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We develop energy efficient, continuous microwave schemes to couple electron and nuclear spins, using
phase or amplitude modulation to bridge their frequency difference. These controls have promising
applications in biological systems, where microwave power should be limited, as well as in situations with
high Larmor frequencies due to large magnetic fields and nuclear magnetic moments. These include
nanoscale NMR where high magnetic fields achieves enhanced thermal nuclear polarization and larger
chemical shifts. Our controls are also suitable for quantum information processors and nuclear polarization
schemes.
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Introduction.—Color centers in diamond, such as the
nitrogen-vacancy (NV) center [1,2], have emerged as a
solid state system that can detect, polarize, and control
individual nuclear spins in their vicinity [3–6]. This ability
promises applications that range from quantum information
processing and quantum simulation on small scale quantum
registers [7–13] to nanoscale nuclear magnetic resonance
(NMR) [14–16] and other sensing tasks in biological
environments [17]. A fundamental question in this field
is how to extend the coherence time of color centers—
insulating them from their fluctuating magnetic environ-
ment—, while enabling strong and selective interactions
with individual nuclear spins. For the NV center this
challenge is met through dynamical decoupling (DD)
schemes: continuous [18–21] or pulsed microwave sequen-
ces [10,22–31] that can be applied to mitigate the impact of
solid state [32–34] and biological environments [35,36].
In the context of NMR, e.g., the presence of strong

magnetic fields would be of great benefit as they increase
the NMR signal by enhancing the spin polarization, induce
large chemical shifts that encode molecular structure [37],
and aid in the spectral resolution of spins. Moreover, strong
magnetic fields lead to longer nuclear spin lifetimes,
facilitating quantum information processors and nuclear
polarization schemes.
Nevertheless, experiments with color centers are typi-

cally realized in the sub-Tesla magnetic field regime
[4,8,9,11,38–48] due to experimental limitations. The
obstacle is the need to bridge the frequency mismatch
between the NV center and the target spin in the presence of
a high externally applied magnetic field. When using
continuous microwaves, the Larmor frequency of the target

nucleus determines the Rabi frequency of the microwave
control—the Hartmann-Hahn (HH) condition [49]—,
implying microwave powers that grow with the magnetic
field and imposing serious stability requirements on the
microwave source. The situation does not improve for
pulsed controls: the Larmor frequency determines the
frequency at which π pulses are applied to the color center,
implying very fast and energetic pulses with high-fre-
quency repetition rates. These power requirements also
imply significant challenges for their use in biological
samples, because a strong microwave heats the organic
matter, perturbing its dynamics or even destroying it. In
recent work this challenge was identified and addressed
[50]. However, in microwave power sensitive applications
continuous waves may offer advantages as their average
energy consumption at the same decoupling and sensing
efficiency can be lower than for pulsed schemes [36].
In this Letter, we show that there are indeed continuous

microwave controls that can bridge the Larmor frequency
difference between electronic and nuclear spins. These
methods modulate the phase or amplitude of a continuous
microwave field. The modulation is taken to have a
frequency ν ∼ ωn −Ω0 that provides the difference
between the Rabi frequency of the microwave pulse Ω0

and the frequency of the target nuclear spin ωn. This
technique works even when the microwave field amplitude
Ω0 is insufficient to achieve a HH resonance. As a result,
our schemes demand lower peak and average powers to
achieve a coherent interaction with a nucleus than all
continuous controls based on the HH condition.
Furthermore, we demonstrate that, thanks to the periodic
modulation scheme, our controls inherit the robustness
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against control errors that is typical of DD and pulsed
methods.
We start by considering the Hamiltonian of a NVelectron

spin coupled to a set of nuclei. This reads ðℏ ¼ 1Þ

H¼DS2z − γeBzSz−
X

j

γjBzIzþSz
X

j

A⃗j · I⃗jþHc; ð1Þ

with the NV zero-field splitting D ¼ ð2πÞ × 2.87 GHz, a
constant magnetic field Bz applied along the NV axis (i.e.,
the ẑ axis), the gyromagnetic constants for the electro-
nic spin γe ≈ −ð2πÞ × 28.024 GHz=T and specific nuclei
in the environment γj—e.g., 13C nuclei have γ13C ¼
ð2πÞ × 10.705 MHz=T—.The NV spin operators are Sz¼
j1ih1j− j−1ih−1j and Sx¼1=

