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ABSTRACT
Double-zero-index properties of electromagnetic and acoustic waveguides have been recently realized based on Dirac/Diraclike cones at the Brillouin zone (BZ) center. However, very limited research has been devoted to double-zero-index structural
systems of elastic waveguides, and almost no lattice system has been able to achieve multiple separated Dirac cones generated
around different frequencies at the BZ center. Here, we report two separated elastic-wave Dirac-like cones, which are simultaneously achieved around different Dirac points at the BZ center, due to the accidental degeneracy and frequency repulsion effect
in a Lieb-like lattice metamaterial. Using the proposed elastic medium, the double-zero-index properties of various elastic wave
modes are theoretically analyzed, numerically computed, and experimentally observed at the neighborhood of both Dirac-like
points. The performance of near total transmission without the phase change and the ability of wave-front shaping are unambiguously verified by numerical simulation and experimental measurements.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5085782
A rich variety of distinctive phenomena not typically found in
nature have been revealed by both quantum and classical transports in crystals and metamaterials, depending on the lattice
topology, interparticle interactions, presence of disorders, and
external energy fields.1–15 As a topic of particular interest, flatband systems with a Dirac cone, which can generate dispersionless and macroscopically degenerated energy bands, have
attracted ever-increasing attention.16–22 As one of the simplest
platforms in the family of optical flat-band lattice systems, the
Lieb lattice is a line-centered square depleted lattice, characterized by three atoms in one unit cell. Based on this exotic pattern,
a dispersionless flat-band intersects with two linearly dispersing
bands at a degenerate Dirac point, exhibiting a Dirac-like cone in
the middle of the energy spectrum of the structure.2,18,21,22 The
flat-band properties around the Dirac-like cone have been
observed in the Lieb optical lattice and photonic crystals.
Nevertheless, little research has been performed on the phononic
analog of the Lieb-like lattice, despite great interest in investigating Dirac/Dirac-like cones in phononic (acoustic) counterparts.
Based on the mechanism of Bragg scattering or local resonance, there are various designs of phononic crystals and

Appl. Phys. Lett. 114, 081906 (2019); doi: 10.1063/1.5085782
Published under license by AIP Publishing

