.
entropy per unit volume in Ω
Using standard arguments of the Coleman and Noll method [48,49], the second Piola-Kirchhoff
stress tensor associated with each constitutive branch and the specific internal entropy per unit
volume that satisfy the second law of thermodynamics along arbitrary thermodynamic processes
must read as:
̅

−𝐩 ∂Ψ −𝐩𝐓
𝐒̅𝐈 = 𝐅𝐈 2 𝐞 𝐅𝐈

(9.1)

̅

(9.2)

∂𝐂𝐈

∂Ψ
𝐒̅𝐍 = 2 ∂𝐂𝐞

𝐍
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̅

∂Ψ
𝐒̅𝐕 = 𝐅𝐕−𝛎 2 ∂𝐂𝐞 𝐅𝐕−𝛎𝐓

(9.3)

𝐕

̅
∂Ψ

(9.4)

̅ + 𝑓𝜃 (𝐌
̅𝐈 + 𝐌
̅𝐕 + 𝐌
̅ 𝐍 ): 𝐈
η̅ = − ∂θ − 3𝑓𝜃 Ψ

2.3. Thermal expansion
The thermal expansion is assumed to be isotropic, being the contribution of the thermal part to
the deformation gradient defined in the form:
(10)

𝐅̇ 𝛉 = 𝑓𝜃 𝐅 𝛉 θ̇

where θ̇ is the time derivative of current temperature and 𝑓𝜃 = αθ is the thermal expansion
coefficient. The temperature evolution equation can be deduced following the methodology used
by Garcia-Gonzalez et al. [19] as:
𝐩𝐓
𝐩
̅ 𝐈: 𝐃
̅ 𝐩 + +𝐌
̅ 𝐕: 𝐃
̅𝛎
(C̅ + 3𝑓𝜃 e̅ − 𝑓𝜃 (𝐅𝐈 𝐂𝐈𝐞 𝐅𝐈 : 𝐒̅𝐈 + 𝐂𝐍𝐞 : 𝐒̅𝐍 + 𝐅𝐕𝛎𝐓 𝐂𝐕𝐞 𝐅𝐕𝛎 : 𝐒̅𝐕 )) θ̇ = 𝐌
3
𝐩
𝐩𝐓
θ [2 𝑓𝜃 𝐅𝐈 𝐒̅𝐈 𝐅𝐈 − 𝑓𝜃
3
θ [2 𝑓𝜃 𝐅𝐕𝛎𝐒̅𝐕 𝐅𝐕𝛎𝐓

− 𝑓𝜃

𝐩𝐓
𝐩
∂(𝐅𝐈 𝐂𝐈𝐞 𝐅𝐈 :𝐒̅𝐈 )

∂𝐂𝐈𝐞
̅ 𝐯)
∂(𝐅𝐕𝛎𝐓 𝐂𝐕𝐞 𝐅𝐕𝛎 :𝐒
∂𝐂𝐕𝐞

𝐩
𝐩𝐓
1 ∂(𝐅𝐈 𝐒̅𝐈 𝐅𝐈 )
] : 𝐂̇𝐈𝐞
∂θ

3
∂(𝐂𝐍 :𝐒𝐍 )
1 ∂(𝐒 )
+ θ [2 𝑓𝜃 𝐒̅𝐍 − 𝑓𝜃 ∂𝐂
+ 2 ∂θ𝐍 ] : 𝐂̇𝐍𝐞 +
𝐞

1 ∂(𝐅𝐕𝛎 𝐒̅𝐕 𝐅𝐕𝛎𝐓 )
] : 𝐂̇𝐕𝐞
2
∂θ

̅ +R
̅x 𝐐
̅
−∇

+2
+

𝐞̅

̅

𝐍

(11)

where C̅ is the heat capacity per unit volume.

2.4. Intermolecular and network resistances: thermo-viscoplasticty
Intermolecular resistance
The intermolecular contribution to the Cauchy stress is defined by a temperature-dependent NeoHookean model as:
𝛔𝐈 =

λ0 (θ) ln(JeI )𝐈
μ0 (θ)
+
(𝐅𝐈𝐞 𝐅𝐈𝐞𝐓
JI
JI

(12)

− 𝐈)

where λ0 and μ0 are the classical Lamé constants linearly depending on temperature through the
Young’s modulus E(θ) = Eref + E1 (θ − θref ) [45,50].
The plastic contribution is activated when a yield criterion fI = σ
̿eqI − σT = 0 is satisfied. Here,
the Rhagava equivalent stress σ
̿eqI =

(α−1)I1I + √(α−1)2 I1I 2 +12αJ2I
2α

is used to include the pressure

dependency in the yield function [51]. Where α is a material parameter describing the pressure
̿ 𝐈 and J2I = 1 𝐌
̿ 𝐝𝐞𝐯 : 𝐌
̿ 𝐈𝐝𝐞𝐯 are stress invariants of the Mandel stress
sensitivity and I1I = tr 𝐌
2 𝐈
m

̿ 𝐈 = 𝐂𝐈𝐞 𝐒̿𝐈 expressed in the Ω
̿ . The scalar term σT = σT0 (1 − ( θ−θmin ) ) is defined
tensor 𝐌
θ
−θ
melt

min

depending on temperature, where σT0 is the value of σT at reference temperature in uniaxial
tension, m is a temperature sensitivity parameter, θmin is the lowest temperature considered and
θmelt is the melting temperature.
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The flow equation that describes the evolution of the plastic deformation is expressed in the plastic
̿ as:
dilated relaxed configuration Ω
𝐩
p
𝐋̿𝐈 = γ̿̇I 𝐫̿𝐈 ;

