
POLYNOMIAL AND RATIONAL SPECTRAL
PROBLEMS: CONDITIONING, BACKWARD

ERRORS AND INVERSE PROBLEMS

Autor:
Luis Miguel Anguas Márquez

Tesis depositada en cumplimiento parcial de los requisitos para el grado de Doctor
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me ha enseñado. Su gran labor como director me ha permitido llegar hasta aqúı y
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Abstract

This PhD thesis belongs to the areas of Matrix Analysis and Numerical Linear
Algebra and has been devoted to solve problems that have arisen as a consequence
of the development of new applications during the last two decades. More precisely,
these problems belong to two related areas: polynomial eigenvalue problems (PEPs)
and rational eigenvalue problems (REPs).

Due to the mentioned recent interest into the numerical solution of the PEP,
several condition numbers for simple eigenvalues of regular matrix polynomials have
appeared in the literature. In order to study the conditioning of all the eigenvalues
of a matrix polynomial in a unified framework, some of these eigenvalue condition
numbers consider the matrix polynomial to be expressed in homogeneous form.
Then, the first problem we address in the field of matrix polynomials is to obtain a
relationship between the two main homogeneous eigenvalue condition numbers that
have appeared in the literature. Furthermore, we also obtain a relationship between
the non-homogeneous and the former homogeneous eigenvalue condition numbers.
This latter relationship allows to extend results that have been proved for one of
the versions of the eigenvalue condition numbers to the other. We also obtain a
relationship between the homogeneous and the non-homogeneous backward errors
of approximate eigenpairs that states they are essentially equivalent.

Möbius transformations is a classical tool that have been used in the theory of
matrix polynomials (and in their applications) since, at least, the 1950s. One of
the main use of these transformations is to convert a polynomial eigenvalue problem
into another that can be solved more easily. If the numerical solution of a problem
is obtained by applying a Möbius transformation, an important question is to study
if this transformation worsen the conditioning of the problem and/or the backward
errors of the approximate solutions. In this dissertation, we present for the first
time, up to our concern, a general study of the effect of Möbius transformations on
the eigenvalue condition numbers and backward errors of approximate eigenpairs of
matrix polynomials.

The study of the effect of Möbius transformations on eigenvalue condition num-
bers and backward errors of approximate eigenpairs is separated in two parts: one
for the homogeneous and another for the non-homogeneous version of these magni-
tudes. Since the homogeneous formulation allows us to obtain two clear and simple
results, we perform this analysis first on the homogeneous case. We prove that for
any matrix polynomial and any simple eigenvalue, if the matrix that induces the
Möbius transformation is well conditioned, then the transformation approximately
preserves the homogeneous eigenvalue condition numbers and backward errors of
approximate eigenpairs when small perturbations of the matrix polynomial relative
to the norm of the whole polynomial are considered in the definition of both the
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condition number and the backward error. If in the definition of the former magni-
tudes, perturbations in each coefficient of the matrix polynomial are small relative
to the norm of that coefficient, well-conditioned matrices induce Möbius transforma-
tions that approximately preserve the eigenvalue condition numbers and backward
errors of approximate eigenpairs only if a factor that depends on the norm of the
coefficients of the polynomial is moderate.

For the non-homogeneous versions of the eigenvalue condition number, the con-
clusions obtained are not so simple. Nevertheless, we present sufficient conditions
depending not only on the conditioning of the matrix that induces the Möbius
transformation, but also on the eigenvalue and the corresponding eigenvalue of the
Möbius transform. In order to perform this analysis, we use the study realized for
the homogeneous case and the relationship obtained between the homogeneous and
the non-homogeneous eigenvalue condition numbers. Furthermore, the relationship
between the homogeneous and the non-homogeneous backward error of approximate
eigenpairs allows us to conclude that the effect of Möbius transformations is the same
in the homogeneous and the non-homogeneous backward errors.

We also address the problems of degree-preserving quasi-triangularization of ma-
trix polynomials and inverse quasi-triangularization. These two problems have al-
ready been studied in the literature by Taslaman, Tisseur and Zaballa in 2013, but
only for matrix polynomials defined over algebraically closed fields or R. In this
dissertation we find preserving degree quasi-triangularizations of regular matrix po-
lynomials defined over an arbitrary field, that is, for a given matrix polynomial
P (λ), we build a block upper triangular matrix polynomial Q(λ) that is unimodu-
larly equivalent to P (λ) and has the same size and the same degree as P (λ), as well
as the same finite and infinite elementary divisors. The maximum size of the blocks
of the obtained matrix polynomial Q(λ) is the maximum degree of the irreducible
factors of the invariant polynomials of P (λ). Furthermore, we prove that given a
list of prescribed data (including possibly infinite elementary divisors), we can find a
quasi-triangular matrix polynomial of given degree d and size n×n that realizes that
list and such that the maximum size of the blocks does not exceed the maximum
degree of the irreducible factors of the prescribed invariant polynomials if and only
if dn is equal to the sum of the degrees of the invariant polynomials and the infinite
elementary divisors (if any).

The rational matrices problem that we study in this PhD thesis (which has been
settled recently for matrix polynomials by De Terán, Dopico and Van Dooren in
2015) consists of finding a necessary and sufficient condition for the existence of
a rational matrix that realizes a prescribed complete list of structural data (finite
and infinite zeros and poles together with their structural indices and the minimal
indices of left and right rational nullspaces). This necessary and sufficient condition
is that these data satisfy a fundamental relation appearing in Van Dooren’s Index
Sum Theorem.
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4.1 Möbius transformations . . . . . . . . . . . . . . . . . . . . . . . . . 71
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Chapter 1

Introduction and summary of
main results

The main objects of study in this thesis are matrix polynomials (which are poly-
nomials whose coefficients are matrices or, equivalently, matrices whose entries are
polynomials) and rational matrices (which are matrices whose entries are rational
functions). Matrix polynomials and rational matrices are classic topics of the theory
of matrices since the decade of 1950; however, there has been a renewed interest on
these topics in the numerical linear algebra field for the last two decades because
of their applications, the development of new algorithms and the study of their
numerical properties.

On the one hand, matrix polynomials appear in a wide range of applications in
engineering, mechanics, control theory, linear systems theory, and computer-aided
geometric design. The classical references [45, 61, 85], besides containing basic no-
tions about matrix polynomials, provide different applications of them. In the last
twenty years, many problems related to matrix polynomials have been studied, such
as the development and analysis of the properties of linearizations and `-ifications
of matrix polynomials [19, 28, 31, 34, 36, 70, 71], the characterization of when two
matrix polynomials have the same (finite and infinite) elementary divisors [10, 28],
the inverse polynomial eigenvalue problem [22, 28, 29, 31, 67] and the triangular-
ization of matrix polynomials [93, 96]. A separate remark must be done for the
polynomial eigenvalue problem (PEP) since different aspects of this problem have
been recently studied such as its conditioning [24, 25, 56, 57, 94], its backward sta-
bility [36, 56, 94] or the development of new algorithms to solve these problems
[3, 4, 5, 35, 38, 49, 52, 50, 79, 92, 99, 110]. In this dissertation, three different prob-
lems regarding matrix polynomials will be addressed, as it will be explained in the
next sections.

On the other hand, researchers in the numerical linear algebra community have
recently directed their attention to rational matrices due to their relationship with
the numerical solution of nonlinear eigenvalue problems (NEP) arising in modern

1



2 CHAPTER 1. INTRODUCTION AND SUMMARY OF MAIN RESULTS

applications. Some of these NEPs arise immediately as rational eigenvalue problems
(REPs) expressed in terms of rational matrices. Even more importantly, there are
many NEPs that are not rational but can be reliably approximated by REPs; these
rational approximations can then be linearized and solved by standard methods for
linear eigenvalue problems, such as the QZ algorithm in the case of dense medium
size problems, or various Krylov methods adapted to the special structure of the
linearizations for large scale problems. Some recent references on this subject are
[3, 4, 5, 35, 38, 49, 50, 79, 92, 99]. Some other recent theoretical advances on rational
matrices have recently been made like the study of the (finite and infinite) structure
of rational matrices [7, 8] and the coprimeness of rational matrices [9]. A chapter
of this dissertation will be devoted to solve an inverse problem on rational matrices
that will be introduced in Section 1.4.

1.1 Comparison of eigenvalue condition numbers

In this section, we discuss the first problem considered in this thesis, that will consist
of comparing the distinct eigenvalues condition numbers that have appeared in the
literature.

As introduced in the previous paragraphs, the numerical solution of the PEP has
received considerable attention from many research groups in the last two decades;
as a consequence, several condition numbers for simple eigenvalues of a matrix poly-
nomial have been defined in the literature to determine the sensitivity of these
eigenvalues to perturbations in the coefficients of the polynomial with the final goal
of estimating the forward errors of the eigenvalues computed numerically [24, 25, 94].
One of these condition numbers is a natural generalization of the Wilkinson con-
dition number for the standard matrix eigenproblem [108]. A disadvantage of this
eigenvalue condition number is that it is not defined for infinite eigenvalues. Then,
in order to study the conditioning of all the eigenvalues of a matrix polynomial in a
unified framework, other condition numbers are considered in the literature. These
condition numbers assume that the matrix polynomial is expressed in homogeneous
form and, for that reason, we call them homogeneous eigenvalue condition numbers.

Two homogeneous eigenvalue condition numbers (well defined for all the eigenva-
lues of any homogeneous matrix polynomial, finite and infinite) have been presented
in the literature. One of them is a natural generalization of the condition number
defined by Stewart and Sun in [91, Chapter VI, Section 2.1] for the eigenvalues of
a pencil, i.e., a matrix polynomial of degree one. This condition number is defined
in terms of the chordal distance between two lines in C2. The other homogeneous
eigenvalue condition number is defined as the norm of a differential operator that is
constructed making use of the Implicit Function Theorem [24, 25].

In Chapter 3 we address the following natural questions:

� how are the two homogeneous eigenvalue condition numbers related? Are they
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equivalent?

� if λ0 is a finite nonzero non-homogeneous eigenvalue of a matrix polynomial
P (λ) and (α0, β0) is the associated homogeneous eigenvalue of P (α, β) (that is,
λ0 = α0/β0), how are the (non-homogeneous) absolute and relative eigenvalue
condition numbers of λ0 and the (homogeneous) condition numbers of (α0, β0)
related? Are these two types of condition numbers equivalent in the sense that
λ0 is ill-conditioned if and only if (α0, β0) is ill-conditioned?

Partial answers to these questions are scattered in the literature written in an
implicit way so that they seem to be unnoticed by most researchers in linear al-
gebra. Our goal in Chapter 3 is to present a complete and explicit answer to
these questions. More precisely, we provide an exact relationship between the two
homogeneous eigenvalue condition numbers and we use this relationship to prove
that they are equivalent. Also, we obtain exact relationships between each of the
non-homogeneous (relative and absolute) and the homogeneous eigenvalue condition
numbers. From these relationships we prove that the non-homogeneous condition
numbers are always larger than the homogeneous condition numbers. This means
that non-homogenous eigenvalues λ0 are always more sensitive to perturbations than
the corresponding homogeneous ones (α0, β0), which is natural since λ0 = α0/β0.
Moreover, we will see that non-homogeneous eigenvalues with large or small moduli
have much larger non-homogeneous than homogeneous condition numbers. Thus, in
these cases, (α0, β0) can be very well-conditioned and λ0 very ill-conditioned. In the
context of this discussion, it is important to bear in mind that in most applications
of PEPs the quantities of interest are the non-homogeneous eigenvalues, and not the
homogeneous ones.

We emphasize that in order to obtain the results described in the previous para-
graph, we have obtained for the first time in the literature an explicit formula for
the Stewart-Sun homogeneous eigenvalue condition number.

Finally, we also provide an exact relationship between the homogeneous and the
non-homogeneous backward errors of approximate eigenpairs.

1.2 Conditioning and backward error of eigen-

values of matrix polynomials under Möbius

transformations

Möbius transformations are a standard tool in the theory of matrix polynomials
and in their applications. The use of Möbius transformations of matrix polynomials
can be traced back to at least [74, 75], where they are defined for general ratio-
nal matrices which are not necessarily polynomials. Since Möbius transformations
change the eigenvalues of a matrix polynomial in a simple way and preserve most
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of the properties of the polynomial [72], they have often been used to transform a
matrix polynomial with infinite eigenvalues into another polynomial with only finite
eigenvalues and for which a certain problem can be solved more easily. Recent ex-
amples of this theoretical use of Möbius transformations can be found, for instance,
in [31, 96].

A fundamental property of some Möbius transformations, called Cayley transfor-
mations, is to convert matrix polynomials with certain structures arising in control
applications into matrix polynomials with other structures that also arise in applica-
tions. This allows to translate many properties from one structured class of matrix
polynomials into another. The origins of these results on structured problems are
found in classical group theory, where Cayley transformations are used, for instance,
to transform Hamiltonian into symplectic matrices and vice versa [107]. Such results
were extended to Hamiltonian and symplectic matrix pencils in [76, 77] (with the
goal of relating discrete and continuous control problems) and generalized to several
classes of structured matrix polynomials of degree larger than one in [70]. A thor-
ough treatment of the properties of Möbius transformations of matrix polynomials
is presented in a unified way in [72].

The Cayley transformations mentioned in the previous paragraph are not just
of theoretical interest, since they, and some variants, have been used explicitly in
a number of important numerical algorithms for eigenvalue problems. Some exam-
ples are: [13, Algorithm 4.1], where they are used for computing the eigenvalues of a
sympletic pencil by transforming such pencil into a Hamiltonian pencil, and then us-
ing a structured eigenvalue algorithm for Hamiltonian pencils; [78, Sec. 3.2], where
they are used to transform a matrix pencil into another one so that the eigenvalues
in the left-half plane of the original pencil are moved into the unit disk, an oper-
ation that is a preprocessing before applying an inverse-free disk function method
for computing certain stable/un-stable deflating subspaces of the matrix pencil; and
[80, Sec. 6], where they are used for transforming palindromic/anti-palindromic
pencils into even/odd pencils with the goal of deflating the ±1 eigenvalues of the
palindromic/anti-palindromic pencils via algorithms for deflating the infinite eigen-
values of the even/odd pencils. Other examples can be found in the literature,
although, sometimes, the use of the Cayley transformations is not mentioned ex-
plicitly. For instance, the algorithm in [21] for computing the structured staircase
form of skew-symmetric/symmetric pencils can be used via a Cayley transformation
and its inverse for computing a structured staircase form of palindromic pencils,
although this is not mentioned in [21].

The numerical use of Möbius transformations in structured algorithms for pencils
discussed in the previous paragraph can be extended to matrix polynomials of degree
larger than one. Assume that a structured matrix polynomial P is given and we
want to solve the corresponding PEP. Then, the standard procedure is to consider
one of the (strong) linearizations L of P of the same structure available in the
literature (see, for instance, [19, 27, 70]), assuming it exists. Assume also that a
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backward stable structured algorithm is available for a certain type of structured
pencils and that L can be transformed into a pencil with such structure through a
Möbius transformation, MA. By [72, Corollary 8.6], MA(L) is a (strong) linearization
of MA(P ). However, even if the structured algorithm guarantees that the PEP
associated with MA(P ) is solved in a backward stable way [39], it is not guaranteed
that it solves the PEP associated with P in a backward stable way as well. Thus, a
direct way of checking if this is the case is to analyze how the Möbius transformation
affects the backward errors of the computed eigenpairs of the polynomial P .

As illustrated in the previous paragraph, when the numerical solution of a pro-
blem is obtained by transforming the problem into another one, a fundamental
question is whether or not such transformation deteriorates the conditioning of the
problem and/or the backward errors of the approximate solutions, because a sig-
nificant deterioration of such quantities may lead to unreliable solutions. We have
not found in the literature any analysis of this kind concerning the use of Möbius
transformations for solving PEPs, apart from a few vague comments in some papers.
The results in this thesis are a first step in this direction. More specifically, in Chap-
ter 4 we present the first general study on the effect of Möbius transformations on
the eigenvalue condition numbers and backward errors of approximate eigenpairs of
PEPs. We are aware that this analysis does not cover all the numerical applications
of Möbius transformations that can be found in the literature, since, for instance,
the effect on the conditioning of the deflating subspaces of pencils is not covered in
our study.

Throughout Chapter 4, we study the influence of Möbius transformations in
the eigenvalue condition numbers and backward errors of approximate eigenpairs of
PEPs that are formulated in both homogeneous and non-homogeneous form. Con-
sequently, homogeneous and non-homogeneous eigenvalue condition numbers and
backward errors are considered [24, 25, 94]. However, we study the influence of the
Möbius transformations on the eigenvalue condition numbers and the backward er-
rors separately for each of the formulations of the PEP. More precisely, we study first
the homogeneous case, since it allows us to obtain, among many others, two clear
and simple results that are highlighted in the next lines. To begin with, we show
that, if the matrix inducing the Möbius transformation is well conditioned, then, for
any matrix polynomial and simple eigenvalue, such transformation approximately
preserves the eigenvalue condition numbers and backward errors when, in the de-
finition of these magnitudes, small perturbations of the matrix polynomial relative
to the norm of the whole polynomial are considered. However, if we consider condi-
tion numbers and backward errors for which the perturbations in each coefficient of
the matrix polynomial are small relative to the norm of that coefficient, then these
magnitudes are approximately preserved by the Möbius transformations induced by
well-conditioned matrices only if a penalty factor, depending on the norms of the
coefficients of the polynomial, is moderate.

With the analysis of the homogeneous case in tow, we use the results devel-
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oped in Chapter 3 about the relationships between the homogeneous and the non-
homogeneous eigenvalue condition numbers to elaborate an analogous study of the
effect of Möbius transformations in the eigenvalue condition numbers of PEPs ex-
pressed in non-homogeneous form. This analysis requires to distinguish several cases,
what makes it more difficult and cumbersome. Such complications are related to the
fact that, for any Möbius transformation, it is possible to find matrix polynomials
for which the modulus of some of its non-homogeneous eigenvalues changes wildly
under the transformation. On the other hand, the relationship obtained in Chap-
ter 3 between the non-homogeneous and homogeneous backward errors implies that
the effect of Möbius transformations in the backward error of approximate eigen-
pairs of PEPs expressed in non-homogeneous form is exactly the same than in the
homogeneous case.

1.3 Preserving degree quasi-triangularization of

regular matrix polynomials in arbitrary fields

Another one of the problems related to matrix polynomials that we have previ-
ously announced is the degree-preserving triangularization. Let us cite two major
papers that have addressed this topic. In [96], it was proved that for any regu-
lar quadratic polynomial over the complex numbers, there exists a unimodularly
equivalent quadratic matrix polynomial with the same finite and infinite elementary
divisors. In [93], Taslaman, Tisseur and Zaballa extended this result, proving that
any matrix polynomial defined over an algebraically closed field can be reduced to
triangular form preserving the degree and the finite and infinite elementary divisors.
In addition, they characterized the triangularizable real matrix polynomials over the
real numbers and prove that the non-triangularizable ones are quasi-triangularizable
with diagonal blocks of sizes 1× 1 and 2× 2.

In this dissertation, our approach to this problem consists of finding preserving
degree quasi-triangularizations of matrix polynomials that are defined over an arbi-
trary field F, that is, for a given matrix polynomial P (λ), we build a block upper
triangular matrix polynomial Q(λ) that is unimodularly equivalent to P (λ) and has
the same size and the same degree.

In Chapter 5, our main aim is to prove that for every strictly regular matrix
polynomial P (λ) over an arbitrary field F, that is, for every regular matrix poly-
nomial whose lead coefficient is nonsingular, there exists a block upper triangular
matrix polynomial Q(λ) that has the same size and the same degree of P (λ), is
unimodularly equivalent to P (λ) and the size of the blocks of Q(λ) is, at most, the
maximum degree among all the F-irreducible factors of the invariant polynomials
that appear in the diagonal of the Smith form of P (λ). In addition, Q(λ) can be
arranged in such a way that the degree of every entry in any off-diagonal block of
Q(λ) is strictly less than the degree of P (λ).
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We also prove a similar result when the matrix polynomial P (λ) is regular but
not strictly regular. Consider an n × n regular matrix polynomial P (λ) over an
arbitrary field F, let S(λ) = diag(s1(λ), . . . , sn(λ)) be its Smith form and let k be
the maximum degree among all the F-irreducible factors of the invariant polynomials
si(λ) for i = 1, . . . , n. Suppose that there is some constant ω ∈ F such that si(ω) 6= 0
for i = 1, . . . , n. Then, we prove that there exists a block upper triangular matrix
polynomial Q(λ) over F with the same size, the same degree and the same finite
and infinite elementary divisors as P (λ). However, we cannot guarantee in this case
that the off-diagonal blocks of Q(λ) have degree strictly smaller than the degree of
Q(λ). Note that this result always holds if F is an infinite field, since in such case
the required ω ∈ F always exists.

Another problem that we study in Chapter 5 is the one of building a quasi-
triangular matrix polynomial that realizes a list of prescribed data. If that list in-
cludes an empty list of infinite elementary divisors, we prove a theorem analogous to
our first result. Suppose a list of m nontrivial invariant polynomials s1(λ), . . . , sm(λ)
over an arbitrary field F is given. Let σ :=

∑m
i=1 deg

(
si(λ)

)
, and let k be the maxi-

mum degree among all of the F-irreducible factors of the invariant polynomials si(λ)
for i = 1, . . . ,m. Then for any choice of nonzero d, n ∈ N such that n ≥ m and
dn = σ, there exists an n × n, degree d matrix polynomial Q(λ) over F that is
block upper triangular, the size of the blocks is, at most, k and has exactly the
given nontrivial invariant polynomials s1(λ), . . . , sm(λ) and n −m trivial invariant
polynomials equal to 1. In addition, Q(λ) can always be chosen so that the degree
of every entry in any off-diagonal block of Q(λ) is strictly less than d. This result
was obtained in [93] for F = R, where the matrix polynomial obtained Q(λ) was
quasi-triangular with blocks of size, at most, 2 and for F an algebraically closed
field, where Q(λ) was triangular.

When the desired spectral data contains some elementary divisors at ∞, we
prove a different version of the previous result, where we use the concept of grade.
The grade of a matrix polynomial is an integer greater than or equal to the degree
of a matrix polynomial and must be specified beforehand. Consider a list of m
nontrivial invariant polynomials s1(λ), . . . sm(λ) over an arbitrary field F, together
with a nonempty list of ` elementary divisors at ∞ ωα1 , . . . , ωα` . Let

σ :=
m∑
i=1

deg
(
si(λ)

)
+
∑̀
j=1

αj ,

and define k to be the maximum degree among all of the F-irreducible factors of
the invariant polynomials si(λ) for i = 1, . . . ,m. Then for any choice of nonzero
g, n ∈ N such that n ≥ max{m, `} and gn = σ, there exists an n × n, grade g
matrix polynomial Q(λ) over F that is block upper triangular, the size of its diago-
nal blocks is, at most, k, and has exactly the given nontrivial invariant polynomials
s1(λ), . . . , sm(λ), n−m trivial invariant polynomials equal to 1 and infinite elemen-
tary divisors ωα1 , . . . , ωα` . In addition, if n > `, Q(λ) has also degree g.
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Notice that the first two results follow from applying the third and the fourth
results to the list of invariant polynomials given by the Smith form of P (λ). Then,
in Chapter 5 we focus on proving the results where the initial datum is a list of
invariant polynomials

1.4 Rational matrices with prescribed structural

data

As mentioned in the introductory paragraphs of this chapter, in the numerical linear
algebra community, increased attention has recently been directed at rational matri-
ces. This renewed interest in rational matrices is currently motivating a rethinking
of a number of classical results and concepts, that might make them more amenable
to numerical treatment and applications, as well as to the development of new lines
of research on rational matrices themselves.

In Chapter 6, we solve a problem on rational matrices that corresponds to a
problem that has been settled very recently for matrix polynomials [31]; informally
stated, this might be called the general inverse “eigenstructure” problem for rational
matrices. Although this informal statement immediately establishes a connection
with REPs, we emphasize that the problem considered in this chapter is much more
than just an inverse “eigenstructure” problem. Our goal is not just to realize a
prescribed list of eigenvalues, but a complete list of structural data, comprised of
finite and infinite zeros and poles together with their structural indices, as well as
the minimal indices of left and right rational null spaces; note that the eigenvalues
of a rational matrix are just those zeros that are not poles. More precisely, then, the
inverse problem solved in Chapter 6 is to find a necessary and sufficient condition
for the existence of a rational matrix when a complete list of “structural data” is
prescribed. This necessary and sufficient condition is that the prescribed structural
data satisfy a fundamental relation that we baptize as the rational index sum theo-
rem, or Van Dooren’s index sum theorem, since it was proved for the first time by
Paul Van Dooren in 1978 and published in [104] (more information on the history
of this result will be provided in Section 6.1). It turns out that the condition in Van
Dooren’s index sum theorem is extremely easy to check, since it simply says that for
an arbitrary rational matrix the total number of its poles (counting orders) is equal
to the total number of its zeros (counting orders) plus the sum of all its minimal
indices. It should be noted that both finite and infinite zeros and poles must be
included in this result, as well as left and right minimal indices.

We expect that the inverse problem solved in this dissertation will have numer-
ical applications, since the corresponding result for matrix polynomials has already
found one particular application: the development of stratification hierarchies of
matrix polynomials in terms of their complete eigenstructures [34, 60]. These strati-
fication hierarchies determine what are the possible eigenstructures of all the matrix
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polynomials in a neighbourhood of a given one. Such results, combined with back-
ward stable algorithms for computing eigenstructures of matrix polynomials [36],
allow us to determine numerically the defective eigenstructures compatible under
roundoff errors with a given matrix polynomial. The polynomial inverse problem
solved in [31] has recently found another interesting application [33] in the descrip-
tion of sets of matrix polynomials with bounded rank and degree. We expect that
the results in this chapter can also be applied to solve related problems for rational
matrices.

1.5 Structure and organization of the thesis

This dissertation is organized as follows. Chapter 2 presents some preliminary con-
cepts on matrix polynomials and rational matrices that will be needed throughout
this thesis and is divided in two parts. Section 2.1 is devoted to introduce some
basic definitions and results on matrix polynomials as well as some important but
non-standard theorems that have already been proved in the literature, as the Poly-
nomial Index Sum Theorem or the Fundamental Realization Theorem for Matrix
Polynomials; also, a subsection will be specifically dedicated to PEPs. In a similar
way, Section 2.2 is dedicated to present the basic concepts on rational matrices that
will be needed to prove the results in Chapter 6.

Chapter 3 is devoted to the study of eigenvalue condition numbers and backward
errors of approximate eigenpairs of matrix polynomials. It is divided in two main
sections: Section 3.1 is dedicated to condition numbers and Section 3.2 to back-
ward errors. The first subsection of Section 3.1 includes the different definitions of
(homogeneous and non-homogeneous) eigenvalue condition numbers of matrix po-
lynomials that have appeared in the literature. Then, in Subsection 3.1.2 we prove
relationships between the condition numbers introduced in Subsection 3.1.1 and in
Subsection 3.1.3 we present a geometric interpretation of these relationships. Sub-
section 3.1.3 also includes a study of the computability of eigenvalues with small
and large absolute values, that is, we study for which cases the eigenvalues are very
ill-conditioned, which implies that they could be computed with such huge errors
by the available algorithms that it could be simply said they are not computable.
Section 3.2 only has two subsections: the first one is dedicated to introduce the
definitions of homogeneous and non-homogeneous backward errors while the second
one shows the (simple) relationship that exists between this two expressions of the
backward error. We emphasize that the explicit formula for the Stewart-Sun con-
dition number in Subsection 3.1.1 together with the results proven in Subsections
3.1.2, 3.1.3 and 3.2.2 are original contributions of the author of this dissertation.

In Chapter 4, we study the effect of Möbius transformations on the eigenvalue
condition numbers and backward errors of approximate eigenpairs of homogeneous
and non-homogeneous PEPs. This chapter is divided in three sections. The first one
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introduces the concept of Möbius transformations of matrix polynomials expressed
in both homogeneous and non-homogeneous form and also presents some properties
of these transformations. Section 4.2 analyzes the influence of Möbius transfor-
mations on the eigenvalue condition numbers and backward errors of approximate
eigenpairs of PEPs expressed in homogeneous form. This section together with the
results proven in Chapter 3 are used in Section 4.3 to do an analogous study in the
non-homogeneous case. In addition, both sections contain numerical experiments
that illustrate the corresponding theoretical results. Sections 4.2 and 4.3 constitute
original contributions of the author to this topic.

Chapter 5 has the goal to prove the results previously announced about the
quasi-triangularization of regular matrix polynomials, which will be formally stated
in at the beginning of this chapter. Sections 5.1, 5.2 and 5.3 are devoted to introduce
the auxiliary tools that will be needed throughout this chapter in order to obtain
the desired results. Then, Sections 5.4 and 5.5 include the steps to prove the main
result of this chapter, that is, quasi-triangular realization when the given list of
infinite elementary divisors is empty. Finally, Section 5.6 includes the proof of the
quasi-triangular realization in the complete regular case including infinite elementary
divisors.

Chapter 6 focuses on the inverse problem on rational matrices discussed in Sec-
tion 1.4. It is structured as follows. Van Dooren’s index sum theorem is revisited in
Section 6.1 from two perspectives: first, a new proof of this result valid in arbitrary
fields is presented, and second, its history as well as its relation with the Polynomial
Index Sum Theorem are briefly discussed. Section 6.2 includes the main result of
this chapter, i.e., the solution of the inverse problem for rational matrices when a
complete list of structural data is prescribed. As a consequence of this result, an
alternative formulation of the inverse problem is considered and solved in Section
6.3.

Finally, Chapter 7 presents the main conclusions of this dissertation (see Section
7.1), a list of papers where the contributions of this thesis are contained (see Section
7.2) and a list of conferences where our results have been presented (see Section
7.3). Furthermore, in Section 7.5, some open problems related to the results of this
dissertation are proposed.

1.6 Notation

In this section we introduce the notation that will be used throughout this disser-
tation.

Let a and b be two integers. We define

a : b =

{
a, a+ 1, a+ 2, . . . , b, if a ≤ b,

∅, if a > b.
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For any real number α, bαc denotes the largest integer that is smaller than or
equal to α.

The field of complex numbers is denoted by C and the extended complex plane
C ∪ {∞} by C∞.

For any vector x = (x1, . . . , xn) ∈ Cn, we consider the usual taxicab, Euclidean
and infinity norms [91]:

‖x‖1 :=
n∑
i=1

|xi|, ‖x‖2 :=

(
n∑
i=1

|xi|2
)
, ‖x‖∞ := max

i=1:n
|xi|.

For any matrix A = [aij] ∈ Cm×n, we consider the 1-norm, 2-norm (or spectral
norm), ∞-norm and Frobenius norm [91]

‖A‖1 := max
1≤j≤n

m∑
i=1

|aij|, ‖A‖2 := σmax(A),

‖A‖∞ := max
1≤i≤m

n∑
j=1

|aij|, ‖A‖F :=

√√√√ m∑
i=1

n∑
j=1

|aij|2,

where σmax(A) denotes the largest singular value of A. In addition, we consider the
max norm of A:

‖A‖M := max{|aij|, i = 1 : m, j = 1 : n}.

For any pair of scalar polynomials p(λ), q(λ) ∈ F[λ], the expression p(λ) | q(λ)
means that p(λ) divides q(λ). Given two matrices A and B, A ⊕ B denotes their
direct sum, i.e., A⊕ B = diag(A,B).

Throughout this thesis, the unspecified entries of a matrix are zero.
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Chapter 2

Preliminaries on matrix
polynomials and rational matrices

In this chapter, we introduce the definitions of matrix polynomials and rational
matrices as well as their basic properties. The results presented here are not original
contributions of the author.

Throughout this chapter, an arbitrary field F is considered. The algebraic closure
of F is denoted by F, F[λ] stands for the ring of polynomials in the variable λ with
coefficients in F, and F(λ) for the field of rational functions in the variable λ with
coefficients in F, i.e., the field of fractions of F[λ]. A matrix polynomial is a matrix
whose entries are elements of F[λ], and a rational matrix is a matrix whose entries
are elements of F(λ). The set of m × n constant matrices is denoted by Fm×n, the
set of m×n matrix polynomials by F[λ]m×n, and the set of m×n rational matrices
by F(λ)m×n.

2.1 Matrix polynomials

In this section, we present a survey of basic definitions and results on matrix po-
lynomials. They can be found in classic references as [41, 43, 61], although more
recent works as [28, 72] also provide a good source for these notions.

A matrix polynomial P (λ) ∈ F[λ]m×n of grade k can be expressed in its non-
homogeneous form as

P (λ) =
k∑
i=0

λiBi, Bi ∈ Fm×n, (2.1)

where the matrix coefficients, including Bk, are allowed to be the zero matrix.
If Bk 6= 0, we say that the degree of P (λ) is k. Throughout this thesis, when

the grade of a matrix polynomial is not specified, it will be assumed to coincide with
its degree.

13
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A square matrix polynomial expressed as in (2.1) is said to be unimodular
if its determinant is a nonzero constant. If a matrix polynomial is square and its
determinant is not identically zero, it is said to be regular. Otherwise, it is said
to be singular. Furthermore, if the leading coefficient Bk is nonsingular, we say
that P (λ) is strictly regular. The rank or normal rank of a matrix polynomial
P (λ) is the size of the largest non-identically-zero minor of P (λ) or, equivalently,
the rank of P (λ) when viewed as a single matrix with entries in the field F(λ), and
is denoted by rank(P ).

One key tool for working with matrix polynomials is the Smith form. It was
introduced for the first time for matrices with integer entries in [88]. Next, the
version for matrix polynomials introduced in [42] is presented.

Theorem 2.1 (Smith form). Let P (λ) ∈ F[λ]m×n be a matrix polynomial. Then,
there exist r ∈ N, and unimodular matrix polynomials E(λ) ∈ F[λ]m×m and F (λ) ∈
F[λ]n×n such that

E(λ)P (λ)F (λ) =


d1(λ)

. . . 0r×(n−r)
dr(λ)

0(m−r)×r 0(m−r)×(n−r)

 =: D(λ)

where d1(λ), . . . , dr(λ) are monic polynomials and satisfy the divisibility chain
property, i.e., dj(λ) is a divisor of dj+1(λ) for j = 1 : r − 1. Moreover, D(λ) is
unique and the integer r is equal to the rank of P (λ).

The matrix D(λ) is called the Smith form of P (λ). The nonzero diagonal
elements d1(λ), . . . , dr(λ) in the Smith form of P (λ) are called the invariant factors
or invariant polynomials of P (λ).

Remark 2.2. Since D(λ) is unique over a field F, the Smith form is insensitive to
field extensions. Let us explain this in another way. Let P (λ) be a matrix polynomial

over F and let F ⊆ F̃ be an arbitrary field extension. Then, P (λ) can be seen as

a matrix polynomial over the field F̃ and, consequently, the Smith forms of P (λ)

over F and F̃ are the same. As a consequence of this fact, the concepts that will be
introduced next are well defined.

Definition 2.3. Let P (λ) be an m×n matrix polynomial over a field F, with rank r.
For any λ0 ∈ F, each invariant polynomial di(λ), i = 1 : r, can be uniquely factored
as

di(λ) = (λ− λ0)αipi(λ), with αi ∈ N, pi(λ0) 6= 0.

The sequence of exponents (α1, . . . , αr), which satisfies the condition 0 ≤ α1 ≤ α2 ≤
· · · ≤ αr thanks to the divisibility chain property of the Smith form, is called the
partial multiplicity sequence of P at λ0 and denoted by J (P, λ0).
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Remark 2.4. It is common to call partial multiplicities only to the nonzero expo-
nents αi. We refer to the subsequences of the partial multiplicity sequences that
contain the nonzero αi’s as truncated Jordan characteristic at λ0 and denote
it Ĵ (P, λ0). However, Definition 2.3 allows the sequence J (P, λ0) to have all its
entries equal to zero. In fact, this happens for every λ0 ∈ F except for a finite subset
of them. These particular λ0’s that have at least one exponent αi(λ0) not equal to
zero are the eigenvalues of P (λ). Also, the numbers (α1(λ0), . . . , αr(λ0)) are called
the structural indices of P at λ0.

With this remark in tow, let us introduce the definition of an eigenvalue, its
elementary divisors and its different kinds of multiplicities.

Definition 2.5. A scalar λ0 ∈ F is a (finite) eigenvalue of a matrix polynomial
P (λ) if its partial multiplicity sequence (α1, . . . , αr) does not consist of all zeroes.
The elementary divisors of an eigenvalue λ0 of P are the collection of factors
(λ − λ0)αi with αi 6= 0, including repetitions. The algebraic multiplicity of an
eigenvalue λ0 is the sum of the entries of its partial multiplicity sequence, i.e., α1 +
· · ·+ αr; its geometric multiplicity is the number of nonzero entries that appear
in this sequence.

This definition of eigenvalues of a matrix polynomial, which is based on its
Smith form, includes the more restrictive notion of eigenvalues defined as the roots
of the determinant of the matrix polynomial, that is inadequate for singular matrix
polynomials.

Remark 2.6. It can be observed that the Smith form of a matrix polynomial P (λ)
of size m × n is completely and uniquely determined by three properties of P (λ):
its size, its rank and the elementary divisors of its finite eigenvalues.

Next, we present an example where we compute the eigenvalues of a matrix
polynomial.

Example 2.7. Consider the matrix polynomial

P (λ) = diag(λ, 1, (λ− 1)3)⊕
[
λ− 1 λ2(λ− 1) 0

0 λ− 1 λ7(λ− 1)

]
∈ F[λ]5×6.

Computing its Smith form, we obtain

D(λ) = [ diag(1, 1, λ− 1, λ− 1, λ(λ− 1)3) 0].

It is easy to check that the only λ0 ∈ F for which the partial multiplicity sequence
at λ0 does not consist of all zeroes are λ0 = 1 and λ0 = 0. Then, the only finite
eigenvalues of P are 1 and 0 and its partial multiplicity sequences are J (P, 1) =
(0, 0, 1, 1, 3) and J (P, 0) = (0, 0, 0, 0, 1). The elementary divisors of 1 are λ−1, λ−1
and (λ− 1)3 and the only elementary divisor of 0 is λ. The algebraic multiplicity of
the eigenvalue 1 is 5, while its geometric multiplicity is 3. On the other hand, both
algebraic and geometric multiplicities of the eigenvalue 0 are 1.
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Let us introduce another concept based on the Smith form of a matrix polyno-
mial.

Definition 2.8. Let P (λ) be an m× n matrix polynomial over F. Let r be its rank
and let d1(λ), . . . , dr(λ) be the invariant factors in its Smith form. Then, δfin(P (λ))
is defined as the sum of all the degrees of all the invariant factors, that is,

δfin(P (λ)) =
r∑
i=0

deg(di(λ)).

Remark 2.9. Since the Smith form is insensitive to field extensions, δfin(P (λ)) also
is. Therefore, δfin(P (λ)) can be defined in three equivalent ways:

� As the sum of the degrees of all the (finite) elementary divisors of P (λ).

� As the sum of all the algebraic multiplicities of all the (finite) eigenvalues of
P (λ).

� As the sum of all the finite structural indices of P (λ).

Example 2.10. For the matrix polynomial P (λ) in Example 2.7, we can compute
the sum of all the degrees of all the invariant factors, obtaining

δfin(P (λ)) = 0 + 0 + 1 + 1 + 4 = 6.

It is easy to check that either doing the sum of the degrees of all the finite elementary
divisors of P or doing the sum of all the algebraic multiplicities of all the finite
eigenvalues of P , which are 0 and 1, or doing the sum of all the finite structural
indices, we obtain the same result.

So far, we have just discussed finite eigenvalues of matrix polynomials. However,
the concept of infinite eigenvalue can also be defined for matrix polynomials, as
well as the corresponding associated notions. Before introducing them, we need to
present a new concept: the reversal of a matrix polynomial.

Definition 2.11. Let P (λ) be a matrix polynomial of degree k. For j ≥ k, the
j-reversal of P (λ) is the matrix polynomial

(revj P )(λ) := λjP (1/λ).

If j = k, the j-reversal of P (λ) is called the reversal of P and is denoted by rev P .

Definition 2.12. Let P (λ) be a matrix polynomial of grade k and rank r. We say
λ0 = ∞ is an eigenvalue of P if and only if 0 is an eigenvalue of revk P . The
partial multiplicity sequence of P at λ0 = ∞ is the one of revk P at 0. Let
(α1, . . . , αr) be this partial multiplicity sequence; then, for each αi 6= 0, we say there
is an elementary divisor of degree αi for the eigenvalue λ0 = ∞ and denote
it µαi.
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Remark 2.13. Consider P (λ) =
∑k

i=0 λ
iBi a matrix polynomial of grade k and

rank r. Notice that P has an eigenvalue at ∞ if and only if the rank of the leading
matrix coefficient Bk is less than r. For a regular matrix polynomial P , this implies
Bk is singular. Then, if P is strictly regular, it does not have an eigenvalue at
∞. Observe that if k is greater than the degree of P , then Bk = 0 and P has r
elementary divisors at ∞.

Next, we introduce an analogous concept to δfin(P ) for infinite eigenvalues.

Definition 2.14. Let P (λ) be a matrix polynomial of grade k and let (α1, . . . , αr)
be its partial multiplicity sequence at ∞. Then,

δ∞ := α1 + · · ·+ αr

is the algebraic multiplicity of the infinite eigenvalue, or, equivalently, the sum of
the degrees of the elementary divisors at ∞.

Next, we present an example that shows the dependence of the elementary divi-
sors at ∞ on the choice of the grade of the matrix polynomial.

Example 2.15. Let M ∈ Fn×n be an invertible matrix. Consider the matrix poly-
nomial of grade 0 P (λ) = M . Its Smith form is a diagonal matrix where each entry
di, i = 1 : n is equal to one, that is, di does not depend on λ for i = 1 : n. For any
λ0, we can write

di(λ) = (λ− λ0)0, i = 1 : n.

Then, its partial multiplicity sequence at any λ0 is (0, . . . , 0), with length n, and
P (λ) does not have finite eigenvalues. If we compute the reversal of P (λ) with
respect to its grade,

(rev0 P )(λ) = λ0P (1/λ) = M,

we can observe that neither does it have eigenvalues. Therefore, ∞ is not an eigen-
value of P (λ).

On the other hand, consider Q(λ) = λ0n+M as a matrix polynomial of grade 1.
The finite eigenvalues of Q and P are the same. However, the structure at infinite
will be different, since, this time, the reversal of Q with respect to its grade is

(rev1 Q)(λ) = λQ(1/λ) = λM.

Then, the Smith form of rev1 Q is diag(λ, . . . , λ). It can be easily checked that
the partial multiplicity sequence of rev1 Q at 0 is (1, . . . , 1), which implies 0 is an
eigenvalue of rev1 Q and, consequently, Q has an eigenvalue at ∞. Also, it can be
computed δ∞ = 1 + · · · + 1 = n. In general, if we consider a matrix polynomial
P (λ) = λk0n + · · ·+λ0n +M of grade k, then P has an eigenvalue at∞, the partial
multiplicity sequence at ∞ is (k, . . . , k) and δ∞ = nk.



18 CHAPTER 2. MATRIX POLYNOMIALS AND RATIONAL MATRICES

The observation presented in the previous example can be formally explained
with the next lemma.

Lemma 2.16. Let P (λ) be a matrix polynomial of rank r and degree k. Let
(α1, . . . , αr) be its partial multiplicity sequence at ∞ (consequently, δ∞ = α1 + · · ·+
αr) when P (λ) is considered as a matrix polynomial of grade k. Then, if we consider
P (λ) as a matrix polynomial of grade g ≥ k, its partial multiplicity sequence at ∞
is

(α1 + (g − k), . . . , αr + (g − k))

and, therefore, δ∞ = α1 + · · ·+ αr + r(g − k).

Example 2.17. Let us consider again the matrix polynomial P (λ) from Example
2.7 and let us check if it has infinite eigenvalues. In order to do that, we choose the
grade of P to be equal to its degree, which is 8. Then, its reversal matrix polynomial
is

(rev P )(λ) = diag(λ7, λ8, λ5(1− λ)3)⊕
[
λ7(1− λ) λ5(1− λ) 0

0 λ7(1− λ) 1− λ

]
and the Smith form of revP (λ) is given by

D(λ) = [ diag(1, λ5, λ5(λ− 1), λ7(λ− 1), λ8(λ− 1)3) 0].

Regarding the Smith form of rev P , it can be seen that rev P has an eigenvalue
at 0, which implies P has an eigenvalue at ∞. Its partial multiplicity sequence at
infinity is

J (P,∞) = J (rev P, 0) = (0, 5, 5, 7, 8)

and its algebraic multiplicity is
δ∞ = 25.

Next, we prove a lemma that will be used in Chapter 5.

Lemma 2.18. Let P (λ), Q(λ) ∈ F[λ]m×n be two matrix polynomials with the same
rank. Let g be any integer such that g ≥ max{deg(P ), deg(Q)}. If P (λ) and Q(λ)
have the same elementary divisors at infinity when both are considered as matrix
polynomials with grade g, then deg(P ) = deg(Q).

Proof. Let r = rank(P ) = rank(Q) and dp = deg(P ), dq = deg(Q). Assume without
loss of generality that dq ≥ dp. Let (α1, . . . , αr), 0 ≤ α1 ≤ · · · ≤ αr, be the
multiplicity sequence at infinity of P and Q when they are considered as matrix
polynomials of grade g. Then by Lemma 2.16,

(α1 − (g − dq), . . . , αr − (g − dq)) = (α̃1, . . . , α̃r) (0 ≤ α̃1 ≤ · · · ≤ α̃r)
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is the partial multiplicity sequences of both P and Q when they are considered as
matrix polynomials of grade dq.

Since Q(λ) = λdqQdq + · · ·+λQ1 +Q0, with Qdq 6= 0 we have that (revdq Q)(λ) =
Qdq + · · ·+ λdq−1Q1 + λdqQ0. Thus (revdq Q)(λ) = Qdq 6= 0 and thus at least α̃1 = 0
because the Smith form of (revdq Q)(λ) is

(revdq Q)(λ) = U(λ)diag(λα̃1q1(λ), . . . , λα̃rqr(λ), 0)V (λ),

with qi(0) 6= 0 and U(λ), V (λ) unimodular matrices.
Then, P (λ) = λdqPdq + · · ·+λP1 +P0 implies that (revdq P )(0) = Pdq . Moreover,

the Smith form of (revdq P )(λ) is

(revdq P )(λ) = Ũ(λ)diag(λα̃1p1(λ), · · · , λα̃rpr(λ), 0)Ṽ (λ),

with pi(0) 6= 0, α̃1 = 0, and Ũ(λ), Ṽ (λ) unimodular. Then,

(revdq P )(0) = Ũ(0)diag(p1(0), λα̃2p2(λ), . . . , λα̃rpr(λ), 0)Ṽ (0) 6= 0

and Pdq 6= 0.

Definition 2.19. The collection of all the eigenvalues (both finite and infinite) of P
is called the spectrum of P , while the collection of all the elementary divisors (both
finite and infinite) of P is denominated the spectral structure of P . Equivalently,
the spectral structure of P can be considered as the spectrum of P together with all
its partial multiplicities. The partial multiplicity sequences at the finite and infinite
eigenvalues are also known as the finite and infinite Jordan structures of P .

In addition to Definition 2.19, the structure of singular matrix polynomials is
characterized also by their minimal indices and minimal bases. Before introducing
these concepts, we need some preliminary definitions.

For any subspace of F(λ)n considered as a vector space over the field F(λ), it
is always possible to find a basis formed by vector polynomials: we just need to
take an arbitrary basis and multiply each vector by the denominators of its entries.
Following [41], we consider the polynomial bases of a subspace of F(λ)n arranged
as the rows of a matrix polynomial. Then, to define a minimal basis, we need a
concept of order to consider the minimality with respect to it.

Definition 2.20. The degree of an n-vector p(λ) = (p1(λ), . . . , pn(λ)) of poly-
nomials is the greatest degree of its entries.

Definition 2.21. Let Q(λ) ∈ F[λ]m×n and let ri(λ) be the i-th row of Q(λ), i = 1 :
m. Then the i-th index of Q is defined as vi = deg(ri), i = 1 : m and the order of
Q is defined as v =

∑m
i=1 vi.

Next, we state the definition of minimal basis. This concept was introduced for
the first time in [41] and it has also received special attention in [61].
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Definition 2.22. Let V be an m-dimensional vector subspace of F(λ)n. A minimal
basis of V is an m×n matrix polynomial Q(λ) such that the rows of Q form a basis
of V and has least order among all polynomials bases of V.

It can be proved [41], that for any subspace V ⊆ F(λ)n the ordered list of the
degrees of any minimal basis of V is unique. Such degrees are called the minimal
indices of V . With this definition at hand, we can define minimal indices and bases
of singular matrix polynomials as follows.

A singular matrix polynomial P (λ) ∈ F[λ]m×n may have nontrivial right null
vectors, that is, nonzero vectors x(λ) ∈ F(λ)n×1 such that P (λ)x(λ) = 0. P (λ)
may also have nontrivial left null vectors, that is, nonzero vectors y(λ) ∈ F(λ)m×1

such that y(λ)TP (λ) = 0. This leads to the next definition.

Definition 2.23. The right and left nullspaces of a matrix polynomial P (λ) ∈
F[λ]m×n are the subspaces over the field F(λ)

Nr(P ) := {x(λ) ∈ F(λ)n×1 : P (λ)x(λ) = 0}

N`(P ) := {y(λ) ∈ F(λ)m×1 : y(λ)TP (λ) = 0}

Observe that if P (λ) is singular at least one of the subspaces Nr(P ) and N`(P ) is
different from {0}. Finally, the definitions of minimal indices and bases of a singular
matrix polynomial are introduced. Here, we present the version that can be found
in [41], but there are more ways to define minimal indices [69]. It can be shown that
the two different definitions produce the same minimal indices [26, 69].

Definition 2.24. Let P (λ) be a singular matrix polynomial over a field F. The
right minimal bases and indices of P (λ) are those of Nr(P ). The left minimal
bases and indices of P (λ) are those of N`(P ).

The sum of all the minimal indices of a matrix polynomial is an important
quantity that will be used later. Therefore, we present an appropriate notation for
it in the next definition.

Definition 2.25. Let P (λ) be a matrix polynomial with left minimal indices η1 ≤
· · · ≤ ηq and right minimal indices γ1 ≤ · · · ≤ γp. Then,

µ(P ) :=

q∑
i=1

ηi +

p∑
j=1

γj

denotes the sum of all the minimal indices. If P is regular, we define µ(P ) := 0.

Notice that µ(P ) may also be zero for a singular matrix polynomial P . Further-
more, note that µ(P ) can be interpreted as the sum of the order of a left minimal
basis and the order of a right minimal basis of P .

Let us illustrate the concept of minimal indices in the next example.
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Example 2.26. For P (λ) in Example 2.7, notice that rank(P )=5, so dimN`(P ) = 0
and dim Nr(P ) = 1. Then, P has no left minimal indices and one right minimal
index. It is easy to check that {v(λ)} := {[0, 0, 0, λ9,−λ7, 1]T} is a minimal basis
of Nr(P ). Indeed, all the polynomial vectors in Nr(P ) are polynomial multiples of
{v(λ)} and, consequently, have, at least, degree 9. Therefore, {v(λ)} is a minimal
basis of Nr(P ), the only right minimal index of P (λ) is 9 and µ(P ) = 9.

Contrary to Example 2.26, it is not always so easy determining whether a general
polynomial basis is minimal or not directly from the definition . Interested readers
can find useful criteria for minimality in the classical reference [41], and a new one
in terms of a finite number of constant matrix rank conditions in [102, Section 3].

The concepts that have been previously defined in this section lead to the fol-
lowing definition:

Definition 2.27. Given a matrix polynomial P (λ) ∈ F[λ]m×n with rank r, the
complete structural data of P (λ) are given by the following four elements:

1. “Finite structure”: the invariant polynomials d1(λ), . . . , dr(λ) that define the
Smith form of P (λ),

2. “Infinite structure”: the partial multiplicity sequence of P at ∞ J (P,∞),

3. “Left singular structure”: the left minimal indices η1, . . . , ηm−r of P (λ), and

4. “Right singular structure”: the right minimal indices γ1, . . . , γn−r of P (λ).

A fundamental result on matrix polynomials is the polynomial index sum theo-
rem. It was proved over the real field in [84, 81] and extended to arbitrary fields in
[28, Theorem 6.5]. We state it next.

Theorem 2.28 (Polynomial Index Sum Theorem). Let P (λ) ∈ F[λ]m×n be a matrix
polynomial of grade k and rank r. Then

δfin(P ) + δ∞(P ) + µ(P ) = k r. (2.2)

Example 2.29. Recalling Examples 2.7, 2.10, 2.17 and 2.26, it can be easily checked
that the Polynomial Index Sum Theorem holds for the matrix polynomial P (λ) of
grade 8 considered in those examples.

The next theorem solves the most general form of inverse problem for polynomial
matrices with prescribed complete structural data.

Theorem 2.30 (Fundamental Realization Theorem for Matrix Polynomials). [31,
Theorem 3.3] Let F be an infinite field, let m, n, k, and r ≤ min{m,n} be given
positive integers, let d1(λ)| · · · |dr(λ) be a divisibility chain of arbitrary monic poly-
nomials in F[λ], and let α1 ≤ · · · ≤ αr, η1 ≤ · · · ≤ ηm−r, and γ1 ≤ · · · ≤ γn−r be
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given lists of nonnegative integers. Then there exists an m × n matrix polynomial
P (λ) with coefficients in F, with rank r and degree k, with invariant polynomials
d1(λ), . . . , dr(λ) and partial multiplicities at infinity α1, . . . , αr, and with left and
right minimal indices respectively equal to η1, . . . , ηm−r and γ1, . . . γn−r, if and only
if α1 = 0 and (2.2) holds.

Theorem 2.30 is the basic form of the general inverse result for matrix polyno-
mials. It allows us to prove another expression of this result in terms of lists of
prescribed elementary divisors and minimal indices; this alternative form can be
found in [31, Section 3.2]. We emphasize that although the proof of Theorem 2.30
given in [31] is constructive, it is also long, involved, and highly nontrivial. As an
unfortunate side effect, the constructed polynomial matrix P (λ) does not transpa-
rently display any of the prescribed structural data.