ffiffiffi
2

p ðj1ih0jþj−1ih0jþH:c:Þ.
The hyperfine vector decays according to a dipole-dipole
interaction [51] A⃗j ¼ ½μ0γeγn=ð2jr⃗jj3Þ�fẑ − 3½ð(ẑ · r⃗j)r⃗jÞ=
ðjr⃗jj2Þ�g with the vector r⃗j connecting the NV center and
the jth nucleus. The microwave (MW) control Hamiltonian
is conveniently written asHc ¼

ffiffiffi
2

p
ΩSx cos ðωt − ϕÞ, para-

metrized by two external controls: the Rabi frequency Ω
and the microwave phase ϕ, while the MW frequency ω
will be on resonance with one of the NV spin transitions,
namely, the j0i ↔ j1i transition [52]. Hamiltonian (1)
should include the dipole-dipole interaction among nuclei.
We omit it to simplify the presentation but it will be fully
considered in the numerical simulations below.
An external magnetic field and a suitably tuned micro-

wave field effectively reduce the dimensionality of the NV
center, which can be treated as a pseudospin. The new
Hamiltonian [52]

H¼−
X

j

ωn;jω̂n;j · I⃗jþ
σz
2

X

j

A⃗j · I⃗jþ
Ω
2
ðj1ih0jeiϕþH:c:Þ

ð2Þ

is defined in a rotating frame generated by H0 ¼
DS2z − γeBzSz. In this frame, the jth nuclear spin’s
resonance frequency ωn;j ¼ jω⃗n;jj with ω⃗n;j ¼ ð− 1

2
Ax;j;

− 1
2
Ay;j;ωL − 1

2
Az;jÞ depends on the hyperfine vectors

and the nuclear Larmor frequency ωL ¼ γjBz. For simplic-
ity, we assume a cluster of 13C nuclei γj ¼ γ13C ∀ j (a
common situation in diamond samples) and introduce the
normalized vectors ω̂n;j ¼ ω⃗n;j=ωn;j. When the magnetic
field Bz is large, the resonance frequency of the jth nucleus
deviates linearly from its Larmor frequency ωL as a
function of the hyperfine vector

ωn;j ≈ ωL −
1

2
Az;j ≡ γ13CBz −

1

2
Az;j: ð3Þ

The HH condition [49] is a standard procedure to achieve
resonant interaction with a nuclear spin (e.g., the jth one) in

which the Rabi frequency matches the frequency of the
target spin Ω ¼ ωn;j ¼ γ13CBz − 1

2
Az;j. In high-field envi-

ronments this implies large Rabi frequencies and micro-
wave powers—e.g., B ¼ 1 T gives Ω=ð2πÞ ≈ 10 MHz for
a 13C and 42 MHz for a 1H nucleus—. Our goal is to lower
these requirements with minor changes in the control field.
Phase modulation control scheme.—We address this

challenge and enable NV-nuclear coupling at high magnetic
fields by introducing a continuous drive in Eq. (1)
described by

Hc ¼
ffiffiffi
2

p
Ω0Sx cos ðωtÞ þ

ffiffiffi
2

p
Ω1Sx cos ðωt − ϕÞ; ð4Þ

with a phase ϕ that will be switched periodically between
the values 0 and π. The control in Eq. (4) gives rise to the
following Hamiltonian that we will use as the starting point
of our simulations [52]

H ¼ −
X

j

ωn;jω̂n;j · I⃗j þ
σz
2

X

j

A⃗j · I⃗j

þ
�
Ω0 þ Ω1eiϕ

2
j1ih0j þ H:c:

�
: ð5Þ

For the sake of clarity of presentation we consider
the phase flips as instantaneous, but stress that in our
numerical simulations the phase flips will take a finite
time determined by experimental limitations. In Eq. (5)
the phase flip between 0 and π allows us to write the
driving term, i.e., the last term at its right-hand side, as
½ðΩ0 þ FðtÞΩ1Þ=2j1ih0j þ H:c:�, where the modulation
function FðtÞ takes the values þ1 (or −1) for ϕ ¼ 0 (or
ϕ ¼ π). Control of the phase allows for the construction
of a modulation function FðtÞ with period T, see Fig. 1(a),