𝐫̿𝐈 =

∂gI
̿𝐈
∂𝐌

(13)

p
where γ̿̇I is the viscoplastic multiplier, 𝐫̿𝐈 is the gradient of the plastic potential g I =
(β−1)I1I + √(β−1)2 I1I 2 +12βJ2I
2β

̿ , with β being a parameter which controls the volumetric plastic
on Ω

strain.
p

The viscoplastic multiplier γ̿̇I is defined depending on the rate-sensitivity parameters ε̇ 0 and C
as:
p
γ̿̇I = {

0
̿
1 σ
ε̇ 0 {exp [C ( σeqI
T

if fI ≤ 0

− 1)] − 1}

if fI > 0

(14)

Network resistance
This part of the model describes a hyperelastic entropic resistance defined by a modification of
the originally eight-chain model proposed by Arruda and Boyce [52]. This modification follows
the formulation introduced by Anand [53] but including temperature sensitivity. The Cauchy
stress associated to this resistance is defined as:
𝛔𝐍 =

̅L
̅
(CR +Cθ (θ−θref )) λ
−1 λ
(̅ ) (𝐁𝐍∗
̅ 𝔗
3JN
λ
λL

− λ̅2 𝐈)

(15)

where 𝔗−1 is the inverse of the Langevin function, CR is the initial elastic modulus of the network
backstress resistance, Cθ is a material parameter controling the elastic modulus dependence on
1
temperature and λ̅L is the locking stretch. λ̅ = √3 tr(𝐅𝐍𝐞∗ (𝐅𝐍𝐞∗ )T ) is the average total stretch ratio,
−1⁄
3 𝐞
𝐅𝐍

with 𝐅𝐍𝐞∗ = JN

being the distortional part of 𝐅𝐍𝐞 and JN = det(𝐅𝐍𝐞 ).

2.5. Viscous resistance: viscoelasticity
This part of the model describes a viscous material response related to the hardening induced by
rate-dependent effects on network stretching. To define this constitutive branch, an eight-chain
model is defined for the non-linear spring that depends on the elastic part of the deformation
gradient associated with the viscous resistance. In addition, a viscous flow rule is introduced to
define the contribution of the linear dashpot. This idea was originally proposed by Bergström and
Boyce [54] for elastomers modelling. The Cauchy stress associated with the viscous resistance is
defined as:
𝛔𝐕 =

Cν ̅
λVL −1 ̅
λ
𝔗 (̅λ V ) (𝐁𝐕𝐞∗
3JV ̅
λV
VL

− λ̅2V 𝐈)

(16)
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where Cν and λ̅VL are material parameters and the average viscous stretch ratio λ̅V is calculated
as:
1
λ̅V = √ tr(𝐁𝐕𝐞∗ )

(17)

3

The distortional left Cauchy-Green viscous deformation tensor, 𝐁𝐕𝐞∗ , is determined by the
distortional part of 𝐅𝐕𝐞 defined by Eq. (19).
(18)

𝐁𝐕𝐞∗ = 𝐅𝐕𝐞∗ (𝐅𝐕𝐞∗ )T
−1⁄
3 𝐞
𝐅𝐕

(19)

𝐅𝐕𝐞∗ = JV

̃, a
In order to define the viscous velocity gradient in the viscous dilated relaxed configuration Ω
viscoelastic flow rule is assumed following the formulation proposed by Bergström [55] as:
̃ 𝛎𝐕 = γ̃̇νV 𝐍
̃ 𝐕;
𝐋

𝐝𝐞𝐯

̃ 𝐕 = 𝛔𝐕
𝐍
τ

V

(20)

̃ 𝐕 provides the direction of the viscoelastic flow, 𝛔𝐝𝐞𝐯
where γ̃̇νV is the viscoelastic multiplier, 𝐍
𝐕 is
𝐝𝐞𝐯
the deviatoric part of 𝛔𝐕 and τV = √tr(𝛔𝐝𝐞𝐯
𝐕 𝛔𝐕 ) is the effective stress driving the viscous flow.

The rate equation for viscous flow is given by:
τ
γ̃̇νV = σ V

VT

(21)

where σVT is a material constant.

3. Identification of model parameters and model predictions
This section summarizes the correspondence of the model parameters with the mechanical
response of semi-crystalline matrix materials and, then, the identification of the parameters for
UHMWPE is presented. In addition, the parameters of the model are also identified for HDPE in
order to compare the predictive capability of the model for polymers that present different
deformation behaviour.

3.1. Baseline material
Polyethylene is a highly ductile polymer that can be subjected to large deformations without
fracture. This polymer presents different commercial forms whose mechanical properties depend
on variables such as crystallinity degree, molecular weight and type of branching: HDPE, low
density polyethylene (LDPE), cross-linked polyethylene (PEX) and UHMWPE. Among these
polyethylene types, UHMWPE is one of the most employed because of its wear resistance,
biocompatibility and good mechanical properties [18]. This thermoplastic polymer exhibits
yielding-dependence on strain rate and temperature, increasing the yield stress with strain rate
and decreasing with temperature. In addition, this material presents strain-hardening after yield.
Although UHMWPE has no clear glass transition, a melting temperature of 405-409 K is observed
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[22,56,57] and a thermal expansion coefficient of 124.5·106 K-1 [13]. In addition, these polymers
allow for enhancing their mechanical properties through a wide range of fillers [15].