Remark 2.31. The proof given in [31, Theorem 3.3] for Theorem 2.30 uses the
assumption that F is an infinite field only to guarantee the existence for any prescri-
bed polynomials d1(λ)| · · · |dr(λ) of a constant ω ∈ F such that dr(ω) 6= 0. Such a ω
allows the general inverse problem to be reduced via a Möbius transformation (see
[31, Lemma 3.41 and p. 319]) to an inverse problem where there are no prescribed
eigenvalues at infinity. Thus, the assumption that F is infinite can be replaced by the
weaker, though less transparent, assumption that there exists some ω ∈ F such that
dr(ω) 6= 0. Note that for finite fields there always exist some choices of polynomials
d1(λ)| · · · |dr(λ) that do not satisfy this assumption.

Remark 2.32. The assumption in Theorem 2.30 that m,n, r, and k are positive
integers was made in [31] to avoid consideration of the trivial cases of empty matrices
(when m = 0 or n = 0), zero matrices (when r = 0), and constant matrices (when
k = 0). However, it is not hard to see that Theorem 2.30 still holds even if r = 0 or
k = 0, making the right-hand side of (2.2) zero, and thus forcing all summands on
the left-hand side to also be zero. For example, observe that when r = 0, the lists of
invariant polynomials and partial multiplicities at infinity are empty, and we have
m left and n right minimal indices all equal to 0. So Theorem 2.30 is trivially true
when r = 0, with the only possible choice of P (λ) being 0m×n. For the case when
k = 0, consider any constant matrix P (λ) ∈ Fm×n of rank r. Such a constant matrix
has all of its r invariant polynomials equal to 1, all of its r partial multiplicities at
infinity equal to 0 (since revP = P ), and all of its minimal indices equal to 0 (since
the nullspaces of P have bases formed by constant vectors). Thus Theorem 2.30
holds when k = 0, taking any constant m × n matrix of rank r as the P (λ) that
realizes the prescribed structural data.

1For the interested reader, this lemma is stated in Chapter 5 as Lemma 5.11
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2.1.1 Polynomial Eigenvalue Problems

In this subsection we present the concept of polynomial eigenvalue problem in the
field F = C.

A (non-homogeneous) polynomial eigenvalue problem (PEP) associated with a
regular matrix polynomial P (λ) ∈ C[λ]n×n consists of finding scalars λ0 ∈ C and
nonzero vectors x, y ∈ Cn×1 such that

P (λ0)x = 0 and y∗P (λ0) = 0. (2.3)

The vectors x and y are called a right and a left eigenvector of P (λ) corres-
ponding to the eigenvalue λ0 and the pairs (x, λ0) and (y∗, λ0) are called a right
and a left eigenpair.

Polynomial eigenvalue problems are used to model a wide variety of problems
that belong to diverse areas such as the optimization of acoustic emissions of high
speed trains, the dynamic analysis of structural mechanical and acoustic systems,
the electric circuit simulation, fluid mechanics, modeling microelectronic mechanical
systems, the spatial stability analysis of the Orr-Sommerfeld equation and computer
vision systems. Collections of real-world problems where the PEPs arise can be
found in [95] (for PEPs of degree 2), [70] (for structured PEPs) and [15, 79] (for more
general problems). Therefore, many researchers in numerical linear algebra have
focused on developing algorithms to obtain their numerical solutions and studying
the properties of these solutions, such as conditioning or backward errors.

Sometimes, in order to give a unified treatment of the condition numbers and
backward errors valid for all, finite and infinite, eigenvalues, the homogeneous poly-
nomial eigenvalue problem is considered [52, 56, 57] (the definitions of condition
numbers and backward errors will be introduce in Chapter 3). The homogeneous
PEP associated to a matrix polynomial as in (2.1) requires it to be expressed in its
homogeneous form, that is,

P (α, β) =
k∑
i=0

αiβk−iBi, Bi ∈ Cn×n. (2.4)

The relation between the non-homogeneous and the homogeneous expressions of a
matrix polynomial P is given by

P (α, β) =

{
βkP (α/β), if β 6= 0,
αkBk, if β = 0.

(2.5)

Then, the same notions that have been previously introduced for matrix po-
lynomials expressed in non-homogeneous form can also be considered for matrix
polynomials expressed in homogeneous form with some modifications. In particu-
lar, for a regular matrix polynomial P (α, β), the corresponding homogeneous PEP
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consists in finding pairs of scalars (α0, β0) 6= (0, 0) and nonzero vectors x, y ∈ Cn×1

such that
P (α0, β0)x = 0 and y∗P (α0, β0) = 0. (2.6)

Note that the equalities in (2.6) hold if and only if the equalities y∗P (aα0, aβ0) =
0 and P (aα0, aβ0)x = 0 hold for any complex number a 6= 0. This equivalence
motivates to define the corresponding eigenvalue of P (α, β) as the set (α0, β0) :=
{[aα0, aβ0]T : a ∈ C} ⊂ C2. The vectors x and y in (2.6) are called, respectively, a
right and a left eigenvector of P (α, β) associated with the eigenvalue (α0, β0),
and the pairs (x, (α0, β0)) and (y∗, (α0, β0)) are called, respectively, a right and a left
eigenpair of P (α, β). We notice that an eigenvalue can be seen as a line in C2 passing
through the origin whose points are solutions to the equation det(P (α, β)) = 0.
Throughout this thesis, we denote eigenvalues, i.e., lines, as (α0, β0) and a specific
(nonzero) representative of this eigenvalue, i.e., a specific (nonzero) point on the
line (α0, β0) in C2, by [α0, β0]T . We will also use the notation 〈x〉, where x ∈ C2,
to denote the line generated by the vector x in C2 through scalar multiplication. In
particular, 〈[α0, β0]T 〉 = (α0, β0) Notice that all representatives of an eigenvalue of
P (α, β) are nonzero scalar multiples of each other.

Using (2.5) we can also establish a relation between the solution of homogeneous
and non-homogeneous PEPs, which is provided in the next lemma.

Lemma 2.33. A pair (x, (α0, β0)) (resp. (y∗, (α0, β0))) is a right (resp. left) eigen-
pair for a homogeneous matrix polynomial P (α, β) if and only if (x, λ0) (resp.
(y∗, λ0)) is a right (resp. left) eigenpair for the same polynomial when expressed
in non-homogeneous form, where λ0 = α0/β0 if β0 6= 0 and λ0 =∞ if β0 = 0.

2.2 Rational matrices

The results summarized in this section on rational matrices can be found in the
classic references [61, Chapter 6] for real and complex rational functions, and [85] for
rational functions with coefficients in arbitrary fields. Another interesting reference
is [103, Chapters 1 & 3], which only considers real rational functions. The recent
reference [8], which works in the general setting of matrices over principal ideal
domains and the corresponding fields of fractions, is also highly recommendable.

Rational matrices are matrices whose entries are rational functions. As for matrix
polynomials, a rational matrix is said to be regular if it is square and its determinant
is not identically zero. Otherwise, it is said to be singular. The rank or normal
rank of a rational matrix R(λ) is the rank of R(λ) when viewed as a matrix over
the field F(λ) and is denoted by rank(R).

It is well known that any rational function has infinitely many representations
as a ratio of polynomials, but can be uniquely simplified to reduced form as in the
following definition.
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Definition 2.34 (Reduced form). Any nonzero r(λ) ∈ F(λ) can be uniquely ex-

pressed in reduced form r(λ) = α·u(λ)
`(λ)

, where the polynomials u(λ) and `(λ) are

coprime and monic, and α ∈ F. The associated expression r̃(λ) = u(λ)
`(λ)

is the

normalized reduced form of r(λ).

Also, any rational matrix R(λ) ∈ F(λ)m×n can be uniquely expressed as

R(λ) = P (λ) + Rsp(λ), (2.7)

where P (λ) is a matrix polynomial and Rsp(λ) is a strictly proper rational ma-
trix, i.e., a rational matrix such that for each of its nonzero entries the degree of
the denominator is strictly larger than the degree of its numerator. P (λ) is called
the polynomial part of R(λ) and Rsp(λ) the strictly proper part of R(λ).

As an analogous to the Smith form for matrix polynomials, the key tool for
working with rational matrices is the Smith-McMillan form, that was introduced by
McMillan [74, 75]. The Smith-McMillan form is the canonical form of a rational
matrix under multiplication by unimodular matrix polynomials.

Theorem 2.35 (Smith-McMillan form). For any rational matrix R(λ) ∈ F(λ)m×n

there exist unimodular matrices E(λ) ∈ F[λ]m×m and F (λ) ∈ F[λ]n×n, and a nonne-
gative integer r ≤ min{m,n} such that

E(λ)R(λ)F (λ) =


d1(λ)

. . . 0r×(n−r)
dr(λ)

0(m−r)×r 0(m−r)×(n−r)

 =: D(λ), (2.8)

where for i = 1, . . . , r the diagonal entries di(λ) = εi(λ)
ψi(λ)

∈ F(λ) are in normalized

reduced form, and for j = 1, . . . , r − 1 we have εj(λ) | εj+1(λ) and ψj+1(λ) |ψj(λ).
Moreover, the integer r is the rank of R(λ) and the rational diagonal matrix D(λ)
is unique.

The matrix D(λ) in (2.8) is called the Smith-McMillan form of R(λ), and

the normalized reduced fractions di(λ) = εi(λ)
ψi(λ)

for i = 1, . . . , r are called the

invariant rational functions of R(λ). Those polynomials ε1(λ), . . . , εr(λ) and
ψ1(λ), . . . , ψr(λ) in (2.8) that are different from 1 are called the nontrivial nu-
merators and denominators, respectively, of the Smith-McMillan form of R(λ).
It is important to note that ψ1(λ) in (2.8) is the monic least common multiple of
the denominators of the entries of R(λ), when these entries are each expressed in
reduced form.

Remark 2.36. Notice that a matrix polynomial can be seen as a rational matrix
where the denominators of all the entries are equal to 1. Then, the Smith-McMillan
form of a matrix polynomial coincides with its Smith form and, consequently, the
invariant rational functions and the invariant polynomials are the same.
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Suppose p(λ) ∈ F[λ] is a nonzero polynomial, and let π(λ) be any nonconstant
monic irreducible polynomial with coefficients in F. Then there is a unique nonne-
gative integer k and a unique polynomial q(λ) ∈ F[λ] with q(λ), π(λ) coprime such
that

p(λ) = [π(λ)]kq(λ). (2.9)

The integer k is called the structural index of p(λ)at π(λ), and is denoted S(p, π).
It follows immediately that for any two nonzero polynomials p1(λ), p2(λ) ∈ F[λ],

S(p1p2, π) = S(p1, π) + S(p2, π) . (2.10)

There is a very natural extension of this concept to rational functions, as a result of
the following elementary lemma.

Lemma 2.37. Let π(λ) be a nonconstant monic irreducible polynomial over the
field F, and let r(λ) be any nonzero rational function in F(λ). Then there is a
unique integer k (possibly zero or negative) and a rational function s(λ) in reduced
form s(λ) = α · u(λ)/`(λ) where π(λ) is coprime to u(λ) and to `(λ) such that

r(λ) = [π(λ)]k s(λ) .

As before, we call the integer k the structural index of r(λ) at π(λ) and de-
note it by S(r, π). The structural index S(r, π) can also be easily calculated from
any representation n(λ)/d(λ) of r(λ) as a fraction of polynomials. Indeed, it is
straightforward to see that

S(r, π) = S(n, π)− S(d, π) . (2.11)

The following properties are now easy consequences of (2.10) and (2.11).

Lemma 2.38. Consider any nonconstant monic F-irreducible polynomial π(λ), and
any nonzero rational functions r1(λ), r2(λ) ∈ F(λ). Then

S(r1r2, π) = S(r1, π) + S(r2, π) . (2.12)

Also, for any nonzero rational function f(λ) ∈ F(λ),

S(r1, π) = S(r2, π) ⇒ S(fr1, π) = S(fr2, π) , (2.13)

S(r1, π) < S(r2, π) ⇒ S(fr1, π) < S(fr2, π) . (2.14)

A further natural extension is to rational matrices. Let R(λ) be a rational
matrix over F, with Smith-McMillan form given by (2.8). Let di(λ) = εi(λ)/ψi(λ)
for 1 ≤ i ≤ r, and define the structural index sequence of R(λ) at π(λ) to be

S(R, π) :=
(
S(d1, π), S(d2, π), . . . , S(dr, π)

)
. (2.15)
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Then by Lemma 2.37, S(R, π) is exactly the sequence of integers (h1, h2, . . . , hr)
such that

εi(λ)

ψi(λ)
= π(λ)hi

ε̃i(λ)

ψ̃i(λ)
, (2.16)

where the triples of polynomials
(
ε̃i(λ), ψ̃i(λ), π(λ)

)
are pairwise coprime (each pair

is coprime) for i = 1, . . . , r. The sequence of integer exponents (h1, h2, . . . , hr) is
unique, and satisfies the non-decreasing condition h1 ≤ h2 ≤ · · · ≤ hr by the divisi-
bility properties of the numerators and denominators of the Smith-McMillan form
and (2.11); indeed, these divisibility properties are equivalent to the structural index
sequence at every irreducible π(λ) being non-decreasing. Note that in [8, p. 204],
h1, h2, . . . , hr are called the “invariant orders” at π(λ) of R(λ), which is very natu-
ral since they form a complete set of invariants under a clearly defined equivalence
relation. However, we use the same name as in the matrix polynomials case (see
Remark 2.4), that is, we call them “structural indices”, which is a nomenclature
that has also appeared in classical references as [61, p. 447] or [100, p. 2.4].

Note that the sequence of structural indices of R(λ) at π(λ) contains nonzero
terms if and only if the nonconstant monic irreducible polynomial π(λ) ∈ F[λ] in
(2.16) divides either εr(λ) or ψ1(λ) (or both); otherwise, (h1, h2, . . . , hr) = (0, 0, . . . , 0).
Including sequences with all its structural indices equal to zero in the definition al-
lows us flexibility and the ability to state certain results in a concise way.

Given the Smith-McMillan form (2.8) of R(λ) ∈ F(λ)m×n over a field F, the
roots of ε1(λ), . . . , εr(λ) in the algebraic closure F are the finite zeros of R(λ).
Analogously, the roots of ψ1(λ), . . . , ψr(λ) in F are the finite poles of R(λ). The
finite eigenvalues of R(λ) are those finite zeros that are not poles. As in the
matrix polynomial case, observe that the uniqueness of D(λ) in (2.8) implies that
the Smith-McMillan form of R(λ) does not change under field extensions. Thus,
D(λ) is also the Smith-McMillan form of R(λ) considered as a rational matrix in
F(λ)m×n. This makes possible to consistently define the structural index sequence
of R(λ) at any λ0 ∈ F, denoted S(R, λ0) for simplicity, by identifying S(R, λ0) with
S(R, π(λ)) for π(λ) = λ− λ0. With this notation, observe that:

1. λ0 is a finite zero of R(λ) if and only if the last term of S(R, λ0) is positive;

2. λ0 is a finite pole of R(λ) if and only if the first term of S(R, λ0) is negative;

3. λ0 is neither a finite zero nor a finite pole of R(λ) if and only if all the terms
of S(R, λ0) are zero;

4. λ0 is a finite eigenvalue of R(λ) if and only if S(R, λ0) contains only nonnega-
tive terms, the last of which is positive.

Remark 2.39. Recalling Remark 2.36, when considering a matrix polynomial as a
rational matrix, we can say that a matrix polynomial P does not have finite poles
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and its finite zeros are its finite eigenvalues as defined in Definition 2.5. Also, for a
finite zero λ0 of P , the structural index sequence of P at λ0 is the same as its partial
multiplicity sequence at λ0 (Definition 2.3), that is, S(P, λ0) = J (P, λ0).

In the following example, we illustrate some of the notions that have been intro-
duced in this section.

Example 2.40. Consider the rational matrix

R(λ) = diag

(
λ

λ− 1
,

1

λ− 1
, (λ− 1)2

)
⊕
[

1 λ2 0
0 1 λ7

]
∈ F(λ)5×6 ,

To compute its Smith-McMillan form, we can multiply R(λ) by the monic least
common denominator of its entries, that is, ψ1(λ) = λ−1. Notice that ψ1(λ)R(λ) =
P (λ), where P (λ) is the matrix polynomial considered in Example 2.7. Then, we
can obtain the Smith-McMillan form of R(λ) dividing the Smith form of P (λ) by
ψ1(λ) and simplifying each entry to normalized reduced form. Thus, we obtain that

D(λ) =

[
diag

(
1

λ− 1
,

1

λ− 1
, 1, 1, λ(λ− 1)2

)
0

]
.

is the Smith McMillan form of R(λ). The only nonzero structural index sequences at
finite λ0 ∈ F for this R(λ) are S(R, 1) = (−1,−1, 0, 0, 2) and S(R, 0) = (0, 0, 0, 0, 1);
note that the sequence length is 5 since rank(R) = 5. Thus, 1 is simultaneously a
pole and a zero of R(λ), while 0 is a zero but not a pole. Therefore, 0 is the only
finite eigenvalue of R(λ).

Notice that the Smith-McMillan form of a rational matrix R(λ) over F can be
uniquely reconstructed from the nontrivial structural index sequences of R(λ) at
nonconstant monic irreducible polynomials. Suppose π1(λ), π2(λ), . . . , πk(λ) are the
only nonconstant monic irreducible polynomials π(λ) ∈ F[λ] such that S(R, π) is

nontrivial, and let S(R, πi) = (h
(i)
1 , h

(i)
2 , . . . , h

(i)
r ) with h

(i)
1 ≤ h

(i)
2 ≤ · · · ≤ h

(i)
r . Then

the invariant rational functions d1(λ), d2(λ), . . . , dr(λ) of R(λ) are given by

dj(λ) =
k∏
i=1

[πi(λ)]h
(i)
j =

εj(λ)

ψj(λ)
. (2.17)

The individual numerator and denominator polynomials εj(λ) and ψj(λ) may also
be uniquely reconstructed in a similar fashion.

The following simple result on Smith-McMillan forms and structural index se-
quences is fundamental in proving the main results of Chapter 6. The proof follows
immediately from the previous results.
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Lemma 2.41. Let R(λ) ∈ F(λ)m×n be a rational matrix with rank r and Smith-
McMillan form D(λ). Also let f(λ) ∈ F(λ) be any nonzero scalar rational function,
and π(λ) ∈ F[λ] any nonconstant monic irreducible polynomial. Then the structural
index sequence of f(λ)R(λ) at π(λ) is

S
(
f(λ)R(λ), π(λ)

)
= S

(
f(λ)D(λ), π(λ)

)
= S

(
R(λ), π(λ)

)
+ (s, s, . . . , s) , (2.18)

where s = S(f(λ), π(λ)). Furthermore, the Smith-McMillan form of f(λ)R(λ) ∈
F(λ)m×n can be obtained from the diagonal rational matrix f(λ)D(λ) simply by re-
placing each nonzero entry of f(λ)D(λ) by its normalized reduced form.

Proof. It is immediate that f(λ)R(λ) is unimodularly equivalent to f(λ)D(λ), using
the same unimodular transformations that take R(λ) into D(λ). Thus f(λ)R(λ)
and f(λ)D(λ) have the same Smith-McMillan form, and hence identical structural
index sequences S

(
f(λ)R(λ), π(λ)

)
and S

(
f(λ)D(λ), π(λ)

)
. But by Lemma 2.38,

the structural indices of the diagonal entries of f(λ)D(λ) form a nondecreasing
sequence for any irreducible π(λ). Thus, aside from expressing these diagonal entries
in normalized reduced form, the matrix f(λ)D(λ) is already essentially in Smith-
McMillan form, so that

S
(
f(λ)D(λ), π(λ)

)
=
(
. . . , S

(
f(λ)di(λ), π(λ)

)
, . . .

)
= S

(
R(λ), π(λ)

)
+(s, s, . . . , s) ,

by (2.12) and (2.15).

Remark 2.42. For brevity, in situations such as those in Lemma 2.41, we will
informally say that f(λ)D(λ) is the Smith-McMillan form of f(λ)R(λ).

So far, only finite poles and zeros of rational matrices have been defined. Next,
we define the structure at∞ as it was originally done by McMillan [74, 75] (see also
[61, p. 450]). Other equivalent definitions that may be more convenient in certain
settings but require introducing some additional concepts can be found in [8, Section
5] and [103, Chapter 3]. Bear in mind that 0 ∈ F in Definition 2.43.

Definition 2.43. Let R(λ) ∈ F(λ)m×n be a rational matrix. The structural index
sequence of R(λ) at infinity, denoted S(R,∞), is defined to be identical with the
structural index sequence of R(1/λ) at 0, or equivalently, as the structural index
sequence of R(1/λ) at π(λ) = λ, i.e.,

S(R,∞) := S
(
R(1/λ), 0

)
:= S

(
R(1/λ), λ

)
.

According to this definition, then, R(λ) has a pole (resp., a zero) at∞ if R(1/λ) has
a pole (resp., a zero) at 0. The following simple result about rational functions will
be very useful when calculating the structural indices at ∞ for a rational matrix.
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Lemma 2.44. Suppose r(λ) = n(λ)
d(λ)
∈ F(λ) is a nonzero scalar rational function,

where n(λ), d(λ) ∈ F[λ] are scalar polynomials. Then r
(

1
λ

)
can be expressed in the

form

r

(
1

λ

)
=

f(λ)

g(λ)
λdeg(d)−deg(n),

where f(λ), g(λ) ∈ F[λ] are each coprime to λ, so that S(r,∞) = deg(d)− deg(n).

Proof. r(1/λ) = n(1/λ)

d(1/λ)
= λdeg(d)λdeg(n)n(1/λ)

λdeg(n)λdeg(d)d(1/λ)
= λdeg(d)−deg(n) revn(λ)

rev d(λ)
.

The following example illustrates the structure at infinity of a rational matrix.

Example 2.45. Consider again the matrix R(λ) in Example 2.40 and compute
R(1/λ), which is

R(1/λ) = diag

(
1

1− λ
,

λ

1− λ
,

(
1− λ
λ

)2
)
⊕
[

1 1/λ2 0
0 1 1/λ7

]
If we multiply R(1/λ) by its least common denominator, which is λ7(1− λ), we

obtain (rev P )(λ) where P (λ) is the matrix polynomial introduced in Example 2.7.
Since we have computed the Smith form of rev P in Example 2.17, we can easily
obtain the Smith-McMillan form of R(1/λ) dividing the Smith form of rev P by
λ7(1− λ) and simplifying each entry to normalized reduced form, which leads to[

diag

(
1

λ7(λ− 1)
,

1

λ2(λ− 1)
,

1

λ2
, 1, λ(λ− 1)2

)
0

]
.

So, the sequence of structural indices at infinity of R(λ) is S(R(λ),∞) = S(R(1/λ), 0) =
(−7,−2,−2, 0, 1). Therefore, R(λ) has a pole and also a zero at infinity.

It is worth re-emphasizing that for matrix polynomials, structural index se-
quences and partial multiplicity sequences are identical for all finite λ0. It is only at
infinity where these concepts differ. In particular, the partial multiplicity sequence
at infinity of a matrix polynomial depends on the grade while the structural index
sequence at infinity does not. However, both ways of defining the structure at infi-
nity of a matrix polynomial are easily related each other, as it is shown in the next
proposition.

Proposition 2.46. Let P (λ) ∈ F[λ]m×n be a matrix polynomial of grade k, with
structural index sequence S(P,∞) at infinity, and partial multiplicity sequence J (P,∞)
at infinity. Then

J (P,∞) = S(P,∞) + (k, k, . . . , k) ,

i.e., J (P,∞) is obtained from S(P,∞) by adding k to each of its terms.



2.2. RATIONAL MATRICES 31

Proof. Since S(P,∞) = S(P (1/λ), 0) and J (P,∞) = S(λkP (1/λ), 0), the result
follows from Lemma 2.41 with R(λ) = P (1/λ), π(λ) = λ, and f(λ) = λk.

Two quantities associated with rational matrices are introduced in the next de-
finition. They will play key roles in Van Dooren’s rational index sum theorem in
Chapter 6.

Definition 2.47 (Total numbers of poles and zeros). Let R(λ) ∈ F(λ)m×n be a
rational matrix. Then the total number of poles of R(λ), denoted δp(R), is
minus the sum of the negative structural indices at all the poles (finite or infinite) of
R(λ); equivalently, the summation of negative structural indices may be taken over
all λ0 ∈ F∪{∞}. Similarly, the total number of zeros of R(λ), denoted δz(R), is
the sum of the positive structural indices at all the zeros (finite or infinite) of R(λ),
or equivalently, the sum of positive indices over all λ0 ∈ F ∪ {∞}.

In [8, p. 204], for any λ0 ∈ F ∪ {∞} the positive entries of S(R, λ0) are called
the orders of the zero at λ0, while the negative entries of S(R, λ0) with their signs
changed are called the orders of the pole at λ0. Other similar definitions of “order”
of zeroes and poles can be found in [61, 100]. In this terminology, the quantity δz(R)
(resp., δp(R)) is simply the sum of the orders of all zeros (resp., poles) in F ∪ {∞}.

Remark 2.48. All the descriptions of δp(R) and δz(R) given so far require passing
to the algebraic closure F. This can be avoided by directly using the invariant
rational functions in the Smith-McMillan form over F given by (2.8). If S(R,∞) =
(q1, . . . , qr), then it is easy to see that

δp(R) =
r∑
i=1

deg(ψi)−
∑
qi<0

qi and δz(R) =
r∑
i=1

deg(εi) +
∑
qi>0

qi . (2.19)

Example 2.49. The only nonzero structural index sequences of the matrix R(λ) in
Example 2.40 are S(R, 1) = (−1,−1, 0, 0, 2), S(R, 0) = (0, 0, 0, 0, 1), and S(R,∞) =
(−7,−2,−2, 0, 1). Therefore, δp(R) = 13 and δz(R) = 4. Using the Smith-McMillan
form of R(λ) in Example 2.40, it is easy to check that (2.19) yields the same result.

The final concept we need to complete our survey of all the types of structural
data of a rational matrix is that of minimal indices. Their definition is completely
analogous to the corresponding one for matrix polynomials seen in Definition 2.24:
for a singular R(λ) ∈ F(λ)m×n, we define its right and/or left rational null spaces,
by

Nr(R) := {x(λ) ∈ F(λ)n×1 : R(λ)x(λ) = 0},
N`(R) := {y(λ) ∈ F(λ)m×1 : y(λ)TR(λ) = 0}.

Then, recalling the concept of minimal basis in Definition 2.22, the right and
left minimal bases of a rational matrix R(λ) are the minimal bases of the rational
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subspaces Nr(R) and N`(R), respectively, and the right and left minimal indices
of R(λ) are the ordered degrees of the elements of those bases. The sum of the right
and left minimal indices is denoted by µ(R). The next example illustrates minimal
bases and minimal indices.

Example 2.50. Consider again the 5× 6 rational matrix R(λ) from Example 2.40.
As in Example 2.26, it can be easily checked that there are no left minimal indices
and exactly one right minimal index that is the degree of the only element in the
right minimal basis {[0, 0, 0, λ9,−λ7, 1]T}, which is 9.

The concept of minimal indices together with those concepts previously defined
give rise to the following definition.

Definition 2.51. Given a rational matrix R(λ) ∈ F(λ)m×n with rank r, the complete
structural data of R(λ) consists of the following four components:

1. “Finite structure”: the invariant rational functions ε1(λ)
ψ1(λ)

, . . . , εr(λ)
ψr(λ)

defining the

Smith-McMillan form of R(λ),

2. “Infinite structure”: the structural index sequence S(R,∞),

3. “Left singular structure”: the left minimal indices η1, . . . , ηm−r of R(λ), and

4. “Right singular structure”: the right minimal indices γ1, . . . , γn−r of R(λ).

It is worth emphasizing some simple implicit constraints on the complete structural
data of a rational matrix R(λ): first, the number of invariant rational functions and
the number of structural indices at infinity are both equal to rank(R), and second,
the numbers of left and right minimal indices, the size of R(λ), and rank(R) are
related via the rank-nullity theorem.

Remark 2.52. There are several alternative, but equivalent, ways to specify the
finite structure of a rational matrix R(λ) as presented in Definition 2.51(i). Staying
inside the field F, one could list all the nonconstant monic irreducible polynomials
π(λ) ∈ F[λ] such that S(R, π) is nonzero, together with all of the corresponding
structural index sequences. As discussed earlier in (2.17), this information is suffi-
cient to uniquely reconstruct the invariant rational functions (see also [8, Theorem
4.2]). At the cost of passing to the algebraic closure F, one could instead list all
the finite poles and zeros of R(λ), together with the corresponding structural index
sequences. This description may be more natural if F = C, which is probably the
most important case in applications.

Next we state the rational index sum theorem. Although Section 6.1 will be
devoted to it, here we make some comments in advance. We baptize this result as
“Van Dooren’s index sum theorem”since it was proved for the first time by Paul
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Van Dooren [100] (Section 6.1.2 contains some information on the history of this
result). In addition, in Section 6.1.1 we provide a new proof for this result that uses
the polynomial index sum theorem (Theorem 2.28 ). In Section 6.1.2 we will also
prove that the rational and the polynomial index sum theorems are equivalent.

Theorem 2.53 (Van Dooren’s Rational Index Sum Theorem). Let R(λ) be a ra-
tional matrix over an arbitrary field F. Let δp(R) and δz(R) be the total number of
poles and zeros, respectively, of R(λ), and let µ(R) be the sum of the left and right
minimal indices of R(λ). Then

δp(R) = δz(R) + µ(R) . (2.20)

We recall that the main goal in Chapter 6 is to find a necessary and sufficient
condition for the existence of a rational matrix that realizes a complete list of struc-
tural data (see Definition 2.51 ). Then, Van Dooren’s index sum theorem is a key
result since this necessary and sufficient condition is that the prescribed structural
data satisfy the relation (2.20).

2.2.1 Rational Eigenvalue Problems

Rational eigenvalue problems appear in a wide variety of problems such as free
vibration of mechanical structures with elastically attached loads [89], fluid-solid
vibration [105], and electronic structure calculations of quantum dots [59, 106]. As
a consequence, they have attracted considerable attention in the last decade from
the points of view of theory and development of numerical algorithms. Although we
will not explore further properties of the rational eigenvalue problems in this thesis,
we present here its definition for completeness. As in the polynomial case, rational
eigenvalue problems are defined on the field F = C.

Associated with a regular rational matrix R(λ) ∈ C(λ)n×n, a rational eigen-
value problem (REP) consists of finding scalars λ0 ∈ C and nonzero vectors
x, y ∈ Cn×1 such that

R(λ0)x = 0 and y∗R(λ0) = 0. (2.21)

In (2.21), we understand that R(λ0) ∈ Cn×n, i.e., R(λ0) is bounded or, equiva-
lently, λ0 is not a pole of R(λ).

It is worth recalling that PEPs and REPs are particular cases of a more general
category of eigenvalue problems called nonlinear eigenvalue problems (NEP),
which is to find scalars λ0 ∈ C and nonzero vectors x, y ∈ Cn×1 such that

F (λ0)x = 0, and y∗F (λ0) = 0

where F : C → Cn×n can be expressed as F (λ) =
∑k

i=0 fi(λ)Bi, with fi : C → C
nonlinear functions and Bi ∈ Cn×n.
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Chapter 3

Eigenvalue condition numbers and
backward errors

As explained in Chapter 1, in this chapter we study eigenvalue condition numbers
and backward errors of approximate eigenpairs. It is divided in two sections. The
first one is devoted to eigenvalue condition numbers while the second one is fo-
cused on backward errors of approximate eigenpairs. In each of them, we introduce
the definitions of their different non-homogeneous and homogeneous versions that
have appeared in the literature, as well as equivalent formulas to compute them,
and we provide exact relationships between their non-homogeneous and homoge-
neous versions. In addition, since two definitions of homogeneous condition numbers
have appeared in the literature, we also prove the exact relationship between them.
Also, an exact formula to compute one of these homogeneous condition numbers
(Stewart-Sun) is deduced. While the relation between the non-homogeneous and
homogeneous backward errors is quite simple and does not require further analy-
sis (both backward errors are the same for every finite approximate eigenpair), the
relationship between the non-homogeneous and homogeneous condition numbers is
thoroughly studied and geometric interpretations of this relationship are presented.
As introduced in Section 1.1, we prove that the non-homogeneous condition num-
bers are always larger than the homogeneous one and that the non-homogeneous
condition numbers of eigenvalues with large or small moduli are much larger than
the corresponding homogeneous condition numbers. All these relationships seem to
have remained unnoticed by the researchers in Linear Algebra, therefore, the results
relative to them constitute original contributions of this thesis, as well as the explicit
expressions of the Stewart-Sun condition numbers.

Since the condition numbers and the backward errors arise in the context of the
numerical solutions of polynomial eigenvalue problems and we have defined them
over the field F = C, throughout this chapter we will consider matrix polynomials
defined over C.

35
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3.1 Eigenvalue condition numbers

This section includes the diverse notions of eigenvalue condition numbers as well
as the relationships between them, with their corresponding interpretations, that
have been announced in the preamble. The results in subsection 3.1.1 are not novel
and have previously appeared in the literature, except Theorem 3.16, whose proof
is provided. The other two subsections only contain original contributions of the
author, except for Theorems 3.18 and 3.21, which are clearly referenced.

3.1.1 Definitions and explicit expressions

In this subsection we recall three eigenvalue condition numbers used in the literature
and discuss some of the advantages and disadvantages of each of them.

3.1.1.1 Non-homogeneous eigenvalue condition numbers

To begin with, we recall the definition of two versions (absolute and relative) of a
normwise eigenvalue condition number introduced in [94].

Definition 3.1. Let λ0 be a simple, finite eigenvalue of a regular matrix polynomial
P (λ) =

∑k
i=0 λ

iBi of grade k and let x be a right eigenvector of P (λ) associated with
λ0. We define the normwise absolute condition number κa(λ0, P ) of λ0 by

κa(λ0, P ) := lim
ε→0

sup

{
|∆λ0|
ε

: [P (λ0 + ∆λ0) + ∆P (λ0 + ∆λ0)](x+ ∆x) = 0,

‖∆Bi‖2 ≤ ε ωi, i = 0 : k

}
,

where ∆P (λ) =
∑k

i=0 λ
i∆Bi and ωi, i = 0 : k, are nonnegative weights that allow

flexibility in how the perturbations of P (λ) are measured.
For λ0 6= 0, we define the normwise relative condition number κr(λ0, P )

of λ0 by

κr(λ0, P ) := lim
ε→0

sup

{
|∆λ0|
ε|λ0|

: [P (λ0 + ∆λ0) + ∆P (λ0 + ∆λ0)](x+ ∆x) = 0,

‖∆Bi‖2 ≤ ε ωi, i = 0 : k

}
.

We will refer to κa(λ0, P ) and κr(λ0, P ), respectively, as the absolute and rela-
tive non-homogeneous eigenvalue condition numbers. Note that the absolute non-
homogeneous condition number is not defined for infinite eigenvalues while the re-
lative condition number is not defined for zero or infinite eigenvalues.

Remark 3.2. In the definitions of κa(λ0, P ) and κr(λ0, P ), the weights ωi can be
chosen in different ways. The most common ways are:



3.1. EIGENVALUE CONDITION NUMBERS 37

1. ωi = 1 (absolute perturbations);

2. ωi = ‖P‖ for a certain norm of the matrix polynomial P (relative perturbations
with respect to the norm of P (λ)). Throughout this thesis, we will consider
the norm ‖P‖∞ := max

i=0:k
{‖Bi‖2};

3. ωi = ‖Bi‖2 (relative coefficient-wise perturbations).

Notice that the two first choices of weights are constant for every i = 0 : k.

The absolute perturbations in Remark 3.2 does not correspond to perturbations
in the coefficient of P appearing in applications, but it is studied because its analysis
is the simplest one. Quoting Nick Higham [54, p. 56], “it is the relative condition
number that is of interest, but it is more convenient to state results for the absolute
condition number”. The relative with respect to the norm of P perturbations corre-
spond to perturbations in the coefficients of P coming from the backward errors of
solving PEPs by applying a backward stable generalized eigenvalue algorithm to any
reasonable linearization of P [36, 101]. Finally, the relative perturbations correspond
to perturbations in the coefficients of P coming from an “ideal”coefficientwise back-
ward stable algorithm for the PEP. Unfortunately, nowadays, such “ideal ”algorithm
exists only for degrees k = 1 (the QZ algorithm for generalized eigenvalue problems)
and k = 2, in this case via linearizations and delicate scalings of P [40, 52, 110]. The
recent work [98] shows that there is still some hope of finding an “ideal ”algorithm
for PEPs with degree k > 2.

In Definition 3.1, two kinds of non-homogeneous eigenvalue condition numbers
have been defined. Then, in Remark 3.2, three different types of weights ωi have been
introduced. This leads to six different condition numbers. Although throughout
Chapter 3 we do not consider all these six cases separately, we will need to do it
in Chapter 4. Therefore, we introduce in the following definition the names and
notation for these six different kinds of eigenvalue condition numbers. We remark
that, although we are introducing a specific notation for the condition numbers
where a specific weight is chosen, the notation introduced in Definition 3.1 will still
be used when a result holds for every possible weight considered in that definition.

Definition 3.3. With the same notation and assumptions as in Definition 3.1:

1. The absolute-absolute eigenvalue condition number of λ0 is defined by
taking ωi = 1 for i = 0 : k in κa(λ0, P ) and is denoted by κaa(λ0, P ).

2. The relative-absolute eigenvalue condition number of λ0 is defined by
taking ωi = 1 for i = 0 : k in κr(λ0, P ) and is denoted by κar(λ0, P ).

3. The absolute-relative with respect to the norm of P eigenvalue con-
dition number of λ0 is defined by taking ωi = max

j=0:k
{‖Bj‖2} for i = 0 : k in

κa(λ0, P ) and is denoted by κpa(λ0, P ).
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4. The relative-relative with respect to the norm of P eigenvalue con-
dition number of λ0 is defined by taking ωi = max

j=0:k
{‖Bj‖2} for i = 0 : k in

κr(λ0, P ) and is denoted by κpr(λ0, P ).

5. The absolute-relative eigenvalue condition number of λ0 is defined by
taking ωi = ‖Bi‖2 for i = 0 : k in κa(λ0, P ) and is denoted by κra(λ0, P ).

6. The relative-relative eigenvalue condition number of λ0 is defined by
taking ωi = ‖Bi‖2 for i = 0 : k in κr(λ0, P ) and is denoted by κrr(λ0, P ).

An explicit formula for the non-homogeneous eigenvalue condition numbers pre-
sented above was obtained by Tisseur in [94].

Theorem 3.4. Let P (λ) be a regular matrix polynomial of grade k. Let λ0 be a
simple, finite eigenvalue of P (λ) and let x and y be, respectively, a right and a left
eigenvector of P (λ) associated with λ0. Then,

κa(λ0, P ) =
(
∑k

i=0 |λ0|iωi)‖y‖2‖x‖2

|y∗P ′(λ0)x|
,

where P ′(λ) denotes the derivative of P (λ) with respect to λ. For λ0 6= 0,

κr(λ0, P ) =
(
∑k

i=0 |λ0|iωi)‖y‖2‖x‖2

|λ0||y∗P ′(λ0)x|
.

We obtain the specific explicit expressions for each of the non-homogeneous con-
dition numbers introduced in Definition 3.3 as easy corollaries of Theorem 3.4.

Corollary 3.5. With the same notation as in Definition 3.3 and the same assump-
tions as in Theorem 3.4,

κaa(λ0, P ) =
(
∑k

i=0 |λ0|i)‖y‖2‖x‖2

|y∗P ′(λ0)x|
.

κar(λ0, P ) =
(
∑k

i=0 |λ0|i)‖y‖2‖x‖2

|λ0||y∗P ′(λ0)x|
.

κpa(λ0, P ) =
(
∑k

i=0 |λ0|i) max
j=0:k
{‖Bj‖2}‖y‖2‖x‖2

|y∗P ′(λ0)x|
.

κpr(λ0, P ) =
(
∑k

i=0 |λ0|i) max
j=0:k
{‖Bj‖2}‖y‖2‖x‖2

|λ0||y∗P ′(λ0)x|
.

κra(λ0, P ) =
(
∑k

i=0 |λ0|i‖Bi‖2)‖y‖2‖x‖2

|y∗P ′(λ0)x|
.
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κrr(λ0, P ) =
(
∑k

i=0 |λ0|i‖Bi‖2)‖y‖2‖x‖2

|λ0||y∗P ′(λ0)x|
.

The following technical result will be useful for the comparison of the non-
homogeneous condition numbers introduced above and the homogeneous condition
numbers that we introduce in Section 3.1.1.2. We will use the concept of reversal of
a matrix polynomial introduced in Definition 2.11.

Lemma 3.6. Let P (λ) =
∑k

i=0 λ
iBi be a regular matrix polynomial of degree k. Let

λ0 be a simple, nonzero, finite eigenvalue of P (λ). Then,

κa

(
1

λ0

, revP

)
=
κr(λ0, P )

|λ0|
and κr

(
1

λ0

, revP

)
= κr(λ0, P ).

Proof. We only prove the first claim. The second claim follows immediately from
the first.

Let x and y be, respectively, a right and a left eigenvector of P (λ) associated
with λ0. It is easy to see that these vectors are also a right and a left eigenvector of
revP associated with 1

λ0
. Notice that

κa

(
1

λ0

, revP

)
=

(
∑k

i=0

∣∣∣ 1
λ0

∣∣∣k−i ωi)‖x‖2‖y‖2

|y∗(revP )′( 1
λ0

)x|

=
(
∑k

i=0 |λ0|i ωi)‖x‖2‖y‖2

|λ0|k|y∗(revP )′( 1
λ0

)x|
=

(
∑k

i=0 |λ0|i ωi)‖x‖2‖y‖2

|λ0|2|y∗λk−2
0 (revP )′( 1

λ0
)x|

=
(
∑k

i=0 |λ0|i ωi)‖x‖2‖y‖2

|λ0|2|y∗P ′(λ0)x|
=
κr(λ0, P )

|λ0|
,

where the fourth equality follows from the facts that revP (λ) = λkP ( 1
λ
) and P (λ0)x =

0, and the first and fifth equalities follow from Theorem 3.4. Thus, the claim follows.

3.1.1.2 Homogeneous eigenvalue condition numbers

As pointed out in Section 3.1.1.1, neither of the non-homogeneous condition numbers
is defined for infinite eigenvalues. Thus, these types of eigenvalues require a special
treatment in the non-homogeneous setting. In this section we introduce two con-
dition numbers that allow a unified approach to all eigenvalues, finite and infinite.
These condition numbers require the matrix polynomial to be expressed in homo-
geneous form (see (2.4)). This is the reason why we refer to them as homogeneous
eigenvalue condition numbers.

Remark 3.7. We recall that (α0, β0) 6= (0, 0) is an eigenvalue of P (α, β) if and only
if λ0 := α0/β0 is an eigenvalue of P (λ), where λ0 =∞ if β0 = 0 (Lemma 2.33).
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Each of the condition numbers presented in this section has been defined in the
literature with a different approach. One of them is due to Stewart and Sun [91],
who define the eigenvalue condition number, only for pencils, in terms of the chordal
distance between the exact and the perturbed eigenvalues. The other approach is
due to Dedieu and Tisseur [24, 25] and makes use of the Implicit Function Theo-
rem to construct a differential operator whose norm is defined to be an eigenvalue
condition number. This idea was inspired by Shub and Smale’s work [86]. These
two condition numbers do not have a specific name in the literature. We will re-
fer to them as the Stewart-Sun condition number and the Dedieu-Tisseur condition
number, respectively.

Dedieu-Tisseur condition number The homogeneous eigenvalue condition num-
ber that we present in this part of Section 3.1.1.2 has been often used in recent litera-
ture on matrix polynomials as an alternative to the non-homogeneous Wilkinson-like
condition number κr(λ0, P ) introduced in Definition 3.1. See, for instance, [52, 57].
We do not include its explicit definition in this section because it is much more
involved than Definition 3.1, but the interested reader can find it in Appendix A.
The next theorem provides an explicit formula for this condition number.

Theorem 3.8. [57, Theorem 2.3] Let (α0, β0) be a simple eigenvalue of the regular
matrix polynomial P (α, β) =

∑k
i=0 α

iβk−iBi, and let y and x be, respectively, a left
and a right eigenvector of P (α, β) associated with (α0, β0). Then, the Dedieu-Tisseur
condition number of (α0, β0) is given by

κh((α0, β0), P ) =

(
k∑
i=0

|α0|2i|β0|2(k−i)ω2
i

)1/2

‖y‖2‖x‖2

|y∗(β0DαP (α0, β0)− α0DβP (α0, β0))x|
,

(3.1)
where Da ≡ ∂

∂a
, that is, the partial derivative with respect to a and ωi, i = 0 : k

are nonnegative weights that define how the perturbations of the coefficients Bi are
measured.

It is important to note that the expression for this eigenvalue condition number
does not depend on the choice of representative for the eigenvalue (α0, β0) (we re-
call that the notion of representative of an eigenvalue of a homogeneous PEP was
introduced in Section 2.1.1).

Stewart-Sun condition number Here we introduce another homogeneous eigen-
value condition number. Its definition is easy to convey and to interpret from a
geometrical point of view.

We recall that every eigenvalue of a homogeneous matrix polynomial can be seen
as a line in C2 passing through the origin (see Section 2.1.1). The condition number
that we present here uses the “chordal distance” between lines in C2 to measure
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the distance between an unperturbed eigenvalue and its corresponding perturbed
eigenvalue. This distance is defined on the projective space P1(C).

Before introducing the chordal distance, we recall the definition of angle between
two lines in C2.

Definition 3.9. Let x and y be two nonzero vectors in C2 and let 〈x〉 and 〈y〉 denote
the lines passing through zero in the direction of x and y, respectively. We define
the angle between the two lines 〈x〉 and 〈y〉 by

θ(〈x〉, 〈y〉) := arccos
|〈x, y〉|
‖x‖2‖y‖2

, 0 ≤ θ(〈x〉, 〈y〉) ≤ π/2,

where 〈x, y〉 denotes the standard Hermitian inner product, i.e., 〈x, y〉 = y∗x.

Remark 3.10. We note that cos θ(〈x〉, 〈y〉) can be seen as the ratio between the
length of the orthogonal projection (with respect to the standard inner product in
C2) of the vector x onto y to the length of the vector x itself, that is,

cos θ(〈x〉, 〈y〉) =
‖projyx‖2

‖x‖2

,

since

projyx =
〈x, y〉y
‖y‖2

2

and
‖projyx‖2

‖x‖2

=
|〈x, y〉|
‖x‖2‖y‖2

.

We also have

sin θ(〈x〉, 〈y〉) =
‖x− projyx‖2

‖x‖2

.

The definition of chordal distance is given next.

Definition 3.11. [91, Chapter VI, Definition 1.20] Let x and y be two nonzero
vectors in C2 and let 〈x〉 and 〈y〉 denote the lines passing through zero in the direction
of x and y, respectively. The chordal distance between 〈x〉 and 〈y〉 is given by

χ(〈x〉, 〈y〉) := sin(θ(〈x〉, 〈y〉)).

Notice that χ(〈x〉, 〈y〉) ≤ θ(〈x〉, 〈y〉). Moreover, the chordal distance and the
angle are identical asymptotically, that is, when θ(〈x〉, 〈y〉) approaches 0.

The chordal distance between two lines 〈x〉 and 〈y〉 in C2 can also be expressed
in terms of the coordinates of the vectors x and y in the canonical basis for C2. Note
that this expression does not depend on the representatives x and y of the lines.

Lemma 3.12. [91, page 283] If 〈α, β〉 and 〈γ, δ〉 are two lines in C2, then

χ(〈α, β〉, 〈γ, δ〉) =
|αδ − βγ|√

|α|2 + |β|2
√
|γ|2 + |δ|2

.
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Remark 3.13. Notice that 0 ≤ χ(〈α, β〉, 〈γ, δ〉) ≤ 1 for all lines 〈α, β〉, 〈γ, δ〉 in C2.
Since the line 〈1, 0〉 is identified with the eigenvalue ∞ in PEPs, we see that the
chordal distance allows us to measure the distance from ∞ to any other eigenvalue
very easily. Moreover, such distance is never larger than one.

Next we introduce the homogeneous eigenvalue condition number in which the
change in the eigenvalue is measured using the chordal distance and that we baptize
as the Stewart-Sun eigenvalue condition number. This condition number was impli-
citly introduced for matrix pencils in [91, page 294], although an explicit definition
is not given in [91]. See also [14, page 40] for an explicit definition of this condition
number for matrix polynomials.

Note that in Definition 3.14 below, (α0 + ∆α0, β0 + ∆β0) is the unique simple
eigenvalue of (P + ∆P )(α, β) that approaches (α0, β0) when ∆P approaches zero.

Definition 3.14 (Stewart-Sun eigenvalue condition number). Let (α0, β0) be a sim-
ple eigenvalue of a regular matrix polynomial P (α, β) =

∑k
i=0 α

iβk−iBi and let x be
a right eigenvector of P (α, β) associated with (α0, β0). We define

κθ((α0, β0), P ) := lim
ε→0

sup

{
χ((α0, β0), (α0 + ∆α0, β0 + ∆β0))

ε
:

[P (α0 + ∆α0, β0 + ∆β0) + ∆P (α0 + ∆α0, β0 + ∆β0)](x+ ∆x) = 0,

‖∆Bi‖2 ≤ εωi, i = 0 : k

}
,

where ∆P (α, β) =
∑k

i=0 α
iβk−i∆Bi and ωi, i = 0 : k, are nonnegative weights that

allow flexibility in how the perturbations of P (α, β) are measured.

As in the non-homogeneous case, the most common choices for the weights ωi
in the definitions of the Dedieu-Tisseur and Stewart-Sun condition numbers are the
ones listed in Remark 3.2. Since in Chapter 4 we need to consider separately the
different variants of the Stewart-Sun condition number that follow from choosing
different weights, we introduce next the name and the notation for each of them. As
with the non-homogeneous condition numbers, we will still use the notation κθ when
we want to indicate that a result is true for every weight ωi considered in Definition
3.14.

Definition 3.15. With the same assumptions as in Definition 3.14:

1. The absolute eigenvalue condition number of (α0, β0) is defined by taking
ωi = 1 for i = 0 : k in κθ((α0, β0), P ) and is denoted by κaθ((α0, β0), P ).

2. The relative eigenvalue condition number with respect to the norm
of P of (α0, β0) is defined by taking ωi = max

j=0:k
{‖Bj‖2} for i = 0 : k in

κθ((α0, β0), P ) and is denoted by κpθ((α0, β0), P ).
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3. The relative eigenvalue condition number of (α0, β0) is defined by taking
ωi = ‖Bi‖2 for i = 0 : k in κθ((α0, β0), P ) and is denoted by κrθ((α0, β0), P ).

As far as we know, no explicit formula for the Stewart-Sun condition number
was available in the literature before this PhD dissertation. We provide such an
expression next.

Theorem 3.16. Let (α0, β0) 6= (0, 0) be a simple eigenvalue of P (α, β) =
∑k

i=0 α
i

βk−iBi, and let x and y be, respectively, a right and a left eigenvector of P (α, β)
associated with (α0, β0). Then,

κθ((α0, β0), P ) =

(
k∑
i=0

|α0|i|β0|k−iωi

)
‖y‖2‖x‖2

|y∗(β0DαP (α0, β0)− α0DβP (α0, β0))x|
,

(3.2)
where Da ≡ ∂

∂a
, that is, the partial derivative with respect to a.

Proof. Let (P + ∆P )(α, β) be a small enough perturbation of P (α, β). Then,
(P + ∆P )(α, β) has a unique simple eigenvalue (α̃0, β̃0), with associated eigen-
vector x + ∆x, that approaches (α0, β0) when ∆P (α, β) approaches zero. Since
{[α0, β0], [−β0, α0]} is an orthogonal basis for C2 (with respect to the standard inner
product), we can choose a representative for (α̃0, β̃0) of the form

[α0, β0] + [∆α0,∆β0],

where 〈[α0, β0], [∆α0,∆β0]〉 = 0 for any given representative [α0, β0] of (α0, β0). This
implies that there exists a scalar h such that

[∆α0,∆β0] = h[−β0, α0]. (3.3)

Expanding for these representatives the left hand side of the constraint

[P (α0 + ∆α0, β0 + ∆β0) + ∆P (α0 + ∆α0, β0 + ∆β0)](x+ ∆x) = 0

in the definition of κθ((α0, β0), P ) and keeping only the first order terms, we get

[DαP (α0, β0)∆α0 +DβP (α0, β0)∆β0]x+ P (α0, β0)∆x+ ∆P (α0, β0)x = O(ε2).

If we multiply the previous equation by y∗ on the left, taking into account that y is
a left eigenvector of P (α, β) associated with (α0, β0), we get

y∗[DαP (α0, β0)∆α0 +DβP (α0, β0)∆β0]x+ y∗∆P (α0, β0)x = O(ε2). (3.4)

Using (3.3), (3.4) becomes

y∗[DαP (α0, β0)hβ0 −DβP (α0, β0)hα0]x− y∗∆P (α0, β0)x = O(ε2).
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Since (α0, β0) 6= 0 is a simple eigenvalue, by [25, Theorem 3.3],

y∗[DαP (α0, β0)β0 −DβP (α0, β0)α0]x 6= 0.

Therefore,

h =
y∗∆P (α0, β0)x

y∗[β0DαP (α0, β0)− α0DβP (α0, β0)]x
+O(ε2). (3.5)

On the other hand,

χ((α0, β0), (α0 + ∆α0, β0 + ∆β0))

ε
=

|α0∆β0 − β0∆α0|
ε
√
|α0|2 + |β0|2

√
|α0 + ∆α0|2 + |β0 + ∆β0|2

=
|h|
ε

√
|α0|2 + |β0|2√

|α0 + ∆α0|2 + |β0 + ∆β0|2
. (3.6)

Since, by (3.5),

|h|
ε
≤

(
k∑
i=0

|α0|i|β0|k−iωi

)
‖y‖2‖x‖2

|y∗(β0DαP (α0, β0)− α0DβP (α0, β0))x|
+O(ε) (3.7)

and ∆α0 and ∆β0 approach zero as ε→ 0, from (3.6) and (3.7) we get

κθ((α0, β0), P ) ≤

(
k∑
i=0

|α0|i|β0|k−iωi

)
‖y‖2‖x‖2

|y∗(β0DαP (α0, β0)− α0DβP (α0, β0))x|
.

