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Abstract
Matrix polynomials arise frequently associated with Polynomial Eigenvalue Problems (PEPs). The standard way to solve PEPs is by means of (strong) linearizations, which are matrix pencils (namely, matrix polynomials of grade 1), that
allow to recover the relevant spectral information of the PEP in a relatively simple way, using appropiate algorithms. Any matrix polynomial has infinitely many
linearizations. One way to construct such linearizations is by means of symbolic
constructions (involving no arithmetic operations) consisting of block-partitioned
pencils whose blocks contain the coefficients of the matrix polynomial. (Generalized) companion forms are exactly particular cases of such constructions.
In particular, the central notion in this thesis is the notion of (generalized) companion forms (of grade `) of matrix polynomials. To abbreviate, we refer to “(generalized) companion forms” when ` = 1 (that is, when they are matrix pencils).
One of the properties of (generalized) companion forms (of grade `), we are
especially interested in is the sparsity. Sparse (generalized) companion forms (of
grade `) are those having the smallest possible number of nonzero entries. This
notion is interesting from the point of view of the simplicity in the construction,
and it may have some relevance from the numerical point of view.
We are also interested in structured (generalized) companion forms (of grade `),
that is, companion forms that preserve some of the structures that matrix polynomials frequently present in applications. The most relevant structures are the
(skew-)symmetric, (skew)-Hermitian, (anti-)palindromic and alternating structures.
These structures correspond to certain symmetries in the entries of the coefficients
of the matrix polynomial, and in turn imply some symmetries in their spectral information. To compute this spectral information is the main goal of the PEPs.
Therefore, to preserve the symmetries in the block entries of the matrix polynomial
is key in the whole process, in order to avoid that, due to numerical errors, the
symmetries in the spectrum are lost, which would lead to meaningless results. This
is the motivation behind searching for structured (generalized) companion forms,
even though we do not deal with numerical issues in this part of the thesis.
This dissertation consists of three parts. The first one is devoted to introduce a
wide family of quasi-sparse companion forms (which have a small number of nonzero
entries, although not necessarily the smallest one) for arbitrary square matrix polynomials, expressed in the monomial basis, which includes all the quasi-sparse companion forms known so far (the Fiedler-like families and the recent block-Kronecker
linearizations), and which extends the class of “companion matrix patterns” introduced in [58] for monic scalar polynomials. In addition, a thorough study of the
sparsity of companion forms in this new family is carried out.
This first part also includes a theoretical analysis of generalized companion forms.
In particular, we introduce a new notion of generalized companion forms for matrix
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polynomials expressed in the monomial basis. This definition is quite general and
extends the notions of companion form in [41], generalized companion matrix in
[68], and Ma-Zhan companion matrix in [100], as well as the previous class of quasisparse companion forms. Then, we analyze some algebraic properties of generalized
companion pencils as well as the sparsity of these constructions (by imposing some
natural conditions on their entries).
The second part of this thesis is related to structured (generalized) companion
forms of matrix polynomials, expressed in the monomial basis. It is well known that
is not possible to construct companion forms that preserve any of the structures
mentioned before for matrix polynomials of even degree. This motivates the search
for more general companion forms, in particular (generalized) companion forms of
grade ` (for ` > 1). These constructions are strong `-ifications and, like (generalized)
companion forms, they are constructed in a symbolic way containing the coefficients
of the polynomial. The term “structured” here means that these companion forms
preserve the structure of the polynomial (that is, the matrix polynomial and its
`-ification have the same structure). Then, we present, for the first time, a family
of structured (generalized) companion forms of grade `, that preserve any of the
structures mentioned before, for matrix polynomials of grade k = s`, with s being
an odd number, extending recent works (such as [55, 56]), and we give a procedure
to obtain sparse `-ifications within this family. Finally, we prove that there are no
structured companion quadratifications for quartic matrix polynomials.
The third part of this thesis focuses on matrix polynomials expressed in a
Lagrange(-like) basis. Matrix polynomials expressed in non-monomial bases are
more natural for certain applications than those expressed in the monomial basis
and, when we aim to solve the PEP, it is important to avoid reformulating the
matrix polynomial into the monomial basis (because this may introduce numerical errors in the computation). Then, this part is focused on new contributions
regarding polynomials in non-monomial bases, specifically for the Lagrange basis.
In this part, we develop both a numerical and a theoretical analysis. First, regarding the numerical analysis, we perform a first-order backward error analysis of the
PEP solved by applying a certain linearization of a matrix polynomial (expressed
in the Lagrange basis). More precisely, we obtain that, if the matrix polynomial
is suitably scaled, then we get a good backward stability (to first order) from the
polynomial point of view when the linearization is combined with a backward stable
method for computing the spectral information of the matrix polynomial. Regarding the theoretical analysis, this third part is also devoted to present a family of
structured strong linearizations for matrix polynomials of odd grade k, expressed in
a Lagrange(-like) basis, which enables the preservation of the spectral symmetries
for the matrix polynomial.
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Chapter 1
Motivation, introduction, and
summary of main results
In this chapter we present a brief introduction to Polynomial Eigenvalue Problems
(see Section 1.2) and we also discuss the problems considered in this thesis. But, in
order to motivate better them, we first recall the polynomial root-finding problems
and their main contributions known so far in the literature (see Section 1.1). Later
on, we present a summary of the chapters presented in this thesis and the main
original contributions contained in these chapters (see Section 1.3). Finally, some
general notation, which will be used throughout this thesis, is summarized (see
Section 1.4).

1.1

Polynomial root-finding problems

The process of computing the roots of scalar polynomials, which is known as polynomial root-finding problem, is one of the oldest mathematical problems [107, 108].
For many centuries, relevant authors such as G. Cardano, I. Newton, D. Bernoulli,
N.H. Abel, among others, have introduced not only theoretical but also numerical
contributions in this area. We refer to [107, 108] for a thorough survey on numerical
methods for “the root-finding problem”, as well as several applications in different
areas, such as control theory, finance or signal processing, to name a few.
A popular way to compute the roots of a monic scalar polynomial expressed in
the monomial basis (over an arbitrary field F)
pe(λ) =

k−1
X

λj pj + λk , with pj ∈ F, for j = 0, 1, . . . , k − 1,

(1.1)

j=0

is via the eigenvalues of its companion matrix. In this way, the root-finding problem
can be reformulated as an eigenvalue problem (see Section 1.2). Although these two
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problems are mathematically equivalent, they present relevant differences from the
numerical point of view, as we argue later on.
Regarding companion matrices, they are symbolic constructions of matrices that
depend on the coefficients of the polynomial pe(λ), namely p0 , . . . , pk−1 . More precisely, each nonzero entry of the companion matrix is either a scalar (i.e., an element
in F) or a scalar multiplied by one of the coefficients of pe(λ), and its characteristic
polynomial is equal to pe(λ) (or equivalently, the eigenvalues of the companion matrix
are the roots of pe(λ)).
The most well-known companion matrices of monic scalar polynomials (1.1) are
the matrices


−pk−1 −pk−2 · · · −p1 −p0
 1
0
··· ···
0 



.. 
..
..

.
.
. 
and
C2 := C1> ,
(1.2)
C1 :=  0


 ..
.
.
.
.
.. 
..
..
..
 .
0
···
0
1
0
known as the first and second Frobenius companion matrices of pe(λ), respectively.
Frobenius companion matrices are important in theory as well as in numerical
computations. Furthermore, they appear frequently in applications (see [84] and
[91, Section 10.4] and the references therein). In particular, MATLAB’s command
roots computes all the roots of a polynomial by applying the Franci’s implicitly
shifted QR-algorithm (or QR-algorithm, to abbreviate), after balancing the Frobenius companion matrix [45, 75]. This method has been extensively used because of
its robustness and backward stability. However, it is known that it does not exploit
the special structure of the companion matrix, so this may not be the best way to
address the polynomial root-finding problem, from the point of view of efficiency
and storage [10, 45, 111].
After many years of research, with the aim of overcoming the drawbacks commented in the above paragraph, several fast variants of the QR method have been
proposed (see [10, Section 2], where earlier work on this topic was summarized).
In particular, a fast and backward stable method for computing the roots of monic
scalar polynomials, entitled companion QR algorithm (see [9], where the name was
introduced), was recently developed in [10].
Numerical properties of the Frobenius companion matrices (eigenvalue condition
numbers and backward errors of the computed roots) have also been extensively
studied [45, 60, 98, 129]. In particular, these numerical properties are one of the
reasons that emphasize the differences between the process of computing the roots
of a polynomial and computing the eigenvalues of a companion matrix. These
differences mainly rely on the fact that small perturbations of the companion matrix
may not correspond to equally small perturbations of the associated polynomial pe(λ).
Regarding the classical Frobenius companion matrices, there is a large body of
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knowledge on companion matrices for monic scalar polynomials, expressed in both
the monomial and non-monomial bases, within the framework of the polynomial
root-finding. Even though there is a large number of different companion matrices,
which have been introduced so far in the literature, we are going to highlight either
the ones that are directly related to this dissertation or the ones that we consider
important to mention.
In the monomial basis, Fiedler introduced, in 2003, a family of companion matrices that generalizes the Frobenius companion matrices [63], named Fiedler companion matrices for the first time in [38]. Both the numerical and theoretical properties
of these matrices have been extensively studied since its appearance (see, for instance [116], where a carefully study was developed, as well as [36, 43, 44, 45, 46, 50]).
Most of the references just cited analyze the Fiedler companion pencils for matrix
polynomials instead of scalar ones (see Section 1.2). Besides this well-known family,
several recent papers [58, 59, 68, 100] have presented particular constructions of
companion matrices. For instance, a canonical expression (up to permutation similarity) of companion matrices, named companion matrix patterns, was introduced
in [58], whereas in [59] pentadiagonal companion matrices have been studied. In
[68] and [100], the authors deal with a slightly more general notion of companion
matrices. In particular, the so-called Ma-Zhan companion matrices, introduced in
[100], allow for entries which are rational functions in the coefficients of the polynomial pe(λ). However, this notion includes constructions which are not valid for
all coefficients p0 , . . . , pk−1 (namely, when the denominators of some of the rational
functions vanish) except precisely in the case where all entries are just polynomials in
these coefficients. On the other hand, the so-called generalized companion matrices,
introduced in [68], are more restrictive constructions than the Ma-Zhan companion
matrices, where the entries are placed in some specific part of the matrix (namely,
they are on or below the superdiagonal), and some of them are prescribed (namely,
all entries on the superdiagonal are equal to 1).
In order to look for the simplest constructions of companion matrices, special
attention has been paid to the notion of sparsity [58, 100], namely the property of
having the smallest possible number of nonzero entries. Sparsity is a feature that
also has a numerical motivation, since one could devise more efficient algorithms
by taking advantage of the sparsity. It has been proved in [100] that the smallest
number of nonzero entries in a companion matrix for monic scalar polynomials of
degree k is 2k − 1, and, in [58], the characterization of sparse companion matrix
patterns were also studied (see [49, Th. 1.2]).
For polynomials expressed in other bases than the monomial one, some other
kind of companion matrices have been introduced. Similarly than for the monomial
case, both numerical (mainly regarding backward stability and conditioning) and
theoretical properties have been studied over the years [11, 12, 19, 35, 72, 93, 94, 106,
113, 115, 137]. In order to distinguish these matrices from the classical companion
matrices (or the ones for polynomials expressed in the monomial basis), some other
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names like “comrade”, “colleague”, “confederate”, or “non-standard companion”
have been used. The name “generalized companion matrix” has been also used, for
instance, in [15, 31, 32, 33, 34, 65, 92, 137], but with a very different meaning than
the one in [68] for the monomial basis.
Finally, it is important to emphasize that companion matrices are only valid
for monic scalar polynomials. This is one of the major drawbacks to deal with
companion
Let us see why: First, it is known that any scalar polynomial
Pk matrices.
j
p(λ) = j=0 λ pj (not necessarily monic) can be taken to a monic polynomial pe(λ)
having exactly the same roots as p(λ), just dividing p(λ) by its leading coefficient,
pk (namely, pe(λ) = p1k p(λ)). However, this operation may affect the accuracy of
the numerical method used to compute the roots of the polynomial. For instance,
the classical method for computing the spectral information of the given polynomial
[134] guarantees backward stability when the polynomial is scaled in such a way that
its norm is equal to 1 (see [134, p. 576]). In order to get such a polynomial with
norm equal to 1, we could divide our starting polynomial by its norm. However, this
can turn a monic polynomial into a non-monic one, so this strategy is not useful if we
use a numerical method which is only suitable for monic polynomials. Hence, from
the numerical point of view, it may be desirable to work with non-monic polynomials
(see also [9, Section 1]). An alternative to divide by the leadding coefficient pk is
to work with companion pencils for general (not necessarily monic) polynomials of
degree k (over an arbitrary field F).
Even though we do not consider explicitly the polynomial root-finding problem
throughout this dissertation, it is implicitly included as a particular case of the polynomial eigenvalue problems considered in Section 1.2 (namely, when the coefficient
matrices have size 1 × 1).

1.2

Polynomial Eigenvalue Problems

The Polynomial Eigenvalue Problem (PEP) consists in computing the spectral structure, namely the so-called elementary divisors (see Definition 2.1.8), of a regular
(square) matrix polynomial (i.e., a polynomial such that its determinant is not
identically zero, see Section 2.1) expressed in the monomial basis (over an arbitrary
field F)
k
X
P (λ) =
λj Pj , with Pj ∈ Fn×n , for j = 0, 1, . . . , k.
(1.3)
j=0

It extends the well-known standard eigenvalue problem (SEP) and the generalized
eigenvalue problem (GEP), where the matrix polynomial P (λ) has the particular
form −λIn + A and −λA + B, respectively, with A, B ∈ Fn×n .
PEPs arise in many applications including time-delay systems, optimal control
of dynamical systems, vibration analysis of structures and machines, differential
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algebraic equations, stability analysis of dynamical systems, and model reduction.
See, for instance, [14] and the references therein.
Although the main focus of the literature on PEPs has been on regular matrix
polynomials, problems related to singular matrix polynomials (see Section 2.1) are
increasingly studied. In particular, they appear in applications as, for instance,
multivariable system theory and control theory. In this case, the singular structure,
namely the so-called minimal indices (see Definition 2.1.10), must be also computed,
and then the PEP receives the name of complete polynomial eigenvalue problem
(CPEP), which computes both the spectral and the singular structure, namely the
complete eigenstructure [134]. Throughout this dissertation, we refer to CPEPs as
the ones associated to both regular and singular matrix polynomials. Notice that,
for regular polynomials, the set of minimal indices is empty (see Definition 2.1.10).
CPEPs is a subclass of the more general Nonlinear Eigenvalue Problem (NEP),
where the matrix polynomial is replaced by
P (λ) =

k
X

φj (λ)Pj , with Pj ∈ Fn×n , for j = 0, 1, . . . , k,

(1.4)

j=0

where φj (λ) : F → F are scalar functions (some of which may be nonlinear). Another
relevant subclasses of NEPs are the Rational Eigenvalue Problem (see, for instance,
[4, 5, 51, 52, 54, 99, 117, 126]), as well as the NEPs associated to matrix polynomials
expressed in non-monomial bases (such as Chebyshev, Newton, Bernstein, Lagrange,
or Hermite, among others [3, 8, 61, 96, 104, 118, 132]). Both of these problems have
become more and more attractive in the last decade (see, for instance, the following
surveys on NEPs [73, 74, 109]). Nonetheless, CPEPs have been extensively studied
for several decades, focusing on theoretical and numerical properties, such as the
conditioning [78, 127], and backward stability [53, 77, 127]. Futhermore, different
strategies of computing the complete eigenstructure of the matrix polynomial, when
solving the CPEP, has also been extensively studied. We present a brief summary
of the most important contributions in this area.
First, the standard way to compute the elementary divisors, together with the
minimal indices (in the singular case), is by means of a linearization, which is a
matrix pencil (that is, a matrix polynomial of degree at most 1) whose eigenvalues
(together with their multiplicities), all the elementary divisors (including repetitions), as well as the number of left and right minimal indices, coincide with the
ones of the matrix polynomial [41]. Then, applying the QZ algorithm for matrix
pencils to the linearization [112], or the staircase algorithm in the singular case
[133, 134], the CPEP associated with P (λ) can be numerically solved.
Any matrix polynomial has infinitely many linearizations, but in order for them
to be useful in practice, it is important to know in advance that they are linearizations. Two particular desirable features of linearizations from the point of view
of applications are being “easily constructible” from the coefficients, P0 , . . . , Pk ,
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of the matrix polynomial, and valid for all matrix polynomials of a given degree
(or grade, see Section 2.1). This is the case, for instance, of the well-known first
and second Frobenius companion pencils [71]. These linearizations are, respectively,
F1 (λ) := λX − C1 and F2 (λ) := λX − C2 , where X = diag(Pk , I(k−1)n ) and


−Pk−1 −Pk−2 · · · −P0
 In
0
··· 0 


C1 = 
and
C2 = C1B
(1.5)
.. 
.
.
.
.

.
.
. 
0

In

0

(where (·)B means block transposition, see Section 1.4). Notice that F1 (λ) and F2 (λ)
are a natural generalization of the Frobenius companion matrices C1 and C2 in (1.2)
for monic scalar polynomials, where the coefficients of the scalar polynomial are
now replaced by the matrix coefficients of the matrix polynomial, and the entries
identically equal to one are replaced by identity blocks of size n × n.
These linearizations are the most frequently used to solve CPEPs. In particular,
they are used in the classical method [134] as well as in the MATLAB’s command
polyeig to compute all the complete eigenstructure of the given matrix polynomial
[75]. However, it is known that the Frobenius companion pencils present some
significant drawbacks. For instance, they do not preserve any of the most important
symmetry structures arising in applications [101], they modify the conditioning of
the problem and may produce much larger backward errors than desirable [60, 98],
and they are easily constructed from the coefficients of the matrix polynomial only
if these coefficients are given with respect the monomial basis, among others. These
drawbacks have motivated, in the last years, the development and analysis of new
classes of linearizations of matrix polynomials.
A particular class of linearizations was introduced in [41] with the name of companion forms (or companion pencils) for matrix polynomials of grade k (see [41,
Section 5]). These are symbolic constructions consisting of block-partitioned pencils
whose blocks contain the coefficients of the matrix polynomial. They present several
advantages, besides being linearizations for any matrix polynomial. Among the most
relevant ones we mention the following: (a) they are strong linearizations (that is,
they also preserve the infinite eigenvalues of the polynomial, and its multiplicities),
and (b) they present a template involving no arithmetic operations at all (that is,
they are easily constructible just placing the coefficients of the polynomial in some
specific positions, together with other entries, typically some identities, though there
can be other additional entries involved). Anyway, the only information needed to
build companion pencils is the selection and placement of the blocks. In particular,
companion pencils contain, as particular cases, the Frobenius companion pencils,
and extend the notion of companion matrix for monic scalar polynomials, mentioned in the previous section. Due to the flexibility in the leading term of the
companion pencil, which is not present in companion matrices, where the leading
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term is always an identity (of the corresponding size), companion pencils provide
richer constructions.
In the recent years, several families of companion pencils have been introduced
in the literature. We highlight two of the most relevant families: the Fiedler-like
pencils and the recently introduced family of block-Kronecker pencils.
First, the family of Fiedler companion matrices, introduced in [63], was extended
to pencils, and to regular matrix polynomials, in [6], and was named in [38]. A
thorough study of this family [38, 40], together with other families of Fiedler-like
pencils, such as the generalized Fiedler pencils [6, 23], and generalized Fiedler pencils
with repetition [21, 27, 136], has been extensively carried out in the last decade.
Some recent works have also analyzed particular features or applications of Fiedlerlike pencils [22, 119]. However, even though these families offer several important
advantages over other families of linearizations, the proofs or even the definitions
are quite complicated.
Regarding the family of block-Kronecker pencils, introduced in [53] as a particular subfamily of the wide family of (strong) block minimal bases pencils [53],
it contains (up to block permutation) not only all families of Fiedler-like pencils
[25] but also the classical Frobenius companion pencils. They are constructed in
an easier way than the Fiedler-like pencils, and using the classical concept of dual
minimal bases (see Section 2.1.1). Among the favorable properties of this family are
that all pencils in this family are strong linearizations for any matrix polynomial,
the simple way to recover the eigenvectors and minimal bases (in the singular case),
as well as the relations between the minimal indices of the matrix polynomial and
those of the matrix pencil, which are robust under perturbations. Furthermore, an
appropriate application of the QZ or the staircase algorithm on the block-Kronecker
pencils provide a backward stable method for solving the CPEP [53].
Despite the efforts devoted to introduce new families of companion pencils, a
comprehensive study of the structural properties of general companion pencils is still
missing. Some progress in this direction has been carried out in [58, 59, 68, 100] for
companion matrices. These references have analyzed interesting structural features
of companion matrices (i.e., associated to monic scalar polynomials), using tools
mainly from graph theory (by considering the digraph associated to the companion
matrix), as well as some results and techniques from field theory. As we mentioned in
the previous section, some interest has also been paid to sparse companion matrices
in recent papers such as [58, 100].
The thorough study devoted in Chapter 3 has been motivated by recent contributions related to companion matrices. In particular, the first goal of this dissertation,
which is presented in Section 3.2, is to extend the results in [58] to companion pencils
for square matrix polynomials of degree k (1.3). First, we introduce a general class
of block-partitioned pencils (denoted by Rn,k ), which they contain k − 1 identity
blocks, plus another k − 1 blocks equal to λIn , together with some other nonzero
blocks involving the coefficients of the polynomial. However, its generality relies
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on the fact that these blocks can be placed anywhere in the pencil. This aims to
introduce a class of potential linearizations that keeps all the essential structural
properties of the previous families of linearizations known so far in the literature
(namely, the identity blocks), and having a small number of nonzero block entries.
We refer to them as quasi-sparse because of this small number of nonzero block
entries, which is no more than 3k − 2. Some pencils in Rn,k can be either not
companion (that is, linearizations) or not sparse, and our interest mainly focuses
on those which are companion (firstly) and those which are companion and sparse
(secondly). Our goal is to provide a canonical expression, up to permutation, for
companion pencils in this family, resembling the one provided in [58] for companion
matrices, and to determine, up to permutation as well, how many different sparse
companion pencils are in this family. To achieve this goal, we introduce a new class
of block-partitioned pencils, denoted by QC n,k (plus an intermediate class Qn,k ),
which comprises, up to permutation, all companion pencils in Rn,k , and we count
the number of different sparse companion pencils in Rn,k .
The notion of companion pencil (see Section 2.1.2) imposes a severe restriction
on the nonzero blocks to be either an identity or a coefficient of the matrix polynomial (multiplied by some constant in F). However, as we also mentioned in the
previous section, there are more general notions of companion matrices, such as the
generalized companion matrices in [68] and the Ma-Zhan companion matrices in
[100], which allow for more general nonzero entries. Motivated by these definitions,
and with the aim to look for the most general notion of companion pencils, we
introduce, in Chapter 3, a new notion of generalized companion pencils, where we
allow the non-constant block entries of the pencil to be not just the coefficients of
the polynomial, but polynomials in these coefficients. In particular, this new notion
extends, to matrix pencils, the notion in [68]. We use the term “generalized” because it is the one used in [68], and also in order to be consistent with the classical
notion of companion pencil, which is used for more restrictive pencils. Furthermore,
we show that, if we impose that each coefficient of the matrix polynomial appears
only once in the generalized companion pencil, its nonzero block entries are, up to
constants, the ones in the new class of quasi-sparse pencils Rn,k .
Even though the notion is introduced for arbitrary (scalar or matrix) polynomials of degree k, in the last part of Chapter 3, we focus only on scalar polynomials
to analyze some algebraic properties of the generalized companion pencils. In particular, we determine their Smith canonical form and we prove that they are all
nonderogatory. We also pay attention to the sparsity of these constructions, and
we determine the smallest number of nonzero entries, after imposing some natural
conditions on its entries.
Finally, for certain applications, matrix polynomials are more naturally expressed
in other bases than the monomial. Furthermore, when solving CPEPs expressed in
a non-monomial basis, it is important to avoid reformulating the matrix polynomial
into the monomial basis [61, 130], since this change of basis can be poorly conditioned
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and may introduce numerical errors. For this reason, in the past few years, much
effort has also been made for constructing strong linearizations for polynomials expressed in some classical bases such as the Chebyshev, Newton, Hermite, Bernstein,
or Lagrange bases, among others [3, 8, 32, 62, 96, 104, 113, 114, 118, 121, 132].
Even though the number of different linearizations introduced so far in the literature is large, the corresponding numerical analyses for these families have not
been so developed. Up to our knownledge, only a few papers have focused on the
backward error analysis of the CPEP solved via linearizations (for matrix polynomials expressed in non-monomial bases). For instance, in [115], the authors show
that, if the norm of the coefficients of a given matrix polynomial, expressed in the
Chebyshev basis, are bounded by a moderate number, computing the eigenvalues of
the polynomial via the eigenvalues of its colleague matrix using a backward stable
algorithm is backward stable. We emphasize that this study is only carried out for
monic polynomials. Later on, in [95], the authors bounded the backward error of an
approximate eigenpair of the CPEP relative to the backward error of an approximate
eigenpair of the linearization for Lagrange interpolants; and, in the recent paper [97],
the authors identified the factors involved in the growth of the backward error, and
obtained an upper bound of one of these factors. Furthermore, they gave bounds for
particular linearizations in the monomial, the Chebyshev, and the Lagrange cases.
Nevertheless, a thorough analysis of the influence of the linearization process to
solve CPEPs associated to matrix polynomials expressed in non-monomial bases is
still missing. This open line of research motivates us to develop a first-order backward error analysis of CPEPs solved by some linearizations of matrix polynomials
given in non-monomial bases. Due to the large scale of this problem, we have started
by addressing a reduced goal, specifically with a particular linearization for matrix
polynomials expressed in the Lagrange basis (see Section 2.3 for more information
about this basis).
This problem is addressed in the first part of Chapter 5. In particular, we
consider a family of “one-sided block-Lagrange matrix pencils” (see Section 2.3,
specifically (2.15)). This is a subfamily of the one introduced in [121], which is, in
turn, a generalization of the block-Kronecker pencils of [53] to non-monomial matrix
polynomials. Even though the templates of the matrix pencils in both families
introduced in [53] and [121] are similar, the main difference is presented in the dual
minimal bases used. More precisely, our constructions are based on the so-called
“block-Lagrange dual minimal bases” (see Section 2.3). In particular, we will prove,
in Section 5.1, that if the matrix polynomial P (λ) of grade k + 1, expressed in the
Lagrange basis, is suitably scaled, then a perturbed one-sided block-Lagrange pencil
is strong linearization of the perturbed matrix polynomial, and we provide a bound,
in a suitable norm, of the backward error (to first order). We emphasize that the
proofs of these results mainly follow the research line of the recent rigorous study of
global backward stability presented in [53] for the monomial basis.
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Structured Polynomial Eigenvalue Problems

A relevant feature of matrix polynomials that usually arise in applications is the
structure. Here, the term “structure” refers to certain symmetries in the entries
of the coefficients of the matrix polynomial (1.3). In particular, the most frequently studied structures are the (anti-)palindromic, the (skew-)Hermitian, the
(skew-)symmetric, and the alternating structures [2, 14, 17, 18, 79, 101, 102, 110]
(see Definition 2.2.4 for the formal definition of all these structures). For instance, to name a few applications, palindromic matrix polynomials arise in the
study of resonance phenomena of rail tracks under high frequency excitation forces
[79, 101, 105, 138], symmetric (or Hermitian) matrix polynomials appear in the problem of vibration analysis [69, 71, 89, 128], and alternating matrix polynomials arise
in the study of gyroscopic systems [57, 89, 90].
The symmetries on the coefficients of the structured matrix polynomials imply certain symmetries in the spectral information of the matrix polynomial; for
instance, in its eigenvalues (or spectrum, see Definition 2.1.8). Then, if these symmetries in the coefficients of the polynomial are not preserved in the linearization,
then, as a consequence of the rounding errors that would affect the corresponding
numerical method (which is applied to the linearization), the symmetries in the
spectrum would be lost, providing meaningless results. Therefore, it is important to
look for linearizations that preserve these symmetries in the coefficients of the matrix polynomial. We will refer to these linearizations as structured linearizations. In
particular, when the spectral symmetries of the structured matrix polynomials are
taken into account (that is, when they are preserved in the computed solution) the
PEP (resp. CPEP), receives the name of Structured Polynomial Eigenvalue Problem
(SPEP) (resp. Structured Complete Polynomial Eigenvalue Problem (SCPEP)), and
instead of the QZ or staircase algorithms, a structured method (that is, a method
preserving the spectral symmetries of the spectrum of the matrix polynomial) can
be applied to the pencil to solve SCPEPs [29, 86, 102, 123].
The interest of the community in such constructions resulted in several families
of structured linearizations (not companion) [7, 101]. Later on, structured companion pencils were obtained for the palindromic structure [26, 39], for the symmetric
structure [21, 24, 27, 28], and for all of them [56] (note that some of these are quite
recent references). However, these structured companion pencils are not valid for
all polynomials. Actually, as it was discovered in [41, Ths. 7.20 and 7.21], there are
no companion pencils for structured matrix polynomials with even grade, for any of
the structures mentioned so far.
The non-existence of structured companion pencils motivates the search for other
constructions that allow to recover the eigenstructure of the matrix polynomial
(1.3) through a matrix polynomial with higher grade ` ≥ 1. A particular case of
these constructions is the companion forms of grade ` (also known as “companion
`-ifications”, see Section 2.1.2). These are block-partitioned matrix polynomials
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of grade `, with blocks of size n × n (like companion pencils) that contain the
coefficients of the matrix polynomial among their blocks, and that allow to recover
the complete eigenstructure of the matrix polynomial, as companion pencils do (in
particular, they include companion pencils, when ` = 1).
Companion `-ifications for general (non-structured) matrix polynomials have
been considered in several recent references [16, 41, 48, 55]. In particular, a relevant family, known as block-Kronecker `-ifications, has been recently introduced
in [55], extending the family of block-Kronecker linearizations [53].
However, so far no families of structured companion `-ifications are known, apart
of some particular examples provided in [53, Ex. 5] for the symmetric structure, or
the strong linearization introduced in [82] for the palindromic structure, which is
quasi-companion, but not exactly companion (see Section 4.3).
This motivates us to introduce a framework for structured `-ifications of matrix
polynomials of grade k, which is addressed in Chapter 4. In particular, we introduce a family of structured `-ifications with the name MA -structured block-Kronecker
degree-` matrix polynomials, valid for all divisors, `, of the grade k of the matrix
polynomial (1.3) such that k = (2d + 1)`, for some d (namely, k is the product of
` times an odd number). The adjective “MA -structured” refers to a general transformation MA (more precisely, a Möbius transform, see Section 2.2) that allows to
unify all the symmetry structures mentioned so far (that is, the ones in Definition
2.2.4). Our family is a particular case of the block-minimal bases `-ifications introduced in [55] for non-structured matrix polynomials. One of the features of these
families is that they allow to recover the minimal indices (for singular matrix polynomials, which are not preserved by general `-ifications [41, Th. 4.11]) of the matrix
polynomial (1.3) from the minimal indices of any `-ification in the families. In particular, we provide explicit and very elementary formulas for the minimal indices of
the matrix polynomial in terms of the minimal indices of these `-ifications. These
formulas are a direct consequence of the general recovery formulas provided in [55]
for the block-minimal bases `-ifications.
Following the research line of the first block of this thesis (that is, Chapter 3),
we are also interested in the sparsity, but in this case, for these new constructions of
`-ifications. Therefore, Chapter 4 is also devoted to determine the smallest possible
number of nonzero block entries in any `-ification in the new families, as well as to
provide a procedure to construct `-ifications with exactly this number of nonzero
block entries. In particular, this number is only attainable for the (anti-)palindromic
structures, since, for all the remaining structures, the `-ifications in the proposed
family have a larger number of nonzero block entries.
It is important to mention that, in Chapter 4, we deal mainly with the notion of
generalized companion `-ification (see Definition 4.0.1), which is a natural extension,
to grade ` matrix polynomials, of the new notion of generalized companion pencils,
introduced by us in Chapter 3. As we mentioned above, this new notion (of matrix
polynomials of grade ` ≥ 1) allows for more flexibility in the blocks. More precisely,
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they are polynomials in the coefficients, P0 , . . . , Pk , of the matrix polynomial (1.3)
so, for instance, sums and products of these coefficients may appear in the blocks of
a generalized companion `-ification, instead of the ones in a companion `-ification
(see Definition 2.1.17), which can only be of the form In or Pj , for j = 0, . . . , k, up
to multiplication by scalars (namely, numbers in F).
Despite the apparently restrictive definition of companion `-ification, most families of linearizations known so far consist of this kind of constructions, or, at least,
contain this kind of pencils. This is, for instance, the case of the block-Kronecker
family [53], which contains many pencils of this form. Moreover, all the structured
families that we present in Section 4.2 include such constructions. Therefore, to
consider companion `-ifications instead of generalized companion `-ifications makes
sense and provides simpler constructions.
Now, we address the following two natural questions which arise after the previous considerations:
(Q1) Is it possible to obtain structured generalized companion `-ifications for matrix
polynomials with grade k = (2d)`?
(Q2) Is it possible to obtain structured companion `-ifications for matrix polynomials with grade k = (2d)`?
The answer to (Q1) is positive. In particular, it is possible to easily construct
structured generalized companion quadratifications (` = 2) for palindromic matrix
polynomials of grade k = 4d from the quadratifications introduced in [82] (see the
example at the beginning of Section 4.3). However, these constructions involve the
product of several coefficients of the original matrix polynomial (1.3), so they are
not just companion.
To answer (Q2), we will prove, in Section 4.3, that there are no structured companion quadratifications for quartic matrix polynomials (that is, k = 4). This means
that the answer to (Q2) is negative when d = 1 and ` = 2. Then, constructions
like the ones mentioned above are not possible (at least for k = 2` and ` = 2)
if we restrict ourselves to companion `-ifications instead of generalized companion
`-ifications.
Finally, as it happens with polynomials expressed in the monomial basis (when
searching for `-ifications, with ` > 1), there is no an unified framework for structured
matrix polynomials expressed in non-monomial bases. Even though some examples
of structured linearizations have been presented for matrix polynomials in nonmonomial bases (for instance, for symmetric polynomials in different classical nonmonomial bases [3, 96]), no linearizations for general structures have been addressed,
up to our knowledge. Therefore, to be consistent with the first part of Chapter
5, in the second part of this chapter, we introduce a family of structured strong
linearizations for a structured matrix polynomial P (λ) expressed in a Lagrange(-like)
basis, which enables the preservation of the spectral symmetries for P (λ). Matrix
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pencils within this family are called “MA -structured block-Lagrange matrix pencils”.
In particular, our family is a subfamily of the one introduced in [121, Section 3.3]
for non-structured matrix polynomials (expressed in the Lagrange basis), and this
is a natural extension, to non-monomial polynomials, of the MA -structured blockKronecker matrix pencils introduced in [56, Def. 5.1].