3.2. Correspondence of the model parameters with mechanical response of the material
The parameters of the proposed model present correspondence with the mechanical response of
the material. This makes it easier to identify the proper values for a specific polymer. Such
correspondence is introduced in terms of the following blocks:
(i) Linear response: the model parameters Eref, E1 and ν determine the initial elastic response of
the material depending on temperature.
(ii) Yield stress: the parameters σT0, C, ε̇ 0 and m define the yield stress of the material. C and ε̇ 0
determine the yield stress’ strain rate sensitivity and m the temperature sensitivity.
(iii) Viscous response: the model parameters Cν and λ̅VL determine the stress contribution of the
spring of the viscous constitutive branch. Cν is related to the initial elastic modulus of viscous
resistance and λ̅VL is related to the maximum (fully extended) stretch that a molecule can be
exposed to. The material parameter σVT along with the stress state determines the viscoelastic
multiplier that governs the flow rule associated with the linear dashpot.
(iv) Network response: the network contribution to the stress state is established by the parameters
CR, Cθ , λ̅L and κ. CR and Cθ determine the initial elastic modulus of network resistance depending
on temperature. The parameter λ̅L is related to the maximum stretch that a molecule can be
exposed to and κ is a bulk modulus used in applications where only the network contribution is
active (e.g. rubber modelling).
(v) Volumetric plastic strain sensitivity: the parameter β introduces the sensitivity of the material
with inelastic volume change. This parameter can be defined as β = 1 assuming volume
preserving.
(vi) Stress state sensitivity: the parameter α represents the relationship between yield stress in
compression and tension and determines the pressure sensitivity.
Taking into account the correspondence of the model parameters with the mechanical response
of the material, the parameters of the proposed model are identified for UHMWPE. For this
identification process, experimental data covering a wide range of strain rate and temperature
loading conditions is used. This experimental data and details about the experiments performance
are reported by Brown et al. [18]. The model parameters identified from these experiments are
provided in Table 1.
As UHMWPE, HDPE also exhibits yielding-dependence on strain rate and temperature.
However, while UHMWPE or others polymers like PEX exhibit significant strain hardening after
yield, other polymers such as HDPE present flat flow behaviour [18]. In order to compare the
predictive capability of the model for different semi-crystalline polymers and to analyse the
effects of particular deformation mechanisms on the mechanical response of these polymers, the
model parameters are also identified for HDPE, Table 2.
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Table 1
Material parameters for UHMWPE.
Initial elastic
properties
𝐄𝐫𝐞𝐟

𝐄𝟏

(GPa)

(MPa/K)

0.541

-6.5

Intermolecular resistance

ν

𝛆̇ 𝟎 (s-1)

C

𝛔𝐓𝟎 (MPa)

m

𝛉𝐫𝐞𝐟
(K)

𝛉𝐦𝐞𝐥𝐭 𝛉𝐦𝐢𝐧
𝛂
(K) (K)

0.46

0.1

0.048

37.5

0.7

293

406

Viscous resistance

198

β

1.0

1.0

Network resistance

CV (Pa)

̅ 𝐕𝐋
𝛌

𝛔𝐕𝐓 (MPa)

CR (MPa)

Cθ (MPa/K)

̅𝐋
𝛌

12.5

5

0.05

23

-0.15

5

General properties
ρ (kg/m3)

Cp (J/Kg K)

𝛂𝛉 (K-1)

940

1900

124.5·10-6

Table 2
Material parameters for HDPE.
Initial elastic
properties
𝐄𝐫𝐞𝐟

𝐄𝟏

(GPa)

(MPa/K)

0.782

-6.5

Intermolecular resistance

ν

𝛆̇ 𝟎 (s-1)

C

𝛔𝐓𝟎 (MPa)

m

𝛉𝐫𝐞𝐟
(K)

𝛉𝐦𝐞𝐥𝐭 𝛉𝐦𝐢𝐧
𝛂
(K) (K)

0.46

0.01

0.028

80

0.76

293

406

Viscous resistance

198

β

1.0

Network resistance

CV (Pa)

̅ 𝐕𝐋
𝛌

𝛔𝐕𝐓 (Pa)

CR (MPa)

Cθ (MPa/K)

̅𝐋
𝛌

(-)

(-)

(-)

12

-0.15

5

General properties
ρ (kg/m3)

Cp (J/Kg K)

𝛂𝛉 (K-1)

970

1900

93.6·10-6
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1.0

3.3. Model predictions
In this section, the model predictions are compared with experimental data for a wide range of
strain rate and temperature conditions. The constitutive model proposed herein is implemented in
a VUMAT subroutine and applied to a numerical model with the dimensions of the specimens
used in compression tests by Brown et al. [18]. This numerical model was defined with C3D8R
elements and developed in Abaqus/Explicit.
The expression developed for the determination of temperature evolution, Eq. (11), is reduced
taking into account uniquely specific energy due to plastic dissipation of the intermolecular
resistance; viscous dissipation of the viscoelastic resistance; and heat conduction. Thermoelastic
coupling is neglected in line with published studies for thermoplastic polymers [19,45]. The
temperature evolution is thus reduced to:
̅ ̅𝐩