Now we need to show that this upper bound on the Stewart-Sun condition number
can be attained. Let

∆Bi = sgn(α0
i)sgn(β0

k−i
)εωi

yx∗

‖y‖2‖x‖2

, i = 0 : k,

where sgn(z) = z
|z| if z 6= 0 and sgn(0) = 0. Note that, with this definition of ∆Bi,

we have

‖∆Bi‖2 = εωi, i = 0 : k, and |y∗∆P (α0, β0)x| = ε

(
k∑
i=0

|α0|i|β0|k−iωi

)
‖y‖2‖x‖2.

Thus, the inequality in (3.7) becomes an equality and the result follows.

Next, we use Theorem 3.16 to obtain an explicit expression for each one of the
condition numbers introduced in Definition 3.15.
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Corollary 3.17. With the same notation as in Definition 3.15 and the same as-
sumptions as in Theorem 3.16:

κaθ((α0, β0), P ) =

(∑k
i=0 |α0|2i|β0|2(k−i)

)1/2

‖y‖2‖x‖2

|y∗(β0DαP (α0, β0)− α0DβP (α0, β0))x|
.

κpθ((α0, β0), P ) =

(∑k
i=0 |α0|2i|β0|2(k−i)

)1/2

maxi=0:k{‖Bi‖2}‖y‖2‖x‖2

|y∗(β0DαP (α0, β0)− α0DβP (α0, β0))x|
.

κrθ((α0, β0), P ) =

(∑k
i=0 |α0|2i|β0|2(k−i)‖Bi‖2

2

)1/2

‖y‖2‖x‖2

|y∗(β0DαP (α0, β0)− α0DβP (α0, β0))x|
.

3.1.2 Comparisons of eigenvalue condition numbers of ma-
trix polynomials

In this section we provide first a comparison between the Dedieu-Tisseur and Stewart-
Sun homogeneous condition numbers and, as a consequence, we prove that these
condition numbers are equivalent up to a moderate constant depending only on the
degree of the polynomial. Then we compare the Stewart-Sun condition number with
the non-homogeneous condition number in both its absolute and relative version;
as a result, we see that these condition numbers can be very different in certain
situations. A simple geometric interpretation of these differences is given in Section
3.1.3. In the literature some comparisons can be found, as we will point out, but
they provide inequalities among the condition numbers while our expressions are
equalities.

3.1.2.1 Comparison of the Dedieu-Tisseur and Stewart-Sun condition
numbers

As mentioned earlier, the Dedieu-Tisseur and the Stewart-Sun homogeneous con-
dition numbers are defined following a very different approach. So it is a natural
question to determine how they are related. We start by mentioning the only result
known in the literature.

Theorem 3.18. [24, Section 7][14, Corollary 2.6] Let (α0, β0) 6= (0, 0) be a simple
eigenvalue of a regular matrix polynomial P (α, β) =

∑k
i=0 α

iβk−iBi. Assuming that
the same weights ωi are considered for both condition numbers, we have

κθ((α0, β0), P ) ≤ Cκh((α0, β0), P ),

for some constant C.
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To provide an exact relationship between the Dedieu-Tisseur and the Stewart-
Sun homogeneous condition numbers, we simply use the explicit formulas given for
them in Theorems 3.8 and 3.16, respectively.

Theorem 3.19. Let (α0, β0) 6= (0, 0) be a simple eigenvalue of P (α, β) =
∑k

i=0 α
i

βk−iBi. Then,

κh((α0, β0), P ) =

(∑k
i=0 |α0|2i|β0|2(k−i)ω2

i

)1/2

∑k
i=0 |α0|i|β0|k−iωi

κθ((α0, β0), P ).

The following result is an immediate consequence of Theorem 3.19 and shows
that, for moderate k, both homogeneous condition numbers are essentially the same.

Corollary 3.20. Let (α0, β0) 6= (0, 0) be a simple eigenvalue of P (α, β) =
∑k

i=0 α
iβk−iBi.

Then,
1√
k + 1

≤ κh((α0, β0), P )

κθ((α0, β0), P )
≤ 1.

Proof. Let v := [|β0|kω0, |α0||β0|k−1ω1, . . . , |α0|kωk]T ∈ Rk+1. From Theorem 3.19,
we have

κh((α0, β0), P )

κθ((α0, β0), P )
=
‖v‖2

‖v‖1

,

where ‖.‖1 denotes the vector 1-norm [91]. The result follows taking into account
the fact that 1/

√
k + 1 ≤ ‖v‖2/‖v‖1 ≤ 1.

Since the Dedieu-Tisseur and the Stewart-Sun condition numbers are equivalent
and the definition of the Stewart-Sun condition number is much simpler and intui-
tive, we do not see any advantage in using the Dedieu-Tisseur condition number.
Therefore, in the next subsection, we focus on comparing the Stewart-Sun condition
number with the non-homogeneous condition numbers. The corresponding compa-
risons with the Dedieu-Tisseur condition number follow immediately from Theorem
3.19 and Corollary 3.20.

3.1.2.2 Comparison of the homogeneous and non-homogeneous eigen-
value condition numbers

As we mentioned in Section 3.1.1, the main drawback of the non-homogeneous con-
dition numbers is that they do not allow a unified treatment of all the eigenvalues of
a matrix polynomial since these condition numbers are not defined for the infinite ei-
genvalues. Thus, some researchers prefer to use a homogeneous eigenvalue condition
number instead, although in most applications the non-homogeneous eigenvalues λ
are the relevant quantities. In this section, we give an algebraic relationship between
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the Stewart-Sun condition number and the non-homogeneous (absolute and relative)
eigenvalue condition number. We emphasize again that, by Theorem 3.19 and Corol-
lary 3.20, this relation also provides us with a relation between the Dedieu-Tisseur
condition number and the non-homogeneous condition numbers.

We start with the only result we have found in the literature on this topic.

Theorem 3.21. [14, Corollary 2.7] Let (α0, β0) with α0 6= 0 and β0 6= 0 be a simple
eigenvalue of a regular matrix polynomial P (α, β) =

∑k
i=0 α

iβk−iBi and let λ0 := α0

β0
.

Assuming that the same weights ωi are considered for both condition numbers, there
exists a constant C such that

κr(λ0, P ) ≤ C
1 + |λ0|2

|λ0|
κh((α0, β0), P ).

The next theorem is the main result in this section and provides exact relation-
ships between the Stewart-Sun condition number and the non-homogeneous con-
dition numbers. Note that in Theorem 3.22 an eigenvalue condition number of
the reversal of a matrix polynomial is used, more precisely, κa((1/λ0), revP ). For
λ0 =∞, this turns into κa(0, revP ) which can be interpreted as a non-homogeneous
absolute condition number of λ0 =∞.

Theorem 3.22. Let (α0, β0) 6= (0, 0) be a simple eigenvalue of a regular matrix
polynomial P (α, β) =

∑k
i=0 α

iβk−iBi and let λ0 := α0

β0
, where λ0 = ∞ if β0 = 0.

Assume that the same weights ωi are considered in the definition of all the condition
numbers appearing below, i.e., ‖∆Bi‖2 ≤ εωi, i = 0 : k, in all of them. Then,

1. if β0 6= 0,

κθ((α0, β0), P ) = κa(λ0, P )
1

1 + |λ0|2
; (3.8)

2. if α0 6= 0,

κθ((α0, β0), P ) = κa

(
1

λ0

, revP

)
1

1 +
∣∣∣ 1
λ0

∣∣∣2 ; (3.9)

3. if α0 6= 0 and β0 6= 0,

κθ((α0, β0), P ) = κr(λ0, P )
|λ0|

1 + |λ0|2
. (3.10)

Proof. Assume first that β0 6= 0, which implies that λ0 is finite. Let (α̃0, β̃0) :=
(α0+∆α0, β0+∆β0) be a perturbation of (α0, β0) small enough so that β0+∆β0 6= 0,
and let λ0 + ∆λ0 := α̃0

β̃0
. Note that

∆λ0 =
α̃0β0 − α0β̃0

β0β̃0

=
β0∆α0 − α0∆β0

β0(β0 + ∆β0)
. (3.11)
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Then, we have, by Lemma 3.12,

χ((α0, β0), (α̃0, β̃0)) =
|α0∆β0 − β0∆α0|

|β0|
√

1 + |λ0|2|β0 + ∆β0|
√

1 + |λ0 + ∆λ0|2

=
|∆λ0|√

1 + |λ0|2
√

1 + |λ0 + ∆λ0|2
(3.12)

where the second equality follows from (3.11). Then, as ε → 0 in the definition
of the condition numbers (which implies that |∆α0| and |∆β0| approach 0 as well,
using a continuity argument), we have ∆λ0 → 0. Thus, bearing in mind Definitions
3.1 and 3.14, (3.8) follows from (3.12).

Assume now that α0 6= 0 and β0 6= 0, that is, λ0 6= 0 and λ0 is not an infinite
eigenvalue. Then, from (3.12), we get

χ((α0, β0), (α̃0, β̃0)) =
|∆λ0|
|λ0|

|λ0|√
1 + |λ0|2

√
1 + |λ0 + ∆λ0|2

.

This implies (3.10). By Lemma 3.6, (3.9) follows from (3.10) for finite, nonzero
eigenvalues. It only remains to prove (3.9) for λ0 = ∞, which corresponds to
(α0, β0) = (1, 0). This follows from Theorem 3.4 applied to revP and Theorem 3.16,
which yield:

κa(0, revP ) =
ωk‖y‖2‖x‖2

|y∗Bk−1x|
= κθ((1, 0), P ).

From Theorem 3.22, we immediately get

κθ((α0, β0), P ) ≤ κr(λ0, P ) for 0 < |λ0| <∞,

as a consequence of (3.10), and

κθ((α0, β0), P ) ≤ κa(λ0, P ) for 0 ≤ |λ0| <∞,

as a consequence of (3.8). In addition, Theorem 3.22 guarantees that there exist
values of λ0 for which κθ((α0, β0), P ) and κr(λ0, P ) are very different from each other
and also values for which they are very similar. The same happens for κθ((α0, β0), P )
and κa(λ0, P ). In the rest of this subsection we explore some of these scenarios.

The comments in the next remark follow directly from Theorem 3.22 and say that
for small |λ0|, κθ((α0, β0), P ) is essentially κa(λ0, P ), while for |λ0| ≥ 1, κθ((α0, β0), P )
is essentially κa(1/λ0, revP ).

Remark 3.23. As explained in Section 3.1.1, the main motivation behind the de-
finition of the homogeneous eigenvalue condition numbers was to provide a uni-
fied way to measure the sensitivity of all the eigenvalues (finite and infinite) of
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a matrix polynomial to perturbations in its matrix coefficients, since the relative
non-homogeneous condition number, being, probably, the most important for prac-
tical purposes, is not defined for zero and infinite eigenvalues. However, this non-
homogeneous condition number is defined for nonzero eigenvalues whose modulus is
as close to 0 and infinity as wished, and note that, according to (3.10), in these cases
κθ((α0, β0), P )� κr(λ0, P ), because |λ0|/(1 + |λ0|2)� 1 if |λ0| is very large or very
small. Thus, a natural question is to provide an interpretation of κθ((α0, β0), P ) in
terms of Wilkinson-like eigenvalue condition numbers when |λ0| is very large or very
small.

For this purpose, note that from Theorem 3.22, we obtain

κa(λ0, P )

2
≤ κθ((α0, β0), P ) ≤ κa(λ0, P ), if |λ0| ≤ 1, (3.13)

and

κa

(
1
λ0
, revP

)
2

≤ κθ ((α0, β0), P ) ≤ κa

(
1

λ0

, revP

)
, if |λ0| ≥ 1. (3.14)

From (3.13) and (3.14), we state that for “small non-homogeneous eigenvalues”,
κθ((α0, β0), P ) is essentially κa(λ0, P ), while for “large non-homogeneous eigenva-
lues”, κθ((α0, β0), P ) is essentially κa(1/λ0, revP ). Therefore, κθ((α0, β0), P ) mea-
sures absolute variations of very small non-homogeneous eigenvalues and absolute
variations of the reciprocal of very large non-homogeneous eigenvalues, while in
most applications the relative variations are the ones of interest. These comments
reveal that, although the homogeneous eigenvalue condition numbers solve the lack
of definition of the relative non-homogeneous condition number for 0 and infinite
eigenvalues, and provide a unified way to measure the sensitivity of all the eigenva-
lues of a matrix polynomial, they achieve these objectives at the cost of becoming
an absolute condition number at eigenvalues close to 0 or infinity.

Remark 3.24. Taking into account (3.13) and (3.14), the fact that κa(λ0, P ) =
κr(λ0, P )|λ0|, Theorem 3.22, and Lemma 3.6, the following approximate relations
are obtained:

(i) From (3.8), we get that, if |λ0| ≈ 1, then

κθ((α0, β0), P ) ≈ κa(λ0, P )

2
≈ κr(λ0, P )

2
.

(ii) From (3.13), we get, as |λ0| approaches 0,

κθ((α0, β0), P ) ≈ κa(λ0, P )� κr(λ0, P ).
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(iii) From (3.14), Lemma 3.6, and the fact that κa(1/λ0, revP ) = κr(1/λ0, revP ) ·∣∣∣ 1
λ0

∣∣∣, we get, as |λ0| approaches ∞,

κθ((α0, β0), P ) ≈ κa

(
1

λ0

, revP

)
� κr

(
1

λ0

, revP

)
= κr(λ0, P )� κa(λ0, P ).

Next, we give an example that illustrates results (ii) and (iii) in Remark 3.24
for a quadratic matrix polynomial with very small and very large non-homogeneous
eigenvalues. This example will also be useful to illustrate some results in Section
3.1.3.3, where we study the non-computability of eigenvalues of matrix polynomials
with large and small moduli.

Example 3.25. Let us consider the quadratic matrix polynomial

P (λ) =

[
(λ− 105)(λ− 1010) 0

0 (λ− 10−5)(λ− 1015)

]
= λ2

[
1 0
0 1

]
+ λ

[
−105 − 1010 0

0 −10−5 − 1015

]
+

[
1015 0

0 1010

]
=: λ2B2 + λB1 +B0.

The eigenvalues of P (λ) are λ1 := 10−5, λ2 := 105, λ3 := 1010, and λ4 := 1015.
Right and left eigenvectors associated with these eigenvalues are, respectively,

xλ1 = yλ1 = [0, 1]T , xλ2 = yλ2 = [1, 0]T , xλ3 = yλ3 = [1, 0]T , xλ4 = yλ4 = [0, 1]T .

In the computation of the condition numbers in this example, we consider the weights
ωi = ‖Bi‖2, i = 0 : 2; then, we use the specific notations introduced in Definitions
3.3 and 3.15. We note that ‖B2‖2 = 1, ‖B1‖2 = 10−5 + 1015, and ‖B0‖2 = 1015.
In the next table we give the order of the value of the three condition numbers
κrθ((λ0, 1), P ), κra(λ0, P ), and κrr(λ0, P ) for each eigenvalue.

Eigenvalues κrθ κra κrr
10−5 1 1 105

105 1 1010 105

1010 10−5 1015 105

1015 10−15 1015 1

The first row of this table illustrates Remark 3.24(ii), while the second, third, and
fourth rows illustrate Remark 3.24(iii). The fourth row is particularly interesting
because it corresponds to a very large non-homogeneous eigenvalue that is very well-
conditioned in a relative sense, since κrr(1015, P ) ≈ 1 as a consequence of the fact
that κrθ((1015, 1), P ) is very small. Further discussions on this type of situations are
presented in Section 3.1.3.3.
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We end this section with a comment on the impact of the results in Theorem
3.22 on the comparison of the condition numbers of some λ0 ∈ C when seen as an
eigenvalue of a matrix polynomial P and as an eigenvalue of a linearization of P .

We recall that the usual way to solve a polynomial eigenvalue problem P (λ)x =
0 is to construct a linearization of P (λ) and to solve the associated generalized
eigenvalue problem. However, it is important to ensure that the condition numbers
of the eigenvalues of P are not significantly magnified by this procedure. More
precisely, given a linearization L(λ) of P (λ) and a simple, finite, nonzero eigenvalue
λ0 of P (λ), we would like that κ(λ0, L)/κ(λ0, P ) = O(1) [20, 57]. We note that,
depending on which definition of condition number is used, this quotient might, in
principle, produce very different results. However, Theorem 3.22 shows that, for the
three types of condition numbers considered in this subsection, the quotients will be
the same. Namely,

κθ((λ0, 1), L)

κθ((λ0, 1), P )
=
κa(λ0, L)

κa(λ0, P )
=
κr(λ0, L)

κr(λ0, P )
.

3.1.3 A geometric interpretation of the relationship between
homogeneous and non-homogeneous condition num-
bers

In Theorem 3.22, we provided an exact relationship between the Stewart-Sun ho-
mogeneous condition number and the non-homogeneous condition numbers. This
relationship involves the factors 1

1+|λ0|2 and 1

1+
∣∣∣ 1
λ0

∣∣∣2 , when the Stewart-Sun condition

number is compared with the absolute non-homogeneous condition number, and in-
volves the factor |λ0|

1+|λ0|2 , when the Stewart-Sun condition number is compared with
the relative non-homogeneous condition number. In this section we give a geometric
interpretation of these factors, which leads to a natural understanding of the situa-
tions discussed in Remark 3.24 where the homogeneous and non-homogeneous condi-
tion numbers can be very different. The reader should bear in mind, once again, that
in most applications of PEPs, the quantities of interest are the non-homogeneous
eigenvalues, which can be accurately computed with the current algorithms only if
the non-homogeneous condition numbers are moderate.

3.1.3.1 Geometric interpretation in terms of the chordal distance

The factors 1
1+|λ0|2 , 1

1+
∣∣∣ 1
λ0

∣∣∣2 and |λ0|
1+|λ0|2 appearing in (3.8), (3.9) and (3.10), respec-

tively, can be interpreted in terms of the chordal distance as we show in the next
theorem. We do not include a proof of this result since it can be immediately ob-
tained from the definition of chordal distance (Definition 3.11) and Remark 3.10.
Note that χ((α0, β0), (1, 0)) can be seen as the chordal distance from “λ0 = α0

β0
to
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∞”, while χ((α0, β0), (0, 1)) can be seen as the chordal distance from “λ0 = α0

β0
to

0”.

Proposition 3.26. Let (α0, β0) 6= (0, 0) and let λ0 := α0

β0
, where λ0 =∞ if β0 = 0.

Let θ denote the angle between (α0, β0) and (1, 0). Then,

1. If β0 6= 0, then

1

1 + |λ0|2
= χ((α0, β0), (1, 0))2 = sin2(θ).

2. If α0 6= 0, then

1

1 +
∣∣∣ 1
λ0

∣∣∣2 = χ((α0, β0), (0, 1))2 = cos2(θ).

3. If α0 6= 0 and β0 6= 0, then

|λ0|
1 + |λ0|2

= χ((α0, β0), (1, 0)) χ((α0, β0), (0, 1)) = sin(θ) cos(θ).

Remark 3.27. We notice that the conditions 0 ≤ |λ0| ≤ 1 and |λ0| ≥ 1 used in
Remark 3.23 and 3.24 are equivalent, respectively, to χ((α0, β0), (1, 0)) ≥ 1/

√
2 and

χ((α0, β0), (0, 1)) ≥ 1/
√

2, or, in other words, to sin(θ) ≥ 1/
√

2 and cos(θ) ≥ 1/
√

2.

Combining Proposition 3.26 (3.) with Theorem 3.22 (3.), we see that either when
the angle between the lines (α0, β0) and (1, 0) is very small or when the angle between
the lines (α0, β0) and (0, 1) is very small, κθ((α0, β0), P ) � κr(λ0, P ), i.e., even in
the case κθ((α0, β0), P ) is moderate and the line (α0, β0) changes very little under
perturbations, the quotient λ0 = α0/β0 can change a lot in a relative sense. This
is immediately understood geometrically in R2. The combination of the remaining
parts of Theorem 3.22 and Proposition 3.26 lead to analogous discussions. In Section
3.1.3.2, we make an analysis of these facts from another perspective.

3.1.3.2 Geometric interpretation in terms of the condition number of
the cotangent function

Let α0, β0 ∈ C with β0 6= 0, let λ0 := α0

β0
, and let θ := θ((α0, β0), (1, 0)), that is, let

θ denote the angle between the lines (α0, β0) and (1, 0). From Proposition 3.26,

cos θ =
|λ0|√

1 + |λ0|2
, sin θ =

1√
1 + |λ0|2

.
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Thus,

|λ0| =
|α0|
|β0|

= cot θ and
1

|λ0|
= tan θ.

Note that this is also the standard definition of the cotangent and tangent func-
tions in the first quadrant of R2. The cotangent function is differentiable in (0, π/2).
Thus, the absolute condition number1 of this function is

κa,ct(θ) := | cot′(θ)| = |1 + cot2(θ)| = 1 + |λ0|2, (3.15)

which is huge when θ approaches zero. Moreover, the relative-absolute condition
number2 of the cotangent function is given by

κr,ct(θ) :=
| cot′(θ)|
| cot(θ)|

=
|1 + cot2(θ)|
| cot(θ)|

=
1 + |λ0|2

|λ0|
, (3.16)

which is huge when θ approaches either zero or π/2.
The tangent function is also differentiable in (0, π/2) and the absolute condition

number of this function is

κa,t(θ) := | tan′(θ)| = |1 + tan2(θ)| = 1 +

∣∣∣∣ 1

λ0

∣∣∣∣2 . (3.17)

From (3.8), (3.9), (3.10), (3.15), (3.16), and (3.17), we obtain the following result.

Theorem 3.28. Let (α0, β0) 6= (0, 0) be a simple eigenvalue of a regular matrix
polynomial P (α, β) =

∑k
i=0 α

iβk−iBi of grade k and let λ0 := α0

β0
, where λ0 = ∞ if

β0 = 0. Let θ := θ((α0, β0), (1, 0)). Assume that the same weights are considered in
the definitions of all the condition numbers appearing below. Then,

1. If β0 6= 0, then
κa(λ0, P ) = κθ((α0, β0), P ) κa,ct(θ). (3.18)

2. If α0 6= 0, then

κa

(
1

λ0

, revP

)
= κθ((α0, β0), P ) κa,t(θ).

3. If α0 6= 0 and β0 6= 0, then

κr(λ0, P ) = κθ((α0, β0), P ) κr,ct(θ). (3.19)

1When we refer to the absolute condition number of a function of θ, we mean that we are
measuring the changes both in the function and in θ in an absolute sense.

2When we mention the relative-absolute condition number of a function of θ, we consider that
we are measuring the change in the function in a relative sense and the one in θ in an absolute
sense.
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Since for lines (α0, β0) and (α̃0, β̃0) very close to each other, χ((α0, β0), (α̃0, β̃0)) ≈
θ((α0, β0), (α̃0, β̃0)) = |θ((α0, β0), (1, 0)) − θ((α̃0, β̃0), (1, 0))|, equations (3.18) and
(3.19) express the non-homogeneous condition numbers of λ0 as a combination of two
effects: the change of the homogeneous eigenvalue measured by θ((α0, β0), (α̃0, β̃0))
as a consequence of perturbations in the coefficients of P (α, β) and the alteration
that this change produces in | cot(θ)|, which depends only on the properties of cot(θ)
and not on P (λ). In fact, with this idea in mind, Theorem 3.28 can also be obtained
directly from the definitions of the involved condition numbers.

We notice that the expressions in (3.18) and (3.19) can be interpreted as follows:
Given a matrix polynomial P (λ), the usual way to solve the polynomial eigenvalue
problem is to use a linearization L(λ) = λL1−L0 of P (λ). A standard algorithm to
solve the generalized eigenvalue problem associated with L(λ) is the QZ algorithm.
This algorithm computes first the generalized Schur decomposition of L1 and L0,
that is, these matrix coefficients are factorized in the form L1 = QSZ∗ and L0 =
QTZ∗, where Q and Z are unitary matrices and S and T are upper-triangular
matrices. The pairs (Tii, Sii), where Sii and Tii denote the main diagonal entries
of S and T in position (i, i), respectively, are the “homogeneous” eigenvalues of
L(λ) (and, therefore, of P (λ)). In order to obtain the non-homogeneous eigenvalues
of P (λ), one more step is necessary, namely, to divide Tii/Sii. The expressions in
(3.18) and (3.19) say that, even if κθ((Tii, Sii), P ) is moderate and the pair (Tii, Sii) is
“accurately computed”, the quotient λi := Tii/Sii may be “inaccurately computed”
when Sii is very close to zero (that is, when |λi| is very large) or when Tii is close to
zero (that is, when |λi| is close to zero) since |λi| will have a huge non-homogeneous
condition number. More precisely, for the large eigenvalues, both κa(λ0, P ) and
κr(λ0, P ) will be much larger than κθ((α0, β0), P ), and for the small eigenvalues,
κr(λ0, P ) will be much larger than κθ((α0, β0), P ). This observation brings up the
question of the computability of small and large eigenvalues.

3.1.3.3 Computability of small and large eigenvalues of matrix polyno-
mials

By Remark 3.24, if |λ0| is very large, we have

κθ((λ0, 1), P )� κr(λ0, P )� κa(λ0, P ), (3.20)

and, if |λ0| is very close to 0, then

κθ((λ0, 1), P ) ≈ κa(λ0, P )� κr(λ0, P ). (3.21)

These relations suggest that the non-homogeneous eigenvalue condition numbers
κa(λ0, P ) and κr(λ0, P ) may often be very large when either |λ0| is very large or
very close to 0. However, we know from the eigenvalue λ0 = 1015 in Example 3.25
that this is not always the case, since it is possible that a very large eigenvalue
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λ0 has κr(λ0, P ) ≈ 1. In this section we provide sufficient conditions under which
κr(λ0, P )� 1 or κa(λ0, P )� 1 for very large or small eigenvalues, which show that
this happens in many situations. In these cases, the non-homogeneous eigenvalues
are very ill-conditioned and could be computed with such huge errors by the available
algorithms that it could be simply said that they are not computable.

In the rest of this section, we provide lower bounds on both κa(λ0, P ) and
κr(λ0, P ) that will allow us to determine sufficient conditions for λ0 to be ill-
conditioned under any of the two non-homogeneous condition numbers. We focus
first on the behavior of the condition numbers of the eigenvalues of pencils with
very small or very large modulus. This case is very important since, as explained
at the end of Section 3.1.2, the most common approach to computing the eigenva-
lues of a matrix polynomial is to use a linearization. To keep in mind that we are
not working with general matrix polynomials in the first part of this section, we
will use the notation L(λ) instead of P (λ) to denote a pencil. Moreover, we will
focus on eigenvalue condition numbers with weights ωi corresponding to the relative
with-respect-to-the-norm-of-P and relative coefficient-wise perturbations since these
correspond to the backward errors of current algorithms for generalized eigenvalue
problems (recall Remark 3.2). Consequently, we will use the specific notation for
condition numbers with these kinds of weights introduced in Definition 3.3.

Let L(λ) := λB1 +B0 be a regular pencil and let λ0 be a finite, simple eigenvalue
of L(λ). Notice that, by Theorem 3.16,

κθ((λ0, 1), L) =
(ω0 + |λ0|ω1)‖y‖2‖x‖2

|y∗(B1 − λ0B0)x|
≥ (ω0 + |λ0|ω1)

‖B1‖2 + |λ0|‖B0‖2

. (3.22)

The following result, which is an immediate consequence of the previous inequal-
ity, provides lower bounds on the non-homogeneous condition numbers that will be
used in Remark 3.30 to identify sufficient conditions for the non-homogeneous ei-
genvalues of a pencil L(λ) with large or small modulus to not be computable, i.e.,
to be very ill-conditioned.

Proposition 3.29. Let L(λ) = λB1 + B0 be a regular pencil and let λ0 be a finite,
simple eigenvalue of L(λ). Let ω1, ω0 be the weights used in the definition of the
non-homogeneous condition numbers of λ0. Let

ρ0 :=
‖B0‖2

max{‖B0‖2, ‖B1‖2}
, ρ1 :=

‖B1‖2

max{‖B0‖2, ‖B1‖2}
.

1. If ω0 = ω1 = max{‖B1‖2, ‖B0‖2}, then

κpa(λ0, L) ≥ 1 + |λ0|2 and κpr(λ0, L) ≥ 1

|λ0|
+ |λ0|,

where the lower bound for κpr(λ0, L) holds only if λ0 6= 0.
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2. If ωi = ‖Bi‖2 for i = 0, 1, then

κra(λ0, L) ≥ max

{
1

2
,
|λ0|
2

}
(ρ0 + |λ0|ρ1), and (3.23)

κrr(λ0, L) ≥ max

{
1

2|λ0|
,
1

2

}
(ρ0 + |λ0|ρ1),

where the lower bound for κrr(λ0, L) holds only if λ0 6= 0.

Proof. First assume that ω1 = ω0 = max{‖B0‖2, ‖B1‖2}. From (3.22), we get

κpθ((λ0, 1), L) ≥ 1,

which implies the result by Theorem 3.22. Assume now that ωi = ‖Bi‖2 for i = 0, 1.
Then,

κrθ((λ0, 1), L) ≥ ρ0 + ρ1|λ0|
1 + |λ0|

.

By Theorem 3.22, we have

κra(λ0, L) ≥
(

1 + |λ0|2

1 + |λ0|

)
(ρ0 + |λ0|ρ1),

and the result follows for κra(λ0, L) by noticing that

1 + |λ0|2

1 + |λ0|
≥
{

1/2, if |λ0| ≤ 1
|λ0|/2, if |λ0| > 1.

The result for κrr(λ0, L) follows from (3.23) taking into account that |λ0|κrr(λ0, L) =
κra(λ0, L).

Remark 3.30. From Proposition 3.29, we obtain the following sufficient conditions
for the non-computability of simple eigenvalues with small and large moduli.

When relative perturbations with respect to the norm of L(λ) are considered,

1. κpa(λ0, L)� 1 if |λ0| � 1,

2. κpr(λ0, L)� 1 if |λ0| � 1 or |λ0| � 1.

Now we consider relative coefficient-wise perturbations. Note that ρ0, ρ1 ≤ 1 and
ρ0 + ρ1 ≥ 1. Thus,

• if |λ0| ≤ 1,

κra(λ0, L) ≥ ρ0 + ρ1|λ0|
2

and κrr(λ0, L) ≥ ρ0

2|λ0|
+
ρ1

2
.

• if |λ0| > 1,

κra(λ0, L) ≥ |λ0|
2

(ρ0 + ρ1|λ0|) ≥
|λ0|
2

and κrr(λ0, L) ≥ ρ0 + ρ1|λ0|
2

.

Therefore,
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1. κra(λ0, L)� 1 if |λ0| � 1.

2. κrr(λ0, L)� 1 if any of the following conditions hold:

(a) ‖B0‖2 ≈ ‖B1‖2, and |λ0| � 1 or |λ0| � 1;

(b) ‖B0‖2 � ‖B1‖2 and |λ0| � 1;

(c) ‖B0‖2 � ‖B1‖2, |λ0| � 1 and ‖B1‖2|λ0| � ‖B0‖2;

(d) ‖B1‖2 � ‖B0‖2, |λ0| � 1, and ‖B0‖2 � ‖B1‖2|λ0|;
(e) ‖B1‖2 � ‖B0‖2 and |λ0| � 1.

Notice that conditions (b) and (c) (resp., (d) an (e)) are still sufficient con-
ditions for κrr(λ0, L) � 1 with the less restrictive inequality ‖B0‖2 ≥ ‖B1‖2

(resp., ‖B1‖2 ≥ ‖B0‖2). However, we have chosen the more strict inequalities
so that cases (a)-(e) are “disjoint” in the sense that each of them considers dif-
ferent scenarios. For example, if ‖B0‖2 & ‖B1‖2, the condition ‖B0‖2 ≥ ‖B1‖2

and |λ0| � 1 (less restrictive version of (b)) is already included in (a).

We admit a certain degree of ambiguity in the meaning of the expression “‖B1‖2 ≈
‖B0‖2” used above. It is possible to make a quantitative assumption of the type
1
C
≤ ‖B1‖2
‖B0‖2 ≤ C for some constant C > 1, which would lead to lower bounds for

κr(λ0, L) depending on C. We have preferred the simpler but somewhat ambiguous
statement given above.

We also note that, for a generic matrix pencil, we can expect ‖B0‖2 ≈ ‖B1‖2,
which implies that, for these pencils, both the eigenvalues with very large and very
small moduli, are not computable when relative coefficient-wise perturbations are
considered, since κrr(λ0, L)� 1 according to the condition (a) above.

In Remark 3.30 we have given sufficient conditions for eigenvalues of pencils with
very small or very large moduli to be ill-conditioned. However, these conditions are
not necessary. This fact is illustrated in the following examples.

Example 3.31. Remark 3.30 points out that κpa(λ0, L)� 1 if |λ0| � 1. In this ex-
ample, we present a pencil L1(λ) that has a small eigenvalue and such that κpa(λ1, L1)
is also large. Let

L1(λ) = λ

[
−107 0

0 1014

]
+

[
1 0
0 107

]
.

Notice that λ1 = 10−7 is a simple eigenvalue of L1(λ) and [1, 0]T is both a left and
a right eigenvector of L1(λ) associated with λ1. Then,

κpa(λ1, L1) ≈ 107.
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Example 3.32. We have shown in Remark 3.30 that κra(λ0, L)� 1 if |λ0| � 1. Here
we present an example of a pencil with a small eigenvalue whose absolute-relative
condition number is also large. Let

L2(λ) = λ

[
1014 0

0 1

]
−
[

1 0
0 10−7

]
.

Note that λ2 = 10−7 is a simple eigenvalue of L2(λ) and [0, 1]T is both a left and a
right eigenvector of L(λ) associated with λ2. Then, its absolute-relative condition
number can be computed and we obtain:

κra(λ2, L2) ≈ 107.

Example 3.33. We have shown in the condition 2(d) of Remark 3.30 that if a pencil
L(λ) = λB1+B0 has a simple eigenvalue λ0 whose modulus is very close to 0 and the
coefficients of L(λ) satisfy the conditions ‖B1‖2 � ‖B0‖2 and ‖B0‖2 � ‖B1‖2|λ0|,
then κrr(λ0, L) � 1. Note that in Example 3.31, the pencil L1(λ) has a very small
eigenvalue (namely, λ1 = 10−7), ‖B1‖2 � ‖B0‖2, ‖B0‖2 = ‖B1‖2|λ0|, and

κrr(λ1, L1) ≈ 107.

In addition, in Example 3.32, the pencil L2(λ) has a very small eigenvalue (λ2 =
10−7), ‖B1‖2 � ‖B0‖2 and ‖B1‖2‖λ0| � ‖B0‖2, and

κrr(λ2, L2) ≈ 1014.

Our next goal is to extend the results about non-computability of eigenvalues
from pencils to general matrix polynomials of arbitrary grade. These results and
its consequences are presented, respectively, in Theorem 3.34 and Remark 3.35. It
is worth mentioning that the bounds in Theorem 3.34 obtained for pencils are not
the ones in Proposition 3.29 since the manipulations used to prove Theorem 3.34
are different than those used in Proposition 3.29. In fact, both types of bounds
complement each other at some extent.

The proof of Theorem 3.34 has two steps, as the one of Proposition 3.29. First, we
start by providing a lower bound for κθ((λ0, 1), P ) for a general matrix polynomial
P (λ) and, then, we use Theorem 3.22 to obtain lower bounds for κa(λ0, P ) and
κr(λ0, P ). The first step requires simplifying the expression in the denominator of
the formula (3.2) for κθ((λ0, 1), P ). Let P (α, β) =

∑k
i=0 α

iβk−iBi. Notice that

DαP (α, β) =
k∑
i=1

iαi−1βk−iBi, and (3.24)

DβP (α, β) =
k−1∑
i=0

(k − i)αiβk−i−1Bi =
k∑
i=0

(k − i)αiβk−i−1Bi. (3.25)
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Let (λ0, 1) be a simple eigenvalue of P (α, β). Evaluating (3.24) and (3.25) at the
representative [λ0, 1]T , we get

DαP (λ0, 1)− λ0DβP (λ0, 1) =
k∑
i=1

iλi−1
0 Bi − λ0

k∑
i=0

(k − i)λi0Bi

= (1 + |λ0|2)
k∑
i=1

iλi−1
0 Bi − λ0k

k∑
i=0

λi0Bi

= (1 + |λ0|2)
k∑
i=1

iλi−1
0 Bi − λ0kP (λ0, 1).

Let x and y be, respectively, a right and a left eigenvector of P (α, β) associated
with (λ0, 1). Then, taking into account that P (λ0, 1)x = 0, the denominator of
κθ((λ0, 1), P ) in (3.2) is given by

|y∗(DαP (λ0, 1)− λ0DβP (λ0, 1))x| = (1 + |λ0|2)

∣∣∣∣∣y∗
(

k∑
i=1

iλi−1
0 Bi

)
x

∣∣∣∣∣ . (3.26)

Hence,

κθ((λ0, 1), P ) =
(
∑k

i=0 |λ0|iωi)‖x‖2‖y‖2

(1 + |λ0|2)|y∗(
∑k

i=1 iλ
i−1
0 Bi)x|

≥ (
∑k

i=0 |λ0|iωi)
(1 + |λ0|2)(

∑k
i=1 i|λ0|i−1‖Bi‖2)

.

(3.27)

If ωj = maxi=0:k{‖Bi‖2} for j = 0, 1, 2, . . . , k, from (3.27), we get

κpθ((λ0, 1), P ) ≥
∑k

i=0 |λ0|i

(1 + |λ0|2)(
∑k

i=1 i|λ0|i−1)

maxi=0:k{‖Bi‖2}
maxi=1:k{‖Bi‖2}

. (3.28)

If ωj = ‖Bj‖2 for j = 0, 1, 2, . . . , k, then, from (3.27), we get

κrθ((λ0, 1), P ) ≥
∑k

i=0 |λ0|i‖Bi‖2

(1 + |λ0|2)(
∑k

i=1 i|λ0|i−1‖Bi‖2)
. (3.29)

In the results that we present next we will use the following notation:

h :=
‖B0‖2

maxi=1:k{‖Bi‖2}
, µ :=

maxi=0:k{‖Bi‖2}
maxi=1:k{‖Bi‖2}

= max{1, h}.

With the previous inequalities and definitions at hand, we are now in the po-
sition of providing in Theorem 3.34 the announced lower bounds for κa(λ0, P ) and
κr(λ0, P ) when P is a matrix polynomial with arbitrary grade.
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Theorem 3.34. Let P (λ) =
∑k

i=0 λ
iBi be a regular matrix polynomial and let λ0

be a finite, simple eigenvalue of P (λ).

1. If ωj = maxi=0:k{‖Bi‖2} for j = 0, 1, 2, . . . , k, then

κpa(λ0, P ) ≥ max

{
1

k2
,
|λ0|
k

}
µ, κpr(λ0, P ) ≥ max

{
1

k2|λ0|
,

1

k

}
µ,

where the lower bound for κpr(λ0, P ) holds only if λ0 6= 0.

2. If ωj = ‖Bj‖2 for j = 0, 1, 2, . . . , k, then

κra(λ0, P ) ≥ h

k2 max{1, |λ0|k−1}
+
|λ0|
k
, κrr(λ0, P ) ≥ h

k2 max{|λ0|, |λ0|k}
+

1

k
,

where the lower bound for κrr(λ0, P ) holds only if λ0 6= 0.

Proof. Let us start with the relative with-respect-to-the-norm-of-the-polynomial
case, that is, let ωj = maxi=0:k{‖Bi‖2} for j = 0, 1, . . . , k. Then, by Theorem
3.22 and (3.28),

κpa(λ0, P ) ≥
∑k

i=0 |λ0|i∑k
i=1 i|λ0|i−1

µ ≥ 1 + |λ0|
∑k

i=1 |λ0|i−1

k
∑k

i=1 |λ0|i−1
µ =

(
1

k
∑k

i=1 |λ0|i−1
+
|λ0|
k

)
µ.

Taking into account that, if |λ0| ≤ 1, then
∑k

i=1 |λ0|i−1 ≤ k, and if |λ0| > 1, then∑k
i=1 |λ0|i−1 ≤ k|λ0|k−1, we get

κpa(λ0, P ) ≥
(

1

k2 max{1, |λ0|k−1}
+
|λ0|
k

)
µ.

The results for the relative with-respect-to-the-norm-of-the-polynomial case follow
easily from this expression and κpr(λ0, P ) = κpa(λ0, P )/|λ0|.

Let us consider now the relative coefficient-wise case, that is, let ωj = ‖Bj‖2, for
j = 0, 1, . . . , k. Then, by Theorem 3.22 and (3.29),

κra(λ0, P ) ≥
∑k

i=0 |λ0|i‖Bi‖2

(
∑k

i=1 i|λ0|i−1‖Bi‖2)
≥ ‖B0‖2 + |λ0|

∑k
i=1 |λ0|i−1‖Bi‖2

k
∑k

i=1 |λ0|i−1‖Bi‖2

≥ ‖B0‖2

kmaxi=1:k{‖Bi‖2}
∑k

i=1 |λ0|i−1
+
|λ0|
k
.

The results follow from
∑k

i=1 |λ0|i−1 ≤ kmax{1, |λ0|k−1} and κrr(λ0, P ) = κra(λ0, P )/|λ0|.
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Remark 3.35. The lower bounds on κa(λ0, P ) and κr(λ0, P ) presented in Theorem
3.34 allow to determine, in a straightforward way, the following sufficient conditions
for the non-computability of the eigenvalue λ0, when either |λ0| � 1 or |λ0| � 1.
In order to obtain these conditions, note that, if µ > 1, then µ = h.
• For the weights ωj = maxi=0:k{‖Bi‖2}, j = 0, 1, . . . , k:

(a) κpa(λ0, P )� 1 if |λ0| � k or if ‖B0‖2 � k2 maxi=1:k{‖Bi‖2}.

(b) κpr(λ0, P )� 1 if |λ0| � 1
k2

or if ‖B0‖2 � kmaxi=1:k{‖Bi‖2}.

• For the weights ωj = ‖Bj‖2 for j = 0, 1, . . . , k:

(c) κra(λ0, P )� 1 if |λ0| � k or if ‖B0‖2 � k2 maxi=1:k{‖Bi‖2}max{1, |λ0|k−1}.

(d) κrr(λ0, P )� 1 if ‖B0‖2 � k2 maxi=1:k{‖Bi‖2}max{|λ0|, |λ0|k}.

Next, we give an example to illustrate some of the results in Theorem 3.34 and
Remark 3.35.

Example 3.36. Let us consider the quadratic matrix polynomial given in Example
3.25, whose eigenvalues are 10−5, 105, 1010, and 1015. Note that h = 1015

10−5+1015
≈ 1.

The sufficient conditions in Remark 3.35 imply, when ωi = ‖Bi‖2 for i = 0, 1, 2, that

κra(105, P ), κra(1010, P ), κra(1015, P )� 1,

and
κrr(10−5, P )� 1.

Notice that the result for λ0 = 10−5 follows from the fact that the condition ‖B0‖2 �
k2 maxi=1:k{‖Bi‖2}max{|λ0|, |λ0|k}, which is equivalent to 1015 � 4 |10−5+1015| 10−5,
is true. These conclusions can be confirmed by the values of the condition numbers
in the table in Example 3.25. We stress that the conditions in Remark 3.35 are
not necessary. For brevity, we illustrate this observation with some of the results
obtained in Example 3.25. Note that κrr(105, P ) and κrr(1010, P ) are both large but
‖B0‖2 < k2 maxi=1:k{‖Bi‖2}max{|λ0|, |λ0|k} in both cases.

We highlight that whenever κpθ((λ0, 1), P ) (resp. κrθ((λ0, 1), P )) is moderate (of
order one) and |λ0| is large, then κpa(λ0, P ) (resp. κra(λ0, P )) and κpr(λ0, P ) (resp.
κrr(λ0, P )) are both always large, as exemplified by the eigenvalue 105 of this exam-
ple and guaranteed by Theorem 3.22 and its consequence (3.20). However, we also
highlight that it is possible to have κrr(λ0, P ) ≈ 1 for very large |λ0|, as exemplified
by the eigenvalue 1015 in this example, since it is possible to have κrθ((λ0, 1), P )� 1
in these situations (recall again the table in Example 3.25). In the jargon we are
using in this section, this means that there exist very large non-homogenous eigen-
values which are computable and that this happens if and only if the corresponding
homogeneous condition number is very close to zero as a consequence of (3.10).
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Finally, we present Corollary 3.37, which is an informal result that summarizes
in a concise way all the sufficient conditions obtained in this section for the non
computability of eigenvalues of pencils with small or large moduli. This corollary is,
in fact, obtained from the results in Remarks 3.30 and 3.35, when particularized for
k = 1. It is worth highlighting that the sufficient conditions that, in Corollary 3.37,
guarantee that κrr(λ0, L)� 1 show that the ratio of the magnitudes of the monomials
|λ0|‖B1‖2 and ‖B0‖2 plays a relevant role in determining when the relative non-
homogenous condition numbers of very large and small eigenvalues of pencils are
very large.

Corollary 3.37. Let L(λ) = λB1 + B0 be a regular pencil and let λ0 be a simple,
finite eigenvalue of L(λ).

1. For the weights ωi = max{‖B0‖2, ‖B1‖2}, i = 0, 1, then

κpa(λ0, L)� 1, if |λ0| � 1, or |λ0| � 1 and ‖B0‖2 � ‖B1‖2.

2. For the weights ωi = max{‖B0‖2, ‖B1‖2}, i = 0, 1 and λ0 6= 0, then

κpr(λ0, L)� 1, if |λ0| � 1 or |λ0| � 1.

3. For the weights ωi = ‖Bi‖2, i = 0, 1, then

κra(λ0, L)� 1, if |λ0| � 1, or |λ0| � 1 and ‖B0‖2 � ‖B1‖2.

4. For the weights ωi = ‖Bi‖2, i = 0, 1 and λ0 6= 0, then

κrr(λ0, L)� 1, if any of the following two conditions hold

(i) |λ0| � 1 and either |λ0|‖B1‖2 � ‖B0‖2 or |λ0|‖B1‖2 � ‖B0‖2;

(ii) |λ0| � 1 and |λ0|‖B1‖2 � ‖B0‖2.

Proof. We omit the proofs of 1., 2. and 3. since they are elementary and focus
on the proof of 4. We notice that, in order to prove 4., it is enough to show that
conditions (i) and (ii) in 4. are equivalent to conditions (a)-(e) in Remark 3.30 and
condition (d) in Remark 3.35. Note that, since in this corollary we only consider
eigenvalues with very large or very small moduli, we can express (d) in Remark 3.35
as

(d1) |λ0| � 1 and ‖B0‖2 � ‖B1‖2|λ0|;

(d2) |λ0| � 1 and ‖B0‖2 � ‖B1‖2|λ0|.
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We also introduce a separate notation for each condition in (i) in 4.:

(i)-1 |λ0| � 1 and |λ0|‖B1‖2 � ‖B0‖2;

(i)-2 |λ0| � 1 and |λ0|‖B1‖2 � ‖B0‖2.

It is clear that (ii) in 4. is equivalent to (d2) and (i)-2 is equivalent to (d1).
Next we show that conditions (i) and (ii) are also equivalent to conditions (a)-(e) in
Remark 3.30. We consider three scenarios:

Case I: Assume that ‖B0‖2 ≈ ‖B1‖2. Then, condition (i)-1 is equivalent to
|λ0| � 1 and condition (ii) in 4. is equivalent to |λ0| � 1. These two conditions
together are equivalent to condition (a) in Remark 3.30.

Case II: Assume that ‖B0‖2 � ‖B1‖2. Then, (i)-1 is equivalent to |λ0| � 1 and
|λ0|‖B1‖2 � ‖B0‖2, which is equivalent to case (c) in Remark 3.30. Condition (ii)
in 4. is equivalent to |λ0| � 1, which is equivalent to case (b) in Remark 3.30.

Case III: Assume that ‖B1‖2 � ‖B0‖2. Then, condition (i)-1 is equivalent to
|λ0| � 1, which is equivalent to case (e) in Remark 3.30. Condition (ii) in 4. is
equivalent to |λ0| � 1 and |λ0|‖B1‖2 � ‖B0‖2, which is equivalent to (d) in Remark
3.30.

3.2 Backward errors

In this section, we introduce the different definitions of backward errors of approxi-
mate (left and right) eigenpairs. Contrary to the case of condition numbers, just
two backward errors have appeared in the literature: one for matrix polynomials
expressed in non-homogeneous form and another for matrix polynomials expressed
in homogeneous form. We also prove in Theorem 3.47 the (simple) relation between
them, which is the only original result of this section.

3.2.1 Definitions

Next, we present the two definitions of backward errors and the corresponding for-
mulas to compute them.

3.2.1.1 Non-homogeneous backward error

We start with the definition of backward error of approximate eigenpairs of a matrix
polynomial expressed in non-homogeneous form.

Definition 3.38. Let (x̂, λ̂0) and (ŷ∗, λ̂0) be, respectively, approximate right and left
eigenpairs of the regular matrix polynomial P (λ) =

∑k
i=0 λ

iBi. The backward error

of (x̂, λ̂0) is defined as

ηnh,r(x̂, λ̂0, P ) := min{ε : (P (λ̂0) + ∆P (λ̂0))x̂ = 0, ‖∆Bi‖2 ≤ εωi, i = 0 : k};
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similarly, the backward error of (ŷ∗, λ̂0) is defined as

ηnh,`(ŷ∗, λ̂0, P ) := min{ε : ŷ∗(P (λ̂0) + ∆P (λ̂0)) = 0, ‖∆Bi‖2 ≤ εωi, i = 0 : k};

where ∆P (λ) =
∑k

i=0 λ
i∆Bi and ωi, i = 0 : k are nonnegative weights that allow

flexibility in how the perturbations of P (λ) are measured.

The most commonly used weights ωi in Definition 3.38 are the ones stated in
Remark 3.2. These choices lead to consider different variants of the backward errors,
which are introduced in the following definition as well as the specific notation we
will use to refer to them. We emphasize that when a result hold for any weight
considered in Definition 3.38, we will use the notation ηnh,r or ηnh,`.

Definition 3.39. With the same notation and assumptions as in Definition 3.38:

1. The absolute backward errors of (x̂, λ̂0) and (ŷ∗, λ̂0) are defined by taking

ωi = 1 for i = 0 : k in ηnh,r(x̂, λ̂0, P ) and ηnh,`(ŷ
∗, λ̂0, P ), and are denoted by

ηanh,r(x̂, λ̂0, P ) and ηanh,`(ŷ
∗, λ̂0, P ).

2. The relative backward errors with respect to the norm of P of (x̂, λ̂0)

and (ŷ∗, λ̂0) are defined by taking ωi = maxj=0:k{‖Bj‖2} for i = 0 : k in

ηnh,r(x̂, λ̂0, P ) and ηnh,`(ŷ
∗, λ̂0, P ), and are denoted by ηpnh,r(x̂, λ̂0, P ) and

ηpnh,`(ŷ
∗, λ̂0, P ).

3. The relative backward errors of (x̂, λ̂0) and (ŷ∗, λ̂0) are defined by taking

ωi = ‖Bi‖2 for i = 0 : k in ηnh,r(x̂, λ̂0, P ) and ηnh,`(ŷ
∗, λ̂0, P ), and are denoted

by ηrnh,r(x̂, λ̂0, P ) and ηrnh,`(ŷ
∗, λ̂0, P ).

An explicit formula to compute backward errors of approximate eigenpairs was
proven in [94]. Before stating that, we point out that this definition of backward error
does not require that the polynomial P + ∆P at which the minimum ε is attained is
regular. This poses a fundamental difficulty that apparently has not been considered
before in the literature, because for a singular square matrix polynomial Q(λ) it is

well-known that neither the equation ŷ∗Q(λ̂0) = 0 nor the equation Q(λ̂0)x̂ = 0

guarantee that λ̂0 is an eigenvalue of Q(λ) [28]. Thus, if we want to say that the

approximate right eigenpair (x̂, λ̂0) (resp. left eigenpair (ŷ∗, λ̂0)) of P is the exact
right (resp. left) eigenpair of a polynomial P + ∆P with the backward errors ηnh
given in Theorem 3.41, this perturbed polynomial P + ∆P where the minimum in
Definition 3.38 is attained should be regular as well. We have not been able to prove
that, but, in the following theorem, we prove that, for any arbitrarily small positive
number φ, we can find a regular matrix polynomial P + δP =

∑k
i=0 λ

i(Bi + δBi)
for which the approximate right (resp. left) eigenpair of P is an exact eigenpair
and such that ‖δBi‖2 ≤ (ηnh + φ)ωi for i = 0, . . . , k. Thus, the formulas for the
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backward errors presented in Theorem 3.41 will still be meaningful as a measure of
the backward errors under the additional restriction that P +∆P is regular, because
φ can be chosen smaller than the smallest positive floating point number and its
presence does not affect the computed value of the backward errors.

We restrict ourselves to consider any of the sets of weights from Remark 3.2 and
that the coefficients B0 and Bk of the unperturbed polynomial P (α, β) are different
from zero. This last restriction is very mild but guarantees that the weights ω0 and
ωk are both nonzero.

Theorem 3.40. Let (x̂, λ̂0) and (ŷ∗, λ̂0) be an approximate right and an approximate
left eigenpair, respectively, of a regular matrix polynomial P (λ) =

∑k
i=0 λ

iBi with
B0 6= 0 and Bk 6= 0. Then,

1. For any positive number φ (which, therefore, can be chosen arbitrarily small),
there exists a regular matrix polynomial P (λ) + δP (λ) of degree k, where
δP (λ) =

∑k
i=0 λ

iδBi, such that

(a) (P (λ̂0) + δP (λ̂0))x̂ = 0, and

(b)

‖δBi‖2 ≤

(
‖P (λ̂0)x̂‖2

(
∑k

i=0 |λ̂0|iωi)‖x̂‖2

+ φ

)
ωi, i = 0, 1, . . . , k,

where the weights ωi, i = 0 : k, are any of the ones in Remark 3.2.