(a) (b)

FIG. 1. (a) A discrete phase modulation in time ϕðtÞ ∈ f0; πg
(red-solid line) combined with a constant drive, leads to
modulations of the Rabi frequency ΩðtÞ ¼ Ω0 þ FðtÞΩ1 ∈
fΩ0 −Ω1;Ω0 þ Ω1g (blue long-dashed line). Modulation func-
tion FðtÞ (green short-dashed line). (b) Harvested signal hσxi vs
phase modulation frequency ν ¼ 2π=T for two interrogation
times, tf ¼ 0.205 (black-dashed line) and tf ¼ 0.308 ms
(blue-solid line). Signal is maximal when ν ¼ ωn;1 − Ω0 spans
the difference between the Rabi frequency of the NV and the
resonance frequency of the interrogated nuclear spin.
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that can be expanded in its Fourier components as FðtÞ ¼
ða0=2Þ þ P∞

n¼1fan cos ½ð2nπ=TÞt� þ bn sin ½ð2nπ=TÞt�g
where an ¼ ð2=TÞ R T

0 FðtÞ cos ½ð2nπ=TÞt�, and bn ¼
ð2=TÞ R T

0 FðtÞ sin ½ð2nπ=TÞt�.
To determine the NV-nuclear coupling mechanism

and the required resonance condition that result from the
phase control in Eq. (4) we move to a rotating frame
with respect to −

P
jωn;jω̂n;j · I⃗j and the driving term

½ðΩ0 þ FðtÞΩ1Þ=2j1ih0j þ H:c:�. For simplicity we select
a phase change that produces an even FðtÞ, i.e.,
FðtÞ ¼ P∞

n¼1 an cos ðnνtÞ, where ν ¼ 2π=T but other con-
structions including odd components for FðtÞ are equally
possible. This leads to the Hamiltonian [52]

HðtÞ ¼ 1

2
½jþih−jeiΩ0tei

P
∞
n¼1

anΩ1
nν sinðnνtÞ þ H:c:�·

×
X

j

½A⊥
x;jIx;j cosðωn;jtÞ

þ A⊥
y;jIy;j sinðωn;jtÞ þ Ak

z;jIz;j�; ð6Þ

where j�i¼ð1= ffiffiffi
2

p Þðj1i�j0iÞ, A⊥
x;j¼jA⃗j−ðA⃗j ·ω̂n;jÞω̂n;jj,

A⊥
y;j ¼ jω̂n;j × A⃗jj, Ak

z;j ¼ jðA⃗j · ω̂n;jÞω̂n;jj, Iδ;j ¼ I⃗j · δ̂

with δ̂¼ x̂j, ŷj, or ẑj, and x̂j¼½ðA⃗j−ðA⃗j ·ω̂n;jÞω̂n;jÞ=A⊥
x �,

ŷj ¼ ½ðω̂n;j × A⃗jÞ=A⊥
y �, ẑj ¼ f½ðA⃗j · ω̂n;jÞω̂n;j�=Ak

z;jg. With

the aid of the Jacobi-Anger expansion [eiz sinðθÞ≡Pþ∞
n¼−∞ JnðzÞeinθ, with JnðzÞ the Bessel function of the

first kind] we can rewrite the exponentials in Eq. (6) as

eiΩ0tei
P

∞
n¼1

ðanΩ1=nνÞ sin ðnνtÞ ¼Q∞
n¼1

P∞
m¼−∞ JmðanΩ1=nνÞ×

eiðΩ0þmnνÞt to find

Ω0 þmnν ¼ ωn;k ð7Þ

as the resonance condition for the kth nucleus [52].
Equation (7) implies that, unlike the HH condition, a
NV-nucleus resonance can be achieved for small Rabi
frequencies Ω0, Ω1 if we apply a continuous drive
interrupted by periodic phase flips at a large frequency
ν. Equation (7) exhibits resonances for a wide variety of
values m and n but for small arguments anΩ1=ðnνÞ the
interaction strength between the NV and the kth nucleus is
largest for m ¼ n ¼ 1 and ν ¼ ωn;k −Ω0, which yields the
effective NV-nucleus flip-flop Hamiltonian [52]