̅

̅𝛎

𝐌 :𝐃
𝐌 :𝐃
θ̇ = 𝐈C̅ + 𝐕C̅ −

̅
̅x 𝐐
∇
̅
C

(22)

The model predictions show a good agreement with experiments in terms of strain rate and
temperature sensitivities [18]. In this regard, Figs. 4 and 5 show the yield stress model predictions
depending on strain rate and temperature; and their comparison with the experimental values for
UHMWPE and HDPE respectively. This predictive capacity is determined by the intermolecular
constitutive branch that accounts for strain rate sensitivity through the viscoplastic flow rule, Eq.
(13), and for temperature sensitivity through the term σT that introduced thermal softening in the
viscoplastic multiplier through Eq. (14).
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Fig. 4. Experimental data [18] versus model predictions in terms of: (a) strain rate sensitivity; and
(b) temperature sensitivity of UHMWPE for uniaxial compression tests.
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Fig. 5. Experimental data [18] versus model predictions in terms of: (a) strain rate sensitivity; and
(b) temperature sensitivity of HDPE for uniaxial compression tests.
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Fig. 6. Stress-strain experimental curves of UHMWPE [18] versus model predictions for: (a)
different strain rates; and (b) different temperatures.
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Fig. 7. Stress-strain experimental curves of HDPE [18] versus model predictions for: (a) different
strain rates; and (b) different temperatures.
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Furthermore, the model not only predicts the strain rate and temperature dependences on yield
stress, but also on the stress response along the whole deformation process. With the aim of
highlighting the predictive capacity of the proposed model, a comparison between model
predictions and experimental data [18] is provided in Figs. 6 and 7. These figures show stressstrain curves for UHMWPE and HDPE covering a wide range of strain rate and temperature
conditions. A good agreement between model predictions and experiments is observed in these
terms. In this regard, the model faithfully predicts the initial slope of the stress-strain curve
depending on temperature. This is determined by the definition of E(θ) in the intermolecular
resistance. In addition, in the case of UHMWPE, once the yield point is reached, the stress-shape
is mainly governed by the viscous and network resistances, especially at large deformations where
their contribution is more relevant. The rate-dependent non-linear behaviour at large deformations
is determined by the viscous resistance through the viscoelastic dashpot, Fig. 6a. Moreover, the
network resistance introduces temperature dependence in the non-linear behaviour at large
deformations, Fig. 6b. Unlike UHMWPE, the viscous flow of HDPE is defined uniquely by the
intermolecular resistance since presents a linear behaviour without significant hardening after
yielding, Fig. 7. Consequently, the viscoelastic branch was neglected here for HDPE.
Therefore, it can be concluded that the model allows for the introduction of temperaturedependent behaviour associated to both intermolecular and network resistances and couple
viscoelastic and viscoplastic deformation mechanisms. This model, calibrated for different
biomaterials, is potentially applied to problems in biomedical engineering allowing for the
analysis of prosthesis devices that can be subjected to dynamic loading. In addition, the model
offers other possibilities in terms of analysis of deformation mechanisms and their implications
in semi-crystalline polymeric matrices, also allowing the extrapolation of results to a wider range
of temperature and strain rate. In the next section, it is applied to the analysis of viscous
behaviours and thermo-mechanical coupling on the deformation process of both polyethylene
materials.

4. Analysis of viscous behaviours and thermo-mechanical coupling on necking
This section presents an analysis of the influence of viscous behaviours and deformation
mechanisms on necking localization and temperature evolution due to inelastic dissipation. To
this end, numerical simulations of tensile tests at different strain rate conditions were conducted.
4.1. Definition of the numerical model
A FE model of tensile specimen with a normalized ASTM D638 Type V geometry and 3 mm of
thickness was developed, Fig. 8(a). The specimen presents a gauge section of 9.53 mm in length
and 3.18 mm in width. This geometry was chosen in accordance with the specimens used by
Mohagheghian et al. [58] in the experimental tensile tests carried out on HDPE and UHMWPE
samples. A total number of 176,464 linear elements with reduced integration (C3D8R in Abaqus
notation) were employed to mesh the whole region. A higher mesh density was defined in the
central zone of the specimen, progressively decreasing the element size along the Z axis to the
extremes of the specimen.
Regarding the boundary conditions, a constant stretching velocity is applied on one end face,
while the nodes on the opposite face are embedded, Fig. 8 (b). These imposed loading conditions
can be formulated as VZ (Lt , t) = ε̇ 0 ∙ L0 and VZ (0, t) = 0 where t is the time, ε̇ 0 the initial strain
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rate, Lt the specimen length and L0 the gauge length. Note that the stretching velocity was defined
assuming that the deformation localizes along the gauge length. Thus, the simulations were
performed at two different strain rates, ε̇ 0 = 0.1 s−1 and ε̇ 0 = 100 s −1, allowing for evaluating
the influence of this variable on material hardening and on thermo-mechanical coupling. Although
an initial temperature of 293 K was defined for all simulations, it evolves along the deformation
process due to the consideration of inelastic dissipation following Eq. (22). According to
observations of other authors about temperature evolution for semi-crystalline polymers [19,59],
Eq. (22) can be reduced neglecting the term associated to thermal conduction for high strain rate
conditions assuming adiabatic heating.