1.3

Organization of the thesis

This dissertation is organized as follows. We begin, in Chapter 2, reviewing some
preliminary concepts and results, as well as some tools on matrix polynomials which
will be needed throughout this thesis. This chapter is divided in three parts. In Section 2.1 we present basic notions on matrix polynomials and this section is further
divided in two subsections: the first one is devoted to present the classical notion
of dual minimal bases and its properties, which will be used for constructing new
matrix polynomials in Chapters 4 and 5; and the second one is devoted to recall the
notion of companion form of grade `, as well as sparse companion forms. Both are
the main tools of this thesis. In Section 2.2 we present another tool, called “Möbius
transformation”, which will be used for unifying the framework of structured matrix polynomials. Furthermore, we also introduce the notion of “MA -structured
matrix polynomials”, which are polynomials satisfying a particular identity related
to Möbius transformations. This tool will be used for constructing new structured
matrix polynomials in Chapter 4 and in Section 5.2 of Chapter 5. Finally, in Section
2.3, we review the Lagrange polynomials and their main properties. Polynomials
expressed in the Lagrange basis are the main ingredient in Chapter 5.
Chapter 3 is devoted, roughly speaking, to the study of new (generalized) companion pencils for square (scalar and) matrix polynomials of degree k over an arbitrary
field with the aim of solving CPEPs. This is divided in three big sections. First, in
Section 3.1, the new notion of generalized companion pencil is introduced in Definitions 3.1.2 and 3.1.4 for arbitrary matrix and scalar polynomials, respectively. We
also comment the main differences with the notion of companion pencil (recalled,
again, in this section for completeness). In addition, in Subsection 3.1.1, we impose
that each coefficient of the polynomial appears only once in the generalized companion pencil, and we determine the structure of the nonzero block entries of the
pencil in this case. Section 3.3 is also related to this new class of generalized companion pencils, even though this section is focused on scalar polynomials. It is futher
divided in two subsections. In Subsection 3.3.1, we analyze some algebraic properties of generalized companion pencils. More precisely, we show that all generalized
companion pencils have the same Smith form over the field of rational functions in
the coefficients of the polynomial, as well as the fact that they all are nonderogatory,
and we also show that, for scalar polynomials, the condition for a matrix pencil to
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be a strong linearization can be relaxed to a determinantal condition. In Subsection
3.3.2, we will pay attention to the sparsity of these constructions. In particular,
we determine the smallest number of nonzero entries of a generalized companion
pencil, by imposing some natural conditions on its entries. Finally, Section 3.2 is
devoted to introduce a new class of quasi-sparse potential companion pencils for
matrix polynomials of degree k (denoted by Rn,k ), which extends the one in [58] for
monic scalar polynomials. This section is further divided in another three subsections. Subsection 3.2.1 is focused on presenting the new class Rn,k , together with
two additional classes of pencils, denoted by QC n,k and Qn,k . Subsection 3.2.2 is
devoted to provide a “canonical” expression for companion pencils in Rn,k , up to
block permutation. In particular, we prove that any companion pencil in Rn,k is
permutationally equivalent to a pencil in Qn,k , that a companion pencil in Qn,k must
belong to QC n,k , and we also prove that all pencils in QC n,k are companion pencils.
Finally, Subsection 3.2.3 is focused on the sparsity of such constructions, and we
determine the number of different sparse companion pencils in Rn,k , up to block
permutation.
Chapter 4 is devoted to obtain a family of structured (generalized) companion
`-ifications, valid for all divisors, `, of the grade k for (square) structured matrix
polynomials over an arbitrary field, such that k = s`, with s being an odd number.
This is divided in three sections. First, Section 4.1 presents the general construction
(namely, the “(strong) block minimal bases matrix polynomials”) that motivates
our structured `-ifications, together with the fundamental result on which they rely.
A natural extension to structured matrix polynomials of grade ` is also introduced.
Section 4.2 contains the main contributions of this chapter. In particular, we present
our constructions of structured (generalized) companion `-ifications and we show
how to construct such `-ifications, by imposing specific conditions on their blocks.
This section contains a subsection (Subsection 4.2.1), which is devoted to analyze the
sparsity of structured `-ifications within our new families. Furthermore, we present
a procedure to construct such sparse `-ifications. Finally, Section 4.3 is devoted to
show that there are no structured companion quadratifications for quartic matrix
polynomials.
Chapter 5 focuses on matrix polynomials expressed in the Lagrange basis, and
this is divided in two sections. First, in Section 5.1, we perform a first-order backward error analysis of the CPEP solved by applying a certain linearization. More
precisely, we deduce that, if the matrix polynomial is suitably scaled, then we get a
good backward stability (to first order) from the polynomial point of view when the
linearization is combined with a backward stable method for computing the complete eigenstructure of the matrix polynomial. Section 5.2 is devoted to obtain a
family of structured strong linearizations for a structured matrix polynomial P (λ)
expressed in a Lagrange(-like) basis, which enables the preservation of the spectral
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symmetries for P (λ). In particular, this family of matrix pencils is constructed in a
very simple way by imposing very specific conditions on the blocks of their matrix
pencils (more precisely, if the pencil is block-partitioned in 2 × 2 big blocks, the
left-top block is diagonal, the two anti-diagonal blocks are the corresponding dual
minimal bases for the Lagrange basis, and the right-bottom block is zero).
Chapter 6 discusses the main conclusions and original results of this thesis (see
Section 6.1), a list of all papers (published or in progress) that include the results
developed in this dissertation (see Section 6.2), a list of contributions to conferences
where our results were presented (see Section 6.3) and a set of related open problems
for future research is proposed (see Section 6.4).

1.4

Notation

Even though most of the general symbols and notations used in this dissertation are
standard in the mathematical literature, we have considered convenient to recall the
most frequently used ones in this dissertation in order to make the reading clear.
Throughout the dissertation we use the following notation. Let F be an arbitrary
field, and we denote by F[λ] the ring of polynomials in the variable λ with coefficients
in F, and by F(λ) the field of rational functions with coefficients in F. The algebraic
closure of F is denoted by F. The set of row or column vector polynomials is denoted
by F[λ]n and F[λ]m , respectively; and the set of m×n matrices with entries in F[λ] or
F(λ) are, respectively, denoted by F[λ]m×n and F(λ)m×n . In particular, let z0 , . . . , zk
be distinct indeterminates. Then, we denote by F[z0 , . . . , zk ] the ring of polynomials
in z0 , . . . , zk over F and, by F(z0 , . . . , zk ), the field of rational functions of z0 , . . . , zk
over F, namely


f
: f, g ∈ F[z0 , . . . , zk ], g 6= 0 .
F(z0 , . . . , zk ) :=
g
The set of n × n invertible matrices with entries in F is denoted by GL(n, F).
Now, we define some matrix operations: Given two matrices A and B, A ⊗ B
denotes their Kronecker product [80]. Now, for A ∈ Fm×n being a constant matrix,
A> denotes the transpose of A, A∗ denotes the conjugate transpose of A, which
is used only when F = C, and A? denotes either the transpose or the conjugate
transpose. Finally, when F = C again, A is a matrix whose entries are the conjugate of the entries of A, so A = A when F = R. When these operations on
constant matrices are applied on matrix polynomials,
polynomial (in the
Pk thejmatrix
♦
♦
monomial basis) is written as follows: P (λ) = j=0 λ Pj , where ♦ = {>, ∗, ?}
P
and P (λ) = kj=0 λj Pj , i.e., these operations are just applied on the coefficients of
the matrix polynomial P (λ), and not to the variable λ. Besides A> , we use the
block-transposition of A, denoted by AB .
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We consider the Frobenius norm, and the 2-norm (or spectral norm) of the matrix
A ∈ Fm×n to be defined as follows [125, Section 5.2]:
kAkF := (tr(A? A))1/2 ,

and kAk2 := σmax (A),

where tr(B) denotes the trace of the matrix B, and σmax (A) denotes the largest
singular value of A. In addition, if A is nonsingular, we consider the 2-norm of the
inverse of A to be defined as:
kA−1 k2 := σmax (A−1 ) =

1
,
σmin (A)

where σmin (A) denotes the smallest singular value of A. Finally, if σ1 (A), . . . , σq (A),
with q = min(m,n) (A), are the singular values of A such that σ1 (A) ≥ · · · ≥ σr (A) >
0 = σr+1 (A) = · · · = σq (A), where r = rank(A), then kAkF can be written in an
alternative characterization [80, Section 5.6]:
kAkF = (σ1 (A))2 + · · · + (σr (A))2

1/2

.

These expressions will be used in Section 5.1 to determine bounds of some matrices.
Regarding scalar operations, we denote the floor and the ceiling of α ∈ R by
bαc and dαe, respectively. Note that, if α is an integer, then α = bαc
S = dαe. In
Section 3.2.3, we will use the “double factorial of β”, for a given β ∈ N {0}, which
is defined by the recurrence relation: β!! := (β − 2)!! · β, if β ≥ 2, and β!! := 1, if
β ≤ 1.
Furthermore, we follow the general criterion for introducing matrix and scalar
indeterminates. In particular, we use capital Roman letters A, B, . . . , for constant
matrices, as well as A(λ), B(λ), . . . , to indicate the dependence on λ, for matrix
polynomials; lower case Roman letters a(λ), b(λ), . . . , for scalar polynomials; and
finally both lower case Roman a, b, . . . , and Greek letters α, β, . . . , are used for
constant scalars.
Another important notation helps us to denote the nonzero (block) entries of
a (scalar) matrix polynomial. Let P (λ) be an mk × nk block-partitioned matrix
polynomial of grade k, seen as a polynomial with k × k blocks of size m × n. Then
we denote the (s, t) block entry of P (λ), for 1 ≤ s ≤ m and 1 ≤ t ≤ n, by [P ]s,t (λ).
Notice that [P ]s,t (λ) is also a grade-k matrix polynomial, and its coefficients will
P
be defined as follows: [P ]s,t (λ) := kj=0 λj [Pj ]s,t , to be consistent with the notation. This notation will be mainly used in Section 4.2. In the scalar case, a slight
modification should be taken into account accordingly to the precedent paragraph.
More precisely, let now P (λ) be an m × n matrix polynomial of grade k. Then, we
denote the (s, t) entry of P (λ), for 1 ≤ s ≤ m and 1 ≤ t ≤ n, by ps,t (λ), as a consequence that scalar polynomials are written with lowercase letters. Similarly than
for block-partitioned matrix polynomials, ps,t (λ) is a grade-k scalar polynomial, and
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P
its coefficients, in this case, will be defined as follows: ps,t (λ) = kj=0 λj (pj )s,t . This
notation will be mainly used in Chapter 3, as well as in Section 4.3.
Finally, we want to emphasize that some other more specific notation, that is
used in just some sections of the manuscript, will be properly introduced when
necessary.
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Chapter 2
Preliminaries on matrix
polynomials
In this chapter we introduce the concepts and basic tools that will be often used
throughout this dissertation, and this is divided in three sections. Since the major
part of this thesis is focused on matrix polynomials as (1.3) (that is, expressed in
the monomial basis), both Sections 2.1 and 2.2 are mainly focused on this kind
of polynomials, whereas Section 2.3 is devoted to polynomials expressed in nonmonomial bases, specifically in the Lagrange basis.

2.1

Basic notions

A survey on basic notions and results on matrix polynomials is presented in this
section. Even though these properties had been studied so far (see, for instance,
the classical references [67, 70, 71]), the recent paper [41] presents a thorough and
unified study of these properties for arbitrary matrix polynomials.
Although throughout this thesis we work mainly with square matrix polynomials, in this section we introduce matrix polynomials, together with their related
properties, in the most general way. When we deal with square polynomials, it will
be properly mentioned.
An m × n matrix polynomial (over an arbitrary field F) in the monomial basis
is a polynomial in λ whose coefficients are m × n matrices:
P (λ) =

k
X

λ j Pj ,

with Pj ∈ Fm×n ,

(2.1)

j=0

where k is the grade of P (λ). Note that some of the coefficients Pj , including the
leading coefficient Pk , may be the zero matrix. The degree of P (λ), denoted by
deg(P ), is the largest integer, j ≥ 0, such that Pj 6= 0. In particular, when k = 1,
19
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we say that P (λ) is a matrix pencil. In addition, if m = n = 1, then the polynomial
P (λ) has coefficients of size 1 × 1, that is, P (λ) is a scalar polynomial.
It is said that P (λ) is regular if m = n and the determinant of P (λ) is not
identically zero (that is, det P (λ) 6≡ 0), otherwise it is said that P (λ) is singular.
The rank of P (λ) (also known as normal rank), denoted by rank P (λ), is the size
of the largest non-identically-zero minor of P (λ) or, equivalently, the rank of P (λ)
when viewed as a matrix with entries in the field F(λ).
One of the standard transformations acting on matrix polynomials is the unimodular equivalence. More precisely, given an arbitrary field F, two matrix polynomials A(λ) and B(λ) with entries in F[λ] are said to be unimodularly equivalent
over F if there exist two unimodular matrix polynomials U (λ) and V (λ) such that
B(λ) = U (λ)A(λ)V (λ). We recall that a square matrix polynomial is unimodular if
its determinant is a nonzero constant.
The canonical form for matrix polynomials under unimodular transformations
is the Smith canonical form (or Smith form, to abbreviate). It was first developed
for integer matrices by Smith [124], and was extended to matrix polynomials by
Frobenius [66].
Definition 2.1.1 (Smith form). Let P (λ) be an m × n matrix polynomial over an
arbitrary field F and r ∈ N. Then, there exist two unimodular matrix polynomials
U (λ) and V (λ) over F, of size m × m and n × n, respectively, such that


d1 (λ)
..

.
0r×(n−r) 
 =: D(λ),
(2.2)
U (λ)P (λ)V (λ) = 


dr (λ)
0(m−r)×r
0(m−r)×(n−r)
where di (λ) ∈ F[λ], for i = 1, . . . , r, are monic polynomials that form a divisibility
chain, that is, dj (λ) is a divisor of dj+1 (λ) (denoted by dj (λ)|dj+1 (λ)), for j =
1, . . . , r − 1. The square diagonal matrix D(λ) is unique and is called the Smith
form of P (λ) over F.
The nonzero diagonal elements di (λ), for i = 1, . . . , r, in the Smith form of P (λ)
are called the invariant polynomials of P (λ), and r is the rank of P (λ).
Remark 2.1.2. The Smith form is insensitive to field extensions, as a consequence
of the uniqueness of D(λ) (see [41] for more information). In particular, the Smith
form of P (λ) over F is the same as that over F. This is relevant, as sometimes it
is more convenient to work over F than over F. Furthermore, by this reason, the
following concepts are well defined.
Definition 2.1.3. Let P (λ) be an m × n matrix polynomial of rank r over F. For
any λ0 ∈ F, each invariant polynomial di (λ) of P (λ), for 1 ≤ i ≤ r, can be uniquely
factored as
di (λ) = (λ − λ0 )αi pi (λ), with αi ≥ 0, pi (λ0 ) 6= 0.
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The sequence of exponents (α1 , . . . , αr ), which satisfies the condition 0 ≤ α1 ≤ α2 ≤
· · · ≤ αr by the divisibility chain property of the Smith form, is called the partial
multiplicity sequence of P (λ) at λ0 , and the nonzero exponents αi are called partial
multiplicities of P (λ) at λ0 .
Now let us introduce the notion of a (finite) eigenvalue, its elementary divisors,
and its multiplicities.
Definition 2.1.4. A scalar λ0 ∈ F is a (finite) eigenvalue of P (λ) if its partial
multiplicity sequence (α1 , . . . , αr ) is not the zero sequence. The elementary divisors
for an eigenvalue λ0 of P (λ) are the collection of factors (λ − λ0 )αi with αi 6= 0,
including repetitions. The algebraic multiplicity of an eigenvalue λ0 is the sum of
the entries of its partial multiplicity sequence, i.e., α1 + · · · + αr ; and its geometric
multiplicity is the number of nonzero entries that appear in this sequence.
Notice that the finite eigenvalues of a regular matrix polynomial are exactly the
roots of the scalar polynomial det P (λ) (that is, λ0 ∈ F is an eigenvalue of a regular
polynomial P (λ) if det P (λ0 ) = 0). Furthermore, observe that the Smith form of
a matrix polynomial P (λ) of size m × n is completely and uniquely determined by
the following information of P (λ): its size, its rank, and the elementary divisors of
its finite eigenvalues.
Matrix polynomials may also have infinite eigenvalues, with their corresponding
notion of elementary divisors at ∞. In order to define this notion at ∞, we need to
consider the rev operator.
Definition 2.1.5. Let P (λ) be a nonzero matrix polynomial of grade k ≥ 0. For
j ≤ k, the j-reversal of P (λ) is the matrix polynomial
revj P (λ) := λj P (1/λ).
The fact that grade(P ) ≥ deg(P ) plays a key role in Definition 2.1.5 since it
guarantees that revj (P ) is also a matrix polynomial. In addition, if P (λ) is a matrix
polynomial
of grade k expressed in the monomial basis as (2.1), then revk P (λ) :=
Pk
j
j=0 λ Pk−j , which is obtained by simply reversing the order of the coefficients of
P (λ). This fact is not usually seen when P (λ) is expressed in a non-monomial basis.
Definition 2.1.6 is the analogue of Definition 2.1.4 for the infinite eigenvalue.
Definition 2.1.6. Let P (λ) be a nonzero matrix polynomial of grade k and rank
r. Then P (λ) is said to have an eigenvalue at ∞ if and only if revk P (λ) has the
eigenvalue 0. Furthermore, the partial multiplicity sequence of P (λ) at λ0 = ∞ is
the partial multiplicity sequence of revk P (λ) at 0. If this partial multiplicity sequence
is (α1 , . . . , αr ), then, for each αi 6= 0, we say there is an elementary divisor of degree
αi for the eigenvalue λ0 = ∞ of P (λ).
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Remark 2.1.7. Notice that, for arbitrary matrix polynomials P (λ) as (2.1) of grade
k and rank r, P (λ) has an eigenvalue at ∞ if and only if the rank of the leading
matrix coefficient Pk is less than r. In particular, when P (λ) is regular, this implies
that Pk is singular (i.e., det Pk = 0). Notice also that, if k > deg(P ), then Pk = 0
and P (λ) necessarily has r elementary divisors at ∞.
Definition 2.1.8. (Spectral structure of a matrix polynomial [41, Def. 2.18].) The
collection of all the eigenvalues of a matrix polynomial P (λ), both finite and infinite,
is the spectrum of P (λ), and the collection of all the elementary divisors of P (λ),
both finite and infinite, including repetitions, constitutes the spectral structure of
P (λ).
In addition to the spectral structure, singular matrix polynomials also have a
nontrivial singular structure consisting of their minimal indices and minimal bases.
Before defining these concepts, we need to recall preliminary notions. First, we recall
that an m × n matrix polynomial P (λ) is singular when either m 6= n or m = n
and det P (λ) ≡ 0. Equivalently, P (λ) is singular if and only if at least one of the
subspaces
Nr (P ) := {x(λ) ∈ F(λ)n : P (λ)x(λ) ≡ 0},
N` (P ) := {y(λ) ∈ F(λ)m : y(λ)> P (λ) ≡ 0}
is nontrivial. We refer to these subspaces as the right and left nullspaces of P (λ),
respectively. Note that the subspaces Nr (P ) and N` (P ) are rational subspaces, i.e.,
their elements are vectors whose entries are rational functions in the variable λ.
Nevertheless, it is always possible to find a basis for any rational subspace V that
consists entirely of vector polynomials: simply take an arbitrary basis and multiply
each vector by the denominators of its entries. The order of a vector polynomial
basis of V is defined as the sum of the degrees of its vectors [64, Def. 2]. Now, we
can define the concept of minimal basis, which was introduced for the first time in
[64].
Definition 2.1.9. Let V be a subspace of F(λ)n . A minimal basis of V is any
polynomial basis of V with least order among all poynomial bases of V.
Although minimal bases are not unique, the ordered list of the degrees of any
minimal basis of V is always the same [64, Remark 4]. Such degrees are called the
minimal indices of V. In particular, the right and left minimal indices and bases of
a matrix polynomial P (λ) are defined as those of the rational subspaces Nr (P ) and
N` (P ), respectively.
Definition 2.1.10. (Singular structure of a matrix polynomial [41, Def. 2.22].) The
collection of all the minimal indices of a matrix polynomial P (λ), both right and left,
including repetitions, constitutes the singular structure of P (λ). If P (λ) is regular,
then the singular structure is empty.
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Definitions 2.1.8 and 2.1.10 present the notions of spectral and singular structures
of a matrix polynomial P (λ), respectively. The set of both spectral and singular
structures of P (λ) is called as complete eigenstructure. Later on, in Section 2.1.2,
we will see that matrix polynomials having identical complete eigenstructure are of
particular interest. More precisely, the general notion of strong `-ification, as well
as companion `-ification, will be introduced.
However, as we have currently dealt with the notion of minimal basis, we consider more appropiatelly to recall the classical notion of dual minimal bases in the
following section, which will be specifically used in Chapter 4 and in Section 5.2 of
Chapter 5.

2.1.1

Dual minimal bases

The name of “dual minimal bases” and its definition were introduced in [42, Def.
2.10], but their origins go back to [64], like the notion of “minimal basis”. This
is the essential tool in the development of the block-Kronecker linearizations and
`-ifications [53, 55, 56] and also for linearizations in other bases other than the
monomial basis [121].
In order to define the notion of dual minimal bases, we first need to recall the
following notions. By rank P (λ0 ) we denote the rank of the constant matrix P (λ0 ),
obtained by evaluating the matrix polynomial P (λ) at λ0 ∈ F. We say that P (λ0 )
has full row (resp. column) rank if rank P (λ0 ) = m (resp. rank P (λ0 ) = n). The ith
row degree of a matrix polynomial P (λ) is the degree of the ith row of P (λ) (namely,
the largest degree of the entries of this row).
We also need the following notion, that can be found, for instance, in [47, Def.
2.11].
Definition 2.1.11. Let P (λ) ∈ F[λ]m×n be a matrix polynomial with row degrees
k1 , . . . , km . The highest row degree coefficient matrix of P (λ), denoted by hr[P ], is
the m × n constant matrix whose ith row is the coefficient of λki in the ith row of
P (λ), for i = 1, . . . , m. The matrix polynomial P (λ) is called row reduced if hr[P ]
has full row rank.
We refer the reader to Example 2.13 in [47], where it is illustrated the difference
between the leading coefficient of a matrix polynomial and its highest row degree
coefficient matrix (see Definition 2.1.11).
Theorem 2.1.12 is the most useful characterization of minimal bases in practice.
It can be found in [47, Th. 2.14], which is presented as a minor variation of [64,
Main Th. 2, p. 495].
Theorem 2.1.12. The rows of a matrix polynomial P (λ) ∈ F[λ]m×n are a minimal
basis of the subspace they span if and only if the following conditions are satisfied:
(i) P (λ) is row reduced, and
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(ii) P (λ0 ) has full row rank for all λ0 ∈ F.
Definition 2.1.11 and Theorem 2.1.12 admit extensions “for columns”, as it is
shown in [47].
Now, we have all the ingredients to introduce the concept of dual minimal bases,
which give us a tool to relate two minimal bases with particular properties.
Definition 2.1.13. Two matrix polynomials P (λ) ∈ F[λ]m1 ×n and Q(λ) ∈ F[λ]m2 ×n
are called dual minimal bases if the following conditions are satisfied:
(i) P (λ) and Q(λ) are both minimal bases,
(ii) m1 + m2 = n, and
(iii) P (λ)Q> (λ) ≡ 0.
The following matrix polynomials, which are dual minimal bases (see Definition
2.1.13) are known as “block-Kronecker dual minimal bases”. We will use these dual
minimal bases in Section 4.2 to construct a particular family of structured matrix
polynomials of degree `. The main advantage of these particular minimal bases relies
on their simplicity, which allows, in particular, to easily relate the degree-` matrix
polynomial with the original polynomial P (λ):


−1 λ


−1 λ


(2.3)
Ld (λ) := 
 ∈ F[λ]d×(d+1) , and
.
.
.
.


.
.
−1 λ


λd · · · λ 1 ∈ F[λ]1×(d+1) .
Λ>
d (λ) :=

(2.4)

Note that Ld (λ) and Λ>
d (λ) satisfy all the conditions in Definition 2.1.13, so they
are dual minimal bases. The following lemma shows how to easily obtain other pairs
of dual minimal bases extending the block-Kronecker dual minimal bases to higher
degrees.
Lemma 2.1.14. [55, Lemma 3.6] Let Ld (λ) and Λ>
d (λ) be the matrix polynomials
defined, respectively, in (2.3) and (2.4). Then, for any ` ∈ N the following statements hold.
`
(i) The matrix polynomials Ld (λ` ) and Λ>
d (λ ) are dual minimal bases.
`
(ii) For any n ∈ N, the matrix polynomials Ld (λ` ) ⊗ In and Λ>
d (λ ) ⊗ In are dual
minimal bases.
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`
Notice that Ld (λ` ) and Λ>
d (λ ) are matrix polynomials with constant row degrees ` and `d, respectively. The same holds for the matrix polynomials in Lemma
2.1.14(ii).
Theorem 2.1.15 establishes several properties of minimal bases. In particular,
it is shown that there exists a direct relation between a minimal basis, whose row
degrees are all equal, and its reversal.

Theorem 2.1.15. [53, Th. 3.7] The following statements hold.
(i) Let P (λ) be a minimal basis whose row degrees are all equal to j. Then
revj P (λ) is also a minimal basis whose row degrees are all equal to j.
(ii) Let P (λ) and Q(λ) be dual minimal bases. If the row degrees of P (λ) are all
equal to j and the row degrees of Q(λ) are all equal to i, then revj P (λ) and
revi Q(λ) are also dual minimal bases with all the row degrees of revj P (λ) equal
to j and all the row degrees of revi Q(λ) equal to i.
To conclude this section, we want to mention that another kind of dual minimal
bases will be used in this dissertation. More precisely, in Chapter 5, the so-called
“block-Lagrange dual minimal bases” will be used to construct a particular family
of (structured) matrix pencils. This name is due to the fact that the given matrix
polynomial P (λ) is expressed in the Lagrange basis. They are constructed in a
very similar way as the block-Kronecker dual minimal bases. We refer the reader to
Section 2.3, where they will be properly defined.

2.1.2

Companion forms (of grade `)

Most of the results presented in this dissertation deal with either the notion of
“companion form (of grade `)” or the one named “generalized companion form (of
grade `)”. The first one is recalled in this section (specifically, in Definition 2.1.17)
and it can be seen as the simplest way to deal with the notion of companion form (of
grade `) introduced in [41, Def. 5.1] (see the paragraph preceding Definition 2.1.17).
However, the second one is introduced, for the first time, in this dissertation. It
is based on the notion of companion form, but allows for more general nonzero
block entries. In particular, the family of “generalized companion pencils” (that is,
for ` = 1) will be introduced in Chapter 3 for (scalar and) matrix polynomials of
grade k, and some algebraic properties will be studied, specifically in Section 3.3.
Furthermore, in Chapter 4, its extension to matrix polynomials of grade ` will be
presented.
In order to define the notion of companion form (of grade `) we first recall
the notion of strong `-ification. We want to emphasize that, in this section, all
the results are presented only for square matrix polynomials, since throughout this
dissertation we deal with this kind of polynomials. Nevertheless, in [41], the notions
are introduced for arbitrary m × n matrix polynomials.
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Definition 2.1.16. ([41, Def. 3.3]) A matrix polynomial L(λ) of grade ` is said to
be an `-ification of a given n × n matrix polynomial P (λ) of grade k if, for some
s ≥ 0, there exist two unimodular matrix polynomials U (λ) and V (λ) such that


Is
0
U (λ)L(λ)V (λ) =
.
(2.5)
0 P (λ)
If, additionally, the matrix polynomial rev` L(λ) is an `-ification of revk P (λ), then
L(λ) is said to be a strong `-ification of P (λ). When ` = 1, (strong) `-ifications are
called (strong) linearizations. When ` = 2, (strong) `-ifications are called (strong)
quadratifications.
The notions of linearization and strong linearization were introduced in [70, 71]
for regular matrix polynomials and later, in [37], for singular matrix polynomials.
In [41], these notions, together with their extensions for arbitrary grade `, were
introduced.
The main motivation for dealing with (strong) `-ifications of a matrix polynomial
is to recover all the complete eigenstructure of the matrix polynomial (see Definitions
2.1.8 and 2.1.10).
In particular, any strong `-ification L(λ) of a matrix polynomial P (λ) has the
same finite and infinite elementary divisors (i.e. spectral structure) and the same
number of left (resp. right) minimal indices (i.e. singular structure) as P (λ) [41,
Th. 4.1]. However, the set of left (resp. right) minimal indices of L(λ) and P (λ)
can be different. Therefore, in order to recover all the complete eigenstructure, it is
important to provide formulas to recover the left and right minimal indices of P (λ)
from those of the `-ification. In particular, in Chapter 4, we provide explicit and
very elementary formulas for the minimal indices of the matrix polynomial P (λ)
in terms of the minimal indices of the constructed `-ifications (see, for instance,
Theorems 4.2.5 and 4.2.6).
The notion of companion form (of grade `) was introduced, for the first time,
in [41, Def. 5.1] as a uniform template of grade-` matrix polynomials, which are
constructed from the entries in the coefficients of P (λ), in such a way that they are
strong `-ifications for every matrix polynomial P (λ). We refer the reader to [41] for
more information on this concept and its properties. Nonetheless, as the authors
commented just after [41, Def. 5.1], the most common way to build such `-ifications
is by means of a template obtained after block-partitioning each coefficient of the
grade-` matrix polynomial in such a way that each nonzero block is either an identity
or a coefficient, P0 , . . . , Pk , of the matrix polynomial (up to constants). This more
restrictive definition corresponds to the notion of companion form in [39] for matrix
pencils, and its natural extension to grade-` matrix polynomials leads to the notion
of companion form (of grade `), or companion `-ification to abbreviate, that we will
use throughout this dissertation. It is presented in Definition 2.1.17.
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Definition 2.1.17. Given aPdivisor, `, of k, a companion `-ification for n × n
matrix polynomials P (λ) = kj=0 λj Pj of grade k is an nk
× nk
block-partitioned
`
`
P`
k
k
i
matrix polynomial L(λ) = i=0 λ Li of grade ` with ` × ` blocks of size n × n such
that:
(i) each nonzero block of Li , for i = 0, . . . , `, is either of the form αIn or αPj , for
some j = 0, 1, . . . , k, and α ∈ F \ {0}, and
(ii) L(λ) is a strong `-ification for every n × n matrix polynomial of grade k.
Similarly than for strong `-ifications, the notion of companion `-ification receives
the name of companion pencil, when ` = 1, or companion quadratification, when
` = 2.
Notice that, if L(λ) is a companion `-ification for P (λ), then part (ii) in Definition
2.1.17 implies, by (2.5), that
det L(λ) = α det P (λ), for some α ∈ F \ {0}.
We emphasize that P (λ) must be square, since det P (λ) is not well defined for
rectangular polynomials. In particular, when the given polynomial is scalar
Pk (i.e.,
n = 1), this determinant condition is reduced to det L(λ) = αp(λ) = α j=0 λj pj ,
with 0 6= α ∈ F. This motivates us to replace, for scalar polynomials, condition (ii)
in Definition 2.1.17 by: “det L(λ) = αp(λ), for some α ∈ F \ {0}”. This issue will
be recalled in Section 3.1.
As we commented previously, Definition 2.1.17 will play an important role in
this dissertation. Specifically, in Chapters 3 and 5 we mainly deal with companion
pencils. However, in Chapter 4, the more general notion of companion `-ification
(for an arbitrary value of `) will be considered.
In addition, as we mentioned in Chapter 1, we also pay attention to the sparsity of
our constructions (specifically, in Chapters 3 and 4). Then, we have to deal with the
notion of “sparse companion `-ifications”, which is introduced in Definition 2.1.20.
But, we first need to define the notion of nonzero block entry of a matrix polynomial.
Definition 2.1.18. Let P (λ) ∈ F[λ]n×n be a matrix polynomial of grade k, and let
[P ]i,j ∈ F[λ] be the (i, j) block entry of P (λ), for 1 ≤ i, j ≤ n, which is also a matrix
polynomial of grade k. Then, [P ]i,j is nonzero if and only if it is non-identically
zero, that is, it has, at least, one nonzero coefficient.
Notice that the number of nonzero block entries of a matrix polynomial may be
different than the number of nonzero block entries when we look at each coefficient
of the matrix polynomial separately. The following example shows a matrix pencil
L(λ) = L0 + λL1 with a total amount of 9 nonzero block entries. However, if we
look at each of the coefficients L0 and L1 separately, this number is larger.
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Example 2.1.19. Let us consider the following matrix pencil L(λ) = L0 + λL1 ,
which
in particular, a companion pencil for n × n matrix polynomials P (λ) =
P4 is,
j
λ
P
j of degree 4.
j=0


λIn
−In

P
P
2
3 + λP4
L(λ) = 

0
0
P0 + λP1
0

0 −In
0
0
 P2 P3 −In
0
=
 0
0
0
−In
P0
0
0
0


0
0
−In
0 

λIn −In 
0
λIn


In 0
 0 P4

 + λ
 0

0
P1 0

0
0
In
0


0
0 
.
0 
In

The number of nonzero block entries of L(λ) in the sense of Definition 2.1.18 is
equal to 9. But if we count the number of nonzero block entries in either L0 and L1 ,
it is equal to 11, since in the (2, 2) and (4, 1) blocks of L(λ), both L0 and L1 have
nonzero block entries.
Definition 2.1.20. A sparse companion `-ification L(λ) is the one having the smallest possible number of nonzero block entries.
In Theorem 3.3.4, we count the smallest number of nonzero block entries in each
of the coefficients of a (generalized) companion pencil separately. However, as we
have seen in Example 2.1.19, this number may be larger than the smallest number
of nonzero block entries according to Definition 2.1.18.