H ≈
A⊥
x;k

2
J1

�
a1Ω1

ν

�
½jþih−jIþk þ j−ihþjI−k �: ð8Þ

For the discussion of energy efficiency it is important to
stress at this point that, as we will demonstrate later, a large
value for ν does not imply large microwave power.
The Hamiltonian (8) produces a signal that we will

quantify with the electronic expectation value hσxi, with
σx ¼ j1ih0j þ j0ih1j. More specifically, from Eq. (8) one

can calculate that the expected signal for a sequence of
length tf is

hσxi ¼ cos2
�
A⊥
x;kJ1ða1Ω1=νÞ

4
tf

�
: ð9Þ

Note that, for a periodic phase-modulated sequence as the
one shown in Fig. 1(a) we have a1 ¼ 4=π. Finally, we
would like to remark that continuous DD schemes with
periodic phase flips have been proposed for extending the
NV coherence [53] and to improve DD robustness [20], but
their advantages in terms of energy efficiency and nuclear
spin control have not been explored to the best of our
knowledge.
Amplitude modulation control scheme.—As an alterna-

tive to phase modulation we may also consider amplitude
modulation for achieving energy-efficient electron-nuclear
coupling. Let us consider an amplitude modulated con-
tinuous driving field of the form

Hc ¼
ffiffiffi
2

p
ΩðtÞSx cos ðωtÞ; ð10Þ

with ΩðtÞ ¼ Ω0 −Ω1 sinðνtÞ. Analogously to the previous
section (for more details see Ref. [52]) we find HðtÞ ¼
1
2
½jþih−jeiΩ0teiðΩ1=νÞ cos ðνtÞ þ H:c:�Pj½A⊥

x;jIx cos ðωn;jtÞþ
A⊥
y;jIy;j sin ðωn;jtÞ þ Ak

z;jIz�. While we selected an odd
amplitude modulation, i.e., a sinelike tailoring for
Ω1, we would like to stress that other combinations
including even modulations are also possible. Again,
using the Jacobi-Anger expansion, eiz cosðθÞ ≡ J0ðzÞ þ
2
Pþ∞

n¼1 i
nJnðzÞ cos ðnθÞ, we find for ν ¼ ωn;k −Ω0

the following flip-flop Hamiltonian between the
NV and the kth nucleus [52] H ≈ ðA⊥

x;k=2ÞJ1ðΩ1=νÞ×
½ijþih−jIþk − ij−ihþjI−k �, that leads to hσxi ¼
cos2f½ðA⊥

x;kJ1(Ω1=ν)Þ=4�tfg.
Numerical verification.—In the following we will ana-

lyze the phase-modulated scheme numerically to verify the
accuracy of the theoretical analysis (see Ref. [52] for the
analysis of the amplitude modulated scheme which yields
similar results). This provides two alternatives which,
depending on the specifics of the experimental equipment
and the physical setup, can be chosen for optimal perfor-
mance in practice.
To demonstrate the performance of themethod, in Fig. 1(b)

we show a spectrum involving a NV center and a single 13C
nucleus such that A⃗ ≈ ð2πÞ × ½−6.71; 11.62;−17.09� kHz
and B ¼ 1 T, which results in a nuclear Larmor frequency
of≈ð2πÞ × 10 MHz. This hyperfine vector A⃗ corresponds to
a 13C nucleus located in one available position of a diamond
lattice. We used two phase-modulated sequences of different
duration (see caption for more details) and show that the
obtained signals (yellow-solid and black-dashed curves) that
were numerically computed from Eq. (5) match, first, the
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position of the expected resonance ν ¼ ωn;1 − Ω0 for
m ¼ n ¼ 1, see Eq. (7), and, second, the theoretically
calculated depth (green vertical lines with the circle and
square denoting the maximum theoretical depth) for the
signal hσxi, see Eq. (9), for two different evolution times.
Furthermore, in our numerical simulationswe did not assume
instantaneous 0 to π phase flips but allowed the phase change
to take place in a time interval of length tϕflip