acoustic metamaterials to obtain Dirac-like cones in classical
wave systems. Acoustic Dirac-like cones can be categorized into
three ways: (1) A single Dirac cone composed of two linearly
touching bands at the corner of the Brillouin zone (BZ);23,24 (2) A
Dirac cone derived from an accidental threefold degeneracy of
two linearly dispersing bands and an additional flat-band, where
the Dirac point appears at the center of BZ (C point);25–30 (3)
An emerging double-Dirac cone with a fourfold degeneracy,
where a pair of identical Dirac cones overlap at a single Dirac
point at the BZ center.31–35 Recent demonstration of Dirac/
Dirac-like cones at the center of BZ possesses enormous
potential to realize the double-zero-index properties of electromagnetic (epsilon-and-mu-near-zero)25,36,37 and acoustic
(concurrent zero effective density and infinite bulk modulus26–30) waveguides, for exciting applications like perfect
tunneling, wave-front shaping, acoustic beam collimation,
and asymmetric transmission.26–28,30
Compared to electromagnetic and acoustic waves, the
extension of zero-index structural systems to elastic waveguides
remains an open challenge since elastic waves in solid structures
have more polarization degrees of freedom, various deformation
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modes, and scattering complexity.38,39 Recently, Zhu and
Semperlotti40 have reported the experimental realization of a
double-zero-index elastic phononic waveguide to achieve the
corresponding cloaking and supercoupling effects. However, in
all these reported acoustic/elastic artificial structures with periodic unit cells, only one among the three Dirac/Dirac-like cone
types is obtained by each design. Almost no lattice system has
been reported to achieve dual or multiple separated Dirac cones
generated around different Dirac points.
In this work, we present the development of an elastic
Lieb-like lattice metamaterial to realize two separated Diraclike cones at the BZ center. The double-zero-index effective
properties of various elastic wave modes around both Dirac-like
points are theoretically, numerically, and experimentally investigated. A schematic of the proposed elastic Lieb-like lattice
metamaterial is illustrated in Fig. 1(a). Here, the three “atoms”
with sites A, B, and C in an optical/photonic Lieb lattice are
replaced by three geometric inhomogeneities with nonperforated taper holes, symmetrical about the upper and lower
surfaces. For an infinite structural waveguide, it can be further
described by a unit cell [Fig. 1(b)], with a periodic array of square
C4v symmetry.
The material properties of aluminum are applied to the proposed elastic metamaterial, where Young’s modulus E ¼ 70 GPa,
Poisson’s ratio  ¼ 0:33, and density q ¼ 2700 kg/m3. Based on
the Bloch-Floquet theory, we use finite element software,
Comsol Multiphysics, to evaluate the dispersion relations for an
infinite elastic Lieb-like lattice. The geometric parameters of a
unit cell (r ¼ 0:0183 m, a ¼ 0:00367 m, L ¼ 0:0497 m, and
h ¼ 0:008 m) yield an exciting dispersion spectrum that exhibits
two Dirac-like points at frequencies of fD1 ¼ 6.27 kHz and
fD2 ¼ 29.24 kHz [Fig. 1(c)], formed at the BZ center (C point).
Figures 1(d) and 1(e) show the three-dimensional dispersion surfaces around Dirac-like points I and II, respectively. As shown in
Fig. 1(c), it appears that Dirac point I is a double-Dirac cone
induced by a fourfold degeneracy, while Dirac point II is formed
by a threefold degeneracy. However, the close-up view in Fig.
1(d) shows that Dirac point I is actually resulted from a threefold
degeneracy since only three bands intersect at the Dirac
point.31–35 Interestingly, if the three branches are linearly dispersive along the MC direction [Fig. 1(d)], then two of them shift to
near dispersionless bands along the CX direction. The close-up
view in Fig. 1(e) shows that Dirac point II is a typical threefold
degeneracy of a flat-band with two linearly dispersing bands.
The three relevant degenerate Bloch states at the two separated
Dirac-like points are further captured and exhibited in Figs. 2(a)
and 2(b), respectively.
It is observed that two kinds of mode shapes exist for each
Dirac-like point: dipolar and quadrupolar field patterns. For Diraclike point I, two kinds of degenerate Bloch states are formed by
the whole unit cell [Fig. 2(a)], while for Dirac point II, the Bloch
states are also induced by the whole microstructure, but mainly
localized in the central “atom” of the unit cell [Fig. 2(b)]. By altering
the transverse radius of the semi-elliptic holes (from r ¼ 0:0183 to
r ¼ 0:0188), the frequencies of Dirac-like cones have a slight shift,
and the quadrupolar mode shape is separated from the two dipolar states [Figs. 1(d) and 1(e)]. This is indicative that both Dirac-like
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FIG. 1. (a) Schematic of the proposed Lieb-like lattice elastic metamaterial. (b)
Cross-sectional and isometric view of a periodic unit cell. (c) Dispersion relations of
an inﬁnite Lieb-like lattice metamaterial with two Dirac-like points at different frequencies simultaneously obtained at the BZ center. (d) Three-dimensional dispersion surfaces around Dirac-like point I and (e) Dirac-like point II showing the
formation of Dirac-like cones. The right image shows enlarged views of the threefold degeneracy, closed when r ¼ 0.0183 m and reopen when r ¼ 0.0188 m.

points are induced by zone folding of accidental degeneracy of
two dipolar states and a quadrupolar state.
To theoretically analyze the dual Dirac cones, we apply the
boundary effective medium theory (BEMT) and the ~
k ~
p perturbation method. On the basis of the BEMT,41 the Lieb-like unit cell
can be treated as an effective homogeneous medium stimulated
by the incident waves, and the equivalent material parameters of
the medium can be evaluated by calculating the eigenstate fields
on the boundaries. The applicability of the BEMT has been verified
in elastic metamaterial waveguides,40,42,43 even at a relatively high
frequency or a relatively short-wavelength. Using this method, we
calculate the eigenstates of the proposed unit cell around the two
Dirac points along the C-X direction. Around Dirac-like point I,
the wavelength is about 10L (A0 mode), while around Dirac-like
point II, the wavelength is about 3.41L (S0 mode). The relevant
boundary responses, including the stress, strain, and displacement field distributions, are captured. Then, we use Newton’s second law to calculate the effective mass density and use the
constitutive relations to obtain the effective moduli. The relevant
equation for the effective mass, qeff , can be written as40,41
eff