2.2

Möbius transformations and MA-structured matrix polynomials

Möbius transformations have become a relevant tool in the theory of structured matrix polynomials. They have been used in the framework of matrix polynomials, at
least, since 2006 to relate structured matrix polynomials having different structures
[101]. More recently, in [56] the authors showed that Möbius transformations for
matrix polynomials allow to provide a common framework for the most frequent
classes of structured polynomials, such as (anti-)palindromic, (skew-)symmetric,
(skew-)Hermitian, and alternating polynomials. A thorough study on the influence
of Möbius transformations on relevant properties of general matrix polynomials over
arbitrary fields has been carried out in [103].
This section is devoted to recall the notions of (scalar) Möbius function, and
Möbius transformation for matrix polynomials, as well as their fundamental properties. They will be used in Chapter 4 and in Section 5.2 of Chapter 5 for constructing
structured matrix polynomials. In Chapter 4, matrix polynomials will be expressed
in the monomial basis, unlike in Chapter 5, where they will be expressed in the
Lagrange basis.
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Definition 2.2.1 (Möbius function and Möbius transformation [103]). Let V be the
vector space of all
 m × n matrix polynomials of grade k over an arbitrary field F,
ab
and let A = c d ∈ GL(2, F). Then:
(i) the (scalar) Möbius function on F∞ := F ∪ ∞ induced by A is the map
mA : F∞ → F∞ defined by
mA (λ) :=

aλ + b
,
cλ + d

(2.6)

where we assume that, if c 6= 0, then mA (−d/c) = ∞, mA (∞) = a/c, and, if
c = 0, then mA (∞) = ∞, and
(ii) the Möbius transformation on V induced by A is the map MA : V → V defined
by
k
X
MA [P ](λ) :=
Pj (aλ + b)j (cλ + d)k−j ,
(2.7)
j=0

where P (λ) =

Pk

j=0

λj Pj is a grade-k matrix polynomial.

Remark 2.2.2. Some comments about Definition 2.2.1 must be emphasized. First,
it is worth pointing out that Möbius transformations act on graded polynomials,
returning polynomials of the same grade (although the degree may increase, decrease,
or stay the same, depending on the polynomial) [103].
Second, there is an important relation between the Möbius function and the
Möbius transformation induced by A, namely


aλ + b
k
k
,
(2.8)
MA [P ](λ) = (cλ + d) P (mA (λ)) = (cλ + d) P
cλ + d
that is, a Möbius transformation can be calculated via the previous rational expression. In particular, in Chapter 4, we will use the expression (2.7) of Möbius transformations for monomial polynomials, unlike in Chapter 5 (specifically, in Section
5.2), where (2.8) will be used for Lagrange polynomials.
Finally, notice that the matrix A associated to a certain Möbius function is
not uniquely determined. For instance, A and βA define the same Möbius function for any β 6= 0 (that is, mA (λ) = mβA (λ) for any β ∈ F \ {0} [103, Prop.
3.2(d)]. However, the corresponding property for the Möbius transformations reads
MβA [P ](λ) = β k MA [P ](λ) [103, Th. 3.18(d)], so MβA [P ](λ) = MA [P ](λ) only holds
if β k = 1.
For the sake of brevity, from now on we write MA [P ] := MA [P ](λ). We will
indicate the parameter λ only when needed.
The following proposition includes general properties of Möbius transformations.
They can be found, for instance, in [56, Prop. 3.4 and Th. 3.5].
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Proposition 2.2.3. For any A, B ∈ GL(2, F) the following statements hold.
(a) MA [C] = C, for any m × n constant matrix C.
(b) MβA [P ] = β k MA [P ], for any m × n matrix polynomial P (λ) of grade k and any
β ∈ F.
(c) MA [βP ] = βMA [P ], for any m × n matrix polynomial P (λ) of grade k and any
β ∈ F.
(d) MA [P + Q] = MA [P ] + MA [Q], for any m × n matrix polynomials P (λ) and
Q(λ) both of grade k.
(e) Let P (λ) and Q(λ) be two matrix polynomials of grades k1 and k2 , respectively.
If P (λ)Q(λ) is defined, then MA [P Q] = MA [P ]MA [Q], where P (λ)Q(λ) is considered as a matrix polynomial of grade k1 + k2 .
(f) If Q(λ) = P (λ) ⊗ In , then MA [Q] = MA [P ] ⊗ In .
(g) MA [P > ] = MA [P ]> .
(h) If F = C, then MA [P ] = MA [P ] and MA [P ]∗ = MA [P ∗ ] = MA [P ]> .
(i) Möbius transformations act block-wise, i.e., [MA [P ]]ij = MA [Pij ], for any row
and column index sets i and j, and where [P (λ)]ij has to be considered as a
matrix polynomial with a grade equal to the grade of P (λ).
(j) MB [MA [P ]] = MAB [P ].
(k) Let P (λ) be a minimal basis whose row degrees are all equal to j. Then MA [P ]
is also a minimal basis whose row degrees are all equal to j.
(l) Let P (λ) and Q(λ) be dual minimal bases. If the row degrees of P (λ) are all
equal to j and the row degrees of Q(λ) are all equal to i, then MA [P ] and MA [Q]
are also dual minimal bases with all the row degrees of MA [P ] equal to j and all
the row degrees of MA [Q] equal to i.
As mentioned before, the advantage of using Möbius transformations is the possibility of unifying all the known structures of matrix polynomials in a general family.
In particular, we are interested in the classes of (skew-)symmetric, (skew-)Hermitian,
(anti-)palindromic, and alternating matrix polynomials (they were also studied in
detail in [56]). From now on, we consider square matrix polynomials, since it makes
no sense to consider rectangular polynomials, because the structure imposes that
the matrix polynomial must have square coefficients. More precisely, MA [P ] and
P ? (λ) coincide, up to a sign (see Definition 2.2.4), so they have the same size. In
addition, by Definition 2.2.1, MA [P ] and P (λ) also have the same size. This implies
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that P (λ) and P ? (λ) must have the same size, so structured matrix polynomials are
necessarily square.
In the following definition, we show the conditions that define any of these structures for square matrix polynomials, relating each of these conditions to the corresponding Möbius transformation.
 


 
Definition 2.2.4. [103, Def. 9.6] Let A1 = 10 01 , A2 = −10 01 , and A3 = 01 10
(they all belong to GL(2, F)). An n × n matrix polynomial P (λ) of grade k is
(a) ?-symmetric if P ? (λ) = P (λ) := MA1 [P ],
(b) ?-skew-symmetric if P ? (λ) = −P (λ) := −MA1 [P ],
(c) ?-even if P ? (λ) = P (−λ) := MA2 [P ],
(d) ?-odd if P ? (λ) = −P (−λ) = −MA2 [P ],
(e) ?-palindromic if P ? (λ) = revk P (λ) := MA3 [P ], and
(f) ?-anti-palindromic if P ? (λ) = −revk P (λ) := −MA3 [P ].
The name ?-alternating is also used for both ?-even and ?-odd structures. A
∗-symmetric (respectively, ∗-skew-symmetric) matrix polynomial is usually known
as Hermitian (resp., skew-Hermitian).
In [56, Def. 3.6], in order to unify all the identities for the different structures
appearing in Definition 2.2.4 in a unique identity, the authors introduced the notion
of “MA -structured matrix polynomial” for matrix polynomials (in the monomial
basis as in (1.3)) of odd grade k. To be precise, the matrix polynomial P (λ) is MA structured if it satisfies the identity MA [P ] = P ? (λ). The ?-symmetric, ?-even, and
?-palindromic structures in Definition 2.2.4 satisfy this particular identity, for any
grade of P (λ), and for the appropriate matrix A. Instead, the ?-skew-symmetric,
?-odd, and ?-anti-palindromic structures satisfy the identity −MA [P ] = P ? (λ), for
any grade k, which is equivalent to MA [−P ] = P ? (λ), by Proposition 2.2.3(c).
Notice that, by Proposition 2.2.3(b), for any odd grade k, the identity MA [−P ] =
M−A [P ] holds. This allowed the authors of [56] to unify all the structures in Definition 2.2.4 via Möbius transformations in a unique identity (i.e., MA [P ] = P ? (λ),
for appropriate choices of A) valid for matrix polynomials as in (1.3) of odd grade.
The previous identity is no longer true for matrix polynomials as in (1.3) of even
grade. Therefore, in order to introduce an identity that unifies all the identities in
Definition 2.2.4, for any grade k (even or odd) we need to consider both the (+)
and (−) sign. This is done in the following definition, which extends the notion of
MA -structured matrix polynomial, introduced in [56, Def. 3.6] for matrix polynomials of odd grade, to matrix polynomials (expressed in the monomial basis) of any
grade.
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Definition 2.2.5. Let P (λ) be a matrix polynomial of grade k and let A ∈ GL(2, F).
Then, the matrix polynomial P (λ) is said to be MA -structured if it satisfies
MA [P ] = P ? (λ), or MA [−P ] = P ? (λ).

(2.9)

In Section 4.2 we consider the problem of finding `-ifications of an MA -structured
matrix polynomial, in a structure-preserving way, for all the structures in Definition
2.2.4.
Nonetheless, since in Section 5.2 we consider the problem of finding linearizations
of an MA -structured matrix polynomial (expressed in the Lagrange basis) of odd
grade k, the equation in Definition 2.2.5 that will be satisfied is always: MA [P ] =
P ? (λ). Furthermore, to guarantee that the matrix polynomial expressed in the
Lagrange basis is MA -structured, we aim to look for the corresponding symmetries
on its interpolation nodes as well as on its coefficients (see Section 2.3 for more
information). Lemma 2.2.6 will help us to relate the given matrix polynomial and
its Möbius transformation, when we evaluate them at a point (i.e., it is shown that
the value of MA [P ]? in a point λ0 is related to the value of P (λ) in a different point).
Lemma 2.2.6. Let P (λ) be a matrix polynomial of grade k and let A ∈ GL(2, F).
Let λ0 ∈ C be such that λ?0 c + d 6= 0. Then,
MA [P ]? (λ0 ) = (λ0 c? + d? )k (P (λ•0 ))? ,
where

λ•0

:=

mA (λ?0 )

λ?0 a + b
= ?
.
λ0 c + d

Proof. Using equation (2.8):
MA [P ]? (λ0 ) = (MA [P ](λ?0 ))? = ((λ?0 c + d)k P (λ•0 ))? = (λ0 c? + d? )k (P (λ•0 ))? .



Notice that if λ0 is an eigenvalue of an MA -structured matrix polynomial P (λ),
λ•0 is also eigenvalue of P (λ).
To conclude this section, a notion for square matrices that plays an important
role in the framework of structured matrix polynomials is the one of coninvolutory
matrix [81], which is a matrix A ∈ Fn×n such that A · A = In . When F = R,
coninvolutory matrices are known as involutory matrices, and the condition reads
A2 = In . This property will be relevant to guarantee that all our constructions are
indeed MA -structured (see, for instance, the comments after Definitions 4.1.4 and
5.2.1). In particular, notice that the matrices A1 , A2 , and A3 in Definition 2.2.4 are
coninvolutory. Furthermore, if A is coninvolutory, Lemma 2.2.6 ensures that there is
a symmetry on the eigenvalues (i.e., a spectral symmetry) of the matrix polynomial.
For instance, if A = A2 and ? = ∗, it corresponds to a symmetry with respect to
the imaginary axis [101, Table 2.2].
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Other bases: Lagrange polynomials

The matrix polynomial P (λ) as in (1.4) is expressed in the monomial basis if and
only if (φj )kj=0 = (1, λ, . . . , λk−1 , λk ). Then, P (λ) is written as in (1.3). However,
another different bases than the monomial one (named “non-monomial”) have been
used so far in the literature. In particular, we are interested in matrix polynomials
expressed in the Lagrange basis. This section is devoted to recall this particular
basis, together with its main properties. We also present a brief summary of the
main linearizations introduced so far for this basis. From now on, we consider the
field F = C and n × n matrix polynomials P (λ).
Let σ := {σ0 , . . . , σk } be an ordered set of k + 1 distinct nodes over the field C.
Then, we define the Lagrange polynomials associated to σ by:
k
Y
`j (λ) := wj
(λ − σi ),

k
Y
where wj :=
(σj − σi )−1 ,

i=0
i6=j

for j = 0, . . . , k.

i=0
i6=j

The scalars wj are called the barycentric weights (or weights, to abbreviate) for the
Lagrange polynomials on these nodes.
We refer to (`j (λ))kj=0 as the Lagrange basis associated to σ. It is known that
this basis is non-degree-graded. More precisely, deg(`j (λ)) = k, for all j = 0, . . . , k.
Furthermore, notice that the Lagrange polynomials satisfy the property

1 if i = j, and
`j (σi ) =
for i, j = 0, . . . , k.
0 otherwise,
Now, let Y (λ) be an n × n matrix function, which is sampled at the nodes σj
of σ, and we denote, by Yj := Y (σj ), the corresponding matrices, for j = 0, . . . , k.
Then, the “Lagrange interpolation problem” consists of finding the unique matrix
polynomial P (λ) ∈ C[λ]n×n of degree k such that P (λ) interpolates Y (λ) at the
nodes σj (that is, P (σj ) = Yj , for all j = 0, . . . , k). This polynomial P (λ) can be
expressed, in terms of the Lagrange polynomials, as:
P (λ) =

k
X

`j (λ)Yj ,

(2.10)

j=0

where Yj := P (σj ), for j = 0, . . . , k. This expression of the matrix polynomial P (λ)
receives the name of “Original Lagrange form” [88, 132].
It was thought for a long time that the Lagrange interpolation as in (2.10)
was elegant from the theoretical point of view, but it was not useful for numerical
purposes [1, 13]. With the aim to overcome these drawbacks, (2.10) can be rewritten
in another form called the “first form of the barycentric interpolation formula”,
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which was introduced by Rutishauser in 1990 [122]. We first introduce the nodal
polynomial `(λ) as
k
Y
`(λ) =
(λ − σj ).
j=0

Then, using `(λ), the matrix polynomial P (λ) in (2.10) can be rewritten as:
P (λ) = `(λ)

k
X
j=0

wj
Yj .
(λ − σj )

(2.11)

We refer the reader to [13], where a thorough study of the barycentric Lagrange
interpolation was carried out. Regarding numerical properties of this form, they
have been studied in [76]. In particular, one of the most important advantages of
using this form is that it is backward stable [76].
Now, we focus on the concept of “dual minimal bases” (see Definition 2.1.13)
for Lagrange polynomials. As we mentioned at the end of Section 2.1.1, another
kind of dual minimal bases than the “block-Kronecker dual minimal bases” (see
(2.3) and (2.4)) will be used in this dissertation (specifically, in Chapter 5). They
are known as “block-Lagrange dual minimal bases” and we construct them using
the previous notions introduced for the Lagrange basis. In particular, they are the
following matrix polynomials:


(λ − σ0 ) − (λ − σ1 )


k×(k+1)
..
..
, (2.12)
Lk;σ (λ) := 
 ∈ C[λ]
.
.
Λ>
k;σ (λ)

(λ − σk−1 ) − (λ − σk )


:= g0 (λ) g1 (λ) · · · gk (λ) ∈ C[λ]1×(k+1) ,

(2.13)

k

Y
`(λ)
=
(λ − σi ), for j = 0, . . . , k.
where gj (λ) :=
λ − σj
i=0
i6=j

First, note that Lk;σ (λ) and Λ>
k;σ (λ) are properly defined to be dual minimal
bases, that is, they satisfy all the conditions in Definition 2.1.13; and, similarly
to Lemma 2.1.14, we can ensure that Lk;σ (λ) ⊗ In and Λ>
k;σ (λ) ⊗ In are also dual
minimal bases. Furthermore, notice that they are constructed in a very similar way
as the block-Kronecker dual minimal bases, although there exist relevant differences
between them. More precisely: (a) all nonzero entries of (2.12) are pencils of degree
1, unlike in (2.3), where the nonzero entries of the main diagonal are constants
(specifically, −1’s), and the ones on the superdiagonal are pencils (specifically, λ’s),
and (b) the vector polynomial (2.13) is a non-degree-graded basis (in particular, all
nonzero entries have degree k), unlike in (2.4), which is a degree-graded basis.
The matrix polynomials Lk;σ (λ) and Λ>
k;σ (λ) are also (up to some constants) the
dual minimal bases introduced in [121, Section 3.3] for the Lagrange basis. The
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main difference between both dual minimal bases for the Lagrange basis is the fact
that the matrix polynomial Lk;σ (λ) in (2.12) is unscaled, that is, the weights wj
do not appear in it, unlike the one introduced in [121, Section 3.3]. Even though
(2.12) is easy to scale (just multiplying Lk;σ (λ) on the right by the diagonal matrix
diag(w0 , . . . , wk )), for our analyses it is more convenient to work with the unscaled
polyomials (2.12) and (2.13) instead, so the scaling factors wj will directly appear
when constructing the linearizations for the given matrix polynomial (2.11), unlike
in [121], where they appear in the corresponding dual minimal bases.
Regarding linearizations for matrix polynomials P (λ) expressed in the Lagrange
basis (as in (2.11)), we are going to highlight three of the most relevant linearizations
used in the literature (although with a slight modification consisting of simple permutations of the blocks entries and some constants). The first known linearization
was proposed by Corless [31] (and later studied in [3]). They are, in particular, of
size (k + 2)n × (k + 2)n, and can be written as:


0
w0 Y0
···
w k Yk
In (λ − σ0 ) In



L(λ) =  .
(2.14)
.
..
 ..

.
In

(λ − σk ) In

The pencil L(λ) in (2.14) is a strong linearization of P (λ), when P (λ) is considered
as a matrix polynomial of grade k + 2 [3, Th. 7]. Hence, it has 2n extra eigenvalues
at infinity (see Remark 2.1.7).
Later on, more compact linearizations (specifically, of size (k + 1)n × (k + 1)n
and kn × kn) were proposed by Van Beeumen, Michiels, and Meerbergen [132]. We
recall here the linearizations of size (k + 1)n × (k + 1)n. They can be written as:


w 0 Y0
w1 Y1
···
w k Yk

(λ − σ0 ) In − (λ − σ1 ) In


L(λ) = 

.
.
.
.


.
.
(2.15)
(λ − σk−1 ) In − (λ − σk ) In


w0 Y0 · · · wk Yk
.
=
Lk;σ (λ) ⊗ In
As for the previous case, L(λ) in (2.15) is a strong linearization of P (λ), when P (λ)
is considered as a matrix polynomial of grade k + 1 [132, Prop. 4.6]. Hence, now
we expect it to have n extra eigenvalues at infinity. More precisely, (2.15) has the
same eigenvalues as P (λ) plus n additional eigenvalues at infinity.
In Section 5.1, we will use linearizations as in (2.15). In particular, we use this
form due to the natural and clear partition between the first block row, which contains the coefficients of the matrix polynomial P (λ) and its corresponding weights,
and the remaning block rows, which are exactly the nonzero entries of the minimal
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basis (2.12) (up to the identities of size n × n in each block). Such partition will
help us to perform, in a simple way, a backward error analysis in Section 5.1.
Finally, we should recall here a new family of linearizations for matrix polynomials expressed in different non-monomial bases, which were defined using the
concept of dual minimal bases, as in the recent papers [53, 55, 56] and our constructions in Chapter 4. In particular, this family provides an extension not only of
the (strong) block minimal bases matrix pencils introduced in [53] for matrix polynomials expressed in the monomial basis, but also of the classical linearizations for
matrix polynomials expressed in non-monomial bases. This family was introduced
in [121] by Robol, Vandebril, and Van Dooren. For square matrix polynomials
expressed in the Lagrange basis, pencils in this family can be written as:


M (λ)
L>
;σ (λ) ⊗ In
,
(2.16)
L(λ) =
Lη;σ (λ) ⊗ In
0
where M (λ) is a matrix pencil. It is proved in [121, Th. 15] that any pencil L(λ)
as in (2.16) is a strong linearization of the matrix polynomial
P (λ) := (Λ>
;σ (λ) ⊗ In )M (λ)(Λη;σ (λ) ⊗ In )

(2.17)

of grade  + η + 1, where Λ>
;σ (λ) is defined as in (2.13).
Notice that the basic template of (2.16) is the same as for the “block-Kronecker
matrix pencil”, which was introduced in [53, Def. 4.1]. In particular, the only
difference is due to the selection of the minimal bases. More precisely, in (2.16), the
(1, 2) and (2, 1) big blocks are based on (2.12), whereas in the pencil introduced in
[53, Def. 4.1], these two blocks are based on (2.3). Furthermore, if  = 0, (2.16) can
be seen as a one-sided linearization, for instance, as in (2.15).
In Section 5.2, we will introduce a new family of structured linearizations for
matrix polynomials expressed in a Lagrange(-like) basis, which are a particular case
of the linearizations in (2.16). Since we look for structured constructions, the Möbius
transformation (see Section 2.2) will help us to construct them in a general way, as
it happens in Chapter 4 for the monomial case.

Chapter 3
(Generalized) Companion pencils
In this chapter, as explained in Chapter 1, we introduce a new notion of generalized companion pencils for (scalar and) matrix polynomials, over an arbitrary field,
expressed in the monomial basis. This definition extends the notions of companion
form of grade 1 (also known as “companion pencil”, see Section 2.1.2), generalized
companion matrix in [68], and Ma-Zhan companion matrix in [100], as well as the
new class of quasi-sparse companion pencils, denoted by Rn,k , which is introduced in
this chapter (in Section 3.2). This general class Rn,k extends the class of companion
matrices for monic scalar polynomials introduced in [58].
This chapter is divided in three big sections. In the first one, the notion of
companion pencil and the new one of generalized companion pencil are presented
for scalar and matrix polynomials. In addition, after imposing the natural condition
that each coefficient of the polynomial appears in only one block of the generalized
companion pencil, we obtain a particular expression for its nonzero block entries.
Section 3.2 focuses on the class of quasi-sparse companion pencils Rn,k . In
particular, we provide a canonical form, up to block permutation, for companion
pencils in Rn,k , relating these ones with other relevant families of companion pencils
known so far. We also determine the smallest number of nonzero block entries of a
companion pencil in Rn,k , which allows us to define sparse pencils in Rn,k as those
having exactly this number of nonzero block entries. Then, we obtain, the number
of different sparse companion pencils in Rn,k , up to block permutation.
Finally, in Section 3.3, we focus on the new notion of generalized companion
pencil (specifically, for scalar polynomials). In particular, we analyze some algebraic
properties (as, for instance, their Smith canonical form) and we prove that they all
are nonderogatory, and, as in the previous section, we determine the smallest number
of nonzero entries of a generalized companion pencil, after imposing some natural
conditions on its entries.
Throughout this chapter we assume that the leading coefficient of the given matrix polynomial P (λ) is nonzero, then the identity “grade(P ) = deg(P )” is satisfied.
Regarding the notation, we use calligraphic letters with two subindices, like An,k ,
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to denote a class of nk × nk block-partitioned matrix pencils, which are viewed as
block k ×k matrices with blocks of size n×n. Moreover, since in this chapter we will
use both scalar and matrix polynomials, we properly use lowercase and uppercase
letters, respectively. Nonetheless, we want to emphasize that, symbolically, there
are no diferences in working with scalar or matrix polynomials.
The results introduced in this chapter are original contributions of the author.

3.1

The notion of (generalized) companion pencil

First, for the sake of completeness, we recall here again the notion of companion
pencil (see Definition 2.1.17, for ` = 1). This notion imposes a severe restriction
on the nonzero block entries, namely, to be either the identity matrix or one of
the coefficients of the polynomial (multiplied by some constant in F). This restriction was motivated for practical purposes, and also because most of the families of
companion pencils introduced at that time in the literature, including the classical
Frobenius companion pencils [71], the Fiedler-like families [6, 23, 38, 40, 136], and
the block-Kronecker pencils [53], among others, enjoyed that property.
P
Definition 3.1.1. A companion pencil for n×n matrix polynomials P (λ) = kj=0 λj Pj
of degree k is an nk × nk block-partitioned matrix pencil L(λ) = L0 + λL1 such that
if L0 and L1 are viewed as block k × k matrices with blocks of size n × n, then:
(i) each nonzero block of L0 and L1 is either of the form αIn or αPj , for some
j = 0, . . . , k, and α ∈ F \ {0}, and
(ii) L(λ) is a strong linearization for every n × n matrix polynomial of degree k.
However, when looking for the most general notion of companion pencil, it is
natural to consider pencils as in Definition 3.1.2. It should be noted that this
notion is motivated by the definition of Ma-Zhan companion matrices in [100] (see
[68], where this name wasP
introduced), which are companion matrices for monic
j
k
scalar polynomials pe(λ) = k−1
j=0 λ pj + λ , whose entries belong to F(p0 , . . . , pk−1 ).
However, we are interested in practical constructions, valid for all (scalar and matrix)
polynomials, so we restrict ourselves to entries in the ring F[P0 , . . . , Pk ].
Definition
P 3.1.2. A generalized companion pencil for n × n matrix polynomials
P (λ) = kj=0 λj Pj of degree k is an nk × nk block-partitioned matrix pencil L(λ) =
L0 + λL1 such that if L0 and L1 are viewed as block k × k matrices with blocks of
size n × n, then:
(i) each nonzero block of L0 and L1 belongs to F[P0 , . . . , Pk ], and
(ii) L(λ) is a strong linearization for every n × n matrix polynomial of degree k.
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Definition 3.1.2 arises when looking for more general constructions than the ones
in Definition 3.1.1, allowing for the nonzero block entries to be in the most general
set that includes the coefficients of the polynomial and is valid for all polynomials
P (λ), namely the ring of polynomials in P0 , . . . , Pk . In particular, Definition 3.1.2
extends Definition 3.1.1, together with the class of generalized companion matrices
in [68], and the class of Ma-Zhan companion matrices in [100], though these two
last families are only introduced for monic scalar polynomials in the corresponding
references (see Section 1.1).
Remember that, when the given polynomial is scalar, the condition (ii) in Definition 3.1.1 can be replaced by: “det L(λ) = αp(λ), for some α ∈ F \ {0}” (see
Section 2.1.2). This is also true for generalized companion pencils, since the second
condition is similar.
Although both notions of (generalized) companion pencils for scalar polynomials
are very similar to the ones for matrix polynomials, we include both them here for
completeness. Note that the main difference is in condition (ii).
P
Definition 3.1.3. A companion pencil for scalar polynomials p(λ) = kj=0 λj pj of
degree k is a k × k matrix pencil L(λ) = L0 + λL1 such that:
(i’) each nonzero entry of L0 and L1 is either a scalar (i.e., an element in F) or
a scalar multiplied by pj , for some j = 0, . . . , k, and
(ii’) det L(λ) = αp(λ), for some α ∈ F \ {0}.
Definition 3.1.4. A generalized companion pencil for scalar polynomials p(λ) =
P
k
j
j=0 λ pj of degree k is a k × k matrix pencil L(λ) = L0 + λL1 such that:
(i’) each nonzero entry of L0 and L1 belongs to F[p0 , . . . , pk ], and
(ii’) det L(λ) = αp(λ), for some α ∈ F \ {0}.
In order to show the main difference between the notion of companion pencil
and generalized companion pencil, the following example shows, for a given scalar
polynomial p(λ) of degree 3, one companion pencil and one generalized companion
pencil which is not companion, according to (i’) in Definition 3.1.3.
P
Example 3.1.5. Let p(λ) = 3j=0 λj pj be a scalar polynomial of degree 3. Let us
consider the following matrix pencils LC (λ) and LG (λ):




p2 + λp3 −1 0
p0 + λp1 p2 −p1 p2 λ
0
λ −1  , LG (λ) = 
λ
−1
0 .
LC (λ) = 
p0 + λp1 0
λ
p1 + λp2
λp3 −1
P
In both cases, det LC (λ) = det LG (λ) = α 3j=0 λj pj , with α = 1 (condition (ii’)
for Definitions 3.1.3 and 3.1.4), so LC (λ) is a companion pencil and LG (λ) is a
generalized companion pencil for p(λ).

40

CHAPTER 3. (GENERALIZED) COMPANION PENCILS

Notice that condition (ii’) in both Definitions 3.1.3 and 3.1.4 is the natural
extension of the identity det(λIk −C)
a companion matrix C, and for the
Pk−1= jpe(λ), for
k
monic scalar polynomial pe(λ) := j=0 λ pj +λ . Therefore, companion matrices are
particular cases of (generalized) companion pencils (namely, when L(λ) = λIk − C).