(a)
(b)
Fig. 8. Numerical model: (a) geometrical information; (b) boundary conditions applied.
4.2. Results and analysis
A series of numerical simulations were performed to study and compare the influence of viscousbehaviours and thermo-mechanical coupling during the deformation process of two types of
polyethylene. In these simulations, specimens of both materials were subjected to stretching
conditions varying the initial strain rate. Experimentally, the mechanical behaviour of both
materials presents a strong dependence on strain rate and temperature, increasing the yield stress
with strain rate and decreasing with temperature. However, while the UHMWPE exhibits
significant strain hardening after yield, Fig. 6, the HDPE presents flat flow behaviour Fig. 7. In
the former, the viscoelastic resistance plays an important role in the deformation process, whereas
in the HDPE this contribution is not relevant. In this regard, the mechanical response of these
materials can be understood as the competition between hardening due to strain and strain rate
effects and softening due to thermal effects. This competition becomes more complex at high
strain rates where this variable induces an important hardening but thermal softening is more
relevant because of the strong thermo-mechanical coupling under these conditions, as can be
deduced from Eq. (22).
Figs. 9 and 10 show two stages of the tensile deformation process for UHMWPE and HDPE at
strain rate conditions of 0.1 s-1 and 100 s-1. These stages are identified by the engineering strain
defined as ε = ∆Z/L0 , where ∆Z is the current displacement applied in the longitudinal direction.
A uniform deformation along the whole gauge length is observed for UHMWPE whereas HDPE
presents a local deformation which results in a pronounced necking process. This difference in
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the behaviour of both materials can be explained by the higher viscosity and strain-hardening after
yield of UHMWPE with respect to HDPE. In this sense, viscous contributions to the mechanical
behaviour have been demonstrated to stabilize necking formation leading to higher ductility [19].
Moreover, strain hardening also plays a stabilizing role in necking formation [58-60]. In addition,
thermal softening also influences the deformation process of thermoplastic polymers [61-65], as
observed in other ductile materials [66,67]. In this regard, understanding this as a negative
hardening, if temperature evolution occurs heterogeneously by inelastic dissipation, local necking
is favoured leading to instability in the zone that reaches higher temperatures. Fig. 11 shows the
temperature distribution along the gauge length for both polyethylene materials at strains of 0.2
and 0.5 and strain rates of 0.1 s-1 and 100 s-1. Temperature remains practically uniform along the
gauge length of UHMWPE specimen whereas it shows a relevant concentration in the necking
zone of HDPE specimen. This temperature increment due to inelastic dissipation is more relevant
at high strain rates and leads to a more pronounced necking formation, see Fig. 10(d) where the
temperature reaches a maximum up to ∆θ = 60 K in the necking zone of HDPE. Comparing the
results in terms of temperature, a higher increment of this variable is reached by HDPE. Although
this material does not present contribution of the viscous branch, the higher values of stress flow
result in higher contribution of inelastic dissipation according to Eq. (22). This higher temperature
increment in HDPE favours necking formation in comparison with UHMWPE.

(a)

(b)

(c)
(d)
−1
Fig. 9. Stress distribution at ε̇ 0 = 0.1 s for: (a) UHMWPE at ε = 0.2 (b) UHMWPE at ε = 0.5
(c) HDPE at ε = 0.2 (d) HDPE at ε = 0.5.
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(a)

(b)

(c)
(d)
Fig. 10. Stress distribution at ε̇ 0 = 100 s−1 for: (a) UHMWPE at ε = 0.2 (b) UHMWPE at ε =
0.5 (c) HDPE at ε = 0.2 (d) HDPE at ε = 0.5.

The results numerically obtained here in terms of necking formation correlate with experiments
conducted by others authors [58,59]. Mohagheghian et al. [58] studied the response of different
types of polyethylene at nominal strain rates of 0.01 s −1 , 0.1 s −1 and 1 s −1 over specimens
with the same geometry used in our numerical simulations. At low strain rates, HDPE presents
neck formation while at high strain rates HDPE fails during neck propagation phases. In contrast,
no necking process was showed in the UHMWPE specimen for all strain rates studied. This
response was explained by the stabilising effect associated to strain hardening. Moreover, the
same way to deform was observed by Torres et al. [68] for HDPE. These authors also observed a
necking process with an increase in temperature along necking length in agreement with the
results obtained here.
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Fig. 11. Temperature distribution along gauge length at strains of 0.2 and 0.5 in UHMWPE and
HDPE specimens at: (a) strain rate of 0.1 s-1; and (b) strain rate of 100 s-1.