qeff ¼

eff

meff
Fz
Fz
¼
:
¼
eff
2
L2 h L2 hu
€ eff
x L2 huz
z

(1)

eff

Here, Fz is the effective net force exerted on the unit cell in the
eff
z direction and uz is the effective displacement of the unit cell
in the z direction, which can be calculated as
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effective density and infinite bulk modulus. It is expected that
the double-zero-index property should be exhibited for the
symmetric wave mode (S0 mode) at Dirac point II.
We further apply the ~
k ~
p method to analyze the linear
intersection at the Dirac-like points. The ~
k ~
p method is a perturbation method originated from the field of electrons.44,45 Mei
et al.29 generalized this method to classical waves and verified its
applicability in the Dirac-like cones of photonic/phononic crysk ~
p perturbation
tals. Zhu and Sempertotti40 adapted this ~
method to analyze the degeneracy of Dirac-like cones in a bulk
elastic system. Recently, Chen et al.46 and Chen et al.47 applied
the ~
k ~
p method to analyze the elastic topological phases in the
mechanical Kagome lattice and honeycomb lattice, respectively.
For an inhomogeneous thin plate consisting of Lieb-like unit
cells, we can use Navier’s equations to describe the elastodynamic response as
qx2 U ¼ ðk þ lÞrðr  UÞ þ lr2 U þ rkr  U þ rl  r  U
þ 2ðrl  rÞU;
(5)

FIG. 2. Three degenerate Bloch states at (a) Dirac-like point I and (b) Dirac-like
point II. The effective mass qeff , effective bulk modulus K eff , and effective shear
modulus Geff obtained around the frequencies of (c) Dirac-like point I, fD1 , and (d)
Dirac-like point II, fD2 . Inset: enlarged near-zero effective density-frequency proﬁle.

eff
Fz

¼

ðð

Txz dydzjx¼L 
ðð

Tyz dxdzjy¼0

and

ðð
eff
uz

ðð

Txz dydzjx¼0 þ

ðð

Tyz dxdzjy¼L
(2)

uz dydzjx¼L þ

¼

ðð

uz dydzjx¼0
;

2Lh

(3)

where Txz and Tyz are the xz and yz components of the stress
tensors, respectively. The effective moduli can be calculated
based on the constitutive relations as
eff

eff eff

eff eff

Txx ¼ c11 Sxx þ c12 Syy ;
eff

eff eff

Txz ¼ Gxz Sxz ;

eff

eff

eff eff

eff eff

Tyy ¼ c12 Sxx þ c11 Syy
eff eff

Tyz ¼ Gyz Syz :

(4)

The detailed expressions of the effective stress and strain tensors are listed in the supplementary material.
According to Eqs. (1)–(4), effective density qeff , effective bulk
eff
eff
modulus Keff (Keff ¼ ðc11 þ 2c12 Þ=3), and effective shear modulus
eff
G around the frequencies of dual Dirac-like cones are calculated and plotted in Figs. 2(c) and 2(d). It is clear that at the frequency of Dirac point I (fD1 ), density qeff is zero and shear
modulus Geff becomes infinite. However, the bulk modulus
remains positive. Therefore, the double-zero-index property is
exhibited for the antisymmetric wave mode (A0 mode) at Dirac
point I. At Dirac point II (fD2 ), the proposed system shows zero
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where q, k and l are the local density and local Lame constants,
U is the displacement vector. Based on the extended ~
k ~
p
k near ~
k 0 ¼ 0 can be
method,29,40 the Bloch functions at ~
~ j0 ð~
expressed by a linear combination of the U
rÞ, leading to