3.1.1

When each coefficient appears only once

In this section, we impose the restriction that each coefficient Pj , for j = 0, . . . , k,
of the matrix polynomial P (λ) appears in just one block entry of a generalized
companion pencil. Then, Proposition 3.1.6 shows that, by imposing this restriction,
the nonzero blocks of the generalized companion pencil have a very particular form.
Proposition 3.1.6. Let L(λ) = LP
0 + λL1 be a generalized companion pencil for
n × n matrix polynomials P (λ) = kj=0 λj Pj of degree k such that each coefficient
Pj , for j = 0, . . . , k, appears in just one block entry of L(λ). Then the block entry
containing Pj is either of the form
α1 Pj + α2 + λ(β1 Pj+1 + β2 ),

for

0 ≤ j ≤ k − 1,

(3.1)

for

0 ≤ j ≤ k − 1,

(3.2)

with α1 , α2 , β1 , β2 ∈ F, and α1 6= 0, or
α1 Pj−1 + α2 + λ(β1 Pj + β2 ),
with α1 , α2 , β1 , β2 ∈ F, and β1 6= 0.
Proof. We can focus on the case n = 1 for simplicity. All developments are also true
for arbitrary n.
L(λ) is a generalized companion pencil for the scalar polynomial p(λ) =
Pk Since
j
j=0 λ pj , its (s, t) entry is of the form ls,t (λ) = (l0 )s,t + λ(l1 )s,t , for s, t = 1, . . . , k,
with (l0 )s,t , (l1 )s,t ∈ F[p0 , . . . , pk ]. By hypothesis, pj , for 0 ≤ j ≤ k, can be either in
(l0 )s,t or (l1 )s,t for just one (s, t). Now, we claim that:
1. If pj is in (l1 )s,t , then: (a) pj does not appear in (l0 )s,t . (b) There is no other
pi in (l1 )s,t . (c) The only possible pi appearing in (l0 )s,t is pj−1 . (d) (l1 )s,t must
be equal to β1 pj + β2 , for some β1 , β2 ∈ F, with β1 6= 0. (e) (l0 )s,t is of the
form α1 pj−1 + α2 , for some α1 , α2 ∈ F.
2. Similarly, if pj is in (l0 )s,t , then: (a’) pj does not appear in (l1 )s,t . (b’) There
is no other pi in (l0 )s,t . (c’) The only possible pi appearing in (l1 )s,t is pj+1 .
(d’) (l0 )s,t must be equal to α1 pj + α2 , for some α1 , α2 ∈ F, with α1 6= 0. (e’)
(l1 )s,t is of the form β1 pj+1 + β2 , for some β1 , β2 ∈ F.
Note that case 1 above corresponds to (3.2), whereas case 2 corresponds to (3.1).
Then, it remains to prove (a)–(e) and (a’)–(e’). We assume that pj is in (l1 )s,t .
Condition (ii’) in Definition 3.1.4 implies det L(λ) = αp(λ), with α ∈ F \ {0}.
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Spanning the determinant either across the sth row or the tth column, we get
det L(λ) = ls,t (λ)Cs,t + ps,t (λ), where ls,t (λ) is the (s, t) entry of L(λ), Cs,t is the
cofactor of the entry containing ls,t (λ), and ps,t (λ) does not contain pj . Then, setting
ls,t (λ) = (l0 )s,t + λ(l1 )s,t , we have
det L(λ) = ((l0 )s,t + λ(l1 )s,t ) Cs,t + ps,t (λ),

(3.3)

and Cs,t is of the form Cs,t = λj−1 cj−1 + · · · + λj−r cj−r , for some r ≥ 1, and where
cj−1 , . . . , cj−r are polynomials in the coefficients pi , for i 6= j, and cj−r 6= 0. Note
that, since pj is in (l1 )s,t , cj−1 is always a nonzero polynomial as well. Note also
that the degree of all possible appearances of pj in ls,t (λ) must be equal to 1. If,
on the contrary, there is a term psj , with s > 1, in ls,t (λ), by (3.3) and taking into
account that pj does not appear in either Cs,t and ps,t (λ), this term psj would appear
in det L(λ), a contradiction with the fact that det L(λ) = αp(λ), with α ∈ F \ {0}.
We consider two cases, depending on whether pj is in (l0 )s,t or not.
 If pj is only in (l1 )s,t , then Cs,t = γλj−1 , for some γ ∈ F \ {0}, since otherwise
there would be another term containing pj in det L(λ), besides λj pj (recall
that pj does not appear in either Cs,t and ps,t (λ)). Hence, no other coefficient
pi than pj−1 may appear in ls,t (λ) since, otherwise, there would be a nonzero
term of the form λj−1 pi or λj pi in det L(λ) (recall, again, that pi does not
appear in either Cs,t and ps,t (λ)). Moreover, following similar arguments as
those for pj , the coefficient pj−1 must appear in (l0 )s,t , also with degree 1, and
cannot appear in (l1 )s,t . Thus, we have proved claims (a)–(c). For claims (d)
and (e) just note that, by the previous considerations, (l0 )s,t and (l1 )s,t are
linear polynomials in, respectively, pj−1 and pj over F. Therefore, they are as
claimed in (d) and (e), respectively.
 If pj appears in both (l0 )s,t and (l1 )s,t , then ls,t (λ) = α1 pj + λβ1 pj + e
lst (λ), for
e
some α1 , β1 ∈ F \ {0}, where pj does not appear in lst (λ), and we would have,
from (3.3),



det L(λ) = α1 pj + λβ1 pj + e
ls,t (λ) λj−1 cj−1 + · · · + λj−r cj−r + ps,t (λ)

=pj λj β1 cj−1 + λj−r α1 cj−r + pbs,t (λ),
(3.4)

where pbs,t (λ) is another polynomial in λ with coefficients in F[p0 , . . . , pk ]. The
relevant property of pbs,t (λ) is that the terms in this polynomial containing pj
(if any) are of degree larger than j −r and smaller than j in λ, so the first term
in the second line of the right-hand side of (3.4) necessarily appears in det L(λ)
(note that this also holds if r = 1). In other words, there is a term of degree
j − r in λ containing pj , in contradiction with the fact that det L(λ) = αp(λ),
with α ∈ F \ {0}.
This proves (a)–(e), and claims (a’)–(e’) can be proved in a similar way.
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Proposition 3.1.6 motivates us to introduce a new set of specific block-partitioned
pencils where the nonzero block entries containing the coefficients of the polynomial
P (λ) can only be of the form Pj , λPj+1 , or Pj + λPj+1 , i.e. discarding the constants
α1 , α2 , β1 , β2 ∈ F in equations (3.1) and (3.2), which do not play an important role
in Chapter 3. The new class with this particularity on the nonzero blocks containing
the coefficients of P (λ) (together with another particular nonzero constant blocks)
is introduced in the following section (see Definition 3.2.1).

3.2

A new class of quasi-sparse companion pencils

Motivated by the developments in Section 3.1.1 (specifically, Proposition 3.1.6), in
this section we focus on companion pencils such that each coefficient of the polynomial P (λ) appears in just one block. Then, we introduce a new family of “potential”
companion pencils, denoted by Rn,k , having a small number of nonzero block entries
(we refer to pencils in this family as “quasi-sparse” because of their small number
of nonzero block entries, in particular, they have no more than 3k − 2 nonzero block
entries).
This family Rn,k contains all the sparse companion pencils introduced so far in
the literature (in the monomial basis). In particular, the classical Frobenius pencils
[71], together with both Fiedler and generalized Fiedler pencils [23, 38, 40], as well
as the sparse block-Kronecker pencils introduced in [53, Def. 5.1].
The motivation for introducing this family is precisely to create a general family
containing all these companion pencils, and also to extend the family of companion
matrices introduced in [58].
This section is further divided in three subsections. In the first one, three new
classes of quasi-sparse block-partitioned pencils, denoted by Rn,k , Qn,k , and QC n,k ,
are introduced. The second subsection is devoted to characterize a new family of
companion pencils in Rn,k . In particular, we prove that any companion pencil in
Rn,k is permutationally equivalent to a pencil in Qn,k (Theorem 3.2.7), and that
companion pencils in Qn,k must belong to QC n,k (Theorem 3.2.8). In addition, it is
also proved that all pencils in QC n,k are companion pencils (Theorem 3.2.9). Finally,
in the last subsection, we pay attention to the sparsity of companion pencils in Rn,k .
In particular, we get both the number of nonzero block entries of a sparse companion
pencil in Rn,k (Lemma 3.2.10) and the number of different sparse companion pencils
in Rn,k , up to block permutation, for matrix polynomials of odd and even degree k
(Theorems 3.2.20 and 3.2.21, respectively).

3.2.1

New classes of block-partitioned pencils: Rn,k , Qn,k ,
QC n,k

The first class of quasi-sparse block-partitioned pencils Rn,k is defined as follows.
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Definition 3.2.1. We denote by Rn,k the set of block-partitioned matrix pencils with
block entries in F[P0 , . . . , Pk ] and whose only nonzero blocks are of the form:
 k − 1 blocks equal to −In , together with k − 1 blocks of the form λIn , and
 at most k nonzero blocks, denoted by B0 (λ), . . . , Bk−1 (λ), such that each coefficient Pj , for j = 0, . . . , k, appears only in one Bi , for i = 0, . . . , k − 1. These
blocks are of the form
(i)
(i)
Bi (λ) = B0 + λB1 ,
(3.5)

for i = 0, . . . , k − 1, with Bi being either 0, Pj , λPj+1 or Pj + λPj+1 , for some
0 ≤ j ≤ k − 1.
Notice that matrix pencils in Rn,k have no more than 3k−2 nonzero block entries,
although they may have even a smaller number of nonzero block entries since some
polynomials Bi (λ) can be zero. We will come back to this issue in Section 3.2.3
when looking for companion pencils in Rn,k with the minimum number of nonzero
block entries.
The generality of the family Rn,k relies on the fact that nothing is said about
the location of the nonzero blocks in Definition 3.2.1. Because of this generality,
not all pencils in Rn,k are companion pencils, as we are going to see. The following
subclass of Rn,k will comprise, up to block permutation, all companion pencils of
Rn,k (see Theorem 3.2.7).
Definition 3.2.2. Qn,k is the class of block-partitioned pencils in Rn,k where:
 the blocks equal to −In are in all super-diagonal positions (i.e., the block entries
(s, s + 1), for s = 1, . . . , k − 1),
 the blocks equal to λIn , together with a nonzero block Bd , for some 0 ≤ d ≤
k − 1, are on the main diagonal, and
 the remaining nonzero blocks Bi , for i 6= d, are below the main diagonal.

However, it is not difficult to see that not every matrix pencil in Qn,k is a companion pencil [58, pp. 261–262], since these pencils do not necessarily satisfy the
condition (ii) of Definition 3.1.1. The following result provides some necessary conditions in order for a matrix pencil in Qn,k to be companion.
Theorem 3.2.3. Let L(λ) ∈ Qn,k be a companion pencil. Then,
(i) If Bi is located in the jth subdiagonal, for 1 ≤ j ≤ k − 2, then Bi is either 0,
Pk−j−1 , λPk−j , or Pk−j−1 + λPk−j .
(ii) If Bi is located in the (k − 1)th subdiagonal, then Bi is either P0 or P0 + λP1 .
(iii) If Bi is located on the main diagonal, then Bi is either λPk or Pk−1 + λPk .
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In order to prove Theorem 3.2.3 we use the following result.

Lemma 3.2.4. Let L(λ) = [li,j (λ)] ∈ QC 1,k , for i, j = 1, . . . , k. For any nonzero
ls,t (λ), with s − t ≥ 0, the determinant of L(λ) contains a nonzero summand of the
form:
l1,1 (λ) · · · lt−1,t−1 (λ) · ls,t (λ) · ls+1,s+1 (λ) · · · lk,k (λ).
(3.6)
Proof. For brevity, we write li,j := li,j (λ). Spanning either across the row or the
column containing ls,t , for some s − t ≥ 0, we obtain that the only term in det L(λ)
containing ls,t is ls,t Cs,t , where Cs,t is the cofactor of the entry ls,t . This cofactor is
of the form:

 l −1
0
1,1

Cs,t







s+t
= (−1) det 






.. ..
. .
.
∗ ..
∗

∗

0
−1
lt−1,t−1

−1
∗

0

0
..

0

.
−1

∗

ls+1,s+1 −1
0
.. ..
. .
.
∗ . . −1
lk,k







,






(3.7)

es,t . Recall that below the main diagonal
that is, Cs,t = l1,1 · · · lt−1,t−1 ls+1,s+1 · · · lk,k + C
of L(λ) there can be nonzero entries. Since L(λ) ∈ QC 1,k , the first summand in Cs,t
es,t has, at most, degree k−(s−t)−2.
has degree k−(s−t)−1. It suffices to prove that C
First, the matrix in (3.7) is partitioned in six big blocks. Note that each sumest contains a term below the main diagonal multiplied by its cofactor, in
mand in C
particular, this term can be in one of the (1, 1), (2, 1), (2, 2), (3, 1), (3, 2) or (3, 3)
big blocks. If it is in any of the blocks (2, 1), (2, 2) or (3, 2), its cofactor is 0. However, if it is in the remaining blocks (1, 1), (3, 1) or (3, 3), its cofactor is obtained
by removing two terms on the main diagonal, which are of degree 1 in λ, and the
cofactor is multiplied by the term on the subdiagonal, which is, at most, of degree
es,t is, at most, of degree k − (s − t) − 2 in λ.
1 in λ. Then, C
Finally, by Definition 3.2.1, the polynomial ls,t contains some coefficient pr , which
does not appear in any other entry, so (3.6) cannot cancel out with any other term
in det L(λ).

Proof (of Theorem 3.2.3). We focus on n = 1. Let L(λ) = [ls,t (λ)] ∈ Q1,k be a companion pencil. If pj , for 0 ≤ j ≤ k, is in ls,t := ls,t (λ) (placed in the rth subdiagonal,
with r := s − t), then the exponent of λ, which appears multiplied by pj in det L(λ),
is equal to k − r − 1 + deg(ls,t ), by (3.6) (note that l1,1 , . . . , lt−1,t−1 , ls+1,s+1 , . . . , lk,k
all have degree 1). Then j = k − r − 1 + deg(ls,t ), so r = k − j − 1 + deg(ls,t ),
but deg(ls,t ) is either 0 or 1, and pj must be either in the (k − j − 1)th subdiagonal
(without λ) or in the (k − j)th subdiagonal (multiplied by λ). In particular, when
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j = 0, the only possibility is deg(ls,t ) = 0 and r = k − 1 (otherwise, if deg(ls,t ) = 1,
we would have r = k, which is not possible, since there are no the kth subdiagonal),
and similarly when j = k, the only possibility is deg(ls,t ) = 1 and r = 0. This means
that p0 can only be in the (k − 1)th subdiagonal (without λ) and pk can only be in
the 0th subdiagonal (multiplied by λ).
(i)
(i)
(i)
As a consequence, if bi = b0 + λb1 is in the jth subdiagonal, then b0 can be
(i)
either 0 or pk−j−1 , and b1 can be either 0 or pk−j .

Now, we introduce the following class of block-partitioned pencils, where part
(i) is motivated by Theorem 3.2.3.
Definition 3.2.5. QC n,k is the class of block-partitioned pencils in Qn,k satisfying
the following conditions:
(i) The coefficient Pj is either in the (k − j − 1)th subdiagonal or in the (k − j)th
subdiagonal. In the first case it appears in the trailing coefficient (namely,
without λ), and in the second one it appears in the leading coefficient (that is,
multiplied by λ).
(ii) (Rectangle condition). All possible nonzero blocks Bi , for i = 0, 1, . . . , k − 1, lie
on the rectangular block-partitioned submatrix whose upper right corner is the
position containing Pk , which is on the main diagonal (denoted as Bk−1 ), and
whose lower left corner is the position containing P0 (denoted by B0 ), namely
the (k, 1) position.
The following example illustrates the difference between Definitions 3.2.2 and
3.2.5.
P
Example 3.2.6. Let P (λ) = 4j=0 λj Pj be an n × n matrix polynomial of degree 4.
Let us consider the following block-partitioned matrix pencils LQ (λ) and LQC (λ).


LQ (λ) = 


λIn
−In
0 P3 + λP4
0
0
P0
P1

0
−In
λIn
P2

0
0
−In
λIn







 , LQC (λ) = 



λIn
−In
P2 + λP3 λP4
0
0
P0 + λP1
0

0
−In
λIn
0

0
0
−In
λIn



.


In LQ (λ), the coefficient P2 is not inside the rectangular block-partitioned submatrix
indicated with a box. In LQC (λ), instead, all nonzero blocks below the main diagonal
are in this rectangle. Then, LQ (λ) ∈ Qn,4 \QC n,4 , and LQC (λ) ∈ QC n,4 .
Figure 3.1 illustrates the inclusion relationships between the classes Rn,k , Qn,k ,
and QC n,k .
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Rn,k : quasi-sparse
Qn,k : lower Hessenberg
QC n,k : companion pencils in Qn,k

Figure 3.1: Inclusion relations among the three classes of matrix pencils introduced
in Section 3.2.1.

3.2.2

Companion pencils in Rn,k

Theorem 3.2.7 shows that any companion pencil in Rn,k can be taken to the form
Qn,k by block permutation of rows and columns.
Theorem 3.2.7. Any companion pencil in Rn,k is block permutationally equivalent
to a pencil in Qn,k .
Proof. We can focus on the case n = 1 for simplicity. All developments are also true
for arbitrary n.
P
Let L(λ) ∈ R1,k be a companion pencil for the scalar polynomial p(λ) = kj=0 λj pj
which has k − 1 entries equal to −1, together with k − 1 entries equal to λ, and
at most k nonzero entries that we order as b0 , . . . , bk−1 . The polynomials bi , for
i = 0, . . . , k −1, are equal to either 0, pj , λpj+1 , or pj +λpj+1 , for some 0 ≤ j ≤ k −1,
as in Definition 3.2.1. Suppose bk−1 is the entry containing pk and b0 is the one containing p0 . Then, bk−1 and b0 must be of the form


λpk , or
p0 , or
bk−1 (λ) =
and b0 (λ) =
pk−1 + λpk ,
p0 + λp1 .
Since L(λ) is a companion pencil of p(λ), condition (ii’) in Definition 3.1.3 is satisfied,
that is, det L(λ) = αp(λ), for some α ∈ F \ {0} (note that, since the leading term of
det L(λ) comes from the product of the k − 1 entries equal to λ, together with bk−1 ,
it must be α = ±1). This identity is satisfied for all values of the coefficients pj .
Then, we can shrink to zero some coefficients pj or give them some specific values
and the identity, for these particular values, must be true as well.
In the first place, we shrink to zero all the coefficients pj of p(λ) which are not
in bk−1 , that is, we assume that all entries bi are zero except bk−1 . In this case,
det L(λ) = α(λk−1 bk−1 ). This implies that all entries equal to λ, together with bk−1 ,
are in different rows and columns of L(λ).
Similarly, by shrinking to zero all the coefficients pj of p(λ) which are not in b0 ,
we conclude that all entries equal to −1, together with b0 , are in different rows and
columns of L(λ).
Now, we can find two permutation matrices A1 , A2 such that
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∗ ∗ ∗

 ∗ ... ∗ ∗

 ∗ ∗ λ ∗

e
L(λ) := A1 L(λ)A2 = 
 ∗ ∗ ∗ bk−1
 ∗ ∗ ∗ ∗


 ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
λ
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∗
∗
∗
∗
λ

∗

∗
∗
∗
∗
..
.
∗
∗ ∗

∗








.




∗ 
λ
∗
∗
∗
∗

To be precise, A2 is built up as follows: L(λ) has, in each row, only one element
equal to either λ or bk−1 . Then, we can define A2 as the matrix that takes this
element, which is in the position (s, ts ), to the position (s, s), for each s = 1, . . . , k.
Similarly, we can proceed with columns instead of rows to define A1 . Then,
we only need one of A1 or A2 , depending on whether we perform row or column
e
permutations. Therefore, up to permutational equivalence, we get the pencil L(λ),
with the same entries as L(λ), but with the k − 1 entries equal to λ, together with
bk−1 , on the main diagonal.
e
There are, at most, 2(k − 1) nonzero entries (∗) in L(λ),
which are the k − 1
entries equal to −1 together with the polynomials bi , for i = 0, . . . , k − 2. Note that
bk−1 can be in any position on the main diagonal, and that the k − 1 entries equal to
−1, together with b0 , are also in different rows and columns. We are going to show
e1 such that
that there is a permutation matrix A


λ −1 ∗
∗
∗ ∗
∗


 ∗ ... ...
∗
∗ ∗
∗ 




.
.

 ∗ ∗
.
λ
∗
∗
∗




..
b
e1 L(λ)
e A
e>
.
L(λ)
:= A
=

. ∗
1
∗ bk−1
∗ 

 ∗ ∗


..
 ∗ ∗
. ∗ 
∗
∗
λ




.
. . −1 
 ∗ ∗
∗
∗
∗
b0 ∗
∗
∗
∗ ∗
λ
b
Note that the entries equal to λ and bk−1 remain on the main diagonal in L(λ).
It suffices to prove that the k entries (−1’s and b0 ) form a k-cycle. For this,
let us shrink to zero all coefficients pj of p(λ) other than p0 and pk , set pk = 1,
eS (λ) the pencil obtained from L(λ)
e
and denote by L
after this replacement. Then
k
e
e
det LS (λ) = p0 + λ . Moreover, LS (λ) does not contain any other terms with degree
eS (λ) = λIk − C, with C being a
1 in λ than the ones on the main diagonal, so L
companion matrix for the polynomial p0 + λk .
As a consequence of Lemma 2.1 in [58], we conclude that the −1 entries, together
with the one containing p0 , must be in a cycle of length k.
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b
Therefore, up to permutational similarity, we arrive at L(λ),
having the same
e
entries as L(λ), but the k − 1 entries equal to −1 being on the super-diagonal and
the entry b0 being in the position (k, 1).
b
Finally, let us assume, by contradiction, that L(λ)
has, at least, one entry bi , for
some 1 ≤ i ≤ k − 2, above the super-diagonal, that is, in the position (si , ti ), with
si < ti − 1.
Let us shrink to zero all the coefficients pj of p(λ) which are not in bi and denote
bS (λ) the pencil obtained after this replacement. Note that either bi = pr ,
by L
bi = λpr+1 , or bi = pr + λpr+1 , for some 1 ≤ r ≤ k − 2. We suppose that bi =
b
pr + λpr+1 (the proof is analogous for the other two cases). In this case, since L(λ)
bS (λ) = λr pr + λr+1 pr+1 , where
is a companion pencil, it must be det L


λ −1


.. ..


.
.




.
.


.
b
λ
i




..
bS (λ) := L(0,
b . . . , 0, pr , pr+1 , 0, . . . , 0; λ) = 
L
.
.
0




.
.


.
λ




.
. . −1 

λ
This matrix is upper triangular and its determinant is the product of the entries on
bS (λ) = 0 6= λr pr +λr+1 pr+1 , which is a contradiction.
the main diagonal, that is, det L
b
Therefore, all nonzero entries in L(λ)
are on or below the super-diagonal.

Now, Theorem 3.2.8 shows that any companion pencil in Qn,k belongs to QC n,k .
Theorem 3.2.8. Let L(λ) ∈ Qn,k be a companion pencil. Then, L(λ) ∈ QC n,k .
Proof. As in the proof of Theorem 3.2.7, we can focus on the case n = 1. Then,
let L(λ) ∈ Q1,k be a companion pencil for p(λ) (see Definition 3.1.3). By Theorem
3.2.3, we know that if the polynomial bi , for i = 1, . . . , k−2, is in the jth subdiagonal
of L(λ), for j = 1, . . . , k − 2, then bi is either 0, pk−j−1 , λpk−j , or pk−j−1 + λpk−j .
Therefore, it satisfies condition (i) in Definition 3.2.5. It remains to prove that L(λ)
satisfies condition (ii) in Definition 3.2.5.
By contradiction, let us assume that there is an entry bi , for some 1 ≤ i ≤ k − 2,
outside the rectangle. Then it is located in the position (si , ti ), with either ti < si <
s0 or si > ti > s0 , where ls0 ,s0 = bk−1 . Let us shrink to zero all the coefficients pj
of the polynomial p(λ) which are not in bi or bk−1 and let us denote by LS (λ) the
pencil obtained after doing this. Then, LS (λ) is of the form
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LS (λ) = 







λ −1
..
.
bi
0 ···
.. . .
.
.
..
.
0 ···


..

.

..

.

0
..

.
···

..

.

bk−1

..

0
..
.

..

.
.

..
..

0

.
.

















 or 












−1
λ
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λ −1
..
.

0 ···
.. . .
.
.
..
.
0 ···


..

.

..

.

0
..

.
···

..

.

bk−1

..

.

0
..
.

..

.

..

.

bi

..

.

0














−1 
λ

depending on whether ti < si < s0 or si > ti > s0 . In both cases, the entries not
explicitly indicated in the matrix are zero. Let us first assume that ti < si < s0 .
By Lemma 3.2.4, the determinant of LS (λ) will contain a nonzero term of the
form:
l1,1 · · · lti −1,ti −1 · lsi ,ti · lsi +1,si +1 · · · lk,k = λk−(si −ti )−2 bi bk−1 .
{z
} |{z} |
{z
}
|
λ0 s

bi

λ0 s and bk−1

Therefore, det LS (λ) contains a term involving the product bi bk−1 , which involves in
turn a product of coefficients pj of p(λ), and this is in contradiction with the fact
that L(λ) is a companion pencil.
It remains to analyze the case where si > ti > s0 . The determinant of LS (λ) for
this case contains a nonzero term of the form:
l1,1 · · · lti −1,ti −1 · lsi ,ti · lsi +1,si +1 · · · lk,k = λk−(si −ti )−2 bi bk−1 .
{z
} |{z} |
{z
}
|
λ0 s and bk−1

bi

λ0 s

As above, this is a contradiction with the fact that L(λ) is a companion pencil. 
Theorem 3.2.8 tells us that a matrix pencil in Qn,k must belong to QC n,k in order
to be a companion pencil. The following result shows that, moreover, all pencils in
QC n,k are companion.
Theorem 3.2.9. Any pencil in QC n,k is a companion pencil.
Proof. Let L(λ) ∈ QC n,k be an nk × nk matrix pencil. If Bk−1 is placed in the block
entry (s + 1, s + 1), for some 0 ≤ s ≤ k − 1, then we can write L(λ) as the following
block-partitioned matrix pencil:


λIn −In




.
.
sn
.
.


.
.





λIn
−In


 Ms+1,1 · · · Ms+1,s Ms+1,s+1

−I
n
L(λ) = 
,



..

..
..
..



.
.
.
.
Ms+2,s+1
λIn


(t+1)n


.
.
.
.
..
..
..
. . −I  
 Mk−1,1

n


Mk,1 Mk,2
···
Mk,s+1
λIn
|
{z
} |
{z
}
(s + 1)n

tn
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with s + t + 1 = k. Note that Mk,1 = B0 , Ms+1,s+1 = Bk−1 , and the remaining
blocks Mu,v , for u = s + 1, . . . , k and v = 1, . . . , s + 1, are either 0 or Bi , for
i = 1, . . . , k − 2. Note that, by Theorem 3.2.3(i), if Bi is in the jth subdiagonal of
L(λ), for j = 1, . . . , k − 2, then it is either 0, Pk−j−1 , λPk−j , or Pk−j−1 + λPk−j .
Now, we consider the following two block permutations Ar and Ac :
 Ar permutes the rows of L(λ). Note that L(λ) is partitioned in two big blocks of
block-partitioned matrices by rows; the first block-partitioned matrix includes
rows from 1 to s and the second one includes rows from s + 1 to k. We define
Ar as the matrix taking: u 7→ k − u + 1, for u = 1, . . . , s, and u 7→ u − s, for
u = s + 1, . . . , k.
 Ac permutes only the first s + 1 columns of the matrix L(λ). We define Ac as
the matrix taking: v → s + 2 − v, for v = 1, . . . , s + 1.

It is straightforward to see that:
e
L(λ)
:= Ar L(λ)Ac =
(s + 1)n

tn

}|
{ z
}|
{
 z
Ms+1,s+1 Ms+1,s · · · Ms+1,1
−In

..
.
.
..
 Ms+2,s+1
..
..
.
.
λI
n


..
.
.
..

..
..
. −In
.
Mk−1,1

=  Mk,s+1
···
Mk,2 Mk,1
λIn


−I
λI
n
n


.
..
..

.
−In
λIn




















(t+1)n

(3.8)
.

sn

In particular, the (block) diagonals in the (2, 1) big block of L(λ) become the (block)
e
anti-diagonals of the (1, 1) big block in L(λ).
Now, let us consider a general pencil
like in the right-hand side of (3.8). In particular, the blocks Mu,v are matrix pencils.
It is shown in [53, Th. 5.4] that if the sum of the trailing coefficients of all Mu,v
blocks in the (k − j − 1)th anti-diagonal plus the sum of the leading coefficients of
all Mu,v blocks in the (k − j)th anti-diagonal equals Pj , for all j = 0, 1, . . . , k, then
e
L(λ)
is a strong linearization of P (λ). In particular, by part (i) in Definition 3.2.5,
this condition on the leading and trailing coefficients of the Mu,v blocks is satisfied
e
e
for the particular L(λ)
coming from L(λ) as in (3.8). Therefore, L(λ)
is a strong
e
linearization of P (λ). Since L(λ) is permutationally equivalent to L(λ),
L(λ) is also
a strong linearization of P (λ). Then, L(λ) satisfies condition (ii) in Definition 3.1.1
and, by definition, L(λ) satisfies condition (i) as well, so it is a companion pencil. 
The proof of Theorem 3.2.9 shows that the family of block-Kronecker pencils
introduced in [53, Def. 5.1] comprise, up to block permutation, all companion
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pencils in Rn,k (in other words, it contains, up to block permutation, all pencils in
QC n,k ).
Therefore, we have provided a “canonical” expression for companion pencils
in Rn,k , up to block permutation. This expression, which leads to the class of
companion pencils QC n,k , is block lower Hessenberg and resembles the one provided
in [58] for companion matrices of monic scalar polynomials.

3.2.3

Sparse companion pencils in Rn,k

In this section we are interested in the sparsity of companion pencils in Rn,k , when
“sparse” refers to companion pencils with the minimum number of nonzero block
entries (see Definition 2.1.20). In particular, we obtain the number of nonzero block
entries of a sparse companion pencil in Rn,k and the number of different sparse
companion pencils in Rn,k (up to block permutation).
As we commented in Section 3.2.1, matrix pencils in Rn,k are quasi-sparse, since
they have a small number of nonzero block entries (specifically, no more than 3k−2).
However, not all companion pencils in Rn,k have the same number of nonzero block
entries. Then, we first give a lower bound on the number of nonzero block entries
of a companion pencil in Rn,k .
 
Lemma 3.2.10. Any companion pencil in Rn,k has, at least, 2k − 1 + k2 nonzero
block entries.
Proof. By Theorems 3.2.7 and 3.2.8, any companion pencil in Rn,k is permutationally equivalent to a matrix pencil in QC n,k , so we focus on pencils in QC n,k . Recall
(Definition 3.2.1) that the blocks Bi , for i = 0, . . . , k − 1, are equal to either 0, Pj ,
λPj+1 , or Pj + λPj+1 , for some 0 ≤ j ≤ k − 1, and that the block entries equal to
−In and λIn add up to 2(k − 1) nonzero block entries.
Regarding the k + 1 coefficients Pj (for j = 0, . . . , k), they can be grouped in
(i)
(i)
= d k+1
e is
the pencils Bi = B0 + λB1 (for i = 0, . . . , k − 1). If k is odd, then k+1
2
2
the smallest number of nonzero blocks Bi , which are of the form P2j + λP2j+1 , for
j = 0, 1, . . . , k−1
. However, if k is even, different groupings
are possible,
but in all
2
 k+1 

k+1
cases the smallest number
of
nonzero
blocks
B
is
+
1
=
.
Adding
up,
i
2
2

k
k+1
we get 2(k − 1) + 2 = 2k − 1 + 2 nonzero block entries.

Lemma 3.2.10 motivates the following definition.
Definition
 3.2.11. A sparse companion pencil in Rn,k is a pencil with exactly
2k − 1 + k2 nonzero block entries.
Now, we want to count the number of different sparse companion pencils in
Rn,k (up to block permutation). However, since any companion pencil in Rn,k is
permutationally equivalent to a pencil in QC n,k , we can just count the number of
non-permutationally equivalent pencils in QC n,k . Theorem 3.2.12 guarantees that
no two different pencils in QC n,k are permutationally equivalent.
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Theorem 3.2.12. Two different pencils in QC n,k are not block permutationally
equivalent.
Proof. Let L1 (λ), L2 (λ) ∈ QC n,k . If L1 (λ) is block permutationally equivalent to
L2 (λ) there exist two block-partitioned permutation matrices A1 , A2 such that
A1 L1 (λ)A2 = L2 (λ).

(3.9)

Let us shrink to zero all coefficients Pj , for j = 0, . . . , k −1, and let Pk = In . Looking
only at the leading terms in (3.9), we get A1 · Ink · A2 = Ink , so A1 = (A2 )−1 . Then,
L1 (λ) and L2 (λ) are block permutationally similar.
It suffices to prove that two different pencils in QC n,k are not block permutationally similar. L1 (λ) is block permutationally similar to L2 (λ) if there exists a
block-partitioned permutation matrix A such that
AL1 (λ)AB = L2 (λ).

(3.10)

We prove that the only permutation matrix A satisfying (3.10) is the identity matrix,
which implies L1 (λ) = L2 (λ). For this, we can focus on the case n = 1.
Again, by shrinking to zero all entries pj , for j = 0, . . . , k, and equating the
trailing coefficients in (3.10) we get AN = N A, with


0 1


.. ..


.
.
.
N =


.
.

. 1 
0
It is straightforward to check that the only permutation matrix A with AN = N A
is A = Ik .

The following lemmas will help us to get the number of sparse pencils in QC n,k .
Lemma 3.2.13. If L(λ) ∈ QC n,k , then L(λ) cannot have two consecutive null subdiagonals.
Proof. Just recall, by condition (i) in Definition 3.2.5, that Pk−j is either in the
(j − 1)th subdiagonal or in the jth subdiagonal (as λPk−j ), for j = 1, . . . , k − 2. 
Lemma 3.2.14. If L(λ) ∈ QC n,k is sparse, then it can not have two nonzero block
entries in the same subdiagonal.
Proof. If L(λ) ∈ QC n,k is sparse and it has two nonzero block entries in the jth
subdiagonal, for some 1 ≤ j ≤ k −2, these must be Pk−j−1 and λPk−j (by Definitions
3.2.1 and 3.2.5). Then, by joining Pk−j−1 + λPk−j in the same block entry (either
the one containing Pk−j−1 or the one containing λPk−j ) we arrive at a new pencil
in QC n,k having less nonzero block entries than L(λ), which is a contradiction with
the fact that L(λ) is sparse.
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The following result gives us the exact number of zero subdiagonals (including
the main diagonal as the 0th subdiagonal) of any sparse pencil in QC n,k .
Lemma 3.2.15. Let L(λ) ∈ QC n,k be sparse. Then L(λ) has exactly k − 1 − b k2 c
null subdiagonals.
 
Proof. If L(λ) ∈ QC n,k is sparse, it has k2 nonzero block entries below the diagonal,
by Lemma 3.2.10. By Lemma 3.2.14, no two nonzero block entries of L(λ) are in
the same subdiagonal, so L(λ) has b k2 c nonzero subdiagonals and, as a consequence,
k − 1 − b k2 c null subdiagonals.