2. For any positive number φ (which, therefore, can be chosen arbitrarily small),
there exists a regular matrix polynomial P (λ) + δP (λ) of degree k, where
δP (λ) =

∑k
i=0 λ

iδBi, such that

(a) ŷ∗(P (λ̂0) + δP (λ̂0)) = 0, and

(b)

‖δBi‖2 ≤

(
‖ŷ∗P (λ̂0)‖2

(
∑k

i=0 |λ̂0|iωi)‖ŷ‖2

+ φ

)
ωi, i = 0, 1, . . . , k,

where the weights ωi, i = 0 : k, are any of the ones in Remark 3.2.

Proof. We only prove Part (1.) since Part (2.) can be proved similarly.
By Theorem 3.41, there exists

Q(λ) := P (λ) + ∆P (λ)

of degree k that satisfies (a) and (b) with δP = ∆P and φ = 0. If Q(λ) is regular,
then the result is proven. Therefore, we assume in the rest of the proof that Q(λ)
is singular. If Q(λ) =

∑k
i=0 λ

iQi is singular, then the matrix coefficient Q0 must be
singular since, otherwise, det(Q(0)) = det(Q0) 6= 0 and Q(λ) would be regular.
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Consider the regular non-homogeneous pencil L0(λ) = λIn + Q0. Since Q0 is
singular, 0 is an eigenvalue of L0(λ). Moreover, either 0 is the only eigenvalue of
Q0 or there exists a nonzero eigenvalue λ0 of L0(λ) with smallest modulus among
the nonzero eigenvalues of L0(λ). If 0 is the only eigenvalue of Q0, then the matrix
sIn + Q0 is nonsingular for all nonzero s, i.e., for all s such that 0 < |s|. If Q0 has
nonzero eigenvalues, then sIn +Q0 is nonsingular for all s such that 0 < |s| < |λ0|.

Assume λ̂0 6= 0. Let µ := λ0
max{ω0,...,ωk}

and take an arbitrary positive number φ
satisfying 0 < φ < µ. Next, we construct the scalar polynomial

q(λ) =
k∑
i=0

λiqi :=
φmin{ω0, ωk}

max
{
|λ̂0|k, 1

} (λ̂0

k
− λk

)
,

which satisfies

(a) q(λ̂0) = 0;

(b) q0 6= 0 and qi = 0 for i = 1, . . . , k − 1;

(c) |qi| ≤ φωi < t for i = 0, 1, . . . , k.

Finally, consider the matrix polynomial

Q(λ) + q(λ)In = P (λ) + ∆P (λ) + q(λ)In.

Let δP (λ) := ∆P (λ) + q(λ)In. Then, by property (a) of q(λ) and the definition of
Q(λ), we have

(P (λ̂0) + δP (λ̂0))x̂ = 0;

and, for i = 0, 1, . . . , k,

‖δBi‖2 = ‖∆Bi + qiIn‖2 ≤ ‖∆Bi‖2 + φωi ≤

(
‖P (λ̂0)x̂‖2

(
∑k

i=0 |λ̂0|iωi)‖x̂‖2

+ φ

)
ωi.

Moreover, P (λ)+ δP (λ) is regular because B0 + δB0 = B0 +∆B0 + q0In = Q0 + q0In
is invertible by properties (b) and (c) of q(λ). Since φ is any number satisfying
0 < φ < µ, it can be chosen arbitrarily small. Moreover, once the inequality in (b)
in Part (1) of the statement holds for some φ, it holds for any larger value of φ.

Thus the result is proved for any positive number φ if λ̂0 6= 0.
If λ̂0 = 0, consider the matrix polynomial P (λ)−B0 = λ(λk−1Bk−1 + · · ·+B1). If

B1 is nonsingular, the result is proven. Otherwise, reasoning as in the case λ̂0 6= 0,
sIn + B1 is regular for all s such that 0 < |s| if 0 is the only eigenvalue of B1

or it is nonsingular for all s such that 0 < |s| < |µ0|, where µ0 is the nonzero
eigenvalue of λIn+B1 with smallest eigenvalue. Let γ = λ0/ω1 and take an arbitrary
positive number φ satisfying 0 < φ < γ. Consider δP (λ) = λφω1In − B0. Since
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B1 +φω1In is regular, P (λ) + δP (λ) is regular. It can be easily checked that for this
δP (λ), conditions (a) and (b) are satisfied and, therefore, the result is proved also

if λ̂0 6= 0.

Theorem 3.41. [94, Theorem 1] Let (x̂, λ̂0) and (ŷ∗, λ̂0) be, respectively, approxi-
mate right and left eigenpairs of the regular matrix polynomial P (λ) =

∑k
i=0 λ

iBi.
Then,

ηnh,r(x̂, λ̂0, P ) =
‖P (λ̂0)x̂‖2

(
∑k

i=0 |λ̂0|iωi)‖x̂‖2

ηnh,`(ŷ∗, λ̂0, P ) =
‖ŷ∗P (λ̂0)‖2

(
∑k

i=0 |λ̂0|iωi)‖ŷ‖2

Considering the different weights introduced in Remark 3.2, we obtain an explicit
expression for each of the non-homogeneous backward errors introduced in Definition
3.39

Corollary 3.42. With the same notation as in Definition 3.39 and the same as-
sumptions as in Theorem 3.41:

ηanh,r(x̂, λ̂0, P ) =
‖P (λ̂0)x̂‖2

(
∑k

i=0 |λ̂0|i)‖x̂‖2

,

ηanh,`(ŷ
∗, λ̂0, P ) =

‖ŷ∗P (λ̂0)‖2

(
∑k

i=0 |λ̂0|i)‖ŷ‖2

.

ηpnh,r(x̂, λ̂0, P ) =
‖P (λ̂0)x̂‖2

maxj=0:k{‖Bj‖2}(
∑k

i=0 |λ̂0|i)‖x̂‖2

,

ηpnh,`(ŷ
∗, λ̂0, P ) =

‖ŷ∗P (λ̂0)‖2

maxj=0:k{‖Bj‖2}(
∑k

i=0 |λ̂0|i)‖ŷ‖2

.

ηrnh,r(x̂, λ̂0, P ) =
‖P (λ̂0)x̂‖2

(
∑k

i=0 |λ̂0|i‖Bi‖2)‖x̂‖2

,

ηrnh,`(ŷ
∗, λ̂0, P ) =

‖ŷ∗P (λ̂0)‖2

(
∑k

i=0 |λ̂0|i‖Bi‖2)‖ŷ‖2

.

3.2.1.2 Homogeneous backward errors

In an analogous way to the previous section, we present the definition of the homo-
geneous backward error.
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Definition 3.43. Let (x̂, (α̂0, β̂0)) be an approximate right eigenpair of the regu-
lar matrix polynomial P (α, β) =

∑k
i=0 α

iβk−iBi. We define the backward error of

(x̂, (α̂0, β̂0)) as

ηh,r(x̂, (α̂0, β̂0), P ) := min{ε : (P (α̂0, β̂0)+∆P (α̂0, β̂0))x̂ = 0, ‖∆Bi‖2 ≤ εωi, i = 0 : k}

where ∆P (α, β) =
∑k

i=0 α
iβk−i∆Bi and ωi, i = 0 : k, are nonnegative weights that

allow flexibility in how the perturbations of P (α, β) are measured.

Similarly, for an approximate left eigenpair (ŷ∗, (α̂0, β̂0)), we have

ηh,`(ŷ∗, (α̂0, β̂0), P ) := min{ε : ŷ∗(P (α̂0, β̂0)+∆P (α̂0, β̂0)) = 0, ‖∆Bi‖2 ≤ εωi, i = 0 : k}.

As in the non-homogeneous case, the weights in Definition 3.43 can be chosen in
different ways. We will consider the same three choices listed in Remark 3.2, which
leads to the following definition. We recall that when a result is true for any weight
considered in Definition 3.43, we will use the notation ηnh,r and ηnh,`.

Definition 3.44. With the same notation and assumptions as in Definition 3.43:

1. The absolute backward errors of (x̂, (α̂0, β̂0)) and (ŷ∗, (α̂0, β̂0)) are defined

by taking ωi = 1 for i = 0 : k in ηh,r(x̂, (α̂0, β̂0), P ) and ηh,`(ŷ∗, (α̂0, β̂0), P ),

and are denoted by ηah,r(x̂, (α̂0, β̂0), P ) and ηah,`(ŷ
∗, (α̂0, β̂0), P ).

2. The relative backward errors with respect to the norm of P of (x̂, (α̂0, β̂0))

and (ŷ∗, (α̂0, β̂0)) are defined by taking ωi = max
j=0:k
{‖Bj‖2} for i = 0 : k in

ηh,r(x̂, (α̂0, β̂0), P ), and ηh,`(ŷ∗, (α̂0, β̂0), P ), and are denoted by ηph,`(ŷ
∗, (α̂0, β̂0), P )

and ηph,`(ŷ
∗, (α̂0, β̂0), P ).

3. The relative backward errors of (x̂, (α̂0, β̂0)) and (ŷ∗, (α̂0, β̂0)) are defined

by taking ωi = ‖Bi‖2 for i = 0 : k in ηh,r(x̂, (α̂0, β̂0), P ) and ηh,`(ŷ∗, (α̂0, β̂0), P ),

and are denoted by ηrh,r(x̂, (α̂0, β̂0), P ) and ηrh,`(ŷ
∗, (α̂0, β̂0), P ).

Finally, we can present the explicit expressions for the homogeneous backward
errors. As in the non-homogeneous case, if we want to assume that the computed
eigenpair is an exact eigenpair of a polynomial P + ∆P at distance ηh of P , P + ∆P
must also be a regular matrix polynomial. Then, we can prove a homogeneous
version of Theorem 3.40 just considering an additional step for the approximate
eigenvalue (1, 0). This way, we can assure that the formulas for the homogeneous
backward errors presented in the next theorem are meaningful as a measure of the
backward error (as in the non-homogeneous cases, under the additional restriction
that P + ∆P is regular).
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Theorem 3.45. [56, 94] Let (x̂, (α̂0, β̂0)) 6= (0, 0) be an approximate right eigenpair
of the regular matrix polynomial P (α, β) =

∑k
i=0 α

iβk−iBi. Then,

ηh,r(x̂, (α̂0, β̂0), P ) =
‖P (α̂0, β̂0)x̂‖2

(
∑k

i=0 |α̂0|i|β̂0|k−iωi)‖x̂‖2

.

For an approximate left eigenpair (ŷ∗, (α̂0, β̂0)), we have

ηh,`(ŷ∗, (α̂0, β̂0), P ) =
‖ŷ∗P (α̂0, β̂0)‖2

(
∑k

i=0 |α̂0|i|β̂0|k−iωi)‖ŷ‖2

.

We can obtain exact formulas for the backward errors introduced in Definition
3.44 as an easy corollary of Theorem 3.45.

Corollary 3.46. With the same notation as in Definition 3.44 and the same as-
sumptions as in Theorem 3.45:

ηah,r(x̂, (α̂0, β̂0), P ) =
‖P (α̂0, β̂0)x̂‖2

(
∑k

i=0 |α̂0|i|β̂0|k−i)‖x̂‖2

,

ηah,`(ŷ
∗, (α̂0, β̂0), P ) =

‖ŷ∗P (α̂0, β̂0)‖2

(
∑k

i=0 |α̂0|i|β̂0|k−i)‖ŷ‖2

.

ηph,r(x̂, (α̂0, β̂0), P ) =
‖P (α̂0, β̂0)x̂‖2

maxi=0:k{‖Bi‖2}(
∑k

i=0 |α̂0|i|β̂0|k−i)‖x̂‖2

,

ηph,`(ŷ
∗, (α̂0, β̂0), P ) =

‖ŷ∗P (α̂0, β̂0)‖2

maxi=0:k{‖Bi‖2}(
∑k

i=0 |α̂0|i|β̂0|k−i)‖ŷ‖2

.

ηrh,r(x̂, (α̂0, β̂0), P ) =
‖P (α̂0, β̂0)x̂‖2

(
∑k

i=0 |α̂0|i|β̂0|k−i‖Bi‖2)‖x̂‖2

,

ηrh,`(ŷ
∗, (α̂0, β̂0), P ) =

‖ŷ∗P (α̂0, β̂0)‖2

(
∑k

i=0 |α̂0|i|β̂0|k−i‖Bi‖2)‖ŷ‖2

.

3.2.2 Relationship between the non-homogeneous and the
homogeneous backward error

In this section we compare the non-homogeneous and the homogeneous backward
error. In order to do that, regarding Lemma 2.33, we can consider that (x̂, λ̂0) and

(ŷ∗, λ̂0) are right and left approximate eigenpairs of P (λ) if and only if (x̂, (α̂0, β̂0))

and (ŷ∗, (α̂0, β̂0)) are right and left approximate eigenpairs of P (α, β), where λ̂0 =

α̂0/β̂0 if β̂0 6= 0 and λ̂0 =∞ if β̂0 = 0. Taking this relationship into account, we can
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prove the following theorem. Notice that in this theorem we use the backward error
of the approximate eigenpairs (x̂, 0) and (ŷ∗, 0) of the reversal of a matrix polynomial,
which can be interpreted (as in the condition number case) as the backward error
of the approximate eigenpairs (x̂,∞) and (ŷ∗,∞) of the matrix polynomial.

Theorem 3.47. Let (x̂, (α̂0, β̂0)) and (ŷ∗, (α̂0, β̂0)) be, respectively, approximate right

and left eigenpairs of P (α, β) =
∑k

i=0 α
iβk−iBi and let λ̂0 := α̂0/β̂0, where λ̂0 =∞

if β̂0 = 0. Assume that the same weights ωi are considered in the definition of all
the condition numbers appearing below. Then,

1. If β̂0 6= 0,

ηh,r(x̂, (α̂0, β̂0), P ) = ηnh,r(x̂, λ̂0, P ), ηh,`(ŷ∗, (α̂0, β̂0), P ) = ηnh,`(ŷ∗, λ0, P ).

2. If β̂0 = 0,

ηh,r(x̂, (α̂0, 0), P ) = ηnh,r(x̂, 0, revP ) ηh,`(ŷ∗, (α̂0, 0), P ) = ηnh,`(ŷ∗, 0, revP ).

Proof. Assume first that β̂0 6= 0. Then,

ηh,r(x̂, (α̂0, β̂0), P ) =
‖P (α̂0, β̂0)x̂‖2

(
∑k

i=0 |α̂0|i|β̂0|k−iωi)‖x̂‖2

=
‖P (α̂0, β̂0)x̂‖2

|β̂0|k(
∑k

i=0 |λ̂0|iωi)‖x̂‖2

=
|β̂0|k‖P (λ̂0)x̂‖2

|β̂0|k(
∑k

i=0 |λ̂0|iωi)‖x̂‖2

= ηnh,r(x̂, λ̂0, P ).

If β̂0 = 0, it is easy to check that

ηh,r(x̂, (α̂0, 0), P ) =
‖Bkx̂‖2

ωk‖x̂‖2

= ηnh,r(x̂, 0, revP ).

The proof for the left eigenpairs is analogous.



Chapter 4

Conditioning and backward errors
of eigenvalues of matrix
polynomials under Möbius
transformations

This chapter is devoted, as explained in Chapter 1, to study the influence of Möbius
transformations on the eigenvalue condition numbers and backward errors of approxi-
mate eigenpairs of homogeneous and non-homogeneous PEPs. In order to do so, we
divide this chapter in three sections. In the first one, the concept of Möbius trans-
formations of (non-homogeneous and homogeneous) matrix polynomials, as well as
some of their properties, is presented. Then, Section 4.2 focuses on the effect of
Möbius transformations on the eigenvalue condition numbers and backward errors
of approximate eigenpairs of homogeneous PEPs, while Section 4.3 focuses on the
corresponding study in the non-homogeneous case. The results presented in this
chapter are original contributions of the author.

Throughout this chapter, we use the following notation. We denote by GL(2,C)
the set of nonsingular 2 × 2 matrices with complex entries and by C[λ]m×nk and
C[α, β]m×nk the vector spaces of m × n non-homogeneous matrix polynomials of
grade k and homogeneous matrix polynomials of degree k, respectively, whose ma-
trix coefficients have complex entries together with the zero polynomial, that is,
polynomials of the forms, (2.1) and (2.4), respectively, whose matrix coefficients are
all allowed to be zero.

4.1 Möbius transformations

The reference [72] is a very complete paper that gathers together the main properties
of Möbius transformations. Although Möbius transformations may be defined for

71
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matrix polynomials expressed either in non-homogeneous or homogeneous form,
only the non-homogeneous case is considered in [72]. Since we study the effect of
Möbius transformations on the eigenvalue condition numbers and backward errors
of approximate eigenpairs of both homogeneous and non-homogeneous PEPs, we
need the homogeneous version of some of these properties. Therefore, we divide
this section in two subsections. The first one will be devoted to define Möbius
transformations in the non-homogeneous case and to list their properties using [72]
as reference. On the other hand, the second one will be devoted to (similarly) define
Möbius transformations in the homogeneous case and to adapt the former properties
using Lemma 2.33 and equation (2.5).

4.1.1 Möbius transformations of matrix polynomials
expressed in non-homogeneous form

First, we introduce the concept of Möbius function on C∞. This kind of function
will be used in the construction of Möbius transformations of matrix polynomials.

Definition 4.1. Let A =

[
a b
c d

]
∈ GL(2,C). Then, the Möbius function on C∞

induced by A is the function mA : C∞ → C∞ given by

mA(µ) =
aµ+ b

cµ+ d
, (4.1)

where we assume that, if c 6= 0, then mA(−d/c) =∞, mA(∞) = a/c, and, if c = 0,
then mA(∞) =∞.

Notice that the Möbius function mA is invariant under scaling of the matrix A,
that is, if s ∈ C and s 6= 0, then msA = mA.

Every Möbius function can be expressed as a composition of the so-called simple
Möbius functions. Next we describe these functions and give a geometric interpre-
tation of each of them [90].

Definition 4.2. The Möbius function induced by A as in (4.1) is said to be

1. a translation if a = d = 1 and c = 0.

2. an inversion if a = d = 0 and b = c = 1.

3. a rotation if b = c = 0, d = 1 and |a| = 1.

4. a homothety if b = c = 0, d = 1 and a ∈ R.

Any translation, inversion, rotation and homothety is called a simple Möbius
function.
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The next theorem shows that every Möbius function can be expressed as a com-
position of at most five simple Möbius functions [90].

Theorem 4.3. Let mA : C∞ → C∞ as in (4.1) be the Möbius function induced by
A. Then, mA is the composition of a finite sequence of translations, homotheties,
rotations and inversions. More precisely,

1. if c = 0, then mA = T2 ◦ T1, where

T1(µ) = µ+
b

a
, T2(µ) =

a

d
µ;

2. if c 6= 0, then mA = T ′4 ◦ T ′3 ◦ T ′2 ◦ T ′1, where

T ′1(µ) = µ+
d

c
, T ′2(µ) =

1

µ
, T ′3(µ) =

bc− ad
c2

µ, T ′4(µ) = µ+
a

c
.

Note that, in the previous theorem, T1, T ′1, and T ′4 are translations, T ′2 is an
inversion, and both T2 and T ′3 are the composition of a rotation and a homothety.

Next, we introduce the concept of Möbius transformations of non-homogeneous
matrix polynomials.

Definition 4.4. Let A =

[
a b
c d

]
∈ GL(2,C). Then, the Möbius transforma-

tion on C[λ]m×nk induced by A is the map MA : C[λ]m×nk → C[λ]m×nk given by

MA

(
k∑
i=0

λiBi

)
(µ) =

k∑
i=0

(aµ+ b)i(cµ+ d)k−iBi. (4.2)

The matrix polynomial MA(P )(µ), that is, the image of P (λ) under MA, is said
to be the Möbius transform of P (λ) under MA .

It is worth highlighting that the Möbius transform of a non-homogeneous matrix
polynomial P of grade k is another non-homogeneous matrix polynomial of the same
grade. However, the degree of the transform of P may be bigger than the degree of
P , smaller than the degree of P or equal to the degree of P .

The next example shows that the reversal of a matrix polynomial P (see Defini-
tion 2.11) can be seen as a Möbius transform of P .

Example 4.5. Let us consider the Möbius transformation induced by the matrix

R =

[
0 1
1 0

]
. Given P (λ) =

∑k
i=0 λ

iBi, we have

MR(P )(µ) =
k∑
i=0

µk−iBi = µkP

(
1

µ

)
= (revk P )(µ)
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In the next definition, we introduce some Möbius transformations that are useful
in converting some types of structured matrix polynomials into others [65, 70, 72,
76].

Definition 4.6. The Möbius transformations induced by the matrices

A+1 =

[
1 1
−1 1

]
, A−1 =

[
1 −1
1 1

]
(4.3)

are called Cayley transformations. In particular, if P (λ) =
∑k

i=0 λ
iBi, then

MA+1(P )(µ) =
k∑
i=0

(µ+ 1)i(1− µ)k−iBi,

MA−1(P )(µ) =
k∑
i=0

(µ− 1)i(µ+ 1)k−iBi.

Definition 4.7. We call simple Möbius transformations to any Möbius trans-
formation induced by a matrix associated with a simple Möbius function. In partic-
ular any Möbius transformation induced by a matrix associated with a translation,
an inversion, a rotation or a homothety will be called, respectively, a translation, an
inversion, a rotation or a homothety.

Next, we present some properties of the Möbius transformation that were proven
in [72].

Proposition 4.8. [72, Proposition 3.5] For any A ∈ GL(2,C), MA is a C-linear
operator on the vector space C[λ]m×nk , that is, for any γ ∈ C and P,Q ∈ C[λ]m×nk ,

MA(P +Q) = MA(P ) +MA(Q) and MA(γP ) = γMA(P ).

Proposition 4.9. [72, Theorem 3.18 and Proposition 3.27] Let A,B ∈ GL(2,C)
and let I2 denote the 2× 2 identity matrix. Then, when the Möbius transformations
are seen as operators on C[λ]m×nk , the following properties hold:

1. MI2 is the identity operator;

2. MA ◦MB = MBA;

3. (MA)−1 = MA−1;

4. MγA = γkMA, for any nonzero γ ∈ C;

5. If m = n, then det(MA(P )) = MA(det(P )), where the Möbius transformation
on the right-hand side operates on C[λ]1×1

nk .
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Remark 4.10. An immediate consequence of Proposition 4.9(5.) is that P is a
regular matrix polynomial if and only if MA(P ) is.

The following result provides a connection between the eigenpairs of a regular
non-homogeneous matrix polynomial P (λ) and the eigenpairs of a Möbius transform
MA(P )(µ) of P (λ).

Lemma 4.11. [72, Remark 6.12 and Theorem 5.3] Let P (λ) be a regular homoge-

neous matrix polynomial and let A =

[
a b
c d

]
∈ GL(2,C). If (x, λ0) (resp. (y∗, λ0))

is a right (resp. left) eigenpair of P (λ), then (x,mA−1(λ0)) (resp. (y∗,mA−1(λ0)))
is a right (resp. left) eigenpair of MA(P )(µ). Moreover, λ0, as an eigenvalue of
P (λ), has the same algebraic multiplicity as µ0, when considered an eigenvalue of
MA(P )(µ). In particular, λ0 is a simple eigenvalue of P (λ) if and only if mA−1(λ0)
is a simple eigenvalue of MA(P )(µ).

Motivated by the previous result, we introduce the following definition.

Definition 4.12. Let P (λ) be a regular non-homogeneous matrix polynomial and let

A =

[
a b
c d

]
∈ GL(2,C). Let λ0 be an eigenvalue of P (λ). Then, we call mA−1(λ0)

the eigenvalue of MA(P ) associated with the eigenvalue λ0 of P (λ).

In the following remark we explain how to compute an explicit expression for
the eigenvalue mA−1(λ0).

Remark 4.13. We recall that, for A =

[
a b
c d

]
∈ GL(2,C),

A−1 =
adj(A)

det(A)
, (4.4)

where adj(A) denotes the adjugate of the matrix A, given by

adj(A) :=

[
d −b
−c a

]
.

Thus, given a simple eigenvalue λ0 of a non-homogeneous matrix polynomial P , the
eigenvalue of MA(P ) associated with λ0 is

µ0 := mA−1(λ0) =
dλ0 − b
a− cλ0

. (4.5)

Recall that the absolute non-homogeneous condition number is not defined for
infinite eigenvalues while the relative non-homogeneous condition number is not
defined for zero and infinite eigenvalues (see Definition 3.1). Then, we must avoid
these eigenvalues when we do our analysis of the effect of Möbius transformations on
the eigenvalue condition numbers. In order to separate zeros and infinite eigenvalues,
we introduce the following definition.
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Definition 4.14. Let P (λ) be a regular non-homogeneous matrix polynomial and

let A =

[
a b
c d

]
∈ GL(2,C). We say that an eigenvalue λ0 of P (λ) is critical

relative to A if λ0 ∈ {0, b/d, a/c,∞}. Otherwise, we say that λ0 is noncritical
relative to A.

Notice that (4.5) implies that the eigenvalues of MA(P ) associated with the
critical eigenvalues λ0 = b/d and λ0 = a/c are, respectively, 0 and ∞.

When comparing the condition number of a simple eigenvalue of a regular non-
homogeneous matrix polynomial P (λ) with the condition number of the associated
eigenvalue of the Möbius transform MA(P ) of P , it will be useful to have an explicit
expression for the coefficients of the matrix polynomial MA(P ) in terms of the
matrix coefficients of P , as well as an upper bound on the 2-norm of each coefficient
of MA(P ) in terms of the norms of the coefficients of P . We provide such expression
and upper bound in the following proposition.

Proposition 4.15. Let P (λ) =
∑k

i=0 λ
iBi ∈ C[λ]m×nk , A =

[
a b
c d

]
∈ GL(2,C),

and MA be the Möbius transformation induced by A on C[λ]m×nk . Then, MA(P )(µ) =∑k
`=0 µ

`B̃`, where

B̃` =
k∑
i=0

k−∑̀
j=0

(
i

j

)(
k − i

k − j − `

)
ai−jbjcj+`−idk−j−`Bi, ` = 0 : k, (4.6)

and

(
s

t

)
:= 0 for s < t. Moreover,

‖B̃`‖2 ≤ ‖A‖k∞
(

k

bk/2c

) k∑
i=0

‖Bi‖2, ` = 0 : k. (4.7)

Proof. By the Binomial Theorem,

(aµ+ b)i =
i∑

j=0

(
i
j

)
(aµ)i−jbj, (cµ+ d)k−i =

k−i∑
r=0

(
k − i
r

)
(cµ)k−i−rdr.

Thus, from (4.2) we get

MA(P )(µ) =
k∑
i=0

i∑
j=0

k−i∑
r=0

(
i

j

)(
k − i
r

)
µk−j−rai−jbjck−i−rdrBi

=
k∑
i=0

i∑
j=0

k−j∑
`=i−j

(
i

j

)(
k − i

k − j − `

)
µ`ai−jbjcj+`−idk−j−`Bi
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=
k∑
`=0

k∑
i=0

min{i,k−`}∑
j=max{0,i−`}

(
i

j

)(
k − i

k − j − `

)
µ`ai−jbjcj+`−idk−j−`Bi

=
k∑
`=0

k∑
i=0

k−∑̀
j=0

(
i

j

)(
k − i

k − j − `

)
µ`ai−jbjcj+`−idk−j−`Bi,

where the second equality follows by applying the change of variable ` = k − j − r,
and the fourth equality follows because if i < k − ` and j > i, then

(
i
j

)
= 0, and if

i− ` > 0 and j < i− `, then
(
k−i
k−`−j

)
= 0. Hence, (4.6) follows.

From (4.6), we have

‖B̃`‖2 ≤
k∑
i=0

k−∑̀
j=0

(
i

j

)(
k − i

k − j − `

)
|a|i−j|b|j|c|j+`−i|d|k−j−`‖Bi‖2

≤ ‖A‖kM
k∑
i=0

(
k

k − l

)
‖Bi‖2 ≤ ‖A‖k∞

k∑
i=0

(
k

k − l

)
‖Bi‖2,

where the second inequality follows from the Chu-Vandermonde identity [12]

k−∑̀
j=0

(
i

j

)(
k − i

k − `− j

)
=

(
k

k − `

)
. (4.8)

The inequality in (4.7) follows taking into account that, by [18],(
k

k − `

)
≤
(

k

bk/2c

)
, 0 ≤ ` ≤ k.

4.1.2 Möbius transformations of matrix polynomials expressed
in homogeneous form

Now we introduce the concept of Möbius transformation of homogeneous matrix
polynomials.

Definition 4.16. Let A =

[
a b
c d

]
∈ GL(2,C). Then the Möbius transforma-

tion on C[α, β]m×nk induced by A is the map MA : C[α, β]m×nk → C[α, β]m×nk given
by

MA

(
k∑
i=0

αiβk−iBi

)
(γ, δ) =

k∑
i=0

(aγ + bδ)i(cγ + dδ)k−iBi. (4.9)

The matrix polynomial MA(P )(γ, δ), that is, the image of P (α, β) under MA is said
to be the Möbius transform of P (α, β) under MA .
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Let us highlight that the Möbius transform of a homogeneous matrix polynomial
P of degree k is another homogeneous matrix polynomial, but, contrary to the non-
homogeneous case, the degree of MA(P ) is always also k. This is a consequence
of the fact that all the terms of a homogeneous matrix polynomial have the same
degree.

Remark 4.17. Notice that the definition of Möbius transformations of matrix poly-
nomials expressed in homogeneous form is coherent with the corresponding definition
in the non-homogeneous case. That is, let P (λ) be a matrix polynomial expressed
in non-homogeneous form. Then, the matrix polynomial MA(P )(µ) expressed in
homogeneous form is equal to MA(P (α, β))(γ, δ) computed as in Definition 4.16.

Example 4.18. Taking into account the previous remark, it is obvious that the
Möbius transform of a matrix polynomial P (α, β) =

∑k
i=0 α

iβk−iBi under the

Möbius transformation induced by the matrix R =

[
0 1
1 0

]
introduced in Example

4.5 is the reversal of P (α, β).

MR(P )(γ, δ) =
k∑
i=0

γk−iδiBi = revP (γ, δ),

which in the homogeneous setting corresponds just to the change of variable

α→ δ, β → γ.

Using the relationship (2.5) it is easy to prove homogeneous versions of Propo-
sitions 4.8 and 4.9.

As we did in the non-homogeneous case, we state a result that provides a con-
nection between the eigenpairs of a regular homogeneous matrix polynomial P (α, β)
and the eigenpairs of a Möbius transform MA(P )(γ, δ) of P (α, β). The proof follows
immediately using Lemma 2.33 and Lemma 4.11.

Lemma 4.19. Let P (α, β) be a regular homogeneous matrix polynomial and let

A =

[
a b
c d

]
∈ GL(2,C). If (x, (α0, β0)) (resp. (y∗, (α0, β0)) is a right (resp.

left) eigenpair of P (α, β), then (x, 〈A−1[α0, β0]T 〉) (resp. (y∗, 〈A−1[α0, β0]T 〉)) is a
right (resp. left) eigenpair of MA(P )(γ, δ). Moreover, (α0, β0), as an eigenvalue of
P (α, β), has the same algebraic multiplicity as 〈A−1[α0, β0]T 〉, when considered an
eigenvalue of MA(P )(γ, δ). In particular, (α0, β0) is a simple eigenvalue of P (α, β)
if and only if 〈A−1[α0, β0]T 〉 is a simple eigenvalue of MA(P )(γ, δ).

For homogeneous matrix polynomials we also introduce the concept of eigenvalue
of MA(P ) associated with an eigenvalue of P . In this case, we also choose a specific
representative of this eigenvalue that will be used throughout this thesis.
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Definition 4.20. Let P (α, β) be a regular homogeneous matrix polynomial and

let A =

[
a b
c d

]
∈ GL(2,C). Let (α0, β0) be an eigenvalue of P (α, β) and let

[α0, β0]T be a representative of (α0, β0). Then, we call 〈A−1[α0, β0]T 〉 the eigen-
value of MA(P ) associated with the eigenvalue (α0, β0) of P (α, β) and we
call A−1[α0, β0]T the representative of the eigenvalue of MA(P ) associated
with [α0, β0]T .

In the following remark we explain how to compute an explicit expression for
the components of the vector A−1[α0, β0]T .

Remark 4.21. In Remark 4.13, we recalled that, for A =

[
a b
c d

]
∈ GL(2,C),

A−1 =
adj(A)

det(A)
.

Thus, given a simple eigenvalue (α0, β0) of a homogeneous matrix polynomial P and
a representative [α0, β0]T of (α0, β0), the components of the representative [γ0, δ0]T :=
A−1[α0, β0]T of the eigenvalue of MA(P ) associated with [α0, β0]T are given by

γ0 :=
dα0 − bβ0

det(A)
, δ0 :=

aβ0 − cα0

det(A)
. (4.10)

The following fact, which follows taking into account that ‖adj(A)‖∞ = ‖A‖1

and ‖adj(A)‖1 = ‖A‖∞, will be used to simplify the bounds on the quotients of
condition numbers presented in Section 4.2.1:

1

|det(A)|
=
‖A−1‖∞
‖A‖1

=
‖A−1‖1

‖A‖∞
. (4.11)

Following the analogy with the non-homogeneous case, now we should state
a similar result to Proposition 4.15. However, notice that a matrix polynomial
has the same matrix coefficients whether it is expressed in non-homogeneous or
homogeneous form. Therefore, the bounds obtained in Proposition 4.15 also hold
for matrix polynomials expressed in homogeneous form.

4.2 Homogeneous case

This section is devoted to the study of the effect of Möbius transformations on
eigenvalue condition numbers and backward errors of approximate eigenpairs in the
homogeneous case. As we explained in Section 1.2, this study in the homogeneous
case lead us to two clear and simple results, while the results we obtained in the non-
homogeneous case are harder to explain since their analysis require to distinguish
several cases. Therefore, we start our study with the homogeneous formulation.
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We have introduced, in Chapter 3, the two homogeneous eigenvalue condition
numbers that have appeared in the literature (Dedieu-Tisseur and Stewart-Sun). In
Corollary 3.20, it was proven that the Stewart-Sun and the Dedieu-Tisseur eigen-
value condition numbers differ at most by a factor

√
k + 1 and, so, that they are

equivalent. Therefore, it is enough to focus on studying the influence of Möbius
transformations on just one of these two condition numbers. The corresponding re-
sults for the other one can be easily obtained from Corollary 3.20. We focus on the
Stewart-Sun condition number in this chapter for two reasons: 1) the Stewart-Sun
condition number is easier to define than the Dedieu-Tisseur condition number and
its definition provides a geometric intuition of the change in the eigenvalue that it
measures; 2) in Section 4.3 we study the effect of Möbius transformations on the
Wilkinson-like condition numbers of the simple eigenvalues of a non-homogeneous
matrix polynomial (see Definition 3.1). Theorem 3.22 provides a simple connection
between these non-homogeneous condition numbers and the Stewart-Sun condition
number that is used in Section 4.3 to obtain the results for the non-homogeneous
case from the results obtained in this section for the Stewart-Sun condition number
in a more straightforward way.

This section is divided in three subsections. Sections 4.2.1 and 4.2.2 include the
main results proven in this thesis about the influence of Möbius transformations on
eigenvalue condition numbers and backward errors of approximate eigenpairs while
Section 4.2.3 contains numerical experiments that illustrate the theoretical results
previously described.

4.2.1 Effect of Möbius transformations on eigenvalue con-
dition numbers

This section contains the most important results of this chapter (presented in Subsec-
tion 4.2.1.2), which are obtained from the key and technical Theorem 4.22 (included
in Subsection 4.2.1.1). In Subsection 4.2.1.3 we present some additional results.

Throughout this section, P (α, β) ∈ C[α, β]n×nk is a regular homogeneous matrix
polynomial and (α0, β0) is a simple eigenvalue of P (α, β). Moreover, MA is a Möbius
transformation on C[α, β]n×nk and 〈A−1[α0, β0]T 〉 is the eigenvalue of MA(P ) associ-
ated with (α0, β0) introduced in Definition 4.20. We are interested in studying the
influence of the Möbius transformation MA on the Stewart-Sun eigenvalue condi-
tion number, that is, we would like to compare the Stewart-Sun condition numbers
of (α0, β0) and 〈A−1[α0, β0]T 〉. More precisely, our goal is to determine sufficient
conditions on A, P and MA(P ) so that the condition number of 〈A−1[α0, β0]T 〉 is
similar to that of (α0, β0), independently of the particular eigenvalue (α0, β0) that is
considered. With this goal in mind, we first obtain upper and lower bounds on the
quotient

Qθ :=
κθ(〈A−1[α0, β0]T 〉,MA(P ))

κθ((α0, β0), P )
(4.12)
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which are independent of (α0, β0) and, then, we find conditions that make these
upper and lower bounds approximately equal to one or, more precisely, moderate
numbers.

In view of Definition 3.15, three variants of the quotient (4.12), denoted by
Qa
θ , Q

p
θ, and Qr

θ, are considered, which correspond, respectively, to quotients of ab-
solute, relative with respect to the norm of the polynomial, and relative eigenvalue
condition numbers. The lower and upper bounds for Qa

θ and Qp
θ are presented in

Theorems 4.25 and 4.27 and depend only on A and the degree k of P . Then, these
bounds lead to very simple sufficient conditions, valid for all polynomials and sim-
ple eigenvalues, that allow us to identify some Möbius transformations which do not
significantly change the condition numbers. The lower and upper bounds for Qr

θ are
presented in Theorem 4.30 and depend only on A, the degree k of P , and some ratios
of the norms of the matrix coefficients of P and MA(P ). These bounds also lead
to simple sufficient conditions, valid for all simple eigenvalues but only for certain
matrix polynomials, that allow us to identify some Möbius transformations which
do not significantly change the condition numbers.

The first obstacle we have found in obtaining the results described in the previous
paragraph is that a direct application of Theorem 3.16 leads to a very complicated
expression for the quotient Qθ in (4.12). Therefore, in Theorem 4.22 we deduce an
expression for Qθ that depends only on (α0, β0), the matrix A inducing the Möbius
transformation, and the weights ω̃i and ωi used in κθ(〈A−1[α0, β0]T 〉,MA(P )) and
κθ((α0, β0), P ), respectively. Thus, this expression gets rid of the partial derivatives
of P and MA(P ).

4.2.1.1 A derivative-free expression for the quotient of condition num-
bers

The derivative-free expression for Qθ obtained in this section is (4.13). Before div-
ing into the details of its proof, we emphasize that, even though the formula for
the Stewart-Sun condition number is independent of the representative of the eigen-
value, the expression (4.13) is independent of the particular representative [α0, β0]T

chosen for the eigenvalue (α0, β0) of P but not of the representative of the associated
eigenvalue of MA(P ), which must be A−1[α0, β0]T . A second remarkable feature of
(4.13) is that it depends on the determinant of the matrix A inducing the Möbius
transformation. Note also that det(A) cannot be removed by choosing a different
representative of 〈A−1[α0, β0]T 〉.

Theorem 4.22. Let P (α, β) =
∑k

i=0 α
iβk−iBi ∈ C[α, β]n×nk be a regular homoge-

neous matrix polynomial and let A =

[
a b
c d

]
∈ GL(2,C). Let MA(P )(γ, δ) =∑k

i=0 γ
iδk−iB̃i ∈ C[α, β]n×nk be the Möbius transform of P (α, β) under MA. Let

(α0, β0) be a simple eigenvalue of P (α, β) and let [α0, β0]T be a representative of
(α0, β0). Let [γ0, δ0]T := A−1[α0, β0]T be the representative of the eigenvalue of
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MA(P ) associated with [α0, β0]T . Let Qθ be as in (4.12) and let ωi and ω̃i be the
weights in the definition of the Stewart-Sun eigenvalue condition number associated
with the eigenvalues (α0, β0) and 〈A−1[α0, β0]T 〉, respectively. Then,

Qθ =

∑k
i=0 |γ0|i |δ0|(k−i) ω̃i

|det(A)|
∑k

i=0 |α0|i|β0|(k−i)ωi
|α0|2 + |β0|2

|γ0|2 + |δ0|2
. (4.13)

Moreover, (4.13) is independent of the choice of representative for (α0, β0).

Proof. In order to prove the formula (4.13), we compute κθ(〈A−1[α0, β0]T 〉,MA(P ))
and κθ((α0, β0), P ) separately, and then calculate their quotient. Since the definition
of the Stewart-Sun eigenvalue condition number is independent of the choice of
representative of the eigenvalue, when computing the condition numbers of (α0, β0)
and 〈A−1[α0, β0]T 〉, we have freedom to choose any representative. In this proof, we
choose an arbitrary representative [α0, β0]T of (α0, β0) and, once [α0, β0]T is fixed,
we choose [γ0, δ0]T := A−1[α0, β0]T as the representative of the eigenvalue of MA(P )
associated with (α0, β0).

We first compute κθ((α0, β0), P ). Let x and y be, respectively, a right and a
left eigenvector of P (α, β) associated with (α0, β0). We start by simplifying the
denominator of (3.1). Note that

DαP (α, β) =
k∑
i=1

iαi−1βk−iBi, and (4.14)

DβP (α, β) =
k−1∑
i=0

(k − i)αiβk−i−1Bi =
k∑
i=0

(k − i)αiβk−i−1Bi. (4.15)

We consider two cases.
Case I: Assume that β0 6= 0. Evaluating (4.14) and (4.15) at [α0, β0]T , we get

β0DαP (α0, β0)− α0DβP (α0, β0)

= |β0|2
k∑
i=1

iαi−1
0 βk−i−1

0 Bi − α0

k∑
i=0

(k − i)αi0βk−i−1
0 Bi

= (|β0|2 + |α0|2)
k∑
i=1

iαi−1
0 βk−i−1

0 Bi − α0k
k∑
i=0

αi0β
k−i−1
0 Bi.

Moreover,

|y∗(β0DαP (α0, β0)− α0DβP (α0, β0))x|

=

∣∣∣∣∣y∗
(

(|β0|2 + |α0|2)
k∑
i=1

iαi−1
0 βk−i−1

0 Bi −
α0k

β0

k∑
i=0

αi0β
k−i
0 Bi

)
x

∣∣∣∣∣
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= (|β0|2 + |α0|2)

∣∣∣∣∣y∗
(

k∑
i=1

iαi−1
0 βk−i−1

0 Bi

)
x

∣∣∣∣∣ , (4.16)

where the last equality follows from P (α0, β0)x = 0. Thus, if β0 6= 0,

κθ((α0, β0), P ) =

(∑k
i=0 |α0|i|β0|(k−i)ωi

)
‖y‖2‖x‖2

(|β0|2 + |α0|2)
∣∣∣y∗ (∑k

i=1 iα
i−1
0 βk−i−1

0 Bi

)
x
∣∣∣ . (4.17)

Case II: If β0 = 0, evaluating (4.15) at [α0, β0]T , we get that the denominator of
(3.1) is |α0|k|y∗Bk−1x|. Thus,

κθ((α0, β0), P ) =

(
k∑
i=0

|α0|i|β0|(k−i)ωi

)
‖y‖2‖x‖2

|α0|k|y∗Bk−1x|
. (4.18)

Next, we compute κθ(〈[γ0, δ0]T 〉,MA(P )) and express it in terms of the coefficients
of P . As above, we start by simplifying the denominator of (3.1) when P (α, β) is
replaced by MA(P )(γ, δ) and [α0, β0]T is replaced by [γ0, δ0]T . Recall that, by Lemma
4.19, x and y are, respectively, a right and a left eigenvector of MA(P ) associated
with 〈[γ0, δ0]T 〉. Note that, since MA(P )(γ, δ) =

∑k
i=0(aγ + bδ)i(cγ + dδ)k−iBi, we

have

DγMA(P )(γ, δ) =
k∑
i=1

ai(aγ + bδ)i−1(cγ + dδ)k−iBi

+
k∑
i=0

c(k − i)(aγ + bδ)i(cγ + dδ)k−i−1Bi, (4.19)

DδMA(P )(γ, δ) =
k∑
i=1

bi(aγ + bδ)i−1(cγ + dδ)k−iBi

+
k∑
i=0

d(k − i)(aγ + bδ)i(cγ + dδ)k−i−1Bi. (4.20)

Again, we consider two cases.
Case I: Assume that β0 6= 0. We evaluate (4.19) and (4.20) at [γ0, δ0]T =[

dα0−bβ0
det(A)

, aβ0−cα0

det(A)

]
, and get

DγMA(P )(γ0, δ0) =

[
a

k∑
i=1

iαi−1
0 βk−i0 Bi + c

k∑
i=0

(k − i)αi0βk−i−1
0 Bi

]

=

[
(aβ0 − cα0)

k∑
i=1

iαi−1
0 βk−i−1

0 Bi + ck

k∑
i=0

αi0β
k−i−1
0 Bi

]
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=

[
det(A)δ0

k∑
i=1

iαi−1
0 βk−i−1

0 Bi +
ck

β0

P (α0, β0)

]
.

An analogous computation shows that

DδMA(P )(γ0, δ0) =

[
−det(A)γ0

k∑
i=1

iαi−1
0 βk−i−1

0 Bi +
dk

β0

P (α0, β0)

]
.

This implies that,

|y∗(δ0DγMA(P )(γ0, δ0)− γ0DδMA(P )(γ0, δ0))x|

= |det(A)|(|δ0|2 + |γ0|2)

∣∣∣∣∣y∗
(

k∑
i=1

iαi−1
0 βk−i−1

0 Bi

)
x

∣∣∣∣∣ . (4.21)

Thus, if β0 6= 0,

κθ(〈[γ0, δ0]T 〉,MA(P )) =

(∑k
i=0 |γ0|i|δ0|(k−i)ω̃i

)
‖y‖2‖x‖2

|det(A)|(|γ0|2 + |δ0|2)
∣∣∣y∗ (∑k

i=1 iα
i−1
0 βk−i−1

0 Bi

)
x
∣∣∣ .
(4.22)

Case II: If β0 = 0, since A[γ0, δ0]T = [α0, β0]T , we deduce that cγ0 + dδ0 = 0.
Moreover, by (4.10), γ0 = dα0/det(A) and δ0 = −cα0/det(A). Since x is a right
eigenvector of P (α, β) with eigenvalue (α0, 0), we have that 0 = P (α0, 0)x = αk0Bkx
which implies Bkx = 0 since α0 6= 0. Using all this information and some algebraic
manipulations, we get that, if β0 = 0,

κθ(〈[γ0, δ0]T 〉,MA(P )) =

(∑k
i=0 |γ0|i|δ0|(k−i)ω̃i

)
‖y‖2‖x‖2

| det(A)|(|γ0|2 + |δ0|2)|α0|k−2|y∗Bk−1x|
. (4.23)

Finally we compute Qθ. Note that, from (4.17), (4.18), (4.22) and (4.23), we get
(4.13), regardless of the value of β0. Moreover, note that (4.13) does not change if
[α0, β0]T is replaced by [t α0, t β0]T for any complex number t 6= 0.

In the spirit of Definition 3.15, when comparing the condition number of an
eigenvalue (α0, β0) of P and the associated eigenvalue of MA(P ), we will consider
the three quotients introduced in the next definition.

Definition 4.23. With the same notation and assumptions as in Theorem 4.22, we
define the following three quotients of condition numbers:

1. Qa
θ :=

κaθ(〈A−1[α0, β0]T 〉,MA(P ))

κaθ((α0, β0), P )
, which is called the absolute quotient.
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2. Qp
θ :=

κpθ(〈A−1[α0, β0]T 〉,MA(P ))

κpθ((α0, β0), P )
, which is called the relative quotient with

respect to the norms of MA(P ) and P .

3. Qr
θ :=

κrθ(〈A−1[α0, β0]T 〉,MA(P ))

κrθ((α0, β0), P )
, which is called the relative quotient.

Combining Definition 3.15 and the expression (4.13), we obtain immediately
expressions for Qa

θ , Q
p
θ, and Qr

θ as explained in the following corollary.

Corollary 4.24. With the same notation and assumptions as in Theorem 4.22:

1. Qa
θ is obtained from (4.13) by taking ωi = ω̃i = 1 for i = 0 : k.

2. Qp
θ is obtained from (4.13) by taking ωi = max

j=0:k
{‖Bj‖2} and ω̃i = max

j=0:k
{‖B̃j‖2}

for i = 0 : k.

3. Qr
θ is obtained from (4.13) by taking ωi = ‖Bi‖2 and ω̃i = ‖B̃i‖2 for i = 0 : k.

4.2.1.2 Eigenvalue-free bounds on the quotients of condition numbers

The first goal of this section is to find lower and upper bounds on the quotients Qa
θ ,

Qp
θ, and Qr

θ, introduced in Definition 4.23, that are independent of the considered
eigenvalues. The second goal is to provide simple sufficient conditions guaranteeing
that the obtained bounds are moderate numbers, i.e., not far from one. The bounds
on Qa

θ are obtained from the expression (4.13) in Theorem 4.22. The proofs of the
bounds on Qp

θ and Qr
θ also require (4.13), but, in addition, Proposition 4.15 is used.

The bounds on Qp
θ and Qr

θ can be expressed in terms of the condition number of
the matrix A ∈ GL(2,C) that induces the Möbius transformation. We will use the
infinite condition number of A, that is,

cond∞(A) := ‖A‖∞‖A−1‖∞.

In contrast, the bounds on Qa
θ are expressed in terms of ‖A−1‖∞ and ‖A‖∞, which

can be considered as the “absolute” condition numbers of the matrices A and A−1,
respectively. In order to see this recall [53, Theorem 6.5] that

1

cond∞(A)
= min

{
‖∆A‖∞
‖A‖∞

: A+ ∆A singular

}
, (4.24)

that is, cond∞(A) is the reciprocal of the relative distance of A to the set of singular
matrices. From (4.24), we also get

1

‖A−1‖∞
= min {‖∆A‖∞ : A+ ∆A singular} .
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Thus, ‖A−1‖∞ is the reciprocal of the absolute distance of A to the set of singular
matrices and we can see it as an absolute condition number of A. In summary, the
conditioning of A with respect to the singularity, either absolute or relative, has a
key influence on Qa

θ , Q
p
θ and Qr

θ. It is interesting to highlight that the bounds on
the quotients Qa

θ , Q
p
θ, and Qr

θ in Theorems 4.25, 4.27, and 4.30 will require different
types of proofs for polynomials of degree k = 1 and for polynomials of degree k ≥ 2.
In fact, this is related to actual differences in the behaviors of these quotients for
polynomials of degree 1 and larger than 1 when the matrix A inducing the Möbius
transformation is ill-conditioned. These questions are studied in Subsection 4.2.1.3.

The next theorem presents the announced upper and lower bounds on Qa
θ .

Theorem 4.25. Let P (α, β) ∈ C[α, β]n×nk be a regular homogeneous matrix polyno-
mial and let A ∈ GL(2,C). Let (α0, β0) be a simple eigenvalue of P (α, β) and let
〈A−1[α0, β0]T 〉 be the eigenvalue of MA(P )(γ, δ) associated with (α0, β0). Let Qa

θ be
the absolute quotient in Definition 4.23(1.) and let Sk := 4(k + 1).

1. If k = 1, then
1

2‖A‖∞
≤ Qa

θ ≤ 2‖A−1‖∞.

2. If k ≥ 2, then
‖A−1‖∞
Sk ‖A‖k−1

∞
≤ Qa

θ ≤ Sk
‖A−1‖k−1

∞
‖A‖∞

.

Proof. Let A =

[
a b
c d

]
. As in the proof of Theorem 4.22, we choose an arbitrary

representative [α0, β0]T of (α0, β0), and the associated representative [γ0, δ0]T :=

A−1[α0, β0]T =
[
dα0−bβ0
det(A)

, aβ0−cα0

det(A)

]
of the eigenvalue of MA(P ). We obtain first the

upper bounds.
If k = 1, then, from Corollary 4.24(1.) and (4.11), and recalling that 1√

2
‖x‖1 ≤

‖x‖2 ≤ ‖x‖1 for every 2× 1 vector x, we get

Qa
θ =

1

|det(A)|
(|γ0|+ |δ0|)(|α0|2 + |β0|2)

(|α0|+ |β0|)(|γ0|2 + |δ0|2)
=

1

|det(A)|
‖[γ0, δ0]T‖1‖[α0, β0]T‖2

2

‖[α0, β0]T‖1‖[γ0, δ0]T‖2
2

(4.25)

≤ 2

|det(A)|
‖[α0, β0]T‖1

‖[γ0, δ0]T‖1

≤ 2‖A‖1

| det(A)|
= 2‖A−1‖∞. (4.26)

If k ≥ 2, then by using again Corollary 4.24(1.) and (4.11), and recalling that
‖x‖∞ ≤ ‖x‖2 ≤

√
2‖x‖∞ for every 2× 1 vector x, we have

Qa
θ ≤

(k + 1)

| det(A)|
max{|γ0|k, |δ0|k}
(|α0|k + |β0|k)

‖[α0, β0|T‖2
2

‖[γ0, δ0]T‖2
2

(4.27)

≤ 2(k + 1)

| det(A)|
‖[γ0, δ0]T‖k−2

∞
‖[α0, β0]T‖k−2

∞
(4.28)
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≤ 2(k + 1)
‖A−1‖k−2

∞
|det(A)|

= 2(k + 1)
‖A−1‖k−1

∞
‖A‖1

, (4.29)

and the upper bound for Qa
θ follows taking into account that ‖A‖1 ≥ ‖A‖∞

2
. To

obtain the lower bounds, note that the homogeneous version of Proposition 4.9(2.)
implies

1

Qa
θ

=
κaθ((α0, β0), P )

κaθ(〈A−1[α0, β0]T 〉,MA(P ))
=
κaθ((α0, β0),MA−1(MA(P )))

κaθ(〈A−1[α0, β0]T 〉,MA(P ))
. (4.30)

The previously obtained upper bounds can be applied to the right-most quotient in
(4.30) with A and A−1 interchanged. This leads to the lower bounds for Qa

θ .

