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We prove the existence and multiplicity of bound and ground state solutions, under
appropriate conditions on the parameters, for a bi-harmonic stationary system coming
from a system of coupled nonlinear Schrödinger–Korteweg-de Vries equations. We
arrive at that stationary system looking for “standing-traveling” wave solutions. We
first show the existence of a semi-trivial solution of the form (0, V2), where V2 is a
ground state of∆2v+λ2v =

1
2 |v |v . This semi-trivial solution will have the lowest energy

among all the semi-trivial solutions. Moreover, depending on the coupling parameter,
this semi-trivial solution will be a strict local minimum or a saddle point. Furthermore
we show the existence of a global minimum on the Nehari manifold with energy below
the energy of the semi-trivial solution, for some values of the coupling parameter. In
addition, by applying the mountain-pass theorem, we find another critical point for
certain values of the parameters. All of this is obtained constraining the functionals to
the appropriate Nehari manifolds and, in the high-dimensional case, restricted to radial
framework. This analysis is supported by some numerical evidence finding the profiles
of some solutions. Published by AIP Publishing. https://doi.org/10.1063/1.5010682

I. INTRODUCTION

In the present work, we analyze the existence of solutions of the following higher order system,
coupling nonlinear Schrödinger–Korteweg-de Vries equations




ift − fxxxx + |f |2f + βfg = 0,

gt − gxxxxx + 1
2 (|g|g)x + 1

2 β(|f |2)x = 0,
(1)

with f = f (x, t) ∈ C, g = g(x, t) ∈ R, and β ∈ R the coupling parameter. This system shows phenomena
of interactions between short and long dispersive waves, where f represents the short-wave, while g
stands for the long-wave. This kind of phenomenon has been usually analyzed looking for traveling
waves. However, looking for “standing-traveling” (this is the first time, to the best of our knowledge,
that the interaction of standing and traveling waves has been analyzed in the mathematical literature)
wave solutions of the form

(f (x, t), g(x, t))=
(
eiλ1tu(x), v(x − λ2t)

)
, where u, v are real functions,

we arrive at the fourth-order stationary system




u(4) + λ1u = u3 + βuv ,

v (4) + λ2v =
1
2 |v |v + 1

2 βu2,
(2)
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where w(4) denotes the fourth derivative of w. Although system (1) only makes sense in dimension
1, passing to the stationary system (2), it makes sense to consider it in higher dimensional cases, as
follows:




∆2u + λ1u = u3 + βuv ,

∆2v + λ2v =
1
2 |v |v + 1

2 βu2,
(3)

where u, v ∈ W2, 2(RN ), 1 ≤ N ≤ 7, λj > 0 with j = 1, 2 and β > 0 is again the coupling parameter.
Higher order nonlinear Schrödinger equations have been under scrutiny during the last decades

by several authors such as Fibich et al.18 Karpman and Shagalov,22 Pausader,26 or Guo, Ablowitz,
and Zhu, among others. From an application point of view, we should point out that this kind
of fourth order equation appears in the propagation of intense laser beams in a bulk medium
with Kerr nonlinearity and have been analyzed mathematically considering this framework by
Fibich et al.18 (faster transmission in fiber optics) with the purpose of obtaining stability results
of solitons in magnetic materials. Note that the stability of the solitons coming from Nonlinear
Schrödinger equations with power nonlinearity will depend on the dimension. Moreover, as dis-
cussed by several authors, and in relation to the problem presented here, it is important to note
that the effect of the higher order terms plays a relevant role as well; see Ref. 22 for further
details.

On the other hand, it is already well known that the third order KdV equation describes
the evolution of weakly nonlinear and weakly dispersive shallow waves in physical contexts
such as plasma, ion-acoustic waves, stratified internal, and atmospheric waves. For this third
order model, much has been analyzed and obtained during the last decades. However, although
it seems that the fifth order has been forgotten or never analyzed before, we must mention a
not very widely known work of Baker8 and published in 1903. In particular, a fifth order KdV,
which might occur for nonlinear and weakly dispersive long waves where the surface tension
is large, was studied. Also, this fifth order equation might also appear for weak amplitude ion-
acoustic waves in unmagnetized plasma; see Ref. 20 for a long discussion about these kinds of
works.

In most of those works mentioned above the analysis focuses on considering traveling waves
specifically. However, in this paper for the proposed model (1), we will put under mathematical
analysis and for the first time, the possible interaction between standing and traveling waves enriching
the already existing family of solutions in water wave theory, after coupling a fourth-order Schrödinger
equation and a KdV equation of fifth order.

Recently, other similar fourth-order systems studying the interaction of coupled nonlinear
Schrödinger equations have appeared; see Ref. 3, where the coupling terms have the same homo-
geneity as the nonlinear terms. Note that, as far as we know there is not any previous mathematical
work analyzing a higher order system with the nonlinear and coupling terms as the ones considered
here in system (3).