5. Conclusions
In this work, a hyperelastic constitutive model which combines viscoelasticity and viscoplasticity
with thermo-mechanical coupling is developed to predict the mechanical behaviour of semicrystalline polymeric matrices. This model is physically motivated on the interpretation of the
stress-strain response of semi-crystalline polymers as the combination of overcoming an
intermolecular resistance, a viscous resistance and a network resistance. To this end, the
intermolecular resistance introduces the thermo-viscoplastic behaviour of the polymer and the
viscous and network resistances introduce the thermo-viscoelastic behaviour. In addition,
temperature evolution due to inelastic dissipation is accounted for, as well as thermal softening
associated to temperature increment.
The constitutive equations were implemented in a VUMAT subroutine for Abaqus/Explicit and
then, the model parameters were identified for UHMWPE and HDPE from experimental data
covering a wide range of strain rate and temperature conditions. Finally, the model was employed
to study the influence of viscous contributions and thermo-mechanical coupling on necking
process when semi-crystalline specimens are subjected to large stretching conditions. Numerical
predictions show that UHMWPE can undergo higher strain values without neck formation leading
to higher ductility with respect to HDPE.
The consideration of viscous behaviours and their thermo-mechanical coupling in the constitutive
modelling of semi-crystalline polymers were identified as key points in the faithful prediction of
the characteristic mechanical behaviour of both injection moulded and 3D printed thermoplastic
polymers. In this sense, the constitutive model developed in this work is able not only to be
considered as a predictive tool, but also to be useful in the understanding of the material behaviour
of semi-crystalline polymers. The proposed model provides insights into the mechanical
behaviour of polymeric matrices, allowing for the development of new composite materials with
dynamic applications.

18

Acknowledgements
The researchers are indebted to the Ministerio de Economía y Competitividad de España (Project DPI201457989-P) for the financial support which permitted to conduct part of this work.
The authors acknowledge useful discussions with Prof. R. Zaera on the constitutive formulation of the
model developed in this work. The authors also acknowledge useful discussions and clinical material
provided by Dra. Inmaculada Gómez Arrayás, Specialist in Orthopaedic Surgery and Traumatology in the
Hospital Ruber Internacional of Madrid.

Appendix A. Nomenclature used in the formulation
Nomenclature
̅, Ω
̿, Ω
̃ , Ω}
{Ωo , Ω
e̅
̅
𝐐
̅
R
η̅
̅
C
{θ, θref , θmelt , θmin }

𝑓𝜃
̅
Ψ
̅x
∇
𝔗
𝐈
JI
JN
JV
𝐅
𝐅𝛉
𝐅𝐌
𝐅𝐍𝐞
𝐅𝐈𝐞
𝐩

𝐅𝐈

𝐅𝐕𝐞
𝐅𝐕𝛎
{𝐂𝐍𝐞 , 𝐁𝐍𝐞 }
𝐂𝐈𝐞
{𝐂𝐕𝐞 , 𝐁𝐕𝐞 }
l
𝐥𝐞𝐕

initial, dilated, plastic dilated relaxed,
viscous dilated relaxed and current
configurations
specific internal energy per unit volume
̅
in Ω
̅
heat flux per unit volume in Ω
̅
heat resource per unit volume in Ω
̅
specific entropy per unit volume in Ω
̅
heat capacity per unit volume in Ω
current, reference, melting and lowest
temperature considered
temperature-dependent function

̿ 𝐈𝐩
𝐖

skew part of the plastic velocity gradient
in Ω

̃ 𝐕𝛎
𝐖

Helmholtz free energy per unit volume in
̅
Ω
̅
gradient with respect to the point x in Ω
Langevin function

𝐒̅𝐕

Identity matrix
determinant of the intermolecular
deformation gradient
determinant of the network deformation
gradient
determinant of the viscous deformation
gradient
deformation gradient
thermal deformation gradient
mechanical deformation gradient
network elastic deformation gradient
intermolecular elastic deformation
gradient
intermolecular plastic deformation
gradient
viscoelastic elastic deformation gradient
viscoelastic viscous deformation gradient

̅𝐕
𝐌
λ̅

skew part of the viscous velocity
̃
gradient in Ω
Cauchy stress tensor
network Cauchy stress tensor
intermolecular Cauchy stress tensor
viscous Cauchy stress tensor
network second Piola-Kirchhoff stress
̅
tensor in Ω
intermolecular second Piola-Kirchhoff
̅ and Ω
̿
stress tensor in Ω
viscous second Piola-Kirchhoff stress
̅
tensor in Ω
̅
network Mandel stress tensor in Ω
̅
intermolecular Mandel stress tensor in Ω
̿
and Ω
̅
viscous Mandel stress tensor in Ω
average total stretch ratio

λ̅L

locking stretch

{I1I , J2I }
σeqI
̿
gI
𝐫̿𝐈
p
γ̿̇I
αθ

stress invariants of the intermolecular
Mandel stress tensor
Rhagava equivalent stress
plastic potential
gradient of the plastic potential
viscoplastic multiplier
thermal expansion coefficient

{λ0 , μ0 }

classical Lamé constants

E
{Eref , E1 }

network elastic right and left CauchyGreen tensor
intermolecular elastic right CauchyGreen tensor
viscous elastic right Cauchy-Green tensor
velocity gradient
viscous elastic velocity spatial gradient

{σT , σT0 }
α

Young’s modulus
Young’s modulus at the reference
temperature and a specified material
parameter
yield stress in uniaxial tension and its
value at reference temperature
pressure sensitivity parameter

β
ε̇ 0
C

volumetric plastic strain parameter
reference strain rate
rate sensitivity parameter

𝛔
𝛔𝐍
𝛔𝐈
𝛔𝐕
𝐒̅𝐍
{𝐒̅𝐈 , 𝐒̿𝐈 }

̅𝐍
𝐌
̅ 𝐈, 𝐌
̿ 𝐈}
{𝐌
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λ̅V

temperature sensitivity parameter
initial elastic modulus of the network
backstress resistance
temperature-dependent material
parameter controlling the elastic modulus
of network
initial elastic modulus of the viscous
backstress resistance
average viscous stretch ratio

