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RESUMEN

Recientemente el interés en plataformas que convierten de manera coherente fotones
de RF al dominio óptico ha aumentado de manera significativa. Esto ha sido
motivado fundamentalmente por el auge de las tecnologías cuánticas, ya que enlaces
fotónicos —operando a temperatura ambiente—serían capaces de transferir estados
cuánticos provenientes de circuitos de microondas superconductores que deben
ser enfriados a temperaturas criogénicas. Debido a esta aplicación tecnológica
prometedora, distintas líneas de investigación actualmente persiguen aumentar
la eficiencia de dichos conversores ascendentes. Sin embargo, los conversores
también pueden ser utilizados como intermediarios para detectar indirectamente
señales de microondas, onda milimétrica y terahercios (THz) en el dominio óptico,
con fotodetectores comerciales que no requieren enfriamiento. Esto permitiría
desarrollar receptores de microondas/THz operando a temperatura ambiente y con
sensibilidad sin precedentes, siendo esto sumamente útil para aplicaciones como
radio astronomía, observación de la tierra, obtención de imágenes y espectroscopía.

En esta tesis se realiza un análisis teórico de los conversores ascendentes desde
radiofrecuencia o THz, hasta frecuencias ópticas, basados en modulación elec-
troóptica (EOM). El trabajo se centra esencialmente en arquitecturas resonantes,
especialmente en aquellas que utilizan resonadores de modos whispering-gallery
(WGM). Utilizando un enfoque electrodinámico clásico, se desarrolla un modelo
teórico que describe procesos no lineales en guías de ondas arbitrarias hechas de
materiales electroópticos. Con este modelo, posteriormente se estudian resonadores
WGM, considerándolos guías de ondas en lazo en lugar de osciladores armónicos
como se hace en la literatura. El motivo es que un modelo de guía de ondas en
lazo permite tomar en cuenta las no uniformidades de los modos a lo largo del
perímetro de los resonadores, a diferencia del modelo de osciladores armónicos



que asume que la energía electromagnética está distribuida equitativamente en
la cavidad. Los resultados obtenidos demuestran que, a diferencia del modelo de
oscilador armónico, el modelo de guía en lazo propuesto no subestima la eficiencia
de conversión cuando el resonador está fuertemente sobreacoplado. De igual forma,
impone un límite mínimo a la temperatura de ruido térmico de un modo enfriado
radiativamente mediante un sobreacoplamiento fuerte, a diferencia del modelo del
oscilador armónico que predice cero ruido en un modo infinitamente sobreacoplado.
Cuando los factores de calidad (Q) intrínseco y de acoplo son altos, ambos modelos
coinciden, excepto para interacciones no lineales excepcionalmente fuertes. Si bien
este caso se daría con niveles de potencia laser y de solapamiento modal que son
muy altos para las demostraciones experimentales reportadas en la literatura hasta
el momento, futuras arquitecturas propuestas podrían necesitar ser analizadas con
el modelo de guías en lazo propuesto en este trabajo.

Por último, se realiza un estudio unificado del ruido total presente en radiómetros
de onda milimétrica y THz basados en conversores ascendentes. Los resultados
muestran que el ruido es fundamentalmente diferente si la etapa de detección óptica
post conversión ascendente es coherente (homodina o heterodina) o incoherente
(conteo de fotones). A diferencia de los mezcladores (conversión descendente)
o amplificadores de bajo ruido (LNA), un conversor ascendente 100% eficiente
no introduce ruido además del ruido térmico que se acopla por su temperatura
física. Esto permite utilizar el conversor ascendente como una interfaz para de
manera indirecta contar fotones de THz en el dominio óptico. Ya que el conteo
de fotones es un proceso incoherente, no está sometido al límite cuántico estándar
de los radiómetros que utilizan receptores coherentes (mezcladores o LNAs). Por
tanto, es físicamente posible evitar el límite cuántico estándar haciendo conteo
de fotones en el dominio óptico tras la conversión ascendente. El sistema de
conversión ascendente está sujeto al límite cuántico sólo cuando se realiza detección
óptica coherente (homodina o heterodina). Las predicciones teóricas muestran
que conversores ascendentes trabajando a temperatura ambiente con eficiencias
fotónicas de 1% o más, serían suficientes para lograr un receptor de THz con
sensibilidad significativamente mayor a la de mezcladores y LNAs del estado del
arte, incluso operando en condiciones criogénicas. Cabe mencionar que dicho
requisito de eficiencia es mucho menos estricto que los necesarios para desarrollar
enlaces fotónicos de estados cuánticos prácticos. En este trabajo se propone un
diseño de conversor ascendente resonante en láminas delgadas de niobato de litio,
cuya eficiencia fotónica teórica se predice en 1% por cada mW de potencia láser.
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ABSTRACT

Recently, the interest in platforms that coherently convert photons from the RF to
the optical domain has increased. This has been mainly motivated by the advent of
quantum information technologies, because room-temperature photonic links could
be used to transfer quantum states between cryogenic superconducting microwave
circuits over long distances. While several approaches are under investigation to
this end, there is a second potential application of efficient photonic upconverters
that is sometimes overlooked. Indirect detection of weak signals at microwave,
millimeter-wave, and THz frequencies could be carried out with optical detectors
by using a room-temperature upconverter as an intermediary. The advantage is the
high sensitivity provided by off-the-shelf photodetectors with no need for cryogenics.
Thus, room-temperature microwave/THz receivers with unprecedented sensitivity
could be designed. This fact provides upconverters a great potential for bridging
the so-called THz gap, being millimeter and submillimeter-wave radio astronomy,
earth observation, imaging, and spectroscopy among the direct beneficiaries.

In this dissertation, we theoretically analyze RF-to-optical upconversion via
electro-optic modulation (EOM) in nonlinear crystals. We emphasize resonant
architectures, especially those using whispering-gallery-mode (WGM) resonators.
Using a classical approach, we develop a theoretical framework to describe nonlinear
interactions in generic waveguides. This framework is later used to study nonlinear
mixing in WGM resonators, modeling them as loop-waveguides instead of harmonic
oscillators as it is done in the literature. The reason is the harmonic oscillator model
might result too simplistic because it presumes the energy is evenly distributed
throughout the cavity. The loop-waveguide model allows us to account for the
possible non-uniformities of the WGMs along the resonator’s perimeter, caused
by exceptionally strong coupling or nonlinear interaction strength. Our results



show that both models match when intrinsic and coupling quality (Q) factors
are sufficiently large, but for highly overcoupled systems, however, the harmonic
oscillator model underestimates the upconversion efficiency. We also found a similar
behavior regarding the amount of thermal noise coupled to the upconverter due to
its physical temperature: the harmonic oscillator model underestimates the thermal
population in a strongly overcoupled WGM. Indeed, the loop-waveguide model
imposes a theoretical minimum for the input-referred thermal noise temperature of
an infinitely overcoupled resonator, in contrast to the harmonic oscillator model
that allows for arbitrary thermal noise reduction. Furthermore, in the high-Q
limit, both models agree except for exceptionally strong nonlinear interactions,
requiring levels of pump power and modal overlap that are far from the experimental
demonstrations reported so far. The waveguide model might be relevant, however,
for recent proposals of ultra-efficient upconverter architectures. We propose a
resonant upconverter design on a thin-film lithium niobate platform that is analyzed
theoretically, predicting photon conversion efficiencies on the order of 1% per
milliWatt of pump power.

Finally, total noise calculations in a WGM upconverter followed by both inco-
herent and coherent optical detection stages are presented in a unified manner. It
is found that homodyne, heterodyne, and direct optical detection schemes after
upconversion lead to fundamentally different noise performance for radiometry.
Contrary to a mixer (downconverter) or low-noise amplifier (LNA), there is no
fundamental noise added by a 100% efficient sum-frequency-generation (SFG)
upconverter except for the coupled thermal noise. Therefore, the upconverter
can serve as an interface to indirectly count the incoming THz photons in the
optical domain, which is not subject to the conventional quantum limit for co-
herent receivers. Hence, under certain realistic conditions, the quantum limit in
a THz radiometer can be circumvented via upconversion followed by incoherent
optical detection. The conventional quantum limit bounds the upconversion system
sensitivity only when coherent optical detection is done afterward (homodyne or
heterodyne). Predicted noise levels of upconversion-based THz receivers show that
photon conversion efficiencies on the order of 1% or higher would significantly
improve state-of-the-art room-temperature and cryogenic low noise amplifiers and
mixers in the sub-millimeter-wave/THz bands. It is worth mentioning that such
efficiency requirements are much less strict for ultra-low noise radiometers than for
practical quantum-state links.

xxii



CHAPTER 1

INTRODUCTION

1.1 Background
Photonics has revolutionized classical communications in the last decades mainly
due to the increased transmission data rates available in optical systems compared
to electronic and radioelectric approaches. This is essentially a direct consequence
of using optical carriers, which are capable of carrying large amounts of informa-
tion within narrow relative bandwidths. Additionally, losses in optical fibers are
significantly lower than in microwave waveguides and transmission lines, whose
ohmic losses scale with frequency. More recently, with the advent of quantum
information and quantum computing, photonics has acquired a central role in
the development of practical quantum technologies. Promising candidates for
quantum processors are microwave superconducting devices that need to operate
in a cryogenic environment to avoid decoherence due to coupling with ambient
thermal fluctuations [1–3]. Any guiding mechanism enabling the transfer of quan-
tum information over long distances through microwave photons is subject to the
same cryogenic requirements, which hinders the development of practical quantum
communication channels. However, virtually no thermal noise is generated in the
optical domain at room temperature, so communication between superconducting
microwave quantum processors could be achieved via low-loss optical links. For this,
quantum-state-preserving frequency converters are needed to convert microwave
photons to optical photons and vice versa, in a one-to-one correspondence (unity
efficiency). This has motivated a very active research area for the development
of reliable and efficient coherent upconversion techniques. Several approaches
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have been proposed for this aim, including cold atoms, opto-electro-mechanical
magneto-optical, and electro-optical systems [4–14].

Although the development of efficient microwave-to-optical upconverters has
been mostly motivated by the development of practical quantum computers, there
is an additional application sometimes overlooked. As ultra-sensitive (even photon-
counting) room-temperature optical detectors are widely available, an ultra-low
noise microwave receiver could be built upon an efficient upconverter by indirectly
detecting the microwave photons with measurements in the optical domain. Electro-
optical upconversion techniques exploiting the Pockel’s effect1 of nonlinear crystals
[15, 16] have been proposed in the literature with this aim [8, 17–23]. Since in
principle such electro-optic modulators can be driven from the lowest RF frequencies
up to millimeter and submillimeter wavelengths, this technique has the potential
to bridge the so-called THz gap with high sensitivity upconversion-based detectors
that do not require cooling [8,17,22]. Direct beneficiaries of ultra-low noise detectors
in the millimeter and submillimeter regions are radio astronomy, earth observation,
imaging, and spectroscopy [24–34]. Especially space-borne telescopes would benefit
from receivers that do not require a cryostat on board, increasing the lifetime
and significantly reducing cost, complexity, and weight of planetary missions and
earth-observing satellites. Besides, this technique could compete with conventional
room-temperature receiver modules based on low noise amplifiers and Schottky
mixers which are currently subject to active research to extend their operation
frequency from the microwave to the THz region [35–40].

This work aims to develop theoretical models that allow microwave engineers
and photonics experts to design optimal electro-optical systems for the development
of high sensitivity millimeter-wave and THz receivers. For this, models for the
nonlinear interaction, as well as thermal and quantum noise present in electro-optic
upconversion systems are developed. The content of this work is divided as follows:
In the rest of this chapter, we briefly describe from a system perspective the
architecture of the upconversion-based receiver and then introduce the physical
principles of electro-optic modulation upon which the upconverters are built. We
show how resonant structures enhance the performance of the upconverter. The
so-called whispering-gallery-mode (WGM) resonators become the basic building
blocks of an upconversion-based receiver. Generic resonators are described in

1This is, the second-order response or susceptibility χ(2) of the dielectric polarization of the
medium, or equivalently, the linear dependence of its refractive index on the electric field.

2
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Chapter 2 with an emphasis on those of whispering-gallery type. In chapters 3 and
4 a theoretical framework for the analysis of upconversion in nonlinear waveguides
and resonators is developed. Chapter 5 deals with the sensitivity and noise in
radiometers that use an upconverter followed by coherent or incoherent optical
detection as backend. Finally, conclusions and future lines are discussed in Chapter
6.

1.2 Detection systems
From a high-level perspective, a receiver of electromagnetic radiation is a system
that measures the electromagnetic field or electromagnetic power collected by e.g.,
an antenna that is pointing to an electromagnetic source. It can be said the output
of the receiver is a time-domain signal representing the measurement done. By
definition, the receiver can only observe a finite portion of the electromagnetic
spectrum centered at ωm, contained within the so-called instantaneous bandwidth
∆ω. A narrowband band-pass spectrum is observed as a carrier at ωm that is
modulated in amplitude and phase by some information. The receiver is said to be
coherent when the time-domain electromagnetic field lying within a spectral band
is measured. Incoherent receivers, on the other hand, measure the cycle-averaged
time-domain instantaneous power carried by the incoming electromagnetic radiation
also lying within a given spectral band.

Coherent receivers usually downconvert the observed spectrum (by mixing it
with a local oscillator) to a lower frequency carrier that is easier to detect and
manipulate. They can be split into two categories: heterodyne and homodyne. At
the output of a heterodyne receiver, the full time-domain signal of the observed
electromagnetic spectrum is available, but at a lower carrier frequency. In contrast,
only the time-domain component of the incoming radiation that is in phase with
a local oscillator is available in homodyne receivers. The instantaneous power
measurement done with incoherent receivers can be integrated during some time
interval to give an estimate of the mean power received. This situation is common in
radiometry, and in particular in incoherent radio astronomy, where the temperature
of an astronomical source is measured with low uncertainty by integrating during
intervals much longer than the reciprocal of the instantaneous bandwidth [41,42].

Figure 1.1 shows a high-level receiver diagram whose input is a waveguide
connected to an antenna. The output is the time-domain signal proportional to

3
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Frontend Detector
Antenna Output

Figure 1.1: General receiver scheme.

either the measured incoming electromagnetic field (coherent) or power (incoherent)
lying within the spectral band centered at ωm specified by the filter block right after
the receiver’s input. The nature of the measurement is determined by the detector,
the rightmost block of the receiver. A linear (square-law) detector is used for a
coherent (incoherent) measurement as it responds to the incident electromagnetic
field (power). However, especially at higher frequencies a frontend that amplifies
the signal and/or downconverts it to an intermediate frequency ωIF < ωm is needed
right before the detector. Otherwise, a coherent detector would need to be fast
enough to track the instantaneous oscillations at frequencies around ωm, while an
incoherent detector would need to be responsive and sensitive around ωm (e.g.,
cryogenic bolometer) which is not always possible at high frequencies and room
temperature [43]. Therefore, the use of a frontend relaxes significantly the speed
and sensitivity requirements of the detector, transferring most of the noise budget
to the frontend. Typical frontends of mm-wave and THz receivers are low noise
amplifiers based on high-electron-mobility transistors (HEMTs) (top of Fig. 1.2) or
Schottky mixers acting as downconverters (bottom of Fig. 1.2), or a combination
of both [36,37,39,40,44]. The technological advances of frontends have increased
significantly in recent years, pushing their operation frequency to submillimeter and
THz bands with record low noise temperatures, e.g., below 3000 K at 1.2 THz [39].
However, at a given time of technological development, the tendency still follows
an almost exponential noise dependence with frequency, hindering their use in
ultra-low-noise applications at THz frequencies.

An alternative frontend to the ones discussed above is an upconverter to optical
frequencies. From a system perspective, such a photonic upconverter is a mixer
pumped with a local oscillator at frequency ωp in the optical domain as depicted in
Fig. 1.3. The mixer then generates optical sidebands at frequencies ω± = ωp ± ωm

4
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Frontend

G

Figure 1.2: Conventional frontend consisting of a low noise amplifiers with gain G, a
downconverter (mixer) with local oscillator at frequency ωLO, or a combination of both.

plus possible non ideal inter-modulation sidebands. The photon conversion efficiency
η of the upconverter is a useful figure of merit to quantify the fraction of incoming
THz photons that are shifted in frequency to a given optical sideband, i.e.,

η = Number of photons in optical sideband
Number of incoming modulating photons . (1.1)

Under certain conditions that will be addressed along this work, the photon
conversion efficiency is proportional to the power of the local oscillator (pump) at
ωp for which η is sometimes normalized to the pump power. The spectrum of the
optical sidebands are ideally replicas of the input THz spectrum. This means that
both, instantaneous phase and amplitude of the THz radiation can be indirectly
measured once in the optical domain. However, conventional photodetectors are
indeed square-law devices whose response is proportional to the incoming optical
power. Therefore, while incoherent detection can be done by simply placing the

5
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Frontend

Figure 1.3: Upconversion frontend. The RF/THz signal at ωm is mixed with an optical
local oscillator at ωp to produce upconverted optical sidebands at frequencies ω±.

photodetector right after the properly filtered (to keep a single sideband) output
of the upconverter (see the top of Fig. 1.4), heterodyne detection requires an
additional setup. Indeed, both amplitude and phase of the incoming THz radiation
can be retrieved from the beatnote arising from the overlap of the upconverter’s
output with another optical local oscillator at frequency ωLO = ω± + ωIF. At
the bottom Fig. 1.4 such overlap is done with a beamsplitter. The beatnote is
therefore centered at a low frequency ωIF at which the photodetector must be able
to respond.

This is known as a heterodyne optical detection scheme, where the combination
of the beamsplitter and photodetector works as a downconverting mixer. When
ωLO = ω± then the detection scheme degenerates to homodyne, so its output is that
component of the incoming THz radiation which is in phase with the local oscillator
at ωLO. Both (heterodyne and homodyne) coherent optical detection schemes do
not require filtering the undesired sideband at the output of the upconverter since
normally the photodetector is not fast enough to track it.

Regardless of the target output frequency (optical or RF intermediate frequency)
mixing is a time-domain product between the two involved signals that therefore
requires a nonlinear device. While conventional mixers for downconverters employ
nonlinear semiconductor devices such as diodes or transistors, in this work we exploit
the nonlinearities of some dielectrics. They are manifested as high order responses
of the dielectric’s polarizability to the stimulus of an electric field. Some crystalline

6
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Detector

Figure 1.4: Incoherent or direct (top) and heterodyne (bottom) optical detection stages
after upconversion. Incoherent detection is done by directly illuminating a photodetector
with the sideband of interest, removing possible undesired signals at other frequencies
with a filter. For heterodyne detection, the optical sidebands are overlapped with an
optical local oscillator at frequency ωLO = ω+ + ωIF to produce a beatnote at low RF
frequency ωIF. The beatnote is tracked by the photodetector, producing an output signal
at ωIF.

dielectrics are good candidates for microwave-to-optical mixing as they show
particularly strong second and third-order nonlinearities while being transparent
in the optical domain [15,16]. The rest of this work is dedicated to upconverters
based on this electro-optic modulation principle. The basic working principles are
discussed in the following section and the rest of the detailed studies in the rest of
the chapters.

1.3 Principles of electro-optic modulation
In this section, we discuss in a very simplified manner the operating principle of an
electro-optic modulator (EOM). The aim is to give a hint of the parameters that
must be accurately modeled and optimized in order to build low noise THz receivers
out of them. EOMs are standard optical devices widely used in telecommunications

7
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to shift information from baseband to an optical carrier that allows transmission
through fibers. They can be designed as amplitude or phase modulators, acting in
either case as upconverters. However, their photon conversion efficiency is rather
low, on the order of 10−8 when pumped by 1 mW laser power [45–47]. This means
the modulating RF power required by commercial EOMs to generate significant
modulation is too high, making them unsuitable for the detection of weak signals.
Moreover, no commercial EOM is available in the THz region. As will be shown
in the following chapters, both problems can be addressed with highly resonant
millimeter-sized structures that enhance the electromagnetic power interacting in
the nonlinear medium.

1.3.1 Plane waves in second-order dielectrics
An illustrative problem to study nonlinear mixing is that of two plane waves
interacting in a simple unbounded medium with second-order polarizability to
generate a third (modulated) plane wave. Here we follow a procedure similar to
that of Powers [15], starting from the general, time-domain Maxwell’s equations in
differential form

∇ × E(r, t) = − ∂

∂t
B(r, t), (1.2)

∇ × H(r, t) = Jf (r, t) + ∂

∂t
D(r, t), (1.3)

∇ · D(r, t) = ρf (r, t), (1.4)

∇ · B(r, t) = 0, (1.5)

where r is the spatial position vector with respect to an arbitrary origin, t is time,
E and H are the electric and magnetic fields respectively, D is the displacement
field, B is the magnetic flux density field, Jf is the free current density and ρf

the free charge density. The constitutive relations let us write D and B in terms
of E and H, along with the polarization and magnetization vectors P and M

respectively:

8
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D(r, t) = ε0E(r, t) + P (r, t), (1.6)

B(r, t) = µ0H(r, t) + M (r, t), (1.7)

In the rest of this section, for simplicity, we assume a homogeneous, isotropic,
nonmagnetic (M = 0) medium with no free currents (Jf = 0). Assuming addi-
tionally that no static charges are present, then ρf = 0 due to charge conservation
∇ · Jf = − ∂

∂t
ρf . We, however allow a nonlinear functional relation between P and

E. When all waves are linearly polarized along one component of the coordinate
system’s standard basis âE, this relation has the form

P (r, t) = ε0

ˆ ∞

−∞
χ(1)(t′)E(r, t− t′) dt′

⏞ ⏟⏟ ⏞
P (1)(r,t)

+ âEε0χ
(2) |E(r, t)|2⏞ ⏟⏟ ⏞

P (2)(r,t)

. (1.8)

where χ(1) and χ(2) are the first and second-order susceptibilities of the medium
respectively. In Eq. (1.8) we neglect for simplicity the possible dispersion of χ(2)

i.e., the second-order response does not depend on previous values of the electric
field, unlike the first-order response which is written as a convolution integral. In
the next chapters, we drop this assumption.

If the medium is excited with two monochromatic plane waves at frequencies
ω1 and ω2 < ω1, we can expect from Eq. (1.8) a polarization vector containing
components at frequencies ω1 ± ω2, 2ω1, 2ω2 among others resulting from mixing
between those. The electric field in Eq. (1.8) corresponds to the total field in a
given point, however. Therefore, we must consider all possible harmonics that are
relevant for the nonlinear process. The frequency-doubled components 2ω1 and 2ω2

result from the so-called second harmonic generation (SHG) process. Similarly, the
components at ω1 +ω2 and ω1−ω2 are a consequence of the so-called sum-frequency
generation (SFG) and difference-frequency generation processes (DFG) respectively.

9
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1.3.2 SFG process between three plane waves
Here we restrict our simplified analysis to the SFG sideband ω3 = ω1 + ω2 origi-
nated due to excitation plane waves at frequencies ω1 and ω2. Let us assume all
waves propagate along âz and electric fields are polarized along âx in a Cartesian
coordinate system. Hence, we can write

E(r, t) = âx

2

3∑︂
n=1

En(z)e−iκnzeiωnt + c.c (1.9)

where c.c stands for complex conjugate, En(z) are complex amplitudes that are
allowed to vary along the propagation direction, and κn = ωn/vn is the wavenumber
with vn the corresponding phase velocity. Knowing that

∇ ×
(︂
âxEn(z)e−iκnz

)︂
= −âx ×∇

(︂
En(z)e−iκnz

)︂
= âye−iκnz

(︄
d
dz

En(z)− iκnEn(z)
)︄

,
(1.10)

then

∇ × ∇ ×
(︂
âxEn(z)e−iκnz

)︂
= −âxe−iκnz

(︄
d2

dz2 En − i2κn
d
dz

En − κ2
nEn

)︄
, (1.11)

so we can write

∇ × ∇ × E = − âx

2

3∑︂
j=1

(︄
d2

dz2 En − i2κn
d
dz

En − κ2
nEn

)︄
e−iκnzeiωnt + c.c (1.12)

which from Eqs. (1.2) and (1.3) equals −µ0
∂2

∂t2 (ε0E + P ). The first order part can
be rewritten as

− µ0
∂2

∂t2

(︂
ε0E + P (1)

)︂
= âx

2c2

3∑︂
n=1

ω2
n

(︂
1 + χ(1)(ωn)

)︂
En(z)e−iκnzeiωnt + c.c (1.13)

10
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where χ(1)(ωn) =
´∞

−∞ χ(1)(t′)e−iωnt′ dt′ is the Fourier transform χ(1)(t′) evaluated
at the given harmonic ωn, and c = (µ0ε0)−1/2 is the speed of light in vacuum. Note
that κn = ωnnn/c where nn = (1 + χ(1)(ωn))1/2 is known as the refractive index of
the material at frequency ωn. Keeping only the frequencies ω1,2,3, the second order
part of the polarization vector −µ0

∂2

∂t2 P (2)(r, t), results

−µ0
∂2

∂t2 P (2)(r, t) = −µ0ε0
âx

4 χ(2) ∂2

∂t2

[︄ 3∑︂
n=1

En(z)e−iκnzeiωnt + c.c
]︄2

= âx

2c2 χ(2) [ ω2
1E3(z)E∗

2(z)e−i(κ3−κ2)zeiω1t

+ ω2
2E3(z)E∗

1(z)e−i(κ3−κ1)zeiω2t

+ ω2
3E1(z)E2(z)e−i(κ1+κ2)zeiω3t + c.c ] .

(1.14)

Equating (1.12) to the sum of equations (1.13) and (1.14) results in a differential
equation for each harmonic:

d2

dz2 E1(z)− i2κ1
d
dz

E1(z) = −ω2
1

c2 χ(2)E3(z)E∗
2(z)e−i∆κz

d2

dz2 E2(z)− i2κ2
d
dz

E2(z) = −ω2
2

c2 χ(2)E3(z)E∗
1(z)e−i∆κz

d2

dz2 E3(z)− i2κ3
d
dz

E3(z) = −ω2
3

c2 χ(2)E1(z)E2(z)ei∆κz,

(1.15)

where ∆κ = κ3 − κ2 − κ1. The coupled nonlinear differential equations of (1.15)
have a first-order analytical solution when the wave numbers κn are real and the
amplitudes vary slowly such that the second-order derivatives can be neglected
[15, 16, 48]. However, numerical solutions are straightforward to find in the general
case.

Let us consider an illustrative example of SFG between monochromatic light
at telecommunications wavelength (1550 nm as measured in free space, so ω1 =
2π × 193.414 THz) and an input monochromatic THz signal at ω2 = 2π × 300 GHz.
Both, optical pump and THz signal are assumed plane waves propagating in the
same direction within an unbounded nonlinear dielectric with χ(2) = 0.3 m/V
and refractive index n =

(︂
1 + χ(1)

)︂1/2
= 2.14. We start assuming the refractive
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index is common for all involved plane waves, which might be unrealistic in actual
materials due to the difference in wavelengths. With this assumption ∆κ = 0.
We restrict our attention to a cross-section ∆S = 0.25 mm2 parallel to the phase
front of the plane waves, through which optical and THz powers P1(0) = 1 pW and
P2(0) = 1 fW respectively cross at z = 0. This chosen area ∆S allows us to fit
about one wavelength of the plane wave with the lowest frequency. We then solve
numerically the set of coupled differential equations of (1.15) to obtain the power
crossing an area ∆S at each frequency component as a function of z as

Pn(z) = ∆S

2 Re {En(z)H∗
n(z)} , (1.16)

where Hn (analogous to En) is the complex amplitude of the magnetic field asso-
ciated with the corresponding plane wave which can be obtained from Eq. (1.2)
resulting

Hn(z) = 1
ηn

[︄
i

κn

d
dz

En(z) + En(z)
]︄

, (1.17)

where ηn =
√︂

µ0/ε0
(︂
1 + χ(1)(ωn)

)︂−1/2
is the characteristic impedance of the

medium. If we admit that within one wavelength the variation of the field (complex)
amplitude is small with respect to its value, then only the last term of Eq. (1.17)
is relevant. In Section 1.3.4 we discuss further the repercussions of this assumption.
In this case, the power can be approximated as

Pn(z) = ∆S

2ηn

|En(z)|2 (1.18)

The evolution of the power at each frequency can be translated into the rate
of photons per unit time crossing ∆S by dividing by the photon energy, i.e.,
Nn(z) = Pn(z)/(~ωn) where ~ is the reduced Planck constant. The evolution of
the photon rate, normalized to N2(0) while the modes propagate (at a fixed time
instant) is shown in Fig. 1.5. Since the number of pump photons surpasses the
number of THz photons at the excitation point (z = 0), THz and pump photons
start to annihilate from this point to generate SFG photons. The process continues
as modes propagate until all THz photons are extinct near z ≈ 5 mm. At this
point, the process is 100% efficient as all THz photons are transferred to the optical
domain. As the plane waves keep propagating further, pump and SFG sideband mix

12
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Figure 1.5: Evolution of the amplitudes of the pump, THz signal and SFG sideband
while propagating and interacting in a χ(2) nonlinear medium. Notice the amplitudes are
not perfect sinusoidal functions.

and start to generate THz photons as a consequence of a DFG process. Therefore,
the recently generated SFG photons transfer their energy back to the waves at ω1

and ω2 until they are extinct, starting over the process.

The simple example above showed that, at least in the absence of losses in the
medium, 100% SFG upconversion of weak THz radiation can be realized within
about a 5 mm propagation length and pico-Watt pump power. However, this was
achieved considering an extremely large value of χ(2). Indeed, one of the most
used nonlinear materials due to its strong second-order response is lithium niobate,
which in our situation would have a second-order susceptibility around 0.3 nm/V,
i.e., nine orders of magnitude lower than assumed [15, 49, 50]. It can be shown
that when the input pump photon rate greatly exceeds the THz one, then the
pump photon rate evolution is almost constant (undepleted). Under this scenario,
approximated analytical solutions to (1.15) show that the length L0 at which
100% photon conversion efficiency is achieved scales as L0 ∝

(︂
χ(2)

√︂
P1(0)

)︂−1
as

13



1.3. PRINCIPLES OF ELECTRO-OPTIC MODULATION

will be shown later. Therefore, the propagation length needed to achieve unity
photonic efficiency would increase by 9 orders of magnitude, unless the pump power
is increased by 18 orders of magnitude. Even Watt-order pump powers would
still require meter-order interaction lengths to achieve unity efficiency. Such long
distances are impractical due to unavoidable losses in the material. For instance,
losses in lithium niobate are on the order of 7 dB/cm at 300 GHz [51–53]. Moreover,
continuous-wave laser sources beyond the tens-of-milliwatts output power are also
impractical.

To show the behavior of L0 we proceed by solving the last two equations of the
system (1.15) assuming constant E1(z) = E1(0) and neglecting the second-order
derivatives which lead to fast oscillations. This yields the second-order differential
equation for the SFG sideband

d2

dz2 E3(z)− i∆κ
d
dz

E3(z) + |ξ| = 0 (1.19)

where

ξ = − κ2κ3

4n2
2n

2
3

(︂
χ(2)

)︂2
|E1(0)|2 , (1.20)

whose solution has the form

E3(z) = e
i
2 ∆κz

[︃
C1e

i
√

1
4 ∆κ2+|ξ|z + C2e

−i
√

1
4 ∆κ2+|ξ|z

]︃
. (1.21)

where Ci and C2 are constants determined by the initial conditions E2(0) and
E3(0) = 0. When additionally ∆κ = 0, then

E3(z) = E1(0)E2(0) |ξ|−1/2 sin
(︂
|ξ|1/2 z

)︂
, (1.22)

for which the normalized SFG photon rate results

N3(z)
N2(0) = 1

2 −
1
2 cos

(︃
π

L0
z
)︃

, (1.23)

with the distance required for 100% SFG photon conversion efficiency given by

14
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Figure 1.6: Evolution of the SFG sideband with strong pump. The numerical solution
and analytical expression in the undepleted pump approximation are contrasted. The
agreement is good, but besides an offset, the numerical solution exhibits small fast
oscillations as can be seen in the inset.

L0 = π

2

⌜⃓⃓⎷2n1n2
2n

2
3

η0κ2κ3

1
χ(2)

√︄
∆S

P1(0) . (1.24)

where η0 = (µ0/ε0)1/2. Note that L0 is independent from the chosen ∆S as the
pump power is proportional to it. Therefore, the process will be more efficient (in
the sense of Eq. (1.1) at a given z) the higher the field intensity is for a given input
power.

Recall that Eq. (1.23) is valid only under the undepleted pump approximation,
i.e., N1(0) ≫ N2(0). This is not satisfied in the plot of Fig. 1.5 which explains
why the SFG curve is not a perfect cosine function. However, Eq. (1.23) is plotted
in Fig. 1.6 and contrasted with the numerical solution of Eq. (1.15) for a case
when N1(0) is many orders of magnitude above N2(0). The agreement is very good,
although besides an offset, the numerical solution also shows a small component

15
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of rapid oscillations superimposed to the behavior expected from the analytical
approximation. This can be seen as a “wiggling” in the inset of Fig. 1.6 and is
a numerical error consequence of neglecting the second-order derivatives in Eq.
(1.15), as will be discussed further in Section 1.3.4.

1.3.3 Phase matching
The system is said to be phase matched when ∆κ = 0. As will be shown below,
this case produces the maximum possible efficiency. If ∆κ ≠ 0 then we need to
add to Eq. (1.24) the full oscillatory term of Eq. (1.21), i.e., |ξ| → |ξ|+ ∆κ2/4:

L0 = π

2

⎡⎢⎣η0κ2κ3
(︂
χ(2)

)︂2
P1(0)

2n1n2
2n

2
3∆S

+ ∆κ2

4

⎤⎥⎦
−1/2

. (1.25)

Besides increasing the length at which the SFG efficiency is maximum, the existence
of a phase velocity mismatch ∆κ ≠ 0 keeps the SFG process from being 100%
efficient even at that point. Indeed, the SFG normalized photon rate results

N3(z)
N2(0) = 1

2

(︄
1 + ∆κ2

4 |ξ|

)︄−1 [︃
1− cos

(︃
π

L0
z
)︃]︃

, (1.26)

which means the maximum achievable SFG photon conversion efficiency (at the
distance given by Eq. (1.25)) is limited as 4 |ξ| / (4 |ξ|+ ∆κ2).

Figure 1.7 shows the numerical results of SFG upconversion for three mismatch-
ing values ∆κ = 0, ∆κ = 4 |ξ| and ∆κ = 8 |ξ|. The pump photon rate at the
input is many orders of magnitude above N2(0) in all cases. As discussed above, it
can be seen how the largest the mismatch, the slower the efficiency grows during
propagation, and the lower the peak efficiency. The markers in the curves in Fig.
1.7 are plotted following the analytical solution of Eq. (1.26).

1.3.4 Spectral properties of the solutions
In the previous sections, we neglected the second-order derivatives in the set of
coupled differential equations (1.15). This was motivated by the fact that the
solutions for the field amplitudes are expected to vary slowly compared to the
corresponding wavelength. Observe that the impulse response (in Laplace domain)
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Figure 1.7: Evolution of the SFG sideband with strong pump against different phase
mismatch values ∆κ.

of each of the equations in (1.15) has poles at s = 0 and s = i2κn. So the response
of the system against an impulse input contains a DC term and a fast oscillating
term exp(i2κnz). Of course, the equations are coupled and the input is not an
impulse, but this simplified analysis helps to have a picture of the situation. The
DC term is expected to be modulated by the evolution of the right-hand side of
each equation in (1.15), giving place to a slow varying solution. However, the
fast component exp(i2κnz) is still allowed to exist mathematically and is indeed
responsible for the observed “wiggling" in the curve shown in the inset of Fig. 1.6.

We can analyze the wavenumber components of the solutions via Fourier
transform. For instance, the field Fourier transform |F {E3(z)} (κ)| yields the
wavenumber (κ) spectrum of the SFG amplitude. Figure 1.8 shows the spectrum of
the SFG sideband obtained numerically and whose photon number is shown in Fig.
1.6. It is clear how E3 contains a dominant slow varying component which is near
a sinus function2. This slow varying amplitude is not pure real as the magnitude

2Doing a similar plot but with a depleted pump (the result of Fig. 1.5) would also show
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Figure 1.8: Representation of the SFG field solution shown in Fig. 1.6 in wavenumber
(κ) space. The inset shows the zoomed-in spectrum of the spike at κ = 2κ3

of its spectrum is not perfectly symmetric at positive and negative wavenumbers.
This means the nonlinear interaction also slowly modulates the phase of the wave.
Besides, although orders of magnitude smaller, E3 contains a positive wavelength
component at 2κ3, whose narrowband spectrum is shown in the inset. The same
behavior is observed for the pump and signal. We can thus write each solution as

En(z) = An(z) + Bn(z)ei2κnz (1.27)

with An(z) and Bn(z) slow varying amplitudes. The relative bandwidth of the spike
at 2κ3 is on the order of 10−3, for which similarly to An(z), the amplitude Bn(z)
also has small variations within one wavelength. The consequence of the rapid
oscillation in Eq. (1.27) is a total electric field consisting of two counter-propagating
waves, as evidenced by inserting Eq. (1.27) into Eq. (1.9). The question now is
whether the component Bn, leading to a back-propagating wave exp(iκnz) is a

harmonics since the evolution of the modes is not a perfect sinusoidal function.
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numerical artifact. To find this, let us write the actual power expression from Eq.
(1.16):

Pn(z) = ∆S

2ηn

Re
{︄
|En(z)|2 − i

κn

En(z) d
dz

E∗
n(z)

}︄
. (1.28)

Only the first term |En(z)|2 was considered when computing the power in the
approximated way from Eq. (1.18). This term results

|En(z)|2 = |An(z)|2 + |Bn(z)|2 + 2 Re
{︂
An(z)B∗

n(z)e−i2κnz
}︂

, (1.29)

where the last term explains the fast oscillating component observed in Fig. 1.6.
This component is about five orders of magnitude below the dominant component
|An(z)|2 (see Fig. 1.8). Adding the second term to Eq. (1.28), yields the actual
power:

Pn(z) = ∆S

2ηn

[︂
|An(z)|2 − |Bn(z)|2

+ 1
κn

Im
{︄

An(z) d
dz

A∗
n(z) + Bn(z) d

dz
B∗

n(z)
}︄

+ 1
κn

Im
{︄

e−i2κnzAn(z) d
dz

B∗
n(z) + ei2κnzBn(z) d

dz
A∗

n(z)
}︄]︄ (1.30)

The first term in Eq. (1.30) is equivalent to the power of two counter-propagating
waves with invariant amplitudes An and Bn, measured in the propagation direction
of An. The second term is slow-varying whose amplitude is dominated by An, but
is still small compared to |An(z)|2 because the derivative d

dz
A∗

n(z) is proportional
to the κ components of An, which are way below κn (see Fig. 1.6). The last term
varies rapidly at wavenumber 2κn, but it is the smallest of all terms. The reason
is it is proportional to Bn which is already about five orders of magnitude below
An, and also to the derivatives of the slow-varying amplitudes which are small
compared to κn as discussed before. Therefore, by calculating the power with no
approximation from Eq. (1.30), the “wiggling” of the curve depicted in Fig. 1.6
disappears as shown in Fig. (1.9).
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Figure 1.9: Replica of the results of Fig. 1.6, but calculating the true power via
Eq. (1.28). The offset between numerical and analytical results persists, but the rapid
oscillations of the numerical result become imperceptible.

Even though the rapid oscillations in the photon rate of Fig. 1.6 became
negligible by performing the rigorous calculation of power according to Eq. (1.28),
the appearance of a reflected wave Bn in the numerical solution is puzzling. We
believe this is a spurious solution of the Runge-Kutta numerical solver, which is
enabled by the existence of the second-order derivative. This solution would be
physically possible with a boundary condition at some z = z0 allowing for wave
reflections.

1.4 Discussion
In this chapter, we discussed the main argument of this work: exploring the
feasibility of nonlinear optics techniques for a different paradigm of microwave,
millimeter-wave, and THz receiver frontends based on photonic upconversion. The
hypothetical benefits are mainly the exceptionally low noise that an upconversion
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receiver would exhibit with less strict cooling requirements than conventional
cryogenic detectors.

In the remaining of the thesis, several theoretical models are developed to
find the fundamental noise limits of such upconversion-based frontends and the
parameters that allow us to engineer them. Intuitively, high photon conversion
efficiencies are expected to be required for an upconversion-based receiver to exhibit
low noise. This is indeed true, and the allowed efficiency trade-offs are derived in
the following chapters. However, the simplified plane waves analysis of Section 1.3
helps us to conclude some basic principles of second-order nonlinear mixing:

• Conventional nonlinear materials would require extremely long interaction
lengths or extremely high pump powers in order to realize an efficient process.

• For a given power, the conversion efficiency is enhanced with smaller field
distribution profiles that reduce the effective ∆S, thus increasing the power
density.

• Realizing long interaction lengths is impossible due to the dissipation losses
of the materials, especially in the microwave and THz bands.

• The phase-matching condition (∆κ = 0) must be fulfilled to enable the
maximum allowed photon conversion efficiency. In the case of three plane
waves in co-linear propagation out of which two experience the same refractive
index, this condition forces all of them to propagate with the same phase
velocity.

• It is expected that dielectrics exhibit strong dispersion over the broad fre-
quency bands ranging from the microwave to the optical region, making it
difficult to realize phase-matching.

Resonant optics can elegantly sort the problems above. Ultra-high quality (Q)
factor optical resonators made of nonlinear materials such as lithium niobate are
available in the form of whispering-gallery-mode (WGM) resonators (WGMRs)
[54,55]. The Q factors achievable are high enough to allow intra-cavity powers on
the order of Watts with milliWatt pump power from a laser. Moreover, the mode
distribution in these resonators is pretty well confined, increasing the power density
and thus enhancing further the conversion efficiency [54]. Millimeter-sized WGMRs
can support optical and microwave/THz modes simultaneously, resulting thus ideal
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for nonlinear mixing. Since the wavelengths involved in the nonlinear process are
orders of magnitude different, the bulk-material dispersion can be compensated
with geometric modal dispersion if the resonators are properly engineered. In
Chapter 2, whispering-gallery modes are studied in detail along with the resonators
supporting them.
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CHAPTER 2

WHISPERING-GALLERY RESONATORS

Electromagnetic resonators or cavities are structures where electromagnetic energy
can be stored when externally excited near the so-called resonant frequencies.
Energy storage is possible because the structure is to some degree “closed" such
that electromagnetic fields are more likely to remain within the structure than to
propagate freely outside of it. At resonance frequencies, the cavity has the right
electromagnetic dimensions for fields inside to continuously interfere constructively
with themselves. Therefore, provided that the resonator losses are sufficiently low,
the steady-state electromagnetic fields inside the cavity can reach much higher
amplitudes than the driving excitation fields. In this case, such a “field enhancement"
effect is not a consequence of some hypothetical reduction in the volume where
the resonant modes are confined, but rather constructive interference. Therefore,
when it is possible to define a propagating power circulating inside the cavity, it
can reach levels that are significantly higher than the external power driving the
resonator. This is indeed the reason why resonant structures are attractive for
nonlinear optics applications.

In particular, whispering-gallery resonators are axisymmetric structures (usually
dielectrics) where the fields propagate in the azimuthal direction. A resonance builds
up if a given number of wavelengths fit the resonator’s perimeter, thus forming
a whispering-gallery mode (WGM). The resonance condition is equivalent to say
that after one round-trip from the feeding point, the fields interfere constructively
with themselves. As an illustrative example, Fig. 2.1 shows a full-wave simulation
of a WGM excited in a disk-shaped resonator. At resonance, 15 wavelengths (30
half-wavelengths) of the WGM span the disk’s perimeter. Coupling is done via the



(a) (b)

Figure 2.1: Disk-shaped WGM resonator coupled to a dielectric rod waveguide that is
fed from the left. The mode is critically coupled such that at resonance (a) there is no
transmission and all incoming power is dissipated in the resonator. Off-resonance, power
transmission occurs.

evanescent tail arising from a dielectric rod waveguide. The coupling strength is
tuned to cancel waveguide transmission at resonance. This is the so-called critical
coupling condition and will be discussed throughout this chapter. WGM resonators
are attractive due to their high mode confinement (low mode volume) and extremely
large quality factors achievable at optical frequencies [54]. This is a consequence of
the low optical losses present in some dielectrics, added to the fact that WGMs
existing in electrically large cavities may exhibit virtually no radiation losses (the
propagation mechanism is approximated to that of plane waves under total internal
reflection).

In what follows we restrict our discussion to standing-wave and traveling-
wave resonators that have uniform cross-section along a longitudinal propagation
direction. Axisymmetric resonators and closed sections of waveguides fall into this
category. The separation of longitudinal and transversal dimensions allows us to
model the resonator and its coupling mechanism using standard waveguide theory,
which we briefly describe to establish the notation to be followed throughout the
remaining chapters. Using this theoretical framework, whispering-gallery modes
(WGM) are described in detail, and solutions for homogeneous isotropic spheres
are presented. Finally, a method for determining the resonance frequencies of
weakly anisotropic spheres is proposed and verified with full-wave simulations and
experimentally in W-band.
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2.1 2.5D model
Let us start a description of resonators based on sections of waveguides allowing
propagation along one dimension. Even though this description provides a simplified
view of the problem and does not apply for general 3D cavities, it is still useful for
describing many resonant structures such as the WGM resonators this chapter is
devoted to. We begin writing the basic theory of waveguides following [56–58].

2.1.1 Waveguide theory in Cartesian coordinates
Consider a waveguide section of length L along the coordinate z and uniform cross-
section. The waveguide is in general composed of arbitrary piece-wise nonmagnetic
homogeneous materials allowing dielectric anisotropy. No sources are present in
the regions under consideration. Arbitrary transversal boundary conditions are
allowed, e.g., conducting walls or open interface. Therefore modes are in general
hybrid and can not be separated in the conventional transversal electric, magnetic
or electromagnetic solutions (TE, TE, or TEM respectively) [58]. We seek harmonic
solutions at frequency ω with time dependence eiωt, such that fields (for instance,
the E-field) are written as

E(r, t) = 1
2E(r)eiωt + c.c.. (2.1)

Under this consideration, we can obtain the homogeneous Helmholtz wave equation
for the complex amplitude E(r) by taking the curl to both sides of Eq. (1.2) and
inserting then Eq. (1.3) assuming no sources (Jf = 0):

−∇ × ∇ × E(r) + κ2
0
←→εr (r)E(r) = 0, (2.2)

where, κ2
0 = ω2/c2 with c the speed of light in vacuum. In Eq. (2.2) we consider

only the linear part of the dielectric polarization in Eq. (1.8) but allowing χ(1) to
be a tensor to account for anisotropy. Then we define the relative permittivity
tensor as ←→εr = ←→I +

←→
χ(1) with ←→I the identity tensor represented as the 3 × 3

identity matrix. No generality is lost by assuming Jf = 0 as the conductivity in
the materials can be accounted by an imaginary part in ←→εr (see Chapter 3). We
also assume all anisotropic materials to be aligned to the coordinate system such
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that ←→εr = diag [εxx εyy εzz] is diagonal1. We shall solve Eq. (2.2) at each region
consisting of homogeneous material and then enforce the cross-section boundary
conditions at the interfaces with the other materials. Observe that Eq. (2.2)
represents an eigenvalue problem for the operator −∇ × ∇× with eigenfunctions
E and eigenvalues κ2

0
←→εr . Therefore we expect modal solutions for the fields.

We are interested in propagating modes such that fields have the longitudinal
dependence e±iβz where β = β′ − iβ′′ is the complex propagation constant, with
β′ > 0 and β′′ > 0. The minus sign is associated to a wave propagating in direction
+z, whereas the plus sign represents a wave propagating towards −z. Let us focus
by now on forward waves e−iβz and split the fields in transversal and longitudinal
components2, i.e.,

E(r) = E+(r) = E+
⊥(r⊥)e−iβz + âzE+

z (r⊥)e−iβz

H(r) = H+(r) = H+
⊥(r⊥)e−iβz + âzH+

z (r⊥)e−iβz
(2.3)

where the superscript on the field components denotes that we are currently
dealing with forward-propagating modes. Inserting (2.3) into Maxwell’s equations
(1.2)–(1.5) and splitting in transversal and longitudinal parts yields

iβE+
⊥ + ∇E+

z = −iωµ0âz ×H+
⊥, (2.4)

iβH+
⊥ + ∇H+

z = iωε0âz ×
(︂←→εr E+

⊥

)︂
, (2.5)

∇ ·
(︂←→εr E+

⊥

)︂
= iβεzzE+

z , (2.6)

∇ ·
(︂
H+

⊥

)︂
= iβH+

z , (2.7)

1The condition can be relaxed to allow off-diagonal elements as long as they do not involve
the propagation direction, i.e., εzx = εxz = εyx = εyz = 0.

2The separation of the Helmholtz equation is possible as long as the cross section of the
structure is uniform.

26



2.1. 2.5D MODEL

∇ × E+
⊥ = −iωµ0H

+
z âz, (2.8)

∇ × H+
⊥ = iωε0εzzE+

z âz. (2.9)

Taking the curl to both sides of Eq. (2.8) and inserting ∇H+
z from Eq. (2.5)

after reducing ∇ × (H+
z âz) = −âz ×∇H+

z gives

−∇ × ∇ × E+
⊥ + κ2

0
←→εr E+

⊥ = −ωµ0βâz ×H+
⊥. (2.10)

Inserting âz ×H+
⊥ from (2.4) in Eq. (2.10) with E+

z obtained from Eq. (2.6) we
get the Helmholtz equation for the transversal electric field:

∇2E+
⊥ + ∇∇ ·

[︄(︄←→εr

εzz

−
←→
I

)︄
E+

⊥

]︄
+
←→
κ2

⊥E+
⊥ = 0, (2.11)

where the eigenvalues are tensors fulfilling the relation

←→
κ2

⊥ = κ2
0
←→εr − β2←→I (2.12)

and thus having components
←→
κ2

⊥ = diag
[︂
κ2

xx κ2
yy κ2

zz

]︂
where κ2

xx = ω2µ0ε0εxx − β2,
κ2

yy = ω2µ0ε0εyy−β2, and κ2
zz = ω2µ0ε0εzz−β2. Notice how in Eq. (2.11) the term

with the operator ∇∇· vanishes if the medium is isotropic. The set of eigenvalues{︃←→
κ2

⊥n

}︃
is normally discrete for guiding modes and is in general complex. When

the medium is isotropic and bounded by metallic walls the eigenvalues κ2
⊥n are real

and positive as can be proved by applying the dot product of Eq. (2.11) by E+∗
⊥ ,

integrating over the cross section and solving for κ2
⊥. Once a given

←→
κ2

⊥ is determined
by the transversal boundary conditions and a given β is determined by the boundary
conditions at the endings of the waveguide section, then the eigenfrequency ω is
obtained. If the problem is driven such that a defined transversal eigenmode exists
with eigenvalue

←→
κ2

⊥, then β is determined by the operation frequency ω of the
driving sources following Eq. (2.12).

Once the transversal eigenmodes of the electric field are obtained by solving
Eq. (2.11), their longitudinal field components are readily available from Eq. (2.6).
Then, the associated transversal and longitudinal components of the magnetic
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field eigenmodes can be computed from equations (2.4) and (2.7) respectively.
Nevertheless, following a similar procedure a Helmholtz equation can also be
derived for the magnetic field. Then, the associated electric field can be derived
from equations (2.5) and (2.6):

←→˜︁εr

εzz

∇2H+
⊥ +

⎛⎝←→I − ←→˜︁εr

εzz

⎞⎠∇∇ · H+
⊥ +
←→˜︁κ2

⊥H+
⊥ = 0, (2.13)

where
←→˜︁κ2

⊥ = κ2
0
←→˜︁εr − β2←→I , with ←→˜︁εr the permittivity tensor with permuted entries,

i.e.,

←→˜︁εr =

⎡⎢⎢⎢⎣
εyy 0 0
0 εxx 0
0 0 εzz

⎤⎥⎥⎥⎦ . (2.14)

The modes corresponding to a backward-propagating wave, E−
⊥, E−

z , H−
⊥ and

H−
z must satisfy equations (2.4)–(2.9) when replacing β → −β. After doing this,

it is clear by simple inspection this set of equations is restored back by doing the
substitutions E−

⊥ = E+
⊥, E−

z = −E+
z , H−

⊥ = −H+
⊥ and H−

z = H+
z . Therefore the

backward-propagating eigenmodes are related to the forward-propagating waves
following the equations above, and from now on we will refer all fields to the latter.
The product of any of these modes with an arbitrary scalar is also a solution of
the homogeneous equation (2.2), although once the value of E± is chosen, H± is
automatically determined and vice versa. Therefore, some normalization of the
modes is required to ensure their uniqueness and usefulness as basis functions of
any existing electromagnetic field in the structure. We do this by dividing the
eigenmodes by the square root of their active3 carried power such that we can
always write the total fields inside the structure as

E(r) = ae−iβz

⎛⎝E+
⊥ + E+

z âz√︂
Re {p0}

⎞⎠+ beiβz

⎛⎝E+
⊥ − E+

z âz√︂
Re {p0}

⎞⎠ ,

H(r) = ae−iβz

⎛⎝H+
⊥ + H+

z âz√︂
Re {p0}

⎞⎠− beiβz

⎛⎝H+
⊥ −H+

z âz√︂
Re {p0}

⎞⎠ ,

(2.15)

3This is, the cycle-averaged instantaneous power, or equivalently the real part of Eq. (2.16).
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where

p0 = 1
2

ˆ
S

E+
⊥ ×H+∗

⊥ · dS (2.16)

is the complex power carried by the mode since integration is done over the cross
section surface S of the structure, such that dS = dSâz.

The vectors in parentheses in Eq. (2.15) represent the forward and backward-
traveling normalized eigenmodes. We will refer to their transversal and longitudinal
components as e⊥, h⊥, ez and hz, i.e.,

e⊥ = E+
⊥√︂

Re {p0}
, h⊥ = H+

⊥√︂
Re {p0}

, ez = E+
z√︂

Re {p0}
, hz = H+

z√︂
Re {p0}

. (2.17)

They are invariant (except for a phase term) to the scaling of the eigenfunctions
E+ found. The scalar functions ae−iβz and beiβz are known as forward and
backward traveling waves respectively. Thanks to normalization, if only the
forward-propagating traveling wave is present, then |a|2 e−2β′′z equals the active
power carried by the electromagnetic field. The same can said for |b|2 e2β′′z and the
power carried by the backward wave when no forward wave exists. In the general
case, when both waves are present, then the active power carried in the forward
direction is

P (z) = Re
{︄

1
2

ˆ
S

E⊥ ×H∗
⊥ · dS

}︄

= |a|2 e−2β′′z − |b|2 e2β′′z + 2 Im
{︂
ab∗e−i2β′z

}︂ Im {p0}
Re {p0}

.

(2.18)

Equation (2.18) shows that the total power transmitted in the forward direction
is not just the difference between the powers carried by forward and backward
traveling waves. An interference term appears when p0 is not real, which occurs in
lossy waveguides [56].

Consider a waveguide section starting at z = 0 and having length L, with
two counter-propagating waves described by a single transversal mode as in Eq.
(2.15). The mode amplitudes a and b are completely determined by the boundary
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conditions at z = 0 and z = L. However, the relation between a and b can be
determined by the boundary conditions at one end of the waveguide in the absence
of sources. For instance, suppose all electromagnetic sources are at z < 0, and for
z > L the electromagnetic system is passive, i.e., does not introduce energy into
the waveguide. According to the uniqueness theorem, [59–61] only the transversal
components of a field need to be specified as boundary conditions to determine the
solution. From Eq. (2.15), the transversal electric and magnetic fields at the end
z = L can be written in terms of the normalized basis as

E⊥(L) = e⊥
(︂
ae−iβL + beiβL

)︂
= e⊥EL

H⊥(L) = h⊥
(︂
ae−iβL − beiβL

)︂
= h⊥HL.