Thus, in particular we first analyze the existence of solutions for system (3) in the dimensional
case 2 ≤ N ≤ 7 in the radial framework (see Subsection IV A) by using the compactness described
in Remark 2-(iii). On the other hand, the one dimensional case is studied in Subsection IV B where
we use a measure lemma from the work of Lions25 to circumvent the lack of compactness.

Thanks to the structure of system (3), the corresponding energy functional is not bounded
below. For this particular reason, we constrain the problem on the Nehari manifold, having then
a functional bounded below. We shall show in Sec. II, this Nehari manifold is actually a natural
constraint.

Furthermore, we show that system (3) has a semi-trivial solution, v2 = (0, V2) defined in Sec. III.
In fact, we prove that depending on the coupling parameter, this semi-trivial solution will be a strict
local minimum or a saddle point of the energy functional constrained to the Nehari manifold; see
details below. Then, in order to find bound or ground state solutions, we need to check that they are
different from v2, with both components different from zero.

To be more precise, we prove that there exist two threshold values of the coupling parameter
β, denoted by Λ+ and Λ�, and defined by (21) such that the associated functional constrained to the
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corresponding Nehari manifold possesses a global minimum, which is a critical point with energy
below the energy of the semi-trivial solution under the following assumptions:

� either β > Λ+,
� β < Λ�,
� or Λ� < β < Λ+ and λ2 � 1.

We would like to point out that one cannot follow and use Steiner symmetrization to show that
any solution of (3), analyzed in E=W2,2(RN ) × W2,2(RN ), is going to be radially symmetric. This
fact and the compactness argument above are the main reasons to work in the radial space H = H
× H, with H defined as the radially symmetric functional subspace of W2, 2(RN ).

Recently in Refs. 12 and 13, a similar system to (1) has been analyzed




ift + fxx + |f |2f + βfg = 0,

gt + gxxx + ggx + 1
2 β(|f |2)x = 0,

arising in fluid mechanics, such as the interactions of capillary-gravity water waves,23 magnetized
plasma,21,27 and in many physical phenomena as well, such as Bose-Einstein condensates;9,11 see
Refs. 2, 12–16, and 19 for further details on similar systems.

The solutions studied in papers12,13 (see also Refs. 15 and 16) are taken as solitary traveling
waves, i.e.,

(f (x, t), g(x, t))= (eiωtei c
2 xu(x − ct), v(x − ct)), where u, v are real functions.

Choosing λ1 =ω + c2

4 and λ2 = c, then u and v are solutions of the following stationary system:




−u′′ + λ1u = u3 + βuv ,

−v ′′ + λ2v =
1
2 v

2 + 1
2 βu2.

We have organized the paper as follows. In Sec. II, we introduce the notation, establish the
functional framework, define the Nehari manifold and study its properties. In Sec. III, we construct
a semi-trivial solution and show its geometry depending on the coupling parameter. Section IV is
devoted to proving the main results of the paper. It is divided into two subsections: in the first one
(Subsection IV A), we study the high-dimensional case (2 ≤ N ≤ 7), while the second one (Subsection
IV B) deals with the one-dimensional case. Finally in Sec. V, we perform a numerical analysis using
a WKBJ-type asymptotic approximation and a standard shooting strategy from infinity showing the
profiles of some solutions.

II. FUNCTIONAL SETTING, NOTATION, AND NEHARI MANIFOLD

Let E be the Sobolev space W2, 2(RN ) then, we define the following equivalent norms and scalar
products:

〈u, v〉jB
∫
RN
∆u · ∆v dx + λj

∫
RN

uv dx, ‖u‖2j B 〈u, u〉j j = 1, 2.

Let us define the product Sobolev space EBE ×E and denote its elements by u = (u, v) with 0 = (0,
0). We will take the inner product in E as follows:

〈u1, u2〉B 〈u1, u2〉1 + 〈v1, v2〉2, (4)

which induces the following norm:

‖u‖B
√
‖u‖21 + ‖v ‖22 .

We denote by H the space of radially symmetric functions in E, and H := H × H. In addition, we
define the energy functional associated with system (3) by

Φ(u)= I1(u) + I2(v) − 1
2 β

∫
RN

u2v dx, u= (u, v) ∈E, (5)
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where

I1(u)= 1
2 ‖u‖

2
1 −

1
4

∫
RN

u4 dx, I2(v)= 1
2 ‖v ‖

2
2 −

1
6

∫
RN
|v |3 dx, u, v ∈ E,

are the energy functionals associated with the uncoupled equations in (3). We define

Ψ(u)=Φ′(u)[u]= ‖u‖2 −
∫
RN

u4 dx − 1
2

∫
RN
|v |3 dx − 3

2 β

∫
RN

u2v dx. (6)

Using the previous definition, the Nehari manifold is given by

M= {u ∈E \ {0} :Ψ(u)= 0}. (7)

This manifold will be used in order to deal with the one dimensional case in Subsection IV B, in
which there is no compactness, see Remark 2-(iii).