Remark 4.26. (Discussion on the bounds in Theorem 4.25)

‖A−1‖∞ ≈ 1 and ‖A‖∞ ≈ 1 (4.31)

are sufficient to imply that all the bounds in Theorem 4.25 are moderate numbers
since the factor in the bounds depending on k is small for moderate k. Therefore,
the conditions (4.31), which involve only A, guarantee that the Möbius transfor-
mation MA does not significantly change the absolute eigenvalue condition number
of any simple eigenvalue of any matrix polynomial. Observe that (4.31) implies, in
particular, that cond∞(A) ≈ 1, although the reverse implication does not hold.

For k = 1 and k > 2, the conditions (4.31) are also necessary for the bounds
in Theorem 4.25 to be moderate numbers. This is obvious for k = 1. For k > 2,
note that ‖A−1‖∞/‖A‖k−1

∞ ≈ 1 and ‖A−1‖k−1
∞ /‖A‖∞ ≈ 1 imply ‖A‖k2−2k

∞ ≈ 1 and
‖A−1‖k2−2k

∞ ≈ 1, and, thus, ‖A‖∞ ≈ 1 and ‖A−1‖∞ ≈ 1.
However, the quadratic case k = 2 is different because the bounds in Theorem

4.25 can be moderate in cases in which the conditions (4.31) are not satisfied. For
k = 2, the lower and upper bounds are ‖A−1‖∞/(12 ‖A‖∞) and 12 ‖A−1‖∞/‖A‖∞,
which are moderate under the unique necessary and sufficient condition ‖A−1‖∞ ≈
‖A‖∞.

Notice that the very important Cayley transformations introduced in Definition
4.6 satisfy ‖A‖∞ = 2 and ‖A−1‖∞ = 1 and, so, they satisfy (4.31). The same
happens for the reversal Möbius transformation in Example 4.18 since ‖R‖∞ =
‖R−1‖∞ = 1.

The next theorem presents the bounds on Qp
θ. As explained in the proof, these

bounds can be readily obtained from combining Theorem 4.25 and Proposition 4.15.

Theorem 4.27. Let P (α, β) ∈ C[α, β]n×nk be a regular homogeneous matrix poly-
nomial and let A ∈ GL(2,C). Let (α0, β0) be a simple eigenvalue of P (α, β) and
let 〈A−1[α0, β0]T 〉 be the eigenvalue of MA(P )(γ, δ) associated with (α0, β0). Let Qp

θ

be the relative quotient with respect to the norms of MA(P ) and P in Definition
4.23(2.) and let Zk := 4(k + 1)2

(
k
bk/2c

)
.
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1. If k = 1, then
1

4 cond∞(A)
≤ Qp

θ ≤ 4 cond∞(A).

2. If k ≥ 2, then

1

Zk cond∞(A)k−1
≤ Qp

θ ≤ Zk cond∞(A)k−1.

Proof. We only prove the upper bounds, since the lower bounds can be obtained
from the upper bounds using an argument similar to the one used in (4.30). Notice
that parts (1.) and (2.) in Corollary 4.24 and Proposition 4.15 imply

Qp
θ = Qa

θ

max
i=0:k
{‖B̃i‖2}

max
i=0:k
{‖Bi‖2}

≤ Qa
θ (k + 1)

(
k

bk/2c

)
‖A‖k∞. (4.32)

Now, the upper bounds follow from the upper bounds on Qa
θ in Theorem 4.25.

Remark 4.28. (Discussion on the bounds in Theorem 4.27) The first observation
on the bounds presented in Theorem 4.27 is that the factor Zk, depending only
on the degree k of P , becomes very large even for moderate values of k (see the
following table and consider, for instance, k = 15).

k Zk
2 72
3 192
5 1.4400e+03
7 8.9600e+03
9 5.0400e+04
11 2.6611e+05
13 1.3453e+06
15 6.5894e+06

This fact makes the lower and upper bounds very different from each other, even
for matrices A whose condition number is close to 1, and, so, Theorem 4.27 is useless
for large k from a strictly rigorous point of view. However, even for such large k, the
bounds in Theorem 4.27 reveal that the main source of potential instability, with
respect to the conditioning of eigenvalues, of applying a Möbius transformation to
any matrix polynomial is the possible ill-conditioning of A. In this context, it is
worth emphasizing that the bounds in Theorem 4.27 are extreme a priori bounds,
which do not include any information on the polynomial P (α, β) or on the considered
eigenvalues and, so, we cannot expect that they are precise. In Theorem 4.32, we
will provide much sharper (and much more complicated) a posteriori bounds at the
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cost of including the eigenvalues and the coefficients of both P and MA(P ) in the
expression of the bounds. The presence of the large factor Zk in the bounds of
Theorem 4.27 may be seen at the light of the “classic philosophy” of Jim Wilkinson
about error analysis [46, p. 64]:

“There is still a tendency to attach too much importance to the precise
error bounds obtained by an a priori error analysis. In my opinion, the
bound itself is usually the least important part of it. The main object
of such an analysis is to expose the potential instabilities, if any, of an
algorithm ... Usually the bound itself is weaker than it might have been
because of the necessity of restricting the mass of detail to a reasonable
level...”

As we will comment below, this point of view is fully supported in our case by the
numerical experiments in Section 4.2.3, for which the factor Zk is very pessimistic.
These numerical experiments and the discussion in this paragraph motivate us to
consider the factor Zk as the less important part of the bounds in Theorem 4.27 and
to call the part depending on cond∞(A) the essential part of these bounds.

In addition to the discussion in the previous paragraph, we stress that in many
important applications of matrix polynomials, k is very small and so is Zk [15]. For
instance, the linear case k = 1 (generalized eigenvalue problem) and the quadratic
case k = 2 (quadratic eigenvalue problem) are particularly important. Therefore,
in these important cases, we can state that Theorem 4.27 proves rigorously that
the ill-conditioning of A is the only potential source of a significant change of the
eigenvalue condition numbers under Möbius transformations.

In the rest of the discussion on the bounds of Theorem 4.27, we focus on the
essential part of these bounds (i.e., the part depending on cond∞(A)) and, so, we
emphasize once again that such discussion is strictly rigorous only for small values
of k. In our opinion, Theorem 4.27 is the most illuminating result in this section
because it refers to the comparison of condition numbers that are very interesting
in numerical applications (recall the comments in the paragraph just after Remark
3.2) and also because it delivers a very clear sufficient condition that guarantees that
the Möbius transformation MA does not significantly change the relative eigenvalue
condition number with respect to the norm of the polynomial of any simple eigenvalue
of any matrix polynomial of small degree k. This sufficient condition is simply that
the matrix A is well-conditioned, since cond∞(A) ≈ 1 if and only if the lower
and upper bounds in Theorem 4.27 are moderate numbers. Notice that the very
important Cayley transformations in Definition 4.6 satisfy cond∞(A) = 2 and that
the reversal Möbius transformation in Example 4.18 satisfies cond∞(R) = 1.

Remark 4.29. (Conjectures) We will see in all of the many numerical experiments
in Section 4.2.3 that the factor Zk in the bounds of Theorem 4.27 is very pessimistic,
i.e., although there is an observable dependence of the true values of the quotient Qp

θ
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(and also of Qr
θ) on k, such dependence is much smaller than the one predicted by Zk.

Thus, it is tempting to conjecture that Zk can be replaced by a much smaller constant
Ck for moderate or large values of k. However, in our opinion, such a conjecture
is audacious at the current stage of knowledge, since many other numerical tests
with families of matrix polynomials generated in highly nonstandard manners are
still possible and, perhaps, Zk can be almost attained for a very particular family
of matrix polynomials. Therefore, at present, we simply conjecture in a vague
probabilistic sense that, for most matrix polynomials with moderate or large degree
and for most simple eigenvalues, the constant Zk can be replaced by a much smaller
quantity while the bounds still hold.

In the last part of this subsection, we present and discuss the bounds on Qr
θ.

As previously announced, these bounds depend on A, P , and MA(P ) and, so, are
qualitatively different from the bounds on Qa

θ and Qp
θ presented in Theorems 4.25

and 4.27, which only depend on A and the degree k of P . In order to simplify the
bounds, we will assume that the matrix coefficients with indices 0 and k of P and
MA(P ) (i.e. B0, Bk, B̃0 and B̃k) are different from zero, which covers the most
interesting cases in applications.

Theorem 4.30. Let P (α, β) =
∑k

i=0 α
iβk−iBi ∈ C[α, β]n×nk be a regular homoge-

neous matrix polynomial and let A ∈ GL(2,C). Let (α0, β0) be a simple eigenvalue

of P (α, β) and let 〈A−1[α0, β0]T 〉 be the eigenvalue of MA(P )(γ, δ) =
∑k

i=0 γ
iδk−iB̃i

associated with (α0, β0). Let Qr
θ be the relative quotient in Definition 4.23(3.) and

let Zk := 4(k + 1)2
(

k
bk/2c

)
. Assume that B0 6= 0, Bk 6= 0, B̃0 6= 0, and B̃k 6= 0 and

define

ρ :=
max
i=0:k
{‖Bi‖2}

min{‖B0‖2, ‖Bk‖2}
, ρ̃ :=

max
i=0:k
{‖B̃i‖2}

min{‖B̃0‖2, ‖B̃k‖2}
. (4.33)

1. If k = 1, then
1

4 cond∞(A) ρ̃
≤ Qr

θ ≤ 4 cond∞(A) ρ.

2. If k ≥ 2, then

1

Zk cond∞(A)k−1 ρ̃
≤ Qr

θ ≤ Zk cond∞(A)k−1 ρ.

Proof. We only prove the upper bounds, since the lower bounds can be obtained
from the upper bounds using a similar argument to that used in (4.30).

Let A =

[
a b
c d

]
. Select an arbitrary representative [α0, β0]T of (α0, β0), and

consider the representative [γ0, δ0]T := A−1[α0, β0]T =
[
dα0−bβ0
det(A)

, aβ0−cα0

det(A)

]
of the eigen-

value of MA(P ) associated with (γ0, δ0).
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If k = 1, then, from Corollary 4.24(3.), (4.25) and (4.26), we obtain

Qr
θ ≤

max
i=0:k
{‖B̃i‖2}

min{‖B0‖2, ‖Bk‖2}
Qa
θ ≤

max
i=0:k
{‖B̃i‖2}

min{‖B0‖2, ‖Bk‖2}
2 ‖A−1‖∞.

Proposition 4.15 implies max
i=0:k
{‖B̃i‖2} ≤ 2 ‖A‖∞ max

i=0:k
{‖Bi‖2}, which combined with

the previous inequality yields the upper bound for k = 1.
If k ≥ 2, then, from Corollary 4.24(3.) and the inequalities (4.27) and (4.29), we

get

Qr
θ ≤

max
i=0:k
{‖B̃i‖2}

min{‖B0‖2, ‖Bk‖2}
(k + 1)

|det(A)|
max{|γ0|k, |δ0|k}
(|α0|k + |β0|k)

2 max{|β0|2, |α0|2}
max{|δ0|2, |γ0|2}

≤
max
i=0:k
{‖B̃i‖2}

min{‖B0‖2, ‖Bk‖2}
2(k + 1)

‖A−1‖k−1
∞

‖A‖1

,

which combined with Proposition 4.15 and ‖A‖1 ≥ ‖A‖∞/2 yields the upper bound
for k ≥ 2.

Remark 4.31. (Discussion on the bounds in Theorem 4.30) The only difference
between the bounds in Theorem 4.30 and those in Theorem 4.27 is that the former
can be obtained from the latter by multiplying the upper bounds by ρ and dividing
the lower bounds by ρ̃. Moreover, since ρ ≥ 1 and ρ̃ ≥ 1, the bounds in Theorem
4.30 are moderate numbers if and only if the ones in Theorem 4.27 are and ρ ≈
1 ≈ ρ̃. Thus, ignoring again the factor Zk, the three conditions cond∞(A) ≈ 1,
ρ ≈ 1, and ρ̃ ≈ 1 are sufficient to imply that all the bounds in Theorem 4.30
are moderate numbers and guarantee that the Möbius transformation MA does not
change significantly the relative eigenvalue condition numbers of any eigenvalue of
a matrix polynomial P satisfying ρ ≈ 1 and ρ̃ ≈ 1. Note that the presence of ρ and
ρ̃ is natural, since ρ has appeared previously in a number of results that compare
the relative eigenvalue condition numbers of a matrix polynomial and of some of
its linearizations [57, 20]. As in the case of the bounds in Theorem 4.27, all the
numerical experiments presented in Section 4.2.3 (as well as many others) indicate
that for large values of k the factor Zk is also very pessimistic for the bounds in
Theorem 4.30, therefore, a probabilistic conjecture similar to that in Remark 4.29
can be stated for the bounds in Theorem 4.30.

4.2.1.3 Bounds involving eigenvalues for Möbius transformations in-
duced by ill-conditioned matrices

The bounds in Theorem 4.25 on Qa
θ are very satisfactory for low degree matrix

polynomials under the sufficient conditions ‖A‖∞ ≈ ‖A−1‖∞ ≈ 1 since, then, the
lower and upper bounds are moderate numbers not far from one for small values of
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k. The same happens with the bounds on Qp
θ in Theorem 4.27 under the sufficient

condition cond∞(A) ≈ 1, and for the bounds in Theorem 4.30 on Qr
θ, with the two

additional conditions ρ ≈ ρ̃ ≈ 1. Obviously, these bounds are no longer satisfactory
for any value of the degree k if cond∞(A) � 1, i.e., if the Möbius transformation
is induced by an ill-conditioned matrix, since the lower and upper bounds are very
different from each other and do not give any information about the true values
of Qa

θ , Q
p
θ, and Qr

θ. Note, in particular, that, for any ill-conditioned A, the upper
bounds in Theorems 4.27 and 4.30 are much larger than 1, while the lower bounds
are much smaller than 1.

Although we do not know any Möbius transformation MA with cond∞(A) � 1
that is useful in applications and we do not see currently any reason for using such
transformations, we consider them in this section for completeness and in connection
with the attainability of the bounds in such situation.

We limit our discussion to the bounds on the quotients Qa
θ and Qp

θ, since the
presence of ρ and ρ̃ in Theorem 4.30 avoids to obtain clear conclusions for Qr

θ as we
will explain later.

We start by obtaining in Theorem 4.32 sharper upper and lower bounds on Qa
θ

and Qp
θ at the cost of involving the eigenvalues and the coefficients of P and MA(P )

in the expressions of the new bounds. The reader will notice that in Theorem 4.32,
we are using the 1-norm for degree k = 1 and the ∞-norm for degree k ≥ 2. The
reason for these different choices of norms is that they lead to sharper bounds in
each case. Obviously, in the case k = 1, we can also use the ∞-norm at the cost of
worsening somewhat the bounds on Qa

θ and Qp
θ.

Theorem 4.32. Let P (α, β) =
∑k

i=0 α
iβk−iBi ∈ C[α, β]n×nk be a regular homoge-

neous matrix polynomial and let A ∈ GL(2,C). Let

MA(P )(γ, δ) =
k∑
i=0

γiδk−iB̃i ∈ C[α, β]n×nk

be the Möbius transform of P (α, β) under MA. Let (α0, β0) be a simple eigenvalue of
P (α, β) and let 〈A−1[α0, β0]T 〉 be the eigenvalue of MA(P ) associated with (α0, β0).
Let [α0, β0]T be an arbitrary representative of (α0, β0) and let [γ0, δ0]T := A−1[α0, β0]T

be the associated representative of 〈A−1[α0, β0]T 〉. Let Qa
θ and Qp

θ be the quotients in
Definition 4.23(1.) and (2.), respectively.

1. If k = 1, then

1

2|det(A)|
‖[α0, β0]T‖1

‖[γ0, δ0]T‖1

≤ Qa
θ ≤

2

|det(A)|
‖[α0, β0]T‖1

‖[γ0, δ0]T‖1

,

1

2|det(A)|
‖[α0, β0]T‖1

‖[γ0, δ0]T‖1

max
i=0:k
{‖B̃i‖2}

max
i=0:k
{‖Bi‖2}

≤ Qp
θ ≤

2

|det(A)|
‖[α0, β0]T‖1

‖[γ0, δ0]T‖1

max
i=0:k
{‖B̃i‖2}

max
i=0:k
{‖Bi‖2}

.
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2. If k ≥ 2, then

1

2(k + 1) |det(A)|

(
‖[γ0, δ0]T‖∞
‖[α0, β0]T‖∞

)k−2

≤ Qa
θ ≤

2(k + 1)

| det(A)|

(
‖[γ0, δ0]T‖∞
‖[α0, β0]T‖∞

)k−2

,

1

2(k + 1) | det(A)|

(
‖[γ0, δ0]T‖∞
‖[α0, β0]T‖∞

)k−2 max
i=0:k
{‖B̃i‖2}

max
i=0:k
{‖Bi‖2}

≤ Qp
θ,

Qp
θ ≤

2(k + 1)

| det(A)|

(
‖[γ0, δ0]T‖∞
‖[α0, β0]T‖∞

)k−2 max
i=0:k
{‖B̃i‖2}

max
i=0:k
{‖Bi‖2}

.

Moreover, the bounds in this theorem are sharper than those in Theorems 4.25 and
4.27. That is, each upper (resp. lower) bound in the previous inequalities is smaller
(resp. larger) than or equal to the corresponding upper (resp. lower) bound in
Theorems 4.25 and 4.27.

Proof. We only need to prove the bounds for Qa
θ . The bounds for Qp

θ follow imme-
diately from the bounds for Qa

θ and the equality in (4.32). For k = 1, the upper
bound on Qa

θ can be obtained from (4.26); the lower bound follows easily from (4.25)
through an argument similar to the one leading to the upper bound. For k ≥ 2, the
upper bound on Qa

θ is just (4.28), and the lower bound follows easily from Corollary
4.24(1.) and (4.13) through an argument similar to the one leading to the upper
bound.

Next, we prove that the bounds in this theorem are sharper than those in Theo-
rems 4.25 and 4.27. For the upper bounds in Theorem 4.25, this follows from (4.26)
for k = 1 and the inequality (4.29) for k ≥ 2. The corresponding results for the
lower bounds in Theorem 4.25 follow from a similar argument. Note that the bounds
in Theorem 4.27 can be obtained from the ones in this theorem in two steps: first
bounds on ‖[α0, β0]T‖1/‖[γ0, δ0]T‖1, for k = 1, and on ‖[γ0, δ0]T‖∞/‖[α0, β0]T‖∞, for

k ≥ 2, are obtained and, then, upper and lower bounds on max
i=0:k
{‖B̃i‖2}/max

i=0:k
{‖Bi‖2}

are obtained from Proposition 4.15 (the lower bounds are obtained by interchanging

the roles of Bi and B̃i and by replacing A by A−1, since P = MA−1(MA(P ))). This
proves that the bounds in this theorem are sharper than those in Theorems 4.25
and 4.27.

Observe that, in contrast with Theorems 4.25 and 4.27, the lower and upper
bounds in Theorem 4.32 only differ by the linear in the degree constant 2(k + 1),
which is very moderate from a numerical point of view (apart from being pessimistic
according to our numerical tests). Thus, from Theorem 4.32, we obtain the following
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approximate (up to the mentioned linear constant) equalities:

Qa
θ ≈

1

|det(A)|
‖[α0, β0]T‖1

‖[γ0, δ0]T‖1

, Qp
θ ≈

1

|det(A)|
‖[α0, β0]T‖1

‖[γ0, δ0]T‖1

max
i=0:k
{‖B̃i‖2}

max
i=0:k
{‖Bi‖2}

, for k = 1,

(4.34)
and

Qa
θ ≈

1

| det(A)|

(
‖[γ0, δ0]T‖∞
‖[α0, β0]T‖∞

)k−2

, for k ≥ 2, (4.35)

Qp
θ ≈

1

| det(A)|

(
‖[γ0, δ0]T‖∞
‖[α0, β0]T‖∞

)k−2 max
i=0:k
{‖B̃i‖2}

max
i=0:k
{‖Bi‖2}

, for k ≥ 2. (4.36)

The approximate equalities (4.34), (4.35), and (4.36) are much simpler than the
exact expressions for the quotients Qa

θ and Qp
θ given by (4.13), using the appropriate

weights (see Corollary 4.24), and reveal clearly when the essential parts (i.e., those
depending on ‖A‖∞, ‖A−1‖∞, or cond∞(A), but not containing the factors Sk or
Zk) of the lower and upper bounds in Theorems 4.25 and 4.27 are attained. An
analysis of these approximate expressions leads to some interesting conclusions that
are informally discussed below. Throughout this discussion, we often use expressions
similar to “this bound is essentially attained” with the meaning that the essential
part of that bound is attained. Note that, this discussion will illustrate, among other
things, that the factors cond∞(A)k−1 in Theorem 4.27 have to be in the bounds for
any value of k. However, we emphasize that this discussion proves rigorously that
the actual lower and upper bounds in Theorems 4.25 and 4.27 are (almost) attained
only for small values of the degree k, i.e., when the factors Sk and Zk are moderate.
Also, for brevity, when comparing the bounds for k = 1 and k ≥ 2 in our analysis,
we use the fact

‖[α0, β0]T‖1

‖[γ0, δ0]T‖1

≈ ‖[α0, β0]T‖∞
‖[γ0, δ0]T‖∞

without saying it explicitly.

1. The bounds in Theorem 4.25 on Qa
θ are essentially optimal in the following

sense: for a fixed matrix A (which is otherwise arbitrary, and so, it may be
very ill-conditioned), it is always possible to find regular matrix polynomials
with simple eigenvalues for which the upper bounds are essentially attained;
the same happens with the lower bounds. Next we show these facts.

For k = 1, (4.34) implies that the upper bound in Theorem 4.25 is essentially
attained for any regular pencil with a simple eigenvalue (α0, β0) satisfying

‖[α0, β0]T‖1

‖[γ0, δ0]T‖1

=
‖AA−1[α0, β0]T‖1

‖A−1[α0, β0]T‖1

= ‖A‖1. (4.37)
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In contrast, the lower bound is essentially attained by any regular pencil with
a simple eigenvalue (α0, β0) such that

‖A−1[α0, β0]T‖1

‖[α0, β0]T‖1

= ‖A−1‖1. (4.38)

Note that, for any positive integer n, a regular pencil of size n × n can be
easily constructed satisfying (4.37) (resp. (4.38)): just take a diagonal pencil
with a main-diagonal entry having the desired eigenvalue as a root.

For k = 2, (4.35) implies that Qa
θ ≈ 1/| det(A)| = ‖A−1‖∞/‖A‖1. So, the

quotient Qa
θ is independent of the eigenvalue and the polynomial’s matrix

coefficients, and is essentially always equal to both the lower and upper bounds.

Finally, for k > 2, (4.35) implies that the upper (resp. lower) bound in Theo-
rem 4.25 is essentially attained if the right (resp. left) inequality in

1

‖A‖∞
≤ ‖[γ0, δ0]T‖∞
‖[α0, β0]T‖∞

≤ ‖A−1‖∞

is an equality. Again, for any size n×n, regular matrix polynomials with simple
eigenvalues satisfying either of the two conditions can be easily constructed as
diagonal matrix polynomials of degree k having a main diagonal entry with
the desired eigenvalue as a root.

2. From (4.34) and (4.35), and the discussion above, we see that, for a fixed ill-
conditioned matrix A (which implies that the upper and lower bounds on Qa

θ

in Theorem 4.25 are very far apart), the behaviors of Qa
θ for k = 1, k = 2, and

k > 2 are very different from each other in the following sense: If the lower
(resp. upper) bound on Qa

θ given in Theorem 4.25 is essentially attained for
an eigenvalue (α0, β0) when k = 1, then the upper (resp. lower) bound on Qa

θ

is attained for the same eigenvalue when k > 2 (recall that the expression for
Qa
θ only depends on A, the eigenvalue (α0, β0) and the degree k of the matrix

polynomial; also recall that for any k we can construct a matrix polynomial
of degree k with a simple eigenvalue equal to (α0, β0)). When k = 2, the true
value of Qa

θ does not depend (essentially) on (α0, β0), according to (4.35). In
this sense, the behaviors for k = 1 and k > 2 are opposite from each other,
while the one for k = 2 can be seen as “neutral”.

3. The bounds in Theorem 4.27 on Qp
θ are essentially optimal in the following

sense: if the matrix A is fixed, then it is always possible to find regular matrix
polynomials with a simple eigenvalue for which the upper bounds on Qp

θ are
essentially attained; the same happens with the lower bounds.

Here we only discuss our claim for the upper bounds on Qp
θ. Then, to show

that the lower bounds on Qp
θ can be attained, an argument similar to that in

(4.30) can be used.
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From (4.34) and (4.36), for the upper bound on Qp
θ to be essentially attained,

both the upper bound on Qa
θ (in Theorem 4.25) and the upper bound on

max
i=0:k
{‖B̃i‖2}/max

i=0:k
{‖Bi‖2} (in Proposition 4.15) must be essentially attained.

Thus, we need to construct a regular matrix polynomial with a simple eigen-
value for which both bounds are attained simultaneously. In our discussion
in item 1. above we discussed how to find an eigenvalue (α0, β0) attaining
the upper bound on Qa

θ for each value of k. In order to construct a regu-
lar matrix polynomial P with (α0, β0) as a simple eigenvalue and such that

max
i=0:k
{‖B̃i‖2}/max

i=0:k
{‖Bi‖2} ≈ ‖A‖k∞ we proceed as follows:

Let q(α, β) be any nonzero scalar polynomial of degree k such that q(α0, β0) =
0 and define P (α, β) = diag(εq(α, β), Q(α, β)) =:

∑k
i=0 α

iβk−iBi, where ε > 0

is an arbitrarily small parameter and Q(α, β) =
∑k

i=0 α
iβk−iCi ∈ C[α, β]

(n−1)×(n−1)
k

is a regular matrix polynomial. Then, P (α, β) is regular, and has (α0, β0) as a
simple eigenvalue if (α0, β0) is not an eigenvalue of Q(α, β). Moreover, if ε is
sufficiently small and ‖C`‖2 := max

i=0:k
{‖Ci‖2}, then max

i=0:k
{‖Bi‖2} = ‖B`‖2. Let

us assume, for simplicity, that (α0, β0) 6= (1, 0) and (α0, β0) 6= (0, 1), although
such assumption is not essential. Next, we explain how to construct Q(α, β)
depending on which entry of A has the largest modulus.

• If ‖A‖M = |a|, let Q(α, β) := αkCk, where Ck is an arbitrary (n−1)×(n−1)
nonsingular matrix such that, for ε small enough, P (α, β) satisfies ‖Bk‖2 �
‖Bi‖2 for i 6= k, and so, (4.6) implies B̃k ≈ akBk. Hence maxi=0:k{‖B̃i‖2} ≥
‖B̃k‖2 ≈ |a|k‖Bk‖2. By (4.7), we have

1

2k
‖A‖k∞ ≤ ‖A‖kM ≤

max
i=0:k
{‖B̃i‖2}

max
i=0:k
{‖Bi‖2}

≤ ‖A‖k∞(k + 1)

(
k

bk/2c

)
.

Thus, we deduce that max
i=0:k
{‖B̃i‖2}/max

i=0:k
{‖Bi‖2} ≈ ‖A‖k∞, up to a factor de-

pending on k. Note that (α0, β0) is not an eigenvalue of Q(α, β) by construc-
tion.

• If ‖A‖M = |b|, then the same conclusion follows by taking again Q(α, β) =

αkCk, since (4.6) implies B̃0 ≈ bkBk.

• If ‖A‖M = |c|, we get the desired result from taking Q(α, β) = βkC0 , since

(4.6) implies B̃k ≈ ckB0.

• If ‖A‖M = |d|, take again Q(α, β) = βkC0 , since (4.6) implies B̃0 ≈ dkB0.

4. From (4.34) and (4.36), we see that, for a fixed ill-conditioned A, the behaviors
of Qp

θ for k = 1 and k > 2 are very different from each other in the following
sense: the eigenvalues (α0, β0) for which Qp

θ essentially attains the upper (resp.
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lower) bound given in Theorem 4.27 for k > 2, do not attain the upper (resp.
lower) bound on Qp

θ for k = 1. Notice, for example, that if Qp
θ attains the upper

bound for some polynomial of degree k > 2 having (α0, β0) as a simple eigen-

value, then ‖[γ0,δ0]T ‖∞
‖[α0,β0]T ‖∞ ≈ ‖A

−1‖∞ and max
i=0:k
{‖B̃i‖2}/max

i=0:k
{‖Bi‖2} ≈ ‖A‖k∞,

which implies that Qp
θ ≈ cond∞(A)k−1 by (4.11) while, in this case, the value

of Qp
θ associated with a polynomial of degree 1 is of order 1 (by (4.34)), which

is not close to the upper bound 4 cond∞(A) since A is ill-conditioned. Note
also that, in contrast to the discussion for Qa

θ , we cannot state that such be-
haviors are opposite from each other. In our example, the lower bound for Qp

θ

with k = 1 is much smaller than 1 when cond∞(A) is very large while Qp
θ may

be of order 1. These different behaviors have been very clearly observed in the
numerical experiments presented in Section 4.2.3 as it is explained in the next
paragraph.

5. For a fixed ill-conditioned A, we have observed numerically that the eigenva-
lues (α0, β0) of randomly generated matrix polynomials P (α, β) of any degree
almost always satisfy that

‖[γ0, δ0]T‖∞
‖[α0, β0]T‖∞

= θ‖A−1‖∞, (4.39)

with θ not too close to 0. This is naturally expected because “random” vectors
[α0, β0]T , when expressed in the (orthonormal) basis of right singular vectors of
A−1, have non-negligible components on the vector corresponding to the largest
singular value. We have also observed that randomly generated polynomials
P (α, β) of moderate degree almost always satisfy

max
i=0:k
{‖B̃i‖2}

max
i=0:k
{‖Bi‖2}

= ξ‖A‖k∞, (4.40)

with ξ not far from 1. Combining (4.39), (4.40), (4.34), and (4.36) we get that,
for randomly generated polynomials, the following conditions almost always
hold: Qp

θ ≈ ξ/θ ≈ 1 for k = 1; Qp
θ ≈ ξ‖A‖2

∞/| det(A)| ≈ cond∞(A) for k = 2;
and Qp

θ ≈ ξθk−2‖A−1‖k−2
∞ ‖A‖k∞/| det(A)| ≈ cond∞(A)k−1 for k > 2. This

explains why in random numerical tests for k = 1 the quotient Qp
θ is almost

always close to 1 and seems to be insensitive to the conditioning of A, as we
will check numerically in Section 4.2.3. However, remember, that both the
upper and lower bounds in Theorem 4.27 can be essentially attained for any
fixed A.

From the bounds in Theorem 4.32, it is easy to obtain upper and lower bounds
on the relative quotient Qr

θ that are sharper to those obtained in Theorem 4.49.
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These bounds present an important difference with those obtained in Theorem 4.32:
since ρ appears in the upper bound and ρ̃ in the lower bound, we cannot guarantee
that the upper and lower bound differ by a linear in the degree factor. Therefore, we
cannot obtain approximate equalities as (4.34), (4.35) and (4.36) and, consequently,
we cannot present a discussion as the one for the quotients Qa

θ and Qp
θ. However,

we remark that the differences mentioned above between the degrees k = 1 and
k ≥ 2 are also observed numerically for the quotients Qr

θ as shown in Section 4.2.3,
although the differences are somewhat less clear. Also, we have performed numerical
tests that confirm that those bounds obtained in Theorem 4.30 are approximately
attainable.

4.2.2 Effect of Möbius transformations on backward errors
of approximate eigenpairs

The scenario in this section is the following: we want to compute eigenpairs of a
regular homogeneous matrix polynomial P (α, β) ∈ C[α, β]n×nk , but, for some rea-
son, it is advantageous to compute eigenpairs of its Möbius transform MA(P )(γ, δ),

where A =

[
a b
c d

]
∈ GL(2,C). A motivation for this might be, for instance,

that P (α, β) has a certain structure that can be used for computing very efficiently
and/or accurately its eigenpairs, but there are no specific algorithms available for
such structure, although there are for the structured polynomial MA(P )(γ, δ). Note

that if (x̂, (γ̂0, δ̂0)) and (ŷ∗, (γ̂0, δ̂0)) are computed approximate right and left eigen-

pairs of MA(P ), and (α̂0, β̂0) := (aγ̂0 + bδ̂0, cγ̂0 + dδ̂0) then, because of the homo-

geneous version of Proposition 4.9 and Lemma 4.19, (x̂, (α̂0, β̂0)) and (ŷ∗, (α̂0, β̂0))
can be considered approximate right and left eigenpairs of P (α, β). Assuming that

(x̂, (γ̂0, δ̂0)) and (ŷ∗, (γ̂0, δ̂0)) have been computed with small backward errors in the

sense of Definition 3.43, a natural question in this setting is whether (x̂, (α̂0, β̂0))

and (ŷ∗, (α̂0, β̂0)) are also approximate eigenpairs of P with small backward errors.
This would happen if the quotients

Qη,h,r :=
ηh,r(x̂, (α̂0, β̂0), P )

ηh,r(x̂, (γ̂0, δ̂0),MA(P ))
, Qη,h,` :=

ηh,`(ŷ
∗, (α̂0, β̂0), P )

ηh,`(ŷ∗, (γ̂0, δ̂0),MA(P ))
(4.41)

are moderate numbers not much larger than one. In this section we provide upper
bounds on the quotients in (4.41) that allow us to determine simple sufficient condi-
tions that guarantee that such quotients are not large numbers. For completeness,
we also provide lower bounds for these quotients, although they are less interesting
than the upper ones in the scenario described above.

Note that, from Theorem 3.45, we can easily deduce that the backward error is
independent of the choice of representative of the approximate eigenvalue.
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The first result in this section is Theorem 4.33, which proves that the quotients
in (4.41) are equal and provides an explicit expression for them.

Theorem 4.33. Let P (α, β) =
∑k

i=0 α
iβk−iBi ∈ C[α, β]n×nk be a regular homoge-

neous matrix polynomial, let A =

[
a b
c d

]
∈ GL(2,C), and let MA(P )(γ, δ) =∑k

i=0 γ
iδk−iB̃i be the Möbius transform of P (α, β) under MA. Let (x̂, (γ̂0, δ̂0)) and

(ŷ∗, (γ̂0, δ̂0)) be approximate right and left eigenpairs of MA(P ), and let [α̂0, β̂0]T :=

A[γ̂0, δ̂0]T . Let Qη,h,r and Qη,h,` be as in (4.41) and let ωi and ω̃i be the weights used
in the definition of the backward errors for P and MA(P ), respectively. Then,

Qη,h,r = Qη,h,` =

∑k
i=0 |γ̂0|i|δ̂0|k−iω̃i∑k
i=0 |α̂0|i|β̂0|k−iωi

. (4.42)

Moreover, (4.42) is independent of the choice of representative for (γ̂0, δ̂0).

Proof. Since the backward error does not depend on the choice of representative of
approximate eigenvalues, we choose an arbitrary representative [γ̂0, δ̂0]T of (γ̂0, δ̂0),

and, once [γ̂0, δ̂0]T is fixed, we choose [α̂0, β̂0]T := A[γ̂0, δ̂0]T as representative of the

approximate eigenvalue of P . For these representatives note that MA(P )(γ̂0, δ̂0) =∑k
i=0(aγ̂0+bδ̂0)i(cγ̂0+dδ̂0)k−iBi = P (α̂0, β̂0). Thus, Theorem 3.45 implies (4.42).

Analogously to the quotients of condition numbers in Definition 4.23, we can
consider absolute, relative with respect to the norm of the polynomial, and relative
quotients of backward errors. They are defined, taking into account Definition 3.44,
as

Qs
η,h,r :=

ηsh,r(x̂, 〈A[γ̂0, δ̂0]T 〉, P )

ηsh,r(x̂, (γ̂0, δ̂0),MA(P ))
, Qs

η,h,` :=
ηsh,`(ŷ

∗, 〈A[γ̂0, δ̂0]T 〉, P )

ηsh,`(ŷ
∗, (γ̂0, δ̂0),MA(P ))

, for s = a, p, r.

(4.43)
Theorem 4.34 provides upper and lower bounds on the quotients in (4.43).

Theorem 4.34. With the same notation and hypotheses of Theorem 4.33, let Yk :=
(k + 1)2

(
k
bk/2c

)
. Then

1.
1

(k + 1) ‖A‖k∞
≤ Qa

η,h,r = Qa
η,h,` ≤ (k + 1) ‖A−1‖k∞.

2.
1

Yk cond∞(A)k
≤ Qp

η,h,r = Qp
η,h,` ≤ Yk cond∞(A)k.

3. If B0 6= 0, Bk 6= 0, B̃0 6= 0, and B̃k 6= 0, and ρ and ρ̃ are defined as in (4.33),
then

1

Yk cond∞(A)k ρ̃
≤ Qr

η,h,r = Qr
η,h,` ≤ Yk cond∞(A)k ρ.
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Proof. We only prove the upper bounds since the lower bounds can be obtained in
a similar way. Moreover, we only need to pay attention to the quotients for right
eigenpairs, taking into account (4.42). Let us start with the absolute quotients.
From (4.42) with ωi = ω̃i = 1, we obtain

Qa
η,h,r ≤ (k + 1)

‖[γ̂0, δ̂0]T‖k∞
‖A[γ̂0, δ̂0]T‖k∞

= (k + 1)
‖A−1A[γ̂0, δ̂0]T‖k∞
‖A[γ̂0, δ̂0]T‖k∞

≤ (k + 1)‖A−1‖k∞. (4.44)

The upper bound on Qp
η,h,r follows from combining Qp

η,h,r = Qa
η,h,r

max
i=0:k

{‖B̃i‖2}

max
i=0:k

{‖Bi‖2} ,

which is obtained from (4.42), the upper bound on Qa
η,h,r obtained above, and (4.7).

The upper bound on Qr
η,h,r can be obtained noting that (4.42) and (4.7) imply

Qr
η,h,r ≤

max
i=0:k
{‖B̃i‖2}

min{‖B0‖2, ‖Bk‖2}

∑k
i=0 |γ̂0|i|δ̂0|k−i

|aγ̂0 + bδ̂0|k + |cγ̂0 + dδ̂0|k

≤ (k + 1)2

(
k

bk/2c

)
‖A‖k∞

‖[γ̂0, δ̂0]T‖k∞
‖[aγ̂0 + bδ̂0, cγ̂0 + dδ̂0]T‖k∞

ρ

≤ (k + 1)2

(
k

bk/2c

)
‖A‖k∞‖A−1‖k∞ ρ,

where the last inequality is obtained as in (4.44).

Remark 4.35. The bounds in Theorem 4.34 on the quotients of backward errors
have the same flavor as those in Theorems 4.25, 4.27, and 4.30 on the quotients of
condition numbers. However, note that in Theorem 4.34 there is no need to make a
distinction between the bounds for k = 1 and k ≥ 2, in contrast with Theorems 4.25,
4.27, and 4.30, since the bounds for the quotients of backward errors are obtained
in the same way for all k. This has numerical consequences since the differences
discussed in Section 4.2.1.3, and shown in practice in some of the tests in Section
4.2.3, between the quotients of condition numbers for k = 1 and k ≥ 2 when
cond∞(A)� 1 do not exist for the quotients of backward errors.

Ignoring the factors depending only on the degree k, Theorem 4.34 guarantees
that the quotients of backward errors are moderate numbers under the same suffi-
cient conditions under which Theorems 4.25, 4.27, and 4.30 guarantee that the quo-
tients of condition numbers are moderate numbers. That is: ‖A‖∞ ≈ ‖A−1‖∞ ≈ 1
implies that Qa

η,h,r = Qa
η,h,` is a moderate number, cond∞(A) ≈ 1 implies that

Qp
η,h,r = Qp

η,h,` is a moderate number, and cond∞(A) ≈ 1 and ρ ≈ ρ̃ ≈ 1 imply that
Qr
η,h,r = Qr

η,h,` is a moderate number.
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4.2.3 Numerical experiments

In this section, we present a few numerical experiments that compare the exact val-
ues of the quotients Qp

θ, Q
r
θ, Q

p
η,h,r, and Qr

η,h,r with the bounds on these quotients
obtained in Sections 4.2.1 and 4.2.2. Observe that, implicitly, these experiments also
compare the exact values of Qp

η,h,` and Qr
η,h,` with the bounds on these quotients as

a consequence of Theorem 4.33. We do not present experiments on Qa
θ and Qa

η,h,r

because the weights corresponding to these quotients are not interesting in applica-
tions, as it was explained after Remark 3.2. We remark that many other numerical
tests have been performed, in addition to the ones presented in this subsection, and
that all of them confirm the theory developed in this section.

The results in Sections 4.2.1 and 4.2.2 prove that eigenvalue condition num-
bers and backward errors of approximate eigenpairs can change significantly under
Möbius transformations induced by ill-conditioned matrices. Therefore, the use of
such Möbius transformations is not recommended in numerical practice. As a conse-
quence, most of our numerical experiments consider Möbius transformations induced
by matrices A such that cond2(A) = 1, which implies 1 ≤ cond∞(A) ≤ 2. The only
exception is Experiment 3.

Next we explain the goals of each of the numerical experiments in this section.
Experiment 1 illustrates that the factor Zk appearing in the bounds on Qp

θ and Qr
θ in

Theorems 4.27 and 4.30 is very pessimistic in practice. This is a very important fact
since Zk is very large for moderate values of k and, if its effect was observed in prac-
tice, then even Möbius transformations induced by well-conditioned matrices would
not be recommendable for matrix polynomials with moderate degree. Experiment 2
illustrates that Qr

θ indeed depends on the factor ρ defined in (4.33) and, so, that the
bounds in Theorem 4.30 reflect often the behavior of Qr

θ when ρ is large. Experiment
3 is mainly of academic interest, since it considers Möbius transformations induced
by ill-conditioned matrices. The goal of this experiment is to illustrate the results
presented in Subsection 4.2.1.3, in particular, the different typical behaviors of the
quotients Qp

θ for k = 1 and k ≥ 2 when the polynomials are randomly generated.
Experiments 4 and 5 are the counterparts of Experiments 1 and 2, respectively, for
the quotients of backward errors.

All the experiments have been run on MATLAB-R2018a. Since in these ex-
periments we have sometimes encountered badly scaled matrix polynomials (that
is, polynomials with matrix coefficients whose norms vary widely), ill-conditioned
eigenvalues have appeared. These eigenvalues could potentially be computed inac-
curately and spoil the comparison between the results in the experiments and the
theory. To avoid this problem, all the computations in Experiments 1, 2, and 3 have
been done using variable precision arithmetic with 40 decimal digits of precision.
To obtain the eigenvalues of each matrix polynomial P in these experiments, the
function eig in MATLAB has been applied to the first Frobenius companion form
of P . We have used the command eig instead of polyeig because the latter does
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not allow to work in variable precision arithmetic. In Experiments 4 and 5, we
have also used variable precision arithmetic with 40 decimal digits of precision for
computing the Möbius transforms of the generated polynomials, but, since we are
dealing with backward errors, the eigenvalues have been computed in the standard
double precision of MATLAB with the command polyeig.

Experiment 1. In this experiment, we generate random matrix polynomials
P (α, β) =

∑k
i=0 α

iβk−iBi by using the MATLAB’s command randn to generate the
matrix coefficents Bi. Then, for each polynomial P (α, β), a random 2× 2 matrix A
is constructed as the unitary Q matrix produced by the command qr(randn(2)),
which guarantees that cond2(A) = ‖A‖2‖A−1‖2 = 1. Finally, the Möbius transform
MA(P ) is computed. We have worked with degrees k = 1 : 15 and, for each degree
k, we have generated nk matrix polynomials of size 5 × 5, where the values of nk
can be found in the following table:

n1 n2 n3 n4 n5 n6 n7 n8 n9 n10 n11 n12 n13 n14 n15

75 37 25 18 15 12 10 9 8 7 7 6 5 5 5
(4.45)

For each pair (P,A) and each (simple) eigenvalue (α0, β0) of P (α, β), we compute
two quantities: the exact value of Qp

θ (through the formula (4.13) with the weights
in Definition 3.15(2)) and the upper bound on this quotient given in Theorem 4.27,
which depends only on cond∞(A) and Zk. These quantities are shown in the left
plot of Figure 4.1 as a function of k: the exact values of Qp

θ are represented with the
marker ∗ while the upper bounds use the marker ◦. Note that in this plot the scale
of the vertical axis is logarithmic. This experiment confirms the (in Remark 4.28
anticipated) fact that the factor Zk is very pessimistic, since we observe in the plot
that, although the quotients Qp

θ typically increase slowly with the degree k, they
are much smaller than the corresponding upper bounds. A closer look at the exact
values of Qp

θ shows that most of them are larger than one, some considerably larger,
and that the very few which are smaller than one are very close to one. We have
observed this typical behavior of Qp

θ (and also of Qr
θ) in all our random numerical

experiments, but we stress that it is easy to produce tests with the opposite behavior
by interchanging the roles of P and MA(P ) and of A and A−1, respectively. Note
that, in this case, the set of random matrix polynomials MA(P ) is very different that
the one produced by generating the matrix coefficients with the command randn.

We have performed an experiment similar to the one described in the previous
paragraphs for confirming that Zk is also pessimistic in the bounds in Theorem 4.30
on Qr

θ. In this case, we have scaled the coefficients of the randomly generated matrix
polynomials in such a way that the factor ρ in (4.33) is always equal to 103. The plot
for the obtained exact values of Qr

θ and their upper bounds is essentially the one on
the left of Figure 4.1 with the vertical coordinates of all the markers multiplied by
103.

Experiment 2. In this experiment, we have generated 30 random matrix po-
lynomials of size 5 × 5 and degree 2 for which the factor ρ defined in (4.33) equals
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Figure 4.1: On the left results of Experiment 1, i.e., plot of Qp
θ versus the degree

k for Möbius transformations induced by matrices A with cond2(A) = 1. On the
right results of Experiment 2, i.e., plot of Qr

θ versus ρ for Möbius transformations
of matrix polynomials with degree 2 induced by matrices A with cond2(A) = 1.

10t, where t has been randomly chosen for each polynomial by using the MAT-
LAB’s command randi([0 10]). More precisely, the matrix coefficients B0, B1, B2

of these matrix polynomials with ρ = 10t have been generated with the next proce-
dure. First, we generated matrix polynomials of size 5×5 and degree 2 by generating
the matrix coefficients B′0, B

′
1, and B′2 with MATLAB’s command randn. For each of

these polynomials, we determined ρT := max
i=0:2
{‖B′i‖2}/min{‖B′0‖2, ‖B′2‖2} and the

coefficient B′s such that ‖B′s‖2 = max
i=0:2
{‖B′i‖2}. Then, the matrix coefficients B′0, B

′
1

and B′2 were scaled (obtaining new coefficients B0, B1, B2) to get a new polynomial
with the desired ρ, using the following criteria: If min{‖B′0‖2, ‖B′2‖2} = ‖B′0‖2 and

(a) ‖B′0‖2 = ‖B′1‖2 = ‖B′2‖2, then q := randi([0 2]), Bq := ρB′q and Bi := B′i
for i 6= q.

(b) ‖B′0‖2 = ‖B′1‖2 = ‖B′2‖2 does not hold and s = 1, then:

(b1) If ρT ≤ ρ, then B0 := ρTB
′
0, B1 := ρB′1, and B2 := ρTB

′
2.

(b2) If ρT > ρ, then B0 := ρTB
′
0, B1 := ρB′1, and B2 := ρ(‖B′1‖2/‖B′2‖2)B′2.

(c) ‖B′0‖2 = ‖B′1‖2 = ‖B′2‖2 does not hold and s 6= 1 (which means s = 2), then:

(c1) If ρT ≤ ρ, then B0 := B′0, B1 := B′1, and B2 := (ρ/ρT )B′2.
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(c2) If ρT > ρ, then B0 := ρTB
′
0, B1 := ρ(‖B′2‖2/‖B′1‖2)B′1, and B2 := ρB′2.

If min{‖B′0‖2, ‖B′2‖2} = ‖B′2‖2, then one proceeds in the same way but interchanging
the roles of B′0 and B′2.

For each matrix polynomial P generated as above, a random 2 × 2 matrix A
with cond2(A) = 1 was constructed as in Experiment 1 and, then, MA(P ) was
computed. Finally, for each pair (P,A) and each (simple) eigenvalue (α0, β0) of P ,
we computed two quantities: the exact value of Qr

θ, from the formula (4.13) with
the weights in Definition 3.15(3), and the upper bound for this quotient in Theorem
4.30, which depends only on cond∞(A), ρ, and Z2. These quantities are shown in
the right plot of Figure 4.1 as a function of ρ: the markers of the exact values of Qr

θ

are ∗ and the markers of the upper bounds are ◦. Note that, in this plot, the scale
of both the horizontal and vertical axes are logarithmic. It can be observed that
many of the exact values of Qr

θ essentially attain the upper bounds (recall that here
Z2 = 72), and, so, that Qr

θ typically increases proportionally to ρ for the random
matrix polynomials that we have generated. We report that, if in this set of random
polynomials the roles of P and MA(P ) and the roles of A and A−1 are interchanged,
and the results are graphed against the factor ρ̃ in (4.33), then the exact values of
Qr
θ essentially attain the lower bounds in Theorem 4.30.

Experiment 3. In this experiment, we generated random matrix polynomials P
by generating their coefficients with MATLAB’s command randn. In particular, we
generated 30 matrix polynomials of degree k = 1 and sizes 5×5, 10×10, and 15×15;
20 matrix polynomials of degree k = 2 and sizes 5 × 5 and 10 × 10; and 20 matrix
polynomials of degree k = 3 and sizes 5 × 5 and 8 × 8 (more precisely, 10 matrix
polynomials of each pair degree-size). For each polynomial P , a random 2×2 matrix
A := Udiag(r, r/10s)W was constructed, where U and W are random orthogonal
matrices generated as the unitary Q matrices produced by the application of the
MATLAB command qr(randn(2)) twice; r =randn, and s=randi([0 10]), which
implies cond2(A) = 10s. Then the Möbius transform MA(P ) of each polynomial P
was computed.

For each pair (P,A) and each (simple) eigenvalue (α0, β0) of P , we computed
two quantities: the exact value of Qp

θ (from the formula (4.13) with the weights in
Definition 3.15(2)) and cond∞(A). The quotients Qp

θ are graphed (using the marker
∗) in the plots in Figure 4.2 as a function of cond∞(A): the figure on the left corre-
sponds to the polynomials of degree 1, the figure in the middle corresponds to the
polynomials of degree 2, and the figure on the right corresponds to the polynomials
of degree 3. Observe that in these plots the scales of both axes are logarithmic and
that solid lines corresponding to the upper bounds in Theorem 4.27 are also drawn.
As announced and explained in Section 4.2.1.3, (recall, in particular, the fourth and
fifth points) the differences between the behaviors of Qp

θ for degrees k = 1 and k ≥ 2
and the considered random polynomials are striking: typically, when k = 2 or k = 3,
the exact values of Qp

θ grow proportionally to cond∞(A)k−1 and are close to the up-
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per bounds in Theorem 4.27, but, for k = 1, Qp
θ remains close to 1 even when the

matrix A is extremely ill-conditioned. However, the reader should bear in mind that
for any given matrix A, it is always possible (and easy) to construct regular matrix
polynomials of degree 1 (pencils) with eigenvalues for which the upper bound on
Qp
θ in Theorem 4.27 is essentially attained, as it was explained in the third point in

Section 4.2.1.3. Again, we report that, for degrees 2 and 3, if in these sets of random
polynomials the roles of P and MA(P ) and the roles of A and A−1 are interchanged,
then the exact values of Qp

θ essentially attain the lower bounds in Theorem 4.27.

Figure 4.2: Results of Experiment 3: plots of Qp
θ versus cond∞(A) for degrees k = 1

(on the left), k = 2 (on the middle), and k = 3 (on the right).

We performed an experiment analogous to Experiment 3 but where all the matrix
polynomials were generated so that the value of ρ (as in (4.33)) equaled 103. The
exact values of the quotients Qr

θ and the upper bounds in Theorem 4.30 were then
computed. The obtained plots are essentially the ones in Figure 4.2 with the vertical
coordinates of the quotients and the upper bounds multiplied by 103.

Experiment 4. This experiment is the counterpart for backward errors of
Experiment 1 and, as a consequence, is described very briefly. We generated a set
of random matrix polynomials P and their Möbius transforms MA(P ) exactly as in
Experiment 1. Therefore, cond2(A) = 1 for all the matrices A in this test. Then, for
each pair (P,A), we computed the (approximate) right eigenpairs of MA(P )(γ, δ) in
floating point arithmetic with the command polyeig. For each of these computed
eigenpairs, we computed two quantities: Qp

η,h,r (from the expression (4.42) with
the weights in Definition 3.44(2)) and the upper bound on this quotient obtained
in Theorem 4.34, which depends only on cond∞(A) and Yk. These quantities are
shown in the left plot of Figure 4.3 as functions of the degree k of P . We observe
the same behavior as in the left plot of Figure 4.1 and similar comments are valid.
Therefore, it can be deduced that the factor Yk in the bounds on the quotients of



106 CHAPTER 4. MÖBIUS TRANSFORMATIONS

the backward errors is very pessimistic.
Experiment 5. This experiment is the counterpart of Experiment 2 for back-

ward errors. We generated a set of random matrix polynomials P of degree 2 and
their Möbius transforms MA(P ) exactly as in Experiment 2. For each pair (P,A)
and each right eigenpair of MA(P )(γ, δ), computed in floating point arithmetic with
polyeig, two quantities are computed: Qr

η,h,r (from the expression (4.42) with the
weights in Definition 3.44(3)) and the upper bound for this quotient in Theorem
4.34, which depends only on cond∞(A), ρ, and Y2. These two quantities are shown
in the right plot of Figure 4.3 as functions of ρ. The same behavior as in the
right plot of Figure 4.1 is observed and similar comments remain valid. Therefore,
it can be deduced that the quotients Qr

η,h,r of the backward errors typically grow
proportionally to ρ.