λ̅VL

viscous locking stretch

̃𝐕
𝐍

gradient of the viscoelastic flow

γ̃̇νV

viscoelastic multiplier

τV

effective stress driving the viscous flow

σVT

Material parameter of the viscous
resistance

𝐋̅𝚹
̃ 𝛎𝐕
𝐋

̅
thermal velocity gradient in Ω
̃
viscous velocity gradient in Ω

m
CR

𝐩
𝐋̿𝐈

̿
plastic velocity gradient in Ω

Cθ

𝐝𝐞𝐍

symmetric part of the network elastic
velocity gradient in Ω
symmetric part of the intermolecular
elastic velocity gradient in Ω
symmetric part of the viscous elastic
velocity gradient in Ω
symmetric part of the plastic velocity
̅
gradient in Ω
symmetric part of the viscous velocity
̅
gradient in Ω
symmetric part of the intermolecular
̿
plastic velocity gradient in Ω
symmetric part of the intermolecular
̃
viscous velocity gradient in Ω
skew part of the thermal velocity gradient
̅
in Ω

Cν

𝐝𝐞𝐈
𝐝𝐞𝐕
̅𝐩
𝐃
̅𝛎
𝐃
̿ 𝐩𝐈
𝐃
̃ 𝛎𝐕
𝐃
̅𝚹
𝐖
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Figures

(a)

(b)

(c)

Fig. 1. (a) Real polyethylene-metal hip prosthetic. (b)-(c) Polyethylene acetabular cup removed from
patients due to excessive material erosion. Materials provided by Dra. I. Gómez Arrayás (Hospital
Ruber Internacional of Madrid).

Fig. 2. Rheological scheme of the proposed constitutive model.

Fig. 3. Kinematics of the model showing the reference or initial configuration Ωo , the dilated
̅ , the plastic dilated relaxed configuration Ω
̿ , the viscous dilated relaxed configuration
configuration Ω
̃ , and the current or loaded configuration Ω.
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Fig. 4. Experimental data [18] versus model predictions in terms of: (a) strain rate sensitivity; and (b)
temperature sensitivity of UHMWPE for uniaxial compression tests.
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Fig. 5. Experimental data [18] versus model predictions in terms of: (a) strain rate sensitivity; and (b)
temperature sensitivity of HDPE for uniaxial compression tests.
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Fig. 6. Stress-strain experimental curves of UHMWPE [18] versus model predictions for: (a) different
strain rates; and (b) different temperatures.
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Fig. 7. Stress-strain experimental curves of HDPE [18] versus model predictions for: (a) different strain
rates; and (b) different temperatures.

(a)
(b)
Fig. 8. Numerical model: (a) geometrical information; (b) boundary conditions applied.
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Fig. 9. Stress distribution at ε̇ 0 = 0.1 s for: (a) UHMWPE at ε = 0.2 (b) UHMWPE at ε = 0.5 (c)
HDPE at ε = 0.2 (d) HDPE at ε = 0.5.
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Fig. 10. Stress distribution at ε̇ 0 = 100 s for: (a) UHMWPE at ε = 0.2 (b) UHMWPE at ε = 0.5 (c)
HDPE at ε = 0.2 (d) HDPE at ε = 0.5.
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Fig. 11. Temperature distribution along gauge length at strains of 0.2 and 0.5 in UHMWPE and HDPE
specimens at: (a) strain rate of 0.1 s-1; and (b) strain rate of 100 s-1.

Tables

Table 1
Material parameters for UHMWPE.
Initial elastic
properties
𝐄𝐫𝐞𝐟

𝐄𝟏

(GPa)

(MPa/K)

0.541

-6.5

Intermolecular resistance

ν

𝛆̇ 𝟎 (s-1)

C

𝛔𝐓𝟎 (MPa)

m

𝛉𝐫𝐞𝐟
(K)

𝛉𝐦𝐞𝐥𝐭 𝛉𝐦𝐢𝐧
𝛂
(K) (K)

0.46

0.1

0.048

37.5

0.7

293

406

Viscous resistance

198

β

1.0

Network resistance

CV (Pa)

̅ 𝐕𝐋
𝛌

𝛔𝐕𝐓 (MPa)

CR (MPa)

Cθ (MPa/K)

̅𝐋
𝛌

12.5

5

0.05

23

-0.15

5

General properties
ρ (kg/m3)

Cp (J/Kg K)

𝛂𝛉 (K-1)

940

1900

124.5·10-6

1.0

Table 2
Material parameters for HDPE.
Initial elastic
properties
𝐄𝐫𝐞𝐟

𝐄𝟏

(GPa)

(MPa/K)

0.782

-6.5

Intermolecular resistance

ν

𝛆̇ 𝟎 (s-1)

C

𝛔𝐓𝟎 (MPa)

m

𝛉𝐫𝐞𝐟
(K)

𝛉𝐦𝐞𝐥𝐭 𝛉𝐦𝐢𝐧
𝛂
(K) (K)

0.46

0.01

0.028

80

0.76

293

406

Viscous resistance

198

β

1.0

Network resistance

CV (Pa)

̅ 𝐕𝐋
𝛌

𝛔𝐕𝐓 (Pa)

CR (MPa)

Cθ (MPa/K)

̅𝐋
𝛌

(-)

(-)

(-)

12

-0.15

5

General properties
ρ (kg/m3)

Cp (J/Kg K)

𝛂𝛉 (K-1)