In the dimensional case 2 ≤ N ≤ 7, we restrict the Nehari Manifold to the radial setting, denoting
it as

N= {u ∈H \ {0} :Ψ(u)= 0}. (8)

Remark 1. All the properties we are going to prove in this section are satisfied for both M and
N, but the Palais-Smale (PS) condition, in Lemma 3, is only satisfied for Φ on N because we are
analyzing this problem on the radial setting, see again Remark 2-(iii).

Now, we are going to prove some properties for the Nehari manifold N which can be extended
to the other Nehari manifold M. Thus, differentiating expression (6) yields

Ψ
′(u)[u]= 2‖u‖2 − 4

∫
RN

u4 dx − 3
2

∫
RN
|v |3 dx − 9

2 β

∫
RN

u2v dx, (9)

and using the fact that Ψ(u) = 0 for any u ∈N, we have

Ψ
′(u)[u]=Ψ′(u)[u] − 3Ψ(u)=−‖u‖2 −

∫
RN

u4 dx < 0, ∀u ∈N. (10)

Then, N is a locally smooth manifold near any point u , 0 with Ψ(u) = 0. Taking the derivative of
the functional Φ in the direction h = (h1, h2), we find

Φ
′(u)[h]= I ′1(u)[h1] + I ′2(v)[h2] − β

∫
RN

uvh1 dx − 1
2 β

∫
RN

u2h2 dx.

The second derivative of Φ is given by

Φ
′′(u)[h]2 = ‖h‖2 − 3

∫
RN

u2h2
1 dx −

∫
RN
|v |h2

2 dx − β
∫
RN
vh2

1 dx − 2β
∫
RN

uh1h2 dx.

It satisfies
Φ
′′(0)[h]2 = ‖h‖2,

which is positive definite so that 0 is a strict minimum critical point for Φ. As a consequence, we
have that N is a smooth complete manifold, and there exists a constant ρ > 0 such that

‖u‖2 > ρ ∀u ∈N. (11)

Notice that having (10) and (11) (Ref. 6, Proposition 6.7) (see also Ref. 5) proves that N is a natural
constraint ofΦ, i.e., u ∈H\{0} is a critical point ofΦ if and only if u is a critical point ofΦ constrained
on N.

Remarks 2.

(i) The functional constrained on N takes the form

Φ|N(u)= 1
6 ‖u‖

2 + 1
12

∫
RN

u4 dx. (12)

Even more, using (11) and (12),

Φ(u)> 1
6 ρ ∀u ∈N. (13)

Therefore,Φ is bounded from below on N, so we can try to minimize it on the Nehari manifold.
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(ii) For u ∈E, there exists a unique positive t ∈ R such that tu ∈M. Note that t comes from the
following expression:

‖u‖2 = t2
∫
RN

u4 dx + t

(
1
2

∫
RN
|v |3 dx + 3

2 β

∫
RN

u2v dx

)
. (14)

Thus in particular if u1, u2 ∈M, then the set{
tuB t[αu1 + (1 − α)u2] : 0 ≤ α ≤ 1, and t is defined by(14)

}
⊂M,

proving that M (as well as N) is path-connected.

(iii) Let us define

2∗ =



2N
N−4 if N > 4,

∞ if 1 ≤N ≤ 4.

One has the following Sobolev embedding:

E ↪→Lp(RN ), for



2 ≤ p ≤ 2∗, if N , 4,

2 ≤ p< 2∗, if N = 4,

see, for instance, Refs. 1 and 24. In particular, these embeddings show that the functional Φ
is well defined for every 1 ≤ N ≤ 7. Concerning the Palais-Smale condition for 2 ≤ N ≤ 7
(see Lemma 3), we will use that if N ≥ 2, replacing E by the radial subspace H, we have the
following compact embedding:

H↪→↪→Lp(RN ), for 2 < p< 2∗.

The one dimensional case (N = 1) is analyzed in a different manner in Subsection IV B
because of the lack of compactness.

To conclude this section, we also prove that the functionalΦ satisfies the PS condition constrained
to N on the high-dimensional case.

Lemma 3. Assume that 2 ≤ N ≤ 7, then Φ satisfies the PS condition constrained on N.