As a consequence of the previous results, we can explicitly identify which are
the only null subdiagonals of any sparse pencil in QC n,k . This is the first step in
determining the number of sparse pencils in QC n,k . We start with the case k odd.
Lemma 3.2.16. Let L(λ) ∈ QC n,k be a sparse pencil with k odd. Then the only
nonzero jth subdiagonals of L(λ) are the ones with indices j = 0, 2, 4, . . . , k − 1.
null subdiagonals and, consequently,
Proof. By Lemma 3.2.15, L(λ) has exactly k−1
2
k+1
nonzero subdiagonals. Since the main diagonal and the (k − 1)st subdiagonal
2
(the entry (k, 1)) are nonzero, among the remaining k −2 subdiagonals there are k−1
2
null ones, together with another k−3
nonzero
ones.
Since,
by
Lemma
3.2.13,
there
2
can not be two consecutive null subdiagonals in L(λ), the first and the (k − 2)nd
subdiagonal must be zero, and the zero/nonzero subdiagonals must alternate. 
For k even, the situation is more involved. As there are k + 1 coefficients Pj , for
j = 0, . . . , k, there must be k2 nonzero blocks of the form Pk−j−1 + λPk−j , together
with another nonzero block of the form Bs = Pk−j−1 or Bs = λPk−j , for 0 ≤ j ≤ k−1.
In particular, the pattern of zero/nonzero subdiagonals in QC n,k depends on the
position of this monomial Bs . This is stated in Lemma 3.2.17, which also establishes
some restrictions about Bs .
Lemma 3.2.17. Let L(λ) ∈ QC n,k be a sparse pencil with k even. Then the monomial Bs , located in the jth subdiagonal (for 0 ≤ j ≤ k − 1), and the indices of the
nonzero rth subdiagonals of L(λ) are the following:
(i) If j is odd: Bs = Pk−j−1 , and r = 0, 2, 4, . . . , j − 1, j, j + 2, . . . , k − 3, k − 1;
(ii) If j is even: Bs = λPk−j , and r = 0, 2, 4, . . . , j, j + 1, j + 3, . . . , k − 3, k − 1.
Proof. By Lemma 3.2.15, L(λ) has exactly k2 −1 zero subdiagonals and, consequently,
k
+ 1 nonzero subdiagonals. Recall that the main diagonal and the (k − 1)th subdia2
gonal (the entry (k, 1)) are nonzero. As mentioned above, there is only one nonzero
block of the form Bs = Pk−j−1 or Bs = λPk−j , which is located in the jth subdiagonal, for some 0 ≤ j ≤ k − 1. The remaining nonzero blocks are of the form
Pk−i−1 + λPk−i , for i 6= j. As a consequence, there are four possible situations:
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Case 1: Bs = Pk−j−1 is in the jth subdiagonal, for 0 ≤ j ≤ k − 1, with j even.
Case 2: Bs = Pk−j−1 is in the jth subdiagonal, for 0 ≤ j ≤ k − 1, with j odd.
Case 3: Bs = λPk−j is in the jth subdiagonal, for 0 ≤ j ≤ k − 1, with j even.
Case 4: Bs = λPk−j is in the jth subdiagonal, for 0 ≤ j ≤ k − 1, with j odd.
By Lemma 3.2.14, Bs is the only nonzero block entry in the jth subdiagonal. Moreover, the block entries in the ith subdiagonal, for i = 0, . . . , k − 1, with i 6= j, are
either: (i) 0, (ii) Pk−i−1 , (iii) λPk−i , or (iv) Pk−i−1 + λPk−i (see Theorem 3.2.3).
Case 1: In this case, the j + 1 coefficients Pk , Pk−1 , . . . , Pk−j are located in the
subdiagonals from 0th to (j − 1)th. Since j is even, at least another coefficient must
be unpaired, so the pencil is not sparse.
Case 4: Now there are j coefficients Pk , Pk−1 , . . . , Pk−j+1 among the subdiagonals from 0th to (j − 1)th. Since j is odd, the pencil is, again, not sparse.
This proves the first part of the statement. The second part follows from Theorem 3.2.3, together with Lemma 3.2.13 and Lemma 3.2.15. In particular, conditions
(i)–(iv) above determine the pattern of zero/nonzero subdiagonals, taking into account Lemma 3.2.13. This is summarized in Table 3.1.
Forms of the
block entries
Case 2
Case 3

0th
1st · · ·
Pk−1 + λPk 0 · · ·
Pk−1 + λPk 0 · · ·

Subdiagonal
(j − 1)th
jth
(j + 1)th
···
Pk−j + λPk−j+1 Pk−j−1
0
···
0
λPk−j Pk−j−2 + λPk−j−1 · · ·

(k − 2)th (k − 1)th
0
P0 + λP1
0
P0 + λP1

Table 3.1: Possible forms of the block entries in the subdiagonals for Cases 2 and 3.

Remark 3.2.18. Note that if L1 (λ) and L2 (λ) are two sparse pencils in QC n,k of
even degree k such that L1 (λ) has a monomial in the jth subdiagonal (with j odd)
of the form Bs = Pk−j−1 and L2 (λ) has a monomial in the (j − 1)th subdiagonal
of the form Bs = λPk−j+1 , for j = 1, 3, . . . , k − 1, then L1 (λ) and L2 (λ) have the
same nonzero subdiagonals. This is straightforward to see looking at the indices of
the nonzero subdiagonals in Lemma 3.2.17, just replacing, for the case j even, j by
j − 1.
Example 3.2.19. In this example we show all possible patterns for sparse pencils
in QC n,4 (that is, for quartic n × n matrix polynomials). Following Lemma 3.2.17,
the zero/nonzero pattern of the subdiagonals depends on the subdiagonal containing
the monomial Bs . Let this subdiagonal be the jth one, for j = 0, 1, 2, 3. Then:
(i) For j = 0, 1, the monomial is Bs = λP4 (for j = 0) or Bs = P2 (for j = 1),
and the nonzero subdiagonals are the ones with indices 0, 1 and 3 in both cases.
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(ii) For j = 2, 3, the monomial is Bs = λP2 (for j = 2) or Bs = P0 (for j = 3),
and the nonzero subdiagonals are the ones with indices 0, 2 and 3 in both cases.
The patterns are shown in Table 3.2.
Pattern
F −In 0
0
 • F −In 0

 0
•
F −In
N
0
•
F







Nonzero blocks
j=0
j=1
λP4 ∈ F
P3 + λP4 ∈ F
P2 + λP3 ∈ •
P2 ∈ •
P0 + λP1 ∈ N
P0 + λP1 ∈ N
j = 0, 1

Pattern
F −In 0
0
 0 F −In 0

 •
0
F −In
N
•
0
F







Nonzero blocks
j=2
j=3
P3 + λP4 ∈ F
P3 + λP4 ∈ F
λP2 ∈ •
P1 + λP2 ∈ •
P0 + λP1 = N
P0 = N
j = 2, 3

Table 3.2: All possible patterns for sparse pencils in QC n,4 .
Since we know which are exactly the zero/nonzero subdiagonals in QC n,k , for k
odd and even, we can determine the number of different sparse pencils in QC n,k . To
obtain this number, we will use the notion of double factorial (see Section 1.4).
We consider separately the cases for k odd and k even. First, Theorem 3.2.20
counts the number of different sparse pencils in QC n,k for k odd.
Theorem 3.2.20. The number of different sparse pencils in QC n,k , for k odd, is:

k
bX
 2 

 

4c


k−4j
k−4j
k−3
k+1
k


((2j − 1)!!)2 (2j − 1)d 2 e + (2j)d 2 e  +
!!
, if
is even,
2
2
2
2
j=1




k
bbX

 2
 
2 c/2c


k−4j
k−4j
k−1
k


2
d
e
d
e
2
2
2
((2j − 1)!!) (2j − 1)
+ (2j)
!! , if
is odd.
+3
2
2
j=1
(3.11)

 
Proof. Let k be an odd integer and let 1 ≤ j ≤ k2 . We consider the rectangle Rj
of an nk × nk matrix pencil in QC n,k , whose vertices are (j, 1), (j, j), (k, 1), (k, j).
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j

1
1

j























k

z}|{
λIn −In
..
..
.
.
∗
..
..
..
.
.
.
∗

···

∗
..
.
..
.
..
.

···
..
.

∗

···

..

λIn

···

···

∗
..



.

∗

···

k

z}|{

.
···

..

.

∗
..
.
..
.
..
.
∗

..

.

λIn
∗
..
.
∗

..

.

..

.

..

.
···

..

.

..

. −In
∗ λIn






















There are k+1
nonzero blocks among the symbols (∗). By Lemma 3.2.16, they are
2
of the form Pk−r−1 + λPk−r , located in the rth subdiagonal, for r = 0, 2, . . . , k − 1.
We look for the number of different ways to place them in Rj .
This is summarized in Table 3.3, where we indicate the number of possible positions of each nonzero block in Rj . We must take into account the parity of j.
Coefficient
Pk−1 + λPk
Pk−3 + λPk−2
..
.


Can be placed in . . .
1 position (0th subdiagonal)
3 positions (2nd subdiagonal)
..
.


j − 1 positions ((j − 2)th subdiagonal) if j even, or
j − 2 positions ((j − 3)th subdiagonal) if j odd
j positions (jth subdiagonal)
if j even, or
j positions ((j − 1)th subdiagonal) if j odd
..
.

Pk−(j−1) + λPk−(j−2) , or
Pk−(j−2) + λPk−(j−3)
Pk−(j+1) + λPk−j , or
Pk−j + λPk−(j−1)
..
.

Pj + λPj+1 , or
 Pj−1 + λPj
Pj−2 + λPj−1 , or
Pj−3 + λPj−2
..
.

j positions ((k − j − 1)th subdiagonal) if j even, or
j positions ((k − j)th subdiagonal)
if j odd

j − 1 positions ((k − j + 1)th subdiagonal) if j even, or
j − 2 positions ((k − j + 2)th subdiagonal) if j odd
..
.

P2 + λP3
P0 + λP1

3 positions ((k − 3)th subdiagonal)
1 position ((k − 1)th subdiagonal)



Table 3.3: Number of positions where each nonzero block entry can be in Rj .
Then, the number of possible sparse pencils in QC n,k , for k odd, with all block
entries in Rj , is determined by counting all possible locations for the coefficients in
Table 3.3.
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(j)

In particular, if ηn,k denotes the number of possible sparse pencils in QC n,k with
all block entries in the rectangle Rj , then:

k−2j
k−2j

 12 · 32 · 52 · · · (j − 1)2 · (j)d 2 e = ((j − 1)!!)2 (j)d 2 e , if j is even, and
(j)
ηn,k =

k−2j+2
k−2j+2
 2 2 2
1 · 3 · 5 · · · (j − 2)2 · (j)d 2 e = ((j − 2)!!)2 (j)d 2 e , if j is odd.
(3.12)
k
Now we consider
  all possible rectangles Rj , for 1 ≤ j ≤k+32 . We only need to look
at j = 1, . . . , k2 , and also at j = k+1
, since for j = 2 ,. . . , k, the patterns are
2
symmetric (with respect the anti-diagonal) to the first k2 patterns. In the case
j = k+1
, we can obtain the number of possible sparse pencils in QC n,k with all its
2
in (3.12), and this number is
entries in the rectangle R k+1 just replacing j by k+1
2
2
equal to:
 k−1  2
!! ,
if k+1
is even, and

k+1
2
2
( 2 )
ηn,k =
(3.13)
 k−3  2 k+1 
k+1
!!
, if 2 is odd.
2
2
Adding up, the total number of sparse pencils in QC n,k is:
 

k
/2

bX
2c




k
( k+1


(2j−1)
(2j) 
2 )

+
η
2
η
+
η
,
if
is even, and



n,k
n,k
n,k
2



j=1



(3.14)




k
k

/2
/2

bbX
dbX
2c e
2c c


k
( k+1


(2j−1)
(2j) 
2 )

+
η
η
+
η
,
if
2
is odd.



n,k
n,k
n,k
2



j=1
j=1
Using (3.12) and (3.13), and grouping summands appropiately in (3.14), we get
(3.11).

For the case when k is an even number, Theorem 3.2.21 provides the number of
different sparse pencils in QC n,k .
Theorem 3.2.21. The number of different sparse pencils in QC n,k , for k even, is:


k
bX
 
4c


k−4j+2
k−4j+2
k
2

2
((2j − 1)!!) (3k − 4j + 4) (2j − 1) 2 + (2j) 2
is even, and

 , if
3 j=1
2


k
bX
4c


k−4j+2
k−4j+2
2

((2j − 1)!!)2 (3k − 4j + 4) (2j − 1) 2 + (2j) 2

+
3 j=1
2
3

  2 !
 
k
k
(2k + 2)
!!
, if
is odd.
2
2

(3.15)
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We will use the following lemma in the proof of Theorem 3.2.21.

Lemma 3.2.22. Let j be an integer. The following identities hold:
j−4
2
(j − 2)!! X
(2r + 1)!!
j−2
(i)
=
, if j ≥ 4 is an even number.
(j − 1)!! r=0 (2r)!!
3
j−3
2
(j − 1)!! X
(2r + 1)!!
j(j − 1)
(ii)
=
, if j ≥ 3 is an odd number.
(j − 2)!! r=0 (2r)!!
3

Proof. We divide the proof in two cases, depending on the parity of j.
(i) If j is an even number:
j−4
2
(2r + 1)!!
2 · 4 · 6 · · · (j − 2) 4 · 6 · · · (j − 2)
(j − 4)(j − 2) j − 2
(j − 2)!! X
=
+
+ ··· +
+
(j − 1)!! r=0 (2r)!!
3 · 5 · 7 · · · (j − 1) 5 · 7 · · · (j − 1)
(j − 3)(j − 1) j − 1
j−2 
=
2 · 4 · 6 · · · (j − 4) + 3 · 4 · 6 · · · (j − 4) + 3 · 5 · 6 · · · (j − 4) + · · · +
(j − 1)!!

j−2 
3 · 5 · · · (j − 5)(j − 4) + 3 · 5 · · · (j − 5)(j − 3) =
5 · 4 · 6 · · · (j − 4)+
(j − 1)!!

3 · 5 · 6 · · · (j − 4) + · · · + 3 · 5 · · · (j − 5)(j − 4) + 3 · 5 · · · (j − 5)(j − 3) =

j−2 
5 · 7 · 6 · · · (j − 4) + · · · + 3 · 5 · · · (j − 5)(j − 4) + 3 · 5 · · · (j − 5)(j − 3) = · · · =
(j − 1)!!
 j−2
j−2 
5 · 7 · · · (j − 1) =
.
(j − 1)!!
3

(ii) If j is an odd number:
j−3
2
(j − 1)!! X
(2r + 1)!!
2 · 4 · 6 · · · (j − 1) 4 · 6 · · · (j − 1)
(j − 3)(j − 1) j − 1
=
+
+ ··· +
+
(j − 2)!! r=0 (2r)!!
3 · 5 · 7 · · · (j − 2) 5 · 7 · · · (j − 2)
(j − 4)(j − 2) j − 2
j−1 
2 · 4 · 6 · · · (j − 3) + 3 · 4 · 6 · · · (j − 3) + 3 · 5 · 6 · · · (j − 3) + · · · +
=
(j − 2)!!

j−1 
3 · 5 · · · (j − 4)(j − 3) + 3 · 5 · · · (j − 4)(j − 2) =
5 · 4 · 6 · · · (j − 3)+
(j − 2)!!

3 · 5 · 6 · · · (j − 3) + · · · + 3 · 5 · · · (j − 4)(j − 3) + 3 · 5 · · · (j − 4)(j − 2) =

j−1 
5 · 7 · 6 · · · (j − 3) + · · · + 3 · 5 · · · (j − 4)(j − 3) + 3 · 5 · · · (j − 4)(j − 2) = · · · =
(j − 2)!!
 j(j − 1)
j−1 
5 · 7 · · · (j − 2)j =
.
(j − 2)!!
3


Proof (of Theorem 3.2.21). Let k be an even integer and let 1 ≤ j ≤ k2 . We consider
the rectangle Rj with vertices (j, 1), (j, j), (k, 1), (k, j), as in the proof of Theorem
3.2.20. First, we locate the nonzero block entry with only one coefficient, Bs , and,
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according to Lemma 3.2.17, the remaining nonzero subdiagonals are uniquely determined.
We assume that Bs = λPk−r , which is in the rth subdiagonal, for r being an
even number (case (ii) in Lemma 3.2.17). For the other case (Bs = Pk−r−1 ), the
nonzero subdiagonals are exactly the same, by Remark 3.2.18.
As in Theorem 3.2.20, we have to take into account the parity of the integer j
and the position of the monomial Bs . The procedure consists of counting, for each
Bs , and for each r even, the number of possible locations of each nonzero block entry
inside Rj . It is also important to note that, in Rj ,

 r + 1 positions, if 0 ≤ r ≤ j − 2,
if j − 1 ≤ r ≤ k − j, and
the rth subdiagonal has j positions,
(3.16)

k − r positions, if k − j + 1 ≤ r ≤ k − 1.
First, let us assume j even. Then, depending on r (r even), we obtain:
 If r ≤ j − 4: The nonzero subdiagonals, by Lemma 3.2.17, have indices
0, 2, 4, . . . , r, r + 1, . . . , j − 3, j − 1, . . . , k − j − 1, k − j + 1, . . . , k − 3, k − 1, so,
using (3.16), the number of possible locations for the nonzero blocks inside Rj
is:
[1 · 3 · 5 · · · (r + 1)(r + 2) · · · (j − 2)] [j · · · j] [(j − 1) · · · 3 · 1] =


(j − 2)!! h k−2j+2 i
j 2
[(j − 1)!!] .
(r + 1)!!
r!!

 If j − 2 ≤ r ≤ k − j: The nonzero subdiagonals have indices 0, 2, . . . , j −
2, j, . . . , r, r + 1, . . . , k − j − 1, k − j + 1, . . . , k − 3, k − 1, so the number of
possible locations for the nonzero blocks inside Rj is:
h k−2j+2 i
[1 · 3 · · · (j − 1)] [j · · · j · j · · · j] [(j − 1) · · · 3 · 1] = [(j − 1)!!] j 2
[(j − 1)!!] .

 If r ≥ k−j +2: The nonzero subdiagonals have indices 0, 2, . . . , j −2, j, . . . , k−
j, k − j + 2, . . . , r, r + 1, . . . , k − 3, k − 1, so, using (3.16), the number of possible
locations for the nonzero block entries inside Rj is:
[1 · 3 · · · (j − 1)] [j · · · j] [(j − 2) · · · (k − r)(k − r − 1) · · · 3 · 1] =

h k−2j+2 i 
(j − 2)!!
2
[(j − 1)!!] j
(k − r − 1)!!
.
(k − r − 2)!!
(j)

Finally, if we denote by Eηn,k the number of possible sparse pencils in QC n,k with
all entries in the rectangle Rj , for j even, then, adding up all the above quantities,
we get:
j−4

(j)
Eηn,k

=2

2 
X

r=0

k−j

(j − 2)!!
(2r + 1)!!
(2r)!!



j

k−2j+2
2



((j − 1)!!) +

2
X

r= j−2
2

k−2
2
X

r= k−j+2
2



((j − 1)!!) j

k−2j+2
2

2

((j − 1)!!)


(k − 2r − 1)!!

(j − 2)!!
(k − 2r − 2)!!

!
.



j

k−2j+2
2



+
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Note that the first and third summands in the last sum add up to the same number
(just replace r by k−2
− r in the sum of the third term). Moreover, the second
2
(j)
summand does not depend on the index r. Then, Eηn,k is equal to:
j−4

(j)
Eηn,k



=4 j

k−2j+2
2



((j − 1)!!) ((j − 2)!!)

2
X
(2r + 1)!!

r=0

(2r)!!

2

+ 2 ((j − 1)!!)



j

k−2j+2
2

 k − 2j + 4
2

=


j−4
2
X
(2r
+
1)!!
(j
−
2)!!
2
4 ·
= ((j − 1)!!) j
+ k − 2j + 4 (by Lemma 3.2.22 (i))
(j − 1)!! i=0 (2r)!!

 k−2j+2   j − 2
 k−2j+2   3k − 2j + 4 
2
2
2
4·
= ((j − 1)!!) j
+ k − 2j + 4 = ((j − 1)!!) j 2
.
3
3




k−2j+2
2



(j)

Repeating this procedure for j odd, if we denote by Oηn,k the number of all possible
sparse pencils in QC n,k with all entries in the rectangle Rj , for j odd, then:
k−j−1
2

j−3

(j)
Oηn,k

=2

2 
X

r=0

(j − 1)!!
(2r + 1)!!
(2r)!!



j

k−2j+2
2



X

((j − 2)!!) +

2

((j − 2)!!)



((j − 2)!!) j

k−2j+2
2

j

k−2j+4
2



+

r= j−1
2

k−2
2
X




(k − 2r − 1)!!

r= k−j+1
2

(j − 1)!!
(k − 2r − 2)!!

!
.

(j)

As above, we can simplify Oηn,k as:
j−3

(j)
Oηn,k



=4 j

k−2j+2
2



((j − 2)!!) ((j − 1)!!)

2
X
(2r + 1)!!

r=0

(2r)!!

2

+ 2 ((j − 2)!!)



j

k−2j+4
2

 k − 2j + 2
2

=


j−3
2
X
(j
−
1)!!
(2r
+
1)!!
2
4 ·
= ((j − 2)!!) j
+ j(k − 2j + 2) (by Lemma 3.2.22 (ii))
(j − 2)!! r=0 (2r)!!

 k−2j+2   j(j − 1)
2
= ((j − 2)!!) j 2
+ j(k − 2j + 2) =
4·
3
 k−2j+2   3k − 2j + 2 
 k−2j   3k − 2j + 2 
2
2
= ((j − 2)!!) j 2 +1
= (j!!) j 2
.
3
3




k−2j+2
2



In summary,
(j)
Eηn,k
(j)
Oηn,k

2

= ((j − 1)!!)



j

k−2j+2
2

  3k − 2j + 4 

3
 k−2j   3k − 2j + 2 
= (j!!)2 j 2
.
3

, and
(3.17)

Now, we consider all possible rectangles Rj , for 1 ≤ j ≤ k2 . We just look at
j = 1, . . . , k2 , since for j = k2 + 1, . . . , k, the patterns are symmetric (with respect the
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anti-diagonal) to the first ones. Adding up, the number of sparse pencils in QC n,k
is:
  k


4 

X


(2j−1)
(2j)

2
Oηn,k + Eηn,k  , if k2 is even, and




 j=1

(3.18)
k
k
dX
bX
4e
4c




(2j−1)
(2j) 

2
Oηn,k +
Eηn,k  , if k2 is odd.




j=1
j=1
Using (3.17) and grouping summands appropriately in (3.18), we arrive at (3.15). 
Remark 3.2.23. Note that the number of sparse pencils in QC n,k for k even becomes
much larger than the one for k odd as k increases. In particular, the sequence of this
number for k odd is: 1, 3, 9, 37, 189, 1159, . . ., instead of the one for k even, which
is: 4, 24, 144, 984, 7540, 64464, . . .
This is due to the fact that the nonzero subdiagonals in the case k odd are uniquely
determined (they are the ones with indices 0, 2, . . . , k − 1), but the case k even allows
for more flexibility, depending on which is the nonzero subdiagonal containing the
block Bs (see Lemma 3.2.17).
Summarizing, we have obtained, in Theorems 3.2.20 and 3.2.21, the number of
different sparse companion pencils in Rn,k , up to block permutation, for an arbitrary
square matrix polynomial of degree k. We want to emphasize that there could be
other sparse companion pencils, besides the ones in Rn,k . Then, the problem of
describing all sparse companion pencils for n × n matrix polynomials of degree k
is still an open field of research. However, in the following section, specifically in
Section 3.3.2, we deal with the problem of determining a lower bound on the number
of nonzero block entries in a (generalized) companion pencil.

3.3

Generalized companion pencils for scalar polynomials

As we have previously announced, this section is focused on the new notion of
generalized companion pencils, introduced in Definitions 3.1.2 and 3.1.4 for matrix
and scalar polynomials, respectively. Unlike the previous section, where we dealt
with matrix pencils associated to general
P n × n matrix polynomials, in this section
we focus on scalar polynomials p(λ) = kj=0 λj pj of degre k.
This section is further divided in two subsections. The first one summarizes some
algebraic properties of generalized companion pencils. In particular, it is proved that
all of them have the same Smith canonical form over the field of rational functions
in p0 , . . . , pk (Theorem 3.3.2) and it is also proved that all (generalized) companion pencils for scalar polynomials are nonderogatory, that is, all their eigenvalues
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have geometric multiplicity equal to 1 (Theorem 3.3.3). The second subsection focuses on the sparsity of a generalized companion pencil. In particular, by imposing
some natural conditions on its entries, the smallest number of nonzero entries of a
generalized companion pencil is determined (Theorems 3.3.5 and 3.3.6).

3.3.1

Properties of a generalized companion pencil

All (generalized) companion pencils
L(λ) = L0 + λL1 introduced in [6, 22, 23, 53]
Pk
j
are linearizations of p(λ) =
λ
pj , which means that they are unimodularly
j=0
equivalent to diag(Ik−1 , p(λ)) (see Definition 2.1.16). Moreover, the unimodular
transformations leading to diag(Ik−1 , p(λ)) can be chosen in such a way that their
determinant belongs to the base field F (i.e., it is independent of the coefficients
p0 , . . . , pk ). In other words, the Smith canonical form over F of all these pencils
is diag(Ik−1 , p1k p(λ)) (notice that, in the Smith canonical form, all nonzero entries
are monic polynomials, see Definition 2.1.1). The key for doing this is the presence
of k − 1 entries equal to 1 (though some nonzero entries in the field F would be
enough), placed in some specific positions which allow one to find some unimodular
transformations that take L(λ) into diag(Ik−1 , p(λ)). As a consequence, for each
particular value of the coefficients p0 , . . . , pk , all these companion pencils are unimodularly equivalent over F to the classical Frobenius companion pencils F1 (λ) and
F2 (λ) for p(λ) (see (1.5)).
In other words, these companion pencils can be taken to F1 (λ) and F2 (λ) by
means of unimodular transformations over F(p0 , . . . , pk ) whose determinant does
not depend on p0 , . . . , pk . We are going to see that every generalized companion
pencil is also unimodularly equivalent over F(p0 , . . . , pk ) to diag(Ik−1 , p1k p(λ)), that
is, its Smith canonical form over F(p0 , . . . , pk ) is equal to diag(Ik−1 , p1k p(λ)). This
is a strong result, since the only condition we impose on generalized companion
pencils is that their determinant is equal to p(λ) (up to a nonzero constant). However, the proof, as we will see, is quite elementary, and it is based on the following
lemma, which is a straightforward generalization of Lemma 2 in [100] from monic
polynomials to general (not necessarily monic) polynomials.
Lemma 3.3.1. Let F be a field
P and let p0 , . . . , pk be distinct indeterminates. Then,
the scalar polynomial p(λ) = kj=0 λj pj of degree k is irreducible over F(p0 , . . . , pk ).
Proof. Let us assume, by contradiction, that
p(λ) = p1 (λ)p2 (λ),

(3.19)

with deg(p1 ), deg(p2 ) ≥ 1.
P
j
For a given polynomial p(λ), we define the monic polynomial pe(λ) := k−1
j=0 λ pj +
λk , then:
pe(λ) = pe1 (λ)pe2 (λ),
(3.20)
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where pe1 (λ), pe2 (λ) ∈ F(p0 , . . . , pk−1 ).
Note that (3.20) is obtained from (3.19) after replacing pk = 1 in p(λ), p1 (λ),
and p2 (λ). Now, we prove that pe(λ) is reducible. For this, it suffices to prove that
both pe1 (λ) and pe2 (λ) have degree, at least, 1 in λ. Since deg(pe1 ) + deg(pe2 ) = k,
if deg(pe1 ) = 0 (respectively, deg(pe2 ) = 0) it would be deg(pe2 ) = k (respectively,
deg(pe1 ) = k), but this is a contradiction with the fact that
deg(pe1 ) ≤ deg(p1 ) ≤ k − 1, and deg(pe2 ) ≤ deg(p2 ) ≤ k − 1.
Therefore, (3.20) implies that pe(λ) is reducible over F(p0 , . . . , pk−1 ), in contradiction
with Lemma 2 in [100].

Now, we can prove the following result, which guarantees that every generalized
companion pencil has the same Smith canonical form, namely, diag(Ik−1 , p1k p(λ)).
Pk
j
Theorem 3.3.2. Let p(λ) =
j=0 λ pj be a scalar polynomial of degree k with
p0 , . . . , pk being distinct indeterminates. Let L(λ) be a generalized companion pencil
of p(λ). Then, the Smith form of L(λ) over F(p0 , . . . , pk ) is diag(Ik−1 , p1k p(λ)).
Proof. Let L(λ) be a generalized companion pencil of p(λ) (so det L(λ) = αp(λ), for
some α ∈ F \ {0}), and let D(λ) be the Smith form of L(λ) over F(p0 , . . . , pk ) (see
Definition 2.1.1, specifically for square matrices). Then,


d1 (λ)


..
U (λ)L(λ)V (λ) = 
 =: D(λ),
.
dk (λ)
where di (λ), for i = 1, . . . , k, are monic polynomials, and d1 (λ)|d2 (λ)| · · · |dk (λ) over
F(p0 , . . . , pk ).
Taking determinants in the previous identity, we obtain that
βp(λ) = d1 (λ) · · · dk (λ),
with 0 6= β := α det U (λ) det V (λ) ∈ F(p0 , . . . , pk ).
By Lemma 3.3.1, p(λ) is irreducible over F(p0 , . . . , pk ). This implies, by the
divisibility conditions in the polynomials di , together with the fact that they are all
monic, that d1 (λ) = · · · = dk−1 (λ) = 1, and dk (λ) = p1k p(λ), as wanted.

Note, however, that the determinant of the unimodular transformations U (λ)
and V (λ) in the proof of Theorem 3.3.2 taking L(λ) to its Smith form belongs to
the field F(p0 , . . . , pk ) so, in principle, the transformations could not be defined for
some values of the coefficients p0 , . . . , pk .
Another relevant feature of all companion matrices (or pencils) for scalar polynomials given in the monomial basis known so far is the property of being nonderogatory, that is, all their eigenvalues have geometric multiplicity equal to 1 (see
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Definition 2.1.4). This property also holds for companion matrices of monic scalar
polynomials expressed in other bases introduced in the literature (see, for instance,
[12, p. 279] and [30, Theorem 4.1]). For companion pencils (and matrices) in the
monomial basis, the property is an immediate consequence of the fact that they are
unimodularly equivalent over F[p0 , . . . , pk ] to the first (and the second) Frobenius
companion pencil (or matrix), and to the presence of the k − 1 entries equal to 1
in the Frobenius companion matrices C1 and C2 (see (1.2)). Here it is important to
emphasize that the unimodular equivalence can be performed using matrices with
entries in the ring F[p0 , . . . , pk ] and whose determinant is a constant in F, which
guarantees that they are well defined and preserve the rank, regardless of the values
of p0 , . . . , pk . However, for arbitrary generalized companion pencils this cannot be
guaranteed since, as mentioned before, the unimodular transformations could not be
defined for some values of these coefficients. However, the following result shows that
this property of being nonderogatory holds for any generalized companion pencil of
scalar polynomials over any infinite field.
P
Theorem 3.3.3. Let F be an infinite field, and let p(λ) = kj=0 λj pj be a scalar
polynomial of degree k, with p0 , . . . , pk being distinct indeterminates. Let L(λ) be
a generalized companion pencil of p(λ). Then, for all p0 , . . . , pk ∈ F, L(λ) is nonderogatory.
Proof. In order to emphasize that both the polynomial p(λ) and the generalized
companion pencil L(λ) in the statement depend on the coefficients of the polynomial,
we write them as p(p0 , . . . , pk ; λ) and L(p0 , . . . , pk ; λ), respectively, throughout this
proof. We are going to prove that rankL(p0 , . . . , pk ; λ0 ) ≥ k − 1, for all λ0 ∈ F and
all (p0 , . . . , pk ) ∈ Fk+1 . P
If p(p0 , . . . , pk ; λ0 ) = kj=0 λj0 pj 6= 0, then rankL(p0 , . . . , pk ; λ0 ) = k, since
det L(p0 , . . . , pk ; λ0 ) 6= 0.
Now, let λ0 ∈ F be such that p(p0 , . . . , pk ; λ0 ) = 0, for some (p0 , . . . , pk ) ∈ Fk+1 .
Let us write:
e 0 , . . . , pk ) + L(p
b 1 , . . . , pk ),
L(p0 , . . . , pk ; λ0 ) = p(p0 , . . . , pk ; λ0 )L(p

(3.21)

b 1 , . . . , pk ) does not depend on p0 . Such an expression is always possible
where L(p
after writing
p0 = p(p0 , . . . , pk ; λ0 ) + (p0 − p(p0 , . . . , pk ; λ0 )) = p(p0 , . . . , pk ; λ0 ) − q(p0 , . . . , pk ; λ0 ),
P
b 1 , . . . , pk ) ≥
where q(p1 , . . . , pk ; λ0 ) := kj=1 λj0 pj does not depend on p0 . If rankL(p
k − 1, for all (p1 , . . . , pk ), then we are done, since for those (p0 , . . . , pk ) such that
b 1 , . . . , pk ), by (3.21).
p(p0 , . . . , pk ; λ0 ) = 0 we have rankL(p0 , . . . , pk ; λ0 ) = rankL(p
(0)
(0)
Suppose, by contradiction, that there is some (p0 , . . . , pk ) such that
(0)
(0)
(0)
b (0)
p(p0 , . . . , pk ; λ0 ) = 0 and rankL(p
1 , . . . , pk ) < k − 1.
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(0)

Set pb(p0 ) := p(p0 , p1 , . . . , pk ; λ0 ), which is a polynomial in p0 with coefficients
in F. Now, for all p0 ∈ F, we have
(0)

(0)

pb(p0 ) = α det L(p
 0 , p1 , . . . , pk ; λ0 )

(0)
(0)
(0)
e 0 , p(0)
b
= α det pb(p0 )L(p
,
.
.
.
,
p
)
+
L(p
,
.
.
.
,
p
)
1
1
k

k

(3.22)

= α pb(p0 )2 · r(p0 ),
where r(p0 ) is a polynomial in p0 with coefficients in F (and 0 6= α ∈ F). To see
(0)
k×k
b := L(p
b (0)
b < k − 1,
the last identity in (3.22), set L
. Since rankL
1 , . . . , pk ) ∈ F
b are zero. Now, the formula for the determiall (k − 1) × (k − 1) minors of L
nant of a sum of two matrices in [120, Theorem
4.1] allows us to conclude that

(0)
(0)
(0)
(0)
e
b
det pb(p0 )L(p0 , p1 , . . . , pk ) + L(p1 , . . . , pk ) is a multiple of pb(p0 )2 (the comb = det L
b and Ck−1 (L)
b in that formula are zero). Then, (3.22)
pound matrices Ck (L)
implies that pb(p0 )(αb
p(p0 )r(p0 ) − 1), which is a non-identically zero polynomial in p0 ,
vanishes over F. Since F is an infinite field, this is impossible.