(2.19)

Knowing the exact boundary values EL and HL completely determines a and b.
It is evident EL and HL depend on the amplitude and distribution of the sources
existing at z < 0. However since the system is linear, both EL and HL change
with the same proportion against any change in those sources. Therefore, the
ratio EL/HL is independent of the sources at z < 0. Because of this, the so-called
reflection coefficient (b/a)ei2βL = Γ(L) is only dependent on the existing geometry
and media at z > L, and that of the waveguide itself. It has the expression

Γ(L) = EL/HL − 1
EL/HL + 1 . (2.20)

The remaining degree of freedom a is determined by the sources and structure’s
boundary conditions at z = 0. Similarly, another reflection coefficient Γ−(0) can
be defined at the beginning of the waveguide, where the − subscript means the
forward direction is taken towards −z. Thus, it results dependent on the waveguide
itself and the geometries and media existing at z < 0 when all electromagnetic
sources are eliminated.

The concept of reflection coefficient can be generalized for arbitrary passive elec-
tromagnetic structures (microwave networks) to which several arbitrary waveguides
are connected. Suppose each waveguide attached to the network propagates a single
transversal mode potentially in forward and backward directions. The length of the
waveguide j is Lj and is described with its own coordinate system such that zj = 0
is the starting point with some boundary condition potentially involving sources
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at zj < 0, and zj = Ln is the junction point with the network. The definition of
such a connection point is arbitrary and is known as the reference plane of the
microwave network. If the microwave network is composed of linear media, then the
superposition principle allows us to express the amplitude of the reflected wave at
a given waveguide j as a linear combination of the source-dependent incident-wave
amplitudes of all waveguides, i.e.,

bje
iβL =

N∑︂
k=1

Sjkake−iβL (2.21)

where N is the number of waveguides connected to the network and the linear
combination coefficients Sjk are known as the S-parameters of the network [62].
They are the entries of an N ×N matrix characterizing entirely the network. Note
that for the waveguide j, the parameter Sjj = Γj(Lj) is the reflection coefficient
discussed previously, which in this case is observed when all remaining waveguides
have boundary conditions at their starting points such that no incident waves
exist, i.e., ak = 0 with k ̸= j. Therefore, the S-parameters are dependent on the
geometries and media involved in the network and waveguides connected to it, but
not on the boundary conditions imposed at the starting points of each connected
waveguide.

When all media involved in the network and waveguides is reciprocal, i.e.,
having symmetric permittivity and permeability tensors, then the reciprocity
theorem [62] can be invoked to relate S-parameters. With these conditions it can
be shown [56,63–65] that the following symmetry relation holds:

Re {p0k}˜︁p0k

Sjk = Re {p0j}˜︁p0j

Skj (2.22)

where p0j,k is the complex power defined by Eq. (2.16) for the modes in the
waveguides j or k, and ˜︁p0j,k is defined for a given mode as

˜︁p0 = 1
2

ˆ
S

E+
⊥ ×H+

⊥ · dS. (2.23)

It can be shown that Eq. (2.22) produces symmetric S-parameters (Sjk = Skj)
when the waveguides are lossless [56,65]. We can also force the magnitude of the
S-parameters to be symmetric (|Sjk| = |Skj|) by doing a different normalization
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of the eigenmodes to generate the so-called power waves [56, 66]. Moreover, if
the waveguide fields can be discomposed in transversal electric (TE, E+

z = 0),
transversal magnetic (TM, H+

z = 0) and/or transversal electromagnetic (TEM,
E+

z = H+
z = 0) modes, then a proper eigenmodes normalization leads to symmetric

S-parameters in magnitude and phase even in lossy waveguides [56,63,65,66].

2.1.2 Standing-wave waveguide resonators
Consider the system depicted in Fig. 2.2 consisting of two waveguides connected
to a microwave network. For simplicity, we place the origin of each waveguide’s
coordinate system at the reference plane of the network. The complexity of the
electromagnetic fields inside the network is irrelevant for our study since we reduce
its characterization to the 2× 2 matrix of S-parameters

S =
⎡⎣ S11 S12

S21 S22

⎤⎦ . (2.24)

For this, we place the reference planes sufficiently far from the network to ensure
that the fields outside of it correspond to waveguide modes only. The waveguide 1
has sources at z1 < −L1 and is terminated at z1 = −L1 with matched boundary
condition. This means that when sources are off, any existing backward wave
b1 ̸= 0 is not reflected back such that a1 = 0. In other words, if we described
the region z1 < −L1 as a 1-port network, its single S-parameter (or the reflection
coefficient seen towards −z1 at z1 = −L1) is zero. The waveguide 2 is terminated
at z2 = −L2 with certain boundary condition defined by a reflection coefficient Γ
and free of sources at z2 < −L2. Since the whole system is passive except in the
region z1 < −L1, the sources existing there determine the amplitude and phase of
a1 which we take as a degree of freedom.

Let us suppose the waveguide 1 is lossless and its main purpose is to excite the
waveguide 2 through the central microwave network we call coupler from now on.
The waveguide 2 is lossy in general and acts as the resonator able to store energy,
for which the termination Γ and coupler must be tuned. The equations relating
the mode amplitudes in each waveguide, with the coupler having S-parameters
Sjk, j, k = 1, 2 are
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Feed Resonator
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Figure 2.2: One-dimensional model of a standing-wave resonator fed by a transmission
line through a coupler. The cavity consists of a waveguide terminated with a reflection
coefficient Γ, whose magnitude is ideally unity (short or open circuit). A fixed transversal
mode profile is considered in each waveguide, which allows the one-dimensional description
of the modes.

b1 = S11a1 + S12a2

b2 = S21a1 + S22a2.
(2.25)

From the perspective of an auxiliary coordinate system with origin at z2 = 0 but
opposite direction z′ = −z2, we can write Γ = (a2/b2)ei2β2L2 when evaluating the
total electric field at z′ = L2. Inserting this into Eq. (2.25) yields the following
cavity equations:

b2

a1
= S21

1− S22Γe−i2β2L2
(2.26)

a2

a1
= S21Γe−i2β2L2

1− S22Γe−i2β2L2
(2.27)

b1

a1
= S11 + (S12S21 − S11S22) Γe−i2β2L2

1− S22Γe−i2β2L2
(2.28)

Considering the coupler to be lossless it is possible to derive some useful relations
between the S-parameters. Firstly, the power delivered to the lossless coupler via
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port 1 |a1|2 − |b1|2 must be equal to |b2|2 if the waveguide 2 is terminated in a
matched load such that a2 = 0 (see Eq. (2.18)). Then, from Eq. (2.25) we conclude
that

|S21|2 = 1− |S11|2 . (2.29)

Secondly, by exciting from port 2 and matching the waveguide 1 such
that a1 = 0, power conservation is fulfilled when |b1|2 = |a2|2 − |b2|2 +
2 Im {ab∗} Im {p02}/Re {p02} according to Eq. (2.18). Then, we can write

|S12|2 = 1− |S22|2 − 2ζ0 Im {S22} , (2.30)

where

ζ0 = Im {p02}
Re {p02}

. (2.31)

Furthermore, it is possible to find useful phase relations between the S-parameters
of the lossless coupler by writing the power conservation equation when both a1 ̸= 0
and a2 ̸= 0

|a1|2 − |b1|2 + |a2|2 − |b2|2 + 2ζ0 Im {a2b
∗
2} = 0, (2.32)

and replacing b1 and b2 by the expressions in Eq. (2.25):

− (S11a1 + S12a2) (S∗
11a

∗
1 + S∗

12a
∗
2)− (S21a1 + S22a2) (S∗

21a
∗
1 + S∗

22a
∗
2)

+ |a1|2 + |a2|2 + 2ζ0 Im {a2 (S∗
21a

∗
1 + S∗

22a
∗
2)} = 0.

(2.33)

Using in Eq. (2.33) the results from equations (2.29) and (2.30) yields

Re {(S11S
∗
12 + S21S

∗
22) a1a

∗
2} = −ζ0 Im {S21a1a

∗
2} . (2.34)

Since Eq. (2.34) must be satisfied regardless of the magnitude and phase of the
excitations a1 and a2, then S11S

∗
12 + S21S

∗
22 = iζ0S21, for which

S11S
∗
12 + S21 (S∗

22 − iζ0) = 0. (2.35)

34



2.1. 2.5D MODEL

When ζ0 = 0, Eq. (2.35) along with equations (2.29) and (2.30) produce a unitary
matrix S of S-parameters, i.e., SS† = I, where the † denotes transpose conjugate
operation. Since losses in the resonator are in general not negligible, the existence
of the parameter ζ0 result in the somewhat awkward Eq. (2.30) that along with
Eq. (2.29) reduce to the coupling coefficients postulated in [67] only when ζ0 = 0.
This is indeed a consequence of having a standing wave rather than a traveling
wave resonator. Nevertheless, a re-normalization to the so-called power waves [66]
allows us to obtain common cavity equations as discussed below.

Re-normalization to power waves

Let us rewrite the transversal field components from Eq. (2.15) as

E⊥(r) = (a0 + b0)
E+

⊥√︂
Re {p0}

,

H⊥(r) = (a0 − b0)
H+

⊥√︂
Re {p0}

,

(2.36)

where we simply abbreviated a0 = ae−iβz and b0 = beiβz and dropped the notation
of z dependence for simplicity. Consider the following linear transformation defining
the power waves ˜︁a and ˜︁b:

˜︁a = v0

2
√︂

Re {Z}
√︂

Re {p0}

[︃
(a0 + b0) + Z

Z0
(a0 − b0)

]︃

˜︁b = v0

2
√︂

Re {Z}
√︂

Re {p0}

[︃
(a0 + b0)−

Z∗

Z0
(a0 − b0)

]︃
,

(2.37)

where v0 is an arbitrary complex number and Z and arbitrary complex reference
impedance such that Re {Z} > 0. The parameter Z0 is the characteristic impedance
of the mode and is given by Z0 = |v0|2 /p∗

0. Therefore, while the magnitude of Z0

is arbitrary, its phase is inherent to the mode. In contrast to the traveling waves
a0 and b0, the power waves have in general no specific physical interpretation. The
actual propagating waves can be obtained from the power waves by the inverse
transformation of Eq. (2.37):
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a0 + b0 =

√︂
Re {p0}

v0

√︂
Re {Z}

(︂
Z∗˜︁a + Z˜︁b)︂

a0 − b0 =
Z0

√︂
Re {p0}

v0

√︂
Re {Z}

(︂˜︁a− ˜︁b)︂ .

(2.38)

Inserting Eq. (2.38) into Eq. (2.36) and calculating the power as in Eq. (2.18),
we obtain for any chosen Z and v0 the simple result

P (z) = |˜︁a|2 − |˜︁b|2, (2.39)

thus showing the usefulness of working with power waves. Similarly to the reflection
coefficient defined in Eq. (2.20), we can also define a power waves reflection
coefficient ˜︁Γ(L) at some point z = L as

˜︁Γ(L) =
˜︁b(L)˜︁a(L) = EL/HL − Z∗/Z0

EL/HL + Z/Z0
, (2.40)

which depends on chosen value of Z. Equation (2.40) demonstrates that like Γ(L),˜︁Γ(L) does not depend on the excitation but on the characteristics of the waveguide
mode and the passive boundary conditions. This allows us to relate power waves in
a N -ports network in a similar way to Eq. (2.21), via S-parameters ˜︃Sjk for power
waves [56]:

˜︁bj =
N∑︂

k=1

˜︁Sjk˜︁ak. (2.41)

Therefore, the S-parameters matrix for power waves ˜︁S also characterizes entirely
the network, although its entries depend on the choice of Z. Equation (2.41)
can be written in matrix form by arranging power waves in column vectors ˜︁A =
[˜︁a1 · · · ˜︁aN ]T and ˜︁B =

[︂˜︁b1 · · · ˜︁bN

]︂T
such that ˜︁B = ˜︁S ˜︁A. For a lossless network, the

simple average power relation of Eq. (2.39) is given in matrix form as ˜︁B† ˜︁B = ˜︁A† ˜︁A.
Therefore, ˜︁A† ˜︁S† ˜︁S ˜︁A = ˜︁A† ˜︁A which is satisfied when ˜︁S is unitary, i.e.,

˜︁S† ˜︁S = I. (2.42)
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For waveguides composed of reciprocal media, it can be shown from the reciprocity
theorem [56] that the elements of the matrix ˜︁S fulfill the symmetry relation

v0k ˜︁p∗
0k

v∗
0k ˜︁p0k

˜︁Sjk =
v0j ˜︁p∗

0j

v∗
0j ˜︁p0j

˜︁Skj. (2.43)

Therefore, the power waves S-parameters are always symmetric in magnitude⃓⃓⃓ ˜︁Sjk

⃓⃓⃓
=
⃓⃓⃓ ˜︁Skj

⃓⃓⃓
.

Standing-wave cavity equations

Let us find simple coupler relations by using power waves in the description of the
resonator. Since the waveguide 1 in Fig. 2.2 is lossless, its characteristic impedance
is real and hence choosing Z1 = Z01 and v01 real generates power waves identical
to the associated traveling waves, i.e., ˜︁a1 = a01 and ˜︁b1 = b01. Setting Z2 = Z∗

02 and
the phase of v02 that of p02 for the lossy waveguide 2 in Fig. 2.2, generates power
waves

˜︁a2 = a02 + iζ0b02˜︁b2 = (1 + iζ0) b02,
. (2.44)

While the backward propagating power wave is proportional to the actual backward
propagating traveling wave, a nonzero ˜︂a2 can exist even in the absence of physical
forward propagating wave. A relation between ˜︁a2(0) and ˜︁b2(0) can be found from the
boundary condition at z2 = −L2, knowing that a02(0)/b02(0) = a2/b2 = Γe−i2β2L2

where Γ is the physical reflection coefficient defined for traveling waves. Hence,
from Eq. (2.44)

˜︁a2(0)˜︁b2(0)
= Γ

1 + iζ0
e−i2β2L2 + iζ0

1 + iζ0
(2.45)

Characterizing the lossless coupler through the matrix ˜︁S and making use of its
unitary property relations

1−
⃓⃓⃓ ˜︁S11

⃓⃓⃓2
=
⃓⃓⃓ ˜︁S21

⃓⃓⃓2
=
⃓⃓⃓ ˜︁S12

⃓⃓⃓2
= 1−

⃓⃓⃓ ˜︁S22

⃓⃓⃓2
, (2.46)
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and

˜︁S11
˜︁S∗

12 + ˜︁S21
˜︁S∗

22 = 0, (2.47)

we can split its elements in magnitude and phase as ˜︃S21 = teiθ2 , ˜︃S12 = teiθ1 ,
S11 = reiϕ1 and S22 = reiϕ2 where

t2 = 1− r2, (2.48)

and

θ1 + θ2 = (2n + 1) π + ϕ1 + ϕ2, n ∈ Z. (2.49)

Then, from Eq. (2.45) and the relations ˜︁B = ˜︁S ˜︁A evaluated at z1 = z2 = 0, it is
possible to derive cavity equations analogous to equations (2.26)–(2.28)

˜︁b2(0)˜︁a1(0) = ζ1 (1 + iζ0) tei(θ2−ϑ1)

1− Γrζ1e−i(2β2L2−ϕ2−ϑ1) , (2.50)

and

˜︁b1(0)˜︁a1(0) = eiϕ1
−iζ0ζ1t2ei(ϕ2+ϑ1) + r − ζ1Γe−i(2β2L2−ϕ2−ϑ1)

1− Γrζ1e−i(2β2L2−ϕ2−ϑ1) , (2.51)

where we put [1 + iζ0 (1− reiϕ2)]−1 = ζ1e
iϑ1 in terms of magnitude and phase. There

is no need to write the expression for ˜︁a2(0) since unlike ˜︁b, ˜︁a2 is not proportional to
a physically meaningful traveling wave as concluded from Eq. (2.44).

At resonance, the eigenvalue β2 is such that the magnitude of Eq. (2.50), and
thus the energy in the resonator, is maximized. This occurs when the denominator
of Eq. (2.50) is real, leading to the resonance condition

2β′
2L2 = ϕ2 + ϑ1 + ϑΓ + 2nπ, n ∈ Z, (2.52)

where ϑΓ is the phase of Γ. It is always possible to write β′
2 = ω/vp where vp is

the phase velocity of the wave and is in general a function of ω as the waveguide
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can be dispersive. Suppose that for a given resonance frequency ω0, we write
ω = ω0 + δω. Then, defining the round-trip time τ = 2L2/vp, and round-trip
attenuation αs = |Γ| ζ1e

−2β′′
2 L2 , (both in general frequency-dependent) we can

rewrite equations (2.50) and (2.51) as

˜︁b2(0)˜︁a1(0) = ζ1 (1 + iζ0) tei(θ2−ϑ1)

1− rαse−iτδω
, (2.53)

and

˜︁b1(0)˜︁a1(0) = eiϕ1
−iζ0ζ1t2ei(ϕ2+ϑ1) + r − ζ1αse

−iτδω

1− rαse−iτδω
. (2.54)

In many resonators of practical interest, dispersion is small within one or
even several resonance linewidths. This implies vp is almost constant within some
bandwidth of interest ∆ω around ω0, and therefore we can study the cavity response
around |δω| ≤ ∆ω from equations (2.53) and (2.54) while keeping the values αs

and τ take at ω0. The same approximation can be usually done with the coupler
by assuming a constant ˜︁S matrix within the bandwidth.

At resonance, the power of the traveling wave transmitted to the resonator
|b2|2 per incident power in the feeding waveguide |a1|2 can be obtained by simply
taking the squared magnitude of Eq. (2.53) once divided by 1 + iζ0 according to
Eq. (2.44). This yields

⃓⃓⃓⃓
⃓ b2

a1

⃓⃓⃓⃓
⃓
2

= ζ2
1 (1− r2)

(1− rαs)2 , (2.55)

which is maximized when the coupling coefficients are such that r = αs. This
is known as the critical coupling condition, under which the amplitude of the
traveling wave coupled to the resonator is maximized at resonance. Similarly, we
can find the reflected power |b1|2 per incident power |a1|2 in the waveguide 1 at
resonance, by simply squaring the magnitude of Eq. (2.54). The result is in general
nonzero for any r unless ϕ2 + ϑ1 − π/2 is a multiple of π. In this case, the reflected
power is vanishes when r = ζ1 (a± ζ0t2) where the ± sign depends on whether the
phase of ϕ2 + ϑ1 − π/2 is an odd or even multiple of π. For a waveguide mode
in the resonator with negligible ζ0, the reflected power is zero at critical coupling,
condition at which all incident power is dissipated into the resonator. Under this
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condition, both maximization of the intra-cavity energy and cancellation of the
reflected power occur at critical coupling r = αs [67].

2.1.3 Traveling-wave waveguide resonators
Consider the coupler-resonator system of Fig. 2.3. It consists of a ring-shaped res-
onator where electromagnetic fields travel along its perimeter in form of whispering-
gallery modes. In the top part, a straight waveguide is used to feed the resonator
by means of a certain 4-port network acting as a coupler. This feeding waveguide
can be described with the theory discussed in Section 2.1.1, and occupies 2 ports
of the coupler. The resonator is however partially embedded into the coupler,
defining the remaining two ports of the network as if the resonator acted as a
waveguide. This is not true in terms of the theoretical description of Section 2.1.1
as the mode propagation of the resonator cannot be described in any Cartesian
coordinate system in the form e±iβz. Fortunately, the waveguide theory can be
easily generalized in another orthogonal coordinate system (e.g., cylindrical) that
allows the separation of the modes in a transversal distribution along which the
resonator geometry is uniform, and a longitudinal dependence in the propagation
direction defined by a single coordinate (e.g., φ in cylindrical coordinates).

Modes in bent waveguides

Let us choose an orthogonal coordinate system described by coordinates u1, u2 and
u3 with scale factors (also known as Lamé coefficients) hj =

⃓⃓⃓
∂r
∂uj

⃓⃓⃓
and standard

orthonormal basis âj for j = 1, 2, 3 such that

∂r

∂uj

= hjâj (2.56)

being r the position vector. Since the coordinate system is orthogonal âj · âk = δjk

with δjk the Kronecker delta. Suppose that wave propagation occurs along the
coordinate uℓ, with ℓ = 1, 2 or 3. The electromagnetic fields are then split into
transversal and longitudinal components (along âj, j ̸= ℓ, and âℓ respectively), each
one depending only on the transversal coordinates uj, j ̸= ℓ and having the common
longitudinal depending factor e±iβuℓ . Sticking with the forward propagating mode
E+(r), H+(r), we can write
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Coupler
1 2

4 3

Figure 2.3: One-dimensional model of a traveling wave resonator. It is described
as a loop waveguide inside of which modes of whispering-gallery type propagate. A
4-port network (i.e. a directional coupler) model is used to analyze the excitation of the
resonator.

E(r) = E+(r) = E+
⊥(r⊥)e−iβuℓ + âℓE

+
ℓ (r⊥)e−iβuℓ

H(r) = H+(r) = H+
⊥(r⊥)e−iβuℓ + âℓH

+
ℓ (r⊥)e−iβuℓ .

(2.57)

Our goal is now to insert Eq. (2.57) into Maxwell’s equations to find the
differential equations governing the transversal components and their relation to
the longitudinal components. Doing this yields

E+
ℓ âℓ ×∇ × âℓ + iβ

hℓ

E+
⊥ + ∇E+

ℓ = −iωµ0âℓ ×H+
⊥, (2.58)

H+
ℓ âℓ ×∇ × âℓ + iβ

hℓ

H+
⊥ + ∇H+

ℓ = iωε0âℓ ×
(︂←→εr E+

⊥

)︂
, (2.59)
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∇ ·
(︂←→εr E+

⊥

)︂
= iβ

hℓ

εℓℓE
+
ℓ , (2.60)

∇ ·
(︂
H+

⊥

)︂
= iβH+

ℓ , (2.61)

∇ × E+
⊥ = −iωµ0H

+
ℓ âℓ, (2.62)

∇ × H+
⊥ = iωε0εℓℓE

+
ℓ âℓ. (2.63)

To derive the expressions above, we assumed again a symmetric permittivity
tensor ←→εr = diag [ε11 ε22 ε33]. Moreover, we restricted our curvilinear coordinate
system and propagation direction uℓ to fulfill

∂hj

∂uℓ

= 0, j = 1, 2, 3. (2.64)

Otherwise, equations (2.58) to (2.63) are more complicated because transversal
components arise in ∇×E+

⊥ and ∇×H+
⊥, while in general ∇·âℓ ≠ 0. Despite these

restrictions, choices as e.g., Cartesian coordinates (x, y, z), cylindrical coordinates
(ρ, φ, z) with propagation along z or φ, or spherical coordinates (r, θ, φ) with
propagation along φ are perfectly valid. Hence the resonator depicted in Fig. 2.3 is
describable in e.g., cylindrical or spherical coordinate systems. Following a similar
procedure to the one discussed in Section 2.1.1, we can obtain the differential
equation governing the transversal electric field

[︄(︂
h−1

ℓ ∇hℓ + h−1
ℓ âc

)︂
∇ ·
←→εr

εℓℓ

−∇ × ∇ × +κ2
0
←→εr −

β2

h2
ℓ

←→
I

]︄
E+

⊥ = 0, (2.65)

where

âc = hℓâℓ ×∇ × âℓ

= −∂âℓ

∂uℓ

(2.66)
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can be interpreted as the centrifugal acceleration experienced by a particle traveling
along the coordinate curve uℓ. Since hℓ is in general a function of the spatial
coordinates, the eigenvalue of the differential operator in Eq. (2.65) is κ2

0
←→εr

which then determines the eigenfrequency once β is obtained from the longitudinal
boundary conditions at the edges of the waveguide segment. If the problem is
driven at some frequency, then the operator of interest results from multiplying
Eq. (2.65) by h2

ℓ whose eigenvalue is β2←→I . Similar to waveguides described in
Cartesian coordinates, the backward and forward propagating modes in curvilinear
coordinates are also related as E−

⊥ = E+
⊥, E−

z = −E+
z , H−

⊥ = −H+
⊥ and H−

z = H+
z .

This is proven by substituting these relations in equations (2.58) to (2.63) when
β → −β. The complex power of the mode can also be defined with Eq. (2.16)
where the surface S is defined by some constant uℓ. Therefore, provided that an
orthogonal coordinate system exists such that the field solutions can be separated
in modes with the form of Eq. (2.57), all the theory of traveling and power waves
developed in sections 2.1.1 and 2.1.2 are valid in this context.

Traveling-wave cavity equations

Although conceptually a directional coupler [62,68], the coupler in Fig. (2.3) is not
necessarily an actual device with physically defined ports. It is instead a generic
and arbitrary volume, outside of which waveguide modes are perfectly defined.
For instance, the resonator in Fig. (2.3) could be coupled by proximity with the
evanescent tail arising from the propagating mode in the dielectric waveguide at the
top. Then, the evanescent coupling region defines the conceptual coupler boundary,
such that high-order modes are negligible outside of it.

Let us characterize the coupler from its S-parameter matrix referred to power
waves defined as in Eq. (2.44), i.e., setting at each port a reference impedance equal
to the conjugate of the characteristic impedance of the corresponding waveguide.
We assume lossless coupling waveguides (connected through ports 1 and 2) and
consider the coupling region to be sufficiently small to assume it lossless as well.
Moreover, the coupler is considered to be reciprocal and symmetric in geometry
and media with respect to a vertical line crossing through its center. Other
considerations correspondent to ideal directional couplers [62] are assumed, namely
isolation between ports 1 and 4 (and due to symmetry, ports 2 and 3 as well), and
matching at all ports. The latter means that no reflected traveling wave exists
(bj = 0) at any port j being excited when all remaining ports are passive and
matched. As a consequence, ˜︃Sjj = 0. With all this, the matrix ˜︁S has the form
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˜︁S =

⎡⎢⎢⎢⎢⎢⎢⎣
0 ˜︃S21

˜︃S24 0˜︃S21 0 0 ˜︃S24˜︃S31 0 0 ˜︃S34

0 ˜︃S31
˜︃S34 0

⎤⎥⎥⎥⎥⎥⎥⎦ (2.67)

where isolation forces ˜︃S14 = ˜︃S41 = ˜︃S23 = ˜︃S32 = 0 while symmetry forces ˜︃S12 = ˜︃S21,˜︃S43 = ˜︃S34, ˜︃S13 = ˜︃S24 and ˜︃S42 = ˜︃S31. The reciprocity relation of Eq. (2.43) ensures⃓⃓⃓˜︃S31

⃓⃓⃓
=
⃓⃓⃓˜︃S13

⃓⃓⃓
=
⃓⃓⃓˜︃S24

⃓⃓⃓
. Because of the unitary property ˜︁S = ˜︁S†,

⃓⃓⃓˜︃S21

⃓⃓⃓2
+
⃓⃓⃓˜︃S31

⃓⃓⃓2
= 1⃓⃓⃓˜︃S24

⃓⃓⃓2
+
⃓⃓⃓˜︃S34

⃓⃓⃓2
= 1

(2.68)

and therefore
⃓⃓⃓˜︃S21

⃓⃓⃓
=
⃓⃓⃓˜︃S34

⃓⃓⃓
. This lets us write the S-parameters in magnitude and

phase as ˜︃S21 = reiϕ2 , ˜︃S34 = reiϕ3 , ˜︃S31 = teiθ3 and ˜︃S24 = teiθ2 . They follow the
power-conserving amplitude relations of Eq. (2.48). From the unitary property it
is also drawn that ˜︃S21

˜︃S31
∗ + ˜︃S24

˜︃S34
∗ = 0 for which Eq. (2.49) also applies for the

phases as

θ2 + θ3 = (2n + 1) π + ϕ2 + ϕ3, n ∈ Z. (2.69)

We restrict the analysis to a traveling wave resonance, for which the excitation
is done only at port 1, while the waveguide at port 2 is terminated with a matched
boundary condition (a02 = 0). Since the coupling waveguides are lossless then their
traveling and power waves match, i.e., ˜︁a1 = a01, ˜︁b1 = b01, ˜︁a2 = a02 and ˜︁b2 = b02.
Inside the resonator, since a03 = b04 = 0, we can write

⎧⎪⎨⎪⎩˜︂a3 = 0
˜︁b3 = (1 + iζ0) b03

,

⎧⎪⎨⎪⎩˜︂a4 = a04˜︁b4 = 0
(2.70)

where ζ0 = Im {p03} / Re {p03} refers to the mode in the resonator. After one
round-trip, a04(0) = b03(0)e−iβL for which
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˜︂a4(0) = ˜︁b3(0)
⃓⃓⃓⃓
⃓ 1
1 + iζ0

⃓⃓⃓⃓
⃓ e−β′′L

⏞ ⏟⏟ ⏞
α

e−i(β′L−ϑ4). (2.71)

where −ϑ4 is the phase of 1 + ζ0 and α is the round-trip attenuation factor of the
traveling wave. Since ˜︁a2 = ˜︁a3 = 0, the equations describing the system according
to Eq. (2.67) are

˜︁b2(0) = reiϕ2˜︁a1(0) + teiθ2˜︁a4(0)˜︁b3(0) = teiθ3˜︁a1(0) + reiϕ3˜︁a4(0),
(2.72)

which together with Eq. (2.71) yields the intra-cavity responses

˜︁b3(0)˜︁a1(0) = teiθ3

1− rαe−iτδω
, (2.73)

˜︁a4(0)˜︁a1(0) = αtei(θ3−ϕ3)e−iτδω

1− rαe−iτδω
, (2.74)

and out-coupled wave complex amplitude

˜︁b2(0)˜︁a1(0) = b2

a1
= eiϕ2

r − αe−iτδω

1− rαe−iτδω
. (2.75)

where we have put ω = ω0 + δω where ω0 is the frequency at which the resonance
condition is fulfilled:

β′L = ϑ4 + ϕ3 + 2nπ, n ∈ Z. (2.76)

Equations (2.73), (2.74) and (2.75) agree with the cavity equations of [67],
with the only difference of having the magnitude of (1 + iζ0)−1 included in α. The
simplicity of these cavity equations in contrast to eqs. (2.53) and (2.54) is due to the
lack of counter-propagating mode inside the lossy resonator that would otherwise
bring out the power non-orthogonality of counter-propagating traveling waves.
Such orthogonality breaking is induced by the waveguide losses as demonstrated by
Eq. (2.18). Therefore, when the system of Fig. 2.3 is excited through ports 1 and
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2, or the coupler is not perfectly isolated, a standing wave appears in the resonator
and thus the cavity response has the more complicated forms of eqs. (2.53) and
(2.54). From eqs. (2.73), (2.74) and (2.75) we conclude that in the traveling-wave
case, the critical coupling condition r = α maximizes the intra-cavity power at
resonance, while cancels the reflected power through port 2. Therefore at this point,
all incoming power is dissipated inside the resonator.

2.1.4 Natural oscillations
So far we have studied standing-wave and traveling-wave resonators whose oscil-
lations are forced by a source at frequency ω connected to it through a physical
coupler. Restricting the geometry of the resonators to those having a uniform
cross-section, allowed for a waveguide treatment in which only the longitudinal
wavenumber β of the mode plays a role in the determination of the spectral re-
sponse of the resonator. Using the same approach, in this section we remove the
sources and analyze the natural oscillations of the resonant structure. They are
characterized by the eigenfunctions and eigenvalues of the resonator alone or those
of the complete structure formed by the resonator and coupler.

As an example, let us briefly discuss the standing-wave resonator depicted
in Fig. 2.4. The diagram shows a waveguide of length L spanning the region
−L ≤ z ≤ 0, acting as a resonator connected to a feeding waveguide through a
coupler. The reflection coefficient seen by the resonator at the coupler port is Γ1

when the input waveguide is matched or it is infinitely long. The other end of the
resonator would ideally terminate in a short or open circuit. We instead connect
it to another waveguide of infinite extension such that the reflection coefficient
observed at z = 0− is |Γ2| ≤ 1. The purpose of this is to model the effect of e.g.
an imperfect open circuit leaking some power as radiation. The wave propagating
through waveguide β2 thus represents such leaked power. If no radiation losses
are to be considered then we just need to set |Γ2| = 1. Similarly, if the natural
oscillations of the isolated resonator (without coupler) are desired, then we can put
|Γ1| = 1.

Suppose at t = 0 some electromagnetic energy is stored in the resonator. Since
no source exists, this energy is continuously bouncing inside the cavity and partially
escaping through its terminations. Therefore, feed and leakage waveguides only
admit regressive and progressive waves respectively, in the form
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Figure 2.4: One-dimensional description of a standing-wave resonator connected to
a coupler and feed line. No excitation is imposed in order to find the eigenvalues and
eigenmodes of the structure. A non-ideal termination (|Γ2| < 1) is attributed to radiation
losses which are modeled as propagation through the leakage waveguide.

E1 = b1e
iβ1z, E2 = a2e

−iβ2z. (2.77)

Inside the resonator the electric field amplitude is a superposition of progressive
and regressive waves:

E = ae−iβz + beiβz. (2.78)

At z = 0, the ratio between reflected and incident waves is fixed by the boundary
condition as Γ2 = b/a. Similarly, at z = −L the reflected wave is ae−iβ(−L) whereas
the incident wave is beiβ(−L), for which

Γ1 = a

b
ei2βL = 1

Γ2
ei2βL ∴ Γ1Γ2 = ei2βL. (2.79)

Equation (2.79) is only satisfied for complex β = βm = β′
m + iβ′′

m such that

β′
m = m

π

L
+ ϕ

2L
, β′′

m = − ln (|Γ1Γ2|)
2L

, m ∈ Z, (2.80)

where we put Γ1Γ2 = |Γ1Γ2|eiϕ. Therefore, when ϕ = 0 only multiples of half-
wavelengths fitting the resonator are admissible. Recall that by using the transmis-
sion line model of Fig. 2.4 we are assuming a single transversal mode is propagating
in the waveguides.
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The longitudinal wavenumber can be written in terms of an effective refractive
index as β = (ω/c)neff . Of course one must keep in mind neff is (except for pure
TEM modes) frequency dependent. For instance in straight waveguides, once
a transversal mode is selected, the value of

←→
κ2

⊥ is fixed in a given region of the
waveguide with homogeneous (and in general anisotropic) material (see Eq. 2.12).
Therefore,

β = ω

c

√︄
εii −

c2κ2
ii

ω2⏞ ⏟⏟ ⏞
neff

, (2.81)

where εii and κ2
ii are the i-th diagonal component of the tensors ←→εr and

←→
κ2

⊥
respectively. Equation (2.81) yields the same result regardless of the component i it
is evaluated at. In any case, for every eigenvalue βm, a corresponding eigenfrequency
ωm exists. The values of ωm shall be obtained via Eq. (2.81), or in case of bent
waveguides, by finding the eigenvalues κ0 of Eq. (2.65) once βm is fixed. Either
case, it is convenient to use the notation βm = (ωm/c)neff even though neff is
frequency dependent, because some waveguide modes (e.g., TEM or quasi-TEM)
might exhibit low dispersion in the range of frequencies of interest. In that case,
we can split the ωm in real and imaginary parts as ωm = ω′

m + iω′′
m and assuming

real neff , each given by

ω′
m = m

π

L

c

neff
+ ϕ

2L

c

neff
, ω′′

m = − ln (|Γ1Γ2|)
2L

c

neff
. (2.82)

Notice from Eq. (2.82) that ω′
m > 0 and ω′′

m ≥ 0 for which the time-domain
solution is a damped oscillation at the resonance frequency ω′, i.e., e−ω′′teiω′t. In
general, any time-domain solution has for the electric field amplitude, the form

E(z, t) =
∞∑︂

m=−∞

am

2
(︂
e−iβmz + Γ2e

iβmz
)︂

eiωmt + c.c., (2.83)

whereas for the magnetic field amplitude (see (2.19))

H(z, t) =
∞∑︂

m=−∞

am

2
(︂
e−iβmz − Γ2e

iβmz
)︂

eiωmt + c.c., (2.84)

where the complex coefficients am are determined by the initial conditions. From
the time-domain uniqueness theorem of electromagnetics, the electromagnetic field
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E(z, t), H(z, t) is uniquely determined for every t > 0 by knowing the initial field
distribution E(z, 0), H(z, 0), and either the (tangential) electric or magnetic field
at the boundary for all times t ≥ 0, i.e., E(0, t), E(−L, t) or H(0, t), H(−L, t) [59].
The boundary conditions at z = 0 and z = −L are not explicitly known because
there are no sources. However, boundary conditions were already implicitly imposed
for both electric and magnetic fields through the reflection coefficients Γ1 and Γ2.
The fact that both electric and magnetic fields were simultaneously used as boundary
conditions is not redundant because is their ratio, and not their individual values,
what was imposed. This ratio is encoded in Γ1 and Γ2, whose values are obtained
from the characteristics of the modes (i.e., their characteristic impedance [62,68])
and the fact that feed and leakage waveguides are unbounded (Sommerfeld radiation
condition [61, 69]). Finally, the coefficients am are determined such that eqs. (2.83)
and (2.84) evaluated at t = 0 match simultaneously the given initial conditions
E(z, 0) and H(z, 0) respectively.

Notice that by inserting Eq. (2.80) into Eq. (2.77) we conclude that the fields
in the feed and leakage waveguides scale respectively as

E1 ∝ exp
(︄

ln (|Γ1Γ2|)
2L

z

)︄
, E2 ∝ exp

(︄
− ln (|Γ1Γ2|)

2L
z

)︄
. (2.85)

Since the term − ln (|Γ1Γ2|) is positive, we conclude that waves escaping the res-
onator through feed and leakage waveguides, grow exponentially as they propagate.
This apparent misconception can be explained as follows: Recall the time domain
solutions are exponentially damped in the form e−ω′′t. However, electromagnetic
fields leaving the cavity propagate at constant speeds vp1 and vp2 in feed and leakage
waveguides respectively. Therefore, the field at the point z = R > 0 observed at
t = 0, actually left the cavity in a previous time t = −R/vp2 when the fields inside
the resonator were eω′′R/vp2 times larger than they are now at t = 0. Hence it
makes sense that at a given time, the farther the fields are from the resonator, the
exponentially greater is their magnitude with respect to the the fields just leaving
the cavity at z = 0+.

2.1.5 Experimental parameters
As discussed in previous sections, the wave a resonator reflects when it is excited
presents dips at the resonance frequencies. Such reflected wave returns back to the
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source when coupling to the resonator is done via a single port (e.g. in a standing-
wave resonator), or leaves through an output waveguide as in e.g., traveling-wave
WGM resonators (see Fig. 2.3). The reflected wave is a signal from which the
resonator can be characterized. For instance, if the coupler allows it, the coupling
strength could be tuned until the reflected wave vanishes at resonance. At this
point, we ensure the resonator is critically coupled (i.e., impedance matching is
achieved), so we can derive the round-trip loss of the resonator from the coupling
strength. Let us discuss some practically useful parameters that characterize the
resonator.

Resonance frequency and free spectral range

The resonance conditions for standing-wave and traveling-wave resonators shown
in eqs. (2.52) and (2.76) respectively are identical4. They are written in terms of
the coupler-induced phase shifts, which when assumed frequency-independent in
the band of interest, lead to the cavity equations (2.53), (2.54) and (2.73)–(2.75).
All of them depend on the cavity round-trip times τ = L/vp where L is the full
round-trip length and vp its phase velocity. If L refers to an angular section, then
vp must refer to the angular phase velocity of the mode.

In a traveling-wave resonator like the one depicted in Fig. 2.3, L does not span
the full 360◦ of the resonator to give room for the coupler, inside of which fields
are unknown. However as we shall see next, typical WGM resonators are built
as complete axisymmetric structures that are evanescently coupled via proximity
with a waveguide. Hence there is no coupler with physically defined ports. Fields
near the coupling point are disturbed by the waveguide and in general unknown,
so one must choose the smallest coupling region outside of which resonator modes
are properly defined. However, selecting a fixed angular section 2π − L for the
coupling region brings a problem: the coupler-induced phase shift is unlikely to
be constant even within a narrow frequency band because the mode is partially
propagating normally inside. In many cases of practical interest, coupling is rather
weak, and we can assume the mode follows its natural course along the coupling
region except for an approximately constant coupler-induced phase shift. This is
equivalent to simply taking L = 2π while always adding a constant phase ϕc after
one round-trip. Therefore, taking Ω as the angular phase velocity of the mode and

4Taking into account that the physical length of the standing-wave resonator is half the
round-trip length of the wave.
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neff as its effective refractive index measured at the resonator’s radius R0, we can
always use the full round-trip time

τ = 2π

Ω = 2πR0neff

c
. (2.86)

The resonance condition (2.76) takes the form 2πβ′ = ϕc + 2nπ for integer n.
Recall in this case β′ is dimensionless because it is the phase the wave gathers per
physical angular travel in the resonator. The values of β′ that satisfy resonance
are linked to the resonance frequencies ωn via β′ = ωnR0neff/c. Therefore, from
Eq. (2.86) the resonance frequencies satisfy

ωnτ = ϕc + 2nπ, n ∈ Z. (2.87)

Measuring the resonance frequency allows the indirect determination of the
mode’s effective refractive index if its radius and coupler-induced phase shifts
are known. For highly confined optical WGMs, the effective refractive index
approximates the bulk refractive index of the material, which can be assumed
constant within a certain bandwidth. In this case, from Eq. (2.87) it turns out
the separation between contiguous modes ωn+1 − ωn is constant and equal to 2π/τ .
Expressed in units of cycles per unit time, this frequency separation is denominated
free spectral range (FSR) and given by

FSR = 1
τ

. (2.88)

Quality factor and bandwidth

The spectral selectivity of the resonator around the resonance frequencies is quan-
tified by the so-called quality (Q) factor. For time-harmonic fields at frequency ω,
it is classically defined as [60,62,68,70]

Q = 2π
Time-averaged stored energy

Energy lost in one cycle = ω
W stored

P loss
, (2.89)

where W stored and P loss are the time-averaged stored energy and loss power respec-
tively. An intrinsic quality factor Qi can be defined taking into account only the
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average power lost within the resonator structure P i, ignoring losses attributed
to the coupling mechanism. P i can be decomposed into absorption in the ma-
terials (dielectrics and conductors) and radiation losses P i = P abs + P rad which
allows us to define absorption and radiation Q factors Qabs = ωW stored/P abs and
Qrad = ωW stored/P rad and write Q−1

i = Q−1
abs + Q−1

rad.

In the limit of high Q, we can obtain the quality factors from the transient
behavior of the resonator. Suppose the resonator is excited with a monochromatic
source until the steady-state is reached and energy W stored is stored in a given
mode. Then, at t = 0 we turn off the source and the time-domain amplitude of the
mode becomes oscillatory and damped in time. If damping during one oscillation
period is small enough, both numerator and denominator of Eq. (2.89) decrease
in time in the same proportion, and Q remains constant. Moreover, we can say
P loss = − d

dt
W stored leading to a simple differential equation for the stored energy,

whose solution for a particular mode of eigenfrequency ω′
n + iω′′

n scales as

W stored(t) ∝ exp
(︄
−ω′

n

Q
t

)︄
. (2.90)

Let us relate Eq. (2.90) with the round-trip loss of a WGM resonator α2. If the
resonator is not driven, we can expect the total energy to decrease by a factor α2 in
one round-trip due to absorption losses. Hence, from Eq. (2.90) α2 ≈ exp

(︂
−ω′

n

Qi
τ
)︂

and the intrinsic Q factor results

Qi ≈ −
ω′

nτ

ln α2 . (2.91)

In the transient analysis above we ignored the fact that some stored energy also
leaks through the coupler. This fact can be incorporated by noting that within one
round-trip an amount of energy Pintrat2τ (where Pintra is the intra-cavity power)
escapes through the coupler. Therefore the stored energy decreases by a factor
1 − t2 = r2 due to coupling only. Both intrinsic and coupling losses produce a
combined reduction in energy during τ of r2α2 ≈ exp

(︂
−ω′

n

Ql
τ
)︂
, where Ql is the

so-called loaded Q factor, which takes into account every loss mechanism in the
system. Defining the coupling Q factor Qc as that accounting for coupling losses
only r2 ≈ exp

(︂
−ω′

n

Qc
τ
)︂
, we have

Qc ≈ −
ω′

nτ

ln r2 , (2.92)
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and as might be expected, the loaded Q factor satisfies Q−1
l = Q−1

i + Q−1
c . The

ratio Qc/Qi determines the coupling strength. The mode is critically coupled when
Qc = Qi, overcoupled when Qc < Qi and undercoupled when Qc > Qi.

The intrinsic, coupling and loaded Q factors can also be determined with the
resonator in steady-state subject to monochromatic excitation via Eq. (2.89).
However, for consistency purposes one is forced to take into account the losses
originated in the source impedance, conventionally matched to the feeding line.
Otherwise, we would e.g., get the incorrect conclusion that Ql = Qi in a critically
coupled WGM resonator at resonance because the out-coupled power is zero.

For arbitrary resonant structures, the calculation of Qi is somewhat troublesome
because of the ambiguity in the determination of stored energy [70–73]. Take for
example the case of dielectric bodies whose resonant modes are allowed to leak
energy to free space in form of radiation. Outside the body but tied to its boundary
exists an evanescent field that forms part of the resonator’s stored energy, but also
is responsible for the leakage of power in form of radiation. It is not trivial to
determine the exact physical boundary separating radiation and evanescent fields
for which the calculation of stored energy becomes difficult [70].

Let us investigate how the bandwidth of the resonator response described by Eq.
(2.75) relates to the high-Q approximations above. We first solve for r and α in eqs.
(2.91) and (2.92) and insert the results in Eq. (2.75). Next we can approximate
exp(−ω′

nτ/(2Q)) ≈ 1−ω′
nτ/(2Q) as long as the involved Q factors are high enough

compared to the number n of wavelengths fitting the resonator, i.e., ω′
nτ ≈ 2πn≪ Q

(see Eq. (2.87)). Similarly we can approximate exp(−iτδω) ≈ 1 − iτδω, where
δω = ω−ω′

n. This is legit because we are interested in the vicinity of the resonance
frequency, so δω ≪ τ−1 = FSR. Rearranging, we finally get as output power

Pout =
⃓⃓⃓⃓
⃓ b2

a1

⃓⃓⃓⃓
⃓
2

=

(︂
Qc−Qi

Qc+Qi

)︂2

1 +
(︂

δω
∆ω/2

)︂2

⏞ ⏟⏟ ⏞
Band-pass

+

(︂
δω

∆ω/2

)︂2

1 +
(︂

δω
∆ω/2

)︂2

⏞ ⏟⏟ ⏞
Notch

, (2.93)

where ∆ω = ω′
n/Ql is the full-width half power bandwidth of the resonator response

as we will show next. Equation (2.93) is the superposition of two Lorentzian
functions: a band-pass filter whose magnitude is (Qc −Qi)2 / (Qc + Qi)2 < 1, and
a notch filter. Normally the band-pass contribution is comparatively small because
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Qc and Qi are both high and it is assumed the mode is not extremely overcoupled
or undercoupled. Therefore the band-pass contribution essentially prevents Pout

from reaching perfect zero at resonance. The dominant notch filter shape is zero
at resonance and tends to unity far from resonance. It decreases to 1/2 when the
off-resonance detuning is exactly δω = ∆ω/2, for which ∆ω/2 is the half-width
3 dB bandwidth. Hence, under the assumptions above, the loaded Q factor can be
obtained by measuring the full-width 3 dB bandwidth ∆ω of the resonator response:

Ql = ω′
n

∆ω
. (2.94)

2.2 Spherical resonators

Based on the theory developed in Section 2.1.3, we shall now solve Eq. (2.65) in
spherical coordinates. Rather than analyzing wave guiding along e.g., φ direction in
an arbitrary uniform waveguide section, we restrict the study to a whole dielectric
sphere immerse in another medium, both of which are homogeneous and isotropic.
Thus, the full 3D problem is treated, although the 2.5D formalism developed in
Section 2.1.3 is still valid by taking a full revolution waveguide length5 in φ, L = 2π.
There are two main reasons to study a whole sphere instead of a portion spanning
an azimuthal range φi ≤ φ ≤ φf with φf − φi = L < 2π, or an elevation portion
θi ≤ θ ≤ θf with θf−θi < π. Firstly, eigenmodes propagating with e±iβφ dependence
have canonical expressions in terms of Legendre polynomials (spherical harmonics)
when the (angular) propagation constant β is an integer [55, 59]. Therefore, forced
oscillations leading to, in general, non-integer β have non-canonical transversal
modal distributions. A full sphere (L = 2π) guarantees integer β because the points
with φi and φi + 2mπ are physically the same when m is an integer. Half sphere
(L = π) also leads to integer β provided that perfect magnetic conductor (PMC)
boundary conditions are imposed at φi and φf . Secondly, as we shall see later,
orthogonality between the eigenmodes are based on the orthogonality relations
between associated Legendre Polynomials. Hence, the eigenvalue problem in the
structure’s cross-section is solved easily only by imposing the same lateral boundary
conditions over 0 ≤ θ ≤ π.

5L is in general not a physical length but the range the propagation coordinate uℓ takes to
span the waveguide section in a curvilinear coordinate system.
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2.2.1 Eigenmodes
We begin our study by solving Eq. (2.65) in spherical coordinates to find a set
of eigenmodes that allows us to analyze wave propagation in a sphere. For an
isotropic medium, Eq. (2.65) can be rewritten in spherical coordinates as

∇2E⊥ + 2 âθ cos θ + âr sin θ

r sin θ
∇ · E⊥ +

(︄
κ2 − β2

r2 sin2 θ

)︄
E⊥ = 0 (2.95)

The transversal vector fields

M⊥(r, θ) = −âθ
iβ

sin θ
f(r, θ), (2.96)

and

N⊥(r, θ) = 1
κ

(︄
âr

∂2

∂r2 + âθ
1
r

∂2

∂r∂θ
+ κ2

)︄
rf(r, θ) (2.97)

satisfy Eq. (2.95) provided that f satisfies

∇2f(r, θ) +
(︄

κ2 − β2

r2 sin2 θ

)︄
f(r, θ) = 0. (2.98)

This fact can be proven by inserting equations (2.96) and (2.97) into Eq. (2.95),
subject to Eq. (2.98). Once the transversal components of the electric field are
known, Eq. (2.60) is used to derive the components of eqs. (2.96) and (2.97) along
âφ. This results in

M (κ, r) = −e−iβφ

(︄
âφ

∂

∂θ
+ âθ

iβ

sin θ

)︄
f(r, θ), (2.99)

and

N (κ, r) = 1
κ

e−iβφ

(︄
âr

∂2

∂r2 + âθ
1
r

∂2

∂r∂θ
− âφ

iβ

r sin θ

∂2

∂r∂φ
+ κ2

)︄
rf(r, θ), (2.100)

where we added the longitudinal dependence e−iβφ so the vector fields above depend
on the full position vector r. The dependence with the κ of the corresponding
medium has also been remarked. Clearly, since M⊥ and N⊥ satisfy Eq. (2.95),
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then M and N satisfy Eq. (2.2) as long as f fulfills Eq. (2.98). Vectors M and
N are indeed the spherical vector harmonics defined by Stratton [59], and are
divergence-free fields that can be expressed as M = ∇ ×

(︂
rfe−iβφ

)︂
= κ−1∇ × N

and N = κ−1∇ × M . The function fe−iβφ satisfies the scalar Helmholtz equation,
i.e.,

(︂
∇2 + κ2

)︂
fe−iβφ = 0. (2.101)

Although M and N are electric field homogeneous solutions of the vector
Helmholtz equation, their simple curl interrelation makes them also suitable as
H-field solutions. As shown later, M and N have orthogonality properties and
we can expect to express any solenoidal electromagnetic field in terms of a linear
combination of them. If the field to be expanded has nonzero divergence, then
another term proportional to the vector L = ∇

(︂
fe−iβφ

)︂
must be added to the

series [59]. The use of L is unnecessary in our case as the media involved is isotropic
and piece-wise homogeneous so ∇ · E = ∇ · H = 0.

Our task now is to solve Eq. (2.98) and then insert the solutions into eqs. (2.99)
and (2.100). Let us separate f(r, θ) = fr(r)fθ(θ). Inserting into Eq. ((2.98)) and
multiplying both sides by r2/f yields

1
fr

∂

∂r

(︄
r2 ∂fr

∂r

)︄
+ r2κ2

⏞ ⏟⏟ ⏞
c2

1

+ 1
sin θ

1
fθ

∂

∂θ

(︄
sin θ

∂fθ

∂θ

)︄
− β2

sin2 θ⏞ ⏟⏟ ⏞
−c2

1

= 0. (2.102)

Since the term being a function of r cannot depend on θ and vice versa, both are
separated through a constant c2

1 independent on either r or θ. Putting β = m,
forced to be an integer to ensure singled-valued solutions e−iβφ = e−iβ(φ+2π), the
resulting differential equation for fθ is

1
sin θ

∂

∂θ

(︄
sin θ

∂fθ

∂θ

)︄
+
(︄

c2
1 −

m2

sin2 θ

)︄
fθ = 0, (2.103)

whose solutions have non-singular values at θ = 0 and θ = π only when c2
1 = n(n+1)

for n = 0, 1, 2, . . . [55,59]. The convergent, and thus, physically meaningful solutions
are linear combinations of the associated Legendre Polynomials P m

n (cos θ) [74].
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They are the solution of the differential equation resulting from differentiating
m times the differential equation satisfied by the Legendre polynomials of degree
n [59]. For this reason P m

n (cos θ) vanishes for m > n. The differential equation for
the radial function fr is

∂

∂r

(︄
r2 ∂fr

∂r

)︄
+
[︂
r2κ2 − n(n + 1)

]︂
fr = 0, (2.104)

whose solutions are linear combinations of the spherical Hankel functions of first
and second kind [75], h(1)

n (κr) = jn(κr) + inn(κr) and h(2)
n (κr) = jn(κr)− inn(κr)

respectively. The functions jn(κr) and nn(κr) are the spherical Bessel functions of
first and second kind respectively, with the latter being singular at r = 0. Finally,
for a given pair of values m and n, the general solution of Eq. (2.98) is

f(r, θ) = z(c)
n (κr)P m

n (cos θ), (2.105)

where we have written the general radial solution z(c)
n (κr), with the superscript

denoting the type of function as

z(c)
n (κr) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

jn(κr) c = 1

nn(κr) c = 2

h(1)
n (κr) c = 3

h(2)
n (κr) c = 4

. (2.106)

Finally, Eq. (2.105) is differentiated according to eqs. (2.99) and (2.100) to
obtain the full vector eigenmodes M and N respectively for a given m and n. The
solutions are susceptible to any desired normalization. In the rest of this work, we
use the nomenclature and normalization of Hansen, condensed in the appendix
of [76]. In this notation, for a given pair m and n, the associated functions M and
N are written as F 1mn and F 2mn, where

F
(c)
1mn(κ, r) = −Cmnz(c)

n (κr)e−imφ

⎡⎣âθ
imP

|m|
n (cos θ)
sin θ

+ âφ
d
dθ

P
|m|
n (cos θ)

⎤⎦ , (2.107)

and
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F
(c)
2mn(κ, r) = Cmn

e−imφ

κr

[︃
ârn(n + 1)z(c)

n (κr)P |m|
n (cos θ)

+ âθ
d
dr

(︂
rz(c)

n (κr)
)︂ d

dθ
P

|m|
n (cos θ)

−âφ
d
dr

(︂
rz(c)

n (κr)
)︂ imP

|m|
n (cos θ)
sin θ

⎤⎦ ,

(2.108)

with

Cmn = 1√︂
2πn(n + 1)

(︄
− m

|m|

)︄m

, (2.109)

and the normalized associated Legendre polynomials defined as [76]

P
|m|
n (cos θ) =

⌜⃓⃓⎷2n + 1
2

(n− |m|)!
(n + |m|)!P

|m|
n (cos θ). (2.110)

Agreeing with the curl interrelations between M and N , the normalized
eigenmodes of eqs. (2.107) and (2.108) also fulfill

∇ × F
(c)
2mn = κF

(c)
1mn

∇ × F
(c)
1mn = κF

(c)
2mn.