X
~
~ ~ ð~
~ j0 ð~
k eik~r U
U
rÞ ¼
r Þ;
(6)
Cnj ~
nk
j

where Cnj is the coefficient of the linear combination and “n”
denotes the band index. On the basis of the orthonormal rela~ j0 ð~
rÞ, we can further obtain
tion of the basic Bloch functions U
the dispersion relations of the inhomogeneous plate as


 


k  ¼ 0;
det x2n~k  x2j0 I þ P ~
(7)
kÞ ¼ i~
k ~
p jl ð~
kÞ is the reduced Hamiltonian and
where Pjl ð~

~
p lj . We can greatly lower the dimension of the matrix P in
p jl ¼ ~
Eq. (7) by considering only the degenerate states at the Dirac
points, which are incorporated in Eq. (6). For ~
k close to ~
k 0 ¼ 0,
the simplified analytical solution to the dispersion relation can
be written as
2xj0 Dx
¼ ca þ oðDkÞ;
Dk

a ¼ 1; 2; 3; …:

(8)

p jl. Dirac-like point II [Fig.
Linear slopes ca can be evaluated by ~
1(e)] is selected to verify the applicability of the extended ~
k ~
p
method in the proposed elastic Lieb-like metamaterial. The
matrix elements of ~
p jl are numerically evaluated by using the
integration of the Bloch wave functions at ~
k 0 ¼ 0. Around the
p 13 j ¼ 6:9390
frequency of Dirac point II, we obtain j~
p 12 j ¼ j~
p 21 j ¼ j~
p 31 j ¼ 6:9390  108 ), and the other elements
 108 (or j~
are zero. Consequently, the dispersion around the Dirac-like
point can be written as Df=Dk ¼ 0 and Df=Dk ¼ 6j~
p 12 j=ð8p2 fD2 Þ
¼ 6300:56. Therefore, the first solution represents the flatband and the other two solutions are contributed by the two
linearly intersecting bands at the Dirac-like point. In Fig. 1(e),
the results obtained using the ~
k ~
p method (blue solid lines) are
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FIG. 5. Comparison of energy density distributions in a normal plate and a Lieb-like
lattice waveguide under the same defect with diameters of (a) 10 mm, (b) 14 mm,
and (c) 20 mm.
FIG. 3. (a) Out-of-plane displacement ﬁeld contour (uz) under an incident A0 planar
wave at frequency fD1 (6.27 kHz). (b) In-plane displacement ﬁeld contour (ux) under
an incident S0 planar wave at frequency fD2 (29.24 kHz). (c) Numerical transmittance coefﬁcients obtained around the two Dirac-point frequencies under A0 and
S0 planar waves. (d) Comparing the out-of-plane contour and (e) in-plane contour
in a normal plate and a Lieb-like lattice plate, in the presence of defects. (f) Out-ofplane displacement contour under an incident A0 wave at frequency fD1 in a normal
and a Lieb-like lattice plate with a defect in the Lieb-like lattice region.

compared with the numerical dispersion relations (red dots).
The good agreement verifies that the obtained Dirac-like cones
are induced by the degenerated state coupling and the frequency repulsion effect.
To investigate the transmission properties of various wave
modes at the frequencies of Dirac points, we numerically build
an elastic aluminum waveguide consisting of a double-zeroindex Lieb-like lattice plate (middle 10  4 unit cells) [Figs. 3(a)
and 3(b)]. One end (bottom surface) is excited by incident waves
with different modes, and the other end is applied with a low
reflecting boundary condition. Periodic boundary conditions
are applied to the left and right boundaries to simulate an infinite elastic waveguide.