Theorem 3.3.3 is, again, a quite strong result, since the only condition imposed
to a pencil
P with entries in F[p0 , . . . , pk ] for being a generalized companion pencil of
p(λ) = kj=0 λj pj is that its determinant coincides, up to a nonzero constant, with
the given polynomial p(λ).
To finish this section, we want to comment that, on the recent paper [49], the
authors proved that a particular class of companion matrices for real monic polynomials are also nonderogatory [49, Th. 3.1]. However, we want to emphasize
that this particular class contains companion matrices with the restriction that each
coefficient pj appears just once in them, and that the remaining entries are constant.

3.3.2

Sparse generalized companion pencils

As we have previously commented several times, we are mainly interested in the
property of sparsity. In particular, in this section, we are interested in generalized
companion pencils of p(λ) having the smallest number of nonzero entries.
In Section 3.2.3, we have addressed the analogous problem for companion pencils
in Rn,k , obtaining a lower bound on the number of nonzero (block) entries, which is
2k − 1 + b k2 c (Definition 3.2.11). However, the difficulty to obtain the lower bound
for generalized companion pencils comes not only from the generality of the nonzero
entries (they are not just 1’s or the coefficients pj , up to constants; see condition
(i’) in Definitions 3.1.3 and 3.1.4) but also from the number of nonzero entries (they
can be more than 3k − 2 entries, unlike a pencil in Rn,k ).
This subsection is structured as follows: first, in Theorem 3.3.4, we get a lower
bound on the number of nonzero entries in the coefficients, L0 and L1 , separately,
of a generalized companion pencil L(λ) := L0 + λL1 . There, the total number of
nonzero entries is obtained after adding up the nonzero entries of L0 with those of
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L1 . However, some of these nonzero entries can be placed in the same position in
both L0 and L1 , so the number of nonzero entries of L(λ) can be smaller than this
lower bound. Secondly, in Theorems 3.3.5 and 3.3.6, some additional restrictions
have been imposed on the coefficients L0 and L1 , and we get a sharper bound for the
number of nonzero entries in L(λ), which is, in both cases, 2k−1+b k2 c. In particular,
the first restriction imposed (Theorem 3.3.5) is that L(λ) contains, at least, 2(k − 2)
nonzero entries with coefficients in F, and the second condition imposed (Theorem
3.3.6) is that each coefficient pj of the scalar polynomial p(λ) appears only once in
L(λ), so the entries of L(λ) have a very specific form (by Proposition 3.1.6). We
want to emphasize that both particular restrictions are very natural, since they are
satisfied by all sparse pencils in the most relevant families of companion pencils (in
the monomial basis) introduced so far in the literature.
Since we follow the developments in [100, p. 624], we recall here the following
notions: Let trd(E/F) be the transcendence degree of E over F, with F ⊆ E being
a field extension. Since {p0 , . . . , pk } is a transcendence basis of F(p0 , . . . , pk ) over F
[83, p. 317], then trd(F(p0 , . . . , pk )/F) = k + 1. Given e1 , . . . , e` ∈ E and denoting
by F(e1 , . . . , e` ) the subfield of E defined by


f (e1 , . . . , e` )
: f, g ∈ F[p0 , . . . , p` ], g(e1 , . . . , e` ) 6= 0 ,
F(e1 , . . . , e` ) =
g(e1 , . . . , e` )
then trd(F(e1 , . . . , e` )/F) ≤ `.
Furthermore, in the proof of Theorems 3.3.4 and 3.3.6, we use some basic notions
of graph theory. Then, we include here the notation we will use. Given a pencil
L(λ) = [ls,t (λ)], for s, t = 1, . . . , k, we denote by D(L) the digraph of L(λ). The
vertex set of D(L) is the k-set V = {v1 , v2 , . . . , vk } and there is an edge (s, t) from
the vertex vs to the vertex vt if and only if ls,t (λ) 6= 0, for 1 ≤ s, t ≤ k.
Theorem 3.3.4. Let
PL(λ) = L0 + λL1 be a generalized companion pencil for scalar
polynomials p(λ) = kj=0 λj pj of degree k. Then L0 and L1 altogether have, at least,
3k − 1 nonzero entries.
Proof. Since det L(λ) = αp(λ), with α ∈ F \ {0}, and the entries of L(λ) have
degree at most 1 in λ, there must be, at least, k entries of degree 1 in L(λ) placed
(i)
(i)
(i)
in different rows and columns. Let them be l0 + λl1 , with l1 6= 0, for i = 1, . . . , k.
By row and column permutation, we can take them to the diagonal positions:
 (1)

(1)
l0 + λl1
∗

..
e
e 0 + λL
e1 := A1 L(λ)A2 = 
L(λ)
=L

,
.
∗

(k)

(k)

l0 + λl1

e0 , L
e1 ∈ F[p0 , . . . , pk ]k×k . The
with A1 and A2 being permutation matrices and L
previous pencil is strictly equivalent to:
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(1)

1/l1

0
..

b
b0 +λL
b1 := 
L(λ)
=L

0
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(1)

(1)

..

e

 L(λ) = 

.
(k)

1/l1

∗



∗

l0 /l1 + λ




.
(k)

(k)

l0 /l1 + λ

b0 , L
b1 ∈ F(p0 , . . . , pk )k×k . Note that, since p(λ) is irreducible over F(p0 , . . . , pk )
with L
b
(see Lemma 3.3.1), then L(λ)
is irreducible as well.
b
b is strongly connected. FurSince L(λ) is irreducible, by [20, Th. 3.2.1], D(L)
b has a spanning branching and, by [100, Lemma
thermore, by [100, Lemma 3], D(L)
4], there exists a nonsingular diagonal matrix D ∈ F(p0 , . . . , pk )k×k such that
−1
b
Ľ(λ) = Ľ0 + λĽ1 := DL(λ)D

(3.23)

has k − 1 entries equal to 1 in different positions between Ľ0 and Ľ1 . Furthermore,
from the proof of Lemma 4 in [100], these k − 1 entries are not on the main diagonal.
Note that these 1’s correspond either to entries in Ľ0 or in Ľ1 , and that we are
not claiming that the full entry in Ľ(λ) is equal to 1. It may be either l0 + λ or
1 + λl1 , for some l0 , l1 ∈ F(p0 , . . . , pk ).
Note also that the similarity transformation (3.23) does not affect the diagonal
b
entries of L(λ),
so Ľ(λ) has

k diagonal entries of Ľ1 equal to 1, and
(3.24)
k − 1 nondiagonal entries (of either Ľ1 or Ľ0 ) equal to 1.
P
Now, det Ľ(λ) = β det L(λ) = β(α kj=0 λj pj ), for some β ∈ F(p0 , . . . , pk ). Note
also that Ľ(λ) and L(λ) have the same number of nonzero entries. Let e1 , . . . , es
be the other nonzero entries of Ľ(λ) than the ones in (3.24) (namely, the remaining
nonzero entries in Ľ0and Ľ1 , which belong to F(p0 , . . . , pk ), counted separately).
P
1
1
, e1 , . . . , es , because kj=0 λj pj = β·α
det Ľ(λ), and det Ľ(λ)
Moreover, pj ∈ F β·α
is a polynomial in λ whose coefficients belong to F(e1 , . . . , es ). Therefore,


1
F(p0 , . . . , pk ) ⊆ F
, e1 , . . . , es .
(3.25)
β·α
On the other hand, we have


1
F
, e1 , . . . , es ⊆ F(p0 , . . . , pk ).
β·α
As a consequence of (3.25) and (3.26), we get that


1
F(p0 , . . . , pk ) = F
, e1 , . . . , es .
β·α

(3.26)
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But
 
 
1
k + 1 = trd(F(p0 , . . . , pk )/F) = trd F
, e1 , . . . , es /F ≤ s + 1,
β·α
so s ≥ k. Therefore,
s + 2k − 1 ≥ k + 2k − 1 = 3k − 1.
In other words, L0 and L1 altogether have, at least, 3k − 1 nonzero entries.



As we have previously commented, some of the nonzero entries of L0 and L1
in Theorem 3.3.4 can be placed in the same position. In the Fiedler pencils, for
instance, there are only two coincident entries, namely pk−1 and pk , so that any
Fiedler pencil has exactly 3k − 2 nonzero entries (see [6, 38]). This includes the
classical Frobenius companion pencils F1 (λ) and F2 (λ) (see (1.5)). Regarding the
companion pencils in R1,k , they can have less than 3k − 2 nonzero entries if the
coefficients of the polynomial are grouped in pairs of the
 form pj + λpj+1 , as in
k
Proposition 3.1.6. This gives a total amount of 2k − 1 + 2 nonzero entries (Lemma
3.2.10), which is the smallest number of nonzero entries in the conditions of the
statement of Theorems 3.3.5 and 3.3.6.
Theorem 3.3.5. LetPL(λ) = L0 + λL1 be a generalized companion pencil for scalar
polynomials p(λ) = kj=0 λj pj of degree k. If we assume that L(λ) has, at least,
2k − 2 nonzero entries with coefficients in F (namely (l0 )s,t + λ(l1 )s,t such that
(l0 )s,t , (l1 )s,t ∈ F, with
 at least one of (l0 )s,t or (l1 )s,t is nonzero), then L(λ) has,
at least, 2k − 1 + k2 nonzero entries.
Proof. We essentially follow the proof of Theorem 1 in [100]. The basic idea of
the proof is that, to the 2k − 2 nonzero entries of L0 + λL1 with coefficients in
F which are mentioned in the statement, we need to add the k + 1 coefficients
p0 , . . . , pk , which, in order to minimize the number of nonzero entries, can be grouped
in pairs in the same entry (one coefficient in L0 and the other one in L1 ). Adding
up, we will get the total number of nonzero entries claimed in the statement. To
formalize these reasonings, we use some arguments from abstract algebra that involve
field extensions. In particular, even though the entries of L0 and L1 belong to the
ring F[p0 , . . . , pk ], we will consider the field of fractions, F(p0 , . . . , pk ), in the proof.
Suppose that L(λ) has precisely m nonzero entries, counting those of L0 and L1
separately. Let these entries be e1 , . . . , em . By the hypothesis in the statement,
there are s nonzero entries ej that are coefficients in F, with 2k − 2 ≤ s ≤ 4k − 4
(though this bound will not be relevant in the proof). That is, {e1 , . . . , em } =
{e1 , e2 , . . . , em−s }∪{α1 , . . . , αs }, with αi ∈ F (where these sets may include repeated
elements).
Note that, by definition of companion pencil, ei ∈ F[p0 , . . . , pk ] ⊆ F(p0 , . . . , pk ),
for i = 1, . . . , m − s, and then F(e1 , . . . , em ) = F(e1 , . . . , em−s ) ⊆ F(p0 , . . . , pk ). On
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the other hand, since each of the coefficients p0 , . . . , pk of the polynomial p(λ) is the
value of a polynomial over F in the entries of L(λ) (that is, det L(λ) = αp(λ), with
0 6= α ∈ F), we have pj ∈ F(e1 , . . . , em ) = F(e1 , . . . , em−s ), for all j = 0, . . . , k, i.e.,
F(p0 , . . . , pk ) ⊆ F(e1 , . . . , em−s ).
Therefore F(e1 , . . . , em−s ) = F(p0 , . . . , pk ). Finally, from
k + 1 = trd(F(p0 , . . . , pk )/F) = trd(F(e1 , . . . , em−s )/F) ≤ m − s
we obtain m ≥ k + s + 1.
Since we are looking for a lower bound on the nonzero entries of L(λ), let m = k+
s + 1. Now, in order to minimize the number of nonzero entries in L(λ), the nonzero
entries e1 , . . . , em−s can be grouped in pairs (that is, one entry in the matrix L0 and
theother
in the matrix
L1, both in the same position) resulting a total amount
 one k+s+1−s
  k+1
m−s
=
= 2 nonzero entries in L(λ). Besides these ones, there
of
2
2
are another 2k −2 nonzero entries in F, namely the ones mentioned
inthe statement,
 
 k+1
which come from α1 , . . . , αs . Adding up, we get, at least, 2k−2+ 2 = 2k−1+ k2
nonzero entries.

We want to emphasize that all pencils in the Fiedler-like families of companion
pencils for matrix polynomials (namely, Fiedler pencils [6, 38, 40, 63], generalized
Fiedler pencils [6, 23], and generalized Fiedler pencils with repetition [21, 136]), as
well as the block-Kronecker pencils in [53], satisfy the conditions of Theorem 3.3.5.
In particular, the 2k − 2 nonzero entries are of the form: k − 1 entries equal to 1
and another k − 1 entries equal to λ (up to scalar constants).
Finally, we have obtained a similar result to Theorem 3.3.5 P
but imposing the
restriction that each coefficient pj of the scalar polynomial p(λ) = kj=0 λj pj appears
in just one entry in the generalized companion pencil. In this situation, Proposition
3.1.6 for p(λ) provides an explicit description of the nonzero entries, and it is key to
prove the result.
Theorem 3.3.6. Let
= L0 + λL1 be a generalized companion pencil for scalar
PL(λ)
k
j
polynomials p(λ) = j=0 λ pj of degree k. If we assume that each coefficient pj , for
 
j = 0, . . . , k, appears in just one entry of L(λ), then L(λ) has, at least, 2k − 1 + k2
nonzero entries.
Proof. Throughout the proof, a set of k nonzero entries in L(λ) located in different
rows and columns is referred to as a composite k-cycle (of the digraph D(L)), following the nomenclature in [58, p. 258]. The label of the edge is the nonzero entry of
L(λ) corresponding to this edge. We will say that an edge “contains” a coefficient
pj if the label contains the coefficient pj . For brevity, we will also say that a cycle
“contains” a coefficient pj if the entry containing this coefficient is an edge of the
cycle.
First, we are going to prove that, in the conditions of the statement, for a given
0 ≤ i ≤ k, there is, at least, one composite k-cycle with an edge containing pi , and
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such that the remaining edges do not contain any other coefficient pj . For this, let
zi pi + wi be the entry containing pi , where zi and wi are polynomials of degree at
most 1 in λ, like in Proposition 3.1.6. Then, spanning across the row containing
zi pi + wi we get
ei (λ) + pi (λ),
det L(λ) = ±(zi pi + wi ) det L
ei (λ) is the subpencil of L(λ)
where pi (λ) is a polynomial not containing pi , and L
obtained after removing the row and column containing zi pi +wi . Now, let 0 ≤ j ≤ k
with j 6= i, and let us consider the entry zj pj + wj containing pj , where zj , wj are,
again, polynomials of degree at most 1 in λ, as in Proposition 3.1.6. If the edge
corresponding to this entry is part of a composite k-cycle including the edge of
ei (λ), and spanning the determinant of this pencil
zi pi + wi , then zj pj + wj is in L
across the row containing this entry, we get


eji (λ) + pji (λ) + pi (λ),
det L(λ) = ±(zi pi + wi ) ±(zj pj + wj ) det L
(3.27)
eji (λ) is the subpencil of
where pji (λ) is a polynomial in λ not containing pj , and L
ei (λ) obtained after removing the row and column containing zj pj + wj . Since the
L
product pj pi only appears in the first summand of the product (zi pi + wi )(zj pj +
eji (λ) in (3.27), and L(λ) is a generalized companion pencil, it must be
wj ) det L
eji (λ) ≡ 0. As a consequence, all cycles containing the edges corresponding to
det L
zi pi + wi and zj pj + wj cancel out. This means that the term λi pi in det L(λ) must
come from, at least, another composite k-cycle not containing any other coefficient
pj , for j 6= i, in a different edge.
Now, among the composite k-cycles containing pk and not containing any other
coefficients pj in other edges, we choose one and denote it by Ck . We are going
to see that, if all composite k-cycles containing p0 and not containing pk have a
common edge with Ck , then L(λ) would not be a generalized companion pencil. For
this, we assume, by contradiction, that all composite k-cycles containing p0 and not
containing pk contain the common edge labelled as α + λβ in Ck . Let α0 p0 + w0 and
λβk pk + wk , with α0 , βk ∈ F \ {0}, be the entries containing p0 and pk , respectively.
Note that, by Proposition 3.1.6, pk can only appear multiplied by λ (and p0 must
appear without the factor λ instead). Then
det L(λ) = (α + λβ) ((α0 p0 + w0 )q0 (λ) + (λβk pk + wk )qk (λ)) + r(λ),
where q0 (λ), qk (λ), and r(λ) are polynomials in λ, with r(λ) containing neither p0
nor pk , qk (λ) does not contain p0 , and has degree at most k − 2. As a consequence,
it must be β 6= 0, since, otherwise, the term containing pk in det L(λ) would not
have degree k. But, then, det L(λ) would contain a term of the form λβp0 , so L(λ)
would not be a generalized companion pencil.
Now, let C0 be a composite k-cycle containing p0 and no other pj in a different
edge (entry), and let us assume that this cycle contains d common edges with Ck .
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Then, there must be another d additional edges to replace these ones, and none of
these edges (entries) contain any other pj , except, maybe, the entry containing p0 .
In order to see this, let us assume that the common d edges correspond to the first
diagonal positions of L(λ) (otherwise, we can take them to these positions by row
and column permutation). These edges correspond to d loops, `1 , . . . , `d , in vertices
v1 , . . . , vd of D(L). Since none of these loops can be in all k-cycles containing p0 and
not containing pk (since, as we have seen in the previous paragraph, otherwise L(λ)
would not be a generalized companion pencil), there must be a composite k-cycle,
(j)
C0 , containing p0 and not containing `j , for each 1 ≤ j ≤ d (and not containing
either any other pi in a different edge). Therefore, for each vertex vj , with 1 ≤ j ≤ d,
there must be another two edges, one inner edge, and one outer edge. The minimum
number of edges that we need to add in order to fulfill these requirements can be
obtained with a d-cycle involving all vertices v1 , . . . , vd (that is, a cycle of the form
(v1 , v2 ), (v2 , v3 ), . . . , (vd−1 , vd ), (vd , v1 )), which gives a total amount of d new edges.
Therefore, we need, at least, d additional edges to replace these d loops. Adding up
to the remaining k − d edges of C0 , there must be another k entries, other than those
in Ck , corresponding to composite k-cycles containing p0 and not containing pk .
So far, we have proved that L(λ) contains, at least, 2k nonzero entries. One of
these entries contains p0 and another one contains pk , but the remaining ones do
not contain any other coefficient pj . These other coefficients, however, must be in
L(λ). The smallest number of additional entries that we can add to these 2k entries
e. This can be done by adding p1 to
in order to incorporate these coefficients is d k−3
2
the entry containing p0 and pk−1 to the entry containing pk , and grouping in pairs
e = b k2 c − 1
the remaining k − 3 coefficients, as in (3.1)–(3.2). The identity d k−3
2
concludes the proof.

In the following example, we show a sparse companion pencil, LS (λ), in the
family R1,k (Definition 3.2.1), and another companion pencil, LN (λ), where each
coefficient of the polynomial appears only once, which is not sparse (and not in
R1,k either). This pencil LN (λ) has the additional property that the only composite
k-cycle of degree k containing pk has a common edge with a composite k-cycle
containing p0 .
P
Example 3.3.7. Let p(λ) = 4j=0 λj pj be a scalar polynomial of degree 4. Let us
consider the following matrix pencils LS (λ) and LN (λ):


λ

0
LS (λ) = 

0
p0 + λp1

−1
λ
0
λp2



0
0


−1
0
 , LN (λ) = 


λ
−1
0 p3 + λp4

λ
0
λ
1


p0 + λp1
1
−1

λ
0
1
.

λ
1+λ
λ
2 − p2 − λ
1
p3 + λp4

The coefficients p0 , . . . , p4 appear only once in both LS (λ) and LN (λ). P
Moreover,
both pencils are generalized companion because det LS (λ) = det LN (λ) = 4j=0 λj pj .
However, only the pencil LS (λ) is sparse, having 2 · 4 − 1 + b 42 c = 9 nonzero entries.
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Note that, in LS (λ), there is only one composite 4-cycle containing each coefficient
pj , for 1 ≤ j ≤ 4. In LN (λ), the only composite 4-cycle of degree 4 containing p4
is (1, 1), (2, 2), (3, 3), (4, 4), which has the edge (3, 3) in common with the following
composite 4-cycle containing p0 : (1, 2) − (2, 4) − (4, 1), (3, 3). However, there are
other composite 4-cycles containing either p0 or p4 .
In this section, the lower bound on the number of nonzero entries in a generalized companion pencil for scalar polynomials p(λ) of degree k has been obtained,
after imposing some natural conditions on its entries. However, it remains as an
open problem to determine the smallest number of nonzero entries in an arbitrary
generalized companion pencil (with no additional restrictions). We conjecture that
this number is also 2k − 1 + b k2 c.

Chapter 4
Structured (generalized)
companion `-ifications
As we mentioned in Chapter 1 (more precisely, in Section 1.2.1), it is known that
there cannot exist structured companion pencils for structured matrix polynomials
as in (1.3) of even grade k, for any of the structures most frequently used in applications [41, Ths. 7.20 and 7.21], such as the (anti-)palindromic, (skew-)symmetric,
(skew-)Hermitian and alternating structures (see Definition 2.2.4, where they are
defined). These structures imply some symmetries in the spectrum of the matrix polynomial, that are lost if the structure of the polynomial is not preserved
throughout the whole numerical process, in particular when using non-structured
linearizations (see Section 1.2.1 for more information).
The non-existence of structured companion pencils for matrix polynomials of
even grade motivates us the search for alternative constructions, such as strong `ifications, with higher degree ` > 1. In particular, in this chapter, we will deal
with two notions, which have the property of being strong `-ifications of the matrix
polynomial (1.3). The first one receives the name of “companion form (of grade
`)” (or “companion `-ification”, to abbreviate), and it is presented, in Definition
2.1.17, for arbitrary matrix polynomials of grade k (see Section 2.1.2). It consists
of block-partitioned matrix polynomials of grade `, with blocks of size n × n, such
that their nonzero block entries can only be of the form In or a coefficient of the
polynomial, up to multiplication by scalars (namely, numbers in F). The second
one receives the name of “generalized companion `-ification”. This is an extension,
to matrix polynomials of grade `, of the family of generalized companion pencils
for matrix polynomials of grade k introduced, for the first time, in this dissertation
(Definition 3.1.2). This notion allows for more flexibility in the nonzero blocks of
the `-ification than Definition 2.1.17. More precisely, they are polynomials in the
coefficients of the matrix polynomial (1.3), so, for instance, sums and products of
these coefficients may appear in the blocks of the generalized companion `-ification.
For the sake of completeness, we include the notion here.
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Definition 4.0.1. Given a divisor,
`-ification for
P `, of k, a generalized companion
nk
n×n matrix polynomials P (λ) = kj=0 λj Pj of grade k is an nk
×
block-partitioned
`
`
P`
k
k
i
matrix polynomial L(λ) = i=0 λ Li of grade ` with ` × ` blocks of size n × n such
that:
(i) each nonzero block of Li , for i = 0, . . . , `, is a polynomial in P0 , . . . , Pk (namely,
it belongs to F[P0 , . . . , Pk ]), and
(ii) L(λ) is a strong `-ification for every n × n matrix polynomial of grade k.
This chapter is devoted to obtain a family of structured generalized companion
`-ifications, valid for all divisors, `, of the grade k of the matrix polynomial (1.3)
such that k = s`, with s being an odd number. Furthermore, we obtain a family of
`-ifications for any of the structures mentioned at the beginning of this chapter (the
ones in Definition 2.2.4). Let us summarize the main goals by sections.
This chapter is divided in three big sections. In the first one, we recall the
general construction (namely, the “(strong) block minimal bases grade-` matrix polynomials”, introduced in [55, Def. 4.1]) and the fundamental result on which they
rely [55, Th. 4.2]. These constructions motivate us to introduce the family of
“MA -structured strong block minimal bases degree-` matrix polynomials” (Definition 4.1.4), which is a generalization of [56, Def. 4.3] to grade-` matrix polynomials.
Therefore, we prove, in a straightforward way, that any MA -structured strong block
minimal bases degree-` matrix polynomial is always a strong `-ification of a certain structured matrix polynomial (Theorem 4.1.5), as well as the inverse problem,
that is, we can always construct a structure-preserving strong `-ification of a given
structured matrix polynomial (Theorem 4.1.7).
Section 4.2 contains the main contributions of this chapter. We focus on the
particular “block-Kronecker dual minimal bases” (see (2.3) and (2.4)) that allow
us to create explicitly structure-preserving strong `-ifications for all structures in
Definition 2.2.4. First, we show, for a given matrix polynomial P (λ) of grade k as
in (1.3) (not necessarily structured), how to contruct `-ifications (not necessarily
structured) (Theorem 4.2.5); and, when P (λ) is structured, we can provide a way
to construct structure-preserving strong `-ifications of P (λ) for all the structures
mentioned above (Theorem 4.2.6). This last theorem presents, for the first time, a
wide family of structured generalized companion `-ifications, the one mentioned in
the precedent paragraph. Furthermore, we also analyze the sparsity within this new
family. In particular, we determine the smallest number of nonzero block entries of a
degree-` matrix polynomial in the family (Proposition 4.2.9) and, as a consequence,
we present a procedure to construct such sparse `-ifications.
Finally, Section 4.3 is devoted to prove that there are no structured companion
quadratifications (` = 2) for quartic matrix polynomials (k = 4) (Theorem 4.3.1).
The results introduced in this chapter are original contributions of the author.

4.1. (MA -STRUCTURED) BLOCK MINIMAL BASES

4.1
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(MA-structured) block minimal bases matrix
polynomials

We first review the family of (strong) block minimal bases grade-` matrix polynomials introduced in [55]. Most of the linearizations, quadratifications and, in general,
`-ifications known so far belong to this wide family (up to block permutations). Some
examples can be found in [55, Section 4.1].
Definition 4.1.1. [55, Def. 4.1] A grade-` matrix polynomial of the form


M (λ) K2> (λ)
,
L(λ) =
K1 (λ)
0

(4.1)

where M (λ) is an arbritrary grade-` matrix polynomial, is called a block minimal
bases matrix polynomial if K1 (λ) and K2 (λ) are both minimal bases. If, in addition,
the row degrees of K1 (λ) are all equal to `, the row degrees of K2 (λ) are all equal to
`, the row degrees of a minimal basis dual to K1 (λ) are all equal to each other, and
the row degrees of a minimal basis dual to K2 (λ) are all equal to each other, then
L(λ) is called a strong block minimal bases degree-` matrix polynomial.
The following theorem shows that every strong block minimal bases degree-`
matrix polynomial L(λ) is always strong `-ification of a certain matrix polynomial
P (λ). Furthermore, it is also shown that there exists a simple shift relation between
the minimal indices of L(λ) and P (λ) (when P (λ) is singular).
Theorem 4.1.2. [55, Th. 4.2 and 6.2] Let K1 (λ) and N1 (λ) be dual minimal bases,
and let K2 (λ) and N2 (λ) be other dual minimal bases. Consider the matrix polynomial
P (λ) := N2 (λ)M (λ)N1> (λ),
(4.2)
and the block minimal bases matrix polynomial L(λ) in (4.1). Then:
(a) L(λ) is an `-ification of P (λ).
(b) If L(λ) is a strong block minimal bases degree-` matrix polynomial, then
(b1) L(λ) is a strong `-ification of P (λ), when P (λ) is considered as a polynomial with grade ` + deg(N1 ) + deg(N2 ),
(b2) if 0 ≤ 1 ≤ 2 ≤ · · · ≤ p are the right minimal indices of P (λ), then
1 + deg(N1 ) ≤ 2 + deg(N1 ) ≤ · · · ≤ p + deg(N1 ) are the right minimal
indices of L(λ), and
(b3) if 0 ≤ η1 ≤ η2 ≤ · · · ≤ ηq are the left minimal indices of P (λ), then
η1 + deg(N2 ) ≤ η2 + deg(N2 ) ≤ · · · ≤ ηq + deg(N2 ) are the left minimal
indices of L(λ).
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In the following remark, we show the relation between the grade and size of the
matrix polynomial P (λ) as in (4.2) and its strong `-ification L(λ) as in (4.1) when
P (λ) is square.
Remark 4.1.3. Assume that P (λ) := N2 (λ)M (λ)N1> (λ) as in (4.2) has size n × n
and grade k = ` + deg(N1 ) + deg(N2 ) := ` + `1 + `2 . Let N1 (λ) ∈ F[λ]n×(n+m1 )
and N2 (λ) ∈ F[λ]n×(n+m2 ) , so the minimal bases dual to N1 (λ) and N2 (λ) are of the
form K1 (λ) ∈ F[λ]m1 ×(n+m1 ) and K2 (λ) ∈ F[λ]m2 ×(n+m2 ) , respectively, by Definition
2.1.13(ii). In addition, it must be `m1 = `1 n and `m2 = `2 n (because K1 (λ), N1 (λ),
and K2 (λ), N2 (λ), respectively, are dual minimal bases [47, Lemma 3.6(b)]). Now,
adding up these two identities and using k = ` + `1 + `2 , we get
`(m1 + m2 ) = (`1 + `2 )n = (k − `)n ⇔ n + m1 + m2 =

nk
.
`

(4.3)

Therefore, ` is a divisor of the product size(P ) · grade(P ), for every L(λ) and P (λ)
as in Theorem 4.1.2. By part (b1) in Theorem 4.1.2, a strong block minimal bases
degree-` matrix polynomial L(λ) as in (4.1) is a strong `-ification of P (λ) and it has
, by (4.3).
size n + m1 + m2 = nk
`
The following definition is a generalization of [56, Def. 4.3] to grade-` matrix
polynomials.
Definition 4.1.4. Let K(λ) and N (λ) be dual minimal bases, with all the row
degrees of K(λ) equal to ` and with all the row degrees of N (λ) equal to each other,
and let A ∈ GL(2, F) be a coninvolutory matrix. Then, an MA -structured grade-`
matrix polynomial of the form


 
M (λ) MA [±K]?
M (λ) MA [±K]>
with MA [±M ] = M ? (λ), (4.4)
L(λ) =
=
K(λ)
0
K(λ)
0
is called an MA -structured strong block minimal bases degree-` matrix polynomial.
Notice that L(λ) as in (4.4) satisfies the identity MA [±L] = L? (λ) (Definition
2.2.5) if and only if A is coninvolutory (see end of Section 2.2). In particular,

 


MA [±M ] MA [±MA [±K]? ]
MA [±M ] MA ±MA [±K]>
MA [±L] :=
=
MA [±K]
0
M [±K]
0


>   A

> 
M
M
A [±M ] MA ±MA [±K]
A [±M ] MA MA [K]
=
=
M [±K]
0
MA [±K]
0
 A



>
>
MA [±M ] MAA [K]
=
= MA [±M ] K (λ)
M [±K]
0
MA [±K]
0
 A?