(2.111)

Therefore, we can expand a solenoidal electromagnetic field as a linear combination
of all possible eigenmodes, i.e., those of eqs. (2.107) and (2.108) for every n = 0, 1, . . .

and positive and negative integer m to account for both counter-propagating waves
in the azimuthal direction. Recall the associated Legendre polynomials are nonzero
only for |m| ≤ n. Moreover, although using only c = 1, 2 or c = 3, 4 suffices
to represent an arbitrary field (both sets are linearly dependent as shown in Eq.
(2.106)), we consider every type of radial function in the expansion, yielding

E(r) = κ
√

η
4∑︂

c=1

2∑︂
s=1

N∑︂
n=0

n∑︂
m=−n

a(c)
smnF (c)

smn(κ, r), (2.112)

and
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H(r) = iκ
√

η

4∑︂
c=1

2∑︂
s=1

N∑︂
n=0

n∑︂
m=−n

a(c)
smnF

(c)
3−s,m,n(κ, r), (2.113)

where η =
√︂

µ/ε is the intrinsic impedance of the corresponding medium.

Recall the time-domain electromagnetic fields associated with eqs. (2.112)
and (2.113) are then retrieved as in Eq. (2.1) when the solutions are forced at
frequency ω. If instead we are dealing with time-domain natural oscillations, each
individual term in the summation of eqs. (2.112) and (2.113) must be multiplied
by eiωsmnqt, where ωsmnq are the associated (in general, complex) eigenvalues. We
include an additional index q because each spatial mode has in general an infinite
number of discrete eigenvalues as we shall see in the following section. The real
part of the result is thus the time-domain field of the natural oscillations arising
from some boundary conditions at t = 0 from which the set of coefficients a(c)

smn

were established. When the electric field is expanded in vectors of type F
(c)
1mn the

mode is said to be transversal electric (TE) as they do not have radial component.
Notice from Eq. (2.113) that the associated magnetic field is then written in terms
of vectors F

(c)
2mn which do have radial component. Conversely, the field is said

to be transversal magnetic (TM) if the magnetic field can be expanded in only
eigenfunctions F

(c)
1mn. The associated electric field of such modes is then of type

F
(c)
2mn.

2.2.2 Eigenvalues
In Section 2.2.1 a set of eigenmodes of Eq. (2.2) or Eq. (2.65) was found in spherical
coordinates for a region consisting of a homogeneous and isotropic medium. Since
the region of validity of the solutions was assumed to span the full spherical region
(0 ≤ φ ≤ 2π, 0 ≤ θ ≤ π), we obtained eigenmodes in terms of canonical Legendre
polynomials of integer index. Now we shall impose the appropriate boundary
conditions to treat the specific problem of a sphere. As will be shown, when the
sphere is located at the origin of the coordinate system, each term of the series
expansion of eqs. (2.112) and (2.113) is an independent natural oscillation of the
sphere, whose eigenfrequency must be determined. This is the goal of this section.

Consider a homogeneous and isotropic sphere with scalar relative permittivity
εr1 immersed in a homogeneous and isotropic medium of relative permittivity εr2.
The permittivities are in general complex to account for possible losses, and all
media is considered to be nonmagnetic. Then we have wavenumbers κ1 = ω

√
εr1/c
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and κ2 = ω
√

εr2/c inside and outside the sphere respectively. The sphere has radius
R0 and its center is located at the origin of a spherical coordinates system. Since
the spherical Bessel function of the second kind is singular at the origin, physically
meaningful fields inside the sphere must be expanded in terms of spherical Bessel
functions of the first kind, i.e., z(1)

n = jn. Outside the sphere, both jn and nn are
finite and must be considered to expand the fields in the medium with κ2. Instead
of expanding the fields outside the sphere in modes with c = 1, 2, let us choose the
basis with c = 3, 4 which spans the same vector space. Asymptotically, as κr →∞,
the spherical Hankel functions behave as [76]

h(1)
n (κr)→ eiκr

κr

h(2)
n (κr)→ e−iκr

κr
,

(2.114)

which are actually incoming and outgoing elementary spherical waves respectively.
The latter is also the radial dependence of the radiation fields observed sufficiently
far from its source of finite dimensions and immersed in an unbounded simple
medium. Radial functions h(1)

n (κ2r) do not comply with Sommerfeld radiation
condition, and since the medium with κ2 is unbounded at infinity, the fields outside
the sphere must be expanded in terms of h(2)

n (κ2r).

Let the electromagnetic fields inside the sphere be denoted as E1 and H1 and
outside the sphere as E2 and H2. Their expansion in spherical eigenmodes is

E1(r) = κ1
√

η1

2∑︂
s=1

N∑︂
n=0

n∑︂
m=−n

a(1)
smnF (1)

smn(κ1, r), (2.115)

H1(r) = iκ1√
η1

2∑︂
s=1

N∑︂
n=0

n∑︂
m=−n

a(1)
smnF

(1)
3−s,m,n(κ1, r), (2.116)

E2(r) = κ2
√

η2

2∑︂
s=1

N∑︂
n=0

n∑︂
m=−n

a(4)
smnF (4)

smn(κ2, r), (2.117)

and
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H2(r) = iκ2√
η2

2∑︂
s=1

N∑︂
n=0

n∑︂
m=−n

a(4)
smnF

(4)
3−s,m,n(κ2, r). (2.118)

Associated Legendre polynomials P m
n (cos θ) exhibit orthogonality properties

when integration is performed over the infinitesimal solid angle spanning 0 ≤ θ ≤ π

and dφ [59, 76]:

ˆ π

0
P

m

n (cos θ)P m

n′(cos θ) sin θ dθ = δnn′ , (2.119)

ˆ π

0

[︄
d
dθ

P
m

n (cos θ) d
dθ

P
m

n′(cos θ) + m2

sin2 θ
P

m

n (cos θ)P m

n′(cos θ)
]︄

sin θ dθ

= n(n + 1)δnn′ ,

(2.120)

ˆ π

0

[︄
P

m

n (cos θ)
sin θ

d
dθ

P
m
n′(cos θ) + P

m

n′(cos θ)
sin θ

d
dθ

P
m
n′(cos θ)

]︄
sin θ dθ = 0. (2.121)

From eqs. (2.119)–(2.121) and the orthogonality of harmonic functions eimφ for
integration over 0 ≤ φ ≤ 2π, we can write orthogonality relations for F (c)

σmn over
a spherical surface of radius R0, centered in the origin of the coordinate system.
Firstly, by virtue of Eq. (2.121), TE and TM modes are always mutually orthogonal,
i.e.,

ˆ 2π

0

ˆ π

0
F

(c)
1mn (κ1, r) · F (c′)∗

2m′n′ (κ2, r) sin θ dθdφ = 0. (2.122)

Secondly, orthogonality between the same family of modes (TE or TM) with
different index m or n is also ensured. In particular, for the components tangential
to the sphere, we have

ˆ 2π

0

ˆ π

0
F

(c)
1mn (κ1, r) · F (c′)∗

1m′n′ (κ2, r) R2
0 sin θ dθdφ

= δmm′δnn′ (−1)m R2
0z(c)

n (κ1R0)z(c′)∗
n (κ2R0)

(2.123)
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and

ˆ 2π

0

ˆ π

0
FT

(c)
2mn (κ1, r) · FT

(c′)∗
2m′n′ (κ2, r) R2

0 sin θ dθdφ

= δmm′δnn′ (−1)m 1
κ1κ∗

2

d
dr

[︂
rz(c)

n (κ1R0)
]︂ d

dr

[︂
rz(c′)∗

n (κ2R0)
]︂

,

(2.124)

where FT
(c)
2mn (κ, r) = −âr ×

[︂
âr × F

(c)
2mn (κ, r)

]︂
keeps only the components of the

vector which are tangential to the sphere.

Having expressed the fields inside and outside the sphere via the series expansion
of eqs. (2.115)–(2.118), we can now take advantage of the orthogonality properties
and take the dot product of eqs. (2.115) and (2.117) with a test TE eigenmode
with fixed n and m F

(c)∗
1mn(κ, r), and then integrate over the surface of the dielectric

sphere. Because of eqs. (2.122) and (2.123), only modes of type F 1mn survive in
both expansions. Maxwell’s equations require tangential components of the electric
field to match at the boundary, thus leading to the relation between coefficients of
TE modes

κ1
√

η1z
(1)
n (κ1R0) a

(1)
1mn = κ2

√
η2z

(4)
n (κ2R0) a

(4)
1mn. (2.125)

Continuity of the tangential components of the magnetic field associated to the TE
mode must also be imposed. For this we take the dot product of eqs. (2.116) and
(2.118) with the test function F

(c)∗
2mn(κ, r) and integrate over the sphere applying

Eq. (2.124). The outcome is the relation

1
√

η1

d
dR0

[︂
R0z

(1)
n (κ1R0)

]︂
a

(1)
1mn = 1

√
η2

d
dR0

[︂
R0z

(4)
n (κ2R0)

]︂
a

(4)
1mn. (2.126)

Both conditions in eqs. (2.125) and (2.126) are satisfied simultaneously when the
following characteristic equation for TE modes is satisfied

FT E(x, n) = d
dx

[︂
xz(1)

n (Nx)
]︂

z(4)
n (x)− d

dx

[︂
xz(4)

n (x)
]︂

z(1)
n (Nx) = 0, (2.127)
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where we put κ2R0 = x and
√︂

εr1/εr2 = N . If the media involved is magnetic,
then we need to multiply the previous definition of N and the second term of Eq.
(2.127) by

√︂
µr1/µr2 and µr1/µr2 respectively.

We can do a similar procedure in case of TM modes by applying orthogonality
to eqs. (2.115) and (2.117) with a test function F

(c)∗
2mn(κ, r) and ensuring E-field

continuity:

√
η1

d
dR0

[︂
R0z

(1)
n (κ1R0)

]︂
a

(1)
2mn = √η2

d
dR0

[︂
R0z

(4)
n (κ2R0)

]︂
a

(4)
2mn. (2.128)

Then, H-field continuity is imposed by applying the orthogonality relations to eqs.
(2.116) and (2.118) with a test function F

(c)∗
1mn(κ, r), yielding

κ1√
η1

z(1)
n (κ1R0) a

(1)
2mn = κ2√

η2
z(4)

n (κ2R0) a
(4)
2mn. (2.129)

The result is that both conditions hold when the characteristic equation for TM
modes is satisfied, given by

FT M(x, n) = d
dx

[︂
xz(1)

n (Nx)
]︂

z(4)
n (x)−N2 d

dx

[︂
xz(4)

n (x)
]︂

z(1)
n (Nx) = 0. (2.130)

For magnetic media, we need to multiply N and the second term of Eq. (2.130) by√︂
µr1/µr2 and µr2/µr1 respectively.

Equations (2.127) and (2.130) have an infinite number of roots xq leading to
an infinite discrete set of resonance frequencies ωq. The roots xq are in general
complex, even if εr1 and εr2 are real. The reason is that even in the absence of
absorption losses, the sphere modes leak some energy in form of radiation, for
which the resulting eigenfrequencies ωq = ω′

q + iω′′
q must be complex to produce

damped time-domain solutions. Solving eqs. (2.127) and (2.130) is not trivial
as one must search the roots in the complex plane. There is no exact analytical
solution for arbitrary N and n. In this work, we follow an iterative approach to find
the roots of the characteristic equations of TE and TM modes. We start plotting
either Eq. (2.127) or (2.130), depending on the type of the modes under study,
in a limited region of the complex plane of x. The aim is to find all the roots
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existing within such region. The points in the complex plane where the magnitude
of the plot is zero correspond to the roots of the characteristic equation. However,
an exact zero is infinitely unlikely to be found due to the finite resolution of the
plot. Indeed, at some points in the complex plane, the characteristic equation
generates local minima that do not converge to zero as the resolution of the plot
increases. Moreover, in some regions of the complex plane, both terms in Eq.
(2.127) or Eq. (2.130), and thus the values of the characteristic equation, decrease
asymptotically to zero, thus suggesting the existence of a root nearby. However,
this not the case as there is usually a large relative difference between the terms
of the characteristic equation which must be equal. For these reasons, one must
define some normalization to the plot of the characteristic equation to quantify
whether a given small magnitude corresponds to an actual root.

Let us define a normalized version of the characteristic equation whose roots are
highlighted when plotted in the complex plane. For either characteristic equation
FT E(x, n) or FT M(x, n), we plot the function

˜︁FT E,M(x, n) = |Re [lhs− rhs]|
|Re (lhs)|+ |Re (rhs)| +

|Im [lhs− rhs]|
|Im (lhs)|+ |Im (rhs)| , (2.131)

where we split either FT E,M(x, n) = lhs− rhs into left and right hand side terms.
The definition of Eq. (2.131) has the same roots as eqs. (2.127) or (2.130), but
allows us to visually discriminate more easily the regions where both real and
imaginary parts of both terms in the characteristic equation are similar in relative
terms. As an example, observe Fig. 2.5 where Eq. (2.131) for TE modes is plotted
against real and imaginary parts of x, with n = 8 and nonmagnetic media with
a real sphere/surroundings relative refractive index N = 3. It is clear how the
magnitude of the normalized characteristic equation decreases locally near six
points, reaching values down to -22 dB. Such local minima are indeed the roots
of the characteristic equation as was verified by iteratively “zooming-in" near the
regions enclosed by the markers in Fig. 2.5, each time reducing the span and thus
increasing resolution. This process was repeated until a depth below -70 dB was
reached at the point that is thus considered as the numerical solution of the root
xq.

The root with the lowest real part is denoted as x1 and for real refractive index
outside the sphere, corresponds with the lowest resonance frequency of the mode
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Figure 2.5: Magnitude of Eq. (2.131) for TE mode with n = 8 (Eq. (2.127)) in the
complex plane of x. A non-magnetic sphere with relative refractive index N = 3 is
considered.

Figure 2.6: Magnitude of Eq. (2.131) for TE and TM modes with n = 2, 8, 13 (eqs.
(2.127) and (2.130)) in the complex plane of x. A non-magnetic sphere with relative
refractive index N = 3 is considered.
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Figure 2.7: Intrinsic Q factor of TE and TM modes with m = 2, 8, 13 in a non-magnetic
sphere with N = 3. The finite Qi is a consequence of radiation losses.

TE with n = 8, i.e., ω1 = x1c
(︂
R0
√

µr2εr2
)︂−1

. The following roots x2, x3, . . . , xq

have increasingly higher real parts. Observe the logarithmic scale of the imaginary
part of the complex plane. The jump from mode q = 1 to the mode q = 2 implies
a larger change in the imaginary part of the root than the change in the real part.
This means that the quality factor of the mode is larger for q = 1 than for q = 2, if
a lossless medium surrounding the sphere is assumed6. The effect is still present
for the higher-order modes shown in Fig. 2.5, but less significant the larger the
value of q. For different higher and lower mode numbers n, the real part of the
eigenfrequency of the fundamental mode q = 1 increases and decreases respectively.
This is evidenced in Fig. 2.6, where plots as the one in Fig. 2.5 are superimposed
for n = 2, n = 8 and n = 13, as well as for both TE and TM modes. The same
relative refractive index N = 3 is considered in this case. It can be seen that for
q = 1, modes with larger n have eigenfrequencies with a lower imaginary part in
relation to their real part, thus exhibiting higher quality factors. Since all media

6Otherwise, the complex argument of the eigenvalues xq and that of the eigenfrequencies ωq

does not match and the quality factor cannot be directly inferred from the eigenvalues. From
now on and unless otherwise noted, we shall assume a real refractive index outside the sphere
every time quality factor calculations are made.
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Figure 2.8: Real part of the eigenvalues xq of TE and TM modes with m = 2, 8, 13 in
a non-magnetic sphere with N = 3 as a function of the radial mode number q.

involved is lossless, this implies that fundamental modes with lower n have higher
radiation losses. It can also be seen how in this example, TM modes of the same n

family have resonance frequencies with higher real part than the corresponding TE
modes with the same order q.

Figure 2.7 depicts the evolution of the intrinsic quality factors of the modes in
the example of Fig. 2.6. In this case, the finite values in the quality factors are a
consequence of radiation losses since N = 3 is real. However, the radiation quality
factor increases exponentially with the mode number n, reaching values that in all
practical terms can be considered as infinite for n on the order of few tens. Unlike
the quality factor plots, the behavior of the real part of xq is approximately linear
for increasing order q as evidenced in Fig. 2.8 for TE and TM modes with numbers
n = 2, n = 8 and n = 13. A similar behavior in the quality factors and real part of
the eigenvalues is observed for increasing mode number n, as shown in figures 2.9
and 2.10 respectively.

The effect of lossy nonmagnetic materials on the eigenvalues can be characterized
by inserting complex relative permittivities εr = ε′

r − iε′′
r in the definition of N .
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Figure 2.9: Intrinsic Q factor of TE and TM modes with q = 1, 2, 3 in a non-magnetic
sphere with N = 3 as a function of the mode number n. Qi is entirely determined by
radiation losses.

Figure 2.10: Real part of the eigenvalues xq of TE and TM modes with q = 1, 2, 3 in a
non-magnetic sphere with N = 3 as a function of the mode number n.
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Figure 2.11: Intrinsic Q factor of TE and TM modes with q = 1, 2, 3 in a non-magnetic
sphere with N = 3

√
1− i10−4 (tan δ1 = 10−4) as a function of the mode number n.

Radiation losses are dominant for lower n, whereas absorption losses dominate for higher
n.

Let us for instance add a small imaginary part to N , such that N = 3
√

1− i10−4.
This N could represent, for example, a sphere whose relative permittivity has real
part ε′

r1 = 9 and whose loss tangent [68] is tan δ1 = ε′′
r1/ε′

r1 = 10−4, surrounded
by vacuum. Computing the eigenvalues shows that the addition of the absorption
losses in the sphere’s material has a negligible effect in their real part. However,
the imaginary part suffer changes especially for higher n. Indeed, the quality factor
of the modes does not increase boundlessly with n but has an asymptotic behavior
towards a saturation limit as shown in Fig. 2.11. This limit is the absorption
quality factor which approximates to 1/ tan δ, i.e., the absorption quality factor
exhibited by a resonator consisting of perfect conductor walls enclosing entirely
the lossy medium [62]. The reason of this approximation is that for higher mode
number n, the electromagnetic fields are more confined inside the material, thus
resembling the case of a closed resonator in the limit of high n. The behavior of
Fig. 2.11 has the following interpretation: We can split the intrinsic quality factor
in radiation and material absorption contributions as Q−1 = Q−1

rad + Q−1
abs. Before

the saturation point (e.g., around n = 6 for the fundamental q = 1 mode in Fig.

69



2.2. SPHERICAL RESONATORS

(a) TE modes

(b) TM modes

Figure 2.12: Electric field distribution of TE and TM modes with m = 8, q = 1, and
p = 0 in a sphere with relative refractive index N = 3.

2.11) the quality factor of the mode is determined mostly by radiation losses as
Qrad ≪ Qabs. However, Qrad is still expected to grow exponentially with n, so after
the saturation point the quality factor is mostly determined by the absorption
losses as Qabs ≪ Qrad.

The field distribution of the individual TE and TM eigenmodes in a defined
sphere are given by eqs. (2.107) and (2.108) respectively. Knowing the radius of the
sphere and the material properties inside and outside of it, the modal distribution is
fully determined by three integer numbers q, n, and m. The first number determines
the root of the corresponding characteristic equation resulting in the eigenvalue
κq. The index q determines the number of maxima the mode profile exhibits in
the radial direction in all vector components in case of TE modes, and in the
radial component in case of TM modes. This is evidenced in figures 2.12 and 2.13
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(a) TE modes

(b) TM modes

Figure 2.13: Electric field distribution of TE and TM modes with m = 8, q = 3, and
p = 2 in a sphere with relative refractive index N = 3.

which show the electric field profiles per each vector component for the modes
(q, m, n) = (1, 8, 8) and (q, m, n) = (3, 8, 10) respectively. The number of nodes of
the E-field along the polar direction θ exhibited by the âθ component of TE modes
and the âr and âφ components of TM modes, is determined by p = m− n (see figs.
2.12 and 2.13). Therefore, an alternative full characterization of the eigenmode
profile is given by the integers q, m and p. From this triplet, the number of nodes or
maxima present in the mode profile along the radial, azimuthal and polar directions
can be directly inferred. In this alternative form, the modes in figs. 2.12 and 2.13
correspond with (q, m, p) = (1, 8, 0) and (q, m, p) = (3, 8, 2) respectively.

It is easy to see from eqs. (2.107) and (2.108) that the azimuthal mode number
m determines the number of wavelengths fitting the perimeter of the sphere in
the azimuthal direction. Notice how the roots of the characteristic equations are
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independent of m. Hence, modes with the same n and q but different m are
degenerate. The dependence eimφ of a single mode allows us to define an angular
phase velocity of the mode Ω as the azimuthal angle sector swept per unit time by
a point on the wave with a fixed phase. Knowing that after some time interval ∆t

the point with fixed phase sweeps some ∆φ, then

ei(mφ+ω′t) = ei[m(φ−∆φ)+ω′(t+∆t)], (2.132)

and hence m∆φ = ω′∆t, or

Ω = ∆φ

∆t
= ω′

m
. (2.133)

Since the angular phase velocity of a given mode is constant, the tangential
phase velocity of the wave depends on the position where it is evaluated, specifically
on the projection ρ of the position vector r on the equator (θ = π/2) plane. At the
equatorial rim of the resonator, the phase velocity is vp = ΩR0. This means that
defining an effective refractive index for the mode in terms of vp must specify the
radial point where the wave is observed. Commonly the effective refractive index
of the mode is specified at the equatorial rim of the resonator, for which

neff = cm/ (ω′R0) . (2.134)

Notice that neff can be lower than unity for a sufficiently large real part of the
resonance frequency ω′. Indeed, neff can take arbitrarily low values down to zero,
for modes with arbitrarily high q. An approximated ray picture helps us to interpret
this situation by noting that modes with q = 1 “bounce" tangentially at the rim
of the resonator following its perimeter. However, for q > 1, the reflections at
the rim occur with smaller incidence angles, so photons complete an azimuthal
2π cycle by taking a path that is shorter than the perimeter of the resonator.
Hence, the azimuthal phase velocity of the wave can be larger than c because of
the illusory tangential trajectory at the rim. This is the same effect observed in
rectangular waveguide modes having phase velocities arbitrarily larger than c near
their cutoff frequency [62]. A wave picture also justifies the superluminal phase
velocity: The larger the q, the higher the confinement of the fields towards r = 0
(compare e.g., figs. 2.12 and 2.13). Hence, closer to the center of the sphere, the
mode tends to travel at a tangential speed determined by the bulk refractive index
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of the sphere. Since the angular velocity of the mode is common at all points, this
explains tangential velocities above c at the equatorial rim if the mode is confined
sufficiently near the center of the sphere.

It is worth mentioning that for the very same reasons described in the one-
dimensional resonator by Eq. (2.85), the magnitude of the eigenmodes outside
the sphere grows exponentially for r ≫ R0. This is evidenced in the asymptotic
behavior of the spherical Hankel functions (see Eq. (2.114)) for complex eigenvalues
κ (or eigenfrequencies ω). Obviously, this situation does not occur when the
solutions are forced by some monochromatic electromagnetic sources.

2.2.3 Forced solutions
So far we have investigated the natural oscillations that can exist in homogeneous
spheres through the obtention of its eigenmodes and associated eigenfrequencies.
The eigenmodes of eqs. (2.107) and (2.108) form a complete basis upon which any
divergence-free electromagnetic field can be expanded [59]. Therefore if one wants
to obtain the electromagnetic fields resulting from the illumination of the sphere
with a primary monochromatic field Ei at frequency ω0, the coefficients a(1)

smn that
reconstruct Ei with the expansion of Eq. (2.112) shall be found.

The first thing to do is to evaluate the basis functions F (c)
smn(κ, r) at the

wavenumber associated to the fixed driving frequency ω0, i.e. κ = ω0
√

µε, with the
values of µ and ε that correspond to the material in question. Then, we expand Ei

using spherical Bessel functions (c = 1) because the primary field must be finite at
the origin:

Ei(r) = κ0
√

η0

2∑︂
s=1

N∑︂
n=0

n∑︂
m=−n

a(1)
smnF (1)

smn(κ0, r), (2.135)

where κ0 and η0 refer to the medium outside the sphere. Then one can take advan-
tage of the orthogonality relations of eqs. (2.122)–(2.124). Indeed, the coefficient
a

(1)
1m′n′ is obtained after multiplying both sides of Eq. (2.135) by F

(1)∗
1,m′n′(κ, r) and

integrating over a spherical surface enclosing the region of interest. This ensures
that after truncation of the expansion, the tangential components of the primary
field are correctly imposed to the sphere’s boundary. Similarly, the coefficient a

(1)
2m′n′

is obtained after multiplication to both sides with FT
(1)∗
2m′n′(κ, r) (the components

of F
(1)∗
2m′n′(κ, r) that are tangential to the spherical surface) and integration. In this
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case, imposing only the tangential components is enough to uniquely determine
the solution.

Once the primary field is expanded in the basis of the spherical modes, we
do the same with the refracted field inside the sphere Er and the scattered field
outside of it Es. The former are expanded in origin-finite spherical Bessel functions
(c = 1) while the latter in spherical Hankel functions of second kind (c = 4) because
they satisfy Sommerfeld radiation condition [61,69] (see Eq. (2.114)). Hence, we
have

Er(r) = κ
√

η
2∑︂

s=1

N∑︂
n=0

n∑︂
m=−n

b(1)
smnF (1)

smn(κ, r), (2.136)

where κ and η refer to the sphere’s medium, and

Es(r) = κ0
√

η0

2∑︂
s=1

N∑︂
n=0

n∑︂
m=−n

b(4)
smnF (4)

smn(κ0, r). (2.137)

The coefficients b(1)
smn and b(4)

smn are unknown and it is our aim to determine
them enforcing the boundary conditions. At the sphere’s surface S0, the tangential
components of the electric field must match inside and outside the resonator, i.e.,

âr × Ei(r)
⃓⃓⃓⃓
⃓
S0

+ âr × Es(r)
⃓⃓⃓⃓
⃓
S0

= âr × Er(r)
⃓⃓⃓⃓
⃓
S0

. (2.138)

We proceed by inserting eqs. (2.135)–(2.137) into Eq. (2.138) and multiplying
both sides by a test function F

(1)∗
s′m′n′(κ0, r) keeping only the non-radial components.

Thanks to the orthogonality properties, after integrating over the surface of the
sphere of radius R0 we obtain

jn (κ0R0) a
(1)
1mn = −h(2)

n (κ0R0) b
(4)
1mn + κ

κ0

√︄
η

η0
jn (κR0) b

(1)
1mn, (2.139)

and

d
dr

[rjn (κ0R0)] a
(1)
2mn = − d

dr

[︂
rh(2)

n (κ0R0)
]︂

b
(4)
2mn

+
√︄

η

η0

d
dr

[rjn (κR0)] b
(1)
2mn. (2.140)
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The four unknowns b
(1)
1mn, b

(1)
2mn, b

(4)
1mn, b

(4)
2mn get fully determined after applying

the magnetic field boundary conditions:

âr × H i(r)
⃓⃓⃓⃓
⃓
S0

+ âr × Hs(r)
⃓⃓⃓⃓
⃓
S0

= âr × Hr(r)
⃓⃓⃓⃓
⃓
S0

. (2.141)

The magnetic field expansions associated to eqs. (2.135)–(2.137) are found through
Eq. (2.113). Inserting them into Eq. (2.141) and applying orthogonality properties
as was done in the E-field case, we obtain the relations

d
dr

[rjn (κ0R0)] a
(1)
1mn = − d

dr

[︂
rh(2)

n (κ0R0)
]︂

b
(4)
1mn

+
√︄

η0

η

d
dr

[rjn (κR0)] b
(1)
1mn, (2.142)

and

jn (κ0R0) a
(1)
2mn = −h(2)

n (κ0R0) b
(4)
2mn + κ

κ0

√︄
η0

η
jn (κR0) b

(1)
2mn. (2.143)

Finally, the simultaneous solution to the above equations are found to write the
unknowns in terms of the input field expansion coefficients a

(1)
1mn and a

(1)
2mn. Putting

N = κ/κ0, we have inside the sphere

b
(1)
1mn

a
(1)
1mn

=
jn (κ0R0) d

dr

[︂
rh(2)

n (κ0R0)
]︂
− h(2)

n (κ0R0) d
dr

[rjn (κ0R0)]
N
√︂

η
η0

jn (κR0) d
dr

[︂
rh

(2)
n (κ0R0)

]︂
−
√︂

η
η0

h
(2)
n (κ0R0) d

dr
[rjn (κR0)]

, (2.144)

b
(1)
2mn

a
(1)
1mn

=
h(2)

n (κ0R0) d
dr

[rjn (κ0R0)]− jn (κ0R0) d
dr

[︂
rh(2)

n (κ0R0)
]︂

√︂
η
η0

h
(2)
n (κ0R0) d

dr
[rjn (κR0)]−N

√︂
η0
η

jn (κR0) d
dr

[︂
rh

(2)
n (κ0R0)

]︂ , (2.145)

and outside the sphere

b
(4)
1mn

a
(1)
1mn

=
jn (κ0R0) d

dr
[rjn (κR0)]−N η

η0
jn (κR0) d

dr
[rjn (κ0R0)]

N η
η0

jn (κR0) d
dr

[︂
rh

(2)
n (κ0R0)

]︂
− h

(2)
n (κ0R0) d

dr
[rjn (κR0)]

, (2.146)
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WR-10 WR-10
P1 P2

VNA

Figure 2.14: Diagram of the experimental setup for measuring the transmission spectrum
of a sapphire sphere in W-band.

b
(4)
2mn

a
(1)
1mn

=
N η0

η
jn (κR0) d

dr
[rjn (κ0R0)]− jn (κ0R0) d

dr
[rjn (κR0)]

h
(2)
n (κ0R0) d

dr
[rjn (κR0)]−N η0

η
jn (κR0) d

dr

[︂
rh

(2)
n (κ0R0)

]︂ . (2.147)

Using eqs. (2.144)–(2.147) we can expand any incident field in spherical mode
coefficients a

(1)
1mn and a

(1)
2mn and obtain the resulting fields everywhere. For instance,

the expansion coefficients of an arbitrary plane wave are given in [76], from which
Gaussian beams can be synthesized [77,78].

2.2.4 Experiment with anisotropic spheres
In order to verify the applicability of the theory of whispering gallery modes in
dielectric spheres we set up an experiment to measure the resonance frequencies of a
sapphire ball from 75 GHz to 110 GHz. The sphere is excited through proximity with
the evanescent tail arising from a silicon dielectric rod waveguide (DRW) [79–81]
coupled to a pair of W-band extenders driven by a Keysight PNA-X network
analyzer as depicted in Fig. 2.14. The DRW has cross-section w×h with h = 1 mm
and h = 0.5 mm (see Fig. 2.15a) and is optimized for W-band [80]. The ends of the
DRW are tapered and introduced into the WR-10 waveguides of the millimeter-wave
extenders with ports P1 and P2. The DRW is positioned at the center of the
waveguide’s cross-section employing the foam holders observed in Fig. 2.15b.

The WR-10 waveguides carry the fundamental TE10 mode so the wave guided
in the DRW is mainly polarized along the z axis. Thus we expect to excite TE
WGMs in the sphere. The sphere is positioned near the DRW at a distance d which
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(a) (b)

Figure 2.15: (a) Cross-section view of the sphere and DRW separated a distance d. (b)
Picture of the setup showing the sapphire sphere approached by the silicon DRW which
is coupled to the two WR-10 waveguides of the W-band extenders.

is controlled through a micropositioner attached to the sphere’s holder. The holder
is 3D printed with PLA material and its contact points with the sphere are kept
as small as possible not to disturb the excited WGMs. The interaction between
DRW and sphere evanescent fields forms a small coupling region. The system then
admits the loop waveguide model of Fig. 2.3 whose transmission between ports 1
and 2 is governed by Eq. (2.75) and measured by the VNA as the S21 parameter.

The sapphire sphere is provided by Edmund Optics and has radius R0 =
2 mm ± 1.27µm. Sapphire is an uniaxial anisotropic crystal with ordinary and
extraordinary refractive indices no =

√
9.398 and ne =

√
11.592 respectively in

W-band [82]. However, the theory of spherical modes presented in Section 2.2 is
only valid for isotropic media. Despite this, we believe that when the anisotropy
is small and the axis of the crystal is aligned such that the ne lies along the z

axis, we can make some assumptions based on the mode profiles to find their
eigenfrequencies in an approximated way.

Refer to the TE WGMs of Fig. 2.12a. The modes are fundamental because
they are maximally confined at the rim, i.e., q = 1 and p = 0 (n = |m|). One might
think that since for sufficiently large n the mode profile is confined to the equator
of the sphere (θ ≈ π/2) the field component in âθ is mainly polarized along the
extraordinary axis (z). In addition, the âφ component of the TE basis (see Eq.
(2.107)) diminishes in magnitude with respect to the âθ component as n increases.
The reason is that for n = |m|,
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d
dθ

P n
n (cos θ) = cos θ

n

sin θ
P n

n (cos θ), (2.148)

so the more confined the mode to the equator the smaller is the âφ component of the
field since it is multiplied by cos θ. Therefore we might expect that for fundamental
TE WGMs with sufficiently large n, the eigenfrequencies of the sapphire sphere
(whose crystal axis is aligned along z) approximate those of an isotropic sphere
with refractive index niso = ne.

The approximation above can be improved by accounting for the weight (in the
energy sense) each electric field component has on the extraordinary and ordinary
axes. With that in mind and taking V as the volume of the sphere, a better
approximation for niso is

niso =
´

V
|Ez|2 dV´

V
|E|2 dV

ne +
´

V

(︂
|Ex|2 + |Ey|2

)︂
dV´

V
|E|2 dV

no

=
´

V
|Ez|2 dV´

V
|E|2 dV

(ne − no) + no.

(2.149)

For TE modes Eq. (2.149) admits a simple expression. Indeed, putting E =
F

(1)
1mn we can see from Eq. (2.107) the integration over radial and azimuthal parts

in Eq. (2.149) cancel out, remaining polar integration only:

´
V
|Ez|2 dV´

V
|E|2 dV

=

´ π

0

[︃
− sin θ m

sin θ
P

|m|
n (cos θ)

]︃2
sin θ dθ

´ π

0

{︄[︃
m

sin θ
P

|m|
n (cos θ)

]︃2
+
[︃

d
dθ

P
|m|
n (cos θ)

]︃2
}︄

sin θ dθ

, (2.150)

where we replaced âθ · âz = − sin θ. The numerator of Eq. (2.150) equals m2

due to the orthogonality of associated Legendre polynomials [75, 76]. Similarly,
orthogonality properties also apply for the denominator of Eq. (2.150) resulting in
n(n + 1). Finally, we obtain for TE WGMs

niso = m2

n(n + 1) (ne − no) + no. (2.151)
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2.2. SPHERICAL RESONATORS

Figure 2.16: Comparison of the measured resonance frequencies of the sapphire sphere
with full wave simulations and theoretical estimations through the solution of Eq. (2.127)
for a sphere of equivalent refractive index niso given by Eq. (2.151).

As expected, Eq. (2.151) converges to ne as n = |m| → ∞.

The values of niso obtained for fundamental modes with n = 4, . . . , 12 are
plotted in Fig. 2.16. Using those values of niso, the eigenfrequencies of the
equivalent isotropic sphere are calculated and plotted also in Fig. 2.16. Only
modes n = 8, . . . 11 are within the W-band and would be observable with our
experimental setup. The eigenfrequencies are also computed using a finite-element-
method full-wave solver and the results are plotted in 2.16. The agreement is good,
showing a relative difference between full wave and theoretical results using niso

below 10−3 for n ≥ 5 and below 2 × 10−3 for n = 4 as shown in Fig. 2.17. It is
worth mentioning that the full-wave simulations were done enclosing the resonator
in a larger metallic box, i.e., without matching layers as boundary conditions. This
degrades the numerically calculated eigenfrequency of the sphere especially for
low order modes as they exhibit non-negligible radiation losses. Radiation fields
interacting with the metallic boundary became noticeable for modes n ≤ 5. For this
reason, fundamental modes with n ≤ 3 were difficult to identify in the simulation
tool. To highlight the accuracy of Eq. (2.151), Fig. 2.17 also shows the error
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Figure 2.17: Relative difference between the theoretical estimations of the sapphire
sphere’s resonance frequencies and the numerical and experimental results. The eigenfre-
quencies of an equivalent isotropic sphere are found theoretically using i) a refractive
index niso given by Eq. (2.151), and ii) the extraordinary refractive index of sapphire ne.

incurred by calculating the eigenfrequencies of a sphere with refractive index ne

instead of niso, showing significantly higher error.

For the experimental setup, the extraordinary axis of the sphere is aligned
by shining vertically polarized light towards it and observing the refracted light
through a horizontal polarizer. If the axis of the crystal is arbitrarily oriented some
light with horizontal polarization will be observed. The sphere is then manually
oriented until no change in the refracted light is observed under rotation of the
sphere with respect to a vertical axis. The ball is first positioned sufficiently
far from the DRW to characterize the S21 transmission of the waveguide alone.
This characterization is used later to normalize the transmission spectrum of the
resonator, so the features of the waveguide are subtracted.

The sphere is slowly approached towards the DRW with the micrometer trans-
lation stage in 1 µm steps. As shown in the top part of Fig. 2.18, for a fixed value
of d, dips are observed in the full transmission spectrum of the resonator (from
75 GHz to 110 GHz) showing some resonance frequencies of the sphere. Different
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Figure 2.18: Measured transmission spectrum of the sapphire sphere. At the top, the
full spectrum in W-band for a fixed gap d between resonator and DRW. At the bottom,
a close-up of the spectrum near the resonances corresponding to n = 8 . . . , 11. For each
mode the gap d is tuned to reach critical coupling (|S21| < −40 dB).

resonances show up while changing the distance d because each mode has in general
a different loss rate and field profile. As a general rule, modes with higher resonance
frequency become critically coupled with shorter coupling distances d owing to the
smaller extension of their evanescent field, even though their radiation losses are
lower.

None of the prominent dips in the full transmission spectrum shown in the top
part of Fig. 2.18 corresponds to the fundamental modes. They neither correspond
to any higher-order mode arising in an isotropic sphere of refractive index niso in
W-band. We believe these are modes with polar number p ̸= 0 whose degeneracy
with m is broken due to the anisotropy of the sphere. Indeed, while modes in an
isotropic sphere having fixed n and q and different p and m values all have the same
resonance frequency, they split spectrally in an anisotropic sphere. The resulting
spectrum is analogous to that of a spheroid. Degenerate p modes for fixed n in
an isotropic sphere split and spread spectrally as the sphere deforms towards a
spheroid [55,83]. The separation between those modes grows as the eccentricity of
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n = 8 n = 9 n = 10 n = 11

ν ′
Theo(ne) [GHz] 81.15594 89.11997 97.01873 104.86274

ν ′
Theo(niso) [GHz] 82.05059 90.00495 97.89509 105.73139

ν ′
FEM [GHz] 82.076 90.021 97.902 105.73

ν ′
Meas [GHz] 82.06590 90.01008 97.90340 105.71363

Table 2.1: Comparison between resonance frequencies obtained theoretically using
ne and niso via Eq. (2.151), numerically via a FEM solver and experimentally.

the spheroid increases [55,84].

With careful tuning of d we could find and critically couple all the fundamental
modes lying in W-band (n = 8, . . . 11). Their measured resonance frequencies are
in good agreement with the full-wave simulations and analytical calculations, all
contrasted in figs. 2.16 and 2.17 and summarized in Table 2.1. The transmission
is extremely sensitive to the gap d near the critical coupling point, leading in
some cases to variations of more than 30 dB in |S21|, with changes of d around
1 µm. The zoomed-in spectra of all fundamental modes are represented over a full
bandwidth of 30 MHz at the bottom of Fig. 2.18. The full width half maximum
bandwidths of the modes range from ∆ν ≈ 10.4 MHz to about ∆ν ≈ 14.3 MHz.
The complex eigenfrequency ν ′ + iν ′′ obtained theoretically allows us to estimate
the radiation Q factor of each mode as Qrad = ν ′/(2ν ′′). Estimating the loaded Q
from the observed linewidths as Ql = ν ′/∆ν and knowing it is approximately equal
to half the coupling Qc when the mode is critically coupled (Qc = Qi) because
Q−1

c + Q−1
i = Q−1

l , we derive intrinsic Q factors ranging from Qi ≈ 1.8× 104 for
n = 8 to Qi ≈ 1.5× 104 for n = 11. Taking into consideration that the evanescent
part of the mode is not subject to absorption losses in the crystal and is different
for each mode, we estimate an approximately constant loss tangent of the material
around tan δ ≈ 5.9×10−5 which agrees with previously reported measurements [82].

The surprisingly high accuracy of Eq. (2.151) observed in the sapphire sphere
is degraded when the anisotropy is larger. Take for example the case of a lithium
niobate (LN) sphere, exhibiting strong anisotropy, with extraordinary and ordinary
refractive indices at millimeter-wave frequencies around ne ≈

√
26.1121 and ne ≈√

44.08196 respectively [51,53]. Using Eq. (2.151) we estimated the eigenfrequencies
of an equivalent isotropic sphere and compared with full-wave simulations of an
anisotropic LN sphere whose extraordinary axis is aligned with the z axis. The
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Figure 2.19: Relative difference between the theoretical estimations of the LN sphere’s
resonance frequencies and the numerical results. The eigenfrequencies of an equivalent
isotropic sphere are found theoretically using i) a refractive index niso given by Eq.
(2.151), and ii) the extraordinary refractive index of sapphire ne.

relative error between the theoretical estimations with niso and the simulations is
shown in Fig. 2.19. The accuracy is significantly lower than with the sapphire
sphere. In fact, approximating with an isotropic sphere of refractive index ne

produces more accurate results. Hence, the approximation of Eq. (2.151) breaks
for strongly anisotropic media because in that case, the modes deviate significantly
from the basis F

(1)
1mn. Indeed, it was difficult to identify fundamental modes with

n < 7 in the full-wave solver.

2.3 Optical WG modes
In Section 2.2 we showed analytical expressions for the eigenmodes and eigenfre-
quencies of a homogeneous and isotropic sphere immerse in a simple medium. This
is a very particular case where thanks to the simplicity of the geometries involved,
the expressions are valid for arbitrary wavelengths. Unfortunately, analytical so-
lutions for arbitrary geometries are nonexistent, but asymptotic approximations
can be found in some cases where the wavelengths involved are much smaller than
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WGM

Figure 2.20: Diagram of a disk-shaped whispering-gallery resonator with electrically-
large dimensions. A suitable coordinate system allows the description of e.g. optical
modes in millimeter-sized resonators.

the features of the structure. This is exactly the case with millimeter-sized WGM
resonators excited in the optical domain, at wavelengths on the micrometer or
sub-micrometer range.

For this work, disk-shaped and ring-shaped axisymmetric resonators are of
special interest. Refer to the resonator geometry of Fig. 2.20 with the coordinate
system O orientated such that in spherical coordinates φ sweeps the propagation
direction of the WGM. When the optical mode is localized at the rim of the resonator
and it is not disturbed by the finite height h, then the boundary conditions that
determine the eigenmodes are entirely defined by the resonator’s material and the
two radii R0 and r0. Moreover, when the excited WGMs are linearly polarized, the
fields can be assumed scalar to a good approximation.

Based on these assumptions, analytical solutions of the scalar Helmholtz equa-
tion can be derived in the auxiliary coordinate system r′ and θ′ shown in Fig. 2.20.
Previous studies [85, 86] showed that the field of optical WGMs in the geometry of
Fig. 2.20, described by azimuthal, polar, and radial numbers m, p and q respectively
is well approximated by

Ψ(r) = exp(−imφ) exp
(︄
− θ′2

2θ2
m

)︄
Hp

(︄
θ′

θm

)︄
Ai
(︄

r′ − r0

um

− ζq

)︄
, (2.152)
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where, θm = m1/2 (R0/r0)3/4, um = 2−1/3R0m
2/3, Hp is the Hermite polynomial of

degree p, Ai is the Airy function, and ζq its (positive) q-th root. The eigenvalues
associated to the eigenmodes of Eq. (2.152) are [85]

ν = cm

nR0

[︄
1 + ζq

21/3m2/3 + (2p + 1)
2m

(︃
R0

r0

)︃1/2]︄
. (2.153)

Any frequency dependence of the medium’s bulk refractive index n must be solved
simultaneously with Eq. (2.153) to find the correct resonance frequency. When
R0 = r0, the formally derived modes and eigenfrequencies of eqs. (2.107), (2.108),
(2.127) and (2.130) converge to eqs. (2.152) and (2.153) in the electrically-large
resonator limit λ≪ R0.

The mode profile of Eq. (2.152) is useful for designing optimal coupling
structures. Analogous to the experimental situation of Section 2.2.4, optical WGMs
can be coupled via proximity with the evanescent field arising from optical fibers
or other types of waveguides. The problem is usually analyzed using coupled mode
theory, resulting in a coupling strength that grows with the overlap integral between
waveguide and resonator modes and the interaction length until the coherence
length is reached [87, 88]. Past that point, coupling is reversed, and energy is
transferred from the resonator back to the waveguide [89]. The coherence length
decreases with the phase velocity mismatch between waveguide and resonator
modes [87,88,90]. For this reason, when strong coupling is required, it is common
to design the optical waveguide with the same effective refractive index as the
coupled WGM. At the same time, the spatial overlap between modes is maximized
by tailoring the mode profiles and/or reducing the gap between waveguide and
resonator. The behavior is analogous to that of modes with different phase velocities
coupled via the nonlinearity of a medium as represented in Fig. 1.7, where the
phase-mismatch is described by the parameter ∆κ.

Another common technique for coupling to optical WGMs uses the evanescent
field arising from the back of a prism upon which a beam is incident under total
internal reflection (TIR), as shown in Fig. 2.21. In this case, the coupling strength
is increased by matching the effective refractive index exhibited by the WGM nwgm

to that of the TIR evanescent field ntir. Using Snell’s laws, we have ntir = npr sin θ1,
where npr is the prism’s bulk refractive index and θ1 the incidence angle (see Fig.
2.21). Hence, the prism must be optically denser than the resonator (npr > nwgm)
in order for a real optimal incidence angle θ1 to exist:
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(a)
(b) Top view.

Figure 2.21: (a) 3D view of the prism coupler. (b) Top view: laser beam incidence
under total internal reflection.

θ1 = arcsin
(︄

nwgm

npr

)︄
. (2.154)

The evanescent field of the WGM has the same distribution as Eq. (2.152) in
the transversal coordinates φ and θ′, whereas in the radial direction decreases as
e−κ′′(r−r0), with κ′′ = 2π(n2

res − 1)1/2/λ0, where nres is the bulk refractive index of
the resonator, and λ0 the free-space wavelength [55]. The projection of this field
profile on the back of the prism can be decomposed into a continuum of plane waves
by taking the two-dimensional Fourier transform in wavenumber-space [91]. The
refraction of each of these plane waves into the prism is analyzed via Snell’s laws,
giving rise to an out-coupled beam which is superimposed to the first reflection of
the incident beam. Both beam profiles must match in order to allow zero reflection
at critical coupling via perfect destructive interference. This condition is known as
mode matching. For this, the resonator’s geometry (r0 and R0) must be adapted
to produce an out-coupled beam whose elliptical footprint on the prism surface has
the same eccentricity as that of the incoming beam.

Assuming the input beam entering the prism has a circular Gaussian profile, the
resulting elliptical eccentricity of the footprint can be readily calculated from the
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incidence angle θ1 and the first refraction defined by angles ϕ1 and ϕ2 in Fig. 2.21b.
With the considerations above, it can be shown [91,92] that the mode matching
condition is satisfied when the ratio r0/R0 fulfills

1− n2
pr sin2 (θ1 − θpr)

cos2 (θ1 − θpr)
cos2 θ1 = r0

R0

⎛⎝1 + nres√︂
n2

res − 1

√︄
r0

R0

⎞⎠−1

, (2.155)

where θpr is the prism angle according to Fig. 2.21b and θ1 is given by Eq.
(2.154). Equation 2.155 is a generalization of the previously reported approximation
cos2 θ1 = r0/R0 [93] which neglects the polar distribution of the WGM.
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CHAPTER 3

WAVE MIXING IN WAVEGUIDES

In Section 1.3 we discussed the well known basic theory of three-wave mixing
between plane waves in an unbounded isotropic and homogeneous medium. This was
done entirely from Maxwell’s equations by driving the Helmholtz equation with the
second-order polarization of the medium. Although useful to illustrate parametric
processes such as SFG and DFG, the theory of Section 1.3 needs a generalization
to be useful in practical scenarios. In this chapter, we generalize the theory to
model wave mixing between arbitrary modes in a guiding structure. We aim to add
over previous contributions [94–96] and —by using merely Maxwell’s equations—to
derive one-dimensional coupled differential equations for the evolution of modes
in straight and bent nonlinear waveguides. The waveguides under consideration
are generic: can be composed of multiple linear and nonlinear media, and can
be open, i.e., do not necessarily require the imposition of electric or magnetic
walls as transversal boundary conditions. The only constraint for the guiding
structures is to have a uniform cross-section when described in an appropriate
orthogonal curvilinear system of coordinates. Since this framework is valid for bent
waveguides, it will be useful in Chapter 4 for describing nonlinear processes in
WGM axisymmetric resonators.

3.1 The nonlinear wave equation

We start from the macroscopic time-domain Maxwell’s equations of (1.2)–(1.5) with
no primary sources and write the displacement field in terms of the macroscopic
polarization vector as in Eq. (1.6). In this work, we study wave mixing originated
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due to the nonlinear relation between P and E. From a classical perspective, the
nonlinearity of a dielectric is originated at atomic level and manifested as high
order responses of the electric dipole moment against a given E-field at a point. In
general, the electric field can be written in the standard basis âk, k = 1, 2, 3 of an
orthogonal curvilinear coordinate system as

E(r, t) = E1(r, t)â1 + E2(r, t)â2 + E3(r, t)â3. (3.1)

Consider for the moment a nonlinear isotropic and non-dispersive medium with
linearly polarized E-field, and let us expand the time-domain polarization vector P

in terms of the E-field as a Taylor series. The response is infinitely fast by virtue
of the non-dispersive characteristic of the medium. Therefore we can write the first
order polarization response as

P (1)(r, t) = ε0χ
(1)(r)E(r, t). (3.2)

Since the electric field is linearly polarized, we can write Eq. (3.1) by separating the
time dependence and the vector spatial dependence as E(r, t) = E(t)E(r). Since
the medium is isotropic, the second order polarization response points in the same
direction v = E(r)/ |E(r)| as the electric field, but with a squared magnitude.
Therefore the second order term of the polarization vector is proportional to
E2(t) |E(r)|2 v and reads

P (2)(r, t) = ε0χ
(2)(r) |E(r, t)|E(r, t). (3.3)

The same procedure is applied to all high order terms, resulting in the Taylor
expansion

P (r, t) = ε0E(r, t)
[︂
χ(1)(r) + χ(2)(r) |E(r, t)|+ χ(3)(r) |E(r, t)|2 + · · ·

]︂
. (3.4)

Let us now drop the linear polarization and isotropic media condition and
generalize Eq. (3.4) for anisotropic nonlinear media and arbitrarily polarized
electric fields. In this case, each vector component of the first-order response of P

is a linear combination of all vector components of E for which←→χ (1) becomes a rank-
2 tensor with components χ

(1)
ij . The second-order response of the polarization vector
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now depends on all possible combinations of products between vector components
of E. Therefore P (2) and E are related via a rank-3 tensor ←→χ (2) with components
χ

(2)
ijk. The same argument holds for the third and higher-order responses, for which

a given vector component i of P results

P (r, t) · âi = ε0χ
(1)
ij (r)Ej(r, t) + ε0χ

(2)
ijk(r)Ej(r, t)Ek(r, t)

+ε0χ
(3)
ijkl(r)Ej(r, t)Ek(r, t)El(r, t) + · · · .

(3.5)

where Em(r, t) = E(r, t) · âm, and we used Einstein’s summation convention.
Finally, let’s drop the non-dispersive condition and allow the susceptibility tensors
to have some memory such that P can depend on the past values of the electric
field. In this case, the relation between the E-field and P must be expressed as
a convolution instead of a simple product with the susceptibility tensors. For
instance, the first order response results

P (1)(r, t) · âi = ε0

ˆ ∞

−∞
χ

(1)
ij (r, t′)Ej(r, t− t′) dt′. (3.6)

Recall that a summation operation for j = 1, 2, 3 is hidden in Eq. (3.6) due to
Einstein’s convention and must be performed. If the dispersion is common for all
components of the electric field, the second-order response reads

P (2)(r, t) · âi = ε0

ˆ ∞

−∞
χ

(2)
ijk(r, t′)Ej(r, t− t′)Ek(r, t− t′) dt′. (3.7)

However, in the most general case each vector component exhibits a different
dispersion for which the impulse response of the nonlinear susceptibility tensor
may be different for each field component. In the case of e.g., the second order
susceptibility, the tensor has the form χ

(2)
ijk = χ

(2)
ijk(r, t′, t′′) and therefore

P (2)(r, t) · âi = ε0

ˆ ∞

−∞

ˆ ∞

−∞
χ

(2)
ijk(r, t′, t′′)Ej(r, t− t′)Ek(r, t− t′′) dt′ dt′′. (3.8)

In an analogous form to Eq. (3.8), the third order contribution to the polarization
vector is expressed as a triple convolution integral, and so on for higher order
responses. For the remaining derivation, we group P (2) and all the higher order
contributions into a single term P (NL), such that
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P (r, t) = P (1)(r, t) + P (NL)(r, t). (3.9)

The free current density J can also be related linearly to the electric field via
the conductivity of the media, which in its most general form is a dispersive rank-2
tensor ←→σ with components σij such that

J(r, t) · âi =
ˆ ∞

−∞
σij(r, t′)Ej(r, t− t′) dt′. (3.10)

Following the spirit of conventional waveguide theory, we are considering a system
free of primary sources to obtain a differential equation whose solution is driven
by non-homogeneous boundary conditions at the end of the nonlinear guiding
structure. Clearly, a conventional frequency domain analysis is forbidden since the
nonlinearity of the media enables energy exchange between different frequencies.
A harmonic balance method is more appropriate instead. In what follows, let us
consider a system whose input signals, or boundary conditions, are periodic in
time. This is compatible, for example, with a nonlinear system excited by a series
of monochromatic signals, and should be enough to study its frequency behavior.
As all inputs are periodic, any response of the system is periodic as well, for which
the resulting electric field can be expressed as the Fourier series

E(r, t) = 1
2

N∑︂
n=1

En(r)eiωnt + c.c, (3.11)

where N is the number of harmonics to consider in the solution. Inserting Eq.
(3.11) into Eq. (3.10) yields

J(r, t) = 1
2

N∑︂
n=1

ˆ ∞

−∞

←→σ (r, t′)En(r)eiωn(t−t′) dt′ + c.c

= 1
2

N∑︂
n=1

En(r)eiωnt

ˆ ∞

−∞

←→σ (r, t′)e−iωnt′ dt′ + c.c

= 1
2

N∑︂
n=1

←→σn (r)En(r)eiωnt + c.c,

(3.12)
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where for simplicity we compacted σij(r, t′)Ej(n)(r) = [←→σ (r, t′)En(r)]·âi such that
←→σ (r, t′)En(r) can be interpreted as a dyadic operation. The tensor←→σ can be thus
expressed as a 3× 3 matrix with entries σij when projected in the standard basis
of the coordinate system. In Eq. (3.12) the term ←→σn (r) is the Fourier transform of
the conductivity tensor evaluated at frequency ωn. Following the same procedure
inserting Eq. (3.11) into Eq. (3.6), the linear polarization vector results

P (1)(r, t) = ε0

2

N∑︂
n=1

←→χn
(1)(r)En(r)eiωnt + c.c, (3.13)

where ←→χn
(1)(r) is the Fourier transform of the first order susceptibility tensor

evaluated at frequency ωn, and the dyadic product ←→χn
(1)(r)En(r) projected on âi

is equivalent to χ
(1)
ij (r)Ej(n)(r) in Einstein’s notation.