≈ 5 ns, with ϕ

changing from0 to π in 20 discrete steps, which is well within
the reach of the time resolution ofmodern arbitrarywaveform
generators [54]. To calculate the signals in Fig. 1(b) we used
Rabi frequencies Ω0 ¼ Ω1 ¼ ð2πÞ × 1 MHz, which are 1
order of magnitude below the Rabi frequency that would
achieve a HH resonance and concomitantly more energy
efficient. Furthermore, our phase modulated scheme allows
us to get narrower signals than those obtained with the HH
scheme; see Ref. [52].
Nuclear spin addressing and robustness.—Our method

also offers the possibility of improving nuclear spin
addressing by modifying the value of Ω1. Hamiltonian
(8) shows that the effective NV-nuclear coupling is given by
A⊥
x;k=2J1ða1Ω1=νÞ ≈ A⊥

x;k=2ða1Ω1=2νÞ. Then, a lower
value Ω1 implies a longer evolution and better energy
selectivity as the rotating wave approximation over non-
resonant terms is more accurate [52]. In addition, fluctua-
tions on the microwave control are also reduced. Note that
these are proportional to the Rabi frequency; i.e., Ω0;1

should be replaced by Ω0;1½1þ ξðtÞ� with ξðtÞ a fluctuating
function. We will show the robustness of our scheme in the
face of realistic control errors; see later in Fig. 2.
Furthermore, in Ref. [52] we study situations with even
larger control error conditions, as well as a comparison with
the error accumulation process for the case of the HH
resonance.
For the case of NV centers in diamonds with a low

nitrogen concentration, i.e., in ultrapure diamond samples,
the main source of decoherence appears as a consequence

of the coupling among the NV center and the 13C nuclei in
the lattice [51,55]. In Fig. 2 we have simulated a system
containing a NV quantum sensor and a three coupled
13C nuclear spin cluster in a diamond lattice. The
hyperfine vectors of the simulated sample are A⃗1 ≈
ð2πÞ × ½−6.71; 11.62;−17.09�, A⃗2≈ð2πÞ×½−8.21;23.70;
−34.30�, and A⃗3 ≈ ð2πÞ × ½6.76; 19.53;−8.02� kHz, such
that the resonant frequencies at B ¼ 1 T, see Eq. (3), are
ωn;1¼ð2πÞ×10.71, ωn;2 ¼ ð2πÞ × 10.72, and ωn;3¼ð2πÞ×
10.70MHz. These nuclei present internuclear coupling
coefficients gj;l ¼ ðμ0=4Þðγ213C=r3j;lÞ½1 − 3ðnzj;lÞ2� (with rj;l
the distance between jth and lth nuclei, and nzj;l the z proje-
ction of the unit vector r⃗j;l=rj;l) that are g1;2 ≈ð2πÞ×
−472, g1;3≈ð2πÞ×14.95, and g2;3≈ð2πÞ×50.10Hz. In
Fig. 2(a) we use a phase-modulated continuous sequ-
ence with Ω0 ¼ Ω1 ¼ ð2πÞ × 1 MHz for a final time
tf ¼ 0.205 ms. Here, we have simulated an ideal phase-
modulated sequence without microwave control errors
(blue-solid line) and a situation involving microwave power
fluctuations (black squares). It can be observed that both
signals overlap; i.e., the method is noise resilient while both
the position of the resonances and the depth of the signals
(green vertical lines) coincide with the theoretical predic-
tion of Eqs. (3) and (9), respectively. The noise in the
microwave field is simulated by averaging 200 runs of a
Ornstein-Uhlenbeck (OU) stochastic process [56] with time
correlation τ ¼ 0.5 ms and noise amplitude p ¼ 0.5% [57].
In Fig. 2(a) the three spin resonances cannot be fully
resolved; however, in Fig. 2(b) we used a different set
of control parameters, namely, Ω0 ¼ ð2πÞ × 1, Ω1 ¼
ð2πÞ × 0.5 MHz, and a longer sequence tf ¼ 0.411 ms.
In these conditions the effective NV-coupling has been
reduced by a factor of 2 (note that we are also implementing
a longer sequence) as the corresponding Bessel functions
are J1ða1½ð2πÞ× 0.5MHz�=νÞ≈ 1