Proof. Let un = (un, vn) ∈N be a PS sequence, i.e.,

Φ(un)→ c and ∇NΦ(un)→ 0, as n→∞. (15)

From (12) and the first convergence in (15), it follows that un is bounded, then we have a weakly
convergent subsequence (denoted again by un) un ⇀ u0 ∈ H. Since H is compactly embedded into
Lp(RN ) for 2 < p< 4 + 2

3 and 2 ≤N ≤ 7 [see Remark 2-(iii)], we infer that∫
RN

u4
n dx→

∫
RN

u4
0 dx,

∫
RN
|vn |

3 dx→
∫
RN
|v0 |

3 dx,
∫
RN

u2
nvn dx→

∫
RN

u2
0v0 dx.

Moreover, using the fact that un ∈N and (11), we have

‖un‖
2 =

∫
RN

u4
n dx + 1

2

∫
RN
|vn |

3 dx + 3
2 β

∫
RN

u2
nvn dx→

∫
R

u4
0 dx + 1

2

∫
RN
|v0 |

3 dx + 3
2 β

∫
RN

u2
0v0 dx ≥ ρ,

which implies that u0 , 0. The constrained gradient satisfies

∇NΦ(un)=Φ′(un) − λnΨ
′(un)→ 0, (16)

then, taking into account (10) and (11) the fact thatΦ
′

(un)[un] =Ψ(un) = 0 and evaluating the identity
of expression (16) at un, we deduce that λn → 0 as n→∞. We also have that ‖Ψ

′

(un)‖ is bounded.
Hence, from (16), jointly with the fact λn → 0, we obtain

‖Φ′(un)‖ ≤ ‖∇NΦ(un)‖ + |λn | ‖Ψ
′(un)‖ → 0 as n→∞.

To finish the proof since Φ
′

(un)[u0]→ 0 as n→∞, it follows that un → u0 strongly. �
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III. EXISTENCE AND PROPERTIES OF SEMI-TRIVIAL SOLUTIONS

System (3) only admits one kind of semi-trivial solution of the form (0, v). Indeed, if we suppose
v = 0, the second equation in (3) gives us that u = 0 as well. Thus, let us take v2 = (0, V2), where V2

is a radially symmetric ground state solution of the equation ∆2v + λ2v =
1
2 |v |v in H (not necessarily

a ground state in E). Moreover, if we denote by V a radially symmetric ground state solution of the
equation

∆
2v + v =

1
2
|v |v , (17)

then, after some scaling, V2 can be defined by

V2(x)= λ2V ( 4
√
λ2x). (18)

As a consequence, the ground state V2 provides us with a semi-trivial solution v2 = (0, V2) which
actually is a semi-trivial solution of (3) with lowest energy among all the semi-trivial solutions.

We define the Nehari manifold corresponding to the second single equation of (3) by

N2 = {v ∈H \ {0} : J2(v)= 0} ,

where
J2(u)B I ′2(u)[u].

Let us define the tangent space to N on v2 by

Tv2NB
{
h ∈E :Ψ′(v2)[h]= 0

}
,

and equivalently we define the tangent space to N2 on V2 by

TV2N2B
{
h ∈ E : J ′2(V2)[h]= 0

}
.

We can see that the following equivalence holds:

h= (h1, h2) ∈ Tv2N⇐⇒ h2 ∈ TV2N2, (19)

in fact,
h ∈ Tv2N⇐⇒ Ψ′(v2)[h]= 0

⇐⇒ 2〈V2, h2〉2 −
3
2 ∫RN V2

2 h2 dx = 0
⇐⇒ J ′2(V2)[h2]= 0
⇐⇒ h2 ∈ TV2N2.

If we denote by D2ΦN the second derivative of Φ constrained on N, using that v2 is a critical
point of Φ, plainly we obtain that

D2
ΦN(v2)[h]2 =Φ′′(v2)[h]2 ∀ h ∈ Tv2N. (20)

In the following result, we establish the character of v2 in terms of the size of the coupling parameter.

Definition 4. We define

Λ
+B inf

ϕ∈H
ϕ |A.0

‖ϕ‖21

∫Rn V+
2 ϕ

2 dx
, and Λ

−B− inf
ϕ∈H
ϕ |B.0

‖ϕ‖21

∫Rn V−2 ϕ
2 dx

, (21)

where

V+
2 (x)=max{0, V2(x)}, A= supp (V+

2 ), V−2 (x)=max{0,−V2(x)}, B= supp (V−2 ),

with V2 =V+
2 − V−2 .

Remark 5. V2 is an oscillatory solution to (17) of changing sign with a sequence of zeros which
converges to infinity. The existence of a positive ground state solution to (17), up to our knowledge,
is still unknown. See Ref. 18 for further details.

Proposition 6.

(i) If Λ� < β < Λ+, then v2 is a strict local minimum of Φ constrained on N.
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(ii) If either β < Λ� or β > Λ+, then v2 is a saddle point of Φ constrained on N. Moreover,

inf
N
Φ<Φ(v2). (22)

Proof.