FIG. 4. (a) Experimental setup for the transmission measurement in a Lieb-like lattice waveguide. (b) Experimental transmission spectra for A0 and S0 modes around
the frequencies of Dirac points. (c) The out-of-plane displacement contour under A0
planar wave excitation in a normal plate and a Lieb-like lattice plate with the same
defect hole (diameter 14 mm).
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The proposed Lieb-like lattice structure is impinged by an
incident A0 planar wave at Dirac-like point I frequency (fD1
¼ 6.27 kHz). The out-of-plane displacement field contour (uz) is
captured in Fig. 3(a). An incident S0 planar wave at Dirac-like
point II frequency (fD2 ¼ 29.24 kHz) is also stimulated, and the
wave field distribution of in-plane displacement along the incident direction (ux) is shown in Fig. 3(b). The wave field contours
indicate that there is no phase change when the relevant wave
modes pass through the Lieb-like metamaterial slab, achieving
an almost total transmission. The numerically transmittance
coefficients around dual Dirac point frequencies are calculated
and shown in Fig. 3(c). It is confirmed that nearly full transmission is observed for various wave modes around their Dirac
points because of the zero-refractive index.
We further explore the applications of the proposed Lieblike metamaterial in shaping the wave-front pattern. We introduce a defect into the elastic waveguide. One defect is located
before the Lieb-like lattice region [Figs. 3(d) and 3(e)], while the
other defect location is within the Lieb-like region [Fig. 3(f)]. The
input surface is stimulated by an incident A0 planar wave at the
frequency of Dirac-like point I and a S0 wave at the frequency of
Dirac-like point II, respectively. It is clearly observed that the
wave-front is distorted significantly for both wave modes when
the planar waves pass through the normal waveguide. However,
if we set up a Lieb-like metamaterial region after the defect, the
transmitted waves display a non-distorted planar wave-front
pattern after passing through the metamaterial region. When
the defect is located within the metamaterial region [Fig. 3(f)],
we observe significant wave distortion in the normal plate, but
when the defect is in the Lieb-like metamaterial plate, the output waves maintain a regular and non-distorted wave-front. The
effect of damping on wave-front shaping performance of the
Lieb-like lattice plate is further discussed in the supplementary
material.
Experimental investigation is performed to validate the
extraordinary transmission properties of the Lieb-like lattice
waveguide. The experimental setup is shown in Fig. 4(a), and more
details are introduced in the supplementary material. Compared
to the numerical model, the thickness and the unit cell size of the
fabricated Lieb-like lattice plate are scaled to half the original
dimensions for better fabrication. The resulting frequencies for
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Dirac-like points I and II are doubled to 12.54 kHz and 58.48 kHz,
respectively. As shown in Fig. 4(b), the measured transmitted
amplitude is nearly constant across the two Dirac-like cones and
the near total transmission is obtained, which agrees with the
numerical results (see the supplementary material).
To investigate the wave-front shaping capability, the outof-plane displacement contours of a normal plate and the
Lieb-like lattice plate under A0 planar wave excitation are
acquired. The same punched hole is introduced to the center of
both the plates. Varying the defect size, the comparisons of the
full-field wave propagation in the normal and the Lieb-like lattice waveguides are visualized (see the supplementary material),
and one typical comparison is shown in Fig. 4(c). It can be
observed that the disturbance effect on the wave-front is clearly
captured in the normal plate, but the wave-front shape in the
Lieb lattice plate still maintains an almost non-distorted planar
pattern, which demonstrates the capabilities of wave-front
shaping and reconstructing in the proposed Lieb-like metamaterial. We further capture the root mean square (RMS) of the
transient responses to compare the energy density distribution
during the same duration. The relevant results obtained under
different defect sizes are shown in Fig. 5. It is illustrated that the
defect location and the Lieb-like pattern can be clearly recognized. Compared to the disturbed and irregular waveforms in a
normal plate, the robustness of wave-front shaping and reconstruction performances in the Lieb lattice waveguide is unambiguously verified.
In summary, we have proposed and demonstrated an elastic
Lieb-like metamaterial that can simultaneously generate two
Dirac-like cones around different Dirac points at the BZ center.
We present theoretical, numerical, and experimental investigation that the proposed waveguide can be mapped to an effective
medium with double-zero-index properties around the excitation frequencies of both Dirac-like cones. The zero-effectivedensity and infinite modulus for A0 and S0 modes waves have
been realized. Near full transmission without phase variation has
been verified. The ability of wave-front shaping is achieved for
both A0 and S0 waves. The robust performance of this doublezero-index elastic waveguide under various defect sizes and
damping has been discussed. This study extends the pathway
for designing extraordinary elastic waveguide devices.
See the supplementary material for more discussion on the
robustness and performance of the Lieb-like lattice waveguide.
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