M (λ) K ? (λ)
=
=: L? (λ).
MA [±K]
0
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To get the previous identity, it is important to note that the ± sign in ±L(λ) at the
begining is in accordance with the ± sign that appears in (4.4). For this reason, the
signs cancel out.
Therefore, any MA -structured strong block minimal bases degree-` matrix polynomial is, as the name suggests, MA -structured.
As a corollary of Theorem 4.1.2, any MA -structured strong block minimal bases
degree-` matrix polynomial is always strong `-ification of a certain MA -structured
matrix polynomial. This is a straightforward extension of [56, Th. 4.5] to grade-`
matrix polynomials.
Theorem 4.1.5. Let K(λ) and N (λ) be dual minimal bases, with all the row degrees
of K(λ) equal to ` and with all the row degrees of N (λ) equal to each other. Let A ∈
GL(2, F) be a coninvolutory matrix, and let L(λ) be an MA -structured strong block
minimal bases degree-` matrix polynomial as in (4.4). Then, the matrix polynomial
L(λ) is a strong `-ification of the MA -structured matrix polynomial

(4.5)
P (λ) := MA [±N ]M N > (λ),
of grade ` + 2deg(N ). Moreover,
 if 0 ≤ 1 ≤ 2 ≤ · · · ≤ p are the right minimal indices of P (λ), then 1 +
deg(N ) ≤ 2 + deg(N ) ≤ · · · ≤ p + deg(N ) are the right minimal indices of
L(λ), and
 if 0 ≤ η1 ≤ η2 ≤ · · · ≤ ηp are the left minimal indices of P (λ), then η1 +
deg(N ) ≤ η2 + deg(N ) ≤ · · · ≤ ηp + deg(N ) are the left minimal indices of
L(λ).

Although the proof is very similar to the one of [56, Th. 4.5], we include it here
for completeness.
>

Proof (of Theorem 4.1.5). Notice that K(λ)N > (λ) ≡ 0 implies K(λ)N (λ) ≡ 0.
Then, we have that ±K(λ) and ±N (λ) are dual minimal bases with all the row
degrees of ±K(λ) equal to `, and all the row degrees of ±N (λ) equal to deg(N ).
Then, by Proposition 2.2.3(l), we conclude that MA [±K] and MA [±N ] are also
dual minimal bases with all the row degrees of MA [±K] equal to `, and all the row
degrees of MA [±N ] equal to deg(N ). Therefore, L(λ) is a strong block minimal
bases degree-` matrix polynomial. By Theorem 4.1.2, we immediately obtain that
L(λ) is a strong `-ification of P (λ) and that the minimal indices of L(λ) are those
of P (λ) shifted by deg(N ). We still have to show that P (λ) is MA -structured, that
is, MA [±P ] = P ? (λ). Computing the Möbius transformation of P (λ) associated to
the matrix A, using that A is coninvolutory, as well as parts (c), (e), (g), (h), (j) in
Proposition 2.2.3, we get




 
MA [±P ] =MA ±MA [±N ]M N > = MA MA [±N ] MA [±M ] MA N > =
± N M ? MA [N ]> = (N > )? M ? MA [±N ]? = P ? (λ).
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For structured matrix polynomials, we rewrite Remark 4.1.3 as follows.

Remark 4.1.6. Let P (λ) ∈ F[λ]n×n be a matrix polynomial of grade k = ` +
2deg(N ) := ` + 2`1 defined as in (4.5), where N (λ) ∈ F[λ]n×(n+m) and K(λ) ∈
F[λ]m×(n+m) are dual minimal bases as in Theorem 4.1.5. Note that this implies
k − ` = 2`1 , so k and ` (the grades of P (λ) as in (4.5) and L(λ) as in (4.4),
respectively) have the same parity. Then, `m = `1 n, by [47, Lemma 3.6(b)], and
in this identity, we get
replacing `1 = k−`
2
`m =

k−`
nk
n ⇔ n + 2m =
.
2
`

(4.6)

Now, L(λ) ∈ F[λ](n+2m)×(n+2m) as in (4.4) is a strong `-ification of P (λ) by Theorem
4.1.5, and, by (4.6), it has size n + 2m = nk
.
`
Notice that, in order to look for a unified framework of MA -structured matrix
polynomials, the grade parity has to be taken into account, as a consequence of
Remark 4.1.6. Therefore, we will analyze both cases on the grade parity separately
(namely, k, ` even and k, ` odd) when necessary.
The following theorem is a natural extension of [56, Th. 4.6] to grade-` matrix
polynomials. Now, we consider the inverse problem, that is, given an MA -structured
matrix polynomial P (λ), we show how to construct a structure-preserving strong
`-ification of P (λ). This is, actually, the relevant problem we are interested in, since
usually the given input is the matrix polynomial P (λ). Recall that the grades of
P (λ) and the strong `-ification must have the same parity, by Remark 4.1.6.
Theorem 4.1.7. Let K(λ) and N (λ) be dual minimal bases, with all the row degrees
of K(λ) equal to ` and with all the row degrees of N (λ) equal to each other, and let
A ∈ GL(2, F) be a coninvolutory matrix. Let P (λ) be a given MA -structured matrix
polynomial of grade k := ` + 2deg(N ). If M (λ) is any solution of the equation (4.5)
(not necessarily MA -structured), then the grade-` matrix polynomial
f(λ) := 1 (M + MA [±M ]? ) (λ)
M
2
is an MA -structured solution of (4.5), and the MA -structured strong block minimal
bases degree-` matrix polynomial

 1

?
?
f(λ) MA [±K]?
(M
+
M
[±M
]
)
(λ)
M
[±K]
M
A
A
= 2
L(λ) :=
(4.7)
K(λ)
0
K(λ)
0


fN > (λ).
is a strong `-ification of P (λ) := MA [±N ]M
f(λ)
Proof. Since M (λ) is, by hypothesis, a solution of (4.5), in order to show that M
?
is a solution of (4.5) it suffices to show that MA [±M ] is also a solution of (4.5),
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since any affine combination of solutions of (4.5) is also a solution of (4.5). Using
that P (λ) is MA -structured, together with the fact that A is coninvolutory, as well
as parts (c), (e), (g), (h), (j) in Proposition 2.2.3, we have

?
?
P (λ) =MA [±P ]? = MA ±MA [±N ]M N > = ±N MA [±M ]MA [N ]> =
?
N MA [±M ]MA [±N ]> = MA [±N ]MA [±M ]? N > .
f(λ) is MA -structured, because
Furthermore, notice that the matrix polynomial M


1
1
?
f
f? (λ),
MA [±M ] := MA ± (M + MA [±M ] ) = (MA [±M ] + M ? ) =: M
2
2
then L(λ) as in (4.7) is an MA -structured strong block minimal bases degree-` matrix
polynomial.

It is important to mention that we can always construct an MA -structured strong
block minimal bases degree-` matrix polynomial as in (4.7), which is a strong `ification of a certain matrix polynomial, not necessarilyMA -structured. However,
fN > (λ), then
to guarantee that it is a strong `-ification of P (λ) := MA [±N ]M
P (λ) must be MA -structured (see the proof of Theorem 4.1.7). We refer the reader
to Example 4.2.8 (at the end of the example) for more details.
Theorem 4.1.7 provides a way to construct a family of MA -structured strong
`-ifications of a given MA -structured matrix polynomial P (λ). However, this family
depends on two ingredients: (a) a matrix polynomial M (λ), which is a solution of
(4.5), and (b) a pair of dual minimal bases satisfying the conditions of the statement of Theorem 4.1.7. In the next section, we will show how to obtain such a
matrix polynomial M (λ) from the coefficients of P (λ) using some particular dual
minimal bases (namely, “block-Kronecker dual minimal bases”). This will give us an
MA -structured generalized companion `-ification of any given MA -structured matrix
polynomial of grade k. The construction is valid for k = s`, with s being an odd
number.

4.2

MA-structured block-Kronecker matrix polynomials

In this section, we focus on the problem of constructing explicitly structure-preserving
strong `-ifications for all structures in Definition 2.2.4. In particular, we will construct them from a subfamily of MA -structured strong block minimal bases degree-`
matrix polynomials (see Definition 4.2.1).
In [55, Def. 5.6], the authors introduced the notion of (, n, η, m)-block-Kronecker
degree-` matrix polynomial. We adapt this definition, and the corresponding results,
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to square matrix polynomials. Then, an (, n, , n)-block-Kronecker degree-` matrix
polynomial is of the form


`
M (λ)
L>
 (λ ) ⊗ In
L(λ) :=
.
L (λ` ) ⊗ In
0
It is proved in [55, Th. 5.7] that any (, n, , n)-block-Kronecker degree-` matrix
polynomial is a strong `-ification of the matrix polynomial
`
`
P (λ) = (Λ>
 (λ ) ⊗ In )M (λ)(Λ (λ ) ⊗ In )

(4.8)

of grade (2+1)`. Notice that this family of matrix polynomials is a subfamily of the
strong block minimal bases matrix polynomials (Definition 4.1.1). Furthermore, this
family generalizes the block-Kronecker matrix pencils in [53] from ` = 1 to any degree
`. The main advantage of using this subfamily for constructing strong `-ifications
is that it is very easy to construct the (1, 1) big block M (λ) in order to recover the
given matrix polynomial P (λ) as in (4.8), due to the choice of the specific blockKronecker dual minimal bases (Theorems 4.2.5 and 4.2.6). In particular, we only
have to look for an appropriate matrix polynomial M (λ), that allows us to recover
the matrix polynomial P (λ) in (4.8), to construct block-Kronecker degree-` matrix
polynomials. However, since we are also looking for structure-preserving strong
`-ifications, we introduce, in Definition 4.2.1, the notion of “MA -structured blockKronecker degree-` matrix polynomial”, extending the one in [56, Def. 5.1], valid
for matrix pencils. This is a subfamily of the MA -structured strong block minimal
bases degree-` matrix polynomials in Definition 4.1.4 obtained when particularizing
the minimal basis K(λ) to be of the form Ld (λ` ) ⊗ In , with Ld (λ) being a Kronecker
minimal basis as in (2.3).
Definition 4.2.1. Let Ld (λ) ∈ F[λ]d×(d+1) be the matrix pencil defined in (2.3), and
let A ∈ GL(2, F) be a coninvolutory matrix. Then a degree-` matrix polynomial of
the form


M (λ)
MA [±Ld ]> (λ` ) ⊗ In
L(λ) =
with MA [±M ] = M ? (λ),
(4.9)
Ld (λ` ) ⊗ In
0
is called an MA -structured block-Kronecker degree-` matrix polynomial.
The following theorem is a corollary of Theorem 4.1.5 and, then, a simple extension of [56, Th. 5.3].
Theorem 4.2.2. Let L(λ) be an MA -structured block-Kronecker degree-` matrix
polynomial as in (4.9). Then, the matrix polynomial L(λ) is a strong `-ification of
the MA -structured matrix polynomial of grade (2d + 1)`
P (λ) := (MA [±Λd ]> (λ` ) ⊗ In )M (λ)(Λd (λ` ) ⊗ In ),
where Λd (λ` ) is as in (2.4). Moreover,

(4.10)
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 if 0 ≤ 1 ≤ 2 ≤ · · · ≤ p are the right minimal indices of P (λ), then 1 + d` ≤
2 + d` ≤ · · · ≤ p + d` are the right minimal indices of L(λ), and
 if 0 ≤ η1 ≤ η2 ≤ · · · ≤ ηp are the left minimal indices of P (λ), then η1 + d` ≤
η2 + d` ≤ · · · ≤ ηp + d` are the left minimal indices of L(λ).

As in Remarks 4.1.3 and 4.1.6, we show, in the following remark, the relation
between the size and the grade of the polynomials L(λ) and P (λ) in (4.9) and (4.10),
respectively, and we deduce the relation on the parity of both grades.
Remark 4.2.3. Let P (λ) be the matrix polynomial in (4.10), with grade k := (2d +
1)` and size n × n. Then, L(λ) in (4.9) has size (2d + 1)n × (2d + 1)n. Note that ` is
a divisor of k, that is, the degree of L(λ) is a divisor of the grade of P (λ). Moreover,
k and ` have the same parity, since 2d + 1 is odd.
In Table 4.1 we list the minimal bases MA [±Ld ](λ` ) and the conditions on the
grade-` matrix polynomial M (λ) for MA -structured block-Kronecker degree-` matrix
polynomials, according to Definition 2.2.4. Notice that the parity of ` is only relevant
for the ?-even and ?-odd structures.
Structure

MA [±Ld ](λ` )

?-symmetric
?-skew-symmetric

MA1 [Ld ](λ` ) = Ld (λ` )
MA1 [−Ld ](λ` ) = −Ld (λ` )

?-even
(alternating)

MA2 [Ld ](λ` ) = Ld (−λ` )
MA2 [Ld ](λ` ) = Ld (λ` )

?-odd
(alternating)

MA2 [−Ld ](λ` ) = −Ld (−λ` )
MA2 [−Ld ](λ` ) = −Ld (λ` )

?-palindromic
?-anti-palindromic

`

`

MA3 [Ld ](λ ) = rev` Ld (λ )
MA3 [−Ld ](λ` ) = −rev` Ld (λ` )

Conditions on
P
M (λ) = `i=0 λi Mi
Mi? = Mi , for i = 0, 1, . . . , `
Mi? = −Mi , for i = 0, 1, . . . , `
M2i ? = M2i and M2i+1 ? = −M2i+1 ,
for i = 0, 1, . . . , `−1
2
?
M2i = M2i , for i = 0, 1, . . . , 2` , and
M2i+1 ? = −M2i+1 , for i = 0, 1, . . . , 2` − 1
M2i ? = −M2i and M2i+1 ? = M2i+1 ,
for i = 0, 1, . . . , `−1
2
M2i ? = −M2i , for i = 0, 1, . . . , 2` , and
M2i+1 ? = M2i+1 , for i = 0, 1, . . . , 2` − 1
e
Mi? = M`−i , for i = 0, 1, . . . , d `−1
2
e
Mi? = −M`−i , for i = 0, 1, . . . , d `−1
2

Parity
of `
any `
any `
` odd
` even
` odd
` even
any `
any `

Table 4.1: Minimal
MA [±Ld ](λ` ) and conditions on the grade-` matrix polyP` bases
nomial M (λ) := i=0 λi Mi , taking into account the parity of ` when necessary.
Definition 4.2.4 introduces three different conditions on the matrix polynomial
M (λ), extending the ones in [56, Th. 5.4] for matrix pencils. They will be used to
characterize (structured) strong `-ifications of the given (structured) matrix polynomial P (λ) as in (2.1).
P
Definition 4.2.4. Let P (λ) = kj=0 λj Pj ∈ F[λ]n×n be a grade-k matrix polynomial,
P
and let M (λ) = `i=0 λi Mi ∈ F[λ](d+1)n×(d+1)n be a grade-` matrix polynomial, with
k = (2d + 1)`, for some d ≥ 0. Let us partition the matrices Mi , for i = 0, 1, . . . , `,
into (d + 1) × (d + 1) blocks, each of size n × n, and let us denote the blocks by
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[Mi ]s,t ∈ Fn×n , for s, t = 1, 2, . . . , d + 1, and i = 0, 1, . . . , `. Then, we say that M (λ)
satisfies
(AS) the anti-diagonal sum condition for P (λ) if

P`r




=



 P`r+c

=

X

X

[M0 ]s,t +

s+t=2d+2−r

X

[M` ]s,t

for r = 0, 1, . . . , 2d + 1,

s+t=2d+3−r

for r = 0, 1, . . . , 2d,
and c = 1, 2, . . . , ` − 1.

[Mc ]s,t

s+t=2d+2−r

(ASS) the anti-diagonal signed sum condition for P (λ) if

P`r




=



 P`r+c

=

X

X

(−1)d−s+1 [M0 ]s,t +

s+t=2d+2−r

X

(−1)d−s+1 [M` ]s,t

for r = 0, 1, . . . , 2d + 1,

s+t=2d+3−r

for r = 0, 1, . . . , 2d,
and c = 1, 2, . . . , ` − 1.

(−1)d−s+1 [Mc ]s,t

s+t=2d+2−r

(DS) the diagonal sum condition for P (λ) if

P`r




=



 P`r+c

=

X

[M0 ]s,t +

s−t=r−d

X

[Mc ]s,t

s−t=r−d

X

[M` ]s,t

for r = 0, 1, . . . , 2d + 1,

s−t=r−d−1

for r = 0, 1, . . . , 2d,
and c = 1, 2, . . . , ` − 1.

The AS condition was introduced for the first time in [28] for symmetric matrix
pencils. The names and acronyms of the other conditions have been chosen in order
to be consistent with this one.
Note that the AS condition states that the sum of the blocks on the (2d+1−r)th
block anti-diagonal of M0 plus the sum of the blocks on the (2d +2 − r)th block antidiagonal of M` must be equal to the coefficient P`r of P (λ), and that the sum of the
remaining blocks on the (2d+1−r)th block anti-diagonal of Mc , for c = 1, 2, . . . , `−1,
must be equal to the coefficient P`r+c .
The ASS condition is similar to the AS condition but adding some minus signs
in certain blocks, depending on the respective rows they are placed in, together with
the parity of d. More precisely,


if d is even, in even rows,

d−s+1
(−1)
= −1
if d is odd, in odd rows,

(−1)d−s+1 = 1, otherwise.
Finally, the DS condition states that the sum of the blocks on the (2d + 1 − r)th
block diagonal of M0 plus the sum of the blocks on the (2d + 2 − r)th block diagonal
of M` must be equal to the coefficient P`r of P (λ), and that the sum of the remaining
blocks on the (2d + 1 − r)th block diagonal of Mc , for c = 1, 2, . . . , ` − 1, must be
equal to the coefficient P`r+c , where the order of the diagonals increases from the
lower left corner (the block entry (d + 1, 1)) to the upper right corner (the block
entry (1, d + 1)).
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Notice that, when ` = 1, the second line in each of the AS, ASS, or DS conditions
does not appear in the corresponding conditions (just look at the range of c). In
this case, M (λ) is a matrix pencil of the form M (λ) = M0 + λM1 , and only the first
line of these conditions applies. In particular, for matrix pencils, these conditions
are introduced in [56, Th. 5.4].
Regarding ` > 1, as a consequence of the second line in any of the AS, ASS, and
DS conditions, there is, at least, one nonzero block entry for each (anti-)diagonal
(there is a total number of 2d + 1 (anti-)diagonals), because the coefficient P`r+c , for
c = 1, 2, . . . , ` − 1, and r = 0, 1, . . . , 2d, must be equal to the sum of all the blocks
of Mc placed on the (2d + 1 − r)th (anti-)diagonal.
In Theorem 4.2.5, we show how to construct strong `-ifications of a given matrix polynomial of grade k, using the conditions AS, ASS, and DS introduced in
Definition 4.2.4. In particular, we impose these conditions on the (1, 1) big block
of a degree-` matrix polynomial as in (4.9). We emphasize that the given matrix
polynomial and its `-ification are not necessarily MA -structured, although the basic template of the `-ification is the same as for the MA -stuctured block-Kronecker
degree-` matrix polynomial in (4.9). The reason for this is to obtain MA -structured
strong `-ifications when the (1, 1) big block is MA -structured (which is provided in
Theorem 4.2.6).
In the forthcoming developments, we will apply Möbius transformations to several different matrix polynomials, say Q(λ) (in particular, Q(λ) is either M (λ),
Ld (λ` ), Λd (λ` ), P (λ), or L(λ)). In some cases, the Möbius transformations are applied to Q(λ) but, in some other cases, they are applied to −Q(λ). In the first case,
we will use the notation MA [+], where A is the matrix associated to the Möbius
transformation, and in the second case, we use MA [−].
We also have to take into account the parity of the grades k, ` in Theorem 4.2.5
(remember that k and ` have the same parity).
P
Theorem 4.2.5. Let P (λ) = kj=0 λj Pj ∈ F[λ]n×n be a matrix polynomial of grade
P
k (not necessarily MA -structured), and let M (λ) = `i=0 λi Mi ∈ F[λ](d+1)n×(d+1)n be
a grade-` matrix polynomial, with k = (2d+1)`, for some d ≥ 0. Let us partition the
matrices Mi , for i = 0, 1, . . . , `, into (d + 1) × (d + 1) blocks, each of size n × n, and
let us denote the blocks by [Mi ]s,t ∈ Fn×n for s, t = 1, 2, . . . , d + 1, and i = 0, 1, . . . , `.
Let A be one of the matrices in Definition 2.2.4 and set


M (λ)
MA [±Ld ]> (λ` ) ⊗ In
.
(4.11)
L(λ) =
Ld (λ` ) ⊗ In
0
Then, if M (λ) satisfies either

(i) the AS condition for P (λ), when

A = A1 , f or any `, or
A = A2 , if ` is even, or

(ii) the ASS condition for P (λ), when A = A2 , if ` is odd, or
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(iii) the DS condition for P (λ), when A = A3 , for any `,
the matrix polynomial L(λ) in (4.11) is a strong block minimal bases degree-` matrix
polynomial (not necessarily MA -structured) such that:
(a) L(λ) is a strong `-ification of P (λ),
(b) if 0 ≤ 1 ≤ 2 ≤ · · · ≤ p are the right minimal indices of P (λ), then 1 + d` ≤
2 + d` ≤ · · · ≤ p + d` are the right minimal indices of L(λ), and
(c) if 0 ≤ η1 ≤ η2 ≤ · · · ≤ ηp are the left minimal indices of P (λ), then η1 + d` ≤
η2 + d` ≤ · · · ≤ ηp + d` are the left minimal indices of L(λ).
Proof. Lemma 2.1.14(ii) and Proposition 2.2.3(l) together imply that L(λ) is a
strong block minimal bases degree-` matrix polynomial (Definition 4.1.1).
Part (b1) in Theorem 4.1.2 guarantees that L(λ) is a strong `-ification of the
matrix polynomial Q(λ) := (MA [±Λd ]> (λ` ) ⊗ In )M (λ)(Λd (λ` ) ⊗ In ). Then, to prove
part (a), we just need to check that Q(λ) = P (λ) or Q(λ) = −P (λ), where the sign
depends on the Möbius transformation MA . In particular, the identity Q(λ) = P (λ)
holds for MA [+] and the identity Q(λ) = −P (λ) holds for MA [−]. Moreover, notice
that, in the case Q(λ) = −P (λ), part (a) in the statement also holds for P (λ), since
any strong `-ification of −P (λ) is also a strong `-ification of P (λ). By parts (b2)
and (b3) in Theorem 4.1.2, parts (b) and (c) in the statement follow, since the left
and right minimal indices of P (λ) and −P (λ) are the same.
To prove (a), we only consider the case A = A2 , since the proof for the other
cases is similar. This transformation appears only in parts (i) (for ` even) and (ii)
(for ` odd) in the statement.
We consider separately the Möbius transformations MA2 [+] and MA2 [−]. Let us
start with MA2 [+]. Looking at Table 4.1, MA2 [Ld ](λ` ) ⊗ In = Ld (−λ` ) ⊗ In , if ` is
odd, or MA2 [Ld ](λ` ) ⊗ In = Ld (λ` ) ⊗ In , if ` is even. As for MA2 [Λd ](λ` ) ⊗ In , we
have the following:
 MA2 [Λd ](λ` ) ⊗ In = Λd (λ` ) ⊗ In if ` is even. Then, no block entry has a minus
sign.


 MA2 [Λd ](λ` ) ⊗ In = Λd (−λ` ) ⊗ In = −λd` · · · +λ2` −λ` +1 ⊗ In if ` and
d are odd. Then, the block entries in odd positions of Λd (−λ` ) ⊗ In have a
minus sign.


 MA2 [Λd ](λ` )⊗In = Λd (−λ` )⊗In = +λd` −λ(d−1)` · · · +λ2` −λ` +1 ⊗In
if ` is odd, and d even. Then, the block entries in even positions of Λd (−λ` )⊗In
have a minus sign.

Therefore, if ` is odd, for any value of d, we get


MA2 [Λd ](λ` ) ⊗ In = (−1)d λd` (−1)d−1 λ(d−1)` · · · +λ2` −λ` +1 ⊗ In .
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Now, we compute the product Q(λ) = (MA2 [Λd ]> (λ` ) ⊗ In )M (λ)(Λd (λ` ) ⊗ In ) using
the previous expressions. Let us start assuming that ` is even. Then,




Q(λ) = [M ]d+1,d+1 + λ` [M ]d,d+1 + [M ]d+1,d + λ2` [M ]d−1,d+1 + [M ]d,d + [M ]d+1,d−1


+ · · · + λd` [M ]1,d+1 + [M ]2,d + [M ]3,d−1 + · · · + [M ]d−1,3 + [M ]d,2 + [M ]d+1,1




+ · · · + λ(2d−2)` [M ]1,3 + [M ]2,2 + [M ]3,1 + λ(2d−1)` [M ]1,2 + [M ]2,1 + λ2d` [M ]1,1 ,
where [M ]s,t is the grade-` polynomial in the (s, t) block of M (λ). Then, since M (λ)
satisfies the AS condition (part (AS) in Definition 4.2.4), the following identities are
satisfied for each of the coefficients Pj , for j = 0, 1, . . . , k:
P0 =[M0 ]d+1,d+1 ,
Pc =[Mc ]d+1,d+1 , for c = 1, 2, . . . , ` − 1,

P` =[M` ]d+1,d+1 + [M0 ]d,d+1 + [M0 ]d+1,d ,
P`+c =[Mc ]d,d+1 + [Mc ]d+1,d , for c = 1, 2, . . . , ` − 1,

P2` =[M` ]d,d+1 + [M` ]d+1,d + [M0 ]d−1,d+1 + [M0 ]d,d + [M0 ]d+1,d−1 ,
..
.

P2d` = [M` ]1,2 + [M` ]2,1 + [M0 ]1,1 ,
P2d`+c =[Mc ]1,1 , for c = 1, 2, . . . , ` − 1,
P(2d+1)` =[M` ]1,1 .
Then, comparing the expressions for Q(λ) and those for the coefficients Pj , for
j = 0, 1, . . . , k (with k = (2d + 1)`), and taking into account that M (λ) = M0 +
λM1 + · · · + λ` M` , the identity Q(λ) = P (λ) follows. Now, assume that ` is odd.
Then,



Q(λ) = [M ]d+1,d+1 + λ` − [M ]d,d+1 + [M ]d+1,d + λ2` [M ]d−1,d+1 − [M ]d,d +


[M ]d+1,d−1 + · · · + λd` (−1)d [M ]1,d+1 + (−1)d−1 [M ]2,d + (−1)d−2 [M ]3,d−1 + · · · +


(2d−2)`
[M ]d−1,3 − [M ]d,2 + [M ]d+1,1 + · · · + λ
(−1)d [M ]1,3 + (−1)d−1 [M ]2,2 +





(−1)d−2 [M ]3,1 + λ(2d−1)` (−1)d [M ]1,2 + (−1)d−1 [M ]2,1 + λ2d` (−1)d [M ]1,1 ,
so there are some signs that depend on the parity of d. Then, since M (λ) satisfies
the ASS condition (part (ASS) in Definition 4.2.4), the coefficients Pj satisfy, in this
case, the following identities:
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P0 =[M0 ]d+1,d+1 ,
Pc =[Mc ]d+1,d+1 , for c = 1, 2, . . . , ` − 1,

P` =[M` ]d+1,d+1 + − [M0 ]d,d+1 + [M0 ]d+1,d ,
P`+c = − [Mc ]d,d+1 + [Mc ]d+1,d , for c = 1, 2, . . . , ` − 1,

P2` = − [M` ]d,d+1 + [M` ]d+1,d + [M0 ]d−1,d+1 − [M0 ]d,d + [M0 ]d+1,d−1 ,
..
.

P2d` = (−1)d [M` ]1,2 + (−1)d−1 [M` ]2,1 + (−1)d [M0 ]1,1 ,
P2d`+c =(−1)d [Mc ]1,1 , for c = 1, 2, . . . , ` − 1,
P(2d+1)` =(−1)d [M` ]1,1 .
Notice that the only difference between these identities and those for the AS condition (listed above for the case ` even), is the appearance of some minus signs in
certain blocks of the matrix polynomial M (λ), depending on the respective rows
they are placed in, together with the parity of d. Comparing, again, the coefficients
of Q(λ) and the expressions for Pj , for j = 0, 1, . . . , (2d+1)`, and taking into account
that M (λ) = M0 + λM1 + · · · + λ` M` , the identity Q(λ) = P (λ) also holds.
Now, we consider the case MA2 [−]. By Proposition 2.2.3(c), MA2 [−Ld ](λ` )⊗In =
−MA2 [Ld ](λ` )⊗In , and MA2 [−Λd ](λ` )⊗In = −MA2 [Λd ](λ` )⊗In . Reasoning as in the
previous case, when we compute Q(λ) = (MA2 [−Λd ]> (λ` ) ⊗ In )M (λ)(Λd (λ` ) ⊗ In ) =
−(MA2 [Λd ]> (λ` )⊗In )M (λ)(Λd (λ` )⊗In ), since M (λ) satisfies either the AS condition,
when ` is even, or the ASS condition, when ` is odd, we conclude that Q(λ) = −P (λ).
Then the result is true for all appearances of A = A2 in the statement.

Notice that, in order for the matrix polynomial L(λ) as in (4.11) to be an
MA -structured block-Kronecker degree-` matrix polynomial (Definition 4.2.1), the
additional identity MA [±M ] = M ? (λ) must be satisfied, that is, M (λ) must be
MA -structured. Theorem 4.1.7 provides a way to construct a structure-preserving
strong `-ification of a given MA -structured matrix polynomial of grade k via an
MA -structured strong block minimal bases grade-` matrix polynomial with a particular (1, 1) big block (like the one in (4.7)). More precisely, and focusing on the
block-Kronecker dual minimal bases, what we need is a solution of (4.10), M (λ), not
necessarily MA -structured, and then place the polynomial 21 (M + MA [±M ]? ) (λ) in
the (1, 1) big block of the MA -structured block-Kronecker degree-` matrix polynomial as in (4.9). But Theorem 4.2.5 provides a way to construct a solution of (4.10)
depending on the matrix A associated with any of the structures in Definition 2.2.4.
Namely, we just need to follow either the AS, ASS, or DS conditions, depending
of the structure and the parity of `. These considerations lead us to the following
result.
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Pk
j
n×n
Theorem 4.2.6. Let P (λ) =
be an MA -structured matrix
j=0 λ Pj ∈ F[λ]
polynomial
of
grade
k,
with
A
being
any
of
the
matrices
in Definition 2.2.4. Let
P`
i
(d+1)n×(d+1)n
M (λ) =
be a grade-` matrix polynomial, with k =
i=0 λ Mi ∈ F[λ]
(2d + 1)`, for some d ≥ 0. Let us partition the matrices Mi , for i = 0, 1, . . . , `,
into (d + 1) × (d + 1) blocks, each of size n × n, and let us denote the blocks by
[Mi ]s,t ∈ Fn×n for s, t = 1, 2, . . . , d + 1, and i = 0, 1, . . . , `. Then, if M (λ) satisfies
either (i), (ii), or (iii) in Theorem 4.2.5, the matrix polynomial

1
?
> `
(M
+
M
[±M
]
)
(λ)
M
[±L
]
(λ
)
⊗
I
A
A
d
n
(4.12)
L(λ) = 2
Ld (λ` ) ⊗ In
0
is an MA -structured block-Kronecker degree-` matrix polynomial such that:
(a) L(λ) is a strong `-ification of P (λ),
(b) if 0 ≤ 1 ≤ 2 ≤ · · · ≤ p are the right minimal indices of P (λ), then 1 + d` ≤
2 + d` ≤ · · · ≤ p + d` are the right minimal indices of L(λ), and
(c) if 0 ≤ η1 ≤ η2 ≤ · · · ≤ ηp are the left minimal indices of P (λ), then η1 + d` ≤
η2 + d` ≤ · · · ≤ ηp + d` are the left minimal indices of L(λ).
Remark 4.2.7. In the statement of Theorem 4.2.6, the ± signs in (4.12) must
be taken in accordance with the appropiate identity in (2.9) for the MA -structured
matrix polynomial P (λ).
Proof (of Theorem 4.2.6). By Proposition 2.2.3, and using that A is coninvolutory,
it is straightforward to check that L(λ) is MA -structured. In particular, it is an MA structured block-Kronecker degree-` matrix polynomial (Definition 4.2.1). To prove
parts (a)–(c), we need to check that (4.10) holds for 21 (M + MA [±M ]? ) (λ) (up to a
sign, specifically in the cases associated to the Möbius transformation MA [−]), and
then, the results follow immediately from Theorem 4.2.2.
We focus only on A = A1 , since the proof for the other cases is similar. In
particular, M (λ) satisfies the AS condition for P (λ) (see Theorem 4.2.5).
First, we consider the case MA1 [+]. Since A1 = I2 , we have MA1 [Ld ](λ` ) ⊗ In =
Ld (λ` ) ⊗ In , MA1 [Λd ](λ` ) ⊗ In = Λd (λ` ) ⊗ In , and MA1 [M ] = M (λ). By Theorem
4.2.2, the matrix polynomial

1
`
(M + M ? ) (λ) L>
d (λ ) ⊗ In
2
L(λ) =
Ld (λ` ) ⊗ In
0
is a strong `-ification of
PA+1 (λ) :=

`
(Λ>
d (λ )


⊗ In )


1
?
(M + M ) (λ) (Λd (λ` ) ⊗ In ).
2
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f := 1 (M + M ? ) to abbreIf we compute the product of these three blocks, using M
2
viate, we obtain the following polynomial:



f]d+1,d+1 + λ` [M
f]d,d+1 + [M
f]d+1,d + λ2` [M
f]d−1,d+1 + [M
f]d,d +
PA+1 (λ) =[M


d`
f
f]1,d+1 + [M
f]2,d + [M
f]3,d−1 + · · · + [M
f]d−1,3 +
[M ]d+1,d−1 + · · · + λ [M



f]d,2 + [M
f]d+1,1 + · · · + λ(2d−2)` [M
f]1,3 + [M
f]2,2 + [M
f]3,1 +
[M


f]1,2 + [M
f]2,1 + λ2d` [M
f]1,1 ,
λ(2d−1)` [M
f]s,t is the grade-` polynomial in the (s, t) block of M
f(λ). Since P (λ) is MA1 where [M
?
structured, in the sense that MA1 [P ] = P (λ) (i.e., Pj = Pj? , for j = 0, 1, . . . , k), and
M (λ) satisfies the AS condition (part (AS) in Definition 4.2.4), we conclude that
PA+1 (λ) = 12 (P + P ? ) (λ) = P (λ).
Now, we consider the case MA1 [−]. Then, MA1 [−Ld ](λ` ) ⊗ In = −Ld (λ` ) ⊗ In ,
MA1 [−Λd ](λ` ) ⊗ In = −Λd (λ` ) ⊗ In , and MA1 [−M ] = −M (λ). By Theorem 4.2.2,
the matrix polynomial
1

?
> `
(M
−
M
)
(λ)
−L
(λ
)
⊗
I
n
d
L(λ) = 2
Ld (λ` ) ⊗ In
0
is a strong `-ification of
PA−1 (λ)


1
?
(M − M ) (λ) (Λd (λ` ) ⊗ In ) =
⊗ In )
2


1
> `
?
− (Λd (λ ) ⊗ In )
(M − M ) (λ) (Λd (λ` ) ⊗ In ).
2

`
:=(−Λ>
d (λ )



Reasoning as in the previous case, since M (λ) satisfies the AS condition for P (λ)
and P (λ) is MA1 -structured, in the sense that MA1 [−P ] = P ? (λ) (which implies
−Pj = Pj? , for j = 0, 1, . . . , k), we conclude that PA−1 (λ) = − 12 (P −P ? )(λ) = −P (λ).
Therefore, parts (a)–(c) in the statement are satisfied, since any strong `-ification
of −P (λ) is also a strong `-ification of P (λ), and the sets of left and right minimal
indices of P (λ) and −P (λ) are the same.