(i) Case (0 ≤ β < Λ+)
For h ∈ Tv2N, one has that

D2
ΦN(v2)[h]2 =Φ′′(v2)[h]2 = ‖h1‖

2
1 + I ′′2 (V2)[h2]2 − β

∫
RN

V2h2
1 dx

or equivalently

D2
ΦN(v2)[h]2 = ‖h1‖

2
1 + I ′′2 (V2)[h2]2 − β

∫
Rn

V+
2 h2

1 dx + β

∫
Rn

V−2 h2
1 dx. (23)

First, since 0 ≤ β < Λ+ and the definition of Λ+ by (21), there exists c1 > 0 such that

‖h1‖
2
1 − β

∫
Rn

V+
2 h2

1 dx ≥ c1‖h1‖
2
1 , for example c1 = 1 −

β

Λ+ .

On the other hand, using (19) and the fact that V2 is a minimum of I2 on N2, there exists a
constant c2 > 0 such that

I ′′2 (V2)[h2]2 ≥ c2‖h2‖
2
2 . (24)

Since

β

∫
Rn

V−2 h2
1 dx ≥ 0,

we obtain
D2
ΦN(v2)[h]2 ≥ c1‖h1‖

2
1 + c2‖h2‖

2
2 , (25)

proving that v2 is a strict local minimum of Φ on N.
Case (Λ� < β < 0)

Due to the definition of Λ� by (21), it follows that there exists c′1 > 0 such that

‖h1‖
2
1 + β

∫
Rn

V−2 h2
1 dx ≥ c′1‖h1‖

2
1 , for example, c′1 = 1 −

β

Λ−
.

Using (24) we can conclude analogously that v2 is a strict local minimum of Φ on N since

−β

∫
Rn

V+
2 h2

1 dx ≥ 0.

(ii) Case (β > Λ+)
In this case, we choose an element h̃1 ∈H such that h̃1 = 0 in the support of V+

2 and

Λ
+ <

‖h̃1‖
2
1

∫RN V+
2 h̃2

1 dx
< β.

Then, taking h̃1 = (̃h1, 0) ∈ Tv2N, it yields

D2
ΦN(v2)[̃h1]2 = ‖h̃1‖

2
1 − β

∫
RN

V+
2 h̃2

1 dx < 0,

and taking h̃2 ∈ TV2N2 different from zero, then h̃2 = (0, h̃2) ∈ Tv2N and

D2
ΦN(v2)[̃h2]2 = I ′′2 (V2)[̃h2]2 ≥ c2‖h̃2‖

2
2 > 0.

Therefore, v2 is a saddle point of Φ on N and obviously inequality (22) holds.
Case (β < Λ�)

Similar to the previous case, we can take an element ĥ1 ∈H such that ĥ1 = 0 in the support
of V−2 and

β <−
‖ĥ1‖

2
1

∫RN V−2 ĥ2
1 dx

<Λ−.
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Then, with ĥ1 = (̂h1, 0) ∈ Tv2N, we obtain

D2
ΦN(v2)[̃h1]2 = ‖h̃1‖

2
1 + β

∫
RN

V−2 h̃2
1 dx < 0.

Therefore as in the previous case, v2 is a saddle point of Φ on N and (22) holds. �

IV. EXISTENCE RESULTS OF NON-TRIVIAL SOLUTIONS

This section is divided into two subsections depending on the dimension of problem (3).

A. High-dimensional case, 2 ≤ N ≤ 7

In this subsection, we will see that the infimum of Φ constrained on the radial Nehari manifold
N is attained under appropriate parameter conditions. We also prove the existence of a mountain pass
critical point.

Theorem 7. Suppose either β < Λ� or β > Λ+, and 2 ≤ N ≤ 7. The infimum of Φ on N is
attained at some ũ with Φ(ũ)<Φ(v2) and both components ũ, ṽ . 0.

Proof. By the Ekeland’s variational principle (see Ref. 17 for further details), there exists a
minimizing sequence un ∈N, i.e.,

Φ(un)→ cB inf
N
Φ and ∇NΦ(un)→ 0.

Due to the Lemma 3, there exists ũ ∈N such that

un→ ũ strongly as n→∞,

hence, ũ is a minimum point of Φ on N. Moreover, taking into account Proposition 6-(ii), we have

Φ(ũ)= c <Φ(v2).

Note that the second component ṽ cannot be zero because if that occurs then ũ≡ 0 due to the form
of the second equation of (3), and zero is not in N. On the other hand, if we suppose that the first
component ũ≡ 0, then

I2 (̃v)=Φ(ũ)<Φ(v2)= I2(V2),

and this is a contradiction due to the fact that V2 is a ground state of the equation ∆2v + λ1v =
1
2 |v |v .