The nonlinear Helmholtz equation can be derived by taking the curl to Eq.
(1.2), and inserting Eq. (1.3) multiplied by µ0 in the resulting right-hand side
assuming nonmagnetic media. Considering Eq. (3.9), this yields

∇ × ∇ × E(r, t) + µ0
∂

∂t
J(r, t) + 1

c2
∂2

∂t2 E(r, t) + µ0
∂2

∂t2 P (1)(r, t)

= −µ0
∂2

∂t2 P (NL)(r, t)
(3.14)

Inserting eqs. (3.11), (3.12) and (3.13) into Eq. (3.14) gives us the nonlinear
Helmholtz equation

−∇ × ∇ × En(r) + κ2
0n
←→εr (r, ωn)En(r) = −κ2

0n

ε0
P (NL)

n (r), (3.15)

where κ2
0n = ω2

n/c2, and the relative permittivity tensor ←→εr is

←→εr (r, ωn) =←→I +←→χn
(1)(r)− i

1
ε0ωn

←→σn (r). (3.16)

Notice Eq. (3.15) is a generalization of Eq. (2.2) that allows a nonzero conductivity
tensor in the definition of Eq. (3.16) and includes a nonlinear polarization vector.
Notice also that analogously to the definition in Eq. (3.11), P (NL)

n (r) in Eq. (3.15)
is the amplitude oscillating at frequency ωn of the Fourier series decomposition of
the time-domain P (NL)(r, t) in Eq. (3.14).
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3.2 Solution for uniform waveguides

Our task in this section is to find general harmonic balance solutions to Eq. (3.15)
in a uniform waveguide section. This means the domain where Eq. (3.15) is
solved is invariant along the coordinate uℓ, ℓ ∈ {1, 2, 3} in an orthogonal curvilinear
coordinate system u1, u2, u3, with orthonormal standard basis vectors â1, â2, â3

and scale factors (Lamé coefficients) h1, h2, h3 (see Fig. 3.1). In the following,
the only restriction we impose to the orthogonal coordinate system is to satisfy1

∂
∂uℓ

hℓ = 0. Suppose that under this domain the homogeneous solution of Eq. (3.15)
(i.e., with P (NL) = 0) Eh

n can be split in a factor depending on the longitudinal
coordinate uℓ and a vector with transversal coordinates dependence, i.e.,

Eh
n(r) = Ψn(uj, uk)fh

n (uℓ), ℓ ̸= j ̸= k (3.17)

where uj, uk, ℓ ̸= j ̸= k are the transversal coordinates spanning the plane uℓ =
constant, and Ψn and fh

n are vector and scalar complex functions respectively.
Suppose also that the inhomogeneous solution to Eq. (3.15) En has the same form
as the homogeneous one in a given plane uℓ = d, for example near the excitation
(or coupling) point at the begining of the waveguide where nonlinear effects are
still irrelevant, i.e.,

E(uj, uk, d) ∝ Eh(uj, uk, d) = Ψ(uj, uk)fh(d) (3.18)

where for simplicity we dropped the n-harmonic notation and will be specified again
when needed. In general, even though E(uj, uk, uℓ) is (at least approximately)
separable, in the vicinity of uℓ = d, it is not separable after propagation at points
uℓ ≫ d. This is because of possible mode distortion due to symmetry breaking
along uℓ potentially induced by the second order polarization vector which is in
general not constant with uℓ. In other words, the electromagnetic fields “see” a
medium which is not uniform along uℓ due to the right hand side of Eq. (3.15).

One way to computationally solve the inhomogeneous Helmholtz equation
taking into account mode distortion is by steps. One can divide longitudinally a
section of waveguide into small pieces of size d, and find the field at the end of
each segment from the field at the beginning of it via a Taylor expansion, i.e.,

1This is equivalent to say that the speed of a point over the coordinate curve uj,k = constant
with j, k ̸= ℓ, does not change while uniformly varying the coordinate uℓ.
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Figure 3.1: General picture of the electromagnetic problem into consideration. The
geometry of the nonlinear medium is invariant along the coordinate uℓ in a given
orthogonal curvilinear coordinate system.

E(uj, uk, d + δ) ≈ E(uj, uk, d) + δ
∂

∂uℓ

E(uj, uk, d) + H.O.T. (3.19)

where H.O.T. stands for high order terms. Depending on the step size δ, H.O.T
terms might be neglected. The first derivative in Eq. (3.19) can then be obtained
by splitting Eq. (3.15) into linear and nonlinear parts and solving individually
in intermediate steps. This procedure is known as operator splitting, from which
Strang’s splitting technique [97, 98] has proven to be efficient in the solution of
nonlinear differential equations [15]. However, in what follows we neglect mode
distortion as an approximation that allows us to obtain simple analytical expressions
for the mode evolution in multiple wave mixing. This is expected to be a fair
approximation when the field profiles of all modes involved are similar, and/or when
the nonlinear interaction is sufficiently weak. The practical upconverter application
this work is devoted to falls to some extent into the latter condition.

Neglecting the effects of mode distortion implies the mode profile is uniform
along the propagation direction of the waveguide, even under the effects of nonlinear
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interaction. Moreover, the mode profile is the same that would exist in the absence
of nonlinear polarization vector, i.e., that of the homogeneous solution to Eq.
(3.15). This means the inhomogeneous solution of Eq. (3.15) can be separated in
an analogous way to Eq. (3.17) such that

E(r) = Ψ(uj, uk)f(uℓ). (3.20)

Therefore, the nonlinear interaction affects the mode only by changing its amplitude
and phase evenly along the cross-section of the waveguide. It is not our aim now
to obtain the mode profile Ψ of the homogeneous solution as this depends on the
particular geometry of the structure and in general situations can be obtained via
full-wave solvers. Instead, we aim to obtain the analytical expressions of f(uℓ) for
all involved modes, as this fully characterizes the nonlinear mixing process under
propagation through the waveguide. The mode profile Ψ has to be normalized in
some way to ensure its uniqueness. Since the homogeneous solution to Eq. (3.15)
can change its amplitude during propagation due to the loss mechanisms quantified
through its propagation constant, we can write the homogeneous solution of Eq.
(3.17) in the form

Eh(r) = CΨ(uj, uk)e−iγuℓ , (3.21)

where γ = γ′ − iγ′′ is the complex propagation constant of the corresponding
eigenmode of Eq. (3.15), and C is a normalization constant we shall define
conveniently later.

Let us rewrite Helmholtz equation (3.15) with the factorization approximation
of Eq. (3.20). The term ∇ × E expands as

∇ × E = f∇ × Ψ + f ′ 1
hℓ

âℓ ×Ψ, (3.22)

where f ′ = d
duℓ

f(uℓ). Taking the curl to Eq. (3.22) yields the expansion

∇ × ∇ × E = f∇ × ∇ × Ψ

+ f ′
[︃ 1
hℓ

âℓ ×∇ × Ψ + ∇ ×
(︃ 1

hℓ

âℓ ×Ψ
)︃]︃
− f ′′ 1

h2
ℓ

Ψ⊥, (3.23)
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where Ψ⊥ = −âℓ × (âℓ ×Ψ) is the component of Ψ which is transversal to the
propagation direction âℓ. The nonlinear energy exchange between modes is often
slow compared with an oscillation period of the electromagnetic fields. It is thus
easier to deal with the derivatives of a potentially slow varying amplitude a(uℓ)
such that

f(uℓ) = a(uℓ)e−iβuℓ . (3.24)

We can arbitrarily choose β in Eq. (3.24) as its definition is irrelevant for the
solution since a(uℓ) will adequate accordingly to satisfy Eq. (3.24). It is reasonable
however to chose β to be the real part (γ′) or the full complex propagation constant
(γ) of the eigenmodes of the (homogeneous) Helmholtz equation (3.15). Note that
no generality is not lost in Eq. (3.24) since a(uℓ) is a complex function that is not
forced to be slower than e−iβuℓ . In other words, we can always write f(uℓ) as the
product of two complex functions of uℓ, one of which is arbitrary.

The first and second order derivatives of Eq. (3.24) are

f ′(uℓ) = [−iβa(uℓ) + a′(uℓ)] e−iβuℓ

f ′′(uℓ) =
[︂
−β2a(uℓ)− i2βa′(uℓ) + a′′(uℓ)

]︂
e−iβuℓ ,

(3.25)

which inserted into Eq. (3.23) results in the differential equation for the unknown
amplitude a(uℓ)

a′′(uℓ)W 2(uj, uk) + a′(uℓ)W 1(uj, uk) + a(uℓ)W 0(uj, uk)

= −κ2
0

ε0
eiβuℓP (NL)(uj, uk, uℓ), (3.26)

where the coefficients are the vector functions

W 0(uj, uk) = −∇ × ∇ × Ψ + κ2
0
←→εr Ψ− β2 Ψ⊥

h2
ℓ

+ iβ
1
hℓ

âℓ ×∇ × Ψ + iβ∇ ×
(︃ 1

hℓ

âℓ ×Ψ
)︃

, (3.27)
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W 1(uj, uk) = −i2β
Ψ⊥

h2
ℓ

− 1
hℓ

âℓ ×∇ × Ψ−∇ ×
(︃ 1

hℓ

âℓ ×Ψ
)︃

, (3.28)

and

W 2(uj, uk) = Ψ⊥

h2
ℓ

. (3.29)

Note that Eq. (3.26) actually represents three individual differential equations for
a(uℓ), one per vector component of the coefficients W 0, W 1 and W 2. Moreover,
such coefficients depend on the transversal coordinates, for which there is also a given
differential equation at each point uj, uk. Clearly, the solution a(uℓ) of Eq. (3.26)
should be the same for any vector component and transversal coordinate where the
coefficients W 0,1,2 and P (NL) are evaluated. However, it is evident this is not the
case since P (NL) may have arbitrary spatial distribution at each vector component.
This mathematical paradox arises due to the non rigorous but approximated
assumption that the field can be factorized as E(uj, uk, uℓ) = Ψ(uj, uk)f(uℓ) even
though there is a nonzero arbitrary right hand side2 P (NL).

Intuitively, we could think it is reasonable to solve Eq. (3.26) for a(uℓ) by
taking a sort of proper average over the transverse distribution and the vector
components. To find an appropriate averaging operation, consider the Poynting
vector of the mode

S(r) = −i

2ωnµ0
E(r)× [∇ × E∗(r)] . (3.30)

Taking the real part of the divergence to Eq. (3.30) results
2With null right hand side, the differential equation yields the same solution a(uℓ) =

C1 exp(γ1uℓ) + C2 exp(γ2uℓ), so the values of W 0,1,2 projected on any vector v conspire to
yield values of C1,2 and γ1,2 which are independent from r and v.
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(a)
(b)

Figure 3.2: (a) Volume resulting from integrating the full cross section of the waveguide
and the longitudinal coordinate over the small region δuℓ → 0. (b) Section of waveguide
covering its entire cross section and the longitudinal region between uℓ = d1 and uℓ = u′

ℓ.

Re {∇ · S} = Re
{︄
−i

2ωµ0
∇ · [E × (∇ × E∗)]

}︄

= Re
{︄
−i

2ωµ0
[(∇ × E∗) · (∇ × E)−E · (∇ × ∇ × E∗)]

}︄

= 1
2ωµ0

Im {E∗ · (∇ × ∇ × E)}

= ω

2 Im
{︂
ε0E

∗ · ←→εr (r, ωn)E + E∗ · P (NL)(r)
}︂

.

(3.31)

Hence, taking the dot product with E∗ at both sides of Eq. (3.15) (or equivalently
at both sides of Eq. (3.26)) converts the differential equation in a real Poynting
vector divergence balance. Consider also integrating over the element of volume
δV between the coordinate surfaces uℓ = d1 and uℓ = d1 + δuℓ. As δuℓ → 0,

δV =
ˆ d1+δuℓ

d1

ˆ
ST

hℓ dSduℓ → δuℓ

ˆ
ST

hℓ dS, (3.32)

where the transversal surface ST where integration is performed is the coordinate
surface ST : uℓ = d1 (see Fig. 3.2a). Thus, as δuℓ → 0, the defined E∗-dot-product
and integral operation reads,
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L(·) =
ˆ

δV

E∗ · (·) dV → δuℓ

ˆ
ST

E∗ · (·) hℓ dS. (3.33)

According to Eq. (3.31) after using the divergence theorem, the imaginary
part of the operator L applied to ∇ × ∇ × E, gives the net mean power crossing
the closed surface bounding δV . A positive net power implies energy is generated
within δV and is then guided towards the output surface S ′

T or radiated through
Slat according to Fig. 3.2a. In this case, the energy is generated by the nonlinear
polarization vector P (NL) via the mixing process with other modes. On the other
hand, a negative net power crossing the boundary of δV implies energy is absorbed
within δV due to media dissipation quantified in the imaginary part of ←→εr , energy
transmission to other modes via P (NL), or a combination of both. Note that in the
absence of dissipation losses and mixing, the guided mode can exhibit propagation
losses due to radiation through Slat and still produce a zero net power crossing the
boundary of δV . In any case, we have defined a physically meaningful averaging
operator L since applying it to Eq. (3.15) or equivalently to Eq. (3.26), transforms
the differential equation into an energy balance between the guided mode and the
nonlinear mixing process via P (NL). Moreover, L gets rid of the vector nature and
uj, uk dependence of the coefficients W 0,1,2 in Eq. (3.26). Operating with L in
both sides of Eq. (3.26), using the definition of eqs (3.20), and getting rid of the
resulting common factor fδuℓ, reduces the differential equation to

K2

K1
a′′(uℓ) + a′(uℓ) + K0

K1
a(uℓ) = −κ2

0
ε0

eiβuℓ

´
ST

Ψ∗ · P (NL)hℓ dS

K1
, (3.34)

where the scalar constant coefficients are Kj =
´

ST
Ψ∗ ·W jhℓ dS, j = 0, 1, 2. Using

eqs. (3.27)–(3.29), they are given by

K2 =
ˆ

ST

|Ψ⊥|2

hℓ

dS

K1 = −i2βK2 −K3

K0 = −
ˆ

ST

Ψ∗ ·
(︂
∇ × ∇ × Ψ + κ2

0
←→εr Ψ

)︂
hℓ dS + iβK3 − β2K2

(3.35)

where,
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K3 =
ˆ

ST

Ψ∗ · (âℓ ×∇ × Ψ) dS +
ˆ

ST

Ψ∗ ·∇ ×
(︃ 1

hℓ

âℓ ×Ψ
)︃

hℓ dS. (3.36)

The expressions for the coefficients of the differential equation are cumbersome
but fortunately admit simplification. Starting with K3, the last term of Eq. (3.36)
can be rewritten as

ˆ
ST

Ψ∗ ·∇ ×
(︃ 1

hℓ

âℓ ×Ψ
)︃

hℓ dS =
ˆ

ST

(âℓ ×Ψ) ·∇ × Ψ∗ dS

+
ˆ

ST

∇ ·
[︃(︃ 1

hℓ

âℓ ×Ψ
)︃
×Ψ∗

]︃
hℓ dS. (3.37)

Refer to Fig. 3.2b which is equivalent to Fig. 3.2a after letting δV → V be
of arbitrary size by setting S ′

T to the coordinate surface uℓ = u′
ℓ, with u′

ℓ > d1

taking an arbitrary value. Due to the geometry of the problem, the volumetric
integral of any function F over this domain can be expressed as

´
V

F (r) dV =´ u′
ℓ

d1

´
ST

F (r)hℓ dSduℓ. For this reason, the last term in (3.37) can be written as
the derivative with respect to a dummy u′

ℓ of the integral over the volume V (u′
ℓ)

between surfaces ST : uℓ = d1 for some constant d1 and S ′
T : uℓ = u′

ℓ, i.e.,

ˆ
ST

∇ ·
[︄(︄

âℓ

hℓ

×Ψ
)︄
×Ψ∗

]︄
hℓ dS = d

du′
ℓ

ˆ
V

∇ ·
[︃(︃ 1

hℓ

âℓ ×Ψ
)︃
×Ψ∗

]︃
dV

= d
du′

ℓ

˛
S(V )

[︃(︃ 1
hℓ

âℓ ×Ψ
)︃
×Ψ∗

]︃
· dS.

(3.38)

The divergence theorem allowed us to write Eq. (3.38) as a surface integral over
the boundary of V . As depicted in Fig. 3.2a, this surface can be split in a
lateral part Slat and two transversal parts ST and S ′

T . The latter two vanish under
differentiation as the argument of the surface integral and the integration surface
is invariant to u′

ℓ. The remaining integral over Slat is equivalent to the line integral
over the contour Γ (S ′′

T ) of the transversal surface at the dummy point uℓ = u′′
ℓ ,

integrated from uℓ = d1 to uℓ = u′
ℓ, i.e.,

ˆ
Slat

[︄(︄
âℓ

hℓ

×Ψ
)︄
×Ψ∗

]︄
· dS =

ˆ u′
ℓ

d1

‰
Γ(S′′

T )

[︄(︄
âℓ

hℓ

×Ψ
)︄
×Ψ∗

]︄
· n̂ dl du′′

ℓ , (3.39)
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Figure 3.3: Cross section view of the waveguide for fixed uℓ. The shown transversal
surface S′

T with boundary Γ should be sufficiently large to cover the full extension of the
guided electromagnetic fields. The line integral of Eq. (3.41) vanishes.

where n̂ is the unit vector normal to Slat. Under differentiation with respect to
u′

ℓ, only the line integral remains in the right hand side of Eq. (3.39). The result
of this integral is independent from u′

ℓ even though the integration path is the
boundary of S ′

T : uℓ = u′
ℓ. Hence, Eq. (3.38) results

ˆ
ST

∇ ·
[︄(︄

âℓ

hℓ

×Ψ
)︄
×Ψ∗

]︄
hℓ dS =

‰
Γ(S′

T )

[︄(︄
âℓ

hℓ

×Ψ
)︄
×Ψ∗

]︄
· n̂ dl, (3.40)

and after changing the the argument of the integral to h−1
ℓ

[︂
(âℓ ·Ψ∗) Ψ⊥ − âℓ |Ψ|2

]︂
and putting Ψ∗

ℓ = âℓ ·Ψ∗, we finally get

ˆ
ST

∇ ·
[︄(︄

âℓ

hℓ

×Ψ
)︄
×Ψ∗

]︄
hℓ dS =

‰
Γ(S′

T )

1
hℓ

Ψ∗
ℓΨ⊥ · n̂ dl. (3.41)

Equation (3.41), and thus, Eq. (3.38), vanish since the surface S ′
T has an infinite

extension which covers the whole profile of the mode, and thus we can safely say
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either Ψ∗
ℓ or Ψ⊥ · n̂ vanish everywhere along the contour Γ. The reason is that

from one hand, as |r| → ∞ only radiation fields which have zero component along
n̂, are allowed to exist with slower attenuation than 1/ |r|2. On the other hand,
for coordinate systems such as e.g. cylindrical with azimuthal propagation, the
boundary Γ necessarily passes through the point r = 0, and in this particular case,
through the line ρ = 0. In this case, no Ψ∗

ℓ component can exist over that line
as this would imply the existence of a non-physical (and not postulated) primary
magnetic current source at the revolution axis (see Fig. 3.3). Hence, after rewriting
(âℓ ×Ψ) ·∇ × Ψ∗ = −Ψ · (âℓ ×∇ × Ψ∗), Eq. (3.37) equals the negative complex
conjugate of the first term in Eq. (3.36), so

K3 = 2i Im
[︄ˆ

ST

Ψ∗ · (âℓ ×∇ × Ψ) dS

]︄
. (3.42)

Expanding Ψ = Ψ⊥ + Ψℓâℓ in the integral argument of Eq. (3.42) leads to a
pure real term Ψ∗

⊥ · (âℓ ×∇ × Ψ⊥) plus the term Ψ∗
⊥ · [âℓ ×∇ × (Ψℓâℓ)]. In the

latter, the curl operation can be expanded as ∇× (Ψℓâℓ) = Ψℓ∇ × âℓ− âℓ×∇Ψℓ,
allowing us to rewrite Eq. (3.42) in the form

K3 = 2i Im
[︄ˆ

ST

Ψ∗
⊥ ·
(︄

∇Ψℓ + Ψℓ

hℓ

âc

)︄
dS

]︄
, (3.43)

where âc is the centrifugal acceleration vector defined in Eq. (2.66). It can be
seen how K3 vanishes for modes with no longitudinal E-field component (TEM or
TE). Moreover, in homogeneous and isotropic waveguides enclosed by PEC walls,
transversal and longitudinal E-field components have such a phase configuration
that the arguments of the integrals in (3.43) are real, so K3 = 0.

We can greatly simplify the expressions for K0 and K1 in Eq. (3.35) by choosing
a convenient normalization constant C in Eq. (3.21) and referring them to the
power carried by the modes. Let us find the Poynting vector of the homogeneous
solution in Eq. (3.21). The associated H field is

Hh(r) = i

ωµ0
∇ × Eh = C

i

ωµ0

[︂
e−jγuℓ∇ × Ψ−Ψ×∇

(︂
e−iγuℓ

)︂]︂
. (3.44)

Knowing ∇ (e−jγuℓ) = −iγh−1
ℓ e−iγuℓâℓ, the complex Poynting vector in the propa-

gation direction Sh
ℓ = Sh · âℓ results
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Sh
ℓ = −i

2ωµ0
|C|2

[︃
âℓ · (Ψ×∇ × Ψ∗) + iγ∗

hℓ

âℓ · (Ψ× (âℓ ×Ψ∗))
]︃

e−2γ′′uℓ

= i

2ωµ0
|C|2

[︄
Ψ · (âℓ ×∇ × Ψ∗)− iγ∗ |Ψ⊥|2

hℓ

]︄
e−2γ′′uℓ .

(3.45)

The total active (real) power longitudinally propagated by the mode is therefore

P h
ℓ (uℓ) = |C|2

2ωµ0
e−2γ′′uℓ

× Re
[︄
i

ˆ
ST

Ψ · (âℓ ×∇ × Ψ∗) dS + γ∗
ˆ

ST

|Ψ⊥|2

hℓ

dS

]︄
. (3.46)

From the definitions of K2 and K3 in eqs. (3.35) and (3.42) respectively, we have
finally

P h
ℓ (uℓ) = i

4κ0η0
|C|2 [−K3 − i2γ′K2]e−2γ′′uℓ = P h

ℓ (0)e−2γ′′uℓ , (3.47)

where η0 =
√︂

µ0/ε0. Let us choose a normalization constant

|C|2 = P h
ℓ (0). (3.48)

One consequence of this choice is that we can split the power carried by the mode
into contributions of the transversal and longitudinal E-field components:

1
2κ0η0

Im
[︄ˆ

ST

Ψ∗
⊥ ·
(︄

∇Ψℓ + Ψℓ

hℓ

âc

)︄
dS

]︄
⏞ ⏟⏟ ⏞

Ψℓ contribution

+ γ′

2κ0η0

ˆ
ST

|Ψ⊥|2

hℓ

dS⏞ ⏟⏟ ⏞
Ψ⊥ contribution

= 1. (3.49)

Another consequence of the chosen normalization |C|2 = P h
ℓ (0) is that if

additionally β = γ′ is chosen, it turns out from eqs. (3.35) and (3.47) that
K1 = −i4κ0η0. If instead the complex propagation constant is chosen β = γ,
then K1 = −i4κ0η0 − 2γ′′K2. The expression for K0 can be simplified as follows:
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Inserting Eq. (3.21) into the homogeneous version of Eq. (3.15) produces the same
expression as in Eq. (3.27) but replacing β by γ and equating it to 0. For this
reason, if we choose β = γ then K0 = 0. If a real β = γ′ is chosen instead, then K0

is given by K0 = (γ′ − γ)iK3 − (γ′2 − γ2)K2 which from Eq. (3.35) can be written
as K0 = γ′′ (K1 − γ′′K2). Any choice of β would yield different but equivalent
differential equations. Indeed, one might transform from one to the other by doing
the appropriate change of variables. In what follows we stick with the choices
β = γ′ and the previously mentioned normalization constant C =

√︂
P h

ℓ (0). This
simplifies Eq. (3.35) to

K2 =
ˆ

ST

|Ψ⊥|2

hℓ

dS

K1 = −i4κ0η0

K0 = γ′′
(︄
−i4κ0η0 − γ′′

ˆ
ST

|Ψ⊥|2

hℓ

dS

)︄
.

(3.50)

The simplified coefficients in Eq. (3.50) are determined entirely by the transver-
sal components of the E-field eigenmode E(h) in a cross section of the waveguide,
e.g., at uℓ = 0, the real power delivered at that cross section P h

ℓ (0), and the complex
propagation constant γ. This information represents the inputs of our model and
can be obtained via full-wave simulators or analytical solutions if possible. From
the provided E(h) and the power P h

ℓ (0) = |C|2, the mode profile is scaled properly
via Eq. (3.21) as Ψ =

⃓⃓⃓
P h

ℓ (0)
⃓⃓⃓−1/2

E(h). Then, Ψ and the provided γ are used to
determine the coefficients in Eq. (3.50) which entirely define the mode evolution
via the differential equation in (3.34). Note only the transversal components Ψ⊥

are needed. Recall that Eq. (3.34) is written for a given harmonic n and it is
completed by knowing the corresponding nonlinear polarization vector oscillating at
ωn, which in general depends on the values of the remaining harmonics. Therefore,
the problem is complete when a system of N nonlinear differential equations as
(3.34), one per harmonic considered, are solved simultaneously.

3.3 Second-order mixing between four modes
In this section, we focus our study on the interaction between four guided modes
via the second-order response of the polarization vector. This is a common case
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of practical interest where SFG and DFG processes are induced in waveguides
composed of second-order nonlinear media such as lithium niobate. The analysis
carried out in this section hence represents a generalization of the topic discussed in
Section 1.3, where three-wave mixing between plane waves in an unlimited medium
was considered.

3.3.1 Fourier components of the second-order polarization
We shall begin our study by finding the form of the second-order polarization vector
in Fourier space. Starting from the most general form of Eq. (3.8), we insert the
Fourier expansion of Eq. (3.11) to obtain

P (2)(r, t) · âi = ε0

4

ˆ ∞

−∞

ˆ ∞

−∞
χ

(2)
ijk(r, t′, t′′)

×

⎡⎣ N∑︂
p=1

(︂
Epeiωp(t−t′) + E∗

pe−iωp(t−t′)
)︂
· âj

⎤⎦
×

⎡⎣ N∑︂
q=1

(︂
Eqe

iωq(t−t′′) + E∗
qe

−iωq(t−t′′)
)︂
· âk

⎤⎦ dt′ dt′′. (3.51)

Operating on Eq. (3.51) we get

P (2)(r, t) · âi = ε0

4

N∑︂
p=1

N∑︂
q=1

[︂
χ

(2)
ijk(r, ωp, ωq) (Ep · âj) (Eq · âk) ei(ωp+ωq)t

+ χ
(2)
ijk(r, ωp,−ωq) (Ep · âj)

(︂
E∗

q · âk

)︂
ei(ωp−ωq)t

]︂
+ c.c, (3.52)

where χ
(2)
ijk(r, ωp, ωq) is the two-dimensional Fourier transform

χ
(2)
ijk(r, ωp, ωq) =

ˆ ∞

−∞

ˆ ∞

−∞
χ

(2)
ijk(r, t′, t′′)e−iωpt′

e−iωqt′′ dt′ dt′′. (3.53)

Recall the summation indices p and q in Eq. (3.52) sweep all (positive) frequencies
accounted for. We can write Eq. (3.52) in a more compact form by using negative
indices with the convention ω−n = −ωn and E−n = En, namely
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P (2)(r, t)·âi = ε0

4

N∑︂
p=−N

N∑︂
q=−N

[︂
χ

(2)
ijk(r, ωp, ωq) (Ep · âj) (Eq · âk) ei(ωp+ωq)t

]︂
. (3.54)

From Eq. (3.54), each complex amplitudes P (2)
n (r) of the expansion

P (2)(r, t) = 1
2

N∑︂
n=1

P (2)
n (r)eiωnt + c.c., (3.55)

is obtained as the sum of the terms in Eq. (3.54) oscillating at the positive
frequency ωn, i.e., having the time dependence eiωnt, multiplied by 2 because of
the 1/2 factor in Eq. (3.55). Notice that the impulse response χ

(2)
ijk(r, t′, t′′) in

Eq. (3.8) is physically invariant to the order of the input fields Ej and Ek. For
example, assume in Cartesian coordinates only two field components exist: Ex(t)
and Ez(t). The implicit summation in Eq. (3.8) leads to the computation of
the convolution of χ

(2)
ixz(r, t′, t′′)Ex(r, t − t′)Ez(r, t − t′′) plus the convolution of

χ
(2)
izx(r, t′, t′′)Ez(r, t−t′)Ex(r, t−t′′). Each contribution is physically and numerically

identical as nature cannot distinguish an order for the input fields. Noting that
the time-domain fields are identical functions of time regardless of the dummy
integration variable t′ or t′′, then the tensor must admit permutation symmetry
χ

(2)
ijk(r, t′, t′′) = χ

(2)
ikj(r, t′′, t′). This is known as intrinsic permutation symmetry

[15, 16], and in Fourier domain is represented as

χ
(2)
ijk(r, ωp, ωq) = χ

(2)
ikj(r, ωq, ωp). (3.56)

It can be seen in Eq. (3.54) or Eq. (3.52) how the nonlinear mixing enables
various types of phenomena. From the set of frequencies under consideration
{ω1, ω2, . . . , ωN}, the second-order polarization has oscillation components at DC
(rectification), 2ωn (second harmonic generation (SHG)), ωp + ωq (sum-frequency
generation), and ωp − ωq (difference-frequency generation). From the given set
{ωn} under consideration, the nonlinear polarization will generate frequency com-
ponents that do not belong to that set. This contradiction is a consequence of the
approximated nature of the harmonic balance approach. We shall consider those as
higher-order effects that do not enter in our analysis, and focus on those generated
frequency components belonging to the original set.

106



3.3. SECOND-ORDER MIXING BETWEEN FOUR MODES

3.3.2 Coupled equations for SFG and DFG
Let us consider the situation where a waveguide composed (partially or totally)
by second-order nonlinear media is fed by two input modes at frequencies ω1 and
ω2 < ω1. We are only interested in the SFG and DFG processes that might occur
inside the waveguide. Both processes are the ones of interest in the applications
this work is devoted to, as they are responsible for upconversion from low to high
frequencies when ω2 ≪ ω1. The set of frequencies under consideration is thus
{ω1, ω2, ω3, ω4}, where

ω4 = ω1 + ω2 (SFG),
ω3 = ω1 − ω2 (DFG).

(3.57)

We can compute in Eq. (3.54) the combinations of ωp, ωq ∈ {±ω1,±ω2,±ω3,±ω4}
that produce a given positive frequency ωn = ωp + ωq ∈ {ω1, ω2, ω3, ω4}:

ω4 → {(ωp, ωq)} = {(ω1, ω2) ; (ω2, ω1)} (3.58)
ω3 → {(ωp, ωq)} = {(ω1,−ω2) ; (−ω2, ω1)} (3.59)
ω2 → {(ωp, ωq)} = {(ω4,−ω1) ; (ω1,−ω3) ; (−ω1, ω4) ; (−ω3, ω1)} (3.60)
ω1 → {(ωp, ωq)} = {(ω3, ω2) ; (ω4,−ω2) ; (ω2, ω3) ; (−ω2, ω4)} . (3.61)

Let’s focus for the moment on the component of the polarization vector at ω1,
produced by the four combinations specified in Eq. (3.61). The complex amplitude
results

P
(2)
1 (r) · âi = 2ε0

4

3∑︂
j=1

3∑︂
k=1

[︂
χ

(2)
ijk(r, ω3, ω2) (E3 · âj) (E2 · âk)

+ χ
(2)
ijk(r, ω2, ω3) (E2 · âj) (E3 · âk)

+ χ
(2)
ijk(r, ω4,−ω2) (E4 · âj) (E∗

2 · âk)
+ χ

(2)
ijk(r,−ω2, ω4) (E∗

2 · âj) (E4 · âk)
]︂

.

(3.62)

Expanding the double summation in Eq. (3.62) we find it is possible to group in
pairs of terms (E3 · âj) (E2 · âk) and (E4 · âj) (E∗

2 · âk), each multiplied by the
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same component of the susceptibility tensor according to the permutation symmetry
of Eq. (3.56). Therefore we can rewrite Eq. (3.62) in the form

P
(2)
1 (r) · âi = ε0

3∑︂
j=1

3∑︂
k=1

[︂
χ

(2)
ijk(r, ω3, ω2) (E3 · âj) (E2 · âk)

+ χ
(2)
ijk(r, ω4,−ω2) (E4 · âj) (E∗

2 · âk)
]︂

. (3.63)

Following a similar procedure we obtain analogous expressions for P
(2)
2 (r), P

(2)
3 (r)

and P
(2)
4 (r), although the latter two have a single term in the final summation due

to the reduced number of combinations in eqs. (3.59) and (3.58). Inserting the
resulting expressions into Eq. (3.34) for each frequency component, we obtain the
following set of four coupled differential equations:

c42a
′′
4(uℓ) + a′

4(uℓ) + c40a4(uℓ) = −i q4e
i∆β4uℓa2(uℓ)a1(uℓ)⏞ ⏟⏟ ⏞

SFG

(3.64)

c32a
′′
3(uℓ) + a′

3(uℓ) + c30a3(uℓ) = −i q3e
−i∆β3uℓa∗

2(uℓ)a1(uℓ)⏞ ⏟⏟ ⏞
DFG

(3.65)

c22a
′′
2(uℓ) + a′

2(uℓ) + c20a2(uℓ) =− i q24e
−i∆β4uℓa4(uℓ)a∗

1(uℓ)⏞ ⏟⏟ ⏞
DFG

− i q23e
−i∆β3uℓa∗

3(uℓ)a1(uℓ)⏞ ⏟⏟ ⏞
DFG

(3.66)

c12a
′′
1(uℓ) + a′

1(uℓ) + c10a1(uℓ) = −i q14e
−i∆β4uℓa4(uℓ)a∗

2(uℓ)⏞ ⏟⏟ ⏞
DFG

− i q13e
i∆β3uℓa3(uℓ)a2(uℓ)⏞ ⏟⏟ ⏞

SFG

,
(3.67)

where we put

∆β3 = γ′
1 − γ′

2 − γ′
3, (3.68)

∆β4 = γ′
4 − γ′

1 − γ′
2. (3.69)

According to Eq. (3.50), the second order coefficients are
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cj2 = i

4κ0jη0

ˆ
ST

|Ψj⊥|2

hℓ

dS, j = 1, 2, 3, 4, (3.70)

and the zero order coefficients

cj0 = γ′′
j

(︄
1−

iγ′′
j

4κ0jη0

ˆ
ST

|Ψj⊥|2

hℓ

dS

)︄
, j = 1, 2, 3, 4, (3.71)

with κ0j = ωj/c. Finally, the effective nonlinear coupling coefficients are given by

q4 = κ04

4η0

3∑︂
i,j,k=1

ˆ
ST

χ
(2)
ijk(r, ω1, ω2) (Ψ∗

4 · âi) (Ψ1 · âj) (Ψ2 · âk) hℓ dS, (3.72)

q3 = κ03

4η0

3∑︂
i,j,k=1

ˆ
ST

χ
(2)
ijk(r, ω1,−ω2) (Ψ∗

3 · âi) (Ψ1 · âj) (Ψ∗
2 · âk) hℓ dS, (3.73)

q24 = κ02

4η0

3∑︂
i,j,k=1

ˆ
ST

χ
(2)
ijk(r, ω4,−ω1) (Ψ∗

2 · âi) (Ψ4 · âj) (Ψ∗
1 · âk) hℓ dS, (3.74)

q23 = κ02

4η0

3∑︂
i,j,k=1

ˆ
ST

χ
(2)
ijk(r, ω1,−ω3) (Ψ∗

2 · âi) (Ψ1 · âj) (Ψ∗
3 · âk) hℓ dS, (3.75)

q14 = κ01

4η0

3∑︂
i,j,k=1

ˆ
ST

χ
(2)
ijk(r, ω4,−ω2) (Ψ∗

1 · âi) (Ψ4 · âj) (Ψ∗
2 · âk) hℓ dS, (3.76)

q13 = κ01

4η0

3∑︂
i,j,k=1

ˆ
ST

χ
(2)
ijk(r, ω3, ω2) (Ψ∗

1 · âi) (Ψ3 · âj) (Ψ2 · âk) hℓ dS, (3.77)

where we have compacted ∑︁3
i,j,k=1 ≡

∑︁3
i=1

∑︁3
j=1

∑︁3
k=1. As expected, modes a4 and

a3 are a result of SFG and DFG processes as shown in eqs. (3.64) and (3.65)
respectively. The latter is evidenced by the conjugated field amplitude a∗

2 which
implies a negative sign for ω2 in the algebraic sum ω1 + ω2. In a similar way, the
mode a2 is non-linearly coupled to two different DFG processes: between modes
a4 and a1, and between modes a1 and a3 (see Eq. (3.66)). Finally, as seen in Eq.
(3.67) the mode a1 is coupled to a SFG process between modes a3 and a2, and a
DFG process between mdoes a4 and a2.
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3.3.3 Slow-varying solutions with undepleted pump
The system of differential equations (3.64)–(3.67) can be easily solved simultaneously
with numerical methods. Analytical solutions exist in the particular case where
a single (SFG or DFG) process is considered and cj0 = cj2 = 0, j = 1, . . . , 4 [94].
In this section we continue with the problem discussed in Section 3.3.2 where
upconversion of a mode at ω2 occurs via SFG and DFG mixing with a mode at
ω1 > ω2. We address the problem by assuming an undepleted pump a1. This
means the power carried by the mode a1 is so high that it barely varies along the
propagation direction while mixing. This essentially implies that even after the
mode a2 vanishes due to a hypothetical 100% photon conversion efficiency, the
number of pump photons remains approximately unchanged. Neglecting losses,
this is normally ensured when at the input of the waveguide, the number of pump
photons per unit time at ω1 greatly surpasses the number of photons per unit time
at ω2. Therefore, with this approximation we take a1(uℓ) = a1 as a constant in eqs.
(3.64)–(3.66) and get rid of Eq. (3.67).

A second assumption we make is to consider relatively low losses for all modes,
such that γ′′

j ≪ γ′
j and slowly varying amplitudes. This allows us to neglect the

cj2, j = 1 . . . 4 coefficients for the following reason: the impulse response of each
equation from the set (3.64)–(3.67) is a linear combination of exponential functions
e−suℓ where s are the roots of the polynomial cj2s

2 + s + cj0, j = 1 . . . 4 (Laplace
analysis). Notice that from the division of modal power contributions in Eq. (3.49),
we can conclude that cj2 in Eq. (3.70) is on the order of cj2 ≈ iU/

(︂
2γ′

j

)︂
with

U ≤ 1 some constant on the order of unity. Because of the same argument, from
Eq. (3.71) we can say cj0 ≈ γ′′

j provided that γ′′
j ≪ γ′

j. Therefore the roots of the
polynomial are

s =
γ′

j

iU

(︄
−1±

√︄
1− i2U

γ′′

γ′

)︄
≈ −

γ′
j

iU
±

γ′
j

iU
∓ γ′′. (3.78)

If we admit the solutions of the nonlinear differential equations are slow with
respect to the wavelengths of all modes in the propagation direction, then the
physically meaningful roots must have Re {s} ≪ γ′, and thus be very close to
s = −γ′′ = −cj0. This means we can neglect the second order coefficients (cj2 ≈ 0)
from the beginning with little error. Otherwise, solutions whose spatial amplitude
oscillates two times (or more) faster than the own time-domain field within a
wavelength are not ruled out.

110



3.3. SECOND-ORDER MIXING BETWEEN FOUR MODES

Solving the coupled differential equations (3.64)–(3.66) by using the Laplace
transform L [aj(uℓ)] = Aj(s) with the approximations discussed above, we obtain3

(s + c40) A4(s) = a4(0)− iq4a1A2(s− i∆β4)
(s + c30) A3(s) = a3(0)− iq3a1A

∗
2(s∗ − i∆β3)

(s + c20) A2(s) = a2(0)− iq24a
∗
1A4(s + i∆β4)− iq23a1A

∗
3(s∗ − i∆β3)

(3.79)

Solving for A2 the last equation of (3.79), we can write

A2(s− i∆β4) = 1
(s− i∆β4 + c20)

a2(0)− iq24a
∗
1

(s− i∆β4 + c20)
A4(s)

− iq23a1

(s− i∆β4 + c20)
A∗

3(s∗ − i∆β3 + i∆β4)
(3.80)

and

A∗
2(s∗ − i∆β3) = iq∗

24a1

(s + i∆β3 + c∗
20)

A∗
4(s∗ − i∆β3 + i∆β4)

+ iq∗
23a

∗
1

(s + i∆β3 + c∗
20)

A3(s) + 1
(s + i∆β3 + c∗

20)
a∗

2(0)
(3.81)

Inserting eqs. (3.80) and (3.81) into the first two equations of (3.79), we obtain

(︂
H2(s)H4(s) + q4q24 |a1|2

)︂
A4(s) = H2(s)a4(0)− iq4a1a2(0)

− q4q23a
2
1A

∗
3(s∗ − i∆β3 + i∆β4) (3.82)

(︂
H1(s)H3(s)− q3q

∗
23 |a1|2

)︂
A3(s) = H1(s)a3(0)

− iq3a1a
∗
2(0) + q3q

∗
24a

2
1A

∗
4(s∗ − i∆β3 + i∆β4) (3.83)

where H1(s) = s + i∆β3 + c∗
20, H2(s) = s − i∆β4 + c20, H3(s) = s + c30, and

H4(s) = s + c40. Evaluating eqs. (3.82) and (3.83) at s→ s∗ − i∆β3 + i∆β4 and
conjugating, we get

3We use the unilateral Laplace transform such that all expressions are zero for uℓ < 0.
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(︂
F ∗

2 F ∗
4 + q∗

4q∗
24 |a1|2

)︂
A∗

4(s∗ − i∆β3 + i∆β4) = F ∗
2 a∗

4(0) + iq∗
4a∗

1a
∗
2(0)

− q∗
4q∗

23a
∗2
1 A3(s) (3.84)

(︂
F ∗

1 F ∗
3 − q∗

3q23 |a1|2
)︂

A∗
3(s∗ − i∆β3 + i∆β4) = F ∗

1 a∗
3(0) + iq∗

3a∗
1a2(0)

+ q∗
3q24a

∗2
1 A4(s) (3.85)

where F ∗
1 (s) = s− i∆β4 +c20, F ∗

2 (s) = s+ i∆β3 +c∗
20, F ∗

3 (s) = s+ i∆β3− i∆β4 +c∗
30,

and F ∗
4 (s) = s + i∆β3 − i∆β4 + c∗

40. Then we insert eqs. (3.84) and (3.85) into eqs.
(3.83) and (3.82) to solve for A4(s) and A3(s). The solution for A4(s) reads

A4(s) = (s− z43) (s− z41) (s− z42)
(s− p41) (s− p42) (s− p43) (s− p44)

a4(0)

− q4q23a
2
1

(s− z43)
(s− p41) (s− p42) (s− p43) (s− p44)

a∗
3(0)

− iq4a1
(s− z41) (s− z42)

(s− p41) (s− p42) (s− p43) (s− p44)
a2(0)

− iq4q23q
∗
3a1 |a1|2

1
(s− p41) (s− p42) (s− p43) (s− p44)

a2(0),

(3.86)

where,
z43 = i∆β4 − c20, (3.87)

z41 and z42 are the roots of

(s− i∆β4 + c20) (s + i∆β3 − i∆β4 + c∗
30)− q∗

3q23 |a1|2 = 0, (3.88)

and p4j, j = 1, . . . , 4 are the roots of

(s− z41) (s− z42)
[︂
(s− i∆β4 + c20) (s + c40) + q4q24 |a1|2

]︂
+ q4q23q

∗
3q24 |a1|4 = 0. (3.89)

Furthermore, the solution for A3(s) is
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A3(s) = (s− z33) (s− z31) (s− z32)
(s− p31) (s− p32) (s− p33) (s− p34)

a3(0)

+ q3q
∗
24a

2
1

(s− z33)
(s− p31) (s− p32) (s− p33) (s− p34)

a∗
4(0)

− iq3a1
(s− z31) (s− z32)

(s− p31) (s− p32) (s− p33) (s− p34)
a∗

2(0)

iq3q
∗
24q

∗
4a1 |a1|2

1
(s− p31) (s− p32) (s− p33) (s− p34)

a∗
2(0),

(3.90)

where,
z33 = −i∆β3 − c∗

20, (3.91)

z31 and z32 are the roots of

(s + i∆β3 + c∗
20) (s + i∆β3 − i∆β4 + c∗

40) + q∗
4q∗

24 |a1|2 = 0, (3.92)

and p3j, j = 1, . . . , 4 are the roots of

(s− z31) (s− z32)
[︂
(s + i∆β3 + c∗

20) (s + c30)− q3q
∗
23 |a1|2

]︂
+ q3q

∗
24q

∗
4q∗

23 |a1|4 = 0. (3.93)

The inverse Laplace transform applied to eqs. (3.86) and (3.90) results in the uℓ-
domain solutions a3(uℓ) and a4(uℓ). They are linear combination of functions bij(uℓ)
which, at the same time are linear combinations of exponentials e−pikuℓ , k = 1, . . . , 4
(assuming non-multiple poles pik). Therefore, we can write them as

a4(uℓ) = b44(uℓ)a4(0)− q4q23a
2
1b43(uℓ)a∗

3(0)− iq4a1b42(uℓ)a2(0)
− iq4q23q

∗
3a1 |a1|2 b41(uℓ)a2(0),

(3.94)

and

a3(uℓ) = b33(uℓ)a3(0) + q3q
∗
24a

2
1b34(uℓ)a∗

4(0)− iq3a1b32(uℓ)a∗
2(0)

+ iq3q
∗
24q

∗
4a1 |a1|2 b31(uℓ)a∗

2(0).
(3.95)
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From the last equation of (3.79), the evolution of the mode a2(uℓ) can be obtained
from convolutions with the expressions for a4(uℓ) and a3(uℓ), i.e.,

a2(uℓ) = e−c20uℓa2(0)− iq24a
∗
1e

−c20uℓ

ˆ uℓ

0
ec20τ e−i∆β4τ a4(τ) dτ

− iq23a1e
−c20uℓ

ˆ uℓ

0
ec20τ e−i∆β3τ a∗

3(τ) dτ.

(3.96)

The convolutions result in the integration of exponential terms and are thus easy to
compute. Because of procedure above, the obtention of the solution to the coupled
equations (3.64)–(3.66) with undepleted a1 is reduced to three simple steps: First,
the calculation of the roots of eqs. (3.88), (3.89), (3.92) and (3.93). Then the
computation of the inverse Laplace transform of eqs. (3.90) and (3.86), and finally
the calculation of the convolution integrals in Eq. (3.96).

3.3.4 Poles and zeros
From now on we restrict the analysis to our application of interest: upconversion
from millimeter-wave and THz signals to the optical domain. In this frame, some
approximations are done because the condition

ω2 ≪ ω1 (3.97)

is satisfied. The aim of doing approximations is to obtain analytical expressions
that allow us to easily interpret and optimize the upconversion processes. One
approximation is that all optical modes exhibit almost the same intrinsic loss
coefficient because of their closeness in frequency, i.e.,

γ′′
4 ≈ γ′′

3 ≈ γ′′
1 = γ′′

p . (3.98)

The same argument let us assume that the spatial distribution of all optical
modes is very similar, i.e., Ψ4 ≈ Ψ3 ≈ Ψ1. Furthermore, we assume the second-
order susceptibility tensor to be approximately constant over the broad range
of frequencies involved. This is a good approximation in widely used nonlinear
materials such as LiNbO3. Therefore the nonlinear coupling coefficients from eqs.
(3.72)–(3.75) can be related as
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q24 = q23 = ω2ρ
∗ (3.99)

q4

ω4
= q∗

3
ω3

= ρ (3.100)

q24 = q∗
4
ω2

ω4
(3.101)

q23 = q3
ω2

ω3
, (3.102)

where the overlap integral ρ = q4/ω4 is constant because of the assumption of
similar optical mode profiles.

The coordinate uℓ can correspond to a linear length or an angle depending on
the coordinate system chosen. For straight waveguides, the propagation constants
γ′ have units of inverse length. Defining effective refractive indices neff with
respect to the longitudinal phase velocity of the modes, we obtain γ′

n = ωnneff,n/c.
We can attribute the same effective refractive index to all optical modes since
ω2 ≪ ω1 and the mode profiles is similar for the pump and sidebands. Hence,
neff,1 ≈ neff,4 ≈ neff,3 = np, and eqs. (3.68) and (3.69) result in a common phase
mismatch ∆β for SFG and DFG modes, i.e.,

∆β3 = γ′
1 − γ′

2 − γ′
3

= ω2

c
(np − neff2) ,

(3.103)

and

∆β4 = γ′
4 − γ′

1 − γ′
2

= ω2

c
(np − neff2)

= ∆β3 = ∆β.

(3.104)

The solutions of eqs. (3.94), (3.95) and (3.96) require the knowledge of the
poles and zeros of the associated Laplace transfer functions. From Eq. (3.87)

z43 = i∆β − γ′′
2 , (3.105)
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while z42 and z41 are the roots of Eq. (3.88), which using eqs. (3.100) and (3.102)
reads

(s + γ′′
2 − i∆β)(s + γ′′

p )− |ρ|2 P1ω2ω3 = 0. (3.106)

The roots of (3.106) are

z4(1,2) = −γ′′
p − Γ±

√︂
Γ2 + ξ2

z , (3.107)

where z41 (z42) corresponds to the positive (negative) square root,

Γ =
γ′′

2 − i∆β − γ′′
p

2 , (3.108)

and

ξ2
z = |ρ|2 P1ω2ω3. (3.109)

The poles p4k, k = 1, . . . , 4 are the roots of Eq. (3.89), which in this context reads

[︂
(s + γ′′

2 − i∆β)(s + γ′′
p )− ξ2

z

]︂ [︃
(s + γ′′

2 − i∆β)(s + γ′′
p ) + ω4

ω3
ξ2

z

]︃
+ ω4

ω3
ξ4

z = 0, (3.110)

or equivalently,

(s + γ′′
2 − i∆β)(s + γ′′

p )
[︂
(s + γ′′

2 − i∆β)(s + γ′′
p ) + 2 |ρ|2 P1ω

2
2

]︂
= 0 (3.111)

because ω4 − ω3 = 2ω2. Therefore, the first poles are

p41 = i∆β − γ′′
2 (3.112)

p42 = −γ′′
p , (3.113)

while p43 and p44 are given by
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p4(3,4) = −γ′′
p − Γ±

√︂
Γ2 − ξ2

p , (3.114)

where p43 (p44) corresponds to the positive (negative) square root, and

ξ2
p = 2 |ρ|2 P1ω

2
2. (3.115)

Note that the poles p43 and p44 are different from the zeros z41 and z42. The solution
functions b4k(uℓ) in Eq. (3.94) are obtained through the inverse Laplace transform
of the rational functions of Eq. (3.86).

The same procedure is followed for the mode a3(uℓ), searching the zeros and
poles from eqs. (3.91), (3.92) and (3.93). It can be seen how z33 = z∗

43 = −i∆β−γ′′
2 ,

and with our assumptions Eq. (3.92) equals Eq. (3.88) after complex conjugation
and replacement of ξ2

z → −ξ2
zω4/ω3. The same occurs with Eq. (3.93) which under

our assumptions results from complex conjugating Eq. (3.111). Therefore, the
poles p3k = p∗

4k, k = 1, . . . , 4. Since the poles p4k are given by Eq. (3.114) and are
independent from ξ2

z , then the solutions b3k(uℓ) from Eq. (3.95) can be obtained
from the solutions b4k(uℓ), by conjugating them and replacing ξ2

z → −ξ2
zω4/ω3.

The particular form of eqs. (3.86) and (3.90) lets us express the solution of the
modes at the point uℓ after propagating from uℓ = 0, as a function of the initial
conditions

⎡⎢⎢⎢⎣
a2(uℓ)
a∗

3(uℓ)
a4(uℓ)

⎤⎥⎥⎥⎦ = M(uℓ)

⎡⎢⎢⎢⎣
a2(0)
a∗

3(0)
a4(0)

⎤⎥⎥⎥⎦ . (3.116)

Taking the inverse Laplace transform to Eq. (3.86) to obtain first b4k(uℓ) and then
b3k(uℓ), and calculating the corresponding integrals in Eq. (3.96), results in the
matrix M(uℓ) describing the evolution of the modes

M(uℓ) =

⎡⎢⎢⎢⎢⎣
e−i∆βuℓbD(uℓ) −iq24a1e

−i∆βuℓbS(uℓ) −iq24a
∗
1e

−i∆βuℓbS(uℓ)
iq∗

3a∗
1bS(uℓ) −ω3

ω4
bA(uℓ) + 1 −ω3

ω4

a∗
1

a1
bA(uℓ)

−iq4a1bS(uℓ) a1
a∗

1
bA(uℓ) bA(uℓ) + 1

⎤⎥⎥⎥⎥⎦
× e−γ′′

p uℓ , (3.117)
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where,

bS(uℓ) = e−Γuℓ√︂
Γ2 − ξ2

p

sinh
(︂√︂

Γ2 − ξ2
puℓ

)︂
, (3.118)

bC(uℓ) = e−Γuℓ cosh
(︂√︂

Γ2 − ξ2
puℓ

)︂
, (3.119)

bA(uℓ) = ω4

2ω2
[bC(uℓ) + ΓbS(uℓ)− 1] , (3.120)

and
bD(uℓ) = bC(uℓ)− ΓbS(uℓ). (3.121)

3.4 Upconverter design with lithium niobate
thin films

Using the theory developed throughout this chapter, in this section, we design
and analyze an electro-optic modulator (EOM) to upconvert ∼ 100 GHz signals
to 1550 nm light. It consists of a z-cut lithium niobate (LN) optical waveguide
embedded inside a microstrip-like microwave waveguide, both with propagation
direction along the y axis in Cartesian coordinates. We base our design on the LN
optical waveguides developed in [99] due to their exceptionally low propagation
loss. They are constructed from an ultra-thin LN z-cut wafer on silicon dioxide
(SiO2) [99,100]. The LN layer is etched to form a rib waveguide, and then a cladding
layer of silicon dioxide is deposited on top as shown in Fig. 3.4. Commercially
available LN-on-SiO2 wafers sit over a quartz or silicon substrate whose height is
few hundreds of micrometers and can be ordered with a gold electrode layer in
between. This layer serves as the ground plane of the microstrip line whose upper
strip is printed by micromachining techniques. The design of the transition of this
thin-film microstrip line to a standard waveguide is not addressed in this work.
Exceptionally broadband and efficient millimeter/sub-millimeter designs have been
reported in the literature [101].