Finally, we report that, for the quotients of backward errors Qp
η,h,r, we have

also performed an experiment analogous to Experiment 3. We stress that, in this
experiment, the plot corresponding to the degree k = 1 is remarkably different from
the left plot in Figure 4.2, since it shows that Qp

η,h,r typically increases proportionally
to cond∞(A) and, therefore, no difference of behavior is observed in this respect
between the quotients of backward errors for degrees k = 1 and k ≥ 2. This fact
was pointed out and explained in Remark 4.35.

Figure 4.3: On the left results of Experiment 4, i.e., plot of Qp
η,h,r versus the degree k

for Möbius transformations induced by matrices A such that cond2(A) = 1. On the
right results of Experiment 5, i.e., plot of Qr

η,h,r versus ρ for Möbius transformations
of matrix polynomials with degree 2 induced by matrices A such that cond2(A) = 1.
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4.3 Non-homogeneous case

As we have previously announced, in this section we study the effect of Möbius
transformations of eigenvalue condition numbers and backward errors of approxi-
mate eigenpairs in the non-homogeneous case. In order to do that we use the results
obtained in Section 4.2 together with Theorems 3.22 and 3.47. This section is di-
vided in three subsections, following the same distribution as Section 4.2, that is, the
first subsection is devoted to analyze the effect of Möbius transformations on (non-
homogeneous) eigenvalue condition numbers; the second subsection focuses on the
study of the influence of Möbius transformations on (non-homogeneous) backward
errors of approximate eigenpairs and the last subsection presents some numerical
experiments.

4.3.1 Effect of Möbius transformations on eigenvalue con-
dition numbers

Throughout this section we consider a regular non-homogeneous matrix polynomial
P (λ) ∈ C[λ]n×nk and λ0 a simple eigenvalue of P (λ). In addition, we consider a
matrix A ∈ GL(2,C) such that λ0 is noncritical relative to A (recall Definition
4.14). Then, MA is a Möbius transformation on C[λ]n×nk and µ0 := mA−1(λ0) is the
eigenvalue of MA(P ) associated with the eigenvalue λ0 of P (λ) (recall Definition
4.12). Choosing λ0 noncritical relative to A assures that neither λ0 nor µ0 is the
zero or the infinite eigenvalue. In this section, our goal is to study the effect of
Möbius transformations on the non-homogeneous eigenvalue condition numbers. As
we did in the homogeneous case, we want to obtain upper and lower bounds on the
quotients of the eigenvalue (absolute and relative) condition numbers, that is,

Qa :=
κa(mA−1(λ0),MA(P ))

κa(λ0, P )
, Qr :=

κr(mA−1(λ0),MA(P ))

κr(λ0, P )
. (4.46)

However, contrary to the homogeneous case, we will not be able to obtain, in any
case, bounds that do not depend on the eigenvalue λ0, but we will find sufficient
conditions for these upper and lower bounds to be moderate numbers and, therefore,
these conditions will guarantee that the condition numbers of λ0 and mA−1(λ0) are
similar.

To present a unified treatment of the quotients Qa and Qr, we have previously
assumed that λ0 is noncritical relative to A. Next, we give an idea of how to deal
with eigenvalues that are critical relative to A. If λ0 = 0 or λ0 = b/d, the quotient
Qa may still be defined without any difference. On the other hand, let us study
what happens when λ0 = a/c or λ0 =∞.

If λ0 = a/c or λ0 =∞, we can consider the quotients

κa(0, revk̃ MA(P ))

κa(a/c, P ))
and

κa(−b/a,MA(revk P ))

κa(0, revk P )
, (4.47)
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where k is the grade of P (λ) and k̃ is the grade of MA(P )(µ). These two quotients
can be interpreted, respectively, as the quotient Qa for λ0 = a/c and λ0 =∞. Notice
that the expressions in these two quotients in (4.47) are coherent with the definition
of Qa in (4.46). That is, if λ0 = a/c, then µ0 = ∞ and we compute the condition
number of the infinite eigenvalue as κa(0, revk̃ MA(P )), which is the numerator of
the quotient Qa in this case. Note that revk̃ MA(P ) = MAR(P ), where R is the 2×2
matrix introduced in Example 4.5. Then, in correspondence with the definition
of Qa, the matrix polynomial in the denominator must be M(AR)−1(MAR(P )) = P
and the eigenvalue must be mAR(0) = 0. In a similar way, it is easy to check the
coherence between the expression for λ0 =∞ in (4.47) and Qa.

Furthermore, the quotient Qr cannot be defined for any eigenvalue that is critical
relative to A.

As we did in the homogeneous case, we distinguish different versions of the
quotients (4.46) depending on the weights that we choose for each quotient. In
particular, following Definition 3.3 we consider six different quotients whose names
and notations are introduced next.

Definition 4.36. Let P (λ) =
∑k

i=0 λ
iBi ∈ C[λ]n×nk be a regular non-homogeneous

matrix polynomial and let A ∈ GL(2,C).

1. Qa
a :=

κaa(mA−1(λ0),MA(P ))

κaa(λ0, P )
, which is called the absolute-absolute quo-

tient.

2. Qa
r :=

κar(mA−1(λ0),MA(P ))

κar(λ0, P )
, which is called the relative-absolute quo-

tient.

3. Qp
a :=

κpa(mA−1(λ0),MA(P ))

κpa(λ0, P )
, which is called the absolute-relative with

respect to the norm of P and MA(P ) quotient.

4. Qp
r :=

κpr(mA−1(λ0),MA(P ))

κpr(λ0, P )
, which is called the relative-relative with re-

spect to the norm of P and MA(P ) quotient.

5. Qr
a :=

κra(mA−1(λ0),MA(P ))

κra(λ0, P )
, which is called the absolute-relative quo-

tient.

6. Qr
r :=

κrr(mA−1(λ0),MA(P ))

κrr(λ0, P )
, which is called the relative-relative quotient.

Now, we can obtain upper and lower bounds on the quotients introduced in
Definition 4.36. As we did in the homogeneous case, we obtain two kinds of bounds.
The first set of bounds will allow us to determine simple sufficient conditions for
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these quotients to be moderate. As mentioned before, contrary to the homogeneous
case, these conditions will not be independent of the eigenvalues λ0 and µ0. The
second set of bounds will be useful when the previous sufficient conditions do not
hold.

4.3.1.1 Bounds that depend on a condition number of A

In order to obtain this first set of bounds, we use Theorem 3.22 together with the
bounds obtained in Theorems 4.25, 4.27 and 4.30. Consequently, these bounds will
have a similar flavor to those that appear in Theorems 4.25, 4.27 and 4.30, but with
a main difference: they will also depend on the eigenvalues λ0 and mA−1(λ0). We
do not need to compute the exact expressions of the quotients Qa and Qr to obtain
these bounds, although we will provide a way to obtain the corresponding exact
expressions.

We recall that in the homogeneous case, we obtained different bounds for the
cases k = 1 and k ≥ 2; since we are using the homogeneous results to obtain
the upper and lower bounds in the non-homogeneous case, we also obtain different
bounds for the cases k = 1 and k ≥ 2. Before stating the main results of this section,
we introduce two technical lemmas that will be useful to prove them.

The first lemma shows a simple relation between the quotients Qs
θ introduced

in Definition 4.23 and the quotients Qs
a and Qs

r introduced in Definition 4.36, for
s = a, p, r. This relation is based on the equalities shown in Theorem 3.22.

Lemma 4.37. Let P (λ) =
∑k

i=0 λ
iBi be a regular matrix polynomial of grade k and

let λ0 be a simple, nonzero eigenvalue of P (λ). Let A ∈ GL(2,C) be such that λ0

is noncritical relative to A and let µ0 = mA−1(λ0) be the corresponding eigenvalue
of MA(P ) associated with λ0. Let Qs

θ, and Qs
a and Qs

r, for s = a, p, r, the quotients
introduced, respectively, in Definitions 4.23 and 4.36. Then,

1. Qs
a =

1 + |µ0|2

1 + |λ0|2
Qs
θ.

2. Qs
r =
|λ0|
|µ0|

Qs
a =
|λ0|
|µ0|

1 + |µ0|2

1 + |λ0|2
Qs
θ.

Proof. Let P (α, β) be the homogeneous representation of the matrix polynomial
P (λ), let (α0, β0) be the simple eigenvalue of P (α, β) corresponding to λ0, that
is, λ0 = α0/β0, and let us choose [λ0, 1] as the representative of (α0, β0). Then,
〈A−1[λ0, 1]T 〉 is the eigenvalue of MA(P )(γ, δ) associated with (α0, β0). The eigen-
value of MA(P )(µ) associated with λ0 is µ0 = mA−1(λ0) and, of course, can be com-
puted as the quotient of the two components of 〈A−1[λ0, 1]T 〉. Then, for s = a, p, r,

Qs
a =

κsa(µ0,MA(P ))

κsa(λ0, P )
=

(1 + |µ0|2)κsθ(〈A−1[λ0, 1]T 〉,MA(P ))

(1 + |λ0|2)κsθ((λ0, 1), P )
=

1 + |µ0|2

1 + |λ0|2
Qs
θ,
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where the second equality follows from Theorem 3.22 (remember that the definition
of κsθ does not depend on the representative of the eigenvalue) and the third equality
follows from the definition of Qs

θ in Definition 4.23 for s = a, p, r. Part (2.) is trivial
to prove from (1.) and Definition 4.36.

Remark 4.38. Regarding Lemma 4.37, we notice that, for some cases, the quotient
Qs
θ, for s = a, p, r, may be very different from 1, but either Qs

a or Qs
r (or both) may

be similar to 1. Recalling Remarks 4.26, 4.28 and 4.31, the quotients Qs
θ may be

different from 1 only if,

� when s = a, either ‖A−1‖∞ or ‖A‖∞ is (or both are) too different from 1.

� when s = p, A is ill-conditioned.

� when s = r, either A is ill-conditioned or ρ� 1 or ρ̃� 1 (or any combination
of these three cases).

In the numerical experiments section, we will see cases where ρ � 1 and/or ρ̃ � 1
and the behavior of Qr

θ, Q
r
a and Qr

r is different; in particular, cases where Qr
θ � 1

and Qr
a ≈ 1 and/or Qr

r ≈ 1. The rest of the cases for which this situation could
happen are not relevant for applications, so we will not focus on them.

Throughout this section, it will be useful to have an upper and lower bound on

the factor |λ0||µ0|
1+|µ0|2
1+|λ0|2 appearing in Lemma 4.37 (2.). We provide such bounds in the

following lemma.

Lemma 4.39. Let λ0, µ0 be two nonzero complex numbers. Then

1

2

min
{
|λ0|, 1

|λ0|

}
min

{
|µ0|, 1

|µ0|

} ≤ 1 + |µ0|2

1 + |λ0|2
|λ0|
|µ0|
≤ 2

min
{
|λ0|, 1

|λ0|

}
min

{
|µ0|, 1

|µ0|

} (4.48)

Proof. We only prove the upper bound on 1+|µ0|2
1+|λ0|2

|λ0|
|µ0| , since the lower bound follows

easily from this one. In order to do so, we separate the dependence on µ0 and λ0:

1 + |µ0|2

|µ0|
=

1

|µ0|
+ |µ0| ≤ 2 max

{
|µ0|,

1

|µ0|

}
=

2

min
{
|µ0|, 1

|µ0|

} , (4.49)

|λ0|
1 + |λ0|2

=
1

1+|λ0|2
|λ0|

=
1

1
|λ0| + |λ0|

≤ 1

max
{

1
|λ0| , |λ0|

} = min

{
|λ0|,

1

|λ0|

}
. (4.50)

Combining (4.49) and (4.50) we obtain the desired upper bound.
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Next, we introduce the following notation for the factors depending on λ0 and
µ0 that appear in Lemmas 4.37 and 4.39:

f(µ0, λ0) :=
1 + |µ0|2

1 + |λ0|2
and g(µ0, λ0) :=

min
{
|λ0|, 1

|λ0|

}
min

{
|µ0|, 1

|µ0|

} , (4.51)

which will be used to obtain the upper and lower bounds on the quotients Qa and
Qr introduced in (4.46). These bounds are easily deduced using Lemmas 4.37 and
4.39 and the bounds obtained in Theorems 4.25, 4.27 and 4.30. More precisely, the
bounds for the quotients Qs

a (for s = a, p, r) follow from Lemma 4.37 and the bounds
for Qs

θ. Then, the bounds for the quotients Qs
a are the bounds for the quotients Qs

θ

that appear in Theorems 4.25, 4.27 and 4.30 multiplied by f(µ0, λ0). Following
Lemma 4.37, to obtain the bounds for the quotients Qs

r, we multiply the bounds
for Qs

a by |λ0|/|µ0| and then apply Lemma 4.39. Consequently, the upper (resp.
lower) bounds for the quotients Qs

r (for s = a, p, r) will be the upper (resp. lower)
bounds for the quotients Qs

θ appearing in Theorems 4.25, 4.27 and 4.30 multiplied
by 2g(µ0, λ0) (resp. 1

2
g(µ0, λ0)).

Therefore, we do not need to compute the exact expressions of the quotients Qa

and Qr. For the interested reader, notice that they can be easily obtained using
Lemma 4.37, the exact expression for the quotient Qθ obtained in Theorem 4.22
(equation (4.13)) and considering in that equation the representative [λ0, 1]T for the
homogeneous eigenvalue (α0, β0), where λ0 = α0/β0.

As in the homogeneous case, we obtain different bounds for each of the weights
considered in the definition of the condition number, that is, we obtain upper and
lower bounds on each of the quotients introduced in Definition 4.36. First, we present
the bounds for the quotients Qa

a and Qa
r .

Theorem 4.40. Let P (λ) =
∑k

i=0 λ
iBi be a regular matrix polynomial of grade k

and let λ0 be a simple, finite, nonzero eigenvalue of P (λ). Let A ∈ GL(2,C) be
such that λ0 is noncritical relative to A and let µ0 = mA−1(λ0) be the corresponding
eigenvalue of MA(P ) associated with λ0. Let Qa

a and Qa
r be the quotients introduced

in Definition 4.36 and let Sk := 4(k + 1).

1. If k = 1, then

1

2‖A‖∞
1 + |µ0|2

1 + |λ0|2
≤ Qa

a ≤ 2‖A−1‖∞
1 + |µ0|2

1 + |λ0|2
,

1

4‖A‖∞

min
{
|λ0|, 1

|λ0|

}
min

{
|µ0|, 1

|µ0|

} ≤ Qa
r ≤ 4‖A−1‖∞

min
{
|λ0|, 1

|λ0|

}
min

{
|µ0|, 1

|µ0|

} .
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2. If k ≥ 2, then

‖A−1‖∞
Sk‖A‖k−1

∞

1 + |µ0|2

1 + |λ0|2
≤ Qa

a ≤ Sk
‖A−1‖k−1

∞
‖A‖∞

1 + |µ0|2

1 + |λ0|2

‖A−1‖∞
2Sk‖A‖k−1

∞

min
{
|λ0|, 1

|λ0|

}
min

{
|µ0|, 1

|µ0|

} ≤ Qa
r ≤ 2Sk

‖A−1‖k−1
∞

‖A‖∞

min
{
|λ0|, 1

|λ0|

}
min

{
|µ0|, 1

|µ0|

} .
Next, we present lower and upper bounds for the quotients Qp

a and Qa
r .

Theorem 4.41. Let P (λ) =
∑k

i=0 λ
iBi be a regular matrix polynomial of grade k

and let λ0 be a simple, finite, nonzero eigenvalue of P (λ). Let A ∈ GL(2,C) be
such that λ0 is noncritical relative to A and let µ0 = mA−1(λ0) be the eigenvalue of
MA(P ) associated with λ0. Let Qp

a and Qp
r be the quotients introduced in Definition

4.36 and let Zk := 4(k + 1)2
(

k
bk/2c

)
.

1. If k = 1, then

1

4 cond∞(A)

1 + |µ0|2

1 + |λ0|2
≤ Qp

a ≤ 4 cond∞(A)
1 + |µ0|2

1 + |λ0|2
,

1

8 cond∞(A)

min
{
|λ0|, 1

|λ0|

}
min

{
|µ0|, 1

|µ0|

} ≤ Qp
r ≤ 8 cond∞(A)

min
{
|λ0|, 1

|λ0|

}
min

{
|µ0|, 1

|µ0|

} .
2. If k ≥ 2, then

1

Zk cond∞(A)k−1

1 + |µ0|2

1 + |λ0|2
≤ Qp

a ≤ Zk cond∞(A)k−1 1 + |µ0|2

1 + |λ0|2

1

2 Zk cond∞(A)k−1

min
{
|λ0|, 1

|λ0|

}
min

{
|µ0|, 1

|µ0|

} ≤ Qp
r ≤ 2 Zk cond∞(A)k−1

min
{
|λ0|, 1

|λ0|

}
min

{
|µ0|, 1

|µ0|

} .
Finally, we present the bounds for the absolute-relative and the relative-relative

case. These bounds will depend on the matrix coefficients of P (λ) and MA(P (λ)),
which represents an important difference with the bounds in Theorems 4.40 and
4.41, but will be completely analogous to Theorem 4.30. As we did in that theorem,
we will assume that the matrix coefficients B0, Bk, B̃0 and B̃k are different from
zero, which, we recall, covers the most interesting cases in applications.

Theorem 4.42. Let P (λ) =
∑k

i=0 λ
iBi be a regular matrix polynomial of grade k

and let λ0 be a simple, finite, nonzero eigenvalue of P (λ). Let A ∈ GL(2,C) be
such that λ0 is noncritical relative to A and let µ0 = mA−1(λ0) be the eigenvalue
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of MA(P )(µ) =
∑k

i=0 µ
iB̃i associated with λ0. Let Qr

a and Qr
r be the quotients

introduced in Definition 4.36 and let Zk := 4(k + 1)2
(

k
bk/2c

)
. Assume that B0 6= 0,

Bk 6= 0, B̃0 6= 0, and B̃k 6= 0 and define

ρ :=
max
i=0:k
{‖Bi‖2}

min{‖B0‖2, ‖Bk‖2}
, ρ̃ :=

max
i=0:k
{‖B̃i‖2}

min{‖B̃0‖2, ‖B̃k‖2}
. (4.52)

1. If k = 1, then

1

4 cond∞(A)ρ̃

1 + |µ0|2

1 + |λ0|2
≤ Qr

a ≤ 4 cond∞(A)
1 + |µ0|2

1 + |λ0|2
ρ,

1

8 cond∞(A)ρ̃

min
{
|λ0|, 1

|λ0|

}
min

{
|µ0|, 1

|µ0|

} ≤ Qr
r ≤ 8 cond∞(A)

min
{
|λ0|, 1

|λ0|

}
min

{
|µ0|, 1

|µ0|

}ρ.
2. If k ≥ 2, then

1

Zk cond∞(A)k−1ρ̃

1 + |µ0|2

1 + |λ0|2
≤ Qr

a ≤ Zk cond∞(A)k−1 1 + |µ0|2

1 + |λ0|2
ρ

1

2 Zk cond∞(A)k−1ρ̃

min
{
|λ0|, 1

|λ0|

}
min

{
|µ0|, 1

|µ0|

} ≤ Qr
r ≤ 2 Zk cond∞(A)k−1

min
{
|λ0|, 1

|λ0|

}
min

{
|µ0|, 1

|µ0|

}ρ.
1

Zk cond∞(A)k−1ρ̃

1 + |µ0|2

1 + |λ0|2
≤ Qr

a ≤ Zk cond∞(A)k−1 1 + |µ0|2

1 + |λ0|2
ρ

1

2 Zk cond∞(A)k−1ρ̃

min
{
|λ0|, 1

|λ0|

}
min

{
|µ0|, 1

|µ0|

} ≤ Qr
r ≤ 2 Zk cond∞(A)k−1

min
{
|λ0|, 1

|λ0|

}
min

{
|µ0|, 1

|µ0|

}ρ.
Next, we make some commentaries on the bounds obtained in Theorems 4.40,

4.41 and 4.42. We emphasize that to obtain the bounds in Theorems 4.40, 4.41
and 4.42, we have simply applied Lemma 4.37 and Lemma 4.39, together with
the bounds obtained in Theorems 4.25, 4.27 and 4.30. We recall that the bounds
for the quotients Qs

a (for s = a, p, r) are the bounds for the quotients Qs
θ that

appear in Theorems 4.25, 4.27 and 4.30 multiplied by f(µ0, λ0) and the upper (resp.
lower) bounds for the quotients Qs

r are the upper (resp. lower) bounds for the
quotients Qs

θ appearing in Theorems 4.25, 4.27 and 4.30 multiplied by 2g(µ0, λ0)
(resp. 1

2
g(µ0, λ0)). Therefore, if f(µ0, λ0) ≈ 1 (resp. g(µ0, λ0) ≈ 1), the same

conclusions derived for Qs
θ in Section 4.2 can be obtained for the quotients Qs

a (resp.
Qs
r). That is, if f(µ0, λ0) ≈ 1 (resp. g(µ0, λ0) ≈ 1), the behavior of Qs

θ and Qs
a (resp.
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Qs
r) is the same. In particular, if f(µ0, λ0) ≈ 1 (resp. g(µ0, λ0) ≈ 1) and Qs

θ ≈ 1,
then Qs

a ≈ 1 (resp. Qs
r ≈ 1). Then, the only cases for which Qs

θ ≈ 1 and Qs
a (resp.

Qs
r) may be not similar to 1 is when f(µ0, λ0) (resp. g(µ0, λ0)) is not similar to 1.

We will detail the behavior of the quotients Qs
a and Qs

r for each s = a, p, r in these
situations, but, first, we provide two technical lemmas that characterize in which
situations the factors f(µ0, λ0) and g(µ0, λ0) are similar to 1. The proof of these
two lemmas is completely elementary and will be included in Appendix B in order
not to interrupt the discussion of this section.

Lemma 4.43. Let λ0 and µ0 be two nonzero complex numbers and let f(µ0, λ0) be
the function introduced in (4.51). Then,

1. f(µ0, λ0) ≈ 1 if and only if

(a) |µ0| ≈ |λ0|, or

(b) 1 & |µ0| � |λ0|, or

(c) 1 & |λ0| � |µ0|.

2. f(µ0, λ0)� 1 if and only if |µ0| � |λ0| and |µ0| � 1.

3. f(µ0, λ0)� 1 if and only if |λ0| � |µ0| and |λ0| � 1.

Next, we present an analogous lemma for the function g(µ0, λ0).

Lemma 4.44. Let λ0 and µ0 be two nonzero complex numbers and let g(µ0, λ0) be
the function introduced in (4.51). Then,

1. g(µ0, λ0) ≈ 1 if and only if

(a) |µ0| ≈ |λ0|, or

(b) |λ0| � |µ0| ≈ 1
|λ0| , or

(c) |µ0| � |λ0| ≈ 1
|µ0| .

2. g(µ0, λ0)� 1 if and only if

(a) |µ0| � |λ0| � 1
|µ0| , or

(b) 1
|µ0| � |λ0| � |µ0|.

3. g(µ0, λ0)� 1 if and only if

(a) 1
|λ0| � |µ0| � |λ0|, or

(b) |λ0| � |µ0| � 1
|λ0| .
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Now, we have characterized the behavior of f(µ0, λ0) and g(µ0, λ0) we can provide
some commentaries on the bounds obtained in Theorems 4.40, 4.41 and 4.42. We re-
emphasize they have essentially been obtained multiplying the bounds in Theorems
4.25, 4.27 and 4.30 by the factors f(µ0, λ0) (for the absolute quotients) and g(µ0, λ0)
(for the relative quotients). Therefore, regarding the commentaries done in Remarks
4.26, 4.28 and 4.31, the sufficient conditions for the non-homogeneous bounds on
the quotients Qs

a and Qs
r (s = a, p, r) to be moderate will be the sufficient conditions

obtained in the homogeneous case together with f(µ0, λ0) and g(µ0, λ0) being similar
to 1, respectively. We now specify the conditions for each non-homogeneous quotient.

Remark 4.45. (Discussion on the bounds in Theorem 4.40) Regarding the bounds
for the quotients Qa

a and Qa
r in Theorem 4.40, we observe that if ‖A−1‖∞ ≈ ‖A‖∞ ≈

1, then, the upper and lower bounds on both quotients are similar and, consequently,
they give very good information of the behaviors of Qa

a and Qa
r . More precisely,

under the condition ‖A−1‖∞ ≈ ‖A‖∞ ≈ 1, Qa
a (resp. Qa

r) behaves as f(µ0, λ0) (resp.
g(µ0, λ0)). In particular, the conditions

‖A−1‖∞ ≈ 1, ‖A‖∞ ≈ 1 and f(µ0, λ0) ≈ 1 (4.53)

are sufficient to achieve that the bounds on the quotient Qa
a in Theorem 4.40 are

moderate. In a similar way, the conditions

‖A−1‖∞ ≈ 1, ‖A‖∞ ≈ 1 and g(µ0, λ0) ≈ 1 (4.54)

are sufficient to achieve that the bounds on the quotient Qa
r in Theorem 4.40 are

moderate. Then, if A is a matrix that satisfies ‖A−1‖∞ ≈ 1 and ‖A‖∞ ≈ 1 and
mA−1 changes the eigenvalue λ0 of a matrix polynomial P (λ) in such a way that
f(µ0, λ0) (resp. g(µ0, λ0)) is similar to 1 , the Möbius transformation MA does not
change the absolute-absolute (resp. the absolute-relative) condition number of λ0.

Notice that if the Möbius transformation MA is a rotation, then the matrix A
satisfies ‖A−1‖∞ ≈ 1 and ‖A‖∞ ≈ 1. In addition, |µ0| = |mA−1(λ0)| = |λ0|. Then,
for a rotation, both (4.53) and (4.54) are satisfied. Also if the Möbius transformation
is a translation or a homothety that is induced by a matrix A such that ‖A−1‖∞ ≈ 1
and ‖A‖∞ ≈ 1, then the conditions (4.53) and (4.54) are satisfied. Finally, if A is
an inversion, only the conditions (4.54) are satisfied.

We have derived sufficient conditions for the bounds in Theorem 4.40 to be
moderate, but it can be seen that these conditions are not necessary. If ‖A‖∞
and/or ‖A−1‖∞ are not close to 1, we are not able to obtain any information about
the actual values of Qa

a or Qa
r from these bounds. However, as we announced before,

if the condition in (4.53) (resp. (4.54)) that does not hold is f(µ0, λ0) ≈ 1 (resp.
g(µ0, λ0) ≈ 1), some easy deductions can be made for Qa

a (resp. Qa
r) using Lemma

4.43 (resp. Lemma 4.44). In fact, it can be easily seen that, if ‖A−1‖∞ ≈ ‖A‖∞ ≈ 1,

Qa
a � 1⇔ f(µ0, λ0)� 1, Qa

a ≈ 1⇔ f(µ0, λ0) ≈ 1, Qa
a � 1⇔ f(µ0, λ0)� 1,

Qa
r � 1⇔ g(µ0, λ0)� 1, Qa

r ≈ 1⇔ g(µ0, λ0) ≈ 1, Qa
r � 1⇔ g(µ0, λ0)� 1
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Remark 4.46. (Discussion on the bounds in Theorem 4.41) Since the bounds in
Theorem 4.41 for the quotients Qp

a and Qp
r have been obtained from the bounds for

the quotient Qp
θ, we can assume a probabilistic conjecture like the one in Remark

4.29, which indicates that the factor Zk is very pessimistic. We also remind that
the cases k = 1 and k = 2 are specially important in applications. Then, in the
spirit of Remark 4.28, we ignore the influence of the factor Zk in the subsequent
commentaries, without forgetting that our deductions will only be strictly true for
small grades k.

We observe that, for moderate grade k, the upper and the lower bounds in
Theorem 4.41 for the quotient Qp

a are very similar if and only if cond∞(A) ≈ 1.
This is also true for the bounds on the quotient Qp

r. These facts make Theorem
4.41 the most enlightening result in the non-homogeneous section, since it allows to
obtain a characterization of the cases where these bounds are moderate numbers:
for moderate k, the upper and lower bounds on Qp

a (resp. Qp
r) are both moderate if

and only if cond∞(A) ≈ 1 and f(µ0, λ0) ≈ 1 (resp. g(µ0, λ0) ≈ 1). That is, recalling
Remark 4.28, the upper and lower bound on Qp

a (resp. Qp
r) are moderate if and only

if the upper and lower bounds on Qp
θ are and f(µ0, λ0) ≈ 1 (resp. g(µ0, λ0) ≈ 1).

If a Möbius transformation MA is a rotation, the matrix A that induces the
transformation is well-conditioned and |µ0| = |λ0|. Then, rotations guarantee that
the upper and lower bounds on Qp

a and Qp
r are both moderate. In addition, this

can also be guaranteed if the Möbius transformation is a translation or a homothety
induced by a well-conditioned matrix. Finally, if MA is an inversion, we can just
assure that the upper and lower bounds on Qp

r are moderate.
In this remark, we have indicated in which cases the upper and lower bounds

on Qp
a and Qp

r are both moderate. This leads us to a characterization of the cases
for which these quotients are moderate. Indeed, since both bounds are similar, for
moderate k, if and only if cond∞(A) ≈ 1, we can obtain a characterization of the
behavior of the quotients Qp

a and Qp
r when cond∞(A) ≈ 1 (we recall that this is the

most interesting case in applications): if cond∞(A) ≈ 1, then, for moderate k:

Qp
a � 1⇔ f(µ0, λ0)� 1, Qp

a ≈ 1⇔ f(µ0, λ0) ≈ 1, Qp
a � 1⇔ f(µ0, λ0)� 1,

Qp
r � 1⇔ g(µ0, λ0)� 1, Qp

r ≈ 1⇔ g(µ0, λ0) ≈ 1, Qp
r � 1⇔ g(µ0, λ0)� 1,

Remark 4.47. (Discussion on the bounds in Theorem 4.42) Regarding the bounds
obtained Theorem 4.42, it is easy to notice that, for moderate k, the upper and the
lower bounds for the quotient Qr

a are very similar if and only if cond∞(A) ≈ 1, ρ ≈ 1
and ρ̃ ≈ 1. Then, we can conclude that for moderate k, the upper and lower bounds
on Qr

a (resp. Qr
r) are both moderate if and only if cond∞(A) ≈ 1, ρ ≈ 1, ρ̃ ≈ 1

and f(µ0, λ0) ≈ 1 (resp. g(µ0, λ0) ≈ 1). That is, the upper and lower bounds on
Qr
a (resp. Qr

r) are both moderate if and only if the upper and lower bounds on Qr
θ

are both moderate and f(µ0, λ0) ≈ 1 (resp. g(µ0, λ0) ≈ 1). This discussion leads us
to the following characterization: if cond∞(A) ≈ 1 and ρ ≈ ρ̃ ≈ 1, for moderate k,
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then:

Qr
a � 1⇔ f(µ0, λ0)� 1, Qr

a ≈ 1⇔ f(µ0, λ0) ≈ 1, Qr
a � 1⇔ f(µ0, λ0)� 1,

Qr
r � 1⇔ g(µ0, λ0)� 1, Qr

r ≈ 1⇔ g(µ0, λ0) ≈ 1, Qr
r � 1⇔ g(µ0, λ0)� 1,

In Remarks 4.45, 4.46 and 4.47, we have characterized in which situations the
upper and lower bounds on the quotients Qs

a (obtained in Theorems 4.40, 4.41 and
4.42), for s = a, p, r, are similar using the characterization of the cases where the
upper and lower bounds on Qs

θ (obtained in Theorems 4.25, 4.27 and 4.30) are
similar. We have also studied this characterization for the bounds on the quotients
Qs
r. All these commentaries are summed up in the next remark.

Remark 4.48. For s = a, p, r, the upper and lower bounds on Qs
θ are both very

different (resp. very similar) if and only if the upper and lower bounds on Qs
a are,

if and only if the upper and lower bounds on Qs
r are.

4.3.1.2 Bounds for Möbius transformations induced by ill-conditioned
matrices

In Section 4.2.1.3, we proved Theorem 4.32, which provided lower and upper bounds
for the homogeneous quotients Qa

θ and Qp
θ that allowed us to study what happened

in the situations where we could not obtain information from the bounds obtained
in Theorems 4.25 and 4.27. This theorem also helped us to prove that the bounds
obtained in Theorems 4.25 and 4.27 were essentially attainable (recall the discussion
at the end of Section 4.2.1.3). Since the bounds for the quotients Qs

a, for s = a, p
obtained in Theorems 4.40 and 4.41 follow from the equality in Lemma 4.37(1.)
and the bounds on Qs

θ obtained in Theorems 4.25 and 4.27, we can reach the same
conclusions about the attainability of the bounds obtained for Qs

a as in the homoge-
neous case. Likewise, the bounds for the quotients Qs

r, for s = a, p obtained in those
theorems follow from the equality in Lemma 4.37(2.), the attainable inequalities in
Lemma 4.39 and the bounds obtained in Theorems 4.25 and 4.27, which lead us to
the same deductions for the bounds on Qs

r as in the previous cases. Therefore, we
do not need a non-homogeneous version of Theorem 4.32 to prove the attainability
of the bounds obtained in Theorems 4.40 and 4.41, but we do present it for com-
pleteness. Obviously, this theorem would easily lead to the same conclusions about
the attainability of these bounds.

Then, we provide a set of upper and lower bounds for Qs
a and Qs

r, for s = a, p,
that will lead us to simple approximations for these quotients (as in the homogeneous
case, we omit the study of Qr

a and Qr
r). It is important to highlight that the bounds

in Theorem 4.49 are not sharper than the ones in Theorems 4.40 and 4.41, that is,
the upper bounds in Theorem 4.49 are not always smaller than or equal to the ones
in Theorem 4.40 and 4.41 and the lower bounds in bounds in Theorem 4.49 are not
always larger than or equal to the ones in Theorem 4.40 and 4.41. Of course, when
this happens, the difference between the corresponding bounds is rather small.



118 CHAPTER 4. MÖBIUS TRANSFORMATIONS

Theorem 4.49. Let P (λ) =
∑k

i=0 λ
iBi be a regular matrix polynomial of grade k

and let λ0 be a simple, finite, nonzero eigenvalue of P (λ). Let A =

[
a b
c d

]
∈

GL(2,C) be such that λ0 is noncritical relative to A and let µ0 = mA−1(λ0) be
the eigenvalue of MA(P ) associated with λ0. Let Qa

a, Q
a
r , Q

p
a and Qp

r the quotients
introduced in Definition 4.36.

1. If k = 1, then

1

2
√

2|a− cλ0|
‖[µ0, 1]T‖2

‖[λ0, 1]T‖2

≤ Qa
a ≤

2
√

2

|a− cλ0|
‖[µ0, 1]T‖2

‖[λ0, 1]T‖2

,

1

2
√

2|a− cλ0|
‖[µ0, 1]T‖2

‖[λ0, 1]T‖2

max
i=0:k
{‖B̃i‖2}

max
i=0:k
{‖Bi‖2}

≤ Qp
a ≤

2
√

2

|a− cλ0|
‖[µ0, 1]T‖2

‖[λ0, 1]T‖2

max
i=0:k
{‖B̃i‖2}

max
i=0:k
{‖Bi‖2}

.

2. If k ≥ 2, then

1

4(k + 1)

|a− cλ0|k−2

|det(A)|k−1

‖[µ0, 1]T‖k∞
‖[λ0, 1]T‖k∞

≤ Qa
a ≤ 4(k + 1)

|a− cλ0|k−2

|det(A)|k−1

‖[µ0, 1]T‖k∞
‖[λ0, 1]T‖k∞

,

1

4(k + 1)

|a− cλ0|k−2

|det(A)|k−1

‖[µ0, 1]T‖k∞
‖[λ0, 1]T‖k∞

max
i=0:k
{‖B̃i‖2}

max
i=0:k
{‖Bi‖2}

≤ Qp
a

Qp
a ≤ 4(k + 1)

|a− cλ0|k−2

|det(A)|k−1

‖[µ0, 1]T‖k∞
‖[λ0, 1]T‖k∞

max
i=0:k
{‖B̃i‖2}

max
i=0:k
{‖Bi‖2}

.

In addition, the bounds for the quotients Qs
r, s = a, p, are the bounds for the corres-

ponding quotients Qs
a multiplied by |λ0||µ0| .

Proof. We have already seen in Lemma 4.37 that

Qa
a =

1 + |µ0|2

1 + |λ0|2
Qa
θ .

Now, if we use the upper bounds for Qa
θ from Theorem 4.32, we obtain, if k = 1

Qa
a ≤

1 + |µ0|2

1 + |λ0|2
2

|det(A)|
‖[λ0, 1]T‖1

‖A−1[λ0, 1]T‖1

=
2

|det(A)|
‖[µ0, 1]T‖2

2

‖[λ0, 1]T‖2
2

‖[λ0, 1]T‖1

‖ a−cλ0
det(A)

[µ0, 1]T‖1

≤ 2
√

2

|a− cλ0|
‖[µ0, 1]T‖2

‖[λ0, 1]T‖2

,
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where the last inequality follows taking into account that for a 2 × 1 vector x,
‖x‖2 ≤ ‖x‖1 ≤

√
2‖x‖2. Now, if k ≥ 2, then, using the upper bounds for Qa

θ

obtained in Theorem 4.32.

Qa
a ≤

1 + |µ0|2

1 + |λ0|2
2(k + 1)

|det(A)|

(
‖A−1[λ0, 1]T‖∞
‖[λ0, 1]T‖∞

)k−2

=
2(k + 1)

|det(A)|
‖[µ0, 1]T‖2

2

‖[λ0, 1]T‖2
2

(
‖ a−cλ0

det(A)
[µ0, 1]T‖∞

‖[λ0, 1]T‖∞

)k−2

≤ 4(k + 1)
|a− cλ0|k−2

|det(A)|k−1

‖[µ0, 1]T‖k∞
‖[λ0, 1]T‖k∞

,

where the last inequality follows from the fact that if x is a 2 × 1 vector, then
‖x‖∞ ≤ ‖x‖2 ≤

√
2‖x‖∞.

On the other hand, to obtain the lower bounds for Qa
a we use the lower bounds for

Qa
θ from Theorem 4.32 and, again, the fact that ‖x‖∞ ≤ ‖x‖2 ≤ ‖x‖1 ≤

√
2‖x‖2 ≤

2‖x‖∞ for every 2× 1 vector x. Then, we obtain, for k = 1,

Qa
a ≥

1 + |µ0|2

1 + |λ0|2
1

2|det(A)|
‖[λ0, 1]T‖1

‖A−1[λ0, 1]T‖1

≥ 1

2
√

2|a− cλ0|
‖[µ0, 1]T‖2

‖[λ0, 1]T‖2

,

and, for k ≥ 2,

Qa
a ≥

1 + |µ0|2

1 + |λ0|2
1

2(k + 1)|det(A)|

(
‖A−1[λ0, 1]T‖∞
‖[λ0, 1]T‖∞

)k−2

≥ 1

4(k + 1)

|a− cλ0|k−2

|det(A)|k−1

‖[µ0, 1]T‖k∞
‖[λ0, 1]T‖k∞

.

To obtain the bounds for Qp
a, we recall the equality Qp

a = Qa
a

maxi=0:k{‖B̃i‖2}
maxi=0:k{‖Bi‖2}

.
Finally, to obtain the bounds for the quotients Qa

r and Qp
r, we recall that Qs

r =

Qs
a
|λ0|
|µ0| , s = a, p; then, we just need to multiply the bounds we have just by |λ0|

|µ0| .

The proof of Theorem 4.49 follows combining Lemma 4.37 and the bounds ob-
tained for the homogeneous quotients in Theorem 4.32 and applying later an in-
equality between vector norms. Then, it would be easy to prove that the conclusions
obtained after Theorem 4.32 about the attainability of these bounds also hold in
the non-homogeneous case using Theorem 4.49.

As in Theorem 4.32, the lower and upper bounds only differ by the linear in the
grade constant 4(k + 1). Then, we can obtain simple approximate expressions for
Qa
a, Q

a
r , Q

p
a and Qp

r by disregarding the factors that only depend on k in the bounds
in Theorem 4.49: If k = 1,

Qa
a ≈

1

|a− cλ0|
‖[µ0, 1]T‖2

‖[λ0, 1]T‖2

(4.55)
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Qa
r ≈

1

|a− cλ0|
‖[µ0, 1]T‖2

‖[λ0, 1]T‖2

|λ0|
|µ0|

(4.56)

Qp
a ≈

1

|a− cλ0|
‖[µ0, 1]T‖2

‖[λ0, 1]T‖2

max
i=0:k
{‖B̃i‖2}

max
i=0:k
{‖Bi‖2}

(4.57)

Qp
r ≈

1

|a− cλ0|
‖[µ0, 1]T‖2

‖[λ0, 1]T‖2

max
i=0:k
{‖B̃i‖2}

max
i=0:k
{‖Bi‖2}

|λ0|
|µ0|

(4.58)

If k ≥ 2,

Qa
a ≈
|a− cλ0|k−2

|det(A)|k−1

‖[µ0, 1]T‖k∞
‖[λ0, 1]T‖k∞

(4.59)

Qa
r ≈
|a− cλ0|k−2

|det(A)|k−1

‖[µ0, 1]T‖k∞
‖[λ0, 1]T‖k∞

|λ0|
|µ0|

(4.60)

Qp
a ≈
|a− cλ0|k−2

|det(A)|k−1

‖[µ0, 1]T‖k∞
‖[λ0, 1]T‖k∞

max
i=0:k
{‖B̃i‖2}

max
i=0:k
{‖Bi‖2}

(4.61)

Qp
r ≈
|a− cλ0|k−2

|det(A)|k−1

‖[µ0, 1]T‖k∞
‖[λ0, 1]T‖k∞

max
i=0:k
{‖B̃i‖2}

max
i=0:k
{‖Bi‖2}

|λ0|
|µ0|

. (4.62)

4.3.2 Effect of Möbius transformations on backward errors
of approximate eigenpairs

In this section, we have a similar scenario to that of Section 4.2.2: we want to com-
pute eigenpairs of a regular non-homogeneous matrix polynomial P (λ) ∈ C[λ]n×nk ,
but it is advantageous to compute eigenpairs of its Möbius transform MA(P )(λ),

where A =

[
a b
c d

]
∈ GL(2,C). As in the homogeneous case, some relationships

between the approximate eigenpairs of MA(P ) and P can be considered. More pre-
cisely, if (x̂, µ̂0) and (ŷ∗, µ̂0) are computed approximate right and left eigenpairs of

MA(P ), and λ̂0 := aµ̂0+b
cµ̂0+d

then, using Proposition 4.9 and Lemma 4.11, (x̂, λ̂0) and

(ŷ∗, λ̂0) can be considered right and left approximate eigenpairs of P (λ). Then, we
want to study if the quotients

Qη,nh,r :=
ηnh,r(x̂, λ̂0, P )

ηnh,r(x̂, µ̂0,MA(P ))
, Qη,nh,` :=

ηnh,`(ŷ
∗, λ̂0, P )

ηnh,`(ŷ∗, λ̂0,MA(P ))
(4.63)
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are moderate numbers. Just as we did in the homogeneous case, the idea is to
obtain upper and lower bounds on these quotients that will lead to simple sufficient
conditions that guarantee that the quotients in (4.63) are moderate. Since we have
already obtained this kind of bounds for the homogeneous backward error, we will
make use of them. In order to do so, we recall Theorem 3.47, which establishes
a comparison between the homogeneous and the non-homogeneous backward error
of an approximate right (resp. left) eigenpair. More precisely, this theorem states

that given a finite approximate right eigenpair (x̂, λ̂0) and a finite approximate left

eigenpair (ŷ∗, λ̂0), then

ηnh,r(x̂, λ̂0, P ) = ηh,r(x̂, (α̂0, β̂0), P ) and ηnh,`(ŷ
∗, λ̂0, P ) = ηh,`(ŷ

∗, (α̂0, β̂0), P ).

Using these equalities also for MA(P ) it is easy to see that

Qη,nh,r = Qη,h,r and Qη,nh,` = Qη,h,`.

Therefore, the upper and lower bounds obtained in Theorem 4.34 for the quotients
Qη,h,r and Qη,h,` also hold for the quotients Qη,nh,r and Qη,nh,` and, consequently, the
analysis made for these bounds in Section 4.2.2 also applies for the non-homogeneous
quotients of backward errors.

4.3.3 Numerical experiments

This section is devoted to present a numerical experiment. In Theorems 4.40, 4.41
and 4.42, we have obtained bounds on the quotients Qs

a and Qs
r, for s = a, p, r,

multiplying the corresponding bounds on Qs
θ by the functions f(µ0, λ0) and g(µ0, λ0)

(recall equation (4.51)). Because of the procedure followed to obtain these bounds,
we know that the facts observed in Section 4.2.3 are also true in this case. In
addition, in Remarks 4.45, 4.46 and 4.47 we have characterized the behavior of Qs

a

(resp. Qs
r) based on the behavior of f(µ0, λ0) (resp. g(µ0, λ0)) under the condition

Qs
θ ≈ 1. That is, if Qs

θ ≈ 1, we may know if Qs
a ≈ 1 (resp. Qs

r ≈ 1) simply by
checking if f(µ0, λ0) ≈ 1 (resp. g(µ0, λ0) ≈ 1). In addition, in Lemmas 4.43 and
4.44 we have characterized the behavior of f(µ0, λ0) and g(µ0, λ0). To sum up, if
Qs
θ ≈ 1, for s = a, p, r we may know, thanks to Lemmas 4.43 and 4.44 and Remarks

4.45, 4.46 and 4.47, whether if Qs
a ≈ 1 and Qs

r ≈ 1 or not, simply by looking at
the eigenvalues λ0 and µ0. Then, the only cases for which we cannot predict the
behavior of the non-homogeneous quotients are those where Qs

θ is not similar to
1. In Remark 4.38 we studied for which cases this could happen. Regarding that
remark, the only case interesting for applications is when either ρ or ρ̃ is not similar
to 1 (or both are not similar to 1). Then, in this section we present an experiment
where all the matrix polynomials have ρ� 1 and the matrix A is well-conditioned.

We recall that we have proved in Section 4.3.2 that Qη,nh,r = Qη,h,r and Qη,nh,` =
Qη,h,`, so we do not present experiments on these non-homogeneous quotients of
backward errors.
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The experiment has been run on MATLAB-R2019a using variable precision arith-
metic with 40 decimal digits of precision. As in the homogeneous case, to obtain
the eigenvalues of each matrix polynomial P the function eig in MATLAB has been
applied to the first Frobenius companion form of P .

Experiment 6. In this experiment, we have generated 30 random matrix poly-
nomials of size 5×5 and degree 2 for which the factor ρ is equal to 103. The procedure
to generate these matrix polynomials is the same that was used in Experiment 2.

For each matrix polynomial P , a random 2 × 2 matrix A with cond2(A) = 1
was constructed as in Experiment 1. Since we have just considered noncritical
eigenvalues relative to the matrix A that induces the Möbius transformation to
define the quotients Qr

a and Qr
r, we have checked that for every pair (P,A), P did

not have a critical eigenvalue relative to A.
For each pair (P,A) and each eigenvalue λ0 that is noncritical relative to A, we

compute five quantities. First, we have computed Qr
θ using the formula (4.13). Then,

we have computed the exact values of Qr
a and Qr

r using the equalities Qr
a = Qr

θ
1+|µ0|2
1+|λ0|2

and Qr
r = Qr

θ
1+|µ0|2
|µ0|

|λ0|
1+|λ0|2 (see Lemma 4.37). Finally, we have also computed the

factors f(µ0, λ0) and g(µ0, λ0) introduced in (4.51), where µ0 = mA−1(λ0). Then, we
have represented the values of Qr

θ and Qr
a versus f(µ0, λ0) in the left plot of Figure

4.4 and the values of Qr
θ and Qr

r versus g(µ0, λ0) in the right plot of Figure 4.4. The
markers of Qr

θ are ∗ and the markers of Qr
a (on the left) and Qr

r (on the right) are ◦.

Figure 4.4: Results of Experiment 6: on the left, plot of Qr
θ and Qr

a versus f(µ0, λ0);
on the right, plot of Qr

θ and Qr
r versus g(µ0, λ0)
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In Figure 4.4, we observe that most of the values of Qr
θ are much bigger than

1; indeed, they are around 103 (we recall ρ = 103). However, we can observe the
presence of values of Qr

a and Qr
r that are similar to 1 when the corresponding values

of Qr
θ are not. That is, the combined effect of ρ and f(µ0, λ0) (resp. g(µ0, λ0)) can

make values of Qr
a (resp. Qr

r) similar to 1 in cases for which Qr
θ is not similar to 1;

nevertheless it will not always be the case, as it can be observed in the same figure.
We report that, if in the set of randomly generated matrix polynomials, we

interchange the roles of P and MA(P ) and the roles of A and A−1, the results are
similar.
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Chapter 5

Preserving Degree
Quasi-Triangularization of Regular
Matrix Polynomials over
Arbitrary Fields

As anticipated in Section 1.3, this chapter is devoted to study preserving degree
quasi-triangularization problems. The germ of these problems is in the work of
Marques de Sá. More precisely, in [73], a characterization of triangularizable matrix
polynomials under unimodular transformations defined over a principal ideal domain
is given; however the degrees of the polynomials are not preserved in this triangular-
ization. Preserving degree quasi-triangularization problems have been thoroughly
studied in [96] (for quadratic matrix polynomials) and [93] (for matrix polynomials
of any degree), but only for matrix polynomials defined over algebraically closed
fields or R. In this chapter we present a generalization of the results presented in
[93] in the sense that we consider matrix polynomials defined over arbitrary fields;
nevertheless, singular matrix polynomials are considered in [93], while only regular
ones will be considered in this chapter. The main consequence of considering arbi-
trary fields is that we will not be able to obtain quasi-triangular matrix polynomials
with diagonal blocks of size 2×2 at most as in [93, 96], but we will be able to control
the maximum size of these diagonal blocks. To keep track of this maximum size, we
introduce the following definition.

Definition 5.1 (k-quasi-triangular). An n×n matrix polynomial P (λ) is said to be
k-quasi-triangular if it is block upper triangular (or block lower triangular) with
diagonal blocks of size at most k × k.

Note that a 1-quasi-triangular P is just triangular in the usual sense. Let us
show some examples of k-quasi-triangular matrix polynomials.

125
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Example 5.2. Consider the matrix polynomials,

P (λ) =


λ− 1 1
−3λ5 λ2(λ2 + 1)
λ− 12 λ2 − 2 λ− 7 −3λ+ 5

1 λ7 λ 2λ2

 ,

Q(λ) =


λ3 λ− 3 −λ5 λ5 − 3λ2 λ3 −λ3 + 3λ

λ2 + 1 −λ λ3 − 8λ λ7 − λ5 −3λ
1 λ2(−λ+ 3) 1 7λ −5λ2

λ4 λ2 + 1 λ3

1 0 λ
λ− 1 2λ2 λ3(λ− 1)

 .

Then, we can observe that P (λ) is 2-quasi-triangular, whileQ(λ) is 3-quasi-triangular.

Remark 5.3. Notice that in the definition of k-quasi-triangular matrix polyno-
mials we have considered both block upper and block lower triangular matrix po-
lynomials. However, throughout this chapter we will only prove how to obtain
k-quasi-triangular matrix polynomials that are block upper triangular. In order to
obtain a k-quasi-triangular matrix polynomial that is block lower triangular, we just
need to transpose a block upper triangular one, since transposition does not change
neither the Smith form nor the infinite elementary divisors of a matrix polynomial.

Throughout this chapter we will call F-irreducible factors only those F-irreducible
factors that are nonconstant.

Next, we introduce the results that will be proved in this chapter. The main
quasi-triangularization result that we prove in this chapter is the next theorem.

Theorem 5.4 (Quasi-Triangularization: Strictly Regular Case). Suppose P (λ) is
any strictly regular n × n matrix polynomial of degree d, over an arbitrary field
F. Let S(λ) = diag

(
s1(λ), s2(λ), . . . , sn(λ)

)
be the Smith form of P (λ), and define

k to be the maximum degree among all of the F-irreducible factors of the invariant
polynomials si(λ) for i = 1, . . . , n. Then there exists an n×n matrix polynomial Q(λ)
over F that is k-quasi-triangular, is strictly regular, has degree d, is unimodularly
equivalent to P (λ) and such that the degree of every entry in any off-diagonal block
of Q(λ) is strictly less than d.

When P (λ) is regular but not necessarily strictly regular, we will prove a slightly
weaker result.

Theorem 5.5 (Quasi-Triangularization: Regular Case). Suppose P (λ) is a reg-
ular n × n matrix polynomial of grade g, over an arbitrary field F. Let S(λ) =
diag

(
s1(λ), s2(λ), . . . , sn(λ)

)
be the Smith form of P (λ), and define k to be the max-

imum degree among all of the F-irreducible factors of si(λ) for i = 1, . . . , n. Further
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suppose that there is some constant ω ∈ F such that si(ω) 6= 0 for i = 1 : n. (I.e.,
there is some element of the field that is not in the spectrum of P .) Then there
exists an n × n matrix polynomial Q(λ) over F that is k-quasi-triangular, has the
same degree as P (λ), and has the same spectral structure as P (λ), i.e., has the same
infinite elementary divisors (when P (λ) and Q(λ) are considered both as matrix po-
lynomials with grade g) and the same Smith form as P (λ). In particular, Q(λ) is
unimodularly equivalent to P (λ).

Remark 5.6. The hypothesis about the existence of the non-eigenvalue constant
ω ∈ F is not needed when F is infinite. Then, k-quasi-triangularization can be
achieved for all regular matrix polynomials defined over an arbitrary infinite field.

Remark 5.7. Notice that, contrary to Theorem 5.4, in Theorem 5.5 we cannot
guarantee that the degree of the entries of the off-diagonal blocks of Q(λ) is less
than the degree of Q(λ).

In this chapter we also solve an inverse quasi-triangularization problem, that is,
we build a quasi-triangular matrix polynomial that realizes a list of prescribed data.
If the given list of elementary divisors at ∞ is empty, we prove the following result.