Theorem 4.2.6 not only provides a way to construct the block M (λ) in (4.9)
to obtain a structure-preserving strong `-ification L(λ) of an MA -structured matrix
polynomial for all the structures in Definition 2.2.4, but also presents a wide family
of structured strong `-ifications. This family is wide in the sense that the matrix
polynomial M (λ) can be constructed, in general, in many different ways just following the requeriments provided by either the AS, ASS, or DS conditions. These
conditions impose some restrictions on the (anti-)diagonals of M (λ) in terms of the
coefficients of P (λ), but allow for some flexibility, and it is quite easy to construct
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different polynomials M (λ) just following these rules. Once M (λ) is built, we place
the matrix polynomial 21 (M + MA [±M ]? ) (λ) in the (1, 1) big block of (4.12) to get
a structure-preserving strong `-ification of P (λ).
Table 4.2 summarizes the relevant information in Theorem 4.2.6 (conditions (i)–
(iii)), and relates it with the particular structures introduced in Definition 2.2.4.
Conditions
for P (λ)
AS

ASS
DS

Möbius transformation
(MA [±])
MA1 [+]
MA1 [−]
MA2 [+]
MA2 [−]
MA2 [+]
MA2 [−]
MA3 [+]
MA3 [−]

Parity of `
any `
any `
` even
` even
` odd
` odd
any `
any `

Structure
?-symmetric
?-skew-symmetric
?-even
?-odd
?-even
?-odd
?-palindromic
?-anti-palindromic

Table 4.2: Relation between conditions on M (λ) and the structures associated to
its Möbius transformation.
In the following example we illustrate Theorem 4.2.6, by explicitly constructing structure-preserving strong quadratifications for ?-symmetric, ?-odd, and ?palindromic matrix polynomials of grade 10.
P
j
n×n
be a matrix polynomial of grade
Example 4.2.8. Let P (λ) = 10
j=0 λ Pj ∈ F[λ]
10. Let us consider the following three quadratic matrix polynomials:
"
#
2
2
λP9 + λ P10
0
0

M1 (λ) :=
"
M2 (λ) :=
"
M3 (λ) :=

P6 + λP7 + λ P8
P4 + λP5
0

0
P2 + λP3
P0 + λP1

P8 + λP9 + λ2 P10
P6 + λP7
0

0
λP5
λP3

P4 + λP5 + λ2 P6
λP7
P8 + λP9 + λ2 P10

0 P0 + λP1 + λ2 P2
0
λP3
0
0

,
#

P4
0
P0 + λP1 + λ2 P2

, and

#
.

It is straightforward to check that M1 (λ) and M2 (λ) satisfy the AS condition, and
that M3 (λ) satisfies the DS condition for P (λ).
If A1 is the matrix in Definition 2.2.4, and P (λ) is ?-symmetric, the quadratic
matrix polynomial 21 (M1 + MA1 [M1 ]? ) (λ) is equal to
"
#
λP9 + λ2 P10
(P6 + λP7 + λ2 P8 )/2
0
1
P4 + λP5
(P2 + λP3 )/2 ,
(M1 + M1? ) (λ) = (P6 + λP7 + λ2 P8 )/2
2
0
(P2 + λP3 )/2
P0 + λP1
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which is a ?-symmetric quadratic matrix polynomial and, by Theorem 4.2.6, the
?-symmetric block-Kronecker quadratic matrix polynomial
 1

?
> 2
(M
+
M
)
(λ)
L
(λ
)
⊗
I
1
n
1
2
LS (λ) := 2
=
L2 (λ2 ) ⊗ In
0


2
2
λP9 + λ P10
(P6 + λP7 + λ P8 )/2
0
2
(P
+
λP
+
λ
P
)/2
P
+
λP
(P
+
λP3 )/2
6
7
8
4
5
2


0
(P2 + λP3 )/2
P0 + λP1

−In
λ2 In
0
0
−In
λ2 In

−In
λ2 In
0
0
0

0
−In
λ2 In
0
0





is a ?-symmetric strong quadratification of P (λ) whenever P (λ) is a ?-symmetric
matrix polynomial.
If A2 is the matrix in Definition 2.2.4, and P (λ) is ?-odd, the quadratic matrix
polynomial 12 (M2 + MA2 [M2 ]? ) (λ) is equal to
"
#
P8 + λP9 + λ2 P10 (P6 + λP7 )/2
P4 /2
1
(P6 + λP7 )/2
λP5
λP3 /2
,
(M2 (λ) − M2? (−λ)) =
2
P4 /2
λP3 /2
P0 + λP1 + λ2 P2
which is a ?-odd quadratic matrix polynomial and, by Theorem 4.2.6, the ?-odd blockKronecker quadratic matrix polynomial
 1

2
(M2 (λ) − M2? (−λ)) −L>
2 (λ ) ⊗ In
2
LO (λ) :=
=
L2 (λ2 ) ⊗ In
0


2
P8 + λP9 + λ P10
(P6 + λP7 )/2


P4 /2

−In
0

(P6 + λP7 )/2
P4 /2
λP5
λP3 /2
λP3 /2
P0 + λP1 + λ2 P2
2
λ In
0
−In
λ2 In

In
−λ2 In
0
0
0

0
In
−λ2 In
0
0





is a ?-odd strong quadratification of P (λ) (although, in this
case, the following iden
1
> 2
?
tity is the right one (−Λ2 (λ ) ⊗ In ) 2 M2 (λ) − M2 (−λ) (Λ2 (λ2 ) ⊗ In ) := −P (λ))
whenever P (λ) is a ?-odd matrix polynomial.
Finally, if A3 is the matrix in Definition 2.2.4, and P (λ) is ?-palindromic, the
quadratic matrix polynomial 21 (M3 + MA3 [M3 ]? ) (λ) is equal to
"
#
P4 + λP5 + λ2 P6 λP3 /2 P0 + λP1 + λ2 P2
1
λP7 /2
0
λP3 /2
(M3 + rev2 M3? ) (λ) =
,
2
P8 + λP9 + λ2 P10 λP7 /2
0
which is a ?-palindromic quadratic matrix polynomial and, by Theorem 4.2.6, the
?-palindromic block-Kronecker quadratic matrix polynomial
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LP (λ) :=


1
2

(M3 + rev2 M3? ) (λ) rev2 (L2 )> (λ2 ) ⊗ In
L2 (λ2 ) ⊗ In
0

P4 + λP5 + λ2 P6
λP7 /2

 P8 + λP9 + λ2 P10

−In
0

−λ2 In
In
0
0
0

λP3 /2 P0 + λP1 + λ2 P2
0
λP3 /2
λP7 /2
0
λ2 In
0
−In
λ 2 In


=
0
−λ2 In
In
0
0






is a ?-palindromic strong quadratification of P (λ) whenever P (λ) is a ?-palindromic
matrix polynomial.
Notice also that the matrix polynomials


MAi [±L2 ]> (λ2 ) ⊗ In
Mi (λ)
Li (λ) =
, for i = 1, 2, 3,
L2 (λ2 ) ⊗ In
0
are, by Theorem 4.2.5, strong quadratifications of P (λ), even if P (λ) is not structured.
The previous constructions can be considered, of course, even if the original polynomial P (λ) is not structured. However, in this case they do not necessarily provide
a strong `-ification of the original polynomial P (λ). Let us
for instance,
Pkfocus,
j
on the matrix polynomial M1 (λ), and assume that P (λ) = j=0 λ Pj is a general
(not necessarily ?-symmetric) matrix polynomial. The quadratic matrix polynomial
1
(M1 + MA1 [M1 ]? ) (λ) is equal to
2
f1 (λ) := 1 (M1 + M1? ) (λ) =
M
2
"
?
2
?
λ(P9 + P9 ) + λ (P10 + P10 )
(P6? + λP7? + λ2 P8? )/2
0

(P6 + λP7 + λ2 P8 )/2
(P4 + P4? ) + λ(P5 + P5? )
(P2? + λP3? )/2

0
(P2 + λP3 )/2
(P0 + P0? ) + λ(P1 + P1? )

#
,

which is a ?-symmetric quadratic matrix polynomial and, by Theorem 4.1.7, the
?-symmetric block-Kronecker quadratic matrix polynomial


2
f1 (λ)
(λ
)
⊗
I
M
L>
n
2
L(λ) =
L2 (λ2 ) ⊗ In
0
is a ?-symmetric strong quadratification of the matrix polynomial
Q(λ) :=

2
(Λ>
2 (λ )

f1 (λ)(Λ2 (λ2 ) ⊗ In ) =
⊗ In )M

k
X

λj (Pj + Pj? ),

j=0

which is equal to the matrix polynomial P (λ) if and only if P (λ) is ?-symmetric.
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4.2.1

Sparse MA -structured block-Kronecker matrix polynomials

As we commented in Chapter 1, we are mainly interested in the property of sparsity.
In particular, in this section, we analyze the sparsity of the `-ifications as in (4.12),
and we will present a procedure to construct `-ifications in this family having exactly
the minimum number of nonzero block entries. We will first determine, in Proposition 4.2.9, the smallest number of nonzero block entries of a matrix polynomial
as in (4.11) (not necessarily MA -structured). To obtain this minimum number of
nonzero block entries, we focus on the matrix polynomial M (λ), placed in the (1, 1)
big block of (4.11), because the two minimal bases, placed in the (1, 2) and (2, 1)
big blocks, always have the same number of nonzero block entries.
Proposition 4.2.9. Let P (λ), M (λ), and L(λ) be as in the statement of Theorem
4.2.5. Then, L(λ) has, at least,
 
(i) 2k − 1 + k2 = 5d + 1 nonzero block entries, if ` = 1, or
(ii)

3k
`

− 2 = 6d + 1 nonzero block entries, if ` > 1.

Proof. It is proved in Theorem 3.3.5 (Section 3.3) that any generalized companion
with, at least, 2(k − 1) nonzero block entries in Fn×n , has, at least, 2k − 1 +

pencil
k
nonzero block entries. Then, (i) follows, because the pencils Ld (λ) ⊗ In and
2
MA [±Ld ]> (λ) ⊗ In in (4.11) have a total amount of 4d = 2(k − 1) nonzero blocks.
To prove (ii), we are going to see that, for ` > 1, an (MA -structured) blockKronecker degree-` matrix polynomial as in (4.11) has, at least, 6d+1 nonzero block
entries. First, and as before, the polynomials Ld (λ` ) ⊗ In and MA [±Ld ]> (λ` ) ⊗ In
in (4.11) give us a total amount of 4d nonzero blocks. Second, the identity on
the coefficients P`r+c in either the AS, ASS, or DS condition for P (λ) (second line
of each of these conditions in Definition 4.2.4), implies that all the 2d + 1 (anti-)
diagonals of M (λ) have, at least, a nonzero block entry containing coefficients of
P (λ). Therefore, L(λ) as in (4.11) has, at least, 4d + 2d + 1 = 6d + 1 nonzero block
entries.

Proposition 4.2.9 motivates the following definition for structure-preserving `ifications.
Definition 4.2.10. A sparse MA -structured block-Kronecker strong `-ification of
P (λ) is a matrix polynomial satisfying Theorem 4.2.6 with exactly
 
(i) 2k − 1 + k2 = 5d + 1 nonzero block entries, if ` = 1, or
(ii)

3k
`

− 2 = 6d + 1 nonzero block entries, if ` > 1.
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Proposition 4.2.9 provides the smallest number of nonzero block entries within
the family of strong `-ifications in Theorem 4.2.5, namely those of the form (4.11).
We are interested, however, in structure-preserving strong `-ifications as in (4.12),
namely those satisfying Theorem 4.2.6 (like in Definition 4.2.10). A natural question
after Proposition 4.2.9 is whether or not there are sparse MA -structured blockKronecker strong `-ifications as in (4.12), for any k, `, and any of the structures in
Definition 2.2.4. The answer is positive for ` = 1, namely for linearizations.
In order to get a linearization L(λ) as in (4.12) with exactly the number of
nonzero block entries indicated in Definition 4.2.10(i), we set


Pk−1 + λPk


..
M1 (λ) = 
,
.
P0 + λP1
for A = A1 ,














M2 (λ) =


















Pk−1 + λPk






−(Pk−3 + λPk−1 )
..



 , if d is even,


.
−(P2 + λP3 )
P0 + λP1

−(Pk−1 + λPk )









Pk−3 + λPk−1
..



 , if d is odd,


.
−(P2 + λP3 )
P0 + λP1

for A = A2 , and


M3 (λ) = 

P0 + λP1
..

.





Pk−1 + λPk
for A = A3 .
The matrix polynomial M1 (λ) satisfies the AS condition, the matrix polynomial
M2 (λ) satisfies the ASS condition, and the matrix polynomial M3 (λ) satisfies the
DS condition, and they all have exactly d + 1 nonzero block entries. Therefore,
the pencil 21 (Mi + MAi [±Mi ]? ), for i = 1, 2, 3, is an MAi -structured matrix pencil,
provided that P (λ) is MAi -structured, and has also exactly d + 1 nonzero block
entries, so the corresponding pencil (4.12) is an MAi -structured matrix pencil having
exactly 2k − 2 + d + 1 = 5d + 1 nonzero block entries.
Looking at the previous constructions, we see that the pencils 21 (Mi +MAi [±Mi ]? ),
for i = 1, 2, have all their nonzero block entries on the main diagonal. It is not difficult to see that, in order for L(λ) as in Theorem 4.2.6, with ` = 1, to be sparse, for
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A = A1 , A2 , all nonzero block entries must be on the main diagonal, and they have
the same structure as M1 (λ) and M2 (λ), up to multiplication by nonzero constants.
Note also that the pencil 12 (M3 +MA3 [±M3 ]? ) has all its nonzero block entries on the
main anti-diagonal. However, this is not necessarily the case for all sparse matrix
pencils in Theorem 4.2.6 with A = A3 (see Example 4.2.12).
We want to emphasize that the previous constructions are not new, since they are
particular cases of the family introduced in [56]. However, for ` > 1, the situation
is different, since, as we have seen in Proposition 4.2.9, every anti-diagonal of M (λ)
in (4.12) must contain, at least, one nonzero block entry.
Before proceeding with the answer for the case ` > 1, we present a procedure for
constructing sparse `-ifications as in (4.12), following the proof of Proposition 4.2.9.
Procedure to construct a sparse MA -structured block-Kronecker strong
`-ification:
We aim to present a procedure for constructing sparse MA -structured block-Kronecker
strong `-ifications L(λ), introduced in Definition 4.2.10, for the different structures
in Definition 2.2.4. This procedure is stated below. In particular, we explain how
to construct the matrix polynomial M (λ) in order to guarantee that the (1, 1) big
block 21 (M +MA [±M ]? )(λ) of L(λ) as in (4.12) has the minimum number of nonzero
block entries.
P
Let us assume that P (λ) = kj=0 λj Pj ∈ F[λ]n×n is an MA -structured matrix
polynomial
k, with A being any of the matrices in Definition 2.2.4. Let
P`of grade
i
M (λ) = i=0 λ Mi ∈ F[λ](d+1)n×(d+1)n be a grade-` matrix polynomial, with k =
(2d + 1)`, for some d ≥ 0. Let us partition the matrices Mi , for i = 0, 1, . . . , `,
into (d + 1) × (d + 1) blocks, each of size n × n, and let us denote the blocks by
[Mi ]s,t ∈ Fn×n for s, t = 1, 2, . . . , d + 1, and i = 0, 1, . . . , `. Then, from the proof of
Proposition 4.2.9, we propose the following procedure to get M (λ):
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Procedure. Construct M (λ) with the following requirements:
Case 1: A = A1 (only if ` = 1):
(1-i) Place the coefficients of P (λ) on the main diagonal of M (λ) fulfilling the
AS condition.
(1-ii) (Optionally). Add other nonzero block entries with the constraint:
[Mi ]s,t = −MA1 [±[Mi ]t,s ]? = ∓[[Mi ]t,s ]? .
Case 2: A = A2 (only if ` = 1):
(2-i) Place the coefficients of P (λ) on the main diagonal of M (λ) fulfilling the
ASS condition.
(2-ii) (Optionally). Add other nonzero block entries with the constraint:
[Mi ]s,t = −MA2 [±[Mi ]t,s ]? = ∓[[Mi ]t,s (−λ)]? .
Case 3: A = A3 :
(3-i) Place the coefficients of P (λ) in d + 1 nonzero block entries of M (λ), for
` = 1, or 2d + 1, for ` > 1, in such a way that M (λ) satisfies:
(3-i.a) the DS condition, and
(3-i.b) if [M ]s,t is nonzero, then [M ]t,s is also nonzero.
(3-ii) (Optionally). AddPother nonzero block entries, namely H1 , . . . , Hr , in the
same diagonal such that rj=0 Hj = 0, and, for all Hj :
[Mi ]s,t = −MA3 [±[Mi ]t,s ]? = ∓[[M`−i ]t,s ]? .
The procedure above provides the matrix polynomial M (λ) that is used to construct structure-preserving strong `-ifications L(λ) as in (4.12) of MA -structured matrix polynomials of grade k, and that gives the minimum number of nonzero block
entries in L(λ) (namely, the one in Definition 4.2.10). Conditions (1-i), (2-i), and
(3-i) in the previous procedure are the ones imposed on the matrix polynomial M (λ)
to guarantee that not only M (λ) has the minimum number of nonzero block entries
f(λ) := 1 (M + MA [±M ]? ) (λ) has
(in the sense of Definition 4.2.10) but also that M
2
the smallest number of nonzero block entries. Some other nonzero block entries can
f(λ). This is
appear in M (λ), but they must cancel out in the matrix polynomial M
exactly the purpose of conditions (1-ii), (2-ii), and (3-ii). Despite these conditions,
f(λ) are not necessarily the same,
the number of nonzero block entries in M (λ) and M
f(λ), some additional nonzero block entries
since, when computing the polynomial M
may arise, so the final construction could not be sparse in the sense of Definition
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4.2.10. This is exactly what happens for certain structures, as the following result
shows.
Proposition 4.2.11. Let P (λ) be as in the statement of Theorem 4.2.6. Then,
for ` > 1, any ?-(skew-)symmetric or ?-alternating block-Kronecker degree-` matrix
polynomials satisfying Theorem 4.2.6 has, at least, 7d + 1 nonzero block entries.
Proof. We first consider the ?-(skew-)symmetric structure. In particular, it is associated to the Möbius transformation MA1 (see Definition 2.2.4) and M (λ) satisfies
the AS condition for P (λ) (see Theorem 4.2.5). Recall that, for ` > 1, the second
line of the AS condition in Definition 4.2.4 (the identity on the coefficients P`r+c )
implies that all the 2d + 1 anti-diagonals of M (λ) have, at least, a nonzero block
entry containing coefficients of P (λ). Moreover, the coefficients can be grouped
in just one nonzero block entry for each block anti-diagonal, as we have seen in
the proof of Proposition 4.2.9. However, when we compute the matrix polynomial
f(λ) = 1 (M + MA1 [±M ]? ) (λ) = 1 (M ± M ? ) (λ), all nonzero block entries outM
2
2
f(λ), because of the term M ? (λ).
side the main diagonal of M (λ) have a copy in M
f(λ) will have, at least, d more nonzero block entries than M (λ), since the
Then, M
number of nonzero block entries of M (λ) that can be placed on the main diagonal is,
at most, d + 1. In the best case, the ?-(skew-)symmetric block-Kronecker degree-`
matrix polynomial, has, at least, 4d+2d+1+d = 7d+1 nonzero block entries, where
the 4d nonzero block entries come from the (1, 2) and (2, 1) big blocks in (4.12).
The same reasoning as above can be applied for the ?-alternating structure,
associated to the Möbius transformation MA2 (see Definition 2.2.4), where M (λ)
satisfies the AS (resp. ASS) condition for P (λ) when ` is even (resp. odd) (see
Theorem 4.2.5).

As a consequence of Proposition 4.2.11, there are no sparse (in the sense of
Definition 4.2.10) MA -structured block-Kronecker strong `-ifications, for ` > 1, and
for the ?-(skew-)symmetric and ?-alternating structures (that is, for A = A1 , A2 ).
We want to recall the recent work [28], where the authors present four families of
symmetric matrix pencils which, under some generic conditions, are block minimal
bases pencils and strong linearizations of a given matrix polynomial. The first
family, denoted by O1P (λ) and introduced in [28, Eq. 4.17], is the only one which is
f(λ) of the strong
sparse in the sense of Definition 4.2.10, and the (1, 1) big block M
linearization has all its nonzero block entries on the main diagonal.
In the following example we illustrate the procedure presented after Definition
4.2.10, by explicitly constructing sparse structure-preserving strong linearizations
for ?-skew-symmetric, ?-even, or ?-anti-palindromic matrix polynomials of grade 7,
and sparse structure-preserving strong quadratifications for ?-palindromic matrix
polynomials of grade 14.
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P
Example 4.2.12. Let P (λ) = 7j=0 λj Pj ∈ F[λ]n×n be a matrix polynomial of grade
7. Let us consider the following three matrix pencils:



M1 (λ) := 

P6 + λP7
0
0
0

0
P4 + λP5
0
0



−(P6 + λP7 )
0

0
P4 + λP5
M2 (λ) :=
0
0
0
Q(λ)



0
 P4 + λP5
M3 (λ) :=
0
P6 + λP7

P2 + λP3
0
0
0

0
0
P2 + λP3
0

0
0

,
0
P0 + λP1



0
0
0
−Q? (−λ) 
, and
−(P2 + λP3 )
0
0
P0 + λP1



0 P0 + λP1
0
0

,
0
0
0
0

where Q(λ) is any matrix polynomial with coefficients in F[P0 , . . . , Pk ] (in order for
the pencil M2 (λ) to provide a generalized companion linearization).
Looking at the procedure presented after Definition 4.2.10, it is straightforward
to check that M1 (λ) satisfies (1-i) and (1-ii), M2 (λ) satisfies (2-i) and (2-ii), and
M3 (λ) satisfies (3-i) and (3-ii).
Then, if Ai , for i = 1, 2, 3, are the matrices in Definition 2.2.4, and P (λ) is ?skew-symmetric, ?-even, or ?-anti-palindromic, respectively (namely, P (λ) is MAi structured), the matrix pencils 21 (Mi + MAi [±Mi ]? ) (λ) are given by


1

(M1 − M1? ) (λ) :=
2

P6 + λP7
0
0
0

0
P4 + λP5
0
0



0
0
P2 + λP3
0

−(P6 + λP7 )
0
 
1
0
P4 + λP5
?
M2 (λ) + M2 (−λ) :=
0
0
2
0
0



0
1
 P4 + λP5
?
(M3 − rev1 M3 ) (λ) :=
0
2
P6 + λP7

P2 + λP3
0
0
0

0

0
,
0
P0 + λP1



0
0
0
0

, and
−(P2 + λP3 )
0
0
P0 + λP1



0 P0 + λP1
0
0

.
0
0
0
0

Then, by Theorem 4.2.6, the MAi -structured block-Kronecker matrix pencils
 1

(Mi + MAi [±Mi ]? ) (λ) MAi [±L3 ]> (λ) ⊗ In
2
LMAi (λ) :=
, for i = 1, 2, 3,
L3 (λ) ⊗ In
0
are sparse MAi -structured strong linearizations of P (λ) whenever P (λ) is an MAi structured matrix polynomial.
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P
j
n×n
Now, let P (λ) = 14
be a ?-palindromic matrix polynomial of
j=0 λ Pj ∈ F[λ]
grade 14. Let us consider the following two quadratic matrix polynomials:


2
2

M4 (λ) := 


0
P8 + λP9
−rev2 Q? (λ)
P12 + λP13 + λ2 P14

0
 P8 + λP9
M5 (λ) := 
0
λP13 + λ2 P14

λP5 + λ P6
0
0
rev2 Q? (λ) + P10 + λP11

λP5 + λ2 P6
0
0
P10 + λP11 + λ2 P12

0
0
λP7
0

Q(λ)
P0 + λP1 + λ P2
0
−Q(λ) + λP3 + λ2 P4 
,
λP7
0
0
0



P0 + λP1 + λ2 P2
λP3 + λ2 P4

,
0
0

where Q(λ) is any matrix polynomial with coefficients in F[P0 , . . . , Pk ], in order for
the construction to be a generalized companion `-ification.
Notice that, looking at the procedure presented after Definition 4.2.10, M4 (λ) and
M5 (λ) satisfy (3-i) and (3-ii). Now, computing the quadratic matrix polynomials
1
(Mi + MA3 [Mi ]? ) (λ), for i = 4, 5, we obtain
2
"
#
0
λP5 + λ2 P6 0 P0 + λP1 + λ2 P2
1
2
?
P8 + λP9
0
0
λP3 + λ P4
(M4 + (rev2 M4 ) ) (λ) :=
, and
0
0
λP7
0
2
2
P12 + λP13 + λ P14 P10 + λP11 0
0
"
#
0
λP5 + λ2 P6
0 P0 + λP1 + λ2 P2 /2
1
P8 + λP9
0
0 P2 /2 + λP3 + λ2 P4
(M5 + (rev2 M5 )? ) (λ) :=
.
0
0
λP7
0
2
P12 /2 + λP13 + λ2 P14 P10 + λP11 + λ2 P12 /2 0
0
By Theorem 4.2.6, the ?-palindromic block-Kronecker quadratic matrix polynomials
1

(Mi + (rev2 Mi )? ) (λ) (rev2 L3 )> (λ2 ) ⊗ In
2
LP,i (λ) :=
, for i = 4, 5,
L3 (λ2 ) ⊗ In
0
are sparse ?-palindromic strong quadratifications of P (λ) whenever P (λ) is a ?palindromic polynomial.
After looking at the constructions in Example 4.2.12, a couple of interesting
observations raise up. The first one is that even though LP,5 (λ) is sparse (according
to Definition 4.2.10), it contains duplicated coefficients of P (λ) (in particular, P2
and P12 appear twice). The second one is that all the nonzero block entries of the
(1, 1) big block in LMAi (λ), for i = 1, 2, are on the main diagonal. However, this is
not true for LMA3 (λ).
The block-Kronecker minimal bases `-ifications in Theorem 4.2.6 are particular
cases of the strong block minimal bases `-ifications. These `-ifications allow for more
flexibility in their (1, 2) and (2, 1) big blocks (the ones containing the minimal basis).
As an example, we are going to construct a block minimal bases structure-preserving
strong `-ification as in (4.4) that contains some additional invertible matrices in its
(1, 2) and (2, 1) big blocks. The idea is to replace the block Ld (λ` ) ⊗ In in (4.9) by
another minimal basis whose dual minimal basis is still the block-Kronecker minimal
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basis Λd (λ` ) ⊗ In in (2.4). Then, the construction provides an MA -structured strong
block minimal bases grade-` matrix polynomial as in (4.4), which is a strong `ification of a given MA -structured matrix polynomial as in (4.10). This is shown
in Example 4.2.13, where, in particular, we construct a structure-preserving strong
cubification (` = 3) of a given ?-symmetric matrix polynomial of grade 21.
P
j
n×n
Example 4.2.13. Let P (λ) = 21
be a ?-symmetric matrix polyj=0 λ Pj ∈ F[λ]
n×n
nomial of grade 21, and let X, Y ∈ F
be invertible matrices (that is, their determinants
are
nonzero
constants).
Let
us
consider the following matrix pencils:


M (λ) := 


P18 + λP19 + λ2 P20 + λ3 P21
P15 + λP16 + λ2 P17
0
0

−X
K(λ) :=  0
0

λX
−Y
0

0
λY
−In

0
λP13 + λ2 P14
0
0

0
0
P6 + λP7 + λ2 P8
0

P9 + λP10 + λ2 P11 + λ3 P12
0
P3 + λP4 + λ2 P5
P0 + λP1 + λ2 P2

,


0
0 .
λIn

M (λ) satisfies the AS condition for P (λ) (see Definition 4.2.4). If K(λ3 ) is the matrix polynomial K(λ) evaluated at λ3 , notice that both K(λ)
and K(λ3 ) are minimal


9
6
3
3
bases. Moreover, the matrix polynomial Λ>
3 (λ ) ⊗ In := λ In λ In λ In In is a
minimal basis dual to K(λ3 ) (see Definition 2.1.13).
By Theorem 4.1.7, the ?-symmetric strong block minimal bases cubic matrix polynomial

1
?
? 3
(M
+
M
)
(λ)
K
(λ
)
LS (λ) := 2
K(λ3 )
0
is a ?-symmetric strong cubification of the matrix polynomial



 1
> 3
?
P (λ) := Λ3 (λ ) ⊗ In
(M + M )(λ) Λ3 (λ3 ) ⊗ In .
2

4.3

There are no MA-structured companion quadratifications for MA-structured quartic matrix polynomials

The wide family of structure-preserving strong `-ifications of a given MA -structured
matrix polynomial P (λ) of grade k, constructed in Theorem 4.2.6, deals with matrix polynomials which are generalized companion `-ifications of P (λ) (Definition
4.0.1). However, in this section we focus on companion `-ifications (see Definition
2.1.17). In particular, we will prove in Theorem 4.3.1 that, for all the structures
in Definition 2.2.4, there are no MA -structured companion quadratifications for any
MA -structured quartic matrix polynomial P (λ).
The notion of companion `-ification is more restrictive than the one of generalized
companion `-ification (as the names suggest). However, in the literature, the most
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well-known families of linearizations (that is, `-ifications with ` = 1) are companion.
We refer, in particular, to the classical Frobenius companion pencils and to all
families of Fiedler-like pencils (Fiedler, generalized Fiedler, and Fiedler pencils with
repetition, see Section 1.2 for more information about these families). Even the more
recent classes of block-Kronecker matrix pencils [53] and `-ifications [55] contain
many companion pencils/`-ifications. Moreover, it is natural to focus on companion
`-ifications, since they are the simplest structures which are strong `-ifications and
valid for all polynomials.
In [41, Th. 7.20], it was proved that there are no structured generalized companion pencils for structured matrix polynomials of even grade k, for any of the following structures: ?-symmetric, ?-alternating, and ?-palindromic. We have seen that,
however, there are structured generalized companion `-ifications when k = (2d + 1)`
(Theorem 4.2.6). Moreover, our constructions include structured companion `ifications for any of the structures considered in this chapter.
It is natural to ask whether for k = (2d)` there are structured (generalized)
companion `-ifications or not.
In [82], a family of companion-like palindromic quadratifications for palindromic
matrix polynomials of any even degree has been presented. This family, however, is
not generalized, since it involves the transpose (or conjugate transpose) of some of
the coefficients of the polynomial. Nonetheless, based on this construction, it is not
difficult to construct a generalized companion quadratification for quartic matrix
polynomials which is ?-palindromic whenever the polynomial is. More precisely:


P1 + λ(P2 − In − P0 P4 ) + λ2 P3 In + λ2 P4
L(λ) =
P0 + λ 2 I
−λIn
P
is a strong quadratification of P (λ) = 4j=0 λj Pj ∈ F[λ]n×n . In order to see that it is
a quadratification just perform the following elementary block-column and