970

1900

93.6·10-6

1.0

Appendix A. Nomenclature used in the formulation
Nomenclature
̅, Ω
̿, Ω
̃ , Ω}
{Ωo , Ω

initial, dilated, plastic dilated relaxed,
viscous dilated relaxed and current
configurations
specific internal energy per unit volume
̅
in Ω
̅
heat flux per unit volume in Ω
̅
heat resource per unit volume in Ω
̅
specific entropy per unit volume in Ω
̅
heat capacity per unit volume in Ω
current, reference, melting and lowest
temperature considered
temperature-dependent function

̿ 𝐈𝐩
𝐖

skew part of the plastic velocity gradient
in Ω

̃ 𝐕𝛎
𝐖

Helmholtz free energy per unit volume in
̅
Ω
̅
gradient with respect to the point x in Ω
Langevin function

𝐒̅𝐕

Identity matrix
determinant of the intermolecular
deformation gradient
determinant of the network deformation
gradient
determinant of the viscous deformation
gradient
deformation gradient
thermal deformation gradient
mechanical deformation gradient
network elastic deformation gradient
intermolecular elastic deformation
gradient
intermolecular plastic deformation
gradient
viscoelastic elastic deformation gradient
viscoelastic viscous deformation gradient

̅𝐕
𝐌
̅λ

skew part of the viscous velocity
̃
gradient in Ω
Cauchy stress tensor
network Cauchy stress tensor
intermolecular Cauchy stress tensor
viscous Cauchy stress tensor
network second Piola-Kirchhoff stress
̅
tensor in Ω
intermolecular second Piola-Kirchhoff
̅ and Ω
̿
stress tensor in Ω
viscous second Piola-Kirchhoff stress
̅
tensor in Ω
̅
network Mandel stress tensor in Ω
̅
intermolecular Mandel stress tensor in Ω
̿
and Ω
̅
viscous Mandel stress tensor in Ω
average total stretch ratio

λ̅L

locking stretch

{I1I , J2I }
σeqI
̿
gI
𝐫̿𝐈
p
γ̿̇I
αθ

stress invariants of the intermolecular
Mandel stress tensor
Rhagava equivalent stress
plastic potential
gradient of the plastic potential
viscoplastic multiplier
thermal expansion coefficient

{λ0 , μ0 }

classical Lamé constants

E
{Eref , E1 }
{σT , σT0 }

{𝐂𝐕𝐞 , 𝐁𝐕𝐞 }
l
𝐥𝐞𝐕
𝐋̅𝚹
̃ 𝛎𝐕
𝐋

network elastic right and left CauchyGreen tensor
intermolecular elastic right CauchyGreen tensor
viscous elastic right Cauchy-Green tensor
velocity gradient
viscous elastic velocity spatial gradient
̅
thermal velocity gradient in Ω
̃
viscous velocity gradient in Ω

Young’s modulus
Young’s modulus at the reference
temperature and a specified material
parameter
yield stress in uniaxial tension and its
value at reference temperature
pressure sensitivity parameter

𝐩
𝐋̿𝐈

̿
plastic velocity gradient in Ω

Cθ

𝐝𝐞𝐍

symmetric part of the network elastic
velocity gradient in Ω
symmetric part of the intermolecular
elastic velocity gradient in Ω

Cν

e̅
̅
𝐐
̅
R
η̅
̅
C
{θ, θref , θmelt , θmin }

𝑓𝜃
̅
Ψ
̅x
∇
𝔗
𝐈
JI
JN
JV
𝐅
𝐅𝛉
𝐅𝐌
𝐅𝐍𝐞
𝐅𝐈𝐞
𝐩

𝐅𝐈

𝐅𝐕𝐞
𝐅𝐕𝛎
{𝐂𝐍𝐞 , 𝐁𝐍𝐞 }
𝐂𝐈𝐞

𝐝𝐞𝐈

𝛔
𝛔𝐍
𝛔𝐈
𝛔𝐕
𝐒̅𝐍
{𝐒̅𝐈 , 𝐒̿𝐈 }

̅𝐍
𝐌
̅ 𝐈, 𝐌
̿ 𝐈}
{𝐌

α
β
ε̇ 0
C
m
CR

λ̅V

volumetric plastic strain parameter
reference strain rate
rate sensitivity parameter
temperature sensitivity parameter
initial elastic modulus of the network
backstress resistance
temperature-dependent material
parameter controlling the elastic modulus
of network
initial elastic modulus of the viscous
backstress resistance
average viscous stretch ratio

𝐝𝐞𝐕
̅𝐩
𝐃
̅𝛎
𝐃
̿ 𝐩𝐈
𝐃
̃ 𝛎𝐕
𝐃
̅𝚹
𝐖

symmetric part of the viscous elastic
velocity gradient in Ω
symmetric part of the plastic velocity
̅
gradient in Ω
symmetric part of the viscous velocity
̅
gradient in Ω
symmetric part of the intermolecular
̿
plastic velocity gradient in Ω
symmetric part of the intermolecular
̃
viscous velocity gradient in Ω
skew part of the thermal velocity gradient
̅
in Ω

λ̅VL

viscous locking stretch

̃𝐕
𝐍

gradient of the viscoelastic flow

γ̃̇νV

viscoelastic multiplier

τV

effective stress driving the viscous flow

σVT

Material parameter of the viscous
resistance