Finally we conclude that both components are non-trivial because, due to Proposition 6, we have
Φ(ũ), with I2(V2) the ground state energy level of (17). More precisely, remember that if the second
component ṽ = 0 then ũ= 0 which is a contradiction due to Φ(ũ)> 0. If ũ= 0 since Φ(0, ṽ)= I2 (̃v),
we find a contradiction because V2 is a ground state of the equation ∆2v + λ2v =

1
2 |v |v . �

Theorem 8. Assume 2 ≤ N ≤ 7, β > 0. There exists a positive constant Λ2 such that, if λ2 > Λ2,
the functional Φ attains its infimum on N at some û withΦ(û)<Φ(v2) and both components û, v̂ . 0.

Proof. Using the same argument as above in Theorem 7, we prove that the infimum is attained
at some point û ∈N, but to show that û, v̂ . 0 we need to ensure that Φ(û)<Φ(v2). In Theorem 7,
this fact was proved for either β < Λ� or β > Λ+ and here we need to prove it for Λ� < β < Λ+. In
this case, v2 is a strict local minima of Φ on N but this does not guarantee that û . v2.

Then, to see Φ(û)<Φ(v2), we will prove that there exists an element of the form

w= t(V2, V2) ∈N with Φ(w)<Φ(v2),

for λ2 large enough.
Notice that, thanks to the equation Ψ(w) = 0 we have that any t > 0 satisfies the following

condition:

t2‖(V2, V2)‖2 − t4
∫
RN

V4
2 dx − 1

2 t3(1 + 3β)
∫
RN

V3
2 dx = 0, (26)
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and by definition we also have

‖(V2, V2)‖2 = 2‖V2‖
2
2 + (λ1 − λ2)

∫
RN

V2
2 dx. (27)

Moreover, since V2 ∈N2, we have

‖V2‖
2
2 −

1
2

∫
RN

V3
2 dx = 0. (28)

Substituting (27) and (28) in (26), it follows

t2
(∫

RN
V3

2 dx + (λ1 − λ2)
∫
RN

V2
2 dx

)
− t4

∫
RN

V4
2 dx − 1

2 t3(1 + 3β)
∫
RN

V3
2 dx = 0. (29)

Hence, applying the scaling (18) yields∫
RN

Vp
2 dx = λ

p− N
4

2

∫
RN

Vp dx. (30)

Subsequently, substituting (30) for p = 2, 3, 4 into (29) and dividing by t2λ
3− N

4
2 , we have that∫

RN
V3 dx +

λ1 − λ2

λ2

∫
RN

V2 dx − t2λ2

∫
RN

V4 dx − 1
2 t(1 + 3β)

∫
RN

V3
2 dx = 0. (31)

Moreover, from (12), (27), and (28), we find, respectively, the expressions

Φ(w)= 1
6 t2

(∫
RN

V3
2 dx + (λ1 − λ2)

∫
RN

V2
2 dx

)
+ 1

12 t4
∫
RN

V4
2 dx, (32)

Φ(v2)= I2(V2)= 1
2 ‖V2‖

2
2 −

1
6

∫
RN

V3
2 =

1
12

∫
RN

V3
2 . (33)

Furthermore, we are looking for the inequality Φ(w) < Φ(v2), or equivalently,

1
6 t2

(∫
RN

V3
2 dx + (λ1 − λ2)

∫
RN

V2
2 dx

)
+ 1

12 t4
∫
RN

V4
2 dx − 1

12

∫
RN

V3
2 dx < 0, (34)

and then, applying again (30) and multiplying (34) by 6λ
N
4 −3, we actually have

t2
(∫

RN
V3 dx +

λ1 − λ2

λ2

∫
RN

V2 dx

)
+ 1

2 t4λ2

∫
RN

V4 dx − 1
2

∫
RN

V3 dx < 0. (35)

For λ2 large enough, we find that (31) will provide us with (35). Therefore, there exists a positive
constant Λ2 such that for λ2 > Λ2 inequality (35) holds, proving that

Φ(û) ≤Φ(w)<Φ(v2).

Finally, to show that û, v̂ . 0, we can use the same argument as in Theorem 7. �

In the following, we will prove the existence of a MP critical point of Φ on N.

Theorem 9. Assume 2 ≤ N ≤ 7 and Λ� < β < Λ+. There exists a constant Λ2 such that if λ2

> Λ2, then Φ constrained on N has a mountain-pass critical point u∗ with Φ(u∗) > Φ(v2).