Theorem 5.8 (Inverse Quasi-Triangularization: Strictly Regular Case). Suppose a
list of m nontrivial invariant polynomials s1(λ), . . . , sm(λ) over an arbitrary field F
is given. Let σ :=

∑m
i=1 deg

(
si(λ)

)
, and define k to be the maximum degree among

all of the F-irreducible factors of the invariant polynomials si(λ) for i = 1, . . . ,m.
Then for any choice of nonzero d, n ∈ N such that n ≥ m and dn = σ, there exists an
n× n, degree d matrix polynomial Q(λ) over F that is k-quasi-triangular, is strictly
regular, and has exactly the given nontrivial invariant polynomials s1(λ), . . . , sm(λ)
and n−m trivial invariant polynomials equal to 1. In addition, Q(λ) can always be
chosen so that the degree of every entry in any off-diagonal block of Q(λ) is strictly
less than d.

Remark 5.9. This theorem was proved in [93] for F = R, where the matrix polyno-
mial obtained, Q(λ), was 2-quasi-triangular and for F an algebraically closed field,
where Q(λ) was triangular.

When the desired spectral data contains some elementary divisors at ∞, we will
prove a slightly different version of Theorem 5.8

Theorem 5.10 (Inverse Quasi-Triangularization: Regular Case). Suppose a list of
m nontrivial invariant polynomials s1(λ), . . . sm(λ) over an arbitrary field F is given,
together with a nonempty list of ` elementary divisors at ∞ µα1 , . . . , µα`. Let

σ :=
m∑
i=1

deg
(
si(λ)

)
+
∑̀
j=1

αj ,
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and define k to be the maximum degree among all of the F-irreducible factors of
the invariant polynomials si(λ) for i = 1, . . . ,m. Further suppose that there is
some constant ω ∈ F such that si(ω) 6= 0 for i = 1, . . . ,m. Then for any choice of
nonzero g, n ∈ N such that n ≥ max{m, `} and gn = σ, there exists an n×n, grade g
matrix polynomial Q(λ) over F that is k-quasi-triangular, is regular, and has exactly
the given nontrivial invariant polynomials s1(λ), . . . , sm(λ), n−m trivial invariant
polynomials equal to 1 and infinite elementary divisors µα1 , . . . , µα` . In addition, if
n > `, Q(λ) has also degree g.

Note that once again (just as in Theorem 5.5), it may not always be possible in the
scenario considered in Theorem 5.10 to arrange that all off-diagonal block entries
have degree strictly less than the grade g.

Theorem 5.4 and Theorem 5.5 follow from applying, respectively, Theorem 5.8
and Theorem 5.10 to the list of invariant polynomials given by the Smith form of
P (λ) and to their infinite elementary divisors (if they are present). In particular,
notice that in Theorem 5.5, we can prove that the obtained matrix polynomial Q(λ)
has the same degree as P (λ). Since P (λ) and Q(λ) have the same Smith form
and the same infinite elementary divisors (when they are both considered as matrix
polynomials of the same grade) we can apply the polynomial index sum theorem
(Theorem 2.28), and obtain rank(P ) = rank(Q). Then, applying Lemma 2.18,
deg(P ) = deg(Q).

Theorem 5.10 can be proved using Theorem 5.8 and Möbius transformations as
we will explain in Section 5.6. Then, the main part of this chapter will be devoted
to prove Theorem 5.8.

This chapter is structured as follows. Section 5.1 includes some needed pre-
liminaries. Section 5.2 introduces some tools that will be useful when performing
operations on vectors whose entries are natural numbers, while Section 5.3 presents
one auxiliary result that will be key to prove our results: the Unimodular Transfer
Lemma. These two sections contain results from the ongoing work [37] that have
been transmitted to the author of this thesis in a private communication. Then, Sec-
tions 5.4 and 5.5 contains the main two steps of the proof of Theorem 5.8, as well as
its proof. Finally, the proof of Theorem 5.10 is included in Section 5.6. Theorems
5.4,5.5, 5.8 and 5.10 are original contributions of the author of this dissertation as
well as the auxiliary results to prove them developed in Sections 5.4 and 5.5.

5.1 Preliminaries

In this section, we introduce some auxiliary results that will be needed to prove
Theorems 5.8 and 5.10. We will also use the Fundamental Realization Theorem
(Theorem 2.30) to prove Theorem 5.8. To prove the Fundamental Realization The-
orem, an auxiliary result was used in [31] in order to reduce it to the case without
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eigenvalues at ∞. This lemma will be also used in this chapter to prove Theorem
5.10, and therefore is stated in Lemma 5.11 in a form slightly different than in [31].

Lemma 5.11. [31, Lemma 3.4] Let F be an arbitrary field and let {λ1, . . . , λs} ⊂ F
be a finite subset of F, with λi 6= λj if i 6= j, and let ω ∈ F be such that ω 6= λi
for i = 1, . . . , s. Let Pω(λ) be an n × n regular matrix polynomial with coefficients
in F, of degree d. Suppose that Pω(λ) has not infinite eigenvalues, that 1/(λ1 −

ω), . . . , 1/(λs − ω) are the nonzero finite eigenvalues of Pω(λ). Let A =

[
0 1
1 −ω

]
and consider the following n× n matrix polynomial over F

MA(Pω)(λ) = (λ− ω)dPω

(
1

λ− ω

)
.

Then,

1. MA(Pω) has grade d and is regular. In addition, if λ0 = 0 is not an eigenvalue
of Pω or it is but has less than n associated elementary divisors in Pω, then
MA(Pω) has degree d.

2. Infinity is an eigenvalue of MA(Pω) if and only if zero is an eigenvalue of Pω.
In that case, the partial multiplicity sequences at infinity in MA(Pω) and of
zero in Pω are equal.

3. The finite eigenvalues of MA(P ) are λ1, . . . , λs and, for each j = 1, . . . , s, the
partial multiplicity sequence of λj is equal to the partial multiplicity sequence
of 1/(λj − ω) in Pω(λ).

Remark 5.12. Contrary to the original statement in [31], this version does not
contain the hypothesis of F being infinite. As explained in Remark 2.31, this as-
sumption can be replaced by the weaker condition that there exists ω ∈ F such that
ω 6= λi, i = 1, . . . , s. When we apply Lemma 5.11 in the proof of Theorem 5.10, we
will see that this weaker condition holds.

In order to prove Theorem 5.10 we need some auxiliary results about Möbius
transformations of scalar polynomials. The first one was proved in [72]:

Lemma 5.13. [72, Corollary 3.24] Let p, q be nonzero scalar polynomials over F,
with grades equal to their degrees, and let A ∈ GL(2,F). Then

1. MA(pq) = MA(p)MA(q).

2. If p is F-irreducible, then MA(p) is either F-irreducible or a constant.
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The statement of the lemma has been adapted to the notion of F-irreducible
factors used in this chapter, that, we recall, does not include constant factors.

In the proof of Theorem 5.10, we will need that a certain Möbius transformation
preserves the degree of the F-irreducible factors of some scalar polynomials. Then,
Lemma 5.13(2.) does not suffice, so we prove a stronger version in the following
lemma.

Lemma 5.14. Let p(λ) be an F-irreducible scalar polynomial with grade equal to its

degree, and let Ã =

[
ω 1
1 0

]
, where ω ∈ F satisfies p(ω) 6= 0. Then, MÃ(p) is an

F-irreducible scalar polynomial such that deg(p) = deg(MÃ(p)).

Proof. Let p(λ) = psλ
s + · · ·+ p1λ+ p0, with ps 6= 0, that is, deg(p) = s. Applying

the Möbius transformation MÃ,

MÃ(p)(λ) = λs
(
ps

(
ω +

1

λ

)s
+ · · ·+ p1

(
ω +

1

λ

)
+ p0

)
.

Then, deg(MÃ(p)) ≤ s. Let us see that it is exactly s. For that purpose, we consider
the coefficient of λs, that is,

psω
s + · · ·+ p1ω + p0 = p(ω) 6= 0,

and, so, deg(MÃ(p)) = s. In addition, thanks to Lemma 5.13(2.), MÃ(p)(λ) is F-
irreducible (it cannot be a constant because we have already proved its degree is
s).

To achieve in Theorem 5.8 (and, so, also in Theorem 5.4) the additional property
of having the degrees of every entry in any off-diagonal block of Q(λ) less than the
degree of the corresponding diagonal block, the next lemma will be applied. This
result is a minor generalization of Lemma 2.4 in [96]. In the proof, we will use the
Euclidean division as it was stated in Theorem 6.3-15 in [61].

Lemma 5.15. Let T (λ) ∈ F[λ]n×n be an upper block-triangular matrix polyno-
mial partitioned into blocks and such that the diagonal blocks Tii(λ) ∈ F[λ]ni×ni

are strictly regular, i = 1, . . . , s. Then T (λ) is unimodularly equivalent to an up-

per block-triangular matrix polynomial T̃ (λ) with the same diagonal blocks and with
off-diagonal blocks satisfying

deg(T̃ij(λ)) < min{deg(T̃ii(λ)), deg(T̃jj(λ))}

for 1 ≤ i < j ≤ s.
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Proof. Consider the next algorithm to obtain T̃ (λ).

for k = 1 : s− 1 do
for i = 1 : s− k do

j = k + i
if deg(Tii(λ)) ≤ deg(Tjj(λ)) then

divide Tij(λ) by Tii(λ) on the left and obtain
Tij(λ) = Tii(λ)Qij(λ) + Rij(λ) with Rij(λ) = 0 or
deg(Rij(λ)) < deg(Tii(λ)). Then, add the ith block-column
multiplied on the right by −Qij(λ) to the jth block-column in
order to replace Tij(λ) by Rij(λ).

else
divide Tij(λ) by Tjj(λ) on the right, procuring
Tij(λ) = Qij(λ)Tjj(λ) + Rij(λ), where either Rij(λ) = 0 or
deg(Rij(λ)) < deg(Tjj(λ)). Then, add the jth block-row
multiplied on the left by −Qij(λ) to the ith row-column.
Therefore, Rij(λ) is obtained in the former position of Tij(λ).

end

end

end

5.2 Homogenization of vectors whose entries are

natural numbers

The goal of this section is to define the kind of operations we will perform in the rest
of this chapter on vectors whose entries are natural numbers, including 0, (which
will be called natural vectors and denoted by bold letters) and to prove a lemma
that will play an important role in the proof of Theorem 5.8.

To begin with, let us introduce some important concepts related to natural vec-
tors.

Definition 5.16. A vector v = (v1, . . . , vr) ∈ Nr is k-homogeneous if |vi−vj| ≤ k
for any 1 ≤ i, j ≤ r

Definition 5.17. Let v = (v1, . . . , vr) ∈ Nr with component sum s = v1+v2+· · ·+vr.
Let us divide s by r to get s = qr + t, with 0 ≤ t < r. Then, any permutation of

(q, q, . . . , q, q + 1, q + 1, . . . , q + 1︸ ︷︷ ︸
t copies

) ∈ Nr

is called a homogenized version of v.
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Given a natural vector v, a homogenized version of v is a vector where the fixed
component sum s is spread out as evenly as possible among the individual entries.
Obviously, it is 1-homogeneous.

The two main operations we will consider on natural vectors v = (v1, . . . , vr) are

� Interchange of adjacent components:

(v1, . . . , vi, vi+1, . . . , vr) ; (v1, . . . , vi+1, vi, . . . , vr) ∈ Nr

� Compression of adjacent components:

(v1, . . . , vi−1, vi, vi+1, vi+2, . . . , vr) ; (v1, . . . , vi−1, α, β, vi+2, . . . , vr) ∈ Nr

where α+β = vi+vi+1 and |α−β| < |vi−vi+1| (or equivalently, α+β = vi+vi+1

and min{vi, vi+1} < α, β < max{vi, vi+1}.

In the next lemma [37], it will be proved that a vector can always be transformed
into a homogenized version of itself by only using interchanges and compressions of
adjacent components.

Lemma 5.18 (Homogenization Lemma).
Let v = (v1, . . . , vr) ∈ Nr with component sum s = v1 + · · · + vr. Let us divide s by
r to get s = qr + t, with 0 ≤ t < r. Then, by a finite sequence of interchanges and
compressions, v can be converted into a homogenized version of itself with arbitrarily
ordered entries q and q+ 1. At most r− 1 compressions are needed for any of these
conversions.

Proof. The proof proceeds by induction on r, i.e., on the number of entries in the
vector v. Clearly, if r = 1 there is nothing to do, and if r = 2, then homogenization
is achieved after at most one compression. So from now on we suppose that r ≥ 3,
and assume (for purposes of induction) that every vector v ∈ Nk for k ≤ r − 1 can
be homogenized as described in the statement of the lemma using at most k − 1
compressions.

Consider first the case when t = 0, i.e., when the homogenized version of v has
all r entries equal to q. If any of the entries in v is q, then we can shift that q to
the end by interchanges, leaving a vector (ṽ, q), where ṽ ∈ Nr−1 with component
sum s̃ = q(r − 1). Inductively homogenizing ṽ using at most r − 2 compressions
completes the desired homogenization of v. If, however, none of the entries of v is a
q, then at least one entry is bigger than q and one entry is less than q. Bring these
two entries into adjacent positions by interchanges, and then a compression will
make at least one (perhaps both) of the two entries into a q. Shift this q to the end
by interchanges, again leaving a vector (ṽ, q) as before; homogenizing ṽ inductively
using at most r − 2 compressions once again completes the homogenization of v.

Now consider the case t > 0. So any homogenized version of v has both q and
q + 1 entries, in particular, t copies of the entry q + 1, and r − t > 0 copies of the
entry q. First check if any entry of v is already a q or q + 1:
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(a) If there is some q or q+1 entry, then move that entry to the end by interchanges
to obtain either (ṽ, q) or (ṽ, q + 1), where ṽ has a component sum s̃ that is
equal to either s− q or s− (q + 1). We now have four subcases to consider.

(i) v ; (ṽ, q) with s̃ = q(r − 1) + t and t = r − 1:
In this case the target homogenization of v has t = r − 1 many entries
equal to q + 1, so the target for ṽ is for all entries to be q + 1. Since s̃
can be expressed as

s̃ = q(r − 1) + t = q(r − 1) + (r − 1) = (q + 1)(r − 1) + 0 ,

we see from the previous (t = 0) case that ṽ can indeed be homogenized
to have all q+ 1’s using at most r− 2 compressions, thus completing the
desired homogenization of v.

(ii) v ; (ṽ, q) with s̃ = q(r − 1) + t and 0 < t < r − 1:
This component sum s̃ is compatible with an inductive homogenization
of ṽ to a vector with t copies of q + 1 and r − 1 − t copies of q using
at most r − 2 compressions. After such a homogenization of ṽ we would
have the desired homogenization of v.

(iii) v ; (ṽ, q + 1) with s̃ = q(r − 1) + (t− 1) and t = 1:
In this case the target homogenization of v has exactly one entry with
q + 1, which has now been achieved. Thus the target for the remaining
ṽ is for all entries to be q. But the remaining component sum is now
s̃ = q(r−1)+(t−1) = q(r−1)+0, which is compatible with an inductive
homogenization of ṽ to all q’s using at most r − 2 compressions, giving
us the desired homogenization of v.

(iv) v ; (ṽ, q + 1) with s̃ = q(r − 1) + (t− 1) and 1 < t < r:
Since 0 < (t− 1) < (r − 1), this component sum s̃ is compatible with an
inductive homogenization of ṽ to a vector with t− 1 copies of q + 1, and
(r−1)− (t−1) = r− t copies of q using at most r−2 compressions. Such
a homogenization of ṽ would then produce the desired homogenization
of v.

(b) If no entry of v is q or q + 1, then at least one entry is bigger than q + 1 and
one entry is less than q. Bring these two entries into adjacent positions by
interchanges, and then a compression will make at least one of the two entries
into either a q or a q + 1. This puts us back into the scenario of (a), and
so the desired homogenization of v can again be achieved with at most r − 1
compressions, since in the scenario (a) at most r − 2 compressions are used.

This completes the inductive argument that a homogenized version of v can always
be achieved. A final sequence of interchanges then puts the entries of the homoge-
nized version into any desired order, thus completing the proof of the lemma.
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5.3 Unimodular Transfer Lemma and some appli-

cations

In this section we study the kind of unimodular transformations that will be ap-
plied to n× n upper triangular matrix polynomials in order to prove Theorem 5.8.
These unimodular transformations have the property to preserve upper triangular
structures, which will be helpful to achieve the quasi-triangular form in Theorem
5.8.

The mentioned unimodular transformations will be compositions of some trans-
formations of the form

U(λ)T (λ)V (λ) (5.1)

where T (λ) is an upper triangular matrix polynomial and the unimodular matrices
U(λ) and V (λ) have the following structure

U(λ) = diag(It,W (λ), In−t−2)

V (λ) = diag(It, Z(λ), In−t−2)
(5.2)

with W (λ) and Z(λ) unimodular matrices of size 2× 2.
For the sake of brevity, the n×n unimodular transformations U(λ) and V (λ) in

(5.1) will be called 2× 2 embedded unimodular transformations.
The 2×2 unimodular transformations W (λ) and Z(λ) that we will use are related

with one of the main tools of the ongoing work [37]: the Unimodular Transfer Lemma
(stated here in Lemma 5.20).

Before stating the Unimodular Transfer Lemma, we introduce some auxiliary
definitions and the notation that will be needed throughout this section.

Let C be the set of all the F-irreducible factors of a scalar polynomial p(λ) with
coefficients in the field F and let us partition C into two disjoint subsets F and G,
which, therefore, contain polynomials that are pairwise coprime. We call C = F ∪G
a coprime partition of C. Given this coprime partition, we can factor p(λ) into

p(λ) = pF(λ) · pG(λ) (5.3)

where pF(λ) denotes the product of all the F-irreducible factors in p from F and
pG(λ) denotes the product of all the F-irreducible factors in p from G. We also
denote |p(λ)|F (resp. |p(λ)|G) as the number of F-irreducible factors from F (resp.
from G) in p(λ) counting repetitions.

Finally, given a matrix polynomial P (λ) = [aij(λ)], 1 ≤ i, j ≤ n over a field F
and a coprime partition F ∪ G of the set C of all the F-irreducible factors of all the
diagonal entries of P (λ), we define the diagonal factor-counting vector of P (λ)
with respect to F as the vector

dF(P ) := (|a11(λ)|F , . . . , |ann(λ)|F). (5.4)



5.3. UNIMODULAR TRANSFER LEMMA 135

Example 5.19. Let us consider the matrix polynomials P (λ) and Q(λ) over F = R
defined in Example 5.2 and consider the sets CP and CQ of all the R-irreducible
factors of the diagonal entries of P (λ) and Q(λ), respectively. Consider a coprime
partition FP1 ∪ FP2 of CP and a coprime partition FQ1 ∪ F

Q
2 of CQ, where FPi and

FQi are the sets that contain all the F-irreducible factors of the diagonal entries of P
and Q, respectively, that have degree i. Then, the diagonal factor-counting vectors
of these two matrix polynomials are:

dFP1 (P ) = (1, 2, 1, 2), dFP2 (P ) = (0, 1, 0, 0)

dFQ1
(Q) = (3, 0, 3, 4, 0, 4), dFQ2

(Q) = (0, 1, 0, 0, 0, 0)

Next we state the main result of this section. The proof given in [37] is included.

Lemma 5.20 (2× 2 Unimodular Transfer Lemma). Let

T (λ) =

[
p(λ) q(λ)

0 r(λ)

]
be a regular 2× 2 upper triangular matrix polynomial over an arbitrary field F. Let
F ∪G be any coprime partition of the set of all the F-irreducible factors in p(λ)r(λ).
Let m = |p|F , n = |r|F , so that dF(T ) = (m,n) and let us use the notation in
(5.3) for p(λ) and r(λ). Then, for any α, β ∈ N such that α + β = m + n and
min{m,n} ≤ α, β ≤ max{m,n}, there exists a regular upper triangular matrix

polynomial T̃ (λ) of the form

T̃ (λ) =

[
p̃F(λ) · pG(λ) q̃(λ)

0 r̃F(λ) · rG(λ)

]
(5.5)

with dF(T̃ ) = (α, β), such that T (λ) is unimodularly equivalent to T̃ (λ).

Proof. If m = n there is nothing to do, so assume that m 6= n. Let g(λ) :=
gcd
{
p(λ), q(λ), r(λ)

}
, and factor

p(λ) = g(λ) · p̂(λ) and r(λ) = g(λ) · r̂(λ) . (5.6)

Then the Smith form of T (λ) is clearly diag
(
g(λ), g(λ) p̂(λ) r̂(λ)

)
, so any T̃ (λ) that

we construct with this Smith form will be unimodularly equivalent to T (λ). Here is

how to construct such T̃ (λ) with the properties in the statement.
Begin by refining the factorizations of p and r in (5.6), in a way that is compatible

with the given coprime partition F ∪ G:

p(λ) = g(λ) · p̂(λ) =
(
gF (λ)gG (λ)

)
·
(
p̂F (λ)p̂G (λ)

)
=
(
gF (λ)p̂F (λ)

)
·
(
gG (λ)p̂G (λ)

)
= pF (λ) · pG (λ) (5.7)
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and

r(λ) = g(λ) · r̂(λ) =
(
gF (λ)gG (λ)

)
·
(
r̂F (λ)r̂G (λ)

)
=
(
gF (λ)r̂F (λ)

)
·
(
gG (λ)r̂G (λ)

)
= rF (λ) · rG (λ) (5.8)

Since we wish to leave pG (λ) and rG (λ) completely undisturbed in going from T (λ)

to T̃ (λ), and also to have g(λ) present in both diagonal entries of T̃ in order to
preserve the Smith form, this means that the only room for maneuvering is with the
factors in p̂F (λ) and r̂F (λ). So let a(λ) and b(λ) be any two polynomials (including
possibly a ≡ 1 or b ≡ 1) over F such that

a(λ) · b(λ) = p̂F (λ) · r̂F (λ) , (5.9)

and consider the matrix polynomial

T̃ (λ) =

[
gF (λ)a(λ) · pG (λ) g(λ)

0 gF (λ)b(λ) · rG (λ)

]
(5.10)

=

[
g(λ) · a(λ)p̂G (λ) g(λ)

0 g(λ) · b(λ)r̂G (λ)

]
(5.11)

of the form in (5.5) with p̃F (λ) = gF (λ)a(λ), q̃(λ) = g(λ), and r̃F (λ) = gF (λ)b(λ).

Then clearly the gcd of the entries of T̃ (λ) is g(λ), so the Smith form of T̃ (λ) is

diag
(
g(λ), g(λ)

[
a(λ)b(λ)

]
·
[
p̂G (λ)r̂G (λ)

])
= diag

(
g(λ), g(λ)

[
p̂F (λ)r̂F (λ)

]
·
[
p̂G (λ)r̂G (λ)

])
= diag

(
g(λ), g(λ)p̂(λ)r̂(λ)

)
,

which is identical to the Smith form of T (λ). Thus for any choice of a(λ) and b(λ)

in (5.9), we have T̃ (λ) ∼ T (λ). Letting δ = | g(λ) |F , we see that the diagonal

factor-counting vector dF (T̃ ) for T̃ (λ) in (5.10) can be (α, β) for any α+β = m+n
with δ ≤ α, β ≤ m+ n− δ. Since

δ ≤ min(m,n) ≤ max(m,n) ≤ m+ n− δ ,

any (α, β) pair given in the statement of the lemma is always achievable for dF (T̃ ).

Remark 5.21. Lemma 5.20 shows that we can always unimodularly “transfer”
irreducible factors that belong to the subset F between the diagonal entries p(λ)
and r(λ) while maintaining triangularity, but without disturbing any of the factors
that belong to the complementary subset G.

In Section 5.4 we will apply the following corollary of the Unimodular Transfer
Lemma to adjacent entries of an n× n triangular matrix polynomial. In Corollary
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5.22, C is the set of all the F-irreducible factors of the diagonal entries of an upper
triangular matrix polynomial. Moreover, C is partitioned into more than two subsets,
including each of these subsets all the elements of C with the same degree. Then, as
in the case of a partition into two disjoint subsets, the subsets contain polynomials
that are pairwise coprime, so we also call this partition a coprime partition.

Corollary 5.22. Let T (λ) be an n × n upper triangular matrix polynomial, let C
be the set of all the F-irreducible factors of the diagonal entries of T (λ) and let k
be the largest degree of these factors. Let F1 ∪ · · · ∪ Fk be a coprime partition of C,
where Fi is the set of all the F-irreducible factors of degree i. Then, for any list of
vectors v1, . . . ,vk such that vi is a homogenized version of dFi(T ), there exists an

n× n upper triangular matrix polynomial T̃ (λ) such that

1. T̃ (λ) is unimodularly equivalent to T (λ)

2. dFi(T̃ ) = vi, i = 1 : k.

Proof. Let i be an index between 1 and k. Since vi is a homogenized version of
dFi(T ), vi can be obtained from dFi(T ) after a finite sequence of interchanges and
compressions (Lemma 5.18). Each of these operations can be implemented as uni-
modular transformations on T (λ) using the Unimodular Transfer Lemma and trans-
formations of the form (5.1). More precisely, following that sequence, assume we
need to do an interchange or a compression in the entries j and j+1 (1 ≤ j ≤ n−1)
of dFi(T ). Let

Tjj(λ) = p(λ), Tj,j+1(λ) = q(λ), Tj+1,j(λ) = 0, Tj+1,j+1(λ) = r(λ),

and let m = |p(λ)|Fi , n = |r(λ)|Fi . We want to obtain a matrix T̃ (λ) ∼ T (λ) such
that

T̃jj(λ) = p̃(λ), T̃j,j+1(λ) = q̃(λ), T̃j+1,j(λ) = 0, T̃j+1,j+1(λ) = r̃(λ)

with |p̃(λ)|Fi = α, |r̃(λ)|Fi = β where
α = n and β = m

if an interchange

is being implemented

α + β = m+ n,min{m,n} ≤ α, β ≤ max{m,n} if a compression

is being implemented

Then, to obtain T̃ (λ) such that dFi(T̃ ) is the result of performing the desired inter-
change or compression in the entries j and j + 1 of dFi(T ), we can use embedded
unimodular transformations of the form (5.1) with U(λ) and V (λ) of the form (5.2),
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where t = j − 1 and W (λ) and Z(λ) are 2× 2 unimodular matrix polynomials such
that

W (λ)

[
p(λ) q(λ)

0 r(λ)

]
Z(λ) =

[
p̃(λ) q̃(λ)

0 r̃(λ)

]
.

The existence of W (λ) and Z(λ) is granted by the Unimodular Transfer Lemma, so
we can apply this process for every interchange and compression needed to homoge-
nize dFi(T ). Since the application of this lemma does not affect the polynomials in
the diagonal entries of T (λ) of degree different from i, this process can be repeated

for each i, obtaining the desired T̃ (λ).

5.4 First step of the proof of Theorem 5.8: Un-

diagonalizing S(λ)

Now we have introduced all the necessary technical results, we can start with
the proof of Theorem 5.8. Our initial datum is a list of m invariant polyno-
mials s1(λ), . . . , sm(λ) over a field F (i.e., polynomials that form a divisibility chain
s1(λ)| · · · |sm(λ)) such that the sum of their degrees is nd for any n, d ∈ N such that,
n ≥ m. Then, we display these polynomials as an n× n Smith form (the remaining
n − m diagonal entries will be polynomials equal to 1). If we consider the list of
F-irreducible factors in s1(λ), . . . , sm(λ), let k be the largest degree of these factors.
Our first goal is to “spread out” these irreducible factors along the diagonal so that
the difference between the degrees of any two diagonal entries is at most k. The
cost of “spreading out” these irreducible factors is that we trade the Smith diagonal
form for an upper triangular matrix polynomial that is unimodularly equivalent to
it.

Let us state now the main result of this section.

Lemma 5.23. Suppose a list of m nontrivial invariant polynomials s1(λ), . . . , sm(λ)
over an arbitrary field F is given. Let σ :=

∑m
i=1 deg

(
si(λ)

)
, and define k to be the

maximum degree among all of the F-irreducible factors of the invariant polynomials
si(λ) for i = 1, . . . ,m. Then for any choice of nonzero d, n ∈ N such that n ≥ m
and dn = σ, there exists an n × n upper triangular matrix polynomial T (λ) over F
that has exactly the given nontrivial invariant polynomials s1(λ), . . . , sm(λ), n −m
trivial invariant polynomials equal to 1 and has diagonal degrees that differ from
each other by at most k (equivalently, there is an interval of the form

[
j, j+k

]
that

contains d and all of the diagonal degrees of T (λ)).
In addition, if desired one can also arrange that each off-diagonal degree deg tij(λ) is
strictly less than the degrees of both of the corresponding diagonal degrees deg tii(λ)
and deg tjj(λ).

To prove this result, we will need the next auxiliary lemma that will use the
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concept of diagonal factor-counting vector, introduced in (5.4), and already used in
Corollary 5.22.

Lemma 5.24. Over an arbitrary field F, let C be a finite list of F-irreducible scalar
polynomials (including potential repetitions) of degree less than or equal to k and let
n be a positive integer. Then, there exists an n×n diagonal matrix polynomial D(λ)
whose diagonal entries are either a product of elements of C or 1, each factor of C
is a factor of a diagonal entry of D(λ) and such that the nonnegative difference in
the degrees of any two diagonal entries is less than or equal to k. In addition, if we
consider a coprime partition of the set formed by all the elements of C, F1∪· · ·∪Fk,
with Fi containing all the F-irreducible degree i factors of C for each i = 1, . . . , k,
then dFi(D) is 1-homogeneous.

Proof. We can assume that n divides m = |C| with quotient q + 1. Otherwise, let
m̃ = |C| and divide n into m̃ to get m̃ = (q + 1)n + r with r < n. Now add
exactly n− r copies of the constant polynomial 1 to C so that there are now exactly
m = (q+ 1)n entries in the new list, which contains now constant polynomials. Any
grouping of this set padded with 1’s into products satisfying the lemma gives an
equivalent grouping of C.

Enumerate the elements of C so that the sequence of degrees is decreasing. That
is, let C = (a1, a2, . . . , am) where deg a` ≥ deg a`+1 for every ` = 1, 2, . . . ,m − 1.
Now, partition C into groups of n polynomials by

C0 = (a1, a2, . . . , an)

C1 = (an+1, an+2, . . . , a2n)

...

C` = (a`n+1, a`n+2, . . . , a`n+n)

...

Cq = (aqn+1, aqn+2, . . . , am),

and define t` = deg a`n+1 − deg a`n+n for each ` = 0, 1, . . . , q, that is, t` is the
difference between the degrees of the first and the last entries of C`. Since the
degrees decrease from left to right in each C`, t` ≥ 0. Notice that

q∑
i=0

ti = (deg a1 − deg an) + (deg an+1 − deg a2n) + · · ·+ (deg aqn+1 − deg a(q+1)n)

= deg a1 − deg am − [(deg an − deg an+1) + · · ·+ (deg aqn − deg aqn+1)] .

Since deg a1 ≤ k and the sum in the brackets above is non-negative (due to C being
ordered by decreasing degrees), we have that

t0 + t1 + · · ·+ tq ≤ k.
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Now we can form the n×n diagonal matrix D(λ) announced in the statement of
the lemma. Let djj =

∏q
i=0 ain+j for each j = 1, 2, . . . , n; that is, djj is the product of

the jth elements of each Ci. Since deg ain+j ≥ deg ain+j+1 for each j = 1, 2, . . . , n− 1
and since degree is additive with respect to products, deg djj ≥ deg dj+1,j+1 for each
j. In other words, the entries d11, d22, . . . , dnn are in decreasing degree order. Thus,
the maximum degree difference between any two djj’s is deg d11−deg dnn. Consider
the following:

deg d11 − deg dnn = (deg a1 + · · ·+ deg aqn+1)− (deg an + · · ·+ deg a(q+1)n)

= (deg a1 − deg an) + · · ·+ (deg aqn+1 − deg a(q+1)n)

= t0 + t1 + · · ·+ tq ≤ k.

This shows that the maximum possible degree difference between any two of the
djj’s is at most k, proving the first assertion of the lemma.

To prove the second part of the statement, let Fi be the subset of all the F-
irreducible factors of the entries of D(λ) with degree i, i = 1 : k. Now we must
prove that, for every i = 1 : k, dFi(D(λ)) is 1-homogeneous. Let us go back to the
lists C`, 0 ≤ ` ≤ q and look for the factors of degree i.

Suppose all the factors of degree i are in the same Cα. Then, all the djj’s, 1 ≤
j ≤ n have 1 or 0 F-irreducible factors of degree i and dFi(D(λ)) is 1-homogeneous.

Otherwise, assume the factors of degree i appear in more than one C`. Because
of how the C`’s were constructed from C, we know that in the first Cα they appear,
all the aj’s at the right of the first one (if there is any) have degree i; in the last
Cβ (with β > α) that they appear, all the aj’s at the left of the last one (if there is
any) have degree i. Let us build dFi(D(λ)). Every C` for α < ` < β contains only
degree-i irreducible factors. Then, they all will contribute exactly β−α− 1 to each
entry of dFi(D(λ)). So far we have

dFi(D(λ)) ≥ (β − α− 1, β − α− 1, . . . , β − α− 1︸ ︷︷ ︸
n

),

where the inequality has to be understood entrywise.
Now the degree-i factors from Cα will contribute a +1 to the last j1 ≥ 0 entries

of dFi(D(λ)). Then, we have

dFi(D(λ)) ≥ (β − α− 1, . . . , β − α− 1,

j1︷ ︸︸ ︷
β − α, . . . , β − α︸ ︷︷ ︸

n

).

The degree-i factors from Cβ will contribute +1 to the first j2 entries of dFi(D(λ)),
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but this can happen in any of the following three ways:

dFi(D) = (β − α, . . . , β − α︸ ︷︷ ︸
j2

, β − α− 1, . . . , β − α− 1,

j1︷ ︸︸ ︷
β − α, . . . , β − α

︸ ︷︷ ︸
n

),

dFi(D) = (β − α, . . . , β − α︸ ︷︷ ︸
j2

,

j1︷ ︸︸ ︷
β − α, . . . , β − α

︸ ︷︷ ︸
n

),

dFi(D) = (︸ ︷︷ ︸
j2

β − α, . . . , β − α,
j1︷ ︸︸ ︷

β − α + 1, . . . , β − α + 1, β − α, . . . , β − α

︸ ︷︷ ︸
n

),

where the last case includes the situation j1 = j2 = n and all the entries of dFi(D)
are equal to β − α + 1.

In all three cases, the result is 1-homogeneous (indeed, dFi(D) is 0-homogeneous
in the second case). Then, dFi(D) is 1-homogeneous for every i = 1, . . . , k and the
second part of the statement holds.

Now we can prove the main result of this section.

Proof. (Lemma 5.23) Let C be the list of all the irreducible factors of the invariant
polynomials s1(λ), . . . , sm(λ), i.e., counted with repetitions. If we apply Lemma 5.24
to C, we obtain an n×n diagonal matrix polynomial D(λ) such that the nonnegative
difference between the degrees of any two diagonal entries is less than or equal to k
and such that dFi(D) is 1-homogeneous for every i = 1 : k, where Fi is the set of
all the F-irreducible polynomials in C of degree i.

Let us add n−m 1’s to the list of invariant polynomials s1(λ), . . . , sm(λ) and con-
sider the n × n diagonal matrix polynomial S(λ) = diag[1, . . . , 1, s1(λ), . . . , sm(λ)].
For each i, 1 ≤ i ≤ k, dFi(D) is a homogenized version of dFi(S) since the F-
irreducible factors of degree i in S(λ) and D(λ) are the same and dFi(D) is 1-
homogeneous.

Then, applying Corollary 5.22 to S(λ), there exists an n × n upper triangular
matrix polynomial T (λ) such that T (λ) is unimodularly equivalent to S(λ) and
dFi(T ) = dFi(D) ∀ i = 1 : k. Since the difference between the degrees of two
diagonal entries of D(λ) is less than or equal to k, the difference between the degrees
of two diagonal entries of T (λ) is also less than or equal to k.

To achieve that the degrees of the off-diagonal entries tij(λ), 1 ≤ i < j ≤ n
are strictly less than both of the corresponding diagonal degrees deg(tii(λ)) and
deg(tjj(λ)), we will apply Lemma 5.15 with ni = 1 for all i.
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5.5 Second step of the proof of Theorem 5.8: Un-

triangularizing T (λ)

The next step to prove Theorem 5.8 is to show that we can turn the upper triangular
matrix polynomial T (λ) obtained in Lemma 5.23 into a unimodularly equivalent k-
quasi-triangular matrix polynomial such that each diagonal block has degree d. In
order to do this, we will apply unimodular transformations to reorder the diagonal
entries of T (λ) and, then, to triangular blocks of the “reordered” T (λ) such that
the average degree of the diagonal entries of each block is d. The result of these
transformations will be (not-necessarily triangular) blocks of degree d. The existence
of these latter unimodular transformations is guaranteed by Theorem 2.30. To assure
the existence of the initial reordering leading to triangular blocks with the required
degree properties, we will prove the next result.

Lemma 5.25 (Homogeneous Partitioning Lemma). Let L = (n1, n2, . . . , nm) be a
list of m > k integers taking values in the closed interval [ j, j + k ] for any j ≥ 0,
such that the average value of the entries in L is M ∈ N. Then L can be partitioned
into sublists S1,S2, . . . ,S` such that the number of entries in each Si does not exceed
k, and the average value of the entries in each sublist is M .

To prove this result, we need another lemma characterizing the solution set of a
certain diophantine equation in two variables.

Lemma 5.26. Let a and b be positive integers, with d := gcd{a, b}. Then the set of
integer solutions (x, y) of the equation ax = by consists of all the integer multiples

of the pair (̃b, ã), where ã = a/d and b̃ = b/d.

Proof. We can immediately reduce to the equation ãx = b̃y, which has exactly the
same solution set as ax = by. Since ã and b̃ are relatively prime, it must be true
that ã|y and b̃|x. Letting x = b̃k and y = ã`, then ãb̃k = b̃ã` implies that k = `.

Thus the solutions of ãx = b̃y (and hence also of ax = by) are exactly the integer

multiples of (̃b, ã).

We are now in a position to prove the Homogeneous Partitioning Lemma.

Proof. (of Lemma 5.25)
Without loss of generality, we can assume j = 0. Otherwise, we consider a

translate of the list with entries (n1 − j, . . . , nm − j) that range from 0 to k, and
with average M − j; once the sublists are obtained, we add j to every entry and
obtain a partition of the original list.

Let us consider now a translate of the list L, i.e.,

L̂ = (ñ1, ñ2, . . . , ñm)
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with entries ñi = ni −M ranging from −M up to k −M , and an average value
of 0 for the entries in L̂. This modifies the goal slightly. We are now looking to
partition L̂ into sublists of no more than k entries each, such that the sum of the
entries of each sublist Ŝi is zero. Here is an algorithm to obtain such a partition,
which proceeds by splitting off appropriate sublists Ŝ1, Ŝ2, . . . , one at a time. The
remaining entries that are still to be partitioned are then denoted by L̂1, L̂2, . . . , L̂µ,

where L̂i+1 = L̂i \ Ŝi. Note that since L̂ and each partitioned sublist Ŝi has zero

sum, the same is true for each sublist L̂i.
Algorithm (to partition L̂ )

Initialize by setting L̂1 = L̂.

F Examine the current L̂µ to see if it has k or fewer elements. If so, then we

are done: Ŝ1, Ŝ2, . . . , Ŝµ with Ŝµ = L̂µ is the desired partition of L̂. If L̂µ has

more than k elements, then check whether there is some entry ñi1 ∈ L̂µ such that

−M < ñi1 < k −M . If so, then proceed with L̂µ to A ; otherwise go to B .

A : (there is some entry ñi1 ∈ L̂µ such that −M < ñi1 < k −M)

If ñi1 = 0, then split it off as a singleton sublist Ŝµ = (ñi1), set µ = µ+1,
and continue the partitioning process at F with the updated shorter
list of remaining entries L̂µ = L̂µ−1 \ Ŝµ−1.

If ñi1 6= 0, begin building the sublist Ŝµ = (ñi1 , ñi2 , . . . ), along with
the partial sums {si} given by s1 = ñi1 and sj+1 = sj + ñij+1

; here

the numbers ñij+1
are chosen so that ñij+1

∈ L̂µ \ (ñi1 , ñi2 , . . . , ñij) and

sgn(nij+1
) = − sgn(sj). Terminate the process of extending Ŝµ when one

of the following happens:

(a) sj = 0 or

(b) sj = sp for p < j.

Observe that the extension process must terminate after at most k − 1
steps. If sj 6= 0 for all 1 ≤ j ≤ k−1, then there are k−1 of these partial
sums sj taking only the k − 2 different values in

{
−M + 1, . . . ,−1

}
∪{

1, . . . , k − M − 1
}

. Thus by the pigeonhole principle there must be
some 1 ≤ p < j ≤ k − 1 such that sj = sp.

(Note: having only k−2 different possible values for sj, more specifically,
having that sj is never equal to either −M or k −M , is a consequence
of the condition sgn(nij+1

) = − sgn(sj) for choosing nij+1
. From this it

follows that −M < sj−1 < k −M ⇒ −M < sj < k −M .)

If case (a) occurs, partition off the whole sublist Ŝµ = (ñi1 , ñi2 , . . . , ñij),

with sum zero and j ≤ k−1 entries in Ŝµ. But in case (b), split off instead
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the truncated sublist Ŝµ := (ñip+1 , ñip+2 , . . . , ñij), with sum sj − sp = 0

and j − p ≤ k − 2 entries in Ŝµ. Then, set µ = µ + 1 and return to F
with the updated shorter list of remaining entries L̂µ = L̂µ−1 \ Ŝµ−1, and
continue the partitioning process.

B : (there is no entry ñi1 ∈ L̂µ such that −M < ñi1 < k −M)

In this case every ñi in L̂µ has value either −M or k −M . Letting α
be the number of ñi’s with value −M , and β the number of ñi’s with
value k − M , then we have αM = β(k − M). By Lemma 5.26, the
only possible integer solutions (α, β) are integer multiples of

(
k−M
d
, M
d

)
,

where d := gcd{M,k −M}. Thus we can immediately partition all of

L̂µ into multiple sublists, each consisting of k−M
d

copies of −M and M
d

copies of k−M . Note that each such sublist has k
d
≤ k entries in total,

and so completes the partitioning of L̂.

End of Algorithm to partition L̂.

Once L̂ has been partitioned into Ŝ1, Ŝ2, . . . , Ŝ`, translate this partition back into
a partition of L by adding M to every entry.

Now, we have all the tools necessary to prove Theorem 5.8.

Proof. (Theorem 5.8) If we apply Lemma 5.23 to s1(λ), . . . , sm(λ) we obtain an
n × n triangular matrix polynomial T (λ) that has s1(λ), . . . , sm(λ) as non-trivial
invariant polynomials, n−m trivial invariant polynomials equal to 1 and such that
the degrees of the diagonal entries tii(λ) of T (λ) differ from each other by at most
k. Let us check that the average degree of the diagonal entries of T (λ) is d:∑n

i=1 deg(tii(λ))

n
=

∑m
i=1 deg(si(λ))

n
=
σ

n
= d,

where the first equality follows from the fact that the determinant of a regular matrix
polynomial is a constant times the product of its invariant polynomials.

If k ≥ n, then there is no need to partition T (λ) into blocks in the following
arguments. Otherwise, if n > k, then we can apply the Homogeneous Partitioning
Lemma to the list made of the degrees of the diagonal entries of T (λ) in order to
obtain sublists S1, . . . ,S` such that each one of them has average d and size less
than or equal to k. Therefore, we can reorder the diagonal entries of T (λ) to form
` groups of size at most k and such that the average degree of the entries of each
group is d. More precisely, the degrees of the entries of the group i will be the
elements of Si, 1 ≤ i ≤ `. The interchanges needed in order to obtain a matrix T̃ (λ)
unimodularly equivalent to T (λ) with the reordered version of diag(T ) as diagonal
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will be achieved using unimodular transformations of the form (5.1), where U(λ)
and V (λ) are of the form (5.2) with W (λ) and Z(λ) such that

W (λ)

[
p(λ) q(λ)

0 r(λ)

]
Z(λ) =

[
r(λ) q(λ)

0 p(λ)

]
.

The existence of W (λ) and Z(λ) can be guaranteed by the simple argument that the

2 × 2 matrices

[
p(λ) q(λ)

0 r(λ)

]
and

[
r(λ) q(λ)

0 p(λ)

]
have the same greatest common

divisors of their entries and 2× 2 minors, and, consequently the same Smith form.
From now on, we consider the diagonal of T̃ (λ) partitioned into ` diagonal blocks

according to the groups in the diagonal described above. Since each diagonal block
of T̃ (λ) has size at most k×k and diagonal average degree d, we can apply Theorem
2.30 to the invariant polynomials of each of these diagonal blocks and obtain a k-
quasi-triangular matrix Q(λ). More precisely, let T̃ii(λ), i = 1 : ` be a diagonal

block of size ni×ni, ni ≤ k. Since deg(det(T̃ii(λ))) = dni, then, if pi1(λ), . . . , pini (λ)

are the invariant polynomials of T̃ii(λ),
∑ni

j=1 deg(pij(λ)) = dni. Applying Theorem
2.30 to this list, we obtain an ni × ni regular matrix polynomial Qii(λ) with rank
ni, degree d and without infinite eigenvalues that is unimodularly equivalent to
T̃ii(λ). Moreover, Qii(λ) has a nonsingular coefficient Q

(d)
ii of degree d since it has

not infinite eigenvalues; therefore, it is strictly regular. If we apply this process
to all the diagonal blocks T̃ii(λ), and the corresponding block diagonal unimodular

transformations to T̃ (λ), then we obtain a k-quasi-triangular matrix polynomial
Q(λ) where the diagonal blocks are Qii(λ), i = 1 : `, each of one with degree d and
strictly regular.

The last part of the proof consists in applying Lemma 5.15 to Q(λ) so the degrees
of the entries of the off-diagonal blocks will be strictly less than d.

5.6 Proof of Theorem 5.10

To prove Theorem 5.10 we will follow the same technique used in the proof of
Theorem 2.30 in [31]: we will convert the problem to one without infinite elementary
divisors via a Möbius transformation. Once there is no infinite elementary divisors,
Theorem 5.8 can be applied to this new finite spectral structure in order to obtain
the k-quasi-triangular matrix polynomial Q(λ). In order to recover the original
spectral structure, the inverse Möbius transformation will be applied to Q(λ).

Proof. (Theorem 5.10) Let {λ1, . . . , λs} ⊆ F be the union of the sets of roots of
s1(λ), . . . , sm(λ) such that λi 6= λj if i 6= j. Consider

{s̃1(λ), . . . , s̃n(λ)} = {1, . . . , 1︸ ︷︷ ︸
n−m

, s1(λ), . . . , sm(λ)},
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and
{α̃1, . . . , α̃n} = {0, . . . , 0︸ ︷︷ ︸

n−`

, α1, . . . , α`}

Let us factorize the polynomials s̃i(λ):

s̃i(λ) = (λ− λ1)δi(λ1) · · · (λ− λs)δi(λs), i = 1 : n

where some δi(λj) may be zero. Since si(ω) 6= 0, i = 1 : m, then ω 6= λi for i = 1 : s.

Then, let Ã =

[
ω 1
1 0

]
, and define the polynomials

qi(λ) :=
λα̃i

s̃i(ω)
MÃ(s̃i)(λ) = λα̃i

(
λ− 1

λ1 − ω

)δi(λ1)

· · ·
(
λ− 1

λs − ω

)δi(λs)
, i = 1 : n

that form a list of invariant polynomials with coefficients in F (see [31, p. 319]).
Note that the Möbius transformation MÃ(s̃i) assumes that the grade of s̃i(λ) is
equal to its degree. If s̃i(λ) = 1 and α̃i > 0, qi(λ) only have one F-irreducible
factor, which is λ, of degree 1. Otherwise, either qi(λ) does not have F-irreducible
factors or the maximum degree among all of the F-irreducible factors of qi(λ) will
be the maximum degree of the F-irreducible factors of MÃ(s̃i)(λ) (the degree of the
remaining F-irreducible factor, if there is any, is 1). Let us check that the maximum
degree of the F-irreducible factors of MÃ(s̃i)(λ) is equal to the maximum degree of
the F-irreducible factors of s̃i(λ) distinguishing three cases:

� If s̃i(λ) = 1, MÃ(s̃i)(λ) = 1 and MÃ(s̃i) does not have F-irreducible factors
(just as s̃i(λ)).

� If s̃i(λ) is F-irreducible, applying Lemma 5.14 taking into account that s̃i(ω) 6=
0, MÃ(s̃i)(λ) is F-irreducible and has the same degree as s̃i(λ).

� If s̃i(λ) is not F-irreducible, we can express it as the product of F-irreducible
factors, not necessarily distinct,

s̃i(λ) = s̃1
i (λ) · · · s̃ri (λ)

and applying MÃ,

MÃ(s̃i)(λ) = MÃ(s̃1
i )(λ) · · ·MÃ(s̃ri )(λ),

where the equality follows from Lemma 5.13(1.). Applying Lemma 5.14, taking
into account that s̃ji (ω) 6= 0 because s̃i(ω) 6= 0, for every j = 1 : r, MÃ(s̃ji ) is

F-irreducible and have the same degree as s̃ji (λ).
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Therefore, if qi(λ) has any F-irreducible factor, the maximum degree among all
of the F-irreducible factors of qi(λ) is either 1 (if s̃i(λ) = 1 and α̃i > 0) or the
maximum degree of the F-irreducible factors of MÃ(s̃i)(λ). Then, the maximum
degree among all of the F-irreducible factors of all the invariant polynomials qi(λ)
for i = 1 : n is k. Furthermore, g follows the relation gn =

∑m
i=1 deg(qi(λ)).

Hence, we can apply Theorem 5.8 to the list of invariant polynomials qi(λ) and

obtain an n× n matrix polynomial Q̃(λ) of degree g that is k-quasi-triangular and
has q1(λ), . . . , qn(λ) as invariant polynomials and no infinite eigenvalues.

Since Q̃(λ) has the properties of Pω(λ) in Lemma 5.11, we can apply the Möbius

transformation MA with A =

[
0 1
1 −ω

]
to Q̃(λ) and obtain a matrix polynomial

Q(λ) := MA(Q̃)(λ) such that

(a) gn =
∑n

i=1(deg(qi(λ))) =
∑n

i=1(deg(s̃i(λ))+α̃i) =
∑m

i=1(deg(si(λ)))+
∑`

i=1 αi.

(b) Since Möbius transformations do not alter the block-structure of matrix poly-
nomials, Q(λ) is also k-quasi-triangular.

And applying Lemma 5.11

(c) Q(λ) has grade g and is regular. In addition, if n > `, λ = 0 has less than n

associated elementary divisors in Q̃(λ). Then, Q(λ) has degree d.

(d) Q(λ) has as infinite elementary divisors µα1 , . . . , µα` .

(e) Since the partial multiplicity sequence of λj is equal to the partial multiplic-
ity sequence of 1/(λj − ω), the nontrivial invariant polynomials of Q(λ) are
s1(λ), . . . , sm(λ).
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Chapter 6

Van Dooren’s index sum theorem
and rational matrices with
prescribed structural data

As announced in Section 1.4, the aim of this chapter is to realize a rational matrix
that fulfills a complete list of structural data, that is, a list of finite and infinite
zeros and poles, their structural indices and the left and right minimal indices. We
prove that this realization can be achieved if and only if the prescribed structural
data satisfy a fundamental relation.

The results that appear in this chapter are original contributions of the author.

6.1 Van Dooren’s index sum theorem revisited

Van Dooren’s index sum theorem was briefly described in Theorem 2.53 in Chapter
2. In this section we study such result in depth.

This section has two parts. First, a new proof of Van Dooren’s index sum theorem
is provided, which in contrast to previous proofs is valid for rational matrices over
arbitrary fields. The second part, in Subsection 6.1.2, has a historical nature and
is not essential for understanding the rest of the sections, but it contains some
interesting information on this very fundamental result.

6.1.1 A new proof of Van Dooren’s rational index sum the-
orem

The first proof of Van Dooren’s index sum theorem can be found in [100, Proposition
5.10] and [104, Theorem 3]; a different proof can be found in [61, Theorem 6.5-11].
These proofs are briefly discussed in Subsection 6.1.2; for now we only emphasize
that both proofs assume that F = C, although they can be extended with some

149
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effort to arbitrary fields. In this section, we offer a proof based on Theorem 2.28
that is valid in arbitrary fields. In order to see that our argument is not “circular”,
the main steps of the proof of Theorem 2.28 provided in [28, Theorem 6.5] are now
summarized:

1. the relation between the structural data of any matrix polynomial P (λ) and
the structural data of its first Frobenius companion form C1(λ) is established
in [28, Theorem 5.3];

2. Theorem 2.28 is proved for pencils in [28, Lemma 6.3] via the “partial Kro-
necker form” valid in arbitrary fields. This form is obtained via strict equi-
valence, and is the direct sum of a regular pencil and a completely singular
pencil comprised of the classical Kronecker singular blocks;

3. the results in steps (1.) and (2.) are combined in [28, Theorem 6.5] to prove
Theorem 2.28 by counting the rank of C1(λ) in two different ways.

Next, we state and prove Van Dooren’s index sum theorem over arbitrary fields (it
was introduced in Theorem 2.53). Recall that the total numbers of poles and zeros
of a rational matrix were introduced in Definition 2.47 (see also Remark 2.48).

Theorem 6.1 (Van Dooren’s Rational Index Sum Theorem). Let R(λ) be a rational
matrix over an arbitrary field F. Let δp(R) and δz(R) be the total number of poles
and zeros, respectively, of R(λ), and let µ(R) be the sum of the left and right minimal
indices of R(λ). Then

δp(R) = δz(R) + µ(R) . (6.1)

Proof. Let us assume that R(λ) ∈ F(λ)m×n has rank r, that the Smith-McMillan
form of R(λ) is given by D(λ) in (2.8), that the structural index sequence of R(λ)
at infinity (see Definition 2.43) is S(R,∞) = (q1, . . . , qr), and that the left and
right minimal indices of R(λ) are, respectively, η1, . . . , ηm−r and γ1, . . . , γn−r. The
divisibility properties of the denominators of the entries of D(λ) imply that P (λ) :=
ψ1(λ)R(λ) ∈ F[λ]m×n is a matrix polynomial, which by Lemma 2.41 has Smith form

ψ1(λ)D(λ) = diag
(
ψ1(λ) ε1(λ)

ψ1(λ)
, . . . , ψ1(λ) εr(λ)

ψr(λ)

)
⊕0(m−r)×(n−r); see also Remark 2.42.