We chose a z-cut LN wafer because we expect to close the waveguide of Fig. 3.4
in a loop to obtain a resonant structure. Having vertically polarized fields ensures
the refractive indices “seen” by the modes do not change while they propagate
along the perimeter of the resonator. In what follows we also assume an undepleted
pump.
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Figure 3.4: Cross section of a thin-film LN optical waveguide embedded in a microstrip
line.

Figure 3.5 shows the vertically polarized fundamental mode of the rib waveguide
at 1550 nm (free-space) wavelength. The resulting dimensions of the waveguide
are hslab = 0.25 µm, hrib = 0.6 µm and WLN = 2.4 µm. The mode is obtained using
a commercial 2D full-wave Finite-Element-Method (FEM) solver. It exhibits an
effective refractive index np = 1.8305 which can be considered common for all
optical modes. We assume a propagation loss of 2.7 dB/m limited by the fabrication
process [99], corresponding to a field attenuation coefficient γ′′

p u 0.311 m−1. As
will be shown later, the photon conversion efficiency is maximized when ∆β = 0.
Therefore we must design the microstrip line such that the microwave mode also
exhibits an effective refractive index neff2 ≈ np (see Eq. (3.104)). Similarly, as will
be discussed later, maximizing the term ξp (and thus |ρ|) increases the achievable
photon conversion efficiency.

Let us analyze the approximated behavior of ρ with the mode profiles. The
LN waveguide is immersed in a quasi-TEM microwave mode whose E-field arises
from the strip towards the ground-plane. This field is mostly vertically polarized
and to some extent uniform along the LN rib. With this assumption, and taking
advantage from the similarities between optical modes Ψ1 = Ψ4 = Ψp, we can
factorize the quasi-constant value of the microwave mode Ψ2 out of the integral of
Eq. (3.72), such that ρ = q4/ω4 results
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Figure 3.5: Vertically-polarized electric field of the fundamental mode (1550 nm light) in
the LN waveguide obtained via full-wave simulations. The plotted field values correspond
to 1 pW of total power crossing the waveguide.

ρ ≈ ε0

4 χ
(2)
333Ψ2(rp) · âz

ˆ
ST (LN)

|Ψp · âz|2 dS (3.122)

where integration is performed over the cross section containing LN. Only the
component χ

(2)
333 is considered for the nonlinear interaction. The position vector rp

points anywhere on the rib, since Ψ2 is assumed to be constant there. Without
taking care about the normalization of the eigenmodes provided by the full wave
solver, we can simply rewrite Eq. (3.122) in terms of the fields and their carried
power, according to the normalization of Eq. (3.48):

ρ ≈ ε0

4 χ
(2)
333

Eh
2(rp) · âz√︂

P h
2

´
ST (LN)

⃓⃓⃓
Eh

p · âz

⃓⃓⃓2
dS

P h
p

. (3.123)

Notice how for a given transmitted microwave power P h
2 , |ρ| grows as the field

is more intense in the region where the optical mode lies. Hence it is convenient
to confine the microwave mode reducing the distance between strip and ground
plane while positioning the LN waveguide in the zones with the strongest field. At
∼ 100 GHz, the relative permittivity of silicon dioxide is about 4 whereas that of
LN is around 26 for z-polarization. Therefore, care must be taken about the phase
velocity of the microwave mode as too confined fields would increase the effective
refractive index, possibly yielding large values of ∆β.
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Figure 3.6: Electric field distribution of the 100 GHz mode crossing the microstrip line
obtained via full-wave simulations. The plotted field values correspond to 1 pW of total
power crossing the waveguide.

Observe that as long as the optical mode is quasi-TEM and is sufficiently
confined inside the nonlinear medium, the integral in Eq. (3.123) approximates
to (2η0/nz(LN)(ω1))P h

p where nz(LN)(ω1) is the bulk refractive index at optical
frequencies along z. Hence we might expect the overlap integral to be significantly
more sensitive to the microwave mode profile than to the characteristics of the
optical mode, and approximate ρ as

ρ ≈ ε0η0χ
(2)
333

2nz(LN)(ω1)
Eh

2(rp) · âz√︂
P h

2

. (3.124)

Figure 3.6 shows the field distribution of the microwave mode for the chosen
dimensions of the waveguide resulting in an effective refractive index neff2 = 1.8295
at 100 GHz. The resulting propagation loss of the waveguide is 840.360 dB/m,
leading to a field attenuation constant γ′′

2 u 96.75 m−1. The LN rib is placed in a
position that maximizes the z component of the microwave field. Unavoidably, this
component is reduced approximately by a factor εrz(LN)(ω2)/εr(SiO2)(ω2) ≈ 4/26
with respect to the field outside the rib. This is due to the boundary conditions of
the field perpendicular to the rib. The final dimensions of the microwave structure
are Ws = 8 µm, hc = 1 µm, hs = 6.75 µm and wx = 8.2 µm. The thickness of the
gold plated layers is 0.4 µm.
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From the full wave simulations, we compute the exact overlap integral and
obtain |ρ| /χ

(2)
333 u 2.695× 10−4 m−2 s W−1/2 V. A similar value |ρ| /χ

(2)
333 u 3.319×

10−4 m−2 s W−1/2 V is obtained from the approximation of Eq. (3.124). With this
result of |ρ|, along with the attenuation constants γ′′

2 and γ′′
p we can calculate ξp

and Γ. Then, we can analyze the evolution of the modes as they propagate using
Eq. (3.117). Figure 3.7 shows the photon rate of each mode relative to the signal
photon rate at the input of the upconverter for different values of ∆n = np − neff2,
each producing different levels of phase mismatch ∆β according to Eq. (3.104). A
pump power of 10 mW is assumed. With no mismatch, the optimal length of the
EOM is about y ∼ 50 mm as losses start to degrade the conversion efficiency for
longer upconverters. The maximum photon conversion efficiency achievable with
no mismatch is about η u 5.23× 10−6. Normalizing to the pump power, we have

ηnorm ≈ 5.23× 10−7 mW−1. (3.125)

The reduction in the maximum achievable efficiency due to a mismatch as
large as ∆n = 0.05 is about 50%. From the simulation results, the expected
mismatch is much lower: ∆n = 1.8305 − 1.8295 = 0.001. Hence there is some
room for fabrication tolerances without significantly degrading the performance.
A final design requires further simulations in order to study the variation of the
modes’ effective refractive indices with the dimensions, according to the expected
fabrication tolerances.

It is evident from eqs. (3.116) and (3.117) that the photon conversion efficiency
is independent from the input signal power |a2(0)|2. However, it is not evident
that in practical situations the efficiency has a very linear behavior with the pump
power P1. For the EOM under study, the efficiency is linear up to about 100 kW
as shown in Fig. 3.8 as long as the pump remains undepleted. The photonic
efficiency can even surpass unity because two microwave photons are created per
each DFG photon generated (microwave amplification), which compensates for
the two microwave photons lost via conversion to SFG and DFG sidebands. The
linearity breaks at some point because the process is slightly unbalanced due to
the assumption that the attenuation constant γ′′

p is common for both sidebands,
which slightly benefits the SFG over the DFG sideband.

Conventionally, the performance of an electro-optic modulator is expressed in
terms of the input voltage Vπ that leads to a carrier (pump) phase shift of π. Let us
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Figure 3.7: Evolution of the number of microwave (signal) and upconverted (SFG/DFG)
photons in the waveguide as the modes propagate in y direction. The photon numbers
are normalized to the number of signal photons at the input (y = 0). A comparison is
done for different levels of mismatch in phase velocity, quantified by ∆n. At the input,
P2(0) = 1 mW and P1 = 10 mW. This pump power produces ξ2

p = 5.25599× 10−5 m−2.

express Vπ in terms of the photon conversion efficiency η. The time-domain output
carrier with frequency ω1 and amplitude A is phase-modulated by the microwave
input at frequency ω2. It has the form

E
(out)
1 = A exp

(︃
iω1t + ik

√︂
P2(0) sin ω2t

)︃
+ c.c, (3.126)

where P2(0) is the input microwave power and k is a real proportionality constant
with units of W−1/2. Using the Jacobi-Anger identity we can expand Eq. (3.126) in
a superposition of the carrier plus infinite tones at frequencies ω1±nω2, n = 1, 2, . . .,
each with an amplitude proportional to the Bessel function: (±1)nAJn(k

√︂
P2(0)).

The first sidebands (n = 1) correspond to SFG and DFG, and have power (relative
to pump power P1)

P3,4

P1
=
⃓⃓⃓⃓
Jn(k

√︂
P2(0))

⃓⃓⃓⃓2
≈ k2P2(0)

4 = π2

4 ≈
P2(0)

P1

ω3,4

ω2
η, (3.127)

in the limit of small microwave signal. The last two terms in Eq. (3.127) appear
because the amount of input power leading to a phase shift of π in Eq. (3.126)
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Figure 3.8: Photon conversion efficiency seen at y = 50 mm vs input pump power for
different values of mismatch ∆n.

satisfies k2P2(0) = π2 and (ω3,4/ω2)η is the power conversion efficiency of the EOM.
Expressing P2(0) in terms of the (real) peak voltage Vπ of a TEM transmission line
with real characteristic impedance Z0, we have from Eq. (3.127)

P2(0) = V 2
π

2Z0
∴ Vπ = π

√︄
Z0

2(ω4/ω2)ηnorm
. (3.128)

With the result of Eq. (3.125) we obtain a Vπ ≈ 15.6 V when referring to a line
impedance of 50 Ω for comparison purposes, even though the actual impedance
of the line is Z0 = 68.8 Ω. Because the efficiency of the EOM scales with L2 in
the linear region of Fig. 3.7, it is common in the engineering community to use
the figure of merit VπL which is independent of the length of the EOM as long as
losses do not dominate. However our optimal waveguide length L ≈ 5 cm already
surpasses the saturation point as evidenced in Fig. 3.7. Calculating it at 1 cm
where the behavior is more linear, leads to VπL ≈ 24.6 V cm. The behavior is truly
linear for z < 0.2 cm, in which case we obtain VπL ≈ 16 V cm. This result is rather
large. State-of-the-art thin-film lithium niobate EOMs have demonstrated values of
VπL about three times smaller, thanks to the enhanced modal overlap provided by a
design with CPW microwave lines and x-cut LN waveguides [47]. Our aim however,
is to extend this design to a resonant version using optical WGMs where azimuthal
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symmetry is preferred (see Section 4.4.2). To guarantee vertical polarization for all
modes, the design requires z-cut LN waveguides embedded in microstrip lines.
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CHAPTER 4

SECOND-ORDER MIXING IN RESONATORS

The efficiency of parametric processes in nonlinear media can be significantly
increased by confining the electromagnetic fields inside resonators with high quality
factors. Intuitively we can say this improvement is a consequence of the field
enhancement that resonant modes exhibit. It is however necessary to have a
theoretical model for the nonlinear interaction between resonant modes, in a similar
way to the model of guided modes developed in Chapter 3. A powerful and simple
time-domain approach considers the nonlinear interaction to take place inside a
closed cavity which is virtually unperturbed by any coupling mechanism [102].
Therefore, the eigenmodes of the cavity are employed to compute the rate of
energy exchanged between modes, and through the couplers. This model has
been successfully validated in all-resonant experiments demonstrating second-
harmonic, sum-frequency, and difference frequency generation with all modes in
the optical/infrared domain [54,103–105]. For microwave-to-optical conversion, the
model has predicted photon conversion efficiencies about one order of magnitude
higher than experimental results in X-band and W-band [7,8, 102]. It is not clear
whether this disagreement owes to manufacturing imperfections, inaccuracies in
the microwave full-wave simulations, or a breakdown in the assumptions of the
theoretical model [7, 102]. Despite the disagreement in those particular microwave-
to-optical conversion experiments, the model is quite successful. However, it is
developed upon the assumptions of relatively weak nonlinear interactions, high
quality factors, and correspondingly weak coupling. In this manner, the energy
distribution of each mode can be considered invariant along the perimeter of the
traveling wave resonator. This limits the applicability in e.g., strongly coupled
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and lossy resonators designed for upconversion of millimeter-wave and THz signals,
where metallic structures are incorporated to optimize the modal overlap [106].
We aim to drop these restrictions by modeling the resonator as a loop waveguide
whose nonlinear interaction is described by the theory developed in Chapter 3,
regardless of the losses and strength of the nonlinear interaction, at least while
mode distortion is still negligible.

As demonstrated in sections 3.2 and 3.3, assuming no mode distortion allowed
us to reduce the 3D problem to a 1D one, whose dynamics is modeled by a set of
nonlinear coupled differential equations, one per mode under consideration. The
framework is flexible enough to be applicable to bent waveguides of uniform cross-
section by describing fields in an appropriate orthogonal curvilinear coordinate
system. In this chapter, we apply this framework to traveling wave loop resonators
such as the ones described in Section 2.1.3. After studying second-order nonlinear
mixing inside resonators of whispering-gallery type using this waveguide approach,
we compare it with the cavity model widely used in the literature [7,22,102,107–111]
in Section 4.3.

4.1 Evolution of resonant modes
Consider Fig. 4.1 depicting a ring-shaped resonator with uniform cross-section.
The resonator is analyzed as a waveguide described in an appropriate coordinate
system (e.g., cylindrical with propagation coordinate uℓ = φ). The end of the
waveguide (uℓ = L) is fed-back to its starting point (uℓ = 0) through a coupler.
As described in Section 2.1.3, coupling to ring resonators is usually done via the
evanescent tail arising from a dielectric waveguide, or the back of a prism where
an incident Gaussian beam is under total internal reflection. Regardless of the
coupling mechanism, we assign a limited spatial region where coupling takes place
and outside of which high order modes are sufficiently attenuated. Losses and
nonlinear effects inside the coupler are neglected owing to the assumption that the
coupling region can be made sufficiently small.

For each frequency involved in the study, the coupling region in Fig. 4.1 is
described by a power waves scattering matrix like the one in Eq. (2.67). This
implies that symmetry along a vertical line is assumed, along with matching of
all ports and perfect isolation between ports 1-4 and 2-3. To simplify notation we
dedicate the subscript in the elements of Eq. (2.67) to indicate the frequency n

into consideration and rewrite them as
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Coupler
1 2

4 3

Figure 4.1: Traveling-wave resonator excited through a 4-ports coupler. THz input and
laser pump modes a

(in)
2 , and a

(in)
1 respectively enter through port 1. The nonlinear process

inside the cavity produces SFG and DFG sidebands a
(out)
4 and a

(out)
3 respectively that

exit through port 2. All intra-cavity modes are azimuth-dependent and in steady-state
are denoted as a

(∞)
1,2,3,4(uℓ).

˜︁Sn =

⎡⎢⎢⎢⎢⎢⎢⎣
0 rneiϕ′

n tneiθ′
n 0

rneiϕ′
n 0 0 tneiθ′

n

tneiθn 0 0 rneiϕn

0 tneiθn rneiϕn 0

⎤⎥⎥⎥⎥⎥⎥⎦ , (4.1)

such that the non-primed quantities refer to reflection at (or transmission to) the
resonator. Furthermore, we write the modes in terms of the amplitudes of traveling
waves, equivalent to a and b in Eq. (2.19), but assigning the subscript to the
frequency of the mode under consideration and ignoring the convention of denoting
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the reflected waves by b. Hence, for the mode n at frequency ωn, we denote a(in)
n

as the input of port 1 at its reference plane, a(out)
n as the output of port 2 at its

reference plane, and an(uℓ) inside the resonator at the reference plane of port 3.
Clearly, the intra-cavity mode amplitude must be a function of uℓ as it is allowed
to vary via the nonlinear interaction. Using the choices of C and β made in Section
3.2, the intra-cavity E-field can thus be written as En = an(uℓ)e−iγ′

nuℓΨn, where
Ψn is the eigenmode profile normalized as in Eq. (3.21) and γ′

n its real propagation
constant.

With the considerations above and taking into account the re-normalization
strategy of Eq. (2.70), we can relate the defined wave amplitudes with the scattering
parameters of Eq. (4.1) as

a(out)
n = rneiϕ′

na(in)
n + tneiθ′

ne−iγ′
nLan(L) (4.2)

an(0) = (1 + iζ0n)−1
[︂
tneiθna(in)

n + rneiϕne−iγ′
nLan(L)

]︂
, (4.3)

where ζ0n = Im {p0n}/Re {p0n} and p0n is defined by Eq. (2.16) for the mode whose
E-field profile is Ψn. Note that Re {p0n} = 1 by virtue of the chosen normalization
constant C made in Section 3.2. The waveguides connected to ports 1 and 2
are considered lossless, or at least with sufficiently small losses such that their
associated ζ0 ≪ 1 value is negligible. Defining the column vectors comprising the
amplitudes at all frequencies under study

A(uℓ) =

⎡⎢⎢⎢⎢⎢⎢⎣
a1(uℓ)
a2(uℓ)

...
aN(uℓ)

⎤⎥⎥⎥⎥⎥⎥⎦ , and A(in) =

⎡⎢⎢⎢⎢⎢⎢⎣
a

(in)
1

a
(in)
2
...

a
(in)
N

⎤⎥⎥⎥⎥⎥⎥⎦ , (4.4)

we can express Eq. (4.3) in matrix form as

A(0) = RA(L) + T A(in), (4.5)

where

R = diag
[︄

r1e
iϕ1e−iγ′

1L

1 + iζ01
,
r2e

iϕ2e−iγ′
2L

1 + iζ02
, . . . ,

rNeiϕN e−iγ′
N L

1 + iζ0N

]︄
, (4.6)
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and

T = diag
[︄

t1e
iθ1

1 + iζ01
,

t2e
iθ2

1 + iζ02
, . . . ,

tNeiθN

1 + iζ0N

]︄
. (4.7)

In a second order nonlinear process with N waves, the system of differential
equations (3.34) reduces to a set of N equations with the form of (3.64)–(3.67).
Since the equations are coupled, the solution for the mode n will in general depend
on the initial conditions am(0) and a′

m(0) of all the N modes. If the second-order
derivatives in the coupled equations can be neglected by assuming a slow-varying
amplitude, then the initial conditions a′

m(0) are not needed. This is evidenced in the
form of the solutions for SFG and DFG processes shown in eqs. (3.94), (3.95) and
(3.96). In general, the dependence of a solution an(uℓ) with all initial values am(0) is
not linear and can be expressed via some function an(uℓ) = gn(uℓ, a1(0), . . . , aN (0)).

Observe the form of eqs. (3.64)–(3.67). Neglecting the second-order derivatives
we can write this set of equations for N waves in matrix form asA′(uℓ) =MLA(uℓ)+
FNL(uℓ, a1(uℓ), . . . , aN (uℓ)), where the diagonal matrixML has entries c10, . . . , cN0

and the column vector FNL contains each right hand side of the set of coupled
differential equations. As FNL is a nonlinear function of all modes, we can always
write it as a product of some matrix MNL whose entries depend on uℓ and all
modes am(uℓ), and the vector A(uℓ). Combining M =ML +MNL we can write

d
duℓ

A(uℓ) =M(uℓ, a1(uℓ), . . . , aN(uℓ))A(uℓ). (4.8)

The solution to Eq. (4.8) is elementary and can be written in terms of the matrix
exponential eMuℓ , i.e.,

A(uℓ) = eMuℓA(0), (4.9)

where eMuℓ has the Taylor representation

eMuℓ = I +Muℓ + 1
2!M

2u2
ℓ + . . . . (4.10)

Inserting (4.9) into Eq. (4.5) for uℓ = L produces A(0) =
(︂
I −ReML

)︂−1
T A(in).

Then, for arbitrary uℓ we use Eq. (4.9) resulting
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A(uℓ) = eMuℓ

(︂
I −ReML

)︂−1
T A(in). (4.11)

In the general case, Eq. (4.11) is of limited utility because eMuℓ is a priori unknown
as it represents the solution to the coupled differential equations for a section of
waveguide. Obtaining this solution numerically requires the knowledge of the initial
values A(0). If instead the expansion of Eq. (4.10) is used, then Eq. (4.11) turns out
to be written in terms of the unknown A(uℓ). Under certain conditions, however,
eMuℓ is independent from the initial values for which the presented approach is
useful.

A different way to find the resonant solutions to the coupled differential equations
together with Eq. (4.5), is to compute the multiple round-trips: Suppose we know
the solution to the coupled differential equations after propagating some distance
uℓ given the initial conditions A(0). Instead of representing this solution as in Eq.
(4.9), let us highlight its general nonlinear dependence with the elements of A(0)
expressing it as

A(uℓ) = F (uℓ,A(0)) . (4.12)

The nonlinear function F can be obtained via numerical methods, although in some
specific cases might admit analytical solutions. In either case, before completing a
round-trip in the resonator, the fields A(1)(0) at the point uℓ = 0 are determined
only by the in-coupled energy through port 1, i.e.,

A(1)(0) = T A(in). (4.13)

Once these fields complete one round-trip, the fields right before port 4 are

A(1)(L) = F
(︂
L, T A(in)

)︂
. (4.14)

Then, these fields are transmitted partially to port 1 via the matrix R, leading to
an incremental field RF

(︂
L, T A(in)

)︂
. At this point, the total field at uℓ = 0 is the

sum between that increment and Eq. (4.13), setting the initial conditions for the
second round-trip, i.e.,

A(2)(0) = T A(in) +RF
(︂
L, T A(in)

)︂
. (4.15)
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This total field serves as the initial condition of a new nonlinear process that after
propagating a distance L, gives a resulting field A(2)(L), with

A(2)(L) = F
(︂
L, T A(in) +RF

(︂
L, T A(in)

)︂)︂
. (4.16)

It might be tempting to think the total field at port 4 after the two round-trips is
the sum between Eq. (4.16) and Eq. (4.14). This is not true as the initial conditions
of Eq. (4.15) already take into account the contribution of both round-trips, leading
to a solution to the coupled differential equations which must be unique. Therefore,
the actual total field after the two round-trips is given by Eq. (4.16). This field is
re-coupled to the initial point giving rise to the new initial condition A(3)(0) whose
increment with respect to the previous A(2)(0) is R

[︂
A(2)(L)−A(1)(L)

]︂
. Hence,

from eqs. (4.16) and (4.14)

A(3)(0) = A(2)(0) +R
[︂
A(2)(L)−A(1)(L)

]︂
(4.17)

= T A(in) +RF
(︂
L, T A(in) +RF

(︂
L, T A(in)

)︂)︂
. (4.18)

Only when F is linear with respect to the initial conditions, Eq. (4.18) turns
into a geometric series where the n-order term results from composing the function
F (L, · · ·F (L, T A(in)) · · · ) n times and then multiplying by the matrix Rn. Con-
tinuing with the general algorithm, the initial conditions of the fourth round-trip
are

A(4)(0) = T A(in) +RF
(︂
L, T A(in) +RF

(︂
L, T A(in) +RF

(︂
L, T A(in)

)︂)︂)︂
(4.19)

= T A(in) +RF
(︂
L,A(3)(0)

)︂
, (4.20)

and after propagating a length L,

A(4)(L) = F
(︂
L,A(4)(0)

)︂
, (4.21)

and so on. The process continues recursively until we obtain the steady-state
solution A(∞)(0), whose spatial variation along the resonator is
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A(∞)(uℓ) = F
(︂
uℓ,A(∞)(0)

)︂
. (4.22)

Computationally, the solution Eq. (4.22) can be obtained iteratively until
convergence is reached at a sufficiently large number of round-trips. Notice that
under some conditions the solutions might become self-sustaining. This means
that if inputs are changed after the steady state is reached, the new steady-state
solutions depend on the sequential order of the previous changes: Suppose that for
a given input A(in)

A the steady state solution is A(∞)
A , and after the steady-state is

reached the input is changed to A(in)
B producing a new steady-state solution A(∞)

AB .
If now the system is restarted from an unexcited condition, to the input A(in)

B , the
steady-state solution is A(∞)

B which in general is not equal to A(∞)
AB . Switching

now to the inputs A(in)
A will produce a new steady-state solution A(∞)

BA ̸= A
(∞)
A in

general. This is the working principle of parametric oscillators [15], and can occur
also when F is linear with respect to the initial conditions.

4.2 SFG and DFG with undepleted pump
We now focus on the resonant equivalent of the problem discussed in sections 3.3.2
and 3.3.3: Second-order mixing between a strong pump at ω1 with a signal at ω2

leading to SFG and DFG of sidebands at ω4 and ω3 respectively. The undepleted
pump approximation has the advantage that the nonlinear propagation function F

in Eq. (4.12) is linear with respect to the initial conditions. This greatly simplifies
the analysis as we shall see next.

4.2.1 Nonlinear cavity equations
The undepleted pump approximation allows us to ignore the functional dependence
of a1(uℓ) in the nonlinear dynamics of the system. The intra-cavity mode amplitude
a1 is assumed fixed, constant with uℓ, and obtained from the cavity response of
Eq. (2.74). Hence, the intra-cavity power reads P1 = |a1|2 because of the chosen
normalization of Eq. (3.48), and is given by (see Eq. 2.74)

P1 = α2
1t2

1

|1− r1α1e−iτ1δω1|2
P

(in)
1 , (4.23)
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where P
(in)
1 =

⃓⃓⃓
a

(in)
1

⃓⃓⃓2
is the input pump power entering port 1 and τ1 is the full

round-trip time of the mode as discussed later and given by Eq. (4.39). With
a1 fixed, we focus our attention on the modes that are actively involved in the
dynamics of the nonlinear mixing process: a2(uℓ), a3(uℓ) and a4(uℓ).

Observe the undepleted pump solutions in eqs. (3.94)–(3.96) are linear functions
of a2(0), a3(0) and a4(0) or their complex conjugates. Analogous to the definitions
we made in eqs. (4.4), (4.6) and (4.7) we can define for convenience slightly different
vectors

A(uℓ) =

⎡⎢⎢⎢⎣
a2(uℓ)
a∗

3(uℓ)
a4(uℓ)

⎤⎥⎥⎥⎦ , and A(in) =

⎡⎢⎢⎢⎣
a

(in)
2

a
(in)∗
3

a
(in)
4

⎤⎥⎥⎥⎦ , (4.24)

and matrices

R = diag
[︄

r2e
iϕ2e−iγ′

2L

1 + iζ02
,
r3e

−iϕ3eiγ′
3L

1− iζ03
,
r4e

iϕ4e−iγ′
4L

1 + iζ04

]︄
, (4.25)

and

T = diag
[︄

t2e
iθ2

1 + iζ02
,

t3e
−iθ3

1− iζ03
,

t4e
iθ4

1 + iζ04

]︄
. (4.26)

The reason for conjugating the terms related to a3(uℓ) is that the solution
triplet a2(uℓ), a∗

3(uℓ) and a4(uℓ) depend on the initial conditions a2(0), a∗
3(0) and

a4(0), whereas if we defined A(uℓ) as in Eq. (4.4) it could not be related linearly to
A(0). This is evident by comparing eqs. (3.94), (3.96) and the conjugate of (3.95).
This linear relation allows us to write

A(uℓ) = M(uℓ)A(0), (4.27)

which together with the coupler relations analogous of Eq. (4.5)

A(0) = RA(L) + TA(in) (4.28)

produces [I −RM(L)] A(0) = TA(in), or for arbitrary uℓ,
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A(uℓ) = M(uℓ) [I −RM(L)]−1 TA(in). (4.29)

Defining matrices R′ and T ′ on the basis of eqs. (4.2) and (4.3) as

R′ = diag
[︂
r2e

iϕ′
2 , r3e

−iϕ′
3 , r4e

iϕ′
4
]︂

, (4.30)

and

T ′ = diag
[︂
t2e

iθ′
2e−iγ′

2L, t3e
−iθ′

3eiγ′
3L, t4e

iθ′
4e−iγ′

4L
]︂

, (4.31)

we can obtain the fields at the output of port 2 using Eq. (4.29) in the form

A(out) =

⎡⎢⎢⎢⎣
a

(out)
2

a
(out)∗
3

a
(out)
4

⎤⎥⎥⎥⎦ =
[︂
R′ − T ′R−1T + T ′R−1 (I −RM(L))−1 T

]︂
A(in). (4.32)

The elements of the matrix M(uℓ) are those coefficients and functions of uℓ

accompanying the initial values in eqs. (3.94), (3.96) and the conjugate of (3.95).
Their obtention lies upon the determination of the poles and zeros of the associated
transfer functions and the following application of the inverse Laplace transform.
Under the assumptions made in Section 3.3.4, the resulting matrix is equal to
that of Eq. (3.117), with uℓ being an angular coordinate sweeping the resonator’s
perimeter.

4.2.2 Poles and zeros
Focusing on millimeter-wave and THz upconversion to the optical domain, from
now on we take the same set of considerations exposed in Section (3.3.4). Owing
to the frequency closeness of all optical modes because ω2 ≪ ω1, their propagation
loss coefficient, and spatial profile are assumed equal. Therefore, eqs. (3.98) and
(3.99)–(3.102) remain valid. However, the ring-shaped structure of the resonator is
better described in a coordinate system where the perimeter of the resonator is
swept through an angular coordinate.

For convenience we choose uℓ to be an angular coordinate sweeping the cir-
cumference of the resonator as depicted in Fig. 4.1. Therefore the propagation
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constants γ′ are angular-wise, such that the angular phase velocity of the modes is
Ω = ω/γ′. Defining effective refractive indices neff with respect to the tangential
phase velocity at the rim of the resonator with radius R0 as in Eq. (2.134), we
can write γ′

n = ωnR0neff,n/c. Since the transversal field distribution of all optical
modes is approximately equal, it is reasonable to expect them to exhibit almost the
same effective refractive index. Putting neff,1 ≈ neff,4 ≈ neff,3 = np, we can write
eqs. (3.68) and (3.69) as

∆β3 = γ′
1 − γ′

2 − γ′
3

= ω2R0

c
(np − neff2) ,

(4.33)

and

∆β4 = γ′
4 − γ′

1 − γ′
2

= ω2R0

c
(np − neff2)

= ∆β3 = ∆β.

(4.34)

Then the phase mismatch ∆β is common for both SFG and DFG modes. The
rest of parameters, including the definitions of eqs. (3.115) and (3.108) and the
evolution matrix described by eqs. (3.117) and (3.118)–(3.121), are still valid.

4.2.3 Resonant solution
Owing to the difference in wavelengths, it is expected the minimum dimensions
of the coupling region for the mode a2 to be much larger than those for the
optical modes. Fig. 4.2 illustrates this by showing a red sub-volume that perfectly
characterizes the coupling region, i.e., out of which higher-order optical modes are
nonexistent. The larger volume delimited in gray, however, is the smallest definable
coupling region for mode a2. The nonlinear cavity model that led to Eq. (4.29)
requires the coupling region to be common for all modes since the round-trip is
determined by a single angular sector L. Therefore we are forced to choose the
larger coupling region for all modes.

In practice, optical modes have sufficiently low loss coefficients γ′′
n ≪ γ′

n to
neglect ζ0n, n = 1, 3, 4. Moreover, if the optical coupling structure (e.g., a prism) is
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Coupler
1 2

4 3

Figure 4.2: Difference between the coupling regions defined for the THz mode (grey
box) and the optical modes (red box).

not extremely mode selective, then due to Eq. (3.97) we can expect it induces an
approximately similar phase shift ϕp to all optical modes. It is convenient to refer
that frequency-independent phase shift to the delay incurred within the angular
sector 2π − L of the coupling region as if not perturbation existed. Therefore, the
full coupler phase shifts for the optical modes can be written as

ϕn = −ωn
npR0(2π − L)

c
+ ϕp, n = 1, 3, 4. (4.35)

The phase shift ϕp induced by the optical coupling structure is common to all
optical modes lying within some spectral band of interest. In a similar way, we can
introduce a coupling-structure-induced phase shift ϕm for the low-frequency mode,
which is approximately frequency-independent over some bandwidth of interest.
We must also include the phase shift ϑ2 equal to the phase of (1 + ζ02)−1 and
assume it frequency-independent over the band. This is induced by the potentially
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complex nature of the mode’s characteristic impedance. The full phase shift over
the coupling region then reads

ϕ2 = −ω2
neff2R0(2π − L)

c
+ ϕm + ϑ2. (4.36)

Suppose the closest resonance frequency to modes at ω1, ω2, ω3 and ω4 is
denoted by ω0

1, ω0
2, ω0

3, and ω0
4 respectively. They are such that satisfy the resonance

condition of Eq. (2.76), which for optical modes reads

ω0
n

R0npL

c
= ϕn

⃓⃓⃓⃓
⃓
ω0

n

+ 2mnπ, mn ∈ Z, n = 1, 3, 4, (4.37)

which from Eq. (4.35) results

ω0
nτp = ϕp + 2mnπ, n = 1, 3, 4, (4.38)

where

τp = 2πR0np

c
, (4.39)

is the full round-trip time of the optical modes, i.e., the time that would take
the wave to complete a loop around the whole resonator as if no coupler existed.
Similarly, for the low frequency mode we have

ω0
2τ2 = ϑ2 + ϕ2 + 2m2π, m2 ∈ Z, (4.40)

where analogous to Eq. (4.39), the full round-trip time of the low frequency mode
τ2 is

τ2 = 2πR0neff2

c
. (4.41)

Notice the resonance frequencies indicated in eqs. (4.40) and (4.38) are invariant
to the arbitrarily chosen size of the coupling region L. This is expected since the
resonance frequency is a determined by the physical properties of the resonator
and the coupler, irrespective of the chosen reference plane.
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Let us compute the matrix R in Eq. (4.25) by putting ω1 = ω0
1 + δω1 and

ω2 = ω0
2 + δω2, ω4 = ω0

4 + δω4, and ω3 = ω0
3 + δω3. Using eqs. (4.35) and (4.38) we

can write for n = 1, 3, 4,

ϕn − γ′
nL = −δωnτp − 2mnπ, n = 1, 3, 4. (4.42)

For the low frequency mode the procedure analogous. Using eqs. (4.36) and (4.40)
results

ϑ2 + ϕ2 − γ′
2L = −δω2τ2 − 2m2π, (4.43)

From eqs. (4.42) and (4.43), we obtain the matrix of Eq. (4.25)

R = diag
[︄

r2

|1 + iζ02|
e−iδω2τ2 , r3e

iδω3τp , r4e
−iδω4τp

]︄
, (4.44)

Observe that the difference between resonance frequencies of optical adjacent
modes (those with mode numbers mn and mn + 1) is constant and equal to the
free spectral range 2πFSR (with FSR given in cycles per unit time). Indeed, from
Eq. (4.38) we have for the mode mn, ω0

nτp = ϕp + 2mnπ, and for the mode mn + 1

(︂
ω0

n + 2πFSR
)︂

τp = ϕp + 2 (mn + 1) π. (4.45)

Therefore the free spectral range of the optical modes is

FSR = 1
τp

. (4.46)

The fact that the optical free spectral range is constant lies upon the assumptions
that the effective refractive index np and the coupler-induced phase shift ϕp of
all optical modes is constant. In practice, these assumptions are normally valid
within some frequency band of interest ranging a few free spectral ranges, which
has been verified experimentally [92,112–116]. Under these assumptions, another
observation is that the resonance frequencies of the sidebands are equidistant to
the resonance frequency of the pump. Indeed, from Eq. (4.38) we see that

139



4.2. SFG AND DFG WITH UNDEPLETED PUMP

ω0
4 − ω0

1 = 2π
(m4 −m1)

τp

(4.47)

ω0
1 − ω0

3 = 2π
(m1 −m3)

τp

, (4.48)

and thus ω0
4 − ω0

1 and ω0
1 − ω0

3 can be different only by an integer number of free
spectral ranges. Since we define a resonance frequency as the closest one to the
actual driving frequency, and ω4 − ω1 = ω1 − ω3 due to energy conservation, then
the resonance frequencies of the sidebands are equidistant to that of the pump,
and separated md free spectral ranges, where

md = m4 −m1 = m1 −m3. (4.49)

Equations (4.47) and (4.48) tell us that if the pump is resonant, there is always
a frequency ω2 that drives the sidebands to their resonant point as well. Ideally, it
would be desirable that this occurs at the signal resonance frequency ω0

2 such that
the mode a2 is also enhanced by the resonant build-up. In this case, upconversion
takes place with the four modes at their resonant point. However, a design mismatch
quantified by a frequency ∆ωD could deviate the cavity from that ideal situation
such that

ω0
4 − ω0

1 = ω0
1 − ω0

3 = ω0
2 −∆ωD, (4.50)

and therefore the signal frequency is set to (see Fig. 4.3)

ω2 = ω0
2 −∆ωD = 2πmdFSR. (4.51)

In this case, we can show using eqs. (4.49) and (4.40) that the design mismatch
satisfies

τ2∆ωD = 2π

(︄
m2 −md

neff2

np

)︄
+ ϑ2 + ϕ2. (4.52)

When coupling is weak such that the modes are practically undisturbed, we
can associate the mode numbers mn with the number of wavelengths fitting the
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SFGDFGSignal Pump

Figure 4.3: Spectral representation of the modes involved in the nonlinear upconversion
process. Assuming a constant optical FSR, the SFG and DFG sidebands become resonant
at the expense of a possible detuning of the THz frequency (ω2 = ω0

2 + δω2) from the
resonance point ω0

2 in case of an imperfect cavity design.

perimeter of the resonator. In this case the induced phase-shifts ϑ2 + ϕ2 are
negligible. If additionally ∆β = 0 to enhance the nonlinear interaction, then
neff,2 = np and a good cavity design (∆ωD = 0) implies m2 = md. Note that the
design mismatch ∆ωD/(2π) is expected to be lower than 1/τ2 since this should be
approximately the spectral separation to adjacent modes m2 + 1 and m2 − 1 (the
non-constant free spectral range of the mode a2). For this reason and since m2 and
md are integers, there is no way to have an all-resonant system (∆ωD = 0) unless
mdneff,2/np is also an integer. In the general case of Eq. (4.52), an all-resonant
system is possible with neff,2/np slightly deviated from an integer, provided that
the coupler-induced phase shift ϑ2 + ϕ2 compensates this.

Taking δω1 and δω2 as degrees of freedom, it can be readily seen from Eq. (4.50)
and energy conservation that δω4 = ∆ωD +δω1 +δω2 and δω3 = −∆ωD +δω1−δω2.
It is clear that nonlinear mixing is enhanced when the pump is resonant for which we
set δω1 = 0. Often the absolute linewidth of the optical resonances is significantly
narrower than that of the low frequency resonance. For this reason it is convenient
to ensure the sidebands lie at their resonance point at the expense of detuning the
mode a2 by the design mismatch δω2 = −∆ωD as illustrated in Fig. 4.3. Under
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these circumstances, Eq. (4.44) reads

R = diag
[︄

r2

|1 + iζ02|
ei∆ωDτ2 , r3, r4

]︄
. (4.53)

In an upconverter the system is excited only by the pump a1 which is assumed
fixed, and the signal a

(in)
2 . After the interaction takes place, the most interesting

outputs are the generated sidebands a
(out)
4 and a

(out)
3 . They can be computed via

Eq. (4.32) ignoring the first two terms inside the brackets. The reason is that
they are diagonal matrices that do not contribute to the output SFG and DFG
sidebands because a

(in)
4 = 0 and a

(out)
3 = 0. Hence, let us focus on the computation

of

⎡⎢⎢⎢⎣
∼

a
(out)∗
3

a
(out)
4

⎤⎥⎥⎥⎦ = T ′R−1 (I −RM(L))−1 T

⎡⎢⎢⎢⎣
a

(in)
2

0
0

⎤⎥⎥⎥⎦ , (4.54)

where the value of the resulting element denoted as ∼ is meaningless. The inverse
of the matrix

N = I −RM(L) (4.55)

can be computed as N−1 = det(N)−1CT , where CT is the transpose of the cofactor
matrix. Since T , T ′ and R are diagonal matrices, only the element N−1

31 of the
inverse of N is relevant to determine a

(out)
4 . Similarly, the element N−1

21 is the only
one determining a

(out)
3 .

When computing the matrix N , in the first row appear the terms

r2

|1 + iζ02|
ei(∆ωDτ2−∆βL) = r2e

i∆βδL, (4.56)

where δL = 2π − L and we put

r2 = r2

|1 + iζ02|
ei(ϑ2+ϕ2). (4.57)
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Equation (4.56) can be proven by using eqs. (4.52), (4.34) and (4.46) and the fact
that ω2 = 2πmdFSR such that

ei(∆ωDτ2−∆βL) = e
i

(︂
−2πmd

neff2
np

−∆βL+ϑ2+ϕ2

)︂

= e
i

(︂
2πmd

np−neff2
np

−∆βL+ϑ2+ϕ2

)︂
= ei(ϑ2+ϕ2)ei∆β(2π−L).

(4.58)

After putting αp = e−γ′′
p L and for simplicity a1 = |a1|, the matrix N results (see

eqs. (3.117) and (4.55))

N =

⎡⎢⎢⎢⎣
1− αpr2e

−i∆βδLbD iαpr2e
−i∆βδLq24a1bS iαpr2e

−i∆βδLq24a1bS

−iαpr3q
∗
3a1bS 1− αpr3

(︂
1− ω3

ω4
bA

)︂
αpr3

ω3
ω4

bA

iαpr4q4a1bS −αpr4bA 1− αpr4 (bA + 1)

⎤⎥⎥⎥⎦ , (4.59)

where functions bD, bA and bS are evaluated at uℓ = L. The determinant of N is
thus given by

det N =
(︂
1− αpr2e

i∆βδLbD(L)
)︂

(1− αpr3) (1− αpr4)
αp

2ω2

[︃
αpr2e

i∆βδLξ2
pb2

S(L)−
(︂
1− αpr2e

i∆βδLbD(L)
)︂ 2ω2

ω4
bA(L)

]︃
× [ω4r4 (1− αpr3)− ω3r3 (1− αpr4)] . (4.60)

In order to obtain the out-coupled power of the SFG sideband P
(out)
4 =

⃓⃓⃓
a

(out)
4

⃓⃓⃓2
,

we use Eq. (4.54) to compute

⃓⃓⃓
a

(out)
4

⃓⃓⃓
= t2

|1 + iζ02|
t4

r4

⃓⃓⃓
N−1

31

⃓⃓⃓ ⃓⃓⃓
a

(in)
2

⃓⃓⃓
(4.61)

where N−1
31 = N21N32 −N22N31 is obtained from Eq. (4.59) resulting

N−1
31 = −iαpρa1

r4ω4 (1− αpr3) bS(L)
det N

, (4.62)
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and thus,

P
(out)
4 = α4

pω2
4 |ρ|

2 |bS(L)|2

|det N |2
t2
2 (1− r2

4) (1− αpr3)2 (1− r2
1)

|1 + iζ02|2 (1− αpr1)2 P
(in)
1 P

(in)
2 , (4.63)

where we used Eq. (4.23) with a resonant pump and P
(in)
2 =

⃓⃓⃓
a

(in)
2

⃓⃓⃓2
. Similarly, the

out-coupled power of the DFG sideband is obtained from N−1
21 = N23N31 −N21N33,

which equals

N−1
21 = iαpρa1

r3ω3 (1− αpr4) bS(L)
det N

. (4.64)

Then,

⃓⃓⃓
a

(out)
3

⃓⃓⃓
= t2

|1 + iζ02|
t3

r3

⃓⃓⃓
N−1

21

⃓⃓⃓ ⃓⃓⃓
a

(in)
2

⃓⃓⃓
, (4.65)

and finally

P
(out)
3 = α4

pω2
3 |ρ|

2 |bS(L)|2

|det N |2
t2
2 (1− r2

3) (1− αpr4)2 (1− r2
1)

|1 + iζ02|2 (1− αpr1)2 P
(in)
1 P

(in)
2 . (4.66)

4.3 Comparison with the cavity energy model
In this section, we compare the model developed in Section 4.2 with the cavity energy
model used in the literature, derived from the nonlinear interaction Hamiltonian
[7, 102]. We show that for high Q resonators, weak coupling, and nonlinear
interaction, the waveguide model reduces to the Hamiltonian model.

4.3.1 Interaction Hamiltonian model

Rate equations

Let us write the rate equations derived in [7, 102, 111] via the nonlinear interaction
Hamiltonian. Details on the derivation can be found in the cited references as we
only highlight some assumptions upon which the model is developed. We focus on
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SFG and DFG in a second-order media resonator excited by a pump and a signal at
frequencies ω1 and ω2 respectively. The DFG and SFG sidebands have frequencies
ω3 = ω1− ω2 and ω4 = ω1 + ω2 respectively. Following [7,102,111], the eigenmodes
of the 3D cavity corresponding to each frequency are computed and normalized
by its total energy and the photon energy. Therefore, each mode is described
by time-domain amplitudes Ak(t) each of which has a squared magnitude equal
to the mean number of photons that occupy the cavity, and where the subscript
k = 1, 2, 3, 4 indicates the frequency ωk of the mode. The amplitudes Ak(t) are
assumed to vary slowly with respect to the frequency of the mode.

In what follows we consider the pump, SFG and DFG sidebands lie exactly
at the resonance frequency of the eigenmodes for A1, A4 and A3 respectively, at
the expense of a possible detuning ∆ωD in the signal frequency with respect to its
corresponding eigenmode’s frequency. All optical modes are assumed to exhibit
the same effective refractive index np, with respect to the rim of the resonator
R0. This approach neglects any coupling-induced phase-shift in the guided mode
perspective of Fig. 4.1 for which L → 2π. Therefore, besides assuming real
characteristic impedances for the guided modes (ζ0k = 0), we also have ϕ2 = ϑ2 = 0.
Consequently, from Eq. (4.58), the detuning ∆ωD required must be originated by
a mismatch in the phase velocity of the signal mode with respect to the optical
modes, i.e., neff2 ̸= np, leading to

∆β = ∆ωD

2π
τ2 (4.67)

The interaction Hamiltonian allows us to derive the rate equations of the mode
amplitudes, yielding [7, 102,111]

d
dt

A1 = −Υ1A1 − i (g∗
3A3A2 + g∗

4A∗
2A4) + F1 (4.68)

d
dt

A2 = −Υ2A2 − i (g3A
∗
3A1 + g∗

4A∗
1A4) + F2 (4.69)

d
dt

A3 = −Υ3A3 − ig3A
∗
2A1 (4.70)

d
dt

A4 = −Υ4A4 − ig4A2A1. (4.71)

In the above set of differential equations, the terms Υk are given by
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Υk = Kk + K ′
k, k = 1, 3, 4, (4.72)

Υ2 = K2 + K ′
2 + i∆ωD, (4.73)

where Kk and K ′
k, with k = 1, . . . , 4 are the coupling and loss rates respectively

of the corresponding mode in the cavity. In the low loss and weak coupling
limit, [102,117] approximate the coupling and loss rates by relating them to the
scattering parameter r of the (infinitesimally small) coupler and the round-trip field
attenuation coefficient α = e−2πγ′′ as Kk = (1− r2

k)/(2τk) and K ′
k = (1− αk)/τk.

We can improve this approximation by noting from the rate equations the meaning
of Kk in the weak coupling limit. Consider at a given moment the energy stored
in the resonator is Wi and the only source of loss is leakage through the coupler.
After one round-trip, the remaining energy stored is Wie

−2Kτ . The difference is
out-coupled and is equal to Pi(1− r2)τ , where Pi = Wi/τ is the power traveling in
the resonator. Hence, 1− e−2Kτ = 1− r2 and therefore

Kk = − 1
τk

ln(r), k = 1, . . . , 4. (4.74)

A similar argument is followed to define the loss rate K ′
k. In the high-Q limit and

considering the only source of loss is dissipation in the resonator and/or radiation,
the stored energy decreases Wi(1− e−2K′τ ) in a round-trip. This energy is lost and
matches Pi(1− α2)τ . Thus,

K ′
k = − 1

τk

ln(α), k = 1, . . . , 4. (4.75)

The excitation terms Fk in eqs. (4.68) and (4.69) are quantified by the excitation
power that is at the input of the coupler (port 1 in Fig. 4.1). They are given
by [102,117]

Fk =
√︄

2Kk

~ωk

P
(in)
k . (4.76)

Once the mean intra-cavity photon numbers of the SFG and DFG sidebands are
obtained via |A4|2 and |A3|2 respectively, the outcoupled power is obtained using
the relation [7, 102,117]
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P
(out)
3,4 = 2K3,4~ω3,4 |A3,4|2 . (4.77)

Finally, the nonlinear coupling rates g3,4 are defined in [7, 102] as

g3,4 = 1
n1n3,4n2

⌜⃓⃓⃓
⎷ ~ω1ω2ω3,4

2ε0
´

V

⃓⃓⃓
Eh

3,4

⃓⃓⃓2
dV
´

V

⃓⃓⃓
Eh

1

⃓⃓⃓2
dV
´

V

⃓⃓⃓
Eh

2

⃓⃓⃓2
dV

v3,4, (4.78)

where the nk, k = 1, . . . , 4 are the bulk refractive index of the nonlinear media at
the corresponding frequency ωk, and the overlap integrals v3 and v4 are given by

v3 =
ˆ

V

χ
(2)
ijk

(︂
Eh∗

3 · âi

)︂ (︂
Eh

1 · âj

)︂ (︂
Eh∗

2 · âk

)︂
dV , (4.79)

and

v4 =
ˆ

V

χ
(2)
ijk

(︂
Eh∗

4 · âi

)︂ (︂
Eh

1 · âj

)︂ (︂
Eh

2 · âk

)︂
dV , (4.80)

where the integration volume V is that of the nonlinear media. Notice that if the
modal fields have the azimuthal dependence e−imkφ, k = 1, . . . , 4 where mk is the
number of wavelengths fitting the perimeter of the resonator, then the nonlinear
coupling rate vanishes unless

m4 = m1 + m2 (4.81)
m3 = m1 −m2. (4.82)

The integrals in the denominator of Eq. (4.78) are the mode volumes [7]. These
terms appear due to the normalization of the eigenmodes by its time-averaged
stored energy in terms of the light quanta. Therefore, we prefer to generalize the
nonlinear coupling rates by expressing it in terms of the energy Wk of the modes.
This way the method is valid when the field is not entirely confined inside the
nonlinear medium, which typically occurs for the low-frequency mode at ω2.
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g3,4 = ε0

4

⌜⃓⃓⎷ ~ω1ω2ω3,4

W3,4W1W2
v3,4. (4.83)

Observe that the mode energies have electric and magnetic contributions

Wk = ε0

4

ˆ
V

n2
k(r)

⃓⃓⃓
Eh

k(r)
⃓⃓⃓2

dV + µ0

4

ˆ
V

⃓⃓⃓
Hh

k(r)
⃓⃓⃓2

dV, (4.84)

where —as it is usually done in the interaction Hamiltonian model [7, 102]—, we
assumed either the media is isotropic, or fields are mainly polarized along the
direction with refractive index1 nk(r). If we admit that the modes are barely
disturbed if the cavity is enclosed by an arbitrarily large surface of perfect electri-
cal conductor, then the electric and magnetic time-averaged stored energies are
approximately equal at resonance [61,62]. It is normally accurate to assume this
for whispering-gallery modes as their radiation losses are typically several orders of
magnitude smaller than their absorption losses. In this case, Eq. (4.83) reduces
to Eq. (4.78) when the field is also entirely confined inside the medium with bulk
refractive indices nk at frequencies ωk. Expressing the stored energy from the
traveling power of the mode and the round-trip time as Wk = P h

k τk, we can rewrite
the nonlinear coupling rate as

g3,4 = ε0

4

⌜⃓⃓⎷~ω1ω2ω3,4

τ1τ2τ3,4
˜︁v3,4, (4.85)

where ˜︁v3,4 have the same form as v3,4 in eqs. (4.79) and (4.80) but replacing the
fields Ek → Ψk by its normalized version according to Eq. (3.21) because of the
normalization constant C chosen in Chapter 3 (see Eq. (3.48)).

Steady-state output sidebands

In steady-state, the mode amplitudes are time-invariant and the derivatives in eqs.
(4.68)–(4.71) vanish. Assuming the pump is undepleted so A1 is constant, we can
readily solve for A2 resulting

1We make this assumption only for comparison purposes with the standard definition of
nonlinear coupling rate of Eq. (4.78). The waveguide model developed in Section 4.2 is valid for
general media and fields. As we shall see next, an attempt to generalize g3,4 for arbitrary media
and fields is to express it in terms of the mode energies.
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A2 = Υ∗
3Υ4F2

Υ2Υ∗
3Υ4 −

(︂
|g3|2 Υ4 − |g4|2 Υ∗

3

)︂
|A1|2

. (4.86)

Inserting Eq. (4.86) into Eq. (4.71), and using eqs. (4.77) and (4.76) we obtain
the out-coupled power of the SFG sideband

P
(out)
4 = 4ω4

ω2
|g4|2 |A1|2

K4K2 |Υ3|2⃓⃓⃓
Υ2Υ3Υ4 −

(︂
|g3|2 Υ4 − |g4|2 Υ3

)︂
|A1|2

⃓⃓⃓2 P
(in)
2 . (4.87)

Similarly, we obtain the out-coupled DFG sideband power by inserting Eq. (4.86)
into Eq. (4.70), and using eqs. (4.77) and (4.76), resulting

P
(out)
3 = 4ω3

ω2
|g3|2 |A1|2

K3K2 |Υ4|2⃓⃓⃓
Υ2Υ3Υ4 −

(︂
|g3|2 Υ4 − |g4|2 Υ3

)︂
|A1|2

⃓⃓⃓2 P
(in)
2 . (4.88)

The intra-cavity pump photon occupation is obtained from Eq. (4.68) neglecting
the nonlinear terms proportional to g3 or g4 because of the undepleted assumption
implies it is unperturbed by the nonlinear process. Thus, using Eq. (4.76) we get

|A1|2 = 2K1

~ω1 |Υ1|2
P

(in)
1 . (4.89)

4.3.2 Cavity energy model from guided waves model
As discussed at the beginning of this chapter, the cavity energy model based on
the interaction Hamiltonian reviewed in Section 4.3.1 works well when the actual
modes in the resonator are similar to their eigenmodes. This means that the energy
is evenly distributed along the perimeter of the whispering-gallery resonator, which
is a good approximation in the high loaded Q and weak nonlinear interaction limit.
The theory developed in Section (4.1) is based on a loop waveguide model, and
should not be limited by such constraints. However, in the limit of low losses and
weak nonlinear interaction, both models should yield the same results, at least with
the generalization made to the nonlinear coupling rate of Eq. (4.85). This section
aims to show that eqs. (4.63) and (4.66) converge to eqs. (4.87) and (4.88) under
the assumptions upon which the Hamiltonian model is derived.
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Output power of the sidebands

Let us start with the determinant of Eq. (4.60). The cavity energy model enforces
L → 2π and thus δl → 0. In addition, the azimuthal variation of the mode’s
amplitude should be negligible, for which losses are small so 2πγ′′

p ≪ 1 and
2πγ′′

2 ≪ 1. It is evident from Eq. (4.67) that ∆β ≪ 1 because ∆ωd is measured
with respect to the closest resonance, and hence must be significantly smaller than
one signal free spectral range ∼ τ−1

2 in order to stay within the linewidth of the
signal’s resonance. For the reasons above, we can assume 2π |Γ| ≪ 1. Observe that
the azimuthal variation of the fields’ amplitudes is governed by the functions in eqs.
(3.118)–(3.121). Since the nonlinear process cannot induce an appreciable azimuthal
amplitude variation then the term that quantifies it must be comparatively small
ξp ≪ |Γ|.