2
J1ða1½ð2πÞ× 1MHz�=νÞ,

and the three nuclear spins can be clearly resolved. Again,
the blue solid line represents the ideal signal while over-
lapping black squares have been calculated under the same
noise conditions than the previous case.
Summarizing, from Fig. 2(b) we can observe how our

phase-modulated driving preserves a coherent NV-target
nucleus interaction, while eliminating the contributions of
the rest of spins in the cluster. Hence, our DD scheme is
able to efficiently average out noisy signals from environ-
mental spins; for more details see Ref. [52].
Power consumption.—Using phase (or amplitude) mod-

ulations leads to a reduction in the microwave field
amplitude, i.e., in the peak power, and maybe even lead
to a reduction in the average power, as compared to other
controls using the HH condition. We can quantify the
average power reduction comparing the phase modulation
scheme with a constant drive based on the HH condition
(note that the peak power reduction is obvious as the
largest driving we are using is ð2πÞ × 1 MHz which is

(a) (b)

FIG. 2. Harvested signal hσxi as function of ν for ideal phase-
modulated sequences (blue-solid curves) and for a situation that
involves fluctuations of the microwave amplitude (black squares).
The microwave amplitude fluctuation has been simulated with a
OU process, while the black squares have been computed by
averaging the results that correspond to 200 experiments. In (a) we
used Ω0 ¼ Ω1 ¼ ð2πÞ × 1 MHz, while in (b) Ω0 ¼ ð2πÞ × 1
and Ω1 ¼ ð2πÞ × 0.5 MHz.
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approximately one order of magnitude smaller than the
required driving to hold the HH condition). For that we first
identify the times tphf and tHHf for phase modulation and
constant HH controls to gather the same signal hσxi. With
this information, we can compute the average power or
energy flux associated to the microwave control [52].
Let us do the calculation: the protocol with

constant amplitude produces a nuclear signal hσxi ¼
cos2ðA⊥

x;kt
HH
f =4Þ in a time tHHf . Comparing with Eq. (9)

we find that, for equal signals, the unmodulated proto-
col implements a faster interaction in a time tHHf ¼
J1ða1Ω1=νÞtphf < tphf . During this time, the constant driving

scheme requires a Rabi frequency Ω̄0 ¼ ωn;k ¼ Ω0 þ ν to
interact with the kth nucleus with frequency ωn;k. This
implies an average energy per cycle EHH

T ≈ Ω̄2
0=ν. The

phase modulated protocol, on the other hand, requires an
average energy per cycle Eph

T ∼ ðΩ2
0 þ Ω2

1Þ=ν. Counting the
number of cycles in the respective interaction times tHHf and

tphf , we obtain the ratio between total powers EHH=Eph ¼
νtHHf EHH

ν =ðνtphf Eph
ν Þ ¼ ðΩ0 þ νÞ2J1ða1Ω1=νÞ=ðΩ2

0 þ Ω2
1Þ.

We can simplify this formula assuming fast modulation
ν ≫ Ω0;Ω1 and approximating J1ða1Ω1=νÞ ∼ a1Ω1=ð2νÞ.
The result is that the phase modulated protocol
demands significantly less energy EHH=Eph ≈ ðΩ0þ
νÞ2Ω1a1=½2νðΩ2

0 þΩ2
1Þ� ≫ 1. For the parameters used in

Figs. 2(a) and 2(b), one finds EHH=Eph ≃ 3.8 and
EHH=Eph ≃ 3.0, respectively, illustrating the efficiency of
our method. A similar calculation can be done for the
amplitude modulation protocol.
Conclusions.—We have proposed to use amplitude or

phase modulation for coupling electron and nuclear spins at
Rabi frequencies well below the Hartmann-Hahn reso-
nance. Our schemes demand lower peak and average power
to achieve the same sensitivity. As a consequence, these
methods can be employed for sensing, coherent control,
and nuclear polarization with limited accessible power. In
particular, they enable the operation of such sensors at high
magnetic fields with reduced power. These modulation
techniques extend nanoscale NMR techniques to biological
systems that are sensitive to heating by microwaves.
Moreover, these parametric methods are not specific to
the NV center; they can be used to couple different electron
spins to proximal nuclear spins, both in solid and molecular
samples.
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