Proof. Due to Proposition 6-(i), v2 is a strict local minima of Φ on N, and taking into account
Theorem 8, we obtain Λ2 such that for λ2 > Λ, we have Φ(û)<Φ(v2). Under these conditions, we
are able to apply the mountain-pass theorem (see Ref. 7 for further details) to Φ on N that provide
us with a PS sequence vn ∈N such that

Φ(vn)→ cB inf
γ∈Γ

max
0≤t≤1

Φ(γ(t)),

where
ΓB

{
γ : [0, 1]→N continuous | γ(0)= v2, γ(1)= û

}
.
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Note that Γ is well defined because of N is path-connected.
Furthermore, applying Lemma 3, we are able to find a subsequence of vn such that (relabeling)

vn → u∗ strongly in H. Thus, u∗ is a critical point of Φ satisfying

Φ(u∗)>Φ(v2),

which conclude the proof. �

B. One-dimensional case, N = 1

Here we must point out that we do not have the compact embedding even for H. However, we
will show that for a PS sequence, we are able to find a subsequence for which its weak limit is a
solution of (3) belonging to E. Thus, in order to avoid the lack of compactness for N = 1, we will use
the following result of measure theory that one can find in Ref. 25.

Lemma 10. If 2 < q < ∞, there exists a constant C > 0 so that∫
R
|u|q dx ≤C

(
sup
z∈R

∫
|x−z |<1

|u(x)|2 dx

) q−2
2

‖u‖2E , ∀ u ∈ E. (36)

The next result is the analogous to Theorem 7 for the one-dimensional case but working on the
full Nehari manifold M defined by (7).

Theorem 11. Suppose N = 1 and either β < Λ� or β > Λ+. The infimum of Φ on M is attained
at some u with both components u, v . 0. Moreover, Φ(u)<Φ(v2).

Proof. Again, by the Ekeland’s variational principle, there exists a PS sequence un ∈M, i.e.,

Φ(un)→ cB inf
M
Φ and ∇MΦ(un)→ 0

such that un is bounded since (12). Also, we can assume that the sequence un possesses a subsequence
such that (relabeling) it weakly converges un ⇀ u in E, un→ u strongly in Lq

loc(R)=Lq
loc(R)×Lq

loc(R)
for every 1 ≤ q < ∞ and uk → u a.e. in R. Moreover, arguing in the same way as in Lemma 3, we
obtain Φ

′

(un)→ 0 as n→∞.
Furthermore, we will prove that there is no loss of mass at infinity for µn(x)B u2

n(x) + v2
n (x),

where un = (un, vn), i.e., there exist R, C > 0 such that

sup
z∈R

∫
|z−x |<R

µn(x) dx ≥C > 0, ∀n ∈N. (37)

On the contrary, if we suppose

sup
z∈R

∫
|z−x |<R

µk(x) dx→ 0,

and thanks to Lemma 10 applied in a similar way as in Ref. 10, we find that uk → 0 strongly in Lq(R)
for any 2 < q < ∞. This is a contradiction since un ∈N, and from (13) jointly with the fact Φ(un)
→ c, we have

0 <
1
7
ρ < c + on(1)=Φ(un), with on(1)→ 0 as n→∞,

hence (37) is true and there is no loss of mass at infinity.
We observe that there is a sequence of points {zn} ⊂ R such that by (37), the translated sequence

µn(x)= µn(x + zn) satisfies

lim inf
n→∞

∫
BR(0)

µn dx ≥C > 0.

Taking into account that µn→ µ strongly in L1
loc(R), we obtain that µ. 0; thus, the weak limit of

un(x)Bun(x + zn), which we denote it by u, is non-trivial. Notice that un, u ∈M and un is the PS
sequence of level c for Φ on M. Moreover, if we set F = Φ|M [similar to (12)] and using Fatou’s
lemma, we obtain the following:

Φ(u)=F(u) ≤ lim inf
n→∞

F(un)= lim inf
n→∞

Φ(un)= lim inf
n→∞

Φ(un)= c.
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Therefore, u is a non-trivial critical point ofΦ constrained on M. Furthermore, it is not a semi-trivial
solution because of Φ(u)<Φ(v2) from Proposition 6-(ii). �

Theorem 8 can by extended to the one-dimensional case directly using the same idea as we have
performed in the last proof, obtaining the following.

Corollary 12. Assume N = 1, β > 0. There exists a positive constant Λ2 such that if λ2 > Λ2,
the functional Φ attains its infimum on N at some û with Φ(û)<Φ(v2) and both û, v̂ . 0.

To finish, for N = 1, Theorem 9 can be obtained in a similar manner, obtaining the following.

Corollary 13. Assume N = 1 and Λ� < β < Λ+. There exists a constant Λ2 such that if λ2 > Λ2,
then Φ constrained on N has a mountain-pass critical point u∗ with Φ(u∗) > Φ(v2).