The proof of (6.1) now proceeds by applying the polynomial index sum theorem
(i.e., Theorem 2.28) to P (λ), then obtaining (6.1) by using the relationship between
the structural data of P (λ) and R(λ). The relationship between the finite structures
of P (λ) and R(λ) has already been established in Lemma 2.41. It is also clear that
rank(P (λ)) = rank(R(λ)), and that the minimal indices of P (λ) and R(λ) are iden-
tical, since ψ1(λ) is just a nonzero scalar in the field F(λ). The relationship between
the structural index sequence S(R,∞) = (q1, . . . , qr) and the partial multiplicity
sequence J (P,∞) can be found by starting from

P
(

1
λ

)
:= ψ1

(
1
λ

)
R
(

1
λ

)
. (6.2)
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Applying Lemma 2.44 to r(λ) = ψ1(λ) shows that S(ψ1

(
1
λ

)
, 0) = − deg(ψ1). From

Lemma 2.41 applied to (6.2) we can now conclude that

S(P,∞) = S
(
P
(

1
λ

)
, 0
)

=
(
q1 − deg(ψ1) , . . . , qr − deg(ψ1)

)
.

Letting k to be the grade of P , Proposition 2.46 then yields

J (P,∞) =
(
q1 − deg(ψ1) + k , . . . , qr − deg(ψ1) + k

)
. (6.3)

Assembling all this information, the polynomial index sum theorem applied to P (λ)
now gives

k r =
r∑
j=1

(
deg(ψ1) + deg(εj)− deg(ψj)

)
+

r∑
j=1

(
qj − deg(ψ1) + k

)
+

m−r∑
j=1

ηj +
n−r∑
j=1

γj .

Some simple rearrangements and cancellations now transform this into r∑
j=1

deg(ψj)−
∑
qj<0

qj

 =

 r∑
j=1

deg(εj) +
∑
qj>0

qj

+
m−r∑
j=1

ηj +
n−r∑
j=1

γj . (6.4)

In light of (2.19), we see that (6.4) is precisely (6.1).

Remark 6.2. The proof of Theorem 6.1 just given proceeds very much in the
same spirit as the original proof of the Smith-McMillan form of a rational matrix
given by McMillan in [74, 75] (see also [61, p. 443]); both proofs first reduce the
rational problem to a “polynomial problem”, then leverage known results about
matrix polynomials before converting back to rational matrices. As discussed in
Subsection 6.1.2, other proofs of Van Dooren’s index sum theorem available in the
literature follow different paths, that by contrast might informally be termed “in-
trinsically rational”. In this context, it is interesting to observe that there also exist
in the literature “intrinsically rational” proofs of the Smith-McMillan form as, for
instance, the one presented in [103, p. 10].

Example 6.3. The results in Examples 2.49 and 2.50 allow us to check immediately
that the matrix R(λ) in Example 2.40 satisfies (6.1).

Remark 6.4. It is worth mentioning here the following way to formulate the rational
index sum theorem. Re-arrange (6.1) to the form δz(R) − δp(R) + µ(R) = 0, and
recall that δp(R) from Definition 2.47 is minus the sum of all the negative structural
indices. Then this form of the rational index sum theorem simply says that the sum
of all the indices (minimal and structural, positive and negative, finite and infinite,
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over all λ0 ∈ F ∪ {∞}) is zero for any rational matrix. This is, in our opinion, a
very elegant formulation of the index sum theorem. Observe that, with the notation
in (6.4) and (2.19), this formulation is equivalent to

r∑
j=1

deg(εj)−
r∑
j=1

deg(ψj) +
r∑
j=1

qj +
m−r∑
j=1

ηj +
n−r∑
j=1

γj = 0. (6.5)

6.1.2 History of Van Dooren’s index sum theorem and its
relation with the polynomial index sum theorem

The rational and polynomial index sum theorems have a rather curious history. In
the first place, they seem to have completely ignored each other until only recently,
when the polynomial index sum theorem was finally recognized to be a corollary of
the rational index sum theorem in [31, Remark 3.2]1. This “mutual ignorance” is
probably related to two facts:

(a) each index sum theorem uses a different definition of structure at infinity,
as Proposition 2.46 illustrates, which may have created a certain amount of
confusion;

(b) the statements of these results are very different from one another: Theo-
rem 2.28 explicitly displays the rank and degree of the matrix polynomial,
while in Theorem 6.1 there is no explicit reference to either the rank of the
rational matrix, or to any degree associated with the rational matrix.

Connected to these facts, we also emphasize that the original proofs of these two
index sum theorems have completely different flavors and use rather different tech-
niques.

Secondly, both index sum theorems seem to have remained unnoticed by many
researchers, which is surprising, since they establish basic relationships between the
structural data of rational matrices and matrix polynomials that are at the same
level of fundamentalness as the rank-nullity theorem.

As far as we know, the first published index sum theorem is the rational index
sum theorem stated and proved in [104, Theorem 3], a paper published in 1979 but
submitted in 1978. The authors of [104] wrote on page 241 the following footnote
concerning the rational index sum theorem “First obtained, in a slightly different
way, by Van Dooren in earlier unpublished research”; this is the reason we have
referred to this theorem as “Van Dooren’s Index Sum Theorem”. The same result
appears as Proposition 5.10 in the thesis [100], with the same proof as in [104],

1This nice connection was pointed out to the authors of [31] by an anonymous referee. During
the ALAMA Meeting held in Alicante (Spain), May-June 2018, this referee identified himself as
Ion Zaballa.
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although more details are provided in [100]. The proof of Van Dooren’s index sum
theorem presented in [100] is far from trivial and has the following main steps:

1. it is proved that any rational matrix R(λ) admits a strongly irreducible ge-
neralized state-space realization that is the Schur complement of an adequate
block-partitioned pencil encoding the complete structural data of R(λ) [100,
Section 5.3];

2. the rational index sum theorem is proved for pencils [100, Theorem 3.8];

3. the results in (1.), (2.) are combined in [100, Prop. 5.10] to prove Theorem
6.1.

Note that the proof in [100, 104] of Van Dooren’s index sum theorem relies heavily
on the theory of realizations of rational matrices in terms of matrix polynomials.

The rational index sum theorem can also be found in the classic reference [61,
Theorem 6.5-11], with a proof very different from that in [100, 104]. The proof in
[61] uses valuations of rational matrices, defined as in [41] via the valuations of the
scalar rational functions formed by the minors of the considered rational matrix,
combined with properties of column and row reduced matrix polynomials. Thus
the proof in [61] has very much a “determinantal” flavor. The rational index sum
theorem restricted to real rational matrices with full column rank is also proved via
valuations in [103, p. 137].

The first statement that we know of the polynomial index sum theorem is given
in [84, Theorem 3] for real matrix polynomials (in fact, real matrices are implicitly
viewed as complex matrices in [84]). The proof in [84] is essentially the same as
that outlined in the first paragraph of Subsection 6.1.1, except for the fact that the
standard Kronecker canonical form is used in [84]. Surprisingly, no connections with
the original rational index sum theorem in [100, 104] are mentioned at all in [84].
It is worth noting that the polynomial index sum theorem is used in the conference
proceedings [84] and the follow-up paper [81] mainly as a tool supporting the primary
goal of the authors, the development of a numerically reliable algorithm for column
reduction of matrix polynomials. It is perhaps this auxiliary role that allowed the
polynomial index sum theorem to go un-recognized as a fundamental result for
so long in the linear algebra community, and remain essentially forgotten until its
importance was highlighted in [28], where, in addition, it was extended to arbitrary
fields and given its current name. Nevertheless, note that the polynomial index sum
theorem has appeared in some scattered references such as [62, Proposition 1], but
always as a nameless auxiliary result, and without establishing any connection with
Van Dooren’s index sum theorem in [100, 104].

Finally, we note that on page 3093 of the almost forgotten long survey paper [64]
by Kublanovskaya, one can see the rational and the polynomial index sum theorems
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stated one right after the other(!)2, without proofs, and again without establishing
(or even mentioning) any connection between them. This lack of connection is even
more surprising in [64] than in other references, since the author had both results
written in the same place, and was one of the most prestigious researchers in the
field. As we have seen, the connection had to wait until [31, Remark 3.2]. For
completeness we end this section with the following theorem, which the alert reader
has undoubtedly already anticipated.

Theorem 6.5. The polynomial and rational index sum theorems are equivalent.

Proof. The proof of Theorem 6.1 shows that the polynomial implies the rational
index sum theorem. We proceed as in [31, Remark 3.2] to show that the rational
implies the polynomial index sum theorem. Consider any matrix polynomial P (λ) ∈
F[λ]m×n with grade k, rank r, Smith form diag(d1(λ), . . . , dr(λ)) ⊕ 0(m−r)×(n−r),
partial multiplicity sequence J (P,∞) = (α1, . . . , αr), and left and right minimal
indices η1, . . . , ηm−r and γ1, . . . , γn−r, respectively. Then S(P,∞) = (α1−k, · · · , αr−
k), by Proposition 2.46. Therefore, taking into account (2.19), the rational index
sum theorem applied to P (λ) gives

−
∑

αj−k<0

(αj − k) =
r∑
j=1

deg(dj) +
∑

αj−k>0

(αj − k) +
m−r∑
j=1

ηj +
n−r∑
j=1

γj .

Some simple rearrangements then produce (2.2), i.e., the polynomial index sum
theorem.

6.2 Rational matrices with prescribed complete

structural data

This section presents in Theorem 6.6 the most important original result of this
chapter, which solves the basic form of the general inverse problem for structural
data of rational matrices. In Section 6.3, another formulation of the inverse problem
for rational matrices is stated and solved as a corollary of Theorem 6.6.

Theorem 6.6. Let F be an infinite field, let m, n, and r ≤ min{m,n} be given po-

sitive integers, and let ε1(λ)
ψ1(λ)

, . . . , εr(λ)
ψr(λ)

be r rational functions in normalized reduced
form, such that the monic polynomials in their numerators and denominators form
divisibility chains ε1(λ) | · · · | εr(λ) and ψr(λ) | · · · |ψ1(λ). Also let q1 ≤ · · · ≤ qr
be arbitrary integers (i.e., positive, negative, or zero), and η1 ≤ · · · ≤ ηm−r and

2The references given in [64] for the index sum theorems are imprecise. With a considerable
degree of interpretation it can be inferred that [64] attributes the rational index sum theorem to
Van Dooren in [100] and the polynomial index sum theorem to V. B. Khazanov in his Ph.D. Thesis,
written in Russian in 1983, which we have not seen.
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γ1 ≤ · · · ≤ γn−r be two lists of nonnegative integers. Then there exists a rational ma-
trix R(λ) ∈ F(λ)m×n of rank r, with invariant rational functions ε1(λ)

ψ1(λ)
, . . . , εr(λ)

ψr(λ)
and

S(R,∞) = (q1, . . . , qr), and with left and right minimal indices equal to η1, . . . , ηm−r
and γ1, . . . , γn−r, respectively, if and only if

r∑
j=1

deg(ψj) +
∑
qj<0

(−qj) =
r∑
j=1

deg(εj) +
∑
qj>0

qj +
m−r∑
j=1

ηj +
n−r∑
j=1

γj . (6.6)

Before proving Theorem 6.6, we emphasize that, taking into account (2.19) and
(6.1), the necessary and sufficient condition (6.6) can be simply stated in plain words
as “the prescribed complete structural data satisfy the condition in Van Dooren’s
index sum theorem”. Note also that (6.6) is written to correspond exactly with
(6.1) and in such a way that all the summands are nonnegative. Recall that another
equivalent way to express (6.6) that might be somewhat easier to apply is (6.5).

Proof of Theorem 6.6. The fact that the existence of R(λ) with the specified
properties implies (6.6) is just Theorem 6.1. The proof that (6.6) implies the exis-
tence of R(λ) with the prescribed complete structural data starts by constructing
from the prescribed (rational) data the following modified data:

1. the divisibility chain ψ1(λ) ε1(λ)
ψ1(λ)

∣∣∣ · · · ∣∣∣ψ1(λ) εr(λ)
ψr(λ)

of scalar monic polynomials

with coefficients in F,

2. the list of r nonnegative integers 0 ≤ q2 − q1 ≤ · · · ≤ qr − q1, whose first term
is zero,

3. the two lists of nonnegative integers η1 ≤ · · · ≤ ηm−r and γ1 ≤ · · · ≤ γn−r.

Observe that (6.6) (or equivalently, (6.5)) implies that this modified data in items
(1.), (2.), and (3.) above satisfy

r∑
j=1

deg

(
ψ1(λ)

εj(λ)

ψj(λ)

)
+

r∑
j=1

(qj − q1) +
m−r∑
j=1

ηj +
n−r∑
j=1

γj (6.7)

=

( r∑
j=1

deg(εj)

)
+ r deg(ψ1)−

r∑
j=1

deg(ψj) +

( r∑
j=1

qj

)
− r q1 +

m−r∑
j=1

ηj +
n−r∑
j=1

γj

= r
[
deg(ψ1)− q1

]
. (6.8)

Since all summands in (6.7) are nonnegative, we see in (6.8) that deg(ψ1) − q1 ≥
0. The equality of (6.7) and (6.8) shows that the data in items (1.), (2.), and
(3.) satisfy the conditions of Theorem 2.30 (see also Remark 2.32) with k =
deg(ψ1) − q1. Theorem 2.30 then guarantees the existence of a matrix polyno-
mial P (λ) ∈ F[λ]m×n with rank r, degree k = deg(ψ1) − q1, and invariant polyno-

mials ψ1(λ) ε1(λ)
ψ1(λ)

∣∣∣ · · · ∣∣∣ψ1(λ) εr(λ)
ψr(λ)

, with its r partial multiplicities at infinity equal
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to 0 ≤ q2 − q1 ≤ · · · ≤ qr − q1, and with left and right minimal indices equal to
η1 ≤ · · · ≤ ηm−r and γ1 ≤ · · · ≤ γn−r, respectively. Next we define the rational
matrix

R(λ) :=
1

ψ1(λ)
P (λ) ∈ F(λ)m×n , (6.9)

and prove that the complete structural data of R(λ) are the prescribed ones. Note
first that the rank of R(λ) is obviously equal to the rank of P (λ), and so is equal to r.

Lemma 2.41 implies that the invariant rational functions of R(λ) are ε1(λ)
ψ1(λ)

, . . . , εr(λ)
ψr(λ)

.
Proposition 2.46 implies that

S(P (1/λ), 0) =: S(P,∞) = J (P,∞)− (k, . . . , k)

= (q1 − deg(ψ1), q2 − deg(ψ1), . . . , qr − deg(ψ1)) . (6.10)

Applying Lemma 2.44 to ρ(λ) := 1/ψ1(λ), we have that S(ρ(1/λ), 0) = degψ1.
Combining this with (6.10), and applying Lemma 2.41 with π(λ) = λ, f(λ) =

1
ψ1(1/λ)

= ρ(1/λ), and, consequently, s = deg(ψ1), we get the structural indices at

infinity of R(λ) from (6.9) to be

S(R,∞) := S

(
1

ψ1(1/λ)
P (1/λ), 0

)
= (q1, q2, . . . , qr) ,

as desired. Finally, note that the minimal indices of R(λ) and P (λ) are equal since
1/ψ1(λ) is just a nonzero scalar in the field F(λ). This completes the proof. 2

The proof of Theorem 6.6 is constructive, since it relies on applying Theorem 2.30
to construct the matrix polynomial P (λ) in (6.9). However, from the comments in
the paragraph just after Theorem 2.30, we know that the construction of this P (λ)
is complicated; consequently, the rational matrix R(λ) obtained in this proof of
Theorem 6.6 does not transparently reveal any of the prescribed structural data.

Remark 6.7. Remark 2.31 and the proof of Theorem 6.6 imply that we can state a
version of Theorem 6.6 valid for any field, but at the cost of adding the assumption
“further suppose that there exists β ∈ F such that ψ1(β)εr(β)/ψr(β) 6= 0”.

6.3 Rational matrices with prescribed nontrivial

structural data

Theorem 6.6 allows some of the prescribed invariant rational functions to be equal
to 1, as well as some of the prescribed structural indices at infinity to be zero, i.e.,
to be trivial. In this context the word “trivial” refers to data that do not carry any
information on the orders of the poles and/or zeros of the rational matrix whose
existence is guaranteed by Theorem 6.6. The purpose of this section is to provide
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(in Theorem 6.9) necessary and sufficient conditions for the existence of a ratio-
nal matrix when only the nontrivial structural data are prescribed. We emphasize
that Theorem 6.9 is a direct corollary of Theorem 6.6, but a relevant advantage of
Theorem 6.9 is that the rank and the size of the rational matrix whose existence is
established are not prescribed in advance and can, in fact, take a wide variety of
values. In order to state Theorem 6.9 in a concise way, we first make the following
definitions.

Definition 6.8. Let F be an arbitrary field. A list Lfin of nontrivial finite structural
data is a list of the form

Lfin :=
{
π1(λ)s11 , π1(λ)s21 , . . . , π1(λ)sg11 ,

π2(λ)s12 , π2(λ)s22 , . . . , π2(λ)sg22 ,
...

πt(λ)s1t , πt(λ)s2t , . . . , πt(λ)sgtt
}
,

where π1(λ), . . . , πt(λ) are distinct nonconstant monic irreducible polynomials in F[λ]
and, for each j = 1, . . . , t, s1j ≤ · · · ≤ sgjj is a sequence of nonzero integers (that
may be negative or positive). Moreover, for any rational matrix R(λ) with entries
in F(λ), we say that Lfin is the list of nontrivial finite structural data of R(λ) if
the nonzero structural indices of R(λ) at πj(λ) are exactly s1j ≤ · · · ≤ sgjj for
j = 1, . . . , t, while the structural indices of R(λ) at π(λ) are all equal to zero for any
π(λ) ∈ F[λ] such that π(λ) 6= πj(λ) for j = 1, . . . , t.

The sum of the “signed degrees” of the rational functions in Lfin and the length of
the longest chain of Lfin associated with the same irreducible polynomial are denoted,
respectively, by

δ(Lfin) :=
t∑

j=1

gj∑
i=1

sij deg πj(λ) and g(Lfin) := max
1≤j≤t

gj.

Recall that in the important case F = C, every πj(λ) in Definition 6.8 is of the
form πj(λ) = (λ− λj) with λj ∈ C, while in the case F = R, either πj(λ) = (λ− λj)
with λj ∈ R, or πj(λ) = λ2 + ajλ + bj with aj, bj ∈ R such that πj(λ) has two
complex conjugate nonreal roots.

Theorem 6.9. Let F be an infinite field, let Lfin be a list of nontrivial finite structural
data as in Definition 6.8, let c1 ≤ · · · ≤ cg∞ be a list of nonzero integers, and let
η1 ≤ · · · ≤ ηq and γ1 ≤ · · · ≤ γp be two lists of nonnegative integers. Then there
exists a rational matrix R(λ) of rank r with entries in F(λ), with list of nontrivial
finite structural data equal to Lfin and nonzero structural indices at infinity equal
to c1 ≤ · · · ≤ cg∞, and with left and right minimal indices equal to η1, . . . , ηq and
γ1, . . . , γp, respectively, if and only if the following two conditions hold:
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(a) r ≥ max{g(Lfin), g∞} , and

(b) 0 = δ(Lfin) +

g∞∑
j=1

cj +

q∑
j=1

ηj +

p∑
j=1

γj .

In particular, if (b) holds, then for any choice of r satisfying (a) there exists a
rational matrix R(λ) of rank r with the prescribed structural data; such an R(λ) will
have size (q + r) × (p + r). If r does not satisfy (a), then there does not exist any
rational matrix with rank r and the prescribed structural data.

Proof. The notation for Lfin in Definition 6.8 is used in this proof. First, we prove
that the existence of R(λ) with rank r and with the prescribed structural data
implies that (a) and (b) hold. According to the definition of S(R, π) in (2.15) and
Definition 2.43, r is the length of the sequence of all the structural indices at any
πj(λ) ∈ F(λ) of R(λ), as well as the length of the sequence of structural indices
at infinity of R(λ). Therefore, r is larger than or equal to the number of nonzero
structural indices at πj(λ) or at infinity of R(λ), which is precisely condition (a).
Using (2.17) and (6.5), it is easy to see that (b) is just a version of the condition in
the rational index sum theorem, and thus holds for R(λ).

Next, we prove that conditions (a) and (b) imply the existence of R(λ) with the
prescribed structural data and rank r. Let r be any integer satisfying (a). To each
of the t sequences of nonzero integers s1j ≤ · · · ≤ sgjj from Lfin (with j = 1, . . . , t),
append r− gj zeroes in the following manner to form t new integer sequences, each
of length r:

s̃1j ≤ · · · ≤ s̃rj

:=


0 = · · · = 0 < s1j ≤ · · · ≤ sgjj, if 0 < s1j,
s1j ≤ · · · ≤ sgjj < 0 = · · · = 0, if sgjj < 0,
s1j ≤ · · · ≤ snjj < 0 = · · · = 0 < snj+1,j ≤ · · · ≤ sgjj, if s1j < 0 & 0 < sgjj.

From these t sequences of length r, proceed as in (2.17) to define the following r
rational functions in normalized reduced form:

εi(λ)

ψi(λ)
:= π1(λ)s̃i1 · · · πt(λ)s̃it , for i = 1, . . . , r . (6.11)

Note that the polynomials ψi(λ) :=
∏

s̃ij<0 πj(λ)−s̃ij and εi(λ) :=
∏

s̃ij>0 πj(λ)s̃ij

clearly satisfy ε1(λ) | · · · | εr(λ) and ψr(λ) | · · · |ψ1(λ). Analogously, to the sequence
c1 ≤ · · · ≤ cg∞ of nonzero integers append r− g∞ zeroes, to get an integer sequence
q1 ≤ · · · ≤ qr of length r. With these definitions and m := q + r, n := p + r,
condition (b) is equivalent to

0 =
r∑
j=1

deg(εj)−
r∑
j=1

deg(ψj) +
r∑
j=1

qj +
m−r∑
j=1

ηj +
n−r∑
j=1

γj .
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Theorem 6.6 can now be applied to prove the existence of R(λ) ∈ F(λ)(q+r)×(p+r)

with the prescribed structural data and rank r.

Remark 6.10. Remark 6.7 together with the proof of Theorem 6.9 implies that
an alternative version of Theorem 6.9 valid in arbitrary fields can be proved, at
the cost of adding the assumption “further suppose that there exists ω ∈ F such
that πj(ω) 6= 0 for j = 1, . . . , t, where πj(λ) are the nonconstant monic irreducible
polynomials in the definition of Lfin”.
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Chapter 7

Conclusions, publications, research
stays and open problems

In this chapter, we summarize the main original contributions of this PhD thesis
and present a list of all papers (published or in development) that include the results
developed in this dissertation. Furthermore, we include a list of the conferences and
workshops where these results have been presented. Finally, we discuss some related
open problems for future research.

7.1 Conclusions and original contributions

In this section, we present a summary of the main original results presented in this
dissertation.

Chapter 3: We have derived for the first time an exact formula to compute
the Stewart-Sun eigenvalue condition number of regular matrix polynomials
(Theorem 3.16). In addition, in Section 3.1.2 we have determined that the two
homogeneous eigenvalue condition numbers introduced in Section 3.1.1 (orig-
inally introduced by Stewart and Sun, and by Dedieu and Tisseur) differ at
most by a factor

√
k + 1, where k is the degree of the matrix polynomial, and

so are essentially equivalent in practice. On the other hand, we have proven
exact relationships between each of the non-homogeneous condition numbers
and the homogeneous condition number based on the chordal distance, i.e., the
Stewart-Sun eigenvalue condition number. These relationships show, among
other things, that the non-homogeneous eigenvalue condition numbers are al-
ways larger than the homogeneous ones (for the same type of perturbations in
the coefficients). This result allows to extend results that have been proven for
the non-homogeneous condition numbers to the homogeneous condition num-
bers (and vice versa). Indeed, as we will explain later, we have used this re-
sult in Section 4.3 to study the effect of Möbius transformations on the non-

161
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homogeneous eigenvalue condition numbers and backward errors of approximate
eigenpairs of polynomial eigenvalue problems based on the analogous study per-
formed in the homogeneous case (Section 4.2). Besides, in Section 3.1.3 we have
provided geometric interpretations of the factor that appears in these exact re-
lationships, which explain transparently when and why the non-homogeneous
condition numbers are much larger than the homogeneous ones. Then, we have
used these relationships to analyze cases for which very large and very small
non-homogeneous eigenvalues of matrix polynomials are computable with some
accuracy, i.e., are not very ill-conditioned, and we have seen that this is only
possible in some rather particular situations. Finally, in Section 3.2 we have
proved a simple exact relationship between the non-homogeneous and the ho-
mogeneous backward errors of approximate eigenpairs.

Chapter 4: We have studied the influence of Möbius transformations on eigen-
value condition numbers and backward errors of approximate eigenpairs of reg-
ular matrix polynomials. This study has been realized separately for the homo-
geneous and non-homogeneous case.

First, in Section 4.2, we have given sufficient conditions, independent of the
eigenvalue and depending on the polynomial only through its degree, for the
Stewart-Sun homogeneous condition number of a simple eigenvalue of a matrix
polynomial P (α, β) and the condition number of the associated eigenvalue of a
Möbius transform of P (α, β) to be of the same order. Similarly, we have given
sufficient conditions for the backward error of an approximate eigenpair of a
Möbius transform of P (λ) and the associated approximate eigenpair of P (λ) to
be close. In doing this analysis, we considered three variants of the Stewart-Sun
condition number and of backward errors, depending on the selection of weights
involved in their definitions, that we called absolute, relative with respect to
the norm of the polynomial, and relative.

The most important conclusion of our study in the homogeneous case is that
in the relative-to-the-norm-of-the-polynomial case, if the matrix A that defines
the Möbius transformation is well-conditioned and the degree of P is moderate,
then the Möbius transformation preserves approximately the conditioning of the
simple eigenvalues of P , and the backward errors of the computed eigenpairs
of P are similar to the backward errors of the computed eigenpairs of MA(P ).
In the relative case, these conclusions hold as well if, additionally, we assume
that the matrix coefficients of P (resp., the matrix coefficients of MA(P )) have
similar norms.

In Section 4.3, we have performed a similar analysis for both (absolute and
relative) non-homogeneous eigenvalue condition numbers of regular matrix po-
lynomials appearing in Definition 3.1. In order to do that, we have used the re-
sults obtained in Section 4.2 for homogeneous condition numbers together with
Theorem 3.22, which establishes a relationship between non-homogeneous and
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homogeneous eigenvalue condition numbers. Then, we have obtained sufficient
conditions for the non-homogeneous condition number of a simple eigenvalue of
a matrix polynomial P (λ) and the condition number of the associated eigen-
value of a Möbius transform of P (λ) to be of the same order. Contrary to the
homogeneous case, these conditions do depend on the eigenvalues. Indeed, given
a Möbius transformation induced by a matrix A ∈ GL(2,C), an eigenvalue λ0

of P (λ) and the associated eigenvalue µ0 = mA−1(λ0) of MA(P )(µ), we have
defined two functions of λ0 and µ0 in (4.51) (f(µ0, λ0) and g(µ0, λ0)), and we
have derived our sufficient conditions in terms of these two functions. Because
of the procedure followed to perform this analysis, these sufficient conditions are
based on the sufficient conditions obtained in the homogeneous case. Further-
more, we have characterized the behavior of f(µ0, λ0) and g(µ0, λ0) in terms
of the relationships between µ0 and λ0. In particular, we have proved that,
among some other cases, if µ0 and λ0 are similar, both f(µ0, λ0) and g(µ0, λ0)
are moderate. As in the homogeneous case, we have considered three variants
of each (absolute and relative) non-homogeneous eigenvalue condition number
depending on the choice of the weights that appear in their definitions, leading
to six different eigenvalue condition numbers.

The main conclusion in Section 4.3 is that if f(µ0, λ0) (resp. g(µ0, λ0)) is moder-
ate, then the Möbius transformation preserves approximately the absolute (resp.
relative) homogeneous eigenvalue condition number if and only if it preserves ap-
proximately the non-homogeneous eigenvalue condition number, for any choice
of weights considered. Another important conclusion is that, if the homogeneous
eigenvalue condition number is moderate, f(µ0, λ0) (resp. g(µ0, λ0)) character-
izes the behavior of the absolute (resp. relative) non-homogeneous eigenvalue
condition number.

Finally, the relationship between the homogeneous and the non-homogeneous
backward errors of approximate eigenpairs obtained in Chapter 3 leads to the
following conclusion: the Möbius transformation preserves approximately the
homogeneous backward errors of the homogeneous computed eigenpairs if and
only if it preserves approximately the non-homogeneous backward errors of the
corresponding non-homogeneous computed eigenpairs.

Chapter 5: We have proved two preserving degree quasi-triangularization re-
sults, one for strictly regular and another for regular matrix polynomials. These
two results generalize the ones appearing in [93] in the sense that we have con-
sidered matrix polynomials over arbitrary fields while only R and algebraically
close fields are considered in [93]. However, we have only considered regular
matrix polynomials while singular matrix polynomials are also considered in
[93]. Another difference with [93] derived from the fact of considering matrix
polynomials defined over arbitrary fields is the maximum size of the blocks of
the obtained quasi-triangular matrix polynomial.



164 CHAPTER 7. CONCLUSIONS, PUBLICATIONS AND OPEN PROBLEMS

The main conclusion of our study is that under mild assumptions any regular
matrix polynomial over an arbitrary field can be k-quasi-triangularized preserv-
ing its degree, i.e., transformed via unimodular transformations into a matrix
polynomial with the same degree and spectral structure (finite and infinite),
and being block triangular with maximum size of the diagonal blocks equal to
k, where k is the maximum degree of the irreducible factors of the determinant
of the polynomial. Such mild assumptions hold for any infinite field.

In this chapter, we have also studied inverse quasi-triangularization problems,
that is, we have built quasi-triangular matrix polynomials that realize lists of
prescribed data. We have obtained two different results (one for a list with-
out infinite elementary divisors and another for a list with infinite elementary
divisors) and we have used them to prove the former quasi-triangularization
results.

Chapter 6: We have proved that there exists a rational matrix with prescribed
complete structural data if and only if such data satisfies the very easily checked
necessary condition in Van Dooren’s rational index sum theorem of 1978. In
addition, this rational index sum theorem has itself been revisited from two
points of view: we have extended it to arbitrary fields, and discussed some of
its history and relationship with the polynomial index sum theorem. These two
rational matrix results are based on, and significantly extend, previous results
valid only for matrix polynomials, that can be found in [28, 31]. These previous
matrix polynomial results have already been applied to the solution of a number
of problems, some of them related to numerical algorithms. Consequently, we
anticipate that the results in this chapter will have similar applications in the
context of rational eigenvalue problems.

7.2 Publications

The original results of this PhD thesis have been published in three international
research journals indexed in the Journal Citation Reports of ISI Web of Knowledge.
The results in Chapter 3 are contained in

L. M. Anguas, M. I. Bueno, and F. M. Dopico, A comparison of eigenvalue
condition numbers for matrix polynomials, Linear Algebra Appl., 564 (2019),
170-200.

The results in Section 4.2 are contained in

L. M. Anguas, M. I. Bueno, and F. M. Dopico, Conditioning and back-
ward errors of eigenvalues of homogeneous matrix polynomials under Möbius
transformations published electronically in Mathematics of Computation.

DOI: 10.1090/mcom/3472.
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The results in Chapter 6 are contained in

L. M. Anguas, F. M. Dopico, R. Hollister, and D. S. Mackey, Van
Dooren’s index sum theorem and rational matrices with prescribed structural data,
SIAM J. Matrix Anal. Appl. 40, 2 (2019), 720-738.

In addition, there are two more research papers in preparation that will contain
original results of this dissertation and will be submitted to publication shortly:

L. M. Anguas, M. I. Bueno, and F. M. Dopico, Conditioning and back-
ward errors of eigenvalues of non-homogeneous matrix polynomials under Möbius
transformations,

that will contain the results in Section 4.3 and

L. M. Anguas, F. M. Dopico, R. Hollister, and D. S. Mackey, Preserv-
ing degree quasi-triangularization of regular matrix polynomials over arbitrary
fields,

that will contain the results in Chapter 5.

7.3 Contributions to conferences

The work developed in this thesis has been presented in several conferences, in-
cluding the two main international conferences in the area of Linear Algebra: The
International Linear Algebra Society (ILAS) conference and the Society for Indus-
trial and Applied Mathematics (SIAM) Linear Algebra conference. Next we detail
in which conferences the author of this dissertation has presented the different parts
of this thesis.

The results contained in Chapter 3 have been presented in

� Relationship between the homogeneous and the non-homogeneous eigenvalue
condition numbers for matrix polynomials, presented as a contributed talk in
“Encuentro ALAMA 2018”, a meeting organized by ALAMA (the Spanish
thematic network of Linear Algebra, Matrix Analysis and Applications) in
Sant Joan d’Alacant, Spain, May 30-June, 1 2018.

The results contained in Section 4.2 have been presented in

� Eigenvalue Condition Numbers of Polynomial Eigenvalue Problems under Möbius
Transformations, presented as a contributed talk in “IX Workshop of Young
Researchers in Mathematics”, held in Madrid, Spain, September 21-23, 2015.
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� Eigenvalue Condition Numbers of Polynomial Eigenvalue Problems under Mö-
bius Transformations, presented as a contributed talk in SIAM Conference on
Applied Linear Algebra (LA15), organized by SIAM in Atlanta, Georgia, USA,
October 26-30, 2015.

� The Effect of Möbius Tranformations on the Eigenvalue Condition Numbers
of Polynomial Eigenvalue Problems, presented in the “Young Researchers Ses-
sions” in “Encuentro ALAMA 2016”, organized by ALAMA and Universidad
de León in León, Spain, June 20-22, 2016.

� Eigenvalue Condition Numbers and Backward Errors of Polynomial Eigen-
value Problems under Möbius Transformations, presented in the minisympo-
sium “Perturbation theory and distance problems associated with eigenvalues”
in the “20th Conference of the International Linear Algebra Society ”, orga-
nized by ILAS in Leuven, Belgium, July 11-15, 2016

The results contained in Sections 4.2 and 4.3 have been presented together in

� Conditioning of Eigenvalues of Matrix Polynomials under Möbius Transforma-
tions, presented as a poster in Gene Golub SIAM Summer School 2017, orga-
nized by SIAM and Technische Universität Berlin, held in Berlin-Schmöckwitz,
Germany, May 29-June 9, 2017.

� The Action of Möbius Transformations on the Eigenvalue Condition Numbers
of Polynomial Eigenvalue Problems, presented in the minisymposium “Matrix
conditioning and perturbation” in “CEDYA+CMA 2017”, held in Cartagena,
Spain, June 26-30, 2017.

The results contained in Section 5 have been presented in

� Preserving degree quasi-triangularization of regular matrix polynomials over
arbitrary fields, presented in the minisymposium “Matrices over elementary
divisor domains” in the 22nd Conference of the International Linear Algebra
Society, held in Rio de Janeiro, Brazil, July, 8-12, 2019

7.4 Research visits

As part of his PhD program, the author of this dissertation has undertaken two
research visits, both of them funded by the Ministerio de Economı́a y Competitividad
(Spanish Ministry of Economy and Competitiveness) through its program “Ayudas a
la movilidad predoctoral para la realización de estancias breves en centros de I+D”,
references EEBB-I-16-11462 and EEBB-I-18-13037, respectively.

The first research visit was hosted in Western Michigan University, September, 1
- November, 28, 2016, and the host researcher was Prof. D. S. Mackey. During this
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visit, part of the work developed in Chapters 4 and 5 was started as a collaboration
between prof. Mackey, his PhD student R. Hollister and the author of this thesis.
During this short visit, we also addressed a majorization problem that would be
helpful to solve the sixth problem of the list of open problems in Section 7.5.

The second research visit was hosted in University of California at Santa Barbara
(UCSB), June, 6 - August, 6, 2018, and the host researcher was Prof. M. I. Bueno.
The work developed in Chapter 4, which was started during a research visit of Prof.
Bueno at Universidad Carlos III, was continued during the mentioned visit to UCSB.

7.5 Future work and open problems

In this section, we present some open problems and possible future research related
to the work developed in this PhD thesis.

Problem 1: Relationship between non-homogeneous and homoge-
neous eigenvector condition numbers. In [25], together with the eigen-
value condition number introduced in Definition A.1, an eigenvector condition
number of matrix polynomials expressed in homogeneous form was introduced
(see Definition A.2). On the other hand, a non-homogeneous eigenvector condi-
tion number has been defined in [55] (for pencils) and [25](for quadratic matrix
polynomials).

Notice that, regardless the expression of the matrix polynomial P , the eigen-
vector x is the same in both homogeneous and non-homogeneous formulations.
Therefore, a priori, these two eigenvector condition numbers would be expected
to be equal. However, this can not be easily deduced from the definitions of
the homogeneous and non-homogeneous eigenvector condition numbers given
in the literature. Then, a natural problem would be obtaining the relation-
ship between these two eigenvector condition numbers, in a similar way to the
relationship obtained in Chapter 3 between the non-homogeneous and the ho-
mogeneous eigenvalue condition numbers.

Since the non-homogeneous eigenvector condition number has only been defined
in the literature for pencils and quadratic matrix polynomials, a first step to
solve this problem would be giving a definition (and explicit expression) of the
non-homogeneous eigenvector condition number for matrix polynomials of any
degree. Since an eigenvector corresponding to a simple eigenvalue is unique up
to scalar multiples, it would be important to normalize adequately the eigen-
vectors for this definition (see [91, p. 240-241]).

Problem 2: The influence of Möbius transformations on the condi-
tioning of the eigenvectors of matrix polynomials. As introduced in
Section 1.2, in some relevant applications, Möbius transformations (specially
Cayley transformations) are used to compute invariant or deflating subspaces
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associated with eigenvalues that have some specific properties. Thus, we pro-
pose as a future project studying how a Möbius transformation affects the con-
dition numbers of eigenvectors (introduced in the first proposed problem of this
section) and invariant/deflating subspaces. This study would be in the same
line of the one developed in Chapter 4 and, using the relationship to be obtained
in the first proposed problem of this section, could also be easily extended from
the homogeneous to the non-homogeneous formulation (or vice versa).

Problem 3: The influence of Möbius transformations on the struc-
tured condition number of eigenvalues and the structured backward
error of approximate eigenpairs of structured matrix polynomials.
As we explained in Section 1.2, Möbius transformations (more precisely, Cayley
transformations) translate many properties from one structured (T-palindromic,
T-anti-palindromic, T-even or T-odd) class of matrix polynomials into another.
Then, to particularize the results in Chapter 4 to structured matrix polynomials
will be a future objective. Let us shortly detail how this study should be done.

To be more precise measuring the perturbations of eigenvalues of structured
matrix polynomials, we must consider not only arbitrary but also structured
perturbations, which leads to the definition of structured eigenvalue condition
numbers. Then, the first step to realize an analysis of the effect that Möbius
transformations have on the structured eigenvalue condition number and the
structured backward error of approximate eigenpairs is to find necessary and
sufficient conditions for the non-structured and structured eigenvalue condition
numbers and backward errors to be the same. This work has been done in [17]
for a particular choice of the weights used in the definition of both structured
and non-structured eigenvalue condition numbers and backward errors. Thus,
an extension of this result for any choice of weights should be provided.

Then, those cases for which the structured and the non-structured eigenvalue
condition numbers and backward errors of approximate eigenpairs are the same
have already been analyzed in the general study presented in Chapter 4, so we
could just focus on the remaining cases.

Problem 4: Studying condition numbers of multiple eigenvalues. In
Chapters 3 and 4 we have only considered condition numbers of simple ei-
genvalues. Then, a natural and interesting problem would be to extend the
results appearing in those chapters to condition numbers of multiple eigenva-
lues. The starting point for this line of research would be considering the non-
homogeneous condition numbers defined in [63, 83] and defining an appropriate
homogeneous condition number of multiple eigenvalues. Then, we should pro-
vide a relationship between these two condition number, following (hopefully)
an analogous path to that in Chapter 3. Finally, the effect of Möbius transfor-
mations on these two condition numbers of multiple eigenvalues can be studied
(hopefully) in the spirit of Chapter 4.
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Furthermore, in [63] a structured condition number of multiple eigenvalues is
defined, so the Problem 3 could be extended to the case of multiple eigenvalues.

Problem 5: Preserving degree quasi-triangularization of singular ma-
trix polynomials over arbitrary fields. We propose to extend the results
in Chapter 5 to singular matrix polynomials. In a similar way to the mentioned
chapter, our idea to prove this quasi-triangularization result is to prove first
an inverse quasi-triangularization result, that is, to build a matrix polynomial
Q(λ) of given size and degree that realizes a list of invariant polynomials and left
and right minimal indices (and possibly a list of infinite elementary divisors).
Instead of aiming for a quasi-triangular matrix polynomial Q(λ), our objective
is to build Q(λ) as a product of three matrix polynomials: a singular matrix
polynomial that contains the prescribed left minimal indices, a quasi-triangular
regular matrix polynomial that contain the prescribed invariant polynomials
and infinite elementary divisors (if any), and a singular matrix polynomial that
contains the prescribed right minimal indices.

Problem 6: As we explained in Section 1.3, Taslaman, Tisseur and Zaballa
proved in [93] that any matrix polynomial defined over an algebraically closed
field can be triangularized preserving its degree and finite and infinite elemen-
tary divisors. Furthermore, they characterized the exactly triangularizable (pre-
serving its degree and finite and infinite elementary divisors) matrix polynomials
defined over R, i.e., without 2× 2 blocks in the block triangular form. Then, a
natural problem arises regarding the results in Chapter 5: to obtain a character-
ization of the exactly triangularizable matrix polynomials defined over arbitrary
fields.

This work is already being addressed by the author of this dissertation. Follow-
ing the strategy developed in [93], which involves majorization relationships,
a sufficient (but not necessary) condition for matrix polynomials defined over
arbitrary fields to be triangularizable has been obtained. However, finding a
necessary and sufficient condition seems to be a very hard combinatorial pro-
blem. This difference with the case of real matrix polynomials is due to the fact
that the R-irreducible polynomials can only have degree 1 or 2.
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Appendix A

Dedieu-Tisseur condition number

This appendix is devoted to define explicitly the Dedieu-Tisseur condition number
introduced in Chapter 3. Dedieu and Tisseur introduced it for the first time in [25],
so we will use this paper as a reference, using the same auxiliary definitions and
notation. To be precise, we will define the Dedieu-Tisseur condition number as an
easy generalization of the eigenvalue condition number defined in [25], which has
also appeared in other papers as [57].

Let TxPn−1 be the tangent space at x to the projective space Pn−1 := Pn−1(C).
This tangent space is usually identified with

x⊥ = {∆x ∈ Cn : 〈∆x, x〉 = 0},

where 〈x, y〉 denotes the standard Hermitian inner product.
LetMn(C)k+1 denotes the set of (k+1)-tuples of n×n complex matrices. Let B =

(B0, B1, . . . , Bk) ∈Mn(Ck+1). Then, we can obtain the matrix polynomial of degree
k associated to this (k + 1)-tuple B, P (α, β) =

∑k
i=0 α

iβk−iBi. In this appendix,
we consider (k + 1)-tuples B such that the associated matrix polynomial P (α, β)
is regular. Let (α0, β0) be an eigenvalue of P (α, β) and x a right eigenvector of
P (α, β) associated with (α0, β0). The idea to introduce the Dedieu-Tisseur condition
number is to study the first-order variations of (α0, β0) in terms of the variations of
the (k + 1)-tuple B, that is, in terms of the coefficients of the matrix polynomial
P (α, β). With this idea in mind, the set of PEPs is defined as

V = {(B, x, α0, β0) ∈Mn(C)k+1×Pn−1×P1 : P (α0, β0)x =

(
k∑
i=0

αi0β
k−iBi

)
x = 0}.

If we differentiate the equation that defines V , we obtain the tangent space to V at
(B, x, α0, β0):

T(B,x,α0,β0)V ={(∆B,∆x,∆α0,∆β0) ∈Mn(C)k+1 × Cn × C2 :

∆P (α0, β0)x+ P (α0, β0)∆x+ ∆α0DαP (α0, β0)x
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+ ∆β0DβP (α0, β0)x = 0, 〈∆x, x〉 = 0,∆α0ᾱ0 + ∆β0β̄0 = 0},

where P and ∆P are the matrix polynomials corresponding to the (k + 1)-tuples
B and ∆B, respectively, expressed in homogeneous form. To define the Dedieu-
Tisseur condition number, we will use the first projection Π1 : V → Mn(C)k+1

given by Π1(B, x, α0, β0) = B and the second projection Π2 : V → Pn−1 × P1 given
by Π2(B, x, α0, β0) = (x, α0, β0).

The derivative of the first projection, DΠ1(B, x, α0, β0)(∆B, x, α0, β0) = ∆B,
is also a projection. If this derivative is an isomorphism, by the inverse function
theorem there exists a neighborhood U(x, α0, β0) ⊂ Pn−1 × P1 of (x, α0, β0) and a
neighborhood U(B) ⊂Mn(C)k+1 of B such that

Π1 : V ∩ (U(B)× U(x, α0, β0))→ U(B)

is invertible (see [1, Section 3.5.1]). Its inverse gives rise to a smooth map

G = (G1, G2) = Π2 ◦ Π−1
1 : U(B)→ U(x, α0, β0)

such that
Graph(G) = V ∩ (U(B)× U(x, α0, β0)).

Let (α0, β0) be a simple eigenvalue corresponding to the matrix polynomial
P (α, β) associated to a (k + 1)-tuple B and x a right eigenvector of P (α, β) as-
sociated with (α0, β0). Then, for B and for any (k + 1)-tuple B′, G associates an
eigenvalue (α′0, β

′
0) and an eigenvector x′ of the matrix polynomial associated to B′

that are close to (α0, β0) and x, respectively. The map G is inaccessible but its
derivative DG(A) can be computed: the graph of DG(A) is equal to the tangent
space T(B,x,α0,β0)V . We denote by

K(B, x, α0, β0) = DG(A) :Mn(C)k+1 → TxPn−1 × T(α0,β0)P1.

and
K1(B, x, α0, β0) = DG1(B) :Mn(C)k+1 → TxPn−1,

K2(B, x, α0, β0) = DG2(B) :Mn(C)k+1 → T(α0,β0)P1

the two components of this derivative. K1 is the condition operator of the eigenvector
and K2 is the condition operator of the eigenvalue. Then, we can define the Dedieu-
Tisseur condition number as the norm of K2.

Definition A.1. Let (α0, β0) be a simple eigenvalue of the regular matrix polynomial
P (α, β) =

∑k
i=0 α

iβk−iBi and let x be a right eigenvector of P (α, β) associated with
(α0, β0). Let B = (B0, . . . , Bk). Then, the Dedieu-Tisseur condition number of
(α0, β0) is defined as

κh((α0, β0), P ) := max
‖∆Bi‖≤1,i=0:k

‖K2(B, x, α0, β0)(∆B)‖
‖(α0, β0)‖

,
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where ∆B = (∆B0, . . . ,∆Bk), ωi, i = 0 : k are nonnegative weights that define how
the perturbations of the coefficients Bi are measured and the norm ‖ · ‖ considered
is the ω-weighted Frobenius norm

‖B‖ = ‖(B0, . . . , Bk)‖ = ‖[ω−1
0 B0, . . . , ω

−1
k ]‖F .

Notice that this condition number is well-defined since it does not depend on the
choice of the representative of the eigenvalue (α0, β0).

In [25, Definition 2.2], the norm used to define κh((α0, β0), P ) is the unweighted
Frobenius norm, which defines a particular case of the Dedieu-Tisseur condition
number: the case of ωi = 1 for i = 0 : k. The definition presented here is a trivial
extension of the one presented in [25]. It also appeared in [57], where an explicit
formula to compute it was obtained (see Theorem 3.8 in Chapter 3). Definition 2.2
in [25] presented also another condition number, defined as the norm of K1: the
eigenvector condition number. If we define it using the same ω-weighted Frobenius
norm as in Definition A.1, we obtain

Definition A.2. Let (α0, β0) be a simple eigenvalue of the regular matrix polynomial
P (α, β) =

∑k
i=0 α

iβk−iBi and let x be a right eigenvector of P (α, β) associated with
(α0, β0). Let B = (B0, . . . , Bk). Then, the Dedieu-Tisseur condition number of x is
defined as

κh(x, P ) := max
‖∆Bi‖≤1,i=0:k

‖K1(B, x, α0, β0)(∆B)‖
‖x‖

,

where ∆B = (∆B0, . . . ,∆Bk), ωi, i = 0 : k are nonnegative weights that define how
the perturbations of the coefficients Bi are measured and the norm ‖ · ‖ considered
is the ω-weighted Frobenius norm

‖B‖ = ‖(B0, . . . , Bk)‖ = ‖[ω−1
0 B0, . . . , ω

−1
k ]‖F .
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Appendix B

Auxiliary proofs

This appendix is devoted to present the proofs of Lemmas 4.43 and 4.44.

Proof. (Lemma 4.43) Let us recall that f(µ0, λ0) = 1+|µ0|2
1+|λ0|2 . Then, the proof follows

considering all the possible cases.

� If |µ0| ≈ |λ0|,
1 + |µ0|2

1 + |λ0|2
≈ 1,

and we obtain condition 1.(a).

� If |µ0| � |λ0| and |µ0| � 1,

1 + |µ0|2

1 + |λ0|2
� 1 + |λ0|2

1 + |λ0|2
= 1.

and we obtain condition 2.

� If 1 ≈ |µ0| � |λ0|,
1 + |µ0|2

1 + |λ0|2
≈ 2

1 + |λ0|2
≈ 1.

� If 1� |µ0| � |λ0|,
1 + |µ0|2

1 + |λ0|2
≈ 1.

Combining these two cases we obtain condition 1.(b).

� If |λ0| � |µ0| and |λ0| � 1,

1 + |µ0|2

1 + |λ0|2
� 1 + |λ0|2

1 + |λ0|2
= 1.

and we obtain condition 3.
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� If 1 ≈ |λ0| � |µ0|,
1 + |µ0|2

1 + |λ0|2
≈ 1 + |µ0|2

2
≈ 1.

� If 1� |λ0| � |µ0|,
1 + |µ0|2

1 + |λ0|2
≈ 1.

Combining these two cases we obtain condition 1.(c).

Next, we present the proof of Lemma 4.44.

Proof. (Lemma 4.44) Recalling that g(µ0, λ0) =
min

{
|λ0|, 1

|λ0|

}
min

{
|µ0|, 1

|µ0|

} , we just need to con-

sider the following cases.

(i) If |µ0| ≈ |λ0|,
min

{
|λ0|, 1

|λ0|

}
min

{
|µ0|, 1

|µ0|

} ≈ 1.

(ii) If |µ0| � |λ0| ≥ 1,

min
{
|λ0|, 1

|λ0|

}
min

{
|µ0|, 1

|µ0|

} =
1/|λ0|
1/|µ0|

=
|µ0|
|λ0|
� 1.

(iii) If |µ0| � |λ0| and |µ0| ≥ 1 ≥ |λ0|,

(a) and, in addition, |µ0| � 1
|λ0| ,

min
{
|λ0|, 1

|λ0|

}
min

{
|µ0|, 1

|µ0|

} =
|λ0|

1/|µ0|
� 1.

(b) and, in addition, |µ0| ≈ 1
|λ0| ,

min
{
|λ0|, 1

|λ0|

}
min

{
|µ0|, 1

|µ0|

} =
|λ0|

1/|µ0|
≈ 1.



177

(c) and, in addition, |µ0| � 1
|λ0| ,

min
{
|λ0|, 1

|λ0|

}
min

{
|µ0|, 1

|µ0|

} =
|λ0|

1/|µ0|
� 1.

(iv) If 1 ≥ |µ0| � |λ0|,
min

{
|λ0|, 1

|λ0|

}
min

{
|µ0|, 1

|µ0|

} =
|λ0|
|µ0|
� 1.

(v) If |λ0| � |µ0| ≥ 1,

min
{
|λ0|, 1

|λ0|

}
min

{
|µ0|, 1

|µ0|

} =
1/|λ0|
1/|µ0|

=
|µ0|
|λ0|
� 1.

(vi) If |λ0| � |µ0| and |λ0| ≥ 1 ≥ |µ0|,

(a) and, in addition, |λ0| � 1
|µ0| ,

min
{
|λ0|, 1

|λ0|

}
min

{
|µ0|, 1

|µ0|

} =
1/|λ0|
|µ0|

=
1

|λ0||µ0|
� 1.

(b) and, in addition, |λ0| ≈ 1
|µ0| ,

min
{
|λ0|, 1

|λ0|

}
min

{
|µ0|, 1

|µ0|

} =
1/|λ0|
|µ0|

=
1

|λ0||µ0|
≈ 1.

(c) and, in addition, |λ0| � 1
|µ0| ,

min
{
|λ0|, 1

|λ0|

}
min

{
|µ0|, 1

|µ0|

} =
1/|λ0|
|µ0|

=
1

|λ0||µ0|
� 1.

(vii) If 1 ≥ |λ0| � |µ0|,
min

{
|λ0|, 1

|λ0|

}
min

{
|µ0|, 1

|µ0|

} =
|λ0|
|µ0|
� 1.
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Now we simply combine these conditions to obtain the conditions in the statement
of the lemma. More precisely, case (i) corresponds with condition 1.(a), case (iii)(b)
with condition 1.(b) and case (vi)(b) with condition 1.(c); combining cases (ii) and
(iii)(a) we obtain condition 2.(a); combining cases (vi)(c) and (vii) we obtain con-
dition 2.(b); combining cases (iii)(c) and (iv) we obtain condition 3.(a); finally,
combining cases (v) and (vi)(a) we obtain condition 3.(b).
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transformations of matrix polynomials, Linear Algebra Appl., 470 (2015),
120-184.



BIBLIOGRAPHY 185
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