The parameter ξp has the same units as γ′′
k . In our chosen coordinate system,

they are dimensionless (or 1/rad) because 0 ≤ uℓ ≤ 2π is an angular variable. The
term ξp is proportional to ρ, which from Eq. (3.72) can be written as

ρ = 1
4cη0

ˆ
ST

χ
(2)
ijk(r, ω1, ω2) (Ψ∗

4 · âi) (Ψ1 · âj) (Ψ2 · âk) hℓ dS. (4.90)

In practice we have assumed this overlap integral to be equal in magnitude to the
one appearing in Eq. (3.73). Knowing that hℓ is the radial coordinate of the chosen
system, this integral is equal in magnitude to ˜︁v3/(2π) = ˜︁v4/(2π) in eqs. (4.79)
and (4.80), using normalized modes. This is so because the fields are supposed
not to vary in the azimuthal direction except for the eimφ dependence, and the
phase-matching conditions of eqs. (4.81) and (4.82) are imposed. Hence we can
write

|ρ| = ε0

8π
|˜︁v3,4| , (4.91)

To get an idea of the order of magnitude of ξp under realistic conditions,
we can express it in terms of the nonlinear coupling rate g4 of the Hamiltonian
model, and the intra-cavity power P1. Using eqs. (4.85) and (4.91) and putting
ωkτk = 2πmk, k = 1, . . . 4 at the resonance frequencies (neglecting coupler-induced
phase shifts), we obtain
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Figure 4.4: Regions of constant ξp (dimensionless) given a nonlinear coupling rate g4
and an intra-cavity power P1. Conversion of ∼ 80 GHz signals with m2 = 10 to a 1550 nm
optical carrier with m4 = 25000 is assumed.

ξp = g3,4

ω1ω3,4

√︄
4πm1m2m3,4

~
P1. (4.92)

For upconversion of ∼ 80 GHz radiation to a telecom carrier assuming m4 = 25000
and m2 = 10, the behavior of ξp according to Eq. (4.92) is represented in Fig.
4.4. Nonlinear coupling rates on the order of tens of Hz have been demonstrated
experimentally in X-band electro-optic upconversion to a 1550 nm band [7, 118]
and some designs predict values of g4 on the kHz order [119]. Intra-cavity pump
powers P1 on the Watt order are achievable in mm-sized resonators with intrinsic
Qi ≈ 108, externally pumped on the milliWatt range [8,54]. Therefore, ξp values
below 10−4 can be normally expected.

The above conditions imply low losses and a relatively weak nonlinear interaction,
and allow us to make the approximations

(︂
1− ξ2

p/Γ2
)︂±1/2

≈ 1 ∓ ξ2
p/ (2Γ2) and

exp
(︂
±ξ2

pΓL/ (2Γ2)
)︂
≈ 1 ± ξ2

pΓL/ (2Γ2). With them, it is possible to expand Eq.
(3.118) to order ξ2

p/Γ2 in the form
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ΓbS(L) ≈ 1
2

(︄
1 +

ξ2
p

2Γ2

)︄(︄
e−

ξ2
p

2Γ2 ΓL − e
ξ2

p

2Γ2 ΓLe−2ΓL

)︄

≈ 1
2
(︂
1− e−2ΓL

)︂
+

ξ2
p

4Γ2

[︂(︂
1− e−2ΓL

)︂
− ΓL

(︂
1 + e−2ΓL

)︂]︂
.

(4.93)

Similarly, eqs. (3.119)–(3.121) read

bC(L) ≈ 1
2
(︂
1 + e−2ΓL

)︂
−

ξ2
p

4Γ2 ΓL
(︂
1− e−2ΓL

)︂
, (4.94)

2ω2

ω4
bA(L) ≈

ξ2
p

4Γ2

(︂
1− e−2ΓL − 2ΓL

)︂
, (4.95)

bD(L) ≈ e−2ΓL −
ξ2

p

4Γ2

(︂
1− e−2ΓL − 2ΓLe−2ΓL

)︂
. (4.96)

The determinant in Eq. (4.60) can be written to order ξ2
p/Γ2 by substituting eqs.

(4.93) and (4.96) and noting that Eq. (4.95) converges to −1
2ξ2

pL2 since |Γ|L≪ 1.
Then, the term in the second line of Eq. (4.60) results

αp

2ω2
ξ2

pL2

⎡⎣αpr2

(︄
1− e−2ΓL

2ΓL

)︄2

+ 1
2
(︂
1− α2r2e

i∆ωDτ2
)︂⎤⎦ . (4.97)

The term in brackets in Eq. (4.97) is smooth around αp = α2 = r2 = 1, having
first order Taylor expansion (1 + αpr2) /2 ≈ 1 for high loaded quality factors.
The first term in Eq. (4.60) involves the function bD(L) which can be directly
approximated to e−2ΓL according to Eq. (4.96). The terms proportional to ξ2

p

are not included because this contribution to the determinant is approximately
weighted by the product of both optical round-trip losses, leading to a term
which is comparatively small to the ones in Eq. (4.97). The resulting term is
1− αpr2e

i∆βδLbD(L) ≈ 1− α2r2 (1 + i∆ωDτ2) = (1− α2r2) (1 + i∆ωDτ2)− i∆ωDτ2

because ∆βL≪ 1. For this very same reason, and the fact that 1− α2r2 we can
approximate this term to 1− α2r2 − i∆ωDτ2. With all this, Eq. (4.60) results

det N = (1− α2r2 − i∆ωDτ2) (1− αpr3) (1− αpr4)

+ αp

2ω2
ξ2

pL2 [ω4r4 (1− αpr3)− ω3r3 (1− αpr4)] . (4.98)
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Using eqs. (4.91), (3.115) and (4.85), we obtain the relation

ξ2
pL2

2ω2
=
(︄
|g3,4|2

ω3,4

)︄
τ 2

p τ2

~ω1
P1 =

(︄
|g3,4|2

ω3,4

)︄
τpτ2 |A1|2 . (4.99)

Equation (4.99) yields the same result for either sideband because |gk|2/ωk is
the same for k = 3 and k = 4. We used the fact that the undepleted intra-cavity
power can be obtained from the photon number as P1 = ~ω1 |A1|2 /τp. Under the
high loaded (intrinsic and coupling) Q regime, we can approximate

rkαk = e−Kkτke−K′
kτk ≈ 1− (Kk + K ′

k) τk. (4.100)

Inserting eqs. (4.99) and (4.100) into (4.98) yields

det N

τ2τ 2
p

≈ (K2 + K ′
2 − i∆ωD) (K3 + K ′

3) (K4 + K ′
4)

+ |A1|2
[︂
|g4|2 (K3 + K ′

3)− |g3|2 (K4 + K ′
4)
]︂

, (4.101)

where we neglected the term 2ω2
ω4
|g4|2 (K4 + K ′

4) (K3 + K ′
3) arising from the prod-

ucts αpr3,4 inside the brackets for being comparatively small. The magnitude of
the determinant in Eq. (4.101) is τ2τ

2
p times the square root of the denominator of

eqs. (4.87) and (4.88).

The same approximations are applied to the remaining terms in Eq. (4.63),
noting that t2

k = 1 − r2
k ≈ 2Kkτk because ζ0k = 0. The input pump power is

expressed in terms of the intra-cavity power through Eq. (4.23) and then related
to the photon occupation |A1|2. The results are

P
(out)
4 = 4α2

p

ω4

ω2
|g4|2 |A1|2

K2K4
(︂
K3 + K ′

p

)︂2

|det N |2 /
(︂
τ 4

p τ 2
2

)︂ P
(in)
2 (4.102)

for the SFG sideband, and

P
(out)
3 = 4α2

p

ω3

ω2
|g3|2 |A1|2

K2K3
(︂
K4 + K ′

p

)︂2

|det N |2 /
(︂
τ 4

p τ 2
2

)︂ P
(in)
2 , (4.103)
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for the DFG sideband. The results agree with eqs. (4.63) and (4.66) except for the
factor α2

p ≈ 1 that arises because in the waveguide approach we account for the
round-trip loss of the sidebands before out-coupling.

Comparison between models

Several approximations were carried out to obtain eqs. (4.102) and (4.103) from
(4.63) and (4.66) respectively. To verify the regions of agreement between both
models let us contrast Eq. (4.87) with Eq. (4.63), i.e., the SFG output, plotting
the photon conversion efficiency obtained with each approach against several
parameters. The agreement between eqs. (4.88) and (4.66) follows immediately
from the comparison made in the SFG case.

We assume guided modes with real-valued characteristic impedance (ζ0,k =
0, k = 1, . . . , 4) for which Eq. (4.63) is fully characterized by ω2, ω4, ∆β, ξp, and
the loss and coupling coefficients α2, αp, and rk respectively. In the high Q limit,
such coefficients can be expressed in terms of the intrinsic (Qik) and coupling (Qck)
quality factors of each mode. Indeed, in one round-trip, the intra-cavity energy of
the eigenmodes decreases by a factor e−ω0

kτk/Qik due to the intrinsic losses of the
resonator. In the high-Q limit, this reduction must be approximated to that of
the driven mode α2

k. Since ω0
kτk = 2πmk because no coupler-induced phase shift is

considered, then (see Eq. (2.91))

Qik

mk

= − 2π

ln α2
k

, k = 1, . . . 4. (4.104)

Similarly, during τk the intra-cavity energy decreases by a factor e−ω0
kτk/Qck due

to coupling leakage. This loss is approximately that of the driven mode during the
same interval 1− t2, so (see Eq. (2.92))

Qck

mk

= − 2π

ln r2
k

, k = 1, . . . 4. (4.105)

Hence, instead of using αk and rk, Eq. (4.63) can be written in terms of Qik/mk

and Qck/mk respectively. This mapping is not an approximation as in general
we treat Qik and Qck as physically meaningless parameters and eqs. (4.104) and
(4.105) as simple changes of variables. Only for high quality factors, Qik and Qck

represent the actual intrinsic and coupling quality factors.
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Using eqs. (4.104) and (4.105) along with (4.74) and (4.75) we can write

K ′
k = π

τk

(︄
mk

Qik

)︄
, Kk = π

τk

(︄
mk

Qck

)︄
. (4.106)

Therefore, we can rewrite Eq. (4.87) in terms of the quality factors divided by the
mode numbers mk, so the photon conversion efficiency η4 = (ω2/ω4)P (out)

4 /P
(in)
2

results

η4 =
ω4
2ω2

ξ2
p

(︂
m4
Qc4

)︂ (︂
m2
Qc2

)︂ (︂
m3

2Qt3

)︂2

⃓⃓⃓[︂(︂
m2

2Qt2

)︂
+ i∆β

]︂ (︂
m3

2Qt3

)︂ (︂
m4

2Qt4

)︂
− ω4

2ω2
ξ2

p

[︂
ω3
ω4

(︂
m4

2Qt4

)︂
−
(︂

m3
2Qt3

)︂]︂⃓⃓⃓2 , (4.107)

where we put Q−1
tk = Q−1

ik + Q−1
ck as the total (loaded) quality factor in the high Q

limit.

With the changes of variables discussed above, we can now represent and
compare the photon conversion efficiency calculated with both models, as a function
of the parameters ∆β, ξp, Qik/mk and Qck/mk. Thanks to the normalization of
Q with the mode numbers, no explicit knowledge of the resonator’s size or the
modes’ effective refractive indices is required. The pump’s coupling information is
encoded in ξp as it depends on the intra-cavity power P1, and intrinsic losses are
common for all optical modes. We assume the mismatch ∆β is small enough to
produce a signal detuning ∆ωD smaller than half of the signal’s free spectral range.
In other words, ∆ωD must be small such that ω2 is closer to the phase-matched
mode m2 = m4 −m1 = m1 −m3 (see eqs. (4.81) and (4.82)) than to any other
mode ̸= m2.

Consider upconversion of a 80 GHz signal to a telecom (1550 nm) carrier (ω1 ≈
2π × 193.4 THz). Figure 4.5 shows the photon conversion efficiency of the out-
coupled SFG sideband as a function of ξp for two different values of Qi4/m4. As a
reference, a ∼ 6 mm diameter lithium niobate resonator with absorption-limited
intrinsic quality factor at telecom wavelength (Qi ≈ 108) has Qi4/m4 ≈ 4×103 [7,8].
Considering the SFG as critically coupled (Qc4 = Qi4), three curves are plotted
in each case, corresponding to different coupling regimes of the DFG sideband:
also critically coupled (Qc3 = Qi3) infinitely overcoupled (Qc3 = 0), and infinitely
undercoupled (Qc3 →∞). Notice that the saturation point of the efficiency occurs
for higher ξp when both sidebands have the same coupling rate than in the other
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Figure 4.5: SFG photonic efficiency vs ξp for different DFG coupling regimes and a
critically coupled SFG sideband. Cavity Hamiltonian and waveguide models are compared.
Qi2/m2 = 10 and ∆ωD = 0 are assumed.

cases. This is due to the simultaneous annihilation and generation of signal photons
via the SFG and DFG processes. Both processes occur with slightly different rates
though (g4 and g3), which explain the existence of a saturation point. When the
DFG sideband is infinitely overcoupled, no resonance builds up so almost no signal
photons are generated via DFG (parametric amplification), which explains why
the efficiency does not go above unity in this case [105].

Each curve in Fig. 4.5 is plotted with both, the Hamiltonian and the waveguide-
based model, where those plotted using the former are indicated with dot markers.
Both models agree very well unless ξp approaches unity. This was expected
because of the assumption of weak nonlinear interaction we followed to derive the
Hamiltonian model as a particular case of the waveguide model. The disagreement
between models occurs because owing to the nonlinear interaction, as ξp approaches
unity the modes change in amplitude while propagating along the resonator. This
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Figure 4.6: Evolution of sidebands and signal along a single round-trip for different ξp

values. Qi2/m2 = 10, Qi4/m4 = 4000 and ∆ωD = 0 are assumed.

is evidenced in Fig. 4.6 where the photon rates of the signal and sidebands (relative
to the signal’s photon rate at the starting point) are plotted along the perimeter of
the resonator, expressed through the azimuthal angle uℓ. As shown in Fig. 4.6, for
ξp → 1 the signal vanishes twice in a single round-trip at the points with maximum
SFG and DFG. Conversely, the sidebands vanish twice in a round-trip where the
signal photon rate is maximum. In this particular case, the sidebands vanish at
the end of the round-trip, preventing the resonance from building-up and thus
avoiding the associated field enhancement. With slightly different values of ξp the
sidebands do not end in a null after a round-trip and some resonance builds-up.
Is this phenomenon what produces the erratic behavior observed in Fig. 4.5 as
ξp approaches unity. Clearly, this behavior is not considered in the cavity energy
model and thus is not observed in Fig. 4.5. For the plot in Fig. 4.6 we assumed
Qi4/m4 = 4 × 103 for the SFG sideband and Qi2/m2 = 10 for the signal. As a
reference, for the ∼ 6 mm diameter lithium niobate resonator of the example, this
corresponds with a realistic intrinsic quality factor on the order of 100.

Further comparisons between models are done by plotting the SFG efficiency as
a function of the SFG coupling strength characterized by Qc4, for different coupling
regimes of the DFG sideband and ξp values. This is depicted in Fig. 4.7a, showing
a good agreement between the Hamiltonian and the waveguide model unless the
SFG sideband is extremely overcoupled, or ξp approaches unity as discussed above.
The same behavior is observed when plotting against the signal’s (rather than the
SFG sideband’s) coupling strength as shown in Fig. 4.7b.
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Figure 4.7: SFG photonic efficiency for different DFG coupling regimes and ξp values,
as a function of the coupling Q of (a) the SFG sideband and (b) the signal. The vertical
line indicates the critical coupling point (Qi4/m4 = 4000 in (a) Qi2/m2 = 10 in (b)).
The curves with (without) dot markers are plotted with the cavity Hamiltonian model
(guided waves model). ∆ωD = 0 is assumed.
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Figure 4.8: (a) SFG photonic efficiency vs signal coupling Q for different DFG coupling
regimes and intrinsic Q factors of the signal mode. All curves with different DFG coupling
strength are superimposed and indistinguishable. The vertical line indicates the critical
coupling point. Cavity Hamiltonian and waveguide models are compared. (b) Evolution
of sidebands and signal modes along a single round-trip. In all cases the SFG sideband is
critically coupled and Qi4/m4 = 4000, ∆ωD = 0 and ξp = 10−6 are assumed.
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Figure 4.9: SFG photonic efficiency vs the phase mismatch ∆β for different values of
optical intrinsic Q factor which is common for all optical modes. Cavity Hamiltonian
and waveguide models are compared. All modes are critically coupled while Qi2/m2 = 10
and ξp = 10−6 are assumed.

We can also observe the effect of high losses in the signal mode, which might
be of practical interest for the upconversion of millimeter-wave and THz signals.
For this, we plot the SFG photonic efficiency against the signal’s coupling strength
for different values of normalized intrinsic quality factors Qi2/m2 (see Fig. 4.8a).
Similar to the case of Fig. 4.7b, the difference between models is evident when the
signal is extremely overcoupled because the weak-coupling approximation of the
Hamiltonian model breaks. However, even at extremely high losses (Qi2/m2 = 1)
that produce a signal power attenuation of almost three orders of magnitude in a
single round-trip (see Fig. 4.8b), the models agree in the weak coupling regions.

Although figures 4.5, 4.6, 4.7, and 4.8 are done assuming perfect phase velocity
matching (∆β = 0) and thus, no detuning ∆ωD = 0, the conclusions about the
agreement between models also hold when ∆β ̸= 0. However, as expected the
efficiency levels decrease as |∆β| increases. To illustrate this, observe Fig. 4.9 where
the photonic efficiency of the SFG sideband is plotted as a function of the mismatch
∆β for different intrinsic quality factors in the optical domain. The agreement
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4.4. RESONANT UPCONVERTER DESIGN

between models is good in all cases, although small differences are observed in at
the lowest intrinsic quality factor.

4.4 Resonant upconverter design

4.4.1 Efficiency enhancement by resonant modes
Let us examine the effect of using resonant modes instead of purely propagating
modes on the efficiency of electro-optic modulation. Consider SFG and DFG
processes taking place on modes propagating in a nonlinear waveguide, like the
situation described in Section 3.4. The interaction is entirely modeled by the theory
developed in Chapter 3. When no sideband is present at the waveguide input,
we can deduce from Eq (3.117) that the SFG photon conversion efficiency after
propagating a distance L is given by

η
(pro)
4 = ω2ω4P1

⃓⃓⃓
ρ(pro)

⃓⃓⃓2
|bS(L)|2 , (4.108)

where the superscript “(pro)” stands for “propagating” (in contrast to resonant)
solution. In the limit when (ξ(pro)

p )2 ≪ Γ and neglecting optical losses, we can use
the approximation of Eq. (4.93) and rewrite Eq. (4.108) as

η
(pro)
4 = ω2ω4P

(in)
1

⃓⃓⃓
ρ(pro)

⃓⃓⃓2 (︄1− e−2ΓL

2Γ

)︄2

. (4.109)

Suppose now the nonlinear waveguide described above is closed to form a loop
resonator. Obviously, bending the waveguide distorts the cross-section of the modes,
but we assume they are sufficiently confined for this distortion to be small. Then,
the overlap integral for the resonant mode ρ(res) differs from ρ(pro) essentially by
the scale factor hℓ inside the integral of Eq. (3.72). The term hℓ = 1 for the
propagating case (waveguide described in Cartesian coordinates), whereas for the
resonator hℓ corresponds to the radial length if described in cylindrical coordinates.
Therefore we can define an effective radius Reff at which the overlapped region of
the modes is “centered”

Reff =

⃓⃓⃓
ρ(res)

⃓⃓⃓
|ρ(pro)|

=

⃓⃓⃓´
ST

χ
(2)
ijk(r, ω1, ω2) (Ψ∗

4 · âi) (Ψ1 · âj) (Ψ2 · âk) hℓ dS
⃓⃓⃓

⃓⃓⃓´
ST

χ
(2)
ijk(r, ω1, ω2) (Ψ∗

4 · âi) (Ψ1 · âj) (Ψ2 · âk) dS
⃓⃓⃓ . (4.110)
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The more confined to the rim of the cavity the modes are, the closer is Reff to the
radius of the resonator R0.

In the high Q limit, we showed that the SFG photon conversion efficiency is
well approximated by Eq. (4.107). Assuming critically coupled and phase-matched
modes, it reduces to

η
(res)
4 = ω4ω2

(︃
Qi1

2πm1
P

(in)
1

)︃ ⃓⃓⃓
ρ(res)

⃓⃓⃓2 1
m2m4

Qi4Qi2. (4.111)

The term F1 = Qi1/(2πm1) is the intra-cavity power enhancement factor of the
pump. The efficiency enhancement due to the resonant nature of the modes is

η
(res)
4

η
(pro)
4

=
(︃2πReff

L

)︃2 (︄1− e−2ΓL

2ΓL

)︄−2

F2F4F1. (4.112)

Hence, bending the guiding structure to form a resonator increases the efficiency
by the product of the intra-cavity power enhancement factors of the three modes
F1, F2 and F3, but reduces it by the number of resonator perimeters fitting inside
the length L of the propagating EOM. This reduction can not be arbitrarily large
as L grows because the efficiency of the resonant structure is also enhanced in
relative terms due to the loss incurred by the waveguide EOM, quantified by the
term

(︂
1−e−2ΓL

2ΓL

)︂−2
.

To put some numbers in perspective, suppose we bend the waveguide of the
design of Section 3.4 to form a resonator. Since the power enhancement factors
F1,2,4 are inversely proportional to the radius of the resonator R0 ≈ Reff , the
resonator improves over the waveguide in terms of efficiency by a factor 1/R0, thus
the upconverter performs better the smaller the resonator is. For this reason, we
chose a microwave mode having a single wavelength at 100 GHz, m2 = 1. Knowing
the waves must be phase-matched, the effective refractive index of the microwave
mode is neff = 1.8305 which gives us R0 ≈ 0.26 mm. Since the optimal length of
the waveguide EOM of Section 3.4 was L ≈ 50 mm, the factor

(︃2πReff

L

)︃2
≈ 1.07× 10−3. (4.113)

The loss term is dominated by the microwave propagation loss of the waveguide
γ′′

2 = 96.75 m−1 (see Section 3.4) and results

162



4.4. RESONANT UPCONVERTER DESIGN

(︄
1− e−2ΓL

2ΓL

)︄−2

≈ 26.63. (4.114)

The power enhancement factor for both optical modes is on the order of F1 ≈
F4 ≈ 995 (intrinsic Q factor around 1.2× 107), whereas for the microwave mode is
F2 ≈ 3.2. Multiplying all factors we obtain

η
(res)
4

η
(pro)
4

≈ 9.027× 104. (4.115)

The efficiency per mW pump power obtained in the waveguide EOM of Section
3.4 was about 5.23× 10−7 mW−1. Therefore we might expect a photon conversion
efficiency on the order of 4.68% mW−1 per mW pump power by turning the waveg-
uide EOM into a resonant structure. The resonant upconverter could in principle
approach unity conversion efficiency with mW pump if the propagation losses of
the etched lithium niobate waveguides are reduced to absorption-limited values
as it has been suggested to be feasible [99]. In this case, the etched-waveguide
resonators would exhibit quality factors around 108, matching those achieved by
hand-polishing techniques [102].

4.4.2 Design with lithium niobate thin films
In Section 3.4 we designed an electro-optic modulator using a lithium niobate thin
film waveguide embedded in a microstrip line. Based on the same concept, we can
now design a resonant EOM with whispering-gallery modes. While optical modes
travel in a ring-shaped resonator etched in the lithium niobate thin film [99], a
loop microstrip line carries the microwave WGM.

In order to optimize the photon conversion efficiency, we use the smallest possible
resonator corresponding to a single microwave wavelength fitting its perimeter,
m2 = 1. We keep the same cross-section of the microstrip line and optical waveguides
as in Section 3.4 since optical and microwave waves are phase-matched at 100 GHz.
A first-order design tool is the numerical circuit model of microstrip lines provided
by AWR Microwave Office software. Although the numerical solutions are obtained
much faster than with full-wave solvers, the tool only supports homogeneous
substrates. Therefore we use an equivalent substrate permittivity εr = 4.65
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Figure 4.10: (a) Top view of the microstrip line forming a full-ring resonator, and fed by
another microstrip line. (b) Visualization on the Smith chart of the frequency-dependent
impedance and reflection coefficient seen at the input port.

producing the required effective refractive index neff2 ≈ 1.8305 at 100 GHz for strips
8 µm wide and substrates with height of 8 µm as in the design of Fig. 3.4.

From a model of the microstrip resonator fed by a microstrip line of the same
width (see Fig. 4.10a), we find an optimal resonator radius of R0 = 0.257 mm,
resulting in m1 = 1907 pump wavelengths fitting its perimeter. We do so by
verifying the input impedance becomes nearly pure real at 100 GHz with this radius
as evidenced in the smith chart (see Fig. 4.10b). This is the expected behavior at
resonance since electric and magnetic energies should be approximately equal for
such confined fields [61, 68]. This simple feeding technique has two disadvantages:
Firstly, it excites a resonant standing wave, which can be decomposed into two
counter-propagating waves. Due to phase-matching conditions only the wave
traveling in the direction of the optical WGMs is upconverted, for which half the
microwave power is lost. A second inconvenience is the large impedance mismatch
between feeding line and resonator, leading to return losses larger than −3 dB.

Matching networks based on quarter lambda sections are unfeasible due to
the high line impedances required which cannot be manufactured in microstrip
technology over the thin substrates under consideration. Moreover, the lines are too
lossy (about 840 dB/m) to build long multi-stage matching networks. A double-stub
matching network was designed with 8 µm width microstrip lines as depicted in
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Figure 4.11: (a) Top view of the microstrip full-ring resonator and the matching
network based on two stubs. (b) Top view of the microstrip 350◦ resonator terminated
in a meander-shaped long waveguide serving as a matched load to avoid reflections.

Fig. 4.11a. The most compact solution reduces the return losses to values below
−30 dB but comprises transmission lines adding about 0.5λ of total length which
produces considerable losses. Indeed, about 38.2% of the input power is lost within
the matching network. As discussed later in Section 5.2.2, for a system working
at room temperature (290 K), this implies about 290 K× 0.382 ≈ 111 K of noise
temperature are added by the matching network only which considerably hinders
low noise applications.

For the reasons above we decide to build a non-resonant microwave system
like the one depicted in Fig. 4.11b. In this case, the WGM in the microstrip line
circulates along 350◦ of the optical resonator and then is out-coupled towards a long
meander-shaped transmission line acting as an absorber providing return losses
at the input below −20 dB. Thermal radiation generated by this “matched load”
is not upconverted since it couples to the resonator in the direction that is not
phase-matched. The whole situation can be modeled through the framework of
Section 4.2.3, taking as interaction angle L = 350π/180 and microwave coupling
coefficients t2 = 1 and r2 = 0. This is somewhat equivalent to an infinitely
overcoupled resonator, but as has been discussed in Section 4.3, the waveguide
framework developed in Section 4.2.3 must be used instead of the cavity energy
model [7, 102] as the latter would underestimate the resulting photon conversion
efficiency (see e.g., Fig. 4.8a as Qc2 → 0).

The structure of Fig. 4.11b was simulated with Finite element method full-wave
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solvers. Since the radius is large compared to the transversal dimensions of the
guiding structures, the mode profiles are barely disturbed by the bend and the
overlap integral between microwave and optical modes is almost identical to that
obtained with the straight waveguide in Section 3.4. Therefore, we can reuse the
value |ρ| /χ

(2)
333 u 2.695× 10−4 m−2 s W−1/2 V (recalling it is referred to linear and

not angular dimensions of L). Multiplying this value by R0 to express it in angular
terms2, and inserting it into Eq. (4.63), assuming critically coupled optical modes
(r4 = r3 = αp), an infinitely overcoupled microwave mode r2 = 0 (t2 = 1) with
ζ02 = 0, a phase-matched solution (neff2 = np) and L = 350π/180, gives us a SFG
photon conversion efficiency per milliWatt pump power of

η4norm = 0.011 mW−1. (4.116)

Notice this value is close to the prediction we made after Eq. (4.115), if multiplied
by the power enhancement factor F2 ≈ 3.2 that would be obtained if the microwave
mode were critically coupled. The obtained pump-normalized efficiency around
1% mW−1 is beyond the state-of-the-art of electro-optic upconverters working at
millimeter-wave frequencies [8, 93, 102]. Similar normalized efficiencies are the
current state-of-the-art around the X-band at room temperature [5, 7, 8, 118].
Pumping with 10 mW would give us an SFG photon conversion efficiency on the
order of 10%. The efficiency can approach unity with a threefold improvement
in the quality factor (or propagation loss coefficient) of the optical waveguides.
An absorption limited waveguide (exhibiting about 8 times fewer losses than the
assumed in this section) is in principle possible by improving the fabrication
process [99].

As we shall see in Chapter 5, there is a great advantage of having a design
with an infinitely overcoupled microwave mode. Indeed, as seen in Eq. (5.64) and
Fig. 5.10, the more overcoupled the microwave mode is, the lower the amount
of thermal noise generated within the EOM that is upconverted to the optical
domain. In our case, the round-trip loss factor is α2 = e−γ′′

2 R0L = 0.85908 where
γ′′

2 = −96.75 m−1 is the (linear) absorption coefficient of the microwave mode,
R0 = 0.257 mm and L = (350/180)π. With this value of α2 and r2 = 0, Eq. (5.64)

2Assuming a critically coupled pump with input power P
(in)
1 = 1 mW (intra-cavity power

P1 = Qi1/(2πm1) ≈ 1 W), this value translates into a (dimensionless) ξp ≈ 1.859× 10−5. Using
Eq. (4.92), this value corresponds to a nonlinear coupling rate g4 ≈ 6.635 kHz.
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tells us that the temperature of the upconverted thermal noise is about 0.105
times that of the physical temperature of the resonator. If it is working at room
temperature (290 K), that implies an effective thermal noise temperature of about
30.5 K. At these frequencies, α2 is mostly determined by losses in the metallic strip.
Neglecting dielectric losses and provided that the resonator perimeter is kept to
one wavelength, the value of α2 increases at higher frequencies, reducing further
the upconverted thermal noise. For instance, at 1 THz, α2 = 0.9572 (taking into
account only ohmic losses in the metallic structure) implying an effective thermal
noise temperature of around 8.6 K for an EOM operating at room temperature.
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CHAPTER 5

RADIOMETRY VIA UPCONVERSION

This chapter aims to investigate whether indirect detection of millimeter-wave
and THz signals with photodetectors via upconversion, is potentially competitive
with conventional receivers. To verify the hypothesis that high sensitivity should
be achievable by doing the detection in the (barely susceptible to thermal noise
at room temperature) optical domain, we mainly focus on the detection noise
the upconversion-based receiver exhibits. Our analysis is thus centered around
applications requiring ultra-high sensitivity, among which radio astronomy stands
out.

We start the chapter by discussing the basic parameters and concepts of
radiometry and radio astronomy for further reference. Then, the upconversion-
based receiver is studied from a system perspective and theoretical noise estimations
are done. Finally, noise and sensitivity comparisons with conventional receivers are
done.

5.1 Continuum of incoherent sources
Radiometry and radio astronomy often involve the observation of electromagnetic
sources of thermal nature, although other incoherent emission mechanisms are of
interest too. From a simplistic perspective, a radio telescope observes astronomical
sources by collecting their emitted radiation with antennas and measuring the
received power.



5.1. CONTINUUM OF INCOHERENT SOURCES

Figure 5.1: Radiation received by an antenna over certain solid angle ∆Ω in a given
direction pointing towards an extended source. The source consists of microscopic
uncorrelated emitters. This leads to the concept of specific brightness Bν .

Regardless of the emission mechanism, it is convenient to deal with extended
sources instead of the conventional point sources used in standard antenna theory
[120–122]. The reason is emission is linked to physical processes occurring in
regions of matter whose extension is usually comparable or larger than the field
of view of the receiver antenna. Instead of computing the radiation emitted by
each microscopic charged particle, we follow a classical macroscopic approach and
treat the extended source as a continuum. Because of spatial incoherence of the
extended source, the microscopic radiators that compose it are uncorrelated. As a
consequence, the mean power received by the antenna can be calculated via simple
integration over the portion of source “seen” by the antenna beam as we shall prove
next.

Consider Fig. 5.1 showing an antenna pointing to an extended source in the
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sky. Let (rk, θk, φk) be the coordinates of a point at the source with respect to the
antenna’s spherical coordinate system, whose associated position vector is rk. At
such point, there is a microscopic source emitting electromagnetic waves with some
radiation pattern. Let us compute the signal received by the antenna due to that
single microscopic source at rk. The source is sufficiently far from the antenna, so
at the origin of the coordinate system the received radiation is locally a plane wave.
Suppose for a moment the radiation is monochromatic at frequency ω = 2πν. Let
a0be the amplitude of the mode exiting the waveguide connected to the antenna.
The amplitude a0 is normalized such that |a0|2 is the mean power delivered. Due to
linearity of Maxwell’s equations, a0 is proportional to the electric field at the origin
r = 0, produced by the source located at rk. More precisely, it is proportional to
that component of the electric field that corresponds to the antenna’s polarization,
and we denote as Ek(0). Let us write such (complex) proportionality constant
which is a property of the antenna as g(θk, φk, ν), so we have

a0 = g(θk, φk, ν)Ek(0). (5.1)

Friis formula [120] tells us that the received power is the product of the surface
power density existing at the origin of the receiving antenna |Ek(0)|2 /(2η0) and
the antenna directive gain G(θk, φk, ν):

|a0|2 = λ2
0

4π
G(θk, φk, ν) |Ek(0)|2

2η0
, (5.2)

where λ0 = c/ν is the free space wavelength. The term λ2
0

4π
G(θk, φk, ν) = A(θk, φk, ν)

is the effective aperture of the antenna. The phase of g(θk, φk, ν) encodes the delay
between the emission of the wave and its reception by the antenna. Its amplitude
is related to the antenna gain as |g(θk, φk, ν)|2 = λ2

0
8πη0

G(θk, φk, ν).

The source at r is in generally temporally incoherent and thus not monochro-
matic. Regardless of its degree of temporal coherence, we must treat the field
quantities as the Fourier transform of the associated time-domain signals. The
latter are however stationary random processes x(t) of infinite duration. Because
of this the Fourier transform of one of the samples of x(t) is not defined. This
complication is circumvented by working with a truncated and normalized version
of the samples [123], defined as
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xT (t) =

⎧⎪⎨⎪⎩
1√
T

x(t) |t| ≤ T/2

0 |t| > T/2
. (5.3)

where T > 0 is some interval. Equation (5.3) is useful to define the power spectral
density of the process taking the limit when T → ∞. Indeed, integrating the
squared magnitude of the Fourier transform of a sample of xT (t) over all frequencies
gives (by Parseval’s theorem) the total energy delivered by the sample divided by
T . This is equivalent to the average power delivered by that sample of the random
process as T →∞. The squared magnitude of the Fourier transform of the process
xT (t) is a random variable whose expected value is then the power spectral density
of the process.

The (truncated for |t| > T/2 and normalized) time-domain output of the
antenna due to the source at rk has a spectrum akT (ν) given by

akT (ν) = g(θk, φk, ν)EkT (0, ν), (5.4)

where EkT (0, ν) is the spectrum of the truncated version of Ek(0) according to Eq.
(5.3). We could now add the contribution of all microscopic sources ∑︁k akT (ν) to
get the spectral information of the total signal received by the antenna. This is
rather impractical, so let us instead define a continuous function ET (θ, φ, ν) by
averaging the contribution of the sources contained within a small solid angle ∆Ω:

ET (θ, φ, ν) = 1
∆Ω

∑︂
k∈∆Ω

EkT (0, ν). (5.5)

The solid angle ∆Ω in Eq. (5.5) must be small enough to resolve the possible slow
spatial variations of the extended source, but large enough to hide the microscopic
effects of the source. It is implicit that the total field in Eq. (5.5) is evaluated
at the origin of the antenna’s coordinate system. Although the actual emission is
produced by microscopic radiators in a volumetric medium, from the observer’s
point of view it is due to an equivalent superficial extended source. For this, we
can e.g. invoke Love’s equivalence principle to eliminate the volumetric sources and
replace them with superficial electric and magnetic primary sources on a sphere
centered at the observer (sky). Therefore the amount of microscopic radiators
contained in a small ∆Ω and computed in the summation of Eq. (5.5) scales
linearly with ∆Ω (assuming the superficial density of radiators is uniform).
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The total spectrum at the output of the antenna aT (ν) can now be computed
from integration of ET (θ, φ, ν) over the antenna beam, i.e.,

aT (ν) =
ˆ 2π

0

ˆ π

0
g(θ, φ, ν)ET (θ, φ, ν) sin θ dθ dφ . (5.6)

Now we can calculate the total power spectral density received as

Saa(ν) = lim
T →∞

⟨︂
|aT (ν)|2

⟩︂
, (5.7)

where ⟨·⟩ is the expected value operator, denoting ensemble average. Abbreviating´ 2π

0

´ π

0 (·) sin θ dθ dφ→
´

4π
(·) dΩ and substituting Eq. (5.6) into Eq. (5.7) yields

Saa(ν) =
ˆ

4π

ˆ
4π

g(θ, φ, ν)g∗(θ′, φ′, ν) lim
T →∞

⟨ET (θ, φ, ν)E∗
T (θ′, φ′, ν)⟩ dΩ′ dΩ .

(5.8)

Let us put x = E(θ, φ, t) and y = E(θ′, φ′, t), where the non-truncated time-
domain signals E(θ, φ, t) = limT →∞

√
TET (θ, φ, t). As T →∞, the expected value

operation inside the integral of Eq. (5.8) is exactly the cross-power spectral density
Sxy(ν) of processes x and y, which according to Wiener-Khinchin theorem equals
the Fourier transform of the cross-correlation function, i.e.,

Sxy(ν) = F(τ) {Rxy(τ)} = F(τ) {⟨E(θ, φ, t)E(θ′, φ′, t + τ)⟩} . (5.9)

Owing to the spatial incoherence of the extended source, time-domain signals coming
from different directions are fully uncorrelated so Rxy(τ) = δ(θ−θ′)δ(φ−φ′)Rxx(τ).
Inserting this into Eq. (5.9) and using again Wiener-Khinchin theorem to write
F(τ) {Rxx(τ)} = Sxx(ν) proves that the spatially uncorrelated process in time
domain is also spatially uncorrelated in frequency domain:

Sxy(ν) = δ(θ−θ′)δ(φ−φ′)Sxx(ν) = δ(θ−θ′)δ(φ−φ′) lim
T →∞

⟨︂
|ET (θ, φ, ν)|2

⟩︂
. (5.10)

The field E(θ, φ, t) has SI units V m−1 sr−1, so the power spectral density Sxx(ν)
has units V2 m−2 Hz−1 sr−2. Recall the latter is associated to the radiation coming
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from (θ, φ) and shall be divided by 2η0 to refer it to the actual power of the wave.
The physical quantity

Bν(θ, φ) = 2 1
2η0

ˆ
4π

δ(θ − θ′)δ(φ− φ′)Sxx(ν) dΩ′

= 1 sr
η0

Sxx(ν)
(5.11)

has units W m−2 Hz sr−1. Bν(θ, φ) is widely known as the specific brightness of
the source. The word “specific” indicates it is associated to a power spectral
density and not a total power. A factor of 2 is included in the right hand side
of Eq. (5.11) because the specific brightness accounts for the power observed at
both orthogonal polarizations, whereas Sxx(ν) accounts for the power received in
a single polarization. The spectral behavior of Bν(θ, φ) depends on the physical
characteristics of the emission process, e.g., black body radiation follows Planck’s
law as we shall discuss later.

Using the results of eqs. (5.10) and (5.11), into Eq. (5.8) we obtain the handy
and intuitive result

Saa(ν) = λ2
0

8π

ˆ
4π

G(θ, φ, ν)Bν(θ, φ) dΩ = 1
2

ˆ
4π

A(θ, φ, ν)Bν(θ, φ) dΩ . (5.12)

Hence, the total power spectral density available at the antenna terminals is
computed via integration of the source’s brightness, weighted by the gain or
the effective aperture of the antenna. Power is simply additive by virtue of the
spatial incoherence of the extended source. Again, a factor 1/2 is included in
Eq. (5.12) because the power spectral density is received in a single polarization
while the brightness takes both polarizations into account. For a lossless antenna,´

4π
G(θ, φ, ν) dΩ = 4π regardless of its radiation pattern. Hence, any matched

antenna whose field of view is entirely covered by a source with uniform brightness
Bν , delivers a power spectral density Saa(ν) = 1

2λ2
0Bν .

Interestingly, although dependent on the incoming surface power density, the
specific brightness of a source observed in a given direction does not depend on
the distance r between the observer and the source. To show this, observe from
Eq. (5.11) that Bν(θ, φ) is directly proportional to Sxx(ν), which can be readily
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Figure 5.2: Surface power density emitted by an element of area of the extended source
towards the direction of the receiving antenna. This leads to the concept of specific
intensity Iν .

calculated from Eq. (5.5): For a fixed solid angle ∆Ω, only the terms
⟨︂
|EkT (0, ν)|2

⟩︂
in the summation survive since the cross-power density terms vanish due to spatial
incoherence as shown in Eq. (5.10). If ∆Ω is sufficiently small, all microscopic
sources within ∆Ω have approximately the same power spectral density and hence
all terms in the summation are equal. Therefore the result is proportional to
the number of microscopic sources contained within the solid angle, which scales
as r2 for fixed ∆Ω. This is perfectly compensated by the 1/r2 dependence of
the squared field produced by each microscopic source at the antenna. In other
words, increasing the distance between source and observer, increases in the same
proportion the observed area of the extended source for a fixed ∆Ω. This keeps the
total received power (and specific brightness) invariant provided that the extended
source is statistically uniform over ∆Ω, for which in general ∆Ω shall be kept
sufficiently small.

Let us quantify, from the extended source’s perspective, the power it radiates.
Take a small area ∆A on the surface of the extended source, such that the micro-
scopic radiators contained in ∆A can be assumed statistically uniform (see Fig. 5.2).
Since those microscopic sources are spatially incoherent, the total power spectral
density radiated Pν is proportional to ∆A. Let I ′

ν(θ′, φ′)/r′2 be the surface power
density per unit bandwidth (magnitude of Poynting vector per unit bandwidth), per
unit area of source, generated at the point (r′, θ′, φ′) with respect to the spherical
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coordinate system of the area element ∆A (where the direction θ′ = 0 is normal
to ∆A) as depicted in Fig. 5.2. If radiation generated by ∆A follows Lambert’s
cosine law, then

I ′
ν(θ′, φ′) = Iν cos θ′, (5.13)

where Iν is the maximum value of I ′
ν(θ′, φ′). The magnitude Iν is known as specific

intensity and is equivalent to the power spectral density radiated per unit area of
source ∆A in the normal direction, per unit solid angle. It has the same units as
the specific brightness. Then, the total radiated power spectral density over some
solid angle Ω can be retrieved as

Pν = ∆A

ˆ
Ω

Iν cos θ′

r′2 r′2 dΩ . (5.14)

The specific brightness of the emitting area element ∆A seen by an observer
located at (r′, θ′, φ′) is Bν . The total surface power density per unit bandwidth
received by the observer is Bν∆Ω, where ∆Ω is the solid angle subtended by
∆A. This must be equal to the emitted surface power density per unit bandwidth
∆AI ′

ν(θ′, φ′)/r′2, hence

Bν∆Ω = ∆A
Iν cos θ′

r′2 . (5.15)

Observe that ∆A′ = ∆A cos θ′, where ∆A′ is the portion of surface that defines
the solid angle ∆Ω = ∆A′/r′2. Thus from Eq. (5.15) we obtain the result

Bν = Iν . (5.16)

Therefore, provided that emission obeys Lambert’s cosine law, the specific brightness
seen by an observer looking a source of area element ∆A is equal to the specific
intensity Iν emitted by ∆A regardless of how ∆A is oriented from the point of
view of the observer: The radiation emitted by ∆A decreases at angles far from its
normal, but the subtended solid angle seen by an observer is reduced in the same
proportion.
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5.2 Thermal radiation
Matter radiates electromagnetic energy because of its non-zero absolute temperature.
By using the very fundamental principles of thermodynamics it is possible to
characterize the emission of bodies at a given temperature T . Such thermal
radiation is stochastic by nature, so its description uses the formalism of random
processes. In this section, we simply outline the properties of thermal radiation
that are relevant for the next sections. We do this by studying a series of thought
experiments that allow us to obtain useful relations. On the basis of statistical
mechanics formal derivations can be found in the literature [124–126].

5.2.1 Thermally populated cavities
Consider an arbitrary cavity with some loss and in thermal equilibrium at tem-
perature T . The cavity is excited by thermally-induced random time-domain
electromagnetic fields, but thermal equilibrium implies that zero net power flows on
average between any two regions of the cavity. We assume the resonator is also in
thermal equilibrium with its surroundings, for which if the resonator were to have
some electromagnetic leakage, the net power entering or leaving the cavity is zero
on average as well. In a simplified view, we could understand a given mode of the
resonator is thermally excited by radiating charges within the cavity that are under
thermal agitation. This mode is obviously coupled to many other charges for which
energy can flow instantaneously between modes, and frequencies. This implies the
process is inherently nonlinear: shining an absorbing surface with monochromatic
radiation heats it, which in turn converts the hot surface into a broadband radiator.

The total energy of a given mode whose resonance frequency is ν is a random
process W . The speed at which W fluctuates depends on the bandwidth of the
mode. It is known the electromagnetic field is quantized for which this energy
must be a multiple n of the energy quanta: W = nhν. From the hypothetical
instantaneous knowledge of the individual state of each microscopic radiator and
mode, it follows from the second law of thermodynamics that the system will evolve
towards a state of maximum entropy or minimum information as it reaches thermal
equilibrium. It can be shown [124] that the distribution of n that maximizes entropy
is given by

p(n) = (1− e−hν/(kBT ))e−nhν/(kBT ). (5.17)
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Taking the expected value to the photon occupation, we have from the distribution
of Eq. (5.17) ⟨n⟩ =

(︂
ehν/(kBT ) − 1

)︂−1
= fp(ν, T ) where fp(ν, T ) is known as the

Planck function. The average energy of the mode then results

⟨W ⟩ = hν ⟨n⟩ = hν

ehν/(kBT ) − 1 . (5.18)

Therefore, in a cavity (regardless of its loss) in thermal equilibrium at temperature
T , each normal mode with resonance frequency ν has a quantized energy W = nhν

where n is the fluctuating number of photons that occupy the mode, whose (discrete)
probability density function is given by Eq. (5.17). The average energy of each
mode ⟨W ⟩ is then given by Eq. (5.18).

5.2.2 Thermally populated waveguides
Consider now a slightly lossy waveguide at thermal equilibrium with reflecting
terminations at both ends forming a 1-D resonator. By “slightly lossy” we mean
that losses should be sufficiently small for counter-propagating guided modes to
be power-wise orthogonal. If the resonator has length L the normal modes satisfy
mλ/2 = L with m = 1, 2, . . . ,∞. Therefore the resonance frequencies are given
by νm = mvp/(2L) where vp is the phase velocity of the mode. Up to frequency
ν, there are exactly m = 2Lν/vp modes, each of which has an average energy
⟨W ⟩ = hνmfp(νm, T ). As L → ∞, the longitudinal modes become a continuum
with frequency, such that the number of modes per unit bandwidth per unit length
is

ρm = lim
L→∞

1
L

dm

dν
= 2

vp

. (5.19)

The mode density ρm is the number of modes per unit length of waveguide, existing
between ν and ν + dν, and is ultimately independent from ν. For this reason, as
L→∞, we can claim that the total energy spectral density per unit length w(ν, T )
(counting all modes) is

w(ν, T ) = 2
vp

hνmfp(νm, T ). (5.20)

The energy density w(ν, T ) has units J Hz−1 m−1 and is one-sided, i.e., the total
energy is computed by integrating w(ν, T ) over all positive frequencies 0 ≤ ν <∞
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Figure 5.3: Lossy waveguide at temperature T terminated in matched loads at temper-
atures TA and TB.

only. The total energy spectral density filling the waveguide Lw(ν, T ) can be
attributed to two counter-propagating waves, each having a power spectral density
S0(ν) = Lw(ν, T )/(2τ), where τ = L/vp is the time the wave takes to fill the
waveguide. Hence, the one-sided power spectral density of each propagating wave
is S0(ν, T ) = vpw(ν, T )/2, or equivalently from Eq. (5.20),

S0(ν, T ) = hν

ehν/(kBT ) − 1 . (5.21)

The result of Eq. (5.21) is also valid if we replace one or both of the reflecting
terminations of the waveguide by matched loads at temperature T . The reason is
the system remains in thermal equilibrium and all previous considerations hold.
At this point, we do not have resonant modes anymore but instead two counter-
propagating modes being absorbed by the matched loads, which then re-radiate the
same power on average keeping thermal equilibrium. Equation (5.21) is then valid
for propagating thermal modes in a waveguide of arbitrary length as well. Therefore,
the one-sided power spectral density of each of the two counter-propagating waves
in a waveguide matched at both ends is constant along the waveguide and given by
Eq. (5.21), if the whole system is at thermal equilibrium at temperature T .

Notice each counter-propagating wave can have as causal origin only the radia-
tion emitted by the matched load left behind and possibly the radiation generated
within the waveguide itself. This fact is useful for a system not in thermal equi-
librium, e.g., a waveguide at temperature T , terminated in matched loads A and
B at temperatures TA and TB respectively (see Fig. 5.3). The system is not in
thermal equilibrium unless T = TA = TB. However, we can conclude that the
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power spectral density of the wave propagating from the load A to the load B

can only depend on TA and T . Conversely, the power spectral density of the wave
propagating from the load B to the load A can only depend on TB and T .

Let us find the exact solution to this problem. Suppose the waveguide has
a field attenuation coefficient γ′′ such that the transmitted power is attenuated
by a factor exp(−2γ′′L) after propagating a distance L. Suppose γ′′ is frequency
independent in the bandwidth of interest. When TA = TB = T the system is
in thermal equilibrium and both matched loads must re-radiate the same power
spectral density they absorb S0(ν, T ). According to Fig. 5.3, at z = 0 the power
spectral density flowing to the right is SA(ν) = S0(ν, T ) and is entirely emitted by
the load A. After propagating a small distance δL, this power shall be attenuated
to S0(ν, T ) exp(−2γ′′δL). This cannot be the actual resulting power at z = δL as it
would contradict our previous conclusion that the power spectral density must be
constant everywhere along the waveguide. The missing power is actually emitted
by the section of waveguide δL: If some power is dissipated in form of heat along
δL (without disturbing the temperature uniformity of the waveguide T ) is because
the mode is coupled to the waveguide loss mechanism and this should re-radiate a
power spectral density SδL(ν) to compensate the waveguide loss:

SδL,T (ν) = hν

ehν/(kBT ) − 1
(︂
1− e−2γ′′δL

)︂
. (5.22)

If we let δL→ z0, Eq. (5.22) yields the total thermal contribution at the point
z0 of the loss-induced thermal sources of the waveguide existing in 0 ≤ z < z0.
However, formally we should instead take the limit as δL→ 0, and compute the
differential contribution of each source located at z′ at the observation point z0,
i.e.,

δS(ν, T, z′, z0) = hν

ehν/(kBT ) − 1
[︂
2γ′′δL +O(δL2)

]︂
e−2γ′′(z0−z′), (5.23)

where we used a Taylor expansion of the exponential function in Eq. (5.22). Finally
the total contribution is found via integration of all sources at z′ < z0,

Swg(ν, T, z0) =
ˆ z0

0

hν

ehν/(kBT ) − 1 (2γ′′) e−2γ′′(z0−z′) dz′ , (5.24)
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yielding the same result as Eq. (5.22) letting δL→ z0.

Observe the thermal contribution Swg(ν, T, z0) is a consequence of the waveguide
alone which is at temperature T , and should be independent of the temperatures of
the loads A and B. Therefore, if TA ̸= T , the total power spectral density flowing
to the right (see Fig. 5.3) at the point z0 is

S(ν) = hν

ehν/(kBTA) − 1e−2γ′′z0⏞ ⏟⏟ ⏞
Load contribution

+ hν

ehν/(kBT ) − 1
(︂
1− e−2γ′′z0

)︂
⏞ ⏟⏟ ⏞

Waveguide contribution

. (5.25)

Equation (5.25) is a consequence of Kirchhoff’s law of thermal radiation in
one dimension. It can be seen how the thermal contribution of the waveguide
at temperature T increases for higher absorption coefficients of the waveguide.
Similarly, the waveguide does not add thermal radiation if lossless, regardless of its
temperature. For hν ≪ kBT and hν ≪ kBTA, we can rewrite Eq. (5.25) in terms
of an effective temperature Teff = S(ν)/kB as

Teff = TAe−2γ′′z0⏞ ⏟⏟ ⏞
Load contribution

+ T
(︂
1− e−2γ′′z0

)︂
⏞ ⏟⏟ ⏞

Waveguide contribution

. (5.26)

Hence, the one-sided power spectral density flowing through a waveguide at uniform
temperature T , a distance z0 away from a matched load at temperature TA is given
by Eq. (5.25). The same analysis is valid for the power spectral density flowing to
the left of the waveguide. In this case, TA has to be replaced by TB in eqs. (5.25)
and (5.26), and z0 be measured from the load B towards the load A.

5.2.3 Blackbody radiation
Consider the system depicted in Fig. 5.3 where TA = TB = T , and the load A is
replaced by a matched antenna surrounded by a perfectly absorbing enclosure at
temperature T (see Fig. 5.4). Let the volume enclosing the antenna tend to infinity
so the absorbing surfaces are in the far zone of the antenna. The whole system
is in thermal equilibrium so two counter-propagating modes, each with one-sided
power spectral density S0(ν, T ) = hνfp(ν, T ) travel through the waveguide. This
implies the antenna must couple that power from the absorber regardless of its
shape and regardless of the antenna’s radiation pattern. According to Eq. (5.12),

180



5.2. THERMAL RADIATION

Figure 5.4: Waveguide terminated with a matched load at one end, and with an antenna
whose radiation pattern is entirely covered by absorbing surfaces at the other end. All
parts of the system are in thermal equilibrium at temperature T .

this can only happen if the one-sided brightness observed by the antenna Bν is
uniform and has a fixed value such that

S0(ν, T ) = λ2
0

2 Bν , (5.27)

from which we obtain

Bν = 2hν3

c2
1

ehν/(kBT ) − 1 . (5.28)

An idealized surface that perfectly absorbs electromagnetic radiation incident on
it from any direction and at all frequencies is called a black body. As a consequence
of thermodynamics, besides a perfect absorber, the black body surface being at
temperature T is also a broadband radiator that follows the Planck radiation law
shown in Eq. (5.28). Consider an area element ∆A of the arbitrarily-shaped
enclosing absorber of Fig. 5.4. Notice the antenna must observe a fixed brightness
Bν regardless of its radiation pattern, location, or orientation with respect to ∆A.
Hence we can choose the antenna to have the right beam shape to receive only
the radiation emitted by ∆A, move the antenna along the enclosing surface and
orientate it arbitrarily with respect to ∆A. According to the discussion at the
end of Section 5.1, the element of black body surface ∆A must radiate according
to Lambert’s law, following Eq. (5.13) because the brightness observed by the
antenna must be constant in all situations. Thus, Bν = Iν . This condition also
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ensures, that all power spectral density being absorbed by a black body surface in
thermal equilibrium with its surroundings, equals the total power spectral density
radiated by that black body surface due to its temperature. Indeed, if we insert a
flat surface of area ∆A inside the enclosure of Fig. 5.4, the total power spectral
density it absorbs (from both sides) is

Pabs(ν) = 2∆A

ˆ 2π

0

ˆ π/2

0
Bν cos θ sin θ dθ dφ . (5.29)

On the other hand, total power spectral density emitted by ∆A to both of its sides
is

Prad(ν) = 2∆A

ˆ 2π

0

ˆ π/2

0
I ′

ν(θ, φ) sin θ dθ dφ . (5.30)

Hence, radiation must obey Lambert’s law: I ′
ν(θ, φ) = Iν cos θ, and Iν = Bν

to ensure Pabs = Prad. The black body surface would heat or cool if radiated
and absorbed powers were not perfectly balanced, which would violate thermal
equilibrium.