V. NUMERICAL ANALYSIS

In this section, we will perform a numerical analysis of the solutions of system (3) in the radial
geometry; see Ref. 4 for a similar analysis. Then, we will consider u = u(r) = (u(r), v(r)), thus, the
bi-Laplacian operator takes the form

∆
2u= u(4) + 2(N−1)

r u′′′ + (N−1)(N−3)
r2 u′′ − (N−1)(N−3)

r3 u′. (38)

Substituting the above equation into (3), we obtain the following radial problem




u(4) + 2(N−1)
r u′′′ + (N−1)(N−3)

r2 u′′ − (N−1)(N−3)
r3 u′ + λ1u = u3 + βuv

v (4) + 2(N−1)
r v ′′′ + (N−1)(N−3)

r2 v ′′ − (N−1)(N−3)
r3 v ′ + λ2v =

1
2 |v |v + 1

2 βu2
. (39)

As we have proved, the solutions of this problem vanish at infinity, and we will use a two scale WKBJ-
type asymptotics to approximate u(r) when r is large enough. We assume that u has an exponential
decay at infinity of the form

u(r)≈u∞(r)= (rα1 eδ1r , rα2 eδ2r), as r→∞,

where δj and αj with j = 1, 2 come from, balancing, respectively, the first and second leading terms
to zero on the left-hand side in (40). Indeed, substituting u∞ into (39), the left-hand side of the first
equation divided by eδ1r takes the form

e−δ1r
(
u(4) + 2(N−1)

r u′′′ + (N−1)(N−3)
r2 u′′ − (N−1)(N−3)

r3 u′ + λ1u
)
=

α1(α1 − 1)(α1 − 2)(α1 − 3)rα1 − 4 + 4α1(α1 − 1)(α1 − 2)δ1rα1 − 3 + 6α1(α1 − 1)δ2
1rα1−2 + 4α1δ

3
1rα1−1+

δ4
1rα1 + 2(N − 1)

[
α1(α1 − 1)(α1 − 2)rα1−4 + 3α1(α1 − 1)δ1rα1−3 + 3α1δ

2
1rα1−2 + δ3

1rα1−1
]

+

(N − 1)(N − 3)
[
α1(α1 − 1)rα1−4 + 2α1δ1rα1−3 + δ2

1rα1−2 − α1rα1−4 − δ1rα1−3
]

+ λ1rα1 .

Taking the first and second leading terms above, which correspond to rα1 and rα1−1, respectively, we
arrive at the equations

δ4
1 + λ1 = 0 and 2α1 + N − 1= 0.

Following the same procedure in the second equation of (39), we obtain similar conditions on the
parameters, i.e.,

αj =−
N−1

2 and δ4
j =−λj with j = 1, 2. (40)

Taking into account that u(r) vanish at infinity, we have

δj =−
4
√
λj
√

2
±

4
√
λj
√

2
i, with j = 1, 2,

and
u∞(r)= r−

N−1
2 (u∞(r), v∞(r)), (41)
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with

u∞(r)= e
−

4√λ1
√

2
r
(
C11 cos

(
4√λ1√

2
r
)

+ C12 sin
(

4√λ1√
2

r
))

,

v∞(r)= e
−

4√λ2
√

2
r
(
C21 cos

(
4√λ2√

2
r
)

+ C22 sin
(

4√λ2√
2

r
))

,

where Cji ∈ R, i, j = 1, 2 are constants. Notice that the above expressions can be written in a more
simple fashion with other constants kji ∈ R, i, j = 1, 2 as follows:

u∞(r)= k11e
−

4√λ1
√

2
r

cos
(

4√λ1√
2

(r − k12)
)

,

v∞(r)= k21e
−

4√λ2
√

2
r

cos
(

4√λ2√
2

(r − k22)
)

.

Once, we have this estimation of u(r) at infinity, we apply the standard shooting strategy from r large
enough, where the constants kji are taken such that u(r) is even at the origin, i.e.,

u′(0)=u′′′(0)= 0. (42)

Note that there are four conditions involved in the above equalities, two per each component, and we
have four constants kji which balance algebraically the shooting problem.

Figure 1 was generated by Matlab’s solver ode15swith boundary conditions given by u∞(r) at
r = 25, and error tolerance RelTol = AbsTol = 10�13. (a) shows the solution of the system without
coupling terms, while (b) shows the oscillation exponentially decaying tail. Analogously, (c) and (d)
show a solution for the coupling parameter β = 1.

FIG. 1. Numerical solution of system (39) with N = 1 and λ1 = λ2 = 1. (a) and (b) correspond to β = 0 and k11 = 2.2340,
k12 = 1.6390, k21 = �5.5528, k22 = 6.5485. (c) and (d) correspond to β = 1 and k11 = 7.8306, k12 = 2.9776, k21 = 9.5870,
k22 = 5.6798.
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