5.2.4 Statistics of classical thermal radiation
In the classical limit, we neglect the quantized nature of the electromagnetic
radiation and suppose power and energy can be interchanged in arbitrarily small
amounts. This is a good approximation for thermal radiation when hν ≪ kBT . In
this case, the probability density function of a resonant mode’s photon occupation
number n described by Eq. (5.17) reduces to the continuous distribution of energy
W

p(W ) = 1
kBT

e−W/(kBT ), (5.31)

as we make the transformation W = nhν and let hν/(kBT )→ 0 [124]. As shown
by Oliver [124], the energy fluctuations of a resonant mode obeying the exponential
distribution of Eq. (5.31), map into exponentially-distributed cycle-averaged power
fluctuations of a traveling mode in a waveguide that is coupled to that resonant
mode. Since the complex amplitude of the mode traveling in the waveguide has
uniform phase distribution, then it becomes Gaussian distributed [124]. Because
the distribution of the superposition of Gaussian-distributed random processes is
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also Gaussian, the same behavior occurs if the waveguide mode is coupled to an
arbitrary number of resonant modes, even to a continuum of modes in an arbitrarily
large cavity (e.g., a single waveguide mode coupled to an antenna observing black
body radiators).

Consider a waveguide mode coupled to the radiation from a black body at
temperature T by means of an antenna. Measuring the field of the mode would
give us a real, broadband, random time-domain signal x(t) whose power spectral
density Sxx(ν) is given by Eq. (5.21). The time-domain electric field of the mode at
the measuring point is proportional to x(t), and the proportionality constant such
that x(t) has units of W1/2 and x2(t) gives the instantaneous power1. Assuming
the process is stationary and ergodic, the average power delivered by the mode is

P = lim
T →∞

1
T

ˆ T/2

−T/2
x2(t) dt =

⟨︂
x2(t)

⟩︂
= var(x). (5.32)

The average power is equivalent to the variance of the process because ⟨x(t)⟩ = 0
since there are no DC fields involved. From the discussion above we know x(t) has
a zero-mean Gaussian distribution whose variance is the average delivered power
as stated in Eq. (5.32). Notice P can also be calculated from the power spectral
density of x(t), Sxx(ν) as

P =
ˆ ∞

0
Sxx(ν) dν , (5.33)

where integration starts from ν = 0 instead of ν → −∞ because the power spectral
density is expressed as one-sided. Since the amplitude of thermal radiation has
Gaussian statistics, the previous results are also valid when the antenna is receiving
an arbitrary angular-dependent brightness Bν(θ, φ). In that case the resulting
signal x(t) will also have zero-mean Gaussian distribution with power spectral
density defined by Eq. (5.8), and average power calculated via Eq. (5.33).

Obviously, for the analysis above to be true, the waveguide, antenna, and
measuring device must have a flat bandwidth, larger than the spectral extension of
Planck’s law (Eq. (5.21)). A more practical analysis involving band-limited signals
will be followed in the rest of this chapter. Suppose the signal collected by the

1This is,
´

ST
S(r, t) · n̂ dS, where S(r, t) = E(r, t)×H(r, t) is the instantaneous Poynting

vector and ST the waveguide’s cross section with normal unitary vector n̂.
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Figure 5.5: The radiation of an arbitrary thermal emitter is collected by an antenna
connected to a matched waveguide, and then passed through a band-pass filter.

antenna is passed through a band-pass filter centered at frequency ν0 before the
measurement is done, as depicted in Fig. 5.5. The filter bandwidth ∆ν is restricted
to be relatively narrow, such that ∆ν ≪ ν0. The bandwidth is formally defined as

∆ν =
ˆ ∞

0
H(ν) dν , (5.34)

where H(ν) is the two-sided power filter shape2 normalized such that H(±ν0) = 1
(see Fig. 5.6a). Hence, ∆ν is the bandwidth of an equivalent rectangular filter
producing the same output power for a uniform power spectral density at the input.

Because of the narrow relative bandwidth of the filter, we can in general express
the signal at the output x(t) as an amplitude and phase modulated carrier at
frequency ν0, i.e.,

x(t) = 1
2apeak(t)eiϕ(t)ei2πν0t + c.c. = apeak(t) cos (2πν0t + ϕ(t)) (5.35)

The modulating amplitude apeak(t) and phase ϕ(t) are real, baseband (slow-
varying), statistically-independent random processes with Rayleigh and uniform
distributions respectively [124]. Let us define a slow varying complex amplitude

2This is, the squared magnitude of filter’s field transfer function, defined for positive and
negative frequencies.
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(a) (b)

Figure 5.6: (a) Shape of the band-pass filter of the system H(ν). (b) Baseband version
of the band-pass filter H(ν).

A(t) = 2−1/2apeak(t)eiϕ(t) = ar(t) + iai(t) whose magnitude is |A(t)| = 2−1/2apeak(t).
Rewriting Eq. (5.35) we have

x(t)√
2

= 1
2A(t)ei2πν0t + c.c. = |A(t)| cos (2πν0t + ϕ(t))

= ar(t) cos(2πν0t)− ai(t) sin(2πν0t).
(5.36)

The random processes ar(t) and ai(t) are also band-limited and have identical
zero-mean Gaussian distributions [124]. Since they fluctuate slowly compared to
the carrier’s oscillation period ν−1

0 , the cycle-averaged power carried by the mode is

P (t) =
ˆ t

t−ν−1
0

x2(t) dt = a2
r(t) + a2

i (t). (5.37)

Thus, A(t) is the complex amplitude of the mode normalized such that |A(t)|2 =
a2

r(t) + a2
i (t) gives the cycle-averaged power delivered by it3. The average power

delivered by the mode is the expected value of the cycle-averaged power: P = ⟨P (t)⟩.
From Eq. (5.37) it takes the form

P = ⟨P (t)⟩ = var[ar(t)] + var[ai(t)]. (5.38)
3For instance, with this normalization and notation a modulated plane wave with wave-vector

κ̂ would have real-valued scalar electric field E(r, t) = Re
{︁√

2ηA(t)e−iκ̂·reiω0t
}︁

, where η is the
medium impedance.
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Since both ar(t) and ai(t) are identically distributed [124], their individual variances
equal half the mean power delivered by the mode. They are also statistically
independent processes because ϕ(t) is uniformly distributed over the interval [0, 2π)
and statistically independent from apeak(t) [124].

Both ar(t) and ai(t) have the same power spectral density Saa(ν), resulting
from the product of H(ν) and half the power spectral density at the input of the
filter Sin(ν), both shifted to baseband, i.e,

Saa(ν) = 1
2Sin(ν + ν0)H0(ν), (5.39)

where H0(ν) = µ(ν + ν0)H(ν + ν0) is the filter shape shifted to baseband as shown
in Fig. 5.6b (µ(ν) is the Heaviside step function that converts H(ν) in one-sided).
The bandwidth of the slow-varying processes is given by Eq. (5.34) and can be
alternatively defined in baseband as

∆ν =
ˆ ∞

−∞
H0(ν) dν . (5.40)

The results obtained with band-limited signals are general because the filter shape
can incorporate the frequency response of the antenna, waveguide, filter and
measuring device. In short, any pass-band filtered thermally excited mode has a
zero-mean, Gaussian-distributed, baseband complex amplitude A(t) = ar(t) + iai(t)
such that |A(t)|2 equals the cycle-averaged power P (t). The processes ar(t) and
ai(t) are statistically independent, each one has variance equal to half the average
power delivered by the mode ⟨P (t)⟩ /2, and the power spectral density of the filtered
input, shifted to baseband as stated in Eq. (5.39).

5.3 Thermal noise in WGM resonators
In Section 5.2.2 we saw that thermal radiation is added to a propagating mode
due to the physical temperature of the waveguide supporting it. Moreover, it was
shown how the waveguide’s propagation loss is the mechanism that couples such
thermal radiation to the mode, producing a partial contribution to the overall
power spectral density of the mode at the end of the waveguide (see Eq. (5.25)).
This section aims to derive a similar expression for the thermal occupation of a
WGM due to the physical temperature of the resonator. Then, this expression can
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Figure 5.7: An antenna is collecting thermal radiation at temperature TA and coupling
it to a laser-pumped WGM resonator to enable upconversion to the optical domain. The
resonator is at temperature TR and the output of the coupler is matched with a load at
temperature TR as well. When observing cold sources (TA < TR), an overcoupled WGM
leads to a cooler clockwise WGM than the load-induced counter-clockwise WGM.

be used to estimate the amount of thermal noise added by an upconverter based
on high-Q WGM resonators.

5.3.1 Thermal occupation
Consider a triply-resonant WGM resonator serving as an upconverter via SFG
and/or DFG processes. The microwave/THz mode to be converted to the optical
domain is excited via coupling with a waveguide connected to an antenna observing
a scene of temperature TA as depicted in Fig. 5.7. The goal is to indirectly detect
the radiation collected by the antenna (temperature TA) in the optical domain after
upconversion, but this signal will be masked by the also upconverted thermal noise
that is generated inside the resonator due to its physical (room) temperature TR.
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(b)

Figure 5.8: Illustration of the path followed by an infinitely overcoupled (a) cold mode
propagating clockwise and (b) hot mode propagating counter-clockwise. The system acts
as a single-loop waveguide.

Suppose the practical situation in which we want to detect weak (cold) radiation
with a (hot) room temperature device, i.e., TA ≪ TR. Suppose also the waveguide
is strongly overcoupled to the resonator (coupling coefficient r2 → 0), thus acting
merely as a waveguide. In such case, the cold THz mode is guided from the antenna
to the resonator and takes one clock-wise round-trip inside of it (see Fig. 5.8a). As
it propagates in the resonator, it gathers thermal noise (heats up) according to Eq.
(5.25) due to the resonator’s physical temperature TR and propagation loss. After
one round-trip, the mode is fully out-coupled towards a matched load connected to
the end of the waveguide because r2 → 0. This load is also at ambient temperature
TR and re-radiates back to the waveguide, coupling to a counter-clockwise hot
mode inside the resonator, and then escapes as radiation through the antenna
(see Fig. 5.8b). Therefore in this situation, there is a cold clock-wise WGM and
a hot counter-clockwise mode circulating inside the resonator, but upconversion
occurs only in the direction in which the resonator is pumped by the laser due to
phase-matching. Hence, upconversion takes place in the clock-wise mode, which is
less susceptible to the thermal noise coupled from the environment at TR.

As the THz coupling strength is reduced from the overcoupled extreme towards
critically-coupled or undercoupled regimes, the WGM takes several round-trips,
thus increasing the amount of ambient thermal noise coupled to it. In this case,
we have a trade-off situation in which we wish to operate the THz mode near the
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critically-coupled regime to increase the photon conversion efficiency, but at the
same time, a strongly overcoupled regime is desired in order to reduce thermal
noise. In the following, we quantify the amount of thermal noise coupled to the
resonator for arbitrary THz coupling strengths.

Following the same argument as in Section 5.2.2 [8], suppose for a moment
that TA = TR and the whole system is in thermal equilibrium. Suppose also that
the resonator is infinitely overcoupled (r2 = 0) such that the waveguide-resonator
system behaves as a single round-trip waveguide as depicted in Fig. 5.8. Owing to
Eq. (5.21), at a given point of the resonator’s perimeter the THz field suffers a
power spectral density loss

hνfp(ν, T )
(︂
1− e−2γ′′

2 δuℓ

)︂
≈ 2γ′′

2 δuℓhνfp(ν, T ) (5.41)

after propagating over a small interval δuℓ ≪ 1/γ′′
2 in clock-wise direction. This

loss must be compensated by incoherent radiation emitted in clock-wise direction
by an elementary source [127] to ensure zero net power transfer everywhere in the
system. As δuℓ → 0→ duℓ, the power spectral density emitted by the element of
resonator duℓ is

dSe = 2γ′′
2 hνfp(ν, T ) duℓ . (5.42)

The emission dSe is a consequence of the physical temperature of the resonator TR

and its propagation loss only, and remains fixed regardless of the coupling strength
with the waveguide r2, the temperatures of the antenna and matched load, and
whether the system is in thermal equilibrium or not.

The field emitted by a given point on the resonator’s perimeter has the power
spectral density given by Eq. (5.42) and is uncorrelated with the field emitted by
any other point on the resonator. For arbitrary coupling with the waveguide r2,
the field emitted by the source point u′

ℓ is subject to a cavity response analogous
to Eq. (2.73) after infinite round-trips are taken. Indeed, due to the emission of
the source at u′

ℓ, the field at the observation point uℓ > u′
ℓ scales as

e−γ′′
2 (uℓ−u′

ℓ)
[︃
1 + r2e

−γ′′
2 Le−i2πτ2δν +

(︂
r2e

−γ′′
2 Le−i2πτ2δν

)︂2
+ · · ·

]︃
, (5.43)

189



5.3. THERMAL NOISE IN WGM RESONATORS

where L is the resonator’s (length or angle) perimeter, τ2 the round-trip time of
the mode under study, and δν = ν − ν0 with ν0 the resonance frequency of the
mode. If uℓ < u′

ℓ then the emitted field passes through the coupler before been
observed, and the first factor of Eq. (5.43) shall be replaced by r2e

−γ′′
2 (L−u′

ℓ+uℓ).
The geometric series converges and thus we can write the power spectral density
observed at the point uℓ due to the emission of the source element u′

ℓ as dSR (uℓ, u′
ℓ)

and is given by

dSR (uℓ, u′
ℓ) = 2γ′′

2 hνfp(ν, TR)K2(uℓ, u′
ℓ)⃓⃓⃓

1− r2e−γ′′
2 Le−i2πτ2δν

⃓⃓⃓2 du′
ℓ , (5.44)

where

K2(uℓ, u′
ℓ) =

⎧⎪⎨⎪⎩e−2γ′′
2 (uℓ−u′

ℓ) uℓ ≥ u′
ℓ

r2
2e−2γ′′

2 (L−u′
ℓ+uℓ) uℓ < u′

ℓ

. (5.45)

The resulting power spectral density flowing in clock-wise direction due to the
continuum of uncorrelated sources is obtained after integration along the resonator’s
perimeter, i.e.,

SR(uℓ) =
ˆ L

0
dSR (uℓ, u′

ℓ) = 2γ′′
2 hνfp(ν, TR)

|1− r2α2e−iτ2δω|2
ˆ L

0
K(uℓ, u′

ℓ) du′
ℓ

= hνfp(ν, TR)
|1− r2α2e−iτ2δω|2

[︂
1− r2

2α2
2 − (1− r2

2)α2uℓ/L
2

]︂
.

(5.46)

where we put α2 = e−γ′′
2 L and δω = 2πδν. To SR(uℓ) we must add the power spectral

density flowing in clock-wise direction due to the antenna SA(uℓ) at temperature
TA which is in general different to TR. From Eq. (2.73) it results

SA(uℓ) = hνfp(ν, TA)
|1− r2α2e−iτ2δω|2

(︂
1− r2

2

)︂
α

2uℓ/L
2 . (5.47)

Finally, the total power spectral density flowing in clock-wise direction for arbitrary
coupling strength, antenna and resonator temperatures is [8]
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ST (uℓ) = hν

|1− r2α2e−iτ2δω|2

⎧⎪⎪⎨⎪⎪⎩fp(ν, TA)
(︂
1− r2

2

)︂
α

2uℓ/L
2⏞ ⏟⏟ ⏞

Antenna contribution

+ fp(ν, TR)
[︂
1− r2

2α2
2 − (1− r2

2)α2uℓ/L
2

]︂
⏞ ⏟⏟ ⏞

Resonator contribution

⎫⎪⎪⎬⎪⎪⎭ . (5.48)

Unsurprisingly, when TA = TR and the system is in thermal equilibrium, ST is
independent from uℓ. Moreover, in this case the average energy spectral density can
be computed as ⟨W (ν)⟩ = v−1

p

´ L

0 ST duℓ = ST L/vp where vp is the phase velocity
of the WGM4, because a differential of propagation time is dτ = v−1

p duℓ. The
total average energy contained in the resonator is obtained via integration over the
bandwidth of the mode5 −1/(2τ2) ≤ δν ≤ 1/(2τ2), i.e.,

⟨W ⟩ =
ˆ ν0+ 1

2τ2

ν0− 1
2τ2

v−1
p

ˆ L

0
ST duℓ dν = hν0fp(ν0, T ), (5.49)

because L/vp = τ2, the function hνfp(ν, T ) ≈ hν0fp(ν0, T ) over the mode’s band-
width, and the integral

ˆ 1
2τ2

− 1
2τ2

1
|1− r2α2e−i2πτ2δν |2

dδν = 1
τ2(1− α2

2r2
2) . (5.50)

Therefore Eq. (5.48) is in agreement with the thermodynamic result that each
independent resonant mode has an average energy given by Eq. (5.18). In addition,
when r2 = 0, Eq. (5.48) is also in agreement with the results of Eq. (5.25). The
development above can be also followed with the counter-clockwise mode leading
to the same conclusions.

4vp is a linear (angular) speed if γ′′
2 has m−1 (rad−1) units, which occurs when uℓ represents a

physical length (angle).
5At the points δν = ±1/(2τ2) the filter function

⃓⃓
1− r2α2e−iτ2δω

⃓⃓−2 is minimum and represent
the spectral limits of the mode under study.
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5.3.2 Upconversion of thermal noise
Given a thermally populated WGM resonator spatially described by Eq. (5.48),
we now proceed to calculate the amount of thermal noise that is upconverted to
the optical domain. In Chapter 4 we derived expressions for the photon conversion
efficiency achieved with a single THz source exciting the resonator. It was shown
that the process is linear with respect to the THz signal, which is evidenced by
noting the photon conversion efficiency is independent of the THz input. Our
situation is now a bit different as it involves a continuum of uncorrelated THz
sources of thermal nature, distributed along the resonator’s perimeter, each of
which emits according to Eq. (5.42) producing the cavity response of Eq. (5.44).

Consider the element of thermal emitter at the point u′
ℓ shown in Fig. 5.7. To

use the equations derived in Chapter 4 we must account for the fact that THz
emission starts away from the coupler’s point. Observe that for relatively high
(loaded) Q optical resonances, the optical modes are to good approximation spatially
uniform, for which optical and THz couplers can be placed at different points on
the resonator leading to practically equal efficiency results to those obtained in
Chapter 4. Let us examine the evolution of the radiation emitted by the source
element located at u′

ℓ. While the emitted differential of THz field da2(uℓ) travels
in clock-wise direction and interacts with the pump, SFG and DFG sidebands are
generated, the power of which grows as they propagate following the evolution
matrix of Eq. (4.27). The growth is proportional to the local intensity of the THz
field da2(uℓ), judging from Eq. (4.27) when no sideband exists at the starting point,
or from the very differential equation describing the system written in Eq. (3.64).

For the analysis to follow, let us assume the nonlinear process barely disturbs the
thermally-induced THz radiation so we can use the results of previous section. As
ξp ≪ Γ and γ′′

2 ≫
⃓⃓⃓
γ′′

p + i∆β
⃓⃓⃓

the amplitude of the SFG sideband after propagating
the section L1 = L− u′

ℓ away from the source element scales as

da4 (L1)
⃓⃓⃓⃓
⃓
1st round-trip

∝ 1
2Γ

(︂
1− e−2ΓL1

)︂
da2 (u′

ℓ)

=
ˆ L

u′
ℓ

da2 (uℓ) duℓ =
ˆ L

u′
ℓ

da2 (u′
ℓ)e−γ′′

2 (uℓ−u′
ℓ) duℓ .

(5.51)

Hence, after passing through the coupler and returning back to u′
ℓ we expect the

SFG amplitude to be the superposition of Eq. (5.51) and a term proportional to
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r2

ˆ u′
ℓ

0
da2 (u′

ℓ)e−γ′′
2 L1e−γ′′

2 uℓ duℓ = r2

ˆ u′
ℓ

0
da2 (u′

ℓ)e−γ′′
2 (L−u′

ℓ+uℓ) duℓ . (5.52)

After the first round-trip described by eqs. (5.51) and (5.52) the remaining
infinite round-trips are computed leading to a geometric series whose square
converges to the denominator of Eq. (5.48). Therefore, using Eq. (5.44) we can
say the differential power of SFG sideband attributed to the element of thermal
source located at u′

ℓ is |da4|2 which is in turn proportional to

dP4 ∝

⎡⎣ˆ u′
ℓ+L

u′
ℓ

da2 (u′
ℓ)K(uℓ, u′

ℓ) duℓ

⎤⎦2

, (5.53)

where da2 (u′
ℓ) = da2 is independent of u′

ℓ and is simply given by

da2 =

⌜⃓⃓⃓
⎷ 2γ′′

2 hνfp(ν, TR)⃓⃓⃓
1− r2e−γ′′

2 Le−i2πτ2δν
⃓⃓⃓2 du′

ℓ. (5.54)

The square of Eq. (5.54) is the power spectral density emitted by the source
element. To translate this to sideband power dP4 via Eq. (5.53), the optical filter
function of the resonator must be applied and integration over the spectrum shall
be performed. Assuming the linewidth of the optical modes is much narrower than
that of the THz modes, we can take the THz filter function out of the spectral
integral and simply evaluate it at the δν producing an upconverted signal at the
center of the optical resonance6. The remaining spectral integration over the optical
linewidth is equivalent to multiplying the power spectral density of the sideband
by an effective bandwidth ∆ν, which is already included in the proportionality
constant expressed in Eq. (5.53).

Computing the integral of Eq. (5.53) we obtain

dP4

⃓⃓⃓⃓
⃓
TR

∝ 2γ′′
2 hνfp(ν, TR)⃓⃓⃓

1− r2e−γ′′
2 Le−i2πτ2δν

⃓⃓⃓2 du′
ℓ

⎡⎣ˆ u′
ℓ+L

u′
ℓ

K(uℓ, u′
ℓ) duℓ

⎤⎦2

, (5.55)

6For a well-designed resonator this corresponds to zero THz detuning, i.e., δν = 0.
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where,

ˆ u′
ℓ+L

u′
ℓ

K(uℓ, u′
ℓ) duℓ =

ˆ L

u′
ℓ

e−γ′′
2 (uℓ−u′

ℓ) duℓ + r2

ˆ u′
ℓ

0
e−γ′′

2 (L−u′
ℓ+uℓ) duℓ

= 1
γ′′

2

[︂
α2(1− r2)eγ′′

2 u′
ℓ − (1− α2r2)

]︂
.

(5.56)

resulting,

dP4

⃓⃓⃓⃓
⃓
TR

∝ 2γ′′
2 hνfp(ν, TR)⃓⃓⃓

1− r2e−γ′′
2 Le−i2πτ2δν

⃓⃓⃓2
(︄

1
γ′′

2

)︄2 [︂
α2

2(1− r2)2e2γ′′
2 u′

ℓ + (1− α2r2)2

−2α2(1− r2)(1− α2r2)eγ′′
2 u′

ℓ

]︂
du′

ℓ . (5.57)

Each source element contributes to the SFG power with the same proportionality
constant so we can state the total power of the SFG sideband is proportional to
Eq. (5.57) after integration over 0 ≤ u′

ℓ ≤ L, i.e.,

P4

⃓⃓⃓⃓
⃓
TR

∝ hνfp(ν, TR)
|1− α2r2e−i2πτ2δν |2

(︄
1
γ′′

2

)︄2 [︂
(1− r2)2

(︂
1− α2

2

)︂
+ (1− α2r2)2 ln α−2

2 − 4(1− r2)(1− α2r2) (1− α2)
]︂

. (5.58)

Following a similar argument, the SFG power attributed to the upconverted
THz radiation coming from the antenna can be modeled as a single point source
located at u′

ℓ = 0, analogous to those of Eq. (5.57), i.e.,

dP4

⃓⃓⃓⃓
⃓
TA

∝ hνfp(ν, TA)
|1− α2r2e−i2πτ2δν |2

(︂
1− r2

2

)︂(︄1− e−γ′′
2 L

γ′′
2

)︄2

δ(u′
ℓ) du′

ℓ , (5.59)

where δ(u′
ℓ) is the Dirac delta distribution, the term 1− r2

2 is the power transmission
coefficient from waveguide to resonator and

(︂
1− e−γ′′

2 L
)︂

/γ′′
2 is the integral of the

THz field distribution over the resonator’s perimeter. The total SFG power is
calculated by adding Eq. (5.59) after integration

´ L

0 · du′
ℓ and Eq. (5.58) because
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thermal sources in the resonator and those observed by the antenna are uncorrelated.
The result is proportional to

P4 ∝
(︂
1− r2

2

)︂
(1− α2)2 [fp(ν, TA) + fp(ν, Teff)] , (5.60)

where we define a thermal contribution with an effective temperature Teff given by

fp(ν, Teff) = fp(ν, TR)
[︄

(1 + α2) (1− r2)
(1 + r2) (1− α2)

+ (1− α2r2)2 ln α−2
2

(1− r2
2) (1− α2)2

− 4(1− α2r2)
(1 + r2) (1− α2)

]︄
. (5.61)

The effective temperature Teff was defined from a signal to noise ratio perspective,
where the signal (noise) is the thermal radiation from the antenna (resonator) that
is upconverted to the optical sideband. Thus, Teff is the temperature of a fictitious
radiator whose power is then added to the input of the upconverter to account
for the thermal noise generated inside the resonator due to its temperature TR

and losses. In other words, the resonator can now be assumed thermally noiseless
(or to be at a physical temperature of 0 K), and extract its noise as an effective
temperature Teff referred to the input. This is depicted in Fig. 5.9, where the
actual situation in Fig. 5.9a is modeled as the schematic in Fig. 5.9b. Extracting
the noise and modeling it as an input-referred temperature is a common technique
used for characterizing noise in low noise amplifiers (LNAs).

Equation (5.60) is proportional to the photon conversion efficiency calculated
in Chapter 4. Concretely, we can state

P4 =
(︃

ν4

ν
η4

)︃
hν [fp(ν, TA) + fp(ν, Teff)] ∆ν, (5.62)

where the ratio between SFG optical and THz frequencies ν4/ν converts the photon
conversion efficiency η4 into power conversion efficiency, and ∆ν is the effective
bandwidth of the SFG optical mode. An identical analysis to that above can be
developed for the DFG sideband leading to the same conclusions.

When hν ≪ kBT the function hνfp(ν, T ) ≈ kBT and the power carried by the
mode is proportional to the temperature of the radiator. This is known as the
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Figure 5.9: (a) Thermal radiation collected by an antenna is upconverted to the optical
domain through a WGM-based EOM working at room temperature TR. (b) The thermal
noise that is upconverted due to the physical temperature of the EOM is extracted as an
input-referred effective temperature Teff .

Rayleigh-Jeans region of Planck’s function [41]. Instead of dealing with actual
temperatures, it is more convenient to work directly with the power of thermal
modes since they can be easily separated in noise and signal contributions as done
in Eq. (5.62). By convention, however, rather than working with power in Watts
units, a proportional magnitude in Kelvin units is used, obtained by dividing the
power by kB∆ν. This is known as Rayleigh-Jeans temperature, and will be denoted
as T ′ such that for a mode at actual temperature T , we have

T ′ = P

kB∆ν
= hν

kB

fp(ν, T ). (5.63)

Notice how the Rayleigh-Jeans temperature approximates the actual temperature in
the Rayleigh-Jeans region, i.e., T ′ → T as hν/(kBT )→ 0. In any case, temperatures
in Rayleigh-Jeans units are useful because we can rewrite Eq. (5.61) in the form
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Figure 5.10: Normalized input-referred effective noise temperature T ′
eff/T ′

R as a function
of the resonator’s THz round-trip loss α2 and coupling strength r2 =

√︂
1− t2

2.

T ′
eff

T ′
R

= (1 + α2) (1− r2)
(1 + r2) (1− α2)

+ (1− α2r2)2 ln α−2
2

(1− r2
2) (1− α2)2 −

4(1− α2r2)
(1 + r2) (1− α2)

. (5.64)

Observe in Fig. 5.10 how the effective input-referred temperature T ′
eff can be

significantly below the physical temperature of the resonator T ′
R when the THz

mode is strongly overcoupled r2 < α2. This property can be exploited for low
noise upconversion by arbitrarily overcoupling the resonator at the expense of
decreasing the photon conversion efficiency due to the reduction in intra-cavity
power enhancement.

The results of eqs. (5.61) and (5.64) are more rigorous than those reported
in [8] as the former are derived from the full field distribution of the mode and not
its stored energy. The result of [8] was already a generalization to the estimations
of [22] which were derived entirely from a cavity perspective, neglecting the non-
uniform spatial distribution of the modes along the resonator. According to [22],
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Figure 5.11: Normalized input-referred effective noise temperature T ′
eff/T ′

R as a function
of coupling Q factor of the THz mode. Comparison is done for different values of THz
intrinsic Q normalized to the THz azimuthal mode number m2.

the ratio between effective and physical temperatures is simply the ratio between
loss and coupling rates of Eq. (4.106), which from eqs. (4.105) and (4.104) gives

T ′
eff

T ′
R

= K ′
2

K2
= ln α2

ln r2
. (5.65)

Both, Eq. (5.64) and Eq. (5.65) are plotted in Fig. 5.11 against r2 for six different
values of α2. However, to give a more physical insight, r2 and α2 are represented
in terms of the equivalent coupling and intrinsic quality factors normalized by
the azimuthal mode number following eqs. (4.105) and (4.104) respectively. The
normalized effective temperature obtained rigorously from Eq. (5.64) is plotted
in solid line, while the cavity energy approximation of Eq. (5.65) is plotted in
dashed line. It can be seen how the agreement between both approaches fails as
the mode is strongly overcoupled: Since Eq. (5.65) assumes a uniformly distributed
WGM, the “heating” of the THz mode in a single round-trip is overlooked as the
mode gets infinitely overcoupled, leading to the incorrect conclusion that thermal
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noise can be suppressed to arbitrarily small values. In reality, the mode “heats
up” gathering thermal noise even when it is infinitely overcoupled such that the
resonator behaves entirely as a single round-trip waveguide. This fact is accounted
for in Eq. (5.64), and is the reason why the thermal noise suppression saturates at
a minimum value regardless of how overcoupled the THz mode is, as evidenced in
Fig. 5.11.

Interestingly, resonators with relatively low THz intrinsic Q factors ranging
from Qi2 = 20 to Qi2 = 100 can reduce the temperature of the upconverted thermal
noise with respect to room temperature TR by a factor that ranges from 10 to
50 as long as they are sufficiently overcoupled and small such that m2 = 1. To
put this in perspective, if thermal radiation were the only source of noise, this
would imply system noise temperatures as low as 6 K to 30 K in a device working
at room temperature (∼ 300 K). As we shall see later, however, not only thermal
noise exists in the system as quantum noise might be significant when the photon
conversion efficiency is far below unity.

5.4 Radiometry
As we have hypothesized throughout this work, microwave and THz radiation
can be indirectly detected in the optical domain with low noise via parametric
upconversion in electro-optic WGM resonators. Among the applications requiring
low noise receivers in such frequency ranges, radio astronomy stands out due to
the extraordinary sensitivities needed. For that, radiometers are built using low
noise amplifiers and/or mixers based on monolithic microwave integrated circuits
(MMICs), or superconducting detectors such as bolometers, kinetic-inductance
detectors (KIDs), superconducting-insulator-superconductor (SIS) mixers, etc.

In its basic operation, a radiometer receives thermal radiation through an
antenna and observes it during some interval τ after which the mean power emitted
by the source (and thus, its temperature) can be estimated. Clearly, even if the
source does not change, each measurement lasting τ fluctuates not only because
of the noise generated inside the receiver but also due to the randomness of the
emitted radiation. Intuitively, we can expect those fluctuations to diminish for
longer observation intervals τ because the instantaneous power fluctuations average-
out so the measurement approximates better the actual mean power. This will be
proven next.
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5.4.1 Classical noise
Consider a radiometer observing thermal radiation in a frequency band centered
at frequency ν0. Let A(t) = ar(t) + iai(t) be the Gaussian-distributed baseband
complex amplitude of the THz mode at the input of a radiometer, following the
definition of Eq. (5.36). The signal A(t) is band-limited with spectrum S0H0(ν)
(see Fig. 5.6b) and bandwidth ∆ν given by Eq. (5.40). While the incoming power
spectral density S0 is assumed constant within ∆ν, the spectral shape H0(ν) is
the product of the frequency responses of the devices composing the radiometer’s
front-end: antenna, waveguides, filters, resonators, mixers, amplifiers, upconverters,
etc.

Suppose the radiometer is able to track the instantaneous power of the incoming
radiation P (t) = a2

r(t) + a2
i (t) (see Eq. (5.37)). This can be done by directly

sensing the radiation with a square-law detector, or by passing it first through a
linear receiver such as an LNA or mixer (see Fig. 1.2), and afterward through a
square-law detector or an analog-to-digital converter (ADC) (last block in Fig. 1.1)
for later post-processing (digital squaring). As a linear receiver we could also use
an upconverter (Fig. 1.3) followed by square-law optical detection and possible
digital post-processing as shown in Fig. 1.4. In either case, instantaneously P (t)
gives no information about the mean power emitted by the thermal source (i.e.,
its temperature), so P (t) shall be observed (integrated) during some interval τ to
give a fair estimation of P . Let us denote the integrated signal as Pτ (t), which is
obtained as

Pτ (t) = 1
τ

ˆ t

t−τ

P (t′) dt′ =
ˆ ∞

−∞
P (t′)fτ (t− t′) dt′ = P (t) ∗ fτ (t), (5.66)

where the function

fτ (t) =

⎧⎪⎨⎪⎩τ−1 0 ≤ t ≤ τ

0 otherwise
. (5.67)

The averaging integration of Eq. (5.66) is a convolution operation with the function
fτ (t), graphically represented in Fig. 5.12.

Observe that the expected value of the integrated power is ⟨Pτ (t)⟩ = ⟨P (t)⟩ = P .
The question is now how Pτ (t) fluctuates. This is quantified through the variance
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Figure 5.12: Averaging window of the instantaneous incoming power.

var (Pτ ) =
⟨︂
P 2

τ

⟩︂
− ⟨P ⟩2 . (5.68)

The second moment is

⟨︂
P 2

τ

⟩︂
=
⟨︂
[P (t) ∗ fτ (t)]2

⟩︂
=
ˆ ∞

−∞

ˆ ∞

−∞
⟨P (t− t′)P (t− t′′)⟩ fτ (t′)fτ (t′′) dt′ dt′′ ,

(5.69)

where the term ⟨P (t− t′)P (t− t′′)⟩ = RP P (t′ − t′′) is the autocorrelation function
of the instantaneous power received, which forms a Fourier pair with the power
spectral density SP P (ν) of the process P (t) according to Wiener-Khinchin’s theorem,
i.e.,

RP P (t′ − t′′) =
ˆ ∞

−∞
SP P (ν)ei2πν(t′−t′′) dν . (5.70)

Inserting Eq. (5.70) into Eq. (5.69) we have

⟨︂
P 2

τ

⟩︂
=
ˆ ∞

−∞
SP P (ν)

ˆ ∞

−∞
fτ (t′)ei2πνt′ dt′

ˆ ∞

−∞
fτ (t′′)e−i2πνt′′ dt′′

⏞ ⏟⏟ ⏞
Fτ (ν)

dν

=
ˆ ∞

−∞
SP P (ν) |Fτ (ν)|2 dν ,

(5.71)

where
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|Fτ (ν)|2 = sin2 (πντ)
(πντ)2 (5.72)

is the squared Fourier transform of the averaging function fτ (t) in Eq. (5.67).

Knowing that the product of two arbitrarily correlated Gaussian processes x(t)
and y(t) have second moment [128]

⟨︂
(xy)2

⟩︂
= var(x)var(y) + 2 ⟨xy⟩2 , (5.73)

we can expand the autocorrelation function RP P (t′ − t′′) = RP P (σ) as

RP P (σ) = ⟨P (t)P (t + σ)⟩ =
⟨︂[︂

a2
r(t) + a2

i (t)
]︂ [︂

a2
r(t + σ) + a2

i (t + σ)
]︂⟩︂

= ⟨P ⟩2 + 2 ⟨[ar(t)ar(t + σ)]⟩2 + 2 ⟨[ai(t)ai(t + σ)]⟩2 .
(5.74)

Equation (5.74) was simplified using the facts that the variance of a stationary
random process does not change upon a time delay, the cross-correlation functions

⟨[ar(t)ai(t + σ)]⟩ = ⟨[ai(t)ar(t + σ)]⟩ = 0 (5.75)

because ar and ai are uncorrelated, and

var [ar(t)] = var [ai(t)] = ⟨P ⟩2 (5.76)

according to Eq. (5.38). Since ar and ai have identical statistical properties, they
share the same autocorrelation function

Raa(σ) = ⟨[ar(t)ar(t + σ)]⟩ = ⟨[ai(t)ai(t + σ)]⟩ , (5.77)

so Eq. (5.74) turns

RP P (σ) = ⟨P ⟩2 + 4R2
aa(σ). (5.78)

The power spectral density of the process P (t) is found from the Fourier
transform of Eq. (5.78), resulting
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SP P (ν) = ⟨P ⟩2 δ(ν) + 4F(σ)
[︂
R2

aa(σ)
]︂

= ⟨P ⟩2 δ(ν) + 4Saa(ν) ∗ Saa(ν), (5.79)

where

Saa(ν) = F(σ) [Raa(σ)] = 1
2S0H0(ν) (5.80)

is half the power spectral density of the incoming signal A(t).

Inserting Eq. (5.79) into Eq. (5.71) yields

⟨︂
P 2

τ

⟩︂
= ⟨P ⟩2 + 4

ˆ ∞

−∞
[Saa(ν) ∗ Saa(ν)] |Fτ (ν)|2 dν , (5.81)

because F (ν)→ 1 as ν → 0. In radiometry, the integration time is long compared
to the coherence time τ ≫ 1/∆ν in order to obtain an accurate estimation of the
average emitted power. Therefore, the bandwidth of the function Fτ (ν) is much
smaller than ∆ν, and we can approximate

⟨︂
P 2

τ

⟩︂
≈ ⟨P ⟩2 + 4 [Saa(ν) ∗ Saa(ν)]

⃓⃓⃓⃓
⃓
ν=0

ˆ ∞

−∞
|Fτ (ν)|2 dν⏞ ⏟⏟ ⏞

τ−1

= ⟨P ⟩2 + 4
τ

[Saa(ν) ∗ Saa(ν)]
⃓⃓⃓⃓
⃓
ν=0

.

(5.82)

Using Eq. (5.80), the term

[Saa(ν) ∗ Saa(ν)]
⃓⃓⃓⃓
⃓
ν=0

=
ˆ ∞

−∞
Saa(ν ′)Saa(−ν ′) dν ′

= |S0|2

4

ˆ ∞

−∞
|H0(ν)|2 dν ′ , (5.83)

which inserted into Eq. (5.82) gives
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⟨︂
P 2

τ

⟩︂
= ⟨P ⟩2 + ⟨P ⟩

2

∆ν2τ

ˆ ∞

−∞
|H0(ν)|2 dν ′ (5.84)

because from Eq. (5.80) we have
´∞

−∞ Saa(ν) dν = S0∆ν/2 = ⟨P ⟩ /2. Finally, we
can find the variance of the integrated power using eqs. (5.68) and (5.84), resulting
in the classical radiometer equation [41]

var (Pτ ) = ⟨P ⟩
2

Bτ
, (5.85)

where we defined the noise equivalent bandwidth B as [129]

B =

[︂´∞
−∞ H0(ν) dν

]︂2
´∞

−∞ |H0(ν)|2 dν
. (5.86)

The noise equivalent bandwidth is on the order of the power equivalent bandwidth
∆ν defined in Eq. (5.40). For an ideal (rectangular) filter B = ∆ν, whereas for a
filter with a Lorentzian shape B = 2∆ν.

The classical radiometer equation (5.85) is commonly written in terms of the
standard deviation ∆Pτ =

√︂
var (Pτ ) and equivalent temperatures in Rayleigh-

Jeans units. If we admit the incoming mean power ⟨P ⟩ is due to the superposition
of thermal sources described by antenna and effective noise temperatures T ′

A and
T ′

eff respectively, then ⟨P ⟩ = kB(T ′
A + T ′

eff)∆ν and the standard deviation in the
observed temperature ∆T ′ = ∆Pτ /(kB∆ν) is

∆T ′ = T ′
A + T ′

eff√
Bτ

. (5.87)

It is clear how the uncertainty of the measurement diminishes with the product of
the observation time τ and the bandwidth of the received signal. Moreover, even
in the absence of receiver noise (Teff = 0), the uncertainty is not zero due to the
random nature of the radiation emitted by the source being observed, characterized
by the temperature T ′

A.
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5.4.2 Quantum noise
Focusing on upconversion-based radiometers, our goal now is to drop classical
approximations and derive a radiometer equation analogous to Eq. (5.85) taking
into account the quantum nature of light. The result will differ on whether optical
detection after upconversion is done incoherently or coherently [130]. The reason for
this is fundamental and comes from the uncertainty principle of quantum mechanics.
As we shall see next, coherent detection via homodyne or heterodyne techniques
also yield different sensitivities [130].

Direct detection

The output of a radiometer’s front-end receiver is that signal which is less susceptible
to noise and can be ultimately sensed with slow and low sensitivity devices such as
an ADC. When the receiver is incoherent (performs direct detection), its output
does not carry the phase information of the incoming radiation but only its
instantaneous power P (t). Let us analyze the sensitivity of an incoherent mm-
wave/THz radiometer whose frontend is a THz-to-optical upconverter (EOM)
followed by an incoherent optical detector. This is precisely the situation depicted
in Fig. 5.9a where the optical detector becomes simply a direct photodetector or
photon counter, whose output is integrated during the interval τ as depicted in Fig.
5.13a. The measurement is thus the output Pτ

⃓⃓⃓
di

whose fluctuations are quantified
by its variance and is our aim to calculate.

The response of a non-ideal photodetector with quantum efficiency ηp is equiva-
lent to that of a perfectly efficient one with a beamsplitter upfront, whose probability
of passing a photon (power transmission coefficient) is ηp [131]. The photon conver-
sion efficiency of the EOM is simply the probability that an incoming THz photon
is converted to the optical domain rather than absorbed by the resonator losses.
Therefore we can also model the imperfect upconverter with photon conversion
efficiency ηu by a beamsplitter with power transmission coefficient ηu followed by
a 100% efficient photon upconverter [130]. The beamsplitter and ideal EOM can
interchange their positions without altering the outcome, so the two beamsplitters
with power transmission coefficients ηu and ηp can be replaced by a single one with
coefficient η = ηuηp. Moreover, from the analysis done in Section 5.3.2 we can
extract the thermal noise generated inside the EOM as an equivalent input-referred
temperature Teff , treating the upconverter as thermally noiseless (see Fig. 5.13b).

In an LNA-based receiver, the loss of input photons due to e.g. an input
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EOM PD

(a)

PDBSEOM

+

+

(b)

Figure 5.13: (a) Upconverter at temperature TR followed by a direct optical detection
scheme. (b) Equivalent model of (a) where both the photodetector and EOM are
considered unity-efficient and the latter working at 0 K. The effect of TR is accounted for
by an input Teff while the non-unity photonic efficiencies of the EOM and photodetector
are modeled as a beamsplitter.

impedance mismatch impacts negatively the sensitivity. This occurs because the
input-referred noise is not prone to the mismatch and it is still amplified with the
same gain, which ultimately reduces the signal to noise ratio (SNR) at the output.
With the upconverter, however, one might think that as long as the photodetector
is ideal, the value of ηu is irrelevant for the ultimate sensitivity of the radiometer
because both TA and Teff are upconverted with the same efficiency keeping the
SNR unaffected. As we shall see below, this is incorrect because photon shot noise
becomes a significant factor as the efficiency decreases.

The equivalent situation of Fig. 5.13b simplifies the analysis because the
photon statistics at the input and output of the EOM is the same, assuming other
types of noise such as spontaneous parametric downconversion (SPDC) are not
generated by the upconverter. This is true for the SFG sideband as it is free
from SPDC noise. Indeed, apart from the upconverted thermal noise and the
non-unity photon conversion efficiency, an SFG upconverter is an intrinsically-
noiseless device [132, 133]. This is true because unlike a linear amplifier, an
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ideal SFG upconverter does not have photon gain, which otherwise would violate
Heisenberg’s uncertainty principle unless additional noise of quantum origin is
introduced [134,135]. Instead, the SFG upconverter coherently boosts the energy
of each incoming photon preserving its quantum state.

Knowing that photon statistics right before the beamsplitter of Fig. 5.13b
corresponds to that of a superposition of thermal modes that are fully characterized
by T ′

A and T ′
eff , we can use Mandel’s rule [136, 137] to calculate the statistics of

the photodetection. For narrowband electromagnetic radiation centered at ν and
classically described by an instantaneous power P (t), the probability of detecting
n photons during the observation interval τ is [136]

p(n, τ) =
⟨︄ η

hν

´ t

t−τ
P (t′) dt′

n! exp
[︄

η

hν

ˆ t

t−τ

P (t′) dt′
]︄⟩︄

, (5.88)

where η is the quantum efficiency of the detector. Equation (5.88) yields the same
result whether we use a THz or an optical photon counter before or after the
(unity-efficient) upconverter respectively. This is true as long as both P (t) and
ν refer to the power and frequency of the signal being detected (THz or optical).
The ratio P (t)/ν is the same in either case. The probability density function of
Eq. (5.88) converges to a Poisson distribution for coherent radiation, and to a
Bose-Einstein distribution for thermal radiation in the limit when τ ≪ ∆ν−1 is
much smaller than the coherence time. For thermal radiation observed during an
arbitrary τ there is no analytical expression for the distribution p(n, τ) although
its first two moments can be easily found [136].

In terms of the THz signal at central frequency ν0 and power P (t) and following
the distribution of Eq. (5.88), the expected value of n results [136]

⟨n⟩ =
⟨︄

η

hν0

ˆ t

t−τ

P ′(t) dt′
⟩︄

=
⟨︃

ητ

hν0
Pτ (t)

⟩︃
= ητ ⟨P ⟩

hν0
, (5.89)

where we used the classical definition of integrated power of Eq. (5.66). Hence, the
mean number of photons detected within the interval τ is the mean electromagnetic
energy received during τ divided by the photon energy. From the calculation of
the second moment of p(n, τ) [136], we find

var (n) = ⟨n⟩+
(︃

ητ

hν0

)︃2
var (Pτ ) . (5.90)
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The classical term var (Pτ ) is the radiometer equation derived previously in (5.85),
for which

var (n) = ⟨n⟩+
(︃

ητ

hν0

)︃2 ⟨P ⟩2

Bτ
. (5.91)

From a given measurement of n photon counts during τ , we can estimate the
average power received as Pτ

⃓⃓⃓
di

= hν0n/(ητ). Taking the variance to both sides we
get

var (Pτ )
⃓⃓⃓⃓
⃓
di

=
(︄

hν0

ητ

)︄2

⟨n⟩+ ⟨P ⟩
2

Bτ
. (5.92)

Using Eq. (5.89) the variance of the measurement is rewritten as

var (Pτ )
⃓⃓⃓⃓
⃓
di

= ⟨P ⟩
2

Bτ

(︄
1 + hν0B

η ⟨P ⟩

)︄
, (5.93)

or equivalently in terms of the measured temperature in Rayleigh-Jeans units
assuming ⟨P ⟩ = kB(T ′

A + T ′
eff)∆ν, the standard deviation of the measurement is

∆T

⃓⃓⃓⃓
⃓
di

= T ′
A + T ′

eff√
Bτ

[︄
1 + B

∆ν

T ′
q/η

(T ′
A + T ′

eff)

]︄1/2

, (5.94)

where

T ′
q = hν0

kB

(5.95)

is the temperature of a source emitting one photon per unit time per unit bandwidth.
It is known as the quantum limit for the minimum noise temperature fundamentally
achievable by any phase-insensitive linear receiver (based on e.g. LNAs or mixers)
[134].

Equation (5.94) is a quantum-corrected version of the classical radiometer
equation (5.87). The correction increases the uncertainty of the measurement with
a term proportional to the ratio between T ′

q and the observed temperature T ′
A +T ′

eff ,
and inversely proportional to the efficiency η. It is clear then how low photon
conversion efficiencies negatively impact the sensitivity of the receiver because of
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EOM BS

Post-detection

Heterodyne

Homodyne

Figure 5.14: Upconverter followed by coherent optical detection with balanced photode-
tectors. Homodyne and heteroyne detection is possible by properly setting the frequency
νLO of the optical local oscillator and using a suitable post-detection stage.

the quantum-originated noise. The quantum effects also become significant at
higher frequencies (and thus, higher values of T ′

q) and lower observed temperatures.
The three aforementioned factors reduce the average number of photons detected,
increasing photon shot noise fluctuations and degrading the sensitivity of the
receiver. For η = 1 and ideal rectangular filters, Eq. (5.94) represents the minimum
uncertainty achievable by any detector when measuring power from a thermal
source [138,139].

Homodyne detection

Since upconversion is coherent, a given optical sideband at frequency νs leaving
the EOM contains both amplitude and phase information of the incoming THz
radiation. Even if one only wants to measure the THz power, a coherent optical
detection scheme (homodyne or heterodyne) could be used instead of a direct one
by mixing the EOM’s output with a strong optical local oscillator (LO) at frequency
νLO. Heterodyne detection provides both amplitude and phase information of the
THz input whereas homodyne delivers that component in phase with the LO.

In homodyne detection, the frequency of the optical local oscillator matches
that of the generated sideband νLO = νs. Both are superimposed via a 50%− 50%
beamsplitter and detected with a balanced photodetector to mitigate the impact
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of possible LO fluctuations. This situation is represented in Fig. 5.14 (followed by
the top post-detection branch) where the quantum efficiency of the photodetectors
is specified as ηp. If As(t) and ALO are the complex amplitudes of the upconverted
and LO fields entering the 50%− 50% beamsplitter, the detectors sense fields A1(t)
and A2(t) given by

A1(t) = 1√
2
[︂
As(t)eiωst + ALO(t)eiωLOt

]︂
, (5.96)

and

A2(t) = 1√
2
[︂
As(t)eiωst − ALO(t)eiωLOt

]︂
. (5.97)

where ωLO = 2πνLO and ωs = 2πνs. The minus sign in the amplitude of the local
oscillator for A2(t) is one of the two possible unavoidable phase shifts induced by
the beamsplitter7. The other possibility is having a π/2 phase shift in As for A1

and the same shift in ALO for A2.

If except for their imperfect quantum efficiency the photodetectors are ideal
(noiseless), we would classically conclude that the photocurrents ip1(t) and ip2(t)
leaving the detectors 1 and 2 respectively are

ip1(t)
ηpR

= |A1(t)|2 = 1
2 |As(t)|2 + 1

2 |ALO(t)|2 + Re
[︂
As(t)A∗

LO(t)ei(ωs−ωLO)t
]︂

, (5.98)

and

ip2(t)
ηpR

= |A2(t)|2 = 1
2 |As(t)|2 + 1

2 |ALO(t)|2 − Re
[︂
As(t)A∗

LO(t)ei(ωs−ωLO)t
]︂

, (5.99)

where R is the responsivity (A/W in SI units) of the (identical) photodetectors.
The difference between photocurrents ip(t) = ip1(t) − ip2(t) thus cancels out the
power terms, reducing the impact of a potential non-constant LO amplitude:

ip(t)
R

= 2ηp Re
[︂
As(t)A∗

LO(t)ei(ωs−ωLO)t
]︂

. (5.100)

7Indeed by any matched, reciprocal and lossless 4-port network [62,68]
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Putting ωLO = ωs for homodyne detection, we get finally

ip(t)
R

= 2ηp |As(t)| |ALO(t)| cos (ϕs(t)− ϕLO) . (5.101)

Taking the (ideally constant) phase of the LO as reference, homodyne detection
provides the component of the signal in phase with the LO.

The classical description above is an approximation that breaks as the quantum
nature of light becomes evident. As demonstrated in [140–142], the actual pho-
tocurrent (normalized by the responsivity) is composed by the term in Eq. (5.100)
plus a zero-mean Gaussian-distributed noise term of quantum origin xq(t), with
white spectrum and power spectral density ηphνsPLO with PLO = |ALO|2 the LO
power, i.e.,

ip(t)
R

= xq(t) + 2ηp Re
[︂
As(t)A∗

LO(t)ei(ωs−ωLO)t
]︂

. (5.102)

Formally, Eq. (5.102) should be written with the signal and LO field amplitudes
normalized such that their squared values correspond to their associated photon
rates. However, assuming LO and signal are relatively close in frequency (i.e.,
(νs − νLO)/νs ≪ 1), Eq. (5.102) is valid in that form. The noise term xq(t) is
statistically independent from the signal and is a manifestation of quantum noise
in the ideal local oscillator plus vacuum fluctuations present in the photodetectors
due to their non-unity quantum efficiency ηp < 1 [136, 140, 143]. Interestingly,
the same quantitative result is obtained from a classical analysis of electron shot
noise in the photocurrent [144]. Both classical and formal quantum approaches
agree quantitatively as long as signal and local oscillator are not in non-classical
(squeezed) states [140].

The quantum noise term xq(t) is broadband with flat spectrum whereas the
signal As(t) is already filtered by the EOM, with a spectral shape H0(ν) essentially
determined by the optical resonances of the WGM resonator. A fair sensitivity
calculation would filter equally the photocurrent associated with the observed THz
radiation (entering the EOM) and the quantum noise photocurrent xq(t). This
can be done by passing the photocurrent ip(t) through a sufficiently narrowband
post-processing filter Hho(ν) with power-equivalent bandwidth ∆ν ′ such that H0(ν)
is approximately constant over ∆ν ′ (see Fig. 5.15). Then, the observation spectrum
of the radiometer is entirely determined by the post-detection filter Hho(ν). This
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Figure 5.15: Baseband versions of the pre-detection filter shape (mainly determined by
the EOM) and the homodyne post-detection filter.

is the situation in spectroscopy, where (typically digital) spectrometers in the
backend of the radiometer observe the output through filters with a much narrower
bandwidth than that of the radiometer. Then the filters are shifted in frequency to
sample the spectrum of the THz radiation received.

If the bandwidth of the post-processing filter is comparable with that of the
EOM, the quantum noise detected becomes comparatively larger. Either case,
the filtered photocurrent i(t) (already normalized by the responsivity R) is the
convolution of Eq. (5.102) with the impulse response of the post-detection filter
hho(t). For homodyne detection and setting ϕLO = 0 without loss of generality, the
result is

i(t) = ip(t) ∗ hho(t) = xq(t) ∗ hho(t) + 2ηp

√︂
PLO Re [As(t)] ∗ hho(t). (5.103)

Let us now rewrite Eq. (5.103) in terms of the incoming THz radiation A(t)
knowing that

As(t) =
√︄

ηu
νs

ν0
A(t) =

√
GA(t), (5.104)

where G is the power gain of the EOM. Putting also ar(t) = Re{A(t)} we have

i(t) = xq(t) ∗ hho(t) + 2ηp

√︄
νs

ν0
ηuPLOar(t) ∗ hho(t). (5.105)
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The convolution xq(t) ∗ hho(t) results in a zero-mean Gaussian-distributed band-
limited random process whose power spectral density is ηphνsPLOHho(ν). Hence
we can define bq(t) as a zero-mean Gaussian process with power spectral density
Hho(ν) so that its mean power var [bq(t)] =

⟨︂
b2

q(t)
⟩︂

= ∆ν ′, and write

xq(t) ∗ hho(t) =
√︂

ηphνsPLObq(t). (5.106)

Analogously, the convolution ar(t)∗hho(t) is a zero-mean Gaussian process with
power spectral density ⟨P ⟩H0(ν)Hho(ν)/(2∆ν) according to Eq. (5.38). Let us
define the equivalent reception bandwidth of the signal ∆νeq as

∆νeq =
ˆ ∞

−∞
H0(ν)Hho(ν) dν . (5.107)

The equivalent bandwidth converges to the post-processing bandwidth ∆νeq → ∆ν ′

when the latter is much narrower than the upconversion bandwidth (spectrometer
back-end case ∆ν ′ ≪ ∆ν). This is the assumption we will follow from now on.

Let bs(t) be a zero-mean Gaussian process whose power spectral density is the
product H0(ν)Hho(ν) ≈ Hho(ν) because of the assumption ∆ν ′ ≪ ∆ν. Therefore
the mean power

⟨︂
b2

q(t)
⟩︂

= ∆νeq ≈ ∆ν ′ and we can write

ar(t) ∗ hho(t) =
√︄
⟨P ⟩
2∆ν

bs(t). (5.108)

Recall ⟨P ⟩ denotes the total THz power upconverted to the optical domain within
the EOM’s bandwidth ∆ν. However the measurement uncertainty will be calculated
with respect to the received power at back-end level, which we denote as ⟨P ′⟩ =
(∆ν ′/∆ν) ⟨P ⟩. Then

i(t) =
√︂

ηphνsPLO⏞ ⏟⏟ ⏞
Cn

bq(t) + 2ηp

√︄
νs

ν0
ηuPLO⏞ ⏟⏟ ⏞

Cs

√︄
⟨P ′⟩
2∆ν ′ bs(t). (5.109)

Observe that putting η = ηuηp the coefficients Cn and Cs can be expressed as

Cn = hνsG
−1/2

√︄
ηPLO

hν0
, and Cs = hνsG

−1/2 2η

hν0

√︂
PLO. (5.110)
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Both zero-mean Gaussian processes bq(t) and bs(t) are statistically independent
so i(t) is also a zero-mean Gaussian process whose variance is the sum of the
variances of the photocurrents attributed to signal and quantum noise. Defining
bt(t) as another zero-mean Gaussian process with spectrum Hho(ν) and variance
⟨b2

t (t)⟩ = ∆ν ′, we can put

i(t) =
√︄

C2
n + ⟨P

′⟩
2∆ν ′ C

2
s⏞ ⏟⏟ ⏞

Cho

bt(t). (5.111)

From the measured photocurrent we can deduce at back-end level the mean THz
power received by the antenna within ∆ν ′ via a transformation Ψho [i(t)] = P ′(t)
and further integration during τ . We call the operation

´
τ

Ψho [i(t)] dt an estimator
because it maps photocurrent into estimated THz power received by the antenna.
Our mapping function simply squares the photocurrent, scales it conveniently and
subtracts the offset generated by the quantum noise, i.e.,

P ′(t) = Ψho [i(t)] = 2
C2

s

i2(t)− 2∆ν ′ C
2
n

C2
s

. (5.112)

The transformation of Eq. (5.112) allows the estimation of the received THz power
because ⟨Ψho [i(t)]⟩ = ⟨P ′(t)⟩.

Now we need to integrate during some observation period τ using Eq. (5.67) to
obtain the estimation P ′

τ

⃓⃓⃓⃓
ho

(t) = P ′(t) ∗ fτ (t). The radiometric uncertainty is given
then by the variance of the estimation which according to Eq. (5.71) is obtained
from the power spectral density of the process P ′

τ

⃓⃓⃓⃓
ho

(t), whose autocorrelation
function RP ′P ′(σ) = ⟨P ′(t)P ′(t + σ)⟩ is

RP ′P ′(σ) =
(︄

2
C2

s

)︄2 ⟨︂[︂
i2(t)− C2

n∆ν ′
]︂ [︂

i2(t + σ)− C2
n∆ν ′

]︂⟩︂

=
(︄

2
C2

s

)︄2 [︂⟨︂
i2(t)i2(t + σ)

⟩︂
− 2C2

n∆ν ′
⟨︂
i2(t)

⟩︂
+ 4C4

n∆ν ′2
]︂

.

(5.113)

The second moment ⟨i2(t)⟩ = C2
ho∆ν ′ according to Eq. (5.111). Similarly, the

autocorrelation function ⟨i2(t)i2(t + σ)⟩ = C4
ho ⟨b2

t (t)b2
t (t + σ)⟩. Using Eq. (5.73)

we have
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⟨︂
i2(t)i2(t + σ)

⟩︂
= C4

ho

[︂
var2 (bt(t)) + 2 ⟨bt(t)bt(t + σ)⟩2

]︂
. (5.114)

Substituting var2 (bt) = ∆ν ′2 and inserting the results above into Eq. (5.113) gives
us

RP ′P ′(σ) = ⟨P ′⟩2 + 2
(︄

2C2
n

C2
s

+ ⟨P
′⟩

∆ν ′

)︄2

⟨bt(t)bt(t + σ)⟩2 . (5.115)

Observe that eqs. (5.115) and (5.78) have the same form for which we can
follow a similar procedure to the one in Section 5.4.1. Taking the Fourier transform
of Eq. (5.115) and inserting the power spectral density of bt(t), Sbb(ν) = Hho(ν)
we get

SP ′P ′(ν) = ⟨P ′⟩2 δ(ν) + 2
(︄

hν0

2η
+ ⟨P

′⟩
∆ν ′

)︄2

Hho(ν) ∗Hho(ν), (5.116)

where we replaced 2C2
n/C2

s = hν0/(2η). Inserting Eq. (5.116) into Eq. (5.71) and
assuming τ ≫ ∆ν ′−1 results

var (P ′
τ )
⃓⃓⃓⃓
ho

= 2
(︄

hν0

2η
+ ⟨P

′⟩
∆ν ′

)︄2 ´∞
−∞ |Hho(ν)|2 dν ′

τ
. (5.117)

Defining the noise equivalent bandwidth B′ of the post-detection filter Hho(ν)
exactly as in Eq. (5.86):

B′ =

[︂´∞
−∞ Hho(ν) dν

]︂2
´∞

−∞ |Hho(ν)|2 dν
, (5.118)

we obtain the radiometer equation for homodyne detection

var (P ′
τ )
⃓⃓⃓⃓
ho

= 2
B′τ

(︄
hν0∆ν ′

2η
+ ⟨P ′⟩

)︄2

. (5.119)

In terms of Rayleigh-Jeans temperatures, the 1-σ uncertainty (standard deviation)
results
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∆T ′
⃓⃓⃓⃓
ho

=
√︄

2
B′τ

(︄
T ′

q

2η
+ T ′

A + T ′
eff

)︄
. (5.120)

The radiometer equation after homodyne detection (5.120) gives an uncertainty
(standard deviation)

√
2 times higher than the classical radiometer equation (5.87),

with an additional noise temperature T ′
q/(2η) of quantum origin. The quantum-

limit temperature T ′
q (in Rayleigh-Jeans units) scales at a rate of about 4.8 K per

each 100 GHz of observation frequency. Being inversely proportional to η, the
effect of quantum noise is amplified for low efficiencies. For instance, observing
300 GHz radiation adds a fundamentally minimum detection noise of 7.2 K for
unity-efficiency. For a rather optimistic efficiency of η = 1%, this value becomes
720 K which might already degrade significantly the radiometer performance in
high sensitivity applications.

In the classical limit when hν0/kB ≪ T ′
A + T ′

eff , Eq. (5.120) converges to
Eq. (5.87) except for the

√
2 factor. This can be explained as follows: Through

homodyne detection, only the component ar(t) of the incoming radiation is mea-
sured, while the information carried by ai(t) is lost. Indeed, instantaneously
(with no integration) the second moment of the power carried by the measured
component is ⟨(a2

r(t))2⟩ = 3var2(ar) = 3 ⟨a2
r(t)⟩

2 (see Eq. (5.73)). Therefore
var(a2

r) = 2var2(ar) = ⟨P ′⟩2 /2 since var(ar) = ⟨P ′⟩ /2 = ⟨a2
r⟩. Using the last

relation to estimate the variance of the total received power P ′, we obtain
var(P ′)/4 = ⟨P ′⟩2 /2 or equivalently var(P ′) = 2 ⟨P ′⟩2. This is twice what we
would get if both components ar(t) and ai(t) were measured. In fact, the measure-
ment of the quadrature component gives us a similar conclusion as the one above:
var(a2

i ) = ⟨P ′⟩2 /2. Adding the variances of both observations (both components
are uncorrelated) yields the variance of the total power received var(P ′) = ⟨P ′⟩2

which is half the result obtained above when a single component was observed.

Heterodyne detection

In heterodyne detection a beatnote centered at an intermediate frequency νIF is gen-
erated by setting the local oscillator frequency to νLO = νs−νIF and superimposing
it with the signal at νs. The beatnote is measured with a balanced photodetector
so the spectrum of the resulting photocurrent is that of the optical sideband leaving
the EOM but centered at νIF. For this reason we shall impose νIF > ∆ν/2 while
νIF + ∆ν/2 still lies within the bandwidth of the (slow) photodetector. Then, a

216



5.4. RADIOMETRY

DFG SFGImage

(a)

(b)

Figure 5.16: (a) Optical spectrum showing SFG and DFG sidebands. The optical local
oscillator νLO is mixed with the SFG sideband (and with a radiation-free image band) to
downconvert it to intermediate frequency. (b) Intermediate frequency spectrum showing
the shapes of pre-detection and post-detection filters.

much narrower post-detection filter is used to observe a portion of the photocurrent
spectrum. This detection scheme is illustrated in Fig. 5.14 taking the bottom
post-detection branch. Figure 5.16a shows the optical spectrum assuming that
the SFG sideband (at frequency νs) is the one of interest. The local oscillator is
thus placed near this sideband but sufficiently far from its spectral extension. The
generated photocurrent contains a copy of the sideband’s spectrum centered at the
intermediate frequency as depicted in Fig. 5.16b.

Classically, the photocurrent is governed by Eq. (5.100) noting that ωs−ωLO =
ωIF. Therefore, assuming an ideal local oscillator (time-independent ALO) the
photocurrent is proportional to the time-domain field of the sideband (and thus,
the THz field received by the antenna), but with the carrier shifted to νIF. Observe
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that any existing optical signal centered at frequency ωLO−ωIF = ωs−2νIF (known
as image band) is also downconverted to intermediate frequency and superimposed
to the first. However, since obviously νIF ≪ ν0 (otherwise we would simply replace
the radiometer frontend by the slow backend detectors) the image band is far from
the DFG sideband potentially created by the EOM (see Fig. 5.16a). Therefore from
a classical point of view, the image sideband is only populated by thermal noise
which turns out to be negligible at optical frequencies even at room temperature8.

A formal quantum analysis [140, 141] shows that the photocurrent is still
quantitatively described by Eq. (5.102) but attributes the quantum noise term to
vacuum fluctuations in the detectors (due to its non-unity quantum efficiency) and
in the image band. In any case, the photocurrent is passed through a post-detection
pass-band filter Hhe(ν) with bandwidth ∆ν ′ which is simply the narrowest filter of
Fig. 5.15 shifted to νIF (see Fig. 5.16b) i.e.,

Hhe(ν) = Hho(ν − νIF) + Hho(ν + νIF). (5.121)

According to Eq. (5.102) and following the notation of Eq. (5.109), the filtered
photocurrent can be expressed as

i(t) = Cnxu(t) ∗ hhe(t) + Cs Re
[︂
A(t)eiωIFt

]︂
∗ hhe(t), (5.122)

where xu(t) is a zero-mean real-valued Gaussian-distributed process with white
spectrum and unity power spectral density, hhe(t) is the impulse response of Hhe(ν),
and we referred the sideband signal to the incoming THz field A(t). The convolution
xu(t) ∗ hhe(t) is a zero-mean Gaussian-distributed process with spectrum Hhe(ν)
and total time-averaged mean power 2∆ν ′. Therefore it can be represented as

xu(t)∗hhe(t) = Re
[︂√

2B(t)eiωIFt
]︂

=
√

2br(t) cos(ωIFt)−
√

2bi(t) sin(ωIFt), (5.123)

where B(t) = br(t) + ibi(t) with br(t) and bi(t) zero-mean independent Gaussian-
distributed baseband processes whose spectral shape is that of Hho(ν). The

√
2 is

added to normalize B(t) conveniently. The time-averaged mean power of Eq. (5.123)
8For instance, Eq. (5.21) produces values about 12 orders of magnitude lower for infrared light

(1550 nm) than for microwave/THz radiation.

218



5.4. RADIOMETRY

can be calculated by taking the expected value of
⃓⃓⃓√

2B(t)
⃓⃓⃓2

/2 or equivalently by
squaring br(t) cos(ωIFt)− bi(t) sin(ωIFt), taking the statistical average and then the
time-domain average which halves the result. In any case the power of the process
is

ˆ ∞

−∞
Hhe(ν) dν = 2∆ν ′ = 1

2

⟨︃[︂√
2br(t)

]︂2⟩︃
+ 1

2

⟨︃[︂√
2bi(t)

]︂2⟩︃
. (5.124)

As a result, the power spectral density of both components br(t) and bi(t) is Hho(ν)
such that each carry power ⟨br(t)2⟩ = ⟨bi(t)2⟩ = ∆ν ′.

The spectrum of A(t) is not white (it rather has the shape of H0(ν) shifted
to ±νIF), but can be considered flat over the post-detection bandwidth of Hhe(ν)
under the assumption that ∆ν ′ ≪ ∆ν. Therefore we can express the convolution
with the signal in the form

Re
[︂
A(t)eiωIFt

]︂
∗ hhe(t) = Re

⎧⎨⎩
√︄
⟨P ′⟩
2∆ν ′ [sr(t) + isi(t)] eiωIFt

⎫⎬⎭ , (5.125)

where sr(t) and si(t) are zero-mean independent Gaussian-distributed baseband
processes with power spectral density Hho(ν) and bandwidth ∆ν ′. Equation (5.125)
is correctly scaled because of the following: The mean power of Re [A(t)eiωIFt]
is |A(t)|2 /2 = ⟨P ⟩ /2 which is scaled by the factor ∆ν ′/∆ν after passed by the
post-detection filter Hhe(ν). In terms of the mean THz power observed after the
post-detection filter, the left hand side of Eq. (5.125) has mean power ⟨P ′⟩ /2.
This value matches the mean power of the right hand side of Eq. (5.125) if
⟨s2

r(t)⟩ = ⟨s2
i (t)⟩ = ∆ν ′.

With the considerations above and using eqs. (5.123) and (5.125) expanded in
sine and cosine terms, Eq. (5.122) takes the form

i(t) =
⎡⎣√2Cnbr(t) + Cs

√︄
⟨P ′⟩
2∆ν ′ sr(t)

⎤⎦ cos(ωIFt)

−

⎡⎣√2Cnbi(t) + Cs

√︄
⟨P ′⟩
2∆ν ′ si(t)

⎤⎦ sin(ωIFt). (5.126)
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Processes br, bi, sr and si are uncorrelated and have identical spectral and statistical
properties. Let us define two additional processes x1 and x2 with identical spectral
and statistical properties as the above, and mutually uncorrelated. Then Eq.
(5.126) turns

i(t) = Chex1(t) cos(ωIFt)− Chex2(t) sin(ωIFt), (5.127)

where

Che =
√︄

2C2
n + C2

s

⟨P ′⟩
2∆ν ′ . (5.128)

Observe each component of the photocurrent in Eq. (5.126) (in phase and
in quadrature with the LO) is a superposition of random processes associated to
quantum noise br,i and thermal radiation captured by the antenna sr,i. Integrating
the power of the current during the interval τ ≫ ∆ν ′−1 converges to its DC value,
which is proportional to the mean THz power received by the antenna ⟨P ′⟩ plus the
DC offset attributed to quantum noise. Since the latter is known (2C2

n∆ν ′) it can be
removed to get a scaled estimation of ⟨P ′⟩. This is exactly what the post-processing
mapping function Ψhe [i(t)] does with both components of the current, serving as
an estimator of ⟨P ′⟩ after integration. Operationally, the power of each component
is computed by taking the square of the product of the current and cos ωIFt (or
sin ωIFt) averaged in one cycle. Then, at post-processing level both components
are computed and added i.e,

C2
he

[︂
x2

1(t) + x2
2(t)

]︂
=
⎡⎣2νIF

ˆ t

t−ν−1
IF

i(t) cos(2πνIFt) dν

⎤⎦2

⏞ ⏟⏟ ⏞
C2

hex2
1(t)

+
⎡⎣2νIF

ˆ t

t−ν−1
IF

i(t) sin(2πνIFt) dν

⎤⎦2

⏞ ⏟⏟ ⏞
C2

hex2
2(t)

. (5.129)

The mapping function computes Eq. (5.129), removes the offset and scales the
result such that ⟨Ψhe [i(t)]⟩ = ⟨P ′⟩:
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P ′(t) = Ψhe [i(t)] = 1
C2

s

{︂
C2

he

[︂
x2

1(t) + x2
2(t)

]︂
− 4C2

n∆ν ′
}︂

. (5.130)

Then, integration is performed to get an estimation of the mean THz power received

Pτ

⃓⃓⃓⃓
he

= 1
τ

ˆ τ

t−τ

⟨Ψhe [i(t)]⟩ dt = P ′(t) ∗ fτ (t). (5.131)

To obtain the variance of Eq. (5.131) we follow the same procedure as in
homodyne detection. First, the autocorrelation function of Eq. (5.130) is

RP ′P ′(σ) =
(︄

C2
he

C2
s

)︄2
⎧⎨⎩⟨︂[︂x2

1(t) + x2
2(t)

]︂ [︂
x2

1(t + σ) + x2
2(t + σ)

]︂⟩︂

−8 C2
n

C2
he

∆ν ′
⟨︂
x2

1(t) + x2
2(t)

⟩︂
+
(︄

4 C2
n

C2
he

∆ν ′
)︄2
⎫⎬⎭ . (5.132)

Using Eq. (5.73), putting ⟨x1(t)x1(t + σ)⟩ = ⟨x2(t)x2(t + σ)⟩ = Rxx(σ) and simpli-
fying yields

RP ′P ′(σ) = ⟨P ′⟩2 +
(︄

4C2
n

C2
s

+ ⟨P
′⟩

∆ν ′

)︄2

R2
xx(σ). (5.133)

Processes x1(t) and x2(t) have identical statistical and spectral properties as bt(t)
in Eq. (5.115). Hence eqs. (5.133) and (5.115) have the same form being the only
difference the term in parentheses and its multiplying constant. Exactly the same
procedure followed for homodyne detection in eqs. (5.116)–(5.119) applies in this
case, so the radiometer equation for heterodyne detection turns

var (P ′
τ )
⃓⃓⃓⃓
he

= 1
B′τ

(︄
hν0∆ν ′

η
+ ⟨P ′⟩

)︄2

. (5.134)

In terms of temperatures, the input only populates the signal sideband so ⟨P ′⟩ =
kB(T ′

A + T ′
eff)∆ν ′. Thus, the heterodyne detector operates in single-sideband mode

(SSB) and we have
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∆T ′
⃓⃓⃓⃓
SSB

= 1√
B′τ

(︄
T ′

q

η
+ T ′

A + T ′
eff

)︄
. (5.135)

As seen from Eq. (5.135), heterodyne detection provides a 1-σ radiometric
uncertainty that agrees with the classical radiometer equation (5.87) as long as an
additional quantum noise temperature T ′

q/η is included. There is no
√

2 upfront the
contributing temperatures because unlike homodyne detection (see Eq. (5.134)),
heterodyne detection measures both in-phase and quadrature components of the
THz radiation. However, the contribution of quantum noise is one photon per unit
time per unit bandwidth, i.e., twice larger than in homodyne detection. This is the
penalty incurred by the detection stage for simultaneously providing both amplitude
and phase of the incoming radiation, which Heisenberg’s uncertainty principle
forbids unless noise is added at a temperature of at least Tq [131, 134, 145, 146].
The same penalty is incurred when the radiometer’s frontend is an LNA or a mixer
[134,147,148]. In the high efficiency and low frequency limit hν0 ≪ ηkB(T ′

A + T ′
eff)

quantum noise is negligible compared with classical noise, so both heterodyne and
direct detection techniques obey the classical radiometer equation. In this case,
the 1-σ uncertainty in homodyne detection is

√
2 times larger, which also agrees

with the classical radiometer equation derived for a single (in-phase) component of
the THz field.

The heterodyne detection stage described above operates in single-sideband
mode (SSB) with no need for filters or backshorts for image band rejection [149]
since there is no signal in the image band. This is advantageous because in
high sensitivity applications, band-rejection structures require cooling to reduce
their emitted thermal noise. Double-sideband mixing (DSB) is also possible by
letting a wideband EOM bandwidth ∆ν > 2νIF so both signal and image band are
downconverted to intermediate frequency. In this case, the above analysis remains
valid, but to express the radiometer equation in terms of input temperature
we should take into account the thermal population of both signal and image
sidebands. Therefore, in Eq. (5.134) we can put ⟨P ′⟩ = kB(T ′

A + T ′
eff)(2∆ν ′) and

P ′
τ = kBT ′(2∆ν ′) yielding

∆T ′
⃓⃓⃓⃓
DSB

= 1√
B′τ

(︄
T ′

q

2η
+ T ′

A + T ′
eff

)︄
. (5.136)

Hence, input-referred quantum noise temperature is half the one obtained in
SSB operation because it contributes to both image and signal sidebands. The
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output quantum noise power is however the same because the reception bandwidth
is twice larger. These results agree with conventional mixers under DSB and
SSB operation [150]. Sideband-separating (2SB) mixing is also possible with the
upconversion radiometer but requires a dual optical stage to realize the separation
between image and signal bands.

5.4.3 Noise temperature of the radiometer
Noise in conventional radiometers is commonly characterized experimentally fol-
lowing the so-called Y-factor method [150]. The method relies on the assumption
that noise generated within the receiver is additive and input independent. In
other words, it produces a constant noise floor at the output which is added to
the contribution of the input signal. This is in agreement with the classical ra-
diometer equation (5.87) where it is evident the ultimate noise (and radiometric
uncertainty) is proportional to the superposition of noise contributions: receiver
noise T ′

rec characterized by T ′
rec = T ′

eff and input noise characterized by the antenna
temperature T ′

A. This property allows us to measure the input-referred receiver
noise T ′

rec by doing two experiments: Firstly, the output power of the radiometer is
measured when the antenna observes a cold blackbody radiator (good absorber) at
a calibrated temperature T ′

c. If the (unknown) total radiometer gain is G, the mean
output power measured in this experiment is ⟨Pc⟩ = GkB∆ν ′(T ′

c + T ′
rec) because

noise is assumed additive. Secondly, the experiment is repeated but changing the
cold radiator at the input for a hot one at calibrated temperature T ′

h. The mean
output power measured is ⟨Ph⟩ = GkB∆ν ′(T ′

h + T ′
rec). Both power measurements

must be done integrating during intervals τ sufficiently long for the measurement
uncertainty to be negligible, but sufficiently short for the potential gain fluctuations
not to be significant. The ratio between both measurements is the Y factor:

Y = ⟨Ph⟩
⟨Pc⟩

= T ′
h + T ′

rec
T ′

c + T ′
rec

. (5.137)

From the measured Y factor, the receiver noise can be obtained as

T ′
rec = T ′

h − Y T ′
c

Y − 1 , (5.138)

being the result independent on the chosen cold and hot temperatures T ′
h and T ′

c

respectively.

223



5.4. RADIOMETRY

The Y factor method is applicable to coherent receiver frontends such as LNAs
and mixers, but also to an upconverter followed by homodyne or heterodyne optical
detection. Indeed, the output after homodyne detection has, according to Eq.
(5.111), a mean value proportional to

⟨︂
i2(t)

⟩︂
∝ 2C2

n

C2
s

∆ν ′ + ⟨P ′⟩ = hν0

2η
∆ν ′ + kB∆ν ′(T ′

A + T ′
eff). (5.139)

So, testing with hot and cold sources T ′
A = T ′

h and T ′
A = T ′

c respectively and
measuring Y , gives us a receiver noise temperature

T ′
rec =

T ′
q

2η
+ T ′

eff , (5.140)

which is effectively (except for a factor
√

2) the temperature that, added to T ′
A,

shall be plugged into the numerator of the classical radiometer equation (5.87) to
obtain the radiometric uncertainty.

The same occurs with the output after heterodyne detection. The cycle-averaged
photocurrent power scales as (see Eq. (5.126))

⟨︂
i2(t)

⟩︂
∝ 4C2

n

C2
s

∆ν ′ + ⟨P ′⟩ = hν0

η
∆ν ′ + kB∆ν ′(T ′

A + T ′
eff). (5.141)

Hence, measuring the Y factor, the receiver noise is retrieved as

T ′
rec =

T ′
q

η
+ T ′

eff , (5.142)

which in addition to T ′
A is the total system temperature that divided by

√
B′τ

(with B′ the noise-equivalent post-detection bandwidth) yields the radiometric
uncertainty (see Eq. (5.87)).

The Y-factor method however fails for direct detection after upconversion. The
output of the photon counter has a mean value which is simply proportional to
⟨P ⟩ = kB∆ν(T ′

A +T ′
eff) (see Eq. (5.89)). Testing with hot and cold loads to measure

Y , would lead to the incorrect conclusion that the receiver noise is T ′
rec = T ′

eff . This
is the amount of exchangeable noise introduced by the receiver and observable
at the output. However, the radiometric uncertainty would be underestimated
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if calculated using T ′
rec + T ′

A in the classical radiometer equation (5.87). The
reason is quantum noise produces additional fluctuations in the received power
even though this noise is not observable as an additional net power at the output
of the radiometer as in the coherent detection case. The correct way to calculate
the radiometric uncertainty is through Eq. (5.94). It is not possible to define a
receiver noise temperature T ′

rec which added to T ′
A and inserted into the classical

radiometer equation yields the correct radiometric uncertainty unless T ′
rec depends

on the antenna temperature [151].

It is important to note that a conventional receiver with an LNA as frontend
is also subject to the corrected radiometer equations (5.94) or (5.135) because
ultimately a coherent or incoherent detector is used after amplification. However,
the classical radiometer equation gives an excellent approximation and is widely
used. The reason can be elucidated using the formalism presented in this chapter
by setting νs = ν0 (so the EOM is irrelevant) and η → GLNA being GLNA the
power gain of the LNA. Then, the uncertainty is calculated with eqs. (5.94) or
(5.135) depending on the detection approach, but in both cases the quantum term
vanishes since η = GLNA → ∞. Thus the classical radiometer equation is valid.
Amplification quantum noise (1− 1/GLNA)hν0/kB [134] is still present though, but
is already included in the value of T ′

rec measured with the Y-factor method when the
LNA is characterized. The same occurs when the frontend is directly a heterodyning
mixer. We can analyze this situation by removing the effect of the EOM setting
νs = ν0 and treating the optical heterodyne detector as a microwave/THz one
(mixer with input loss η), which are conceptually identical. Our conclusion would
be that for a SSB (DSB) mixer, Eq. (5.135), (Eq. (5.136)) shall be used instead of
the classical radiometer equation because the quantum noise Tq/η, (Tq/(2η)) shall
be incorporated. However Tq/η, (Tq/(2η)) [147,150] is already included when noise
in a conventional SSB (DSB) mixer is characterized via Y-factor measurements so
the classical radiometer equation is again applicable.

With the considerations above, a fair figure of merit to quantify receiver noise
is the 1-σ radiometric uncertainty rather than the noise temperature originated by
the exchangeable power measured through the Y-factor method. This way, we can
fairly compare the sensitivity of different receivers regardless of the used detection
strategy: coherent or incoherent. Thus, we define the radiometric uncertainty
(one standard-deviation) normalized to

√
Bτ , where B represents the determinant

noise-equivalent bandwidth, i.e., pre-detection (post-detection) bandwidth for a
direct (coherent) detection scheme:
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σ = 1
kB∆ν

√︂
var (Pτ ) Bτ =

√︂
var (T ) Bτ. (5.143)

For homodyne, SSB and DSB heterodyne detection, we have respectively

σho =
√

2
(︄

T ′
q

2η
+ T ′

A + T ′
eff

)︄
, (5.144)

σSSB =
T ′

q

η
+ T ′

A + T ′
eff and σDSB =

T ′
q

2η
+ T ′

A + T ′
eff . (5.145)

For direct detection we have to use Eq. (5.94) so

σdi =
[︄
(T ′

A + T ′
eff)2 + B

∆ν

T ′
q

η
(T ′

A + T ′
eff)
]︄1/2

. (5.146)

It is interesting to compare quantitatively the effect of non-classical noise on
the sensitivity of the radiometer for each optical detection approach. For that, let
us define a fictitious temperature T ′

n which added to all input-referred sources of
classical noise T ′

A + T ′
eff and inserted into the classical radiometer equation (5.87)

yields the 1-σ radiometric uncertainty [130], i.e.,

T ′
n = σ − T ′

A − T ′
eff . (5.147)

The definition of T ′
n will also be useful for comparing upconversion-based receivers

with conventional ones based on e.g., LNAs and mixers. In this case, we can
simply compare T ′

n + T ′
eff with the widely used noise temperature T ′

rec specified
in conventional receivers and usually obtained through Y-factor measurements.
The comparison is fair because equal temperatures between upconversion and
conventional frontends (T ′

n + T ′
eff = T ′

rec) implies both devices lead to the same
radiometric uncertainty for a given antenna temperature, regardless of the detection
approach.

For heterodyne detection, T ′
n gets the simple form T ′

n = T ′
q/η in SSB operation

and T ′
n = T ′

q/(2η) in DSB operation. Since homodyne detection is
√

2 times less
sensitive, then the definition of Eq. (5.147) leads to T ′

n = T ′
q/(
√

2η) + (T ′
A +

T ′
eff)(
√

2−1). The input-dependence in this case is just a consequence of comparing
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Figure 5.17: Quantum-originated additive temperature T ′
n as a function of the frequency

normalized by the photon efficiency ν0/η. Direct, homodyne and SSB heterodyne
detection approaches are compared, noting that only heterodyne detection is independent
of the input T ′

A + T ′
eff . Direct detection is also dependent on the filter shape. In (a)

a rectangular filter is considered (B/∆ν = 1), whereas (b) shows the results with a
Lorentzian shape raised to the power 2/3 (B/∆ν = 3.252).

a phase-sensitive detector (homodyne) with phase insensitive ones (LNAs and
mixers) rather than noise been non additive as in direct detection. In this last case,
the result is input-dependent for fundamental reasons and the expression more
complicated:

T ′
n =

[︄
(T ′

A + T ′
eff)2 + B

∆ν

T ′
q

η
(T ′

A + T ′
eff)
]︄1/2

− (T ′
A + T ′

eff) . (5.148)

For each detection scheme (SSB heterodyne, homodyne and direct) the additive
temperature T ′

n is plotted in Fig. 5.17 against the THz frequency normalized by the
efficiency η−1ν0. This way we can see the transition from classical to quantum noise
dominance as η−1ν0 ranges from low to high values compared to kB(T ′

A + T ′
eff)/h.

Only for heterodyne detection the curve for T ′
n is input-independent and splits the

plot diagonally into two regions: the top (bottom) one where heterodyne noise is
lower (higher). Since the value of T ′

n for direct detection is dependent on B/∆ν,
curves in Fig. 5.17a and Fig. 5.17b are plotted with B/∆ν = 1 and B/∆ν = 3.252
respectively. The ratio B/∆ν is larger the more power is carried by the “tails” of
the filter, corresponding B/∆ν = 1 to an ideal rectangular filter with full width ∆ν.
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A Gaussian filter H0(ν) = exp
[︂
−π (ν/∆ν)2

]︂
gives B/∆ν =

√
2. A ratio B/∆ν = 2

corresponds to a Lorentzian filter

H0(ν) = 1
1 +

(︂
π ν

∆ν

)︂2 , (5.149)

while B/∆ν = 3.252 is obtained with the Lorentzian filter of Eq. (5.149) raised to
the power 2/3.

When the quantum term in Eq. (5.148) is small compared to the input tem-
perature (classical noise dominates over quantum noise), a binomial approxima-
tion tells us that T ′

n → 1
2(B/∆ν)T ′

q/η. Hence, as η−1ν0 → 0 the temperatures
T ′

n for both direct and SSB heterodyne detection converge to the same value if
B/∆ν = 2. In the opposite limit as η−1ν0 → ∞, quantum noise dominates and
T ′

n → (B/∆ν)1/2(T ′
q/η)1/2 (T ′

A + T ′
eff)1/2. Hence, in this case direct detection is

more sensitive than homodyne and SSB heterodyne detection. Direct detection
curves do not intersect the SSB heterodyne one when B/∆ν ≤ 2 being direct
detection always more sensitive in this case (see Fig. 5.17a). When B/∆ν > 2
SSB heterodyne detection is more sensitive than direct detection in the classical
region as evidenced in Fig. 5.17b. Recall all this analysis is done assuming ideal
optical detectors (except for their quantum efficiency). In reality, the non-ideal
optical device used for detection might exhibit different photocurrent noise values
depending on whether direct or homodyne/heterodyne detection is used.

Similarly, in the quantum-dominated region η−1ν0 →∞, homodyne detection
always outperforms SSB heterodyne one because the former adds half (instead
of one) noise photon per second per unit bandwidth. In the classical region,
however, the

√
2 penalty for observing just a single component of the field makes

homodyne detection significantly less sensitive than direct or heterodyne. In short,
the lower is the number of signal photons received during the observation time τ ,
the more significant are the quantum-originated additional noise photons in terms
of sensitivity degradation. In this case direct detection greatly outperforms any
coherent approach because noise scales as

√︂
T ′

q rather than T ′
q, while homodyne

detection outperforms SSB heterodyne one because it adds half a photon less.

5.4.4 Sensitivity estimations
As discussed throughout this chapter, the advantage of building a mm-wave/THz
receiver using an upconverter instead of a conventional LNA or mixer as frontend
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is twofold: Firstly, as evidenced in Fig. 5.11, the coupling strength to a WGM
resonator can be controlled to reduce the amount of thermal noise upconverted,
potentially reaching effective noise temperatures well below the physical temperature
of the upconverter. This is of great interest since state-of-the-art submillimeter-
wave and THz LNAs and mixers exhibit noise temperatures of several hundreds
of Kelvin while working at room temperature or even under cryogenic conditions
[35–40,44,152]. Secondly, a receiver built upon an upconverter can indirectly count
microwave or THz photons with standard room-temperature optical detectors.
As seen in Fig. 5.17, this might be of interest in applications such as e.g. radio
astronomy since direct detection (or photon counting) significantly outperforms
coherent detection for sufficiently weak signals in the THz range [138]. Both
advantages represent a noise improvement from classical and quantum perspectives.

However, upconversion has a main drawback: the low conversion (and pho-
todetection) efficiencies η achieved so far in practice. Although for weak and high
frequency signals direct detection introduces less quantum noise than coherent
detection, a comparison between the upconverter and conventional mixers or LNAs
must consider the difference between efficiencies. For conventional frontends, η

refers to the fraction of incoming photons that are not lost due to e.g., an impedance
mismatch or ohmic losses. Hence, the amount of quantum noise introduced by
an SSB mixer or LNA follows the straight line in Fig. 5.17. On the other hand,
in practice, the efficiency of an upconverter can be easily a few (say, n) orders of
magnitude below that of conventional frontends. In that case curves for direct
(or coherent) detection after upconversion in Fig. 5.17 must be shifted n orders
of magnitude to the left, along the horizontal axis in order to compare with the
quantum noise of conventional frontends. If n is sufficiently large, upconversion
will incur more quantum noise than an LNA or mixer, in some cases making
the resulting total noise (classical plus quantum) also higher, setting back the
advantages of using an upconversion frontend.

Let us now consider an upconverter as frontend and compare it with conven-
tional LNAs and mixers achieving state-of-the-art noise performance at different
frequency bands. The figure of merit under consideration is the input-referred noise
temperature T ′

rec of LNAs and DSB mixers characterized through the Y-factor
method [35–40, 44, 152]. This value is then compared with the predicted noise
temperatures of the upconverter including classical and quantum contributions
T ′

n + T ′
eff such that added to the antenna temperature T ′

A, can be plugged into the
classical radiometer equation (5.87) to give the actual radiometric uncertainty.
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Figure 5.18: Noise comparison between conventional LNAs and DSB mixers and an
upconverter followed by direct detection. T ′

A = 0 is assumed. Deal [35], Leon [36],
Tess [152], Chat [44], Hamm [37], Treu [38], Schl [39], Hayt [40].
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In Fig. 5.18 the comparison is done assuming the upconverter is followed
by direct optical detection. For different efficiency values η, several noise curves
T ′

n + T ′
eff are plotted against the amount of thermal noise upconverted T ′

eff which
is determined by the coupling strength to the WGM resonator, and its intrinsic
Q factor (see Fig. 5.11). Quantum noise T ′

n is dependent on these values and
on the antenna temperature T ′

A as well. In Fig. 5.18, T ′
n is calculated via Eq.

(5.148) assuming a Lorentzian filter (B′/∆ν ′ = 2) and zero input T ′
A = 0. If results

with T ′
A ̸= 0 are needed, then one just needs to evaluate in Fig. 5.18 the curve

corresponding to T ′
eff → T ′

eff + T ′
A at the desired frequency ν0, and keep in mind

the result in the vertical axis now corresponds to the total noise T ′
n + T ′

eff + T ′
A.

Subtracting T ′
A to this result yields the desired additive noise temperature T ′

n + T ′
eff

that is comparable with the receiver temperature T ′
rec of conventional LNAs and

mixers.

In the case of heterodyne detection after upconversion, DSB quantum noise
values are considered T ′

n = T ′
q/(2η) to properly compare with the DSB mixers

reported in the literature. Similar to the direct detection case, curves for different
T ′

eff values are plotted in Fig. 5.19. In this case, the curves are valid for any value
of T ′

A as quantum noise in heterodyne detection is input-independent.

As seen in Fig. 5.18, the photon conversion efficiency strongly affects the noise
performance of the upconverter followed by direct detection. For η = 10−3, the
upconverter would be competitive with cryogenic mixers at frequencies beyond
2 THz. This is the case in the submillimeter-wave range as long as the WGM
resonator is sufficiently overcoupled such that T ′

eff . 100 K. These conditions
are strongly relaxed if the efficiency is increased to the 10−2 to 10−1 range. In
this case, room-temperature upconverters followed by incoherent detectors are
competitive with LNAs and mixers from millimeter-wave to THz frequencies even
under cryogenic conditions in some cases. This occurs with little-to-no need for
radiatively cooling the WGM by overcoupling the resonator. Finally, the ideal case
of η = 1 shows the physical limits of incoherent detection. It is evident how the
total noise is approximately constant and equal to T ′

eff when T ′
eff & 290 K, indicating

that thermal noise is dominant. On the contrary, quantum noise is dominant for
low thermal contributions as e.g., T ′

eff = 10 K. In this case, the total noise after
direct detection can be even below the standard quantum limit for DSB coherent
detection T ′

q/2.

As expected, noise in heterodyne detection is even more susceptible to low
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values of η than in incoherent detection. In this case, Fig. 5.19 shows how for
η = 10−3 the total noise is mostly of quantum origin, as the curves barely vary
from T ′

eff = 10 K to T ′
eff = 1000 K. Room-temperature upconversion followed by

heterodyne detection starts to be competitive in the THz range for η & 10−2, being
significantly better than conventional frontends (cooled and at room-temperature)
for η & 10−1. The limit of coherent detection is seen in the ideal case of η = 1.
Similar to the direct detection case, thermal noise is dominant for T ′

eff & 290 K,
whereas quantum noise dominates for T ′

eff = 10 K. Since detection is coherent and
DSB, the total noise of the upconversion receiver is lower-bounded by the standard
quantum limit T ′

q/2.
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Figure 5.19: Noise comparison between conventional LNAs and DSB mixers and an
upconverter followed by DSB heterodyne. Deal [35], Leon [36], Tess [152], Chat [44],
Hamm [37], Treu [38], Schl [39], Hayt [40].
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CHAPTER 6

CONCLUSIONS AND FUTURE PERSPECTIVES

6.1 Conclusions
In this thesis, we have investigated the feasibility of nonlinear parametric upcon-
version as a low noise detection mechanism of millimeter-wave and THz radiation.
It was shown that the development of highly efficient resonant electro-optic up-
converters —mainly motivated by their promising capabilities as quantum state
transducers —is also exploitable for highly-sensitive THz receivers with no require-
ment for cryogenic operation.

The work presented has been essentially theoretical. We aimed to describe in
detail a receiver consisting of a triply-resonant electro-optic modulator, and put
emphasis on resonators of whispering-gallery type. A classical electromagnetics
approach was followed to describe nonlinear interactions in guiding and resonant
structures. We avoided treating the whispering-gallery resonator as an isolated
structure having evenly distributed energy. Instead, the resonator was modeled
as a driven loop waveguide, where the evolution of the fields along its perimeter
is accounted for. Finally, thermal and quantum noise in the system was analyzed
following a semi-classical approach, valid on the grounds of full quantum mechanical
derivations reported in the literature.

Chapters 1 and 2 mainly cover basic concepts of nonlinear optics, waveguides,
and resonators that are already available in the literature. Nevertheless, we believe
it was important to highlight some subtle facts that are often overlooked in the
bibliography. For instance, as shown in Chapter 1 one must keep in mind the
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correct way of calculating the power carried by a mode that is interacting with
others in a nonlinear medium (through Eq. (1.28)). Since the magnitude and phase
of the complex amplitude of the modes change while they propagate due to the
energy exchange with others, the power is not simply proportional to the square
of the electric field. This is especially important when counter-propagating waves
exist. It was pointed out that counter-propagating solutions are enabled only when
the second-order derivatives in the coupled differential equations (1.15) are not
neglected as it is usually done in the literature.

In Chapter 2 we studied standing-wave (Fabry-Pérot) and traveling-wave
(whispering-gallery) resonators from a waveguide perspective, using the conven-
tional directional coupler model of excitation. A modification to the well-known
Fabry-Pérot cavity equations is made owing to the fact that counter-propagating
waves are in general not (power-wise) decoupled in an arbitrary waveguide hav-
ing a complex characteristic impedance. This fact might be relevant in the THz
domain where losses in the resonator are usually high. In addition, a method for
quickly determining the complex eigenfrequencies of homogeneous spheres with
slight anisotropies was presented. The results were confirmed experimentally with
sapphire spheres in W-band.

In Chapter 3 a general framework for analyzing the nonlinear interaction
between guided modes in arbitrary straight and bent waveguides is developed. Only
Maxwell’s equations are used to that end, with the constraint that the waveguide
structure is uniform along a direction in a given coordinate system. The full vector
fields are taken into account and no assumption is made about the anisotropy
of the involved media, other than having a diagonalizable permittivity tensor in
a proper coordinate system. A set of n second-order one-dimensional coupled
nonlinear differential equations (3.34) describing the evolution of n interacting
modes is obtained. Since the problem is one-dimensional, the solution can be
quickly obtained via numerical integration. The remaining two dimensions are
reduced to parameters (3.50) that can be readily obtained through standard linear
2D full-wave simulations of the waveguide’s cross-section. Analytical solutions
for the propagating modes (Eq. (3.117)) are found in THz-to-optical SFG and
DFG, under the slow-varying approximation in the undepleted pump regime. With
this, a simple upconverter is designed based on z-cut LN thin films and microstrip
lines. Although its efficiency is about one order of magnitude lower than that of
optimized x-cut thin film LN EOMs with CPW lines [47], a z-cut architecture is
needed for a resonant version based on high Q WGMs.
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Using the framework developed in Chapter 3, nonlinear optics in WGM res-
onators is analyzed in Chapter 4. One advantage of this approach is the nor-
malization of the modes in terms of the active power they carry, which involves
both electric and magnetic fields. This removes any ambiguity in the definition
of mode volume [54, 153]. Furthermore, the waveguide treatment allows us to
compute the evolution of the modes during each of the infinite round-trips, taking
into account their possible non-uniformity along the perimeter of the resonator,
owing to a significant exchange of energy within a single round-trip. Closed-form
expressions are obtained for DFG and SFG processes assuming an undepleted
pump. The model is valid for arbitrary coupling and loss parameters, so can be
used for e.g. infinitely overcoupled resonators that behave as a waveguide for all
intents and purposes. Our results are compared with those obtained from the
cavity quantum electro-optics model that computes the interaction Hamiltonian of
the whole cavity [7,109,117]. Both models match for sufficiently large intrinsic and
loaded quality factors, and sufficiently low nonlinear coupling strength. As shown in
figs. 4.7 and 4.8, the differences between models become significant when the cavity
Hamiltonian assumption fails, i.e., when modes are extremely overcoupled such that
the intra-cavity power enhancement Qc/(2πm) is below unity. Similarly, the cavity
Hamiltonian model fails with extremely large nonlinear coupling coefficients above
ξp ∼ O(10−1) (see Fig. 4.5) because some modes can be significantly depleted
within a single round-trip as shown in Fig. 4.6. To put this in perspective, the value
ξp ∼ O(10−1) corresponds with a nonlinear coupling rate g4 ∼ 2πO(100 kHz) in a
WGM resonator with optical intrinsic Qi ≈ 108 pumped with a critically-coupled
laser with power on the order of tens of milliWatts (or intra-cavity power of tens of
Watts, see Fig. 4.4). Such large pump powers and nonlinear coupling rates are far
from the experimental demonstrations reported to date, but on the order of some
proposed designs [154]. We finally design a simulate a thin-film LN resonant EOM
in a loop microstrip. A theoretical photon conversion efficiency of about 1% per
milliWatt pump power is predicted.

Finally, in Chapter 5 we study the performance of a radiometer that uses a WGM-
based SFG upconverter as an intermediary to indirectly sense the temperature of
thermal millimeter-wave/THz radiation with photodetectors at room temperature.
We first quantify the amount of thermal noise that couples to the THz WGM due
to the physical temperature of the resonator, and is afterward upconverted to the
optical domain. We do this by finding a continuum of equivalent uncorrelated
electromagnetic sources distributed along the perimeter of the resonator that
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populate the THz mode according to thermodynamic principles. Then, the theory
developed in chapters 3 and 4 is used to compute the total noise that is upconverted
from such a distributed continuum of sources. Our result agrees with previous
cavity models in the limit of high loaded quality factor [22]. However, it prohibits
arbitrary radiative cooling down to 0 K by infinitely overcoupling the resonator
(compare Eq. (5.64) with (5.65) and solid with dashed lines in Fig. 5.11). Instead,
our model takes into account that non-zero thermal noise is upconverted to the
optical domain in the single round-trip of an infinitely overcoupled THz mode,
setting a fundamental minimum for the thermal noise present in the upconverted
signal.

Knowing the thermal contribution to the radiometer noise, the effects of quantum
noise in the radiometric sensitivity are investigated. The results differ fundamentally
on whether the optical detection stage after upconversion is incoherent or coherent.
For incoherent detection (photon counting), we find that conventional radiometric
characterization via Y-factor measurements would underestimate the actual noise
of the receiver as quantum noise manifests as an added variance in the photon
counts with zero added mean. Hence, an estimation of this variance or radiometric
variability is appropriate instead. Not surprisingly, we found the quantum-induced
variability is amplified with the reciprocal of the photodetection and conversion
efficiencies η. Our theoretical results are derived from a semi-classical perspective
and in the ideal case agree with the physical limits for the sensitivity achievable
by any conceivable device measuring thermal radiation [138]. However, we found
that the spectral shape of the measured band-limited signal impacts the quantum-
originated noise, been an ideal rectangular filter the best choice.

For coherent optical detection after SFG upconversion, homodyne and het-
erodyne techniques are studied separately. Based on the quantum-mechanical
derivations of [140], our minimum noise results for SSB and DSB heterodyne
detection agree with those expected from a general SSB and DSB mixer respec-
tively [150]. However, the quantum-originated input-referred noise temperatures
(Rayleigh-Jeans units) are also amplified by η−1, i.e., they result η−1hν/kB and
η−1hν/(2kB) for SSB and DSB detection respectively. Because the optical image
band is not thermally populated, no cooled filters or backshorts for image band
rejection are needed for optical SSB heterodyne detection. This is advantageous
in high sensitivity applications. Homodyne detection adds a quantum noise tem-
perature η−1hν/(2kB), but the radiometric uncertainty (standard deviation) is

√
2
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times higher than for DSB heterodyne detection since only the component of the
radiation that is in phase with the optical local oscillator is measured.

Theoretical estimations of the sensitivity of an upconversion radiometer were
made as a function of the observation frequency and efficiency η, for different
realistic values of effective thermal noise temperature Teff coupled to the resonator.
The EOM designed in Chapter 4 is infinitely overcoupled and reaches a Teff ≈ 30 K at
room temperature. Comparisons were made with cryogenic and room-temperature
state-of-the-art conventional receivers (LNAs and DSB mixers). We conclude
that, if efficiencies above 1% are accomplished, room-temperature upconversion
radiometers followed by incoherent detection would exhibit higher sensitivity than
cooled and room-temperature conventional receivers in the sub-millimeter-wave
range (see Fig. 5.18). The improvement is more significant at higher frequencies.
For instance, at 2 THz a room-temperature upconverter would outperform 90 K-
cooled Schottky mixers by about one order of magnitude in terms of overall
noise temperature. Performing heterodyne detection after upconversion is less
sensitive, so conversion efficiencies on the order of η ≈ 10% or higher are required
to significantly outperform conventional receivers at millimeter-wave and THz
frequencies (see Fig. 5.19).

6.2 Perspectives
The immediate future line that follows from the theoretical work presented in this
dissertation is the fabrication of a resonant EOM in a similar thin-film LN platform
as the one presented in Section 4.4.2. Realizing the predicted photon conversion
efficiencies would represent an improvement of about two orders of magnitude with
respect to the state-of-the-art at such frequencies [8]. The efficiency measurement
can be done by feeding the upconverter with power-calibrated W-band extenders
of a vector network analyzer and measuring the power of the sidebands with an
optical spectrum analyzer. The laser coupling losses shall be characterized to
find the normalized conversion efficiency. Using the upconverter as a radiometer
requires the optical detection stage whose setup entails some complications. We
can expect the out-coupled sidebands to be orders of magnitude below the input
pump in terms of power. Perfect critical-coupling of the pump is not achievable
in practice, so the power of the outcoupled pump can be easily above or on the
same order as that of the sidebands. We shall remove this outcoupled pump if
incoherent optical detection is performed, which requires highly selective optical
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filters, such as a Bragg notch. The problem is that, if the laser is locked to the
resonator, then the resonator must be temperature-stabilized to fix the pump to
the rejection band of the pump-suppression filter.

One alternative is performing optical heterodyne (or homodyne) detection
because the photodetectors are not fast enough to resolve the beatnote created
with the pump. However, one complication is to generate a second laser tone near
the frequency of the sideband, that is phase-locked with the pump. One could for
instance use an off-the-shelf EOM to modulate the pump with a microwave local
oscillator, so that the generated sideband is used as the optical local oscillator of
the coherent detection scheme. This however requires a microwave local oscillator,
which hinders the practical use of this radiometer scheme at THz frequencies
where high power and low noise local oscillators are difficult to realize. A compact
and promising workaround is the use of passively mode-locked lasers in photonic
integrated circuits (PIC) [155,156]. In this case, two phase-locked laser tones at
frequencies νp and νLO are split, and while νp pumps the WGM EOM, νLO is used
as the local oscillator of the optical heterodyne detection scheme. The frequency
separation between tones must match the difference between the observation
THz frequency (ν0) and the intermediate frequency after downconversion, i.e.,
νLO − νp = ν0 − νIF, because the SFG sideband is at frequency νs = νp + ν0 (see
Fig. 5.16a). The development of a fully integrated architecture involving the PIC
laser, EOM, and optical detection stage is worth investigating.

In radiometric measurements, the SFG sideband is preferred over the DFG one
because it is free of spontaneous parametric downconversion (SPDC) noise. The
amount of SPDC noise incurred by allowing the existence of the DFG sideband
is expected to be small [157], adding a temperature hν0/kB in the worst-case
scenario of full intra-cavity amplification of the THz signal [131, 132]. However,
it is possible to prevent the DFG sideband from been generated by engineering
an asymmetric optical free-spectral-range (FSR), such that the DFG sideband is
off-resonance. This was already demonstrated experimentally by Rueda [7], paving
the way towards 100% efficient and intrinsically noiseless upconversion to a single
SFG sideband [119]. The asymmetric FSR is realized by finding two modes that
are close to degeneracy, so that can be easily linearly coupled by e.g., tuning the
temperature of the cavity. At this point, avoided crossings occur and the modes
are shifted from their degeneracy resonance frequency, where the off-resonant DFG
sideband is placed [7].
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The same goal of generating only the SFG sideband could be realized with a
different approach. A highly frequency-selective optical coupler can be engineered to
strongly overcouple the DFG sideband while keeping the pump and SFG sideband
unperturbed (ideally critically-coupled) [8]. This leads to the situation described by
the Qc3 = 0 curves in Fig. 4.5, where no signal amplification induced by the DFG
process occurs because the DFG sideband is not resonantly enhanced, and therefore
the SFG conversion efficiency cannot surpass 100%. Properly engineered Bragg
gratings could be etched in an optical coupling waveguide to make it frequency-
selective [8, 89]. Alternatively, the coupler can form part of an interferometer that
strongly outcouples only the DFG sideband.

The frequency-selective couplers described above would also be useful for in-
creasing the upconversion bandwidth, normally limited by the optical linewidth of
the sidebands, which are on the order of few MHz when critically coupled in high
Q resonators (Qi ∼ 107–108). Overcoupling all optical modes would increase the
bandwidth ∆ν at the expense of reducing the loaded Q and thus the conversion
efficiency as η ∝ ∆ν−2 (see Eq. (4.107)). If only the linewidth of the sideband is
broadened by overcoupling, while the pump is kept critically coupled, then the
conversion efficiency is reduced linearly with the bandwidth η ∝ ∆ν−1, which is
more affordable. The same affordable bandwidth increase could be achieved using
polarization-selective couplers (such as anisotropic waveguides or prisms [92]) as
long as the nonlinear crystal allows for efficient and phase-matched interaction be-
tween optical fields with orthogonal polarizations. This type of nonlinear interaction
can occur in stoichiometric lithium tantalate with Type-II phase-matching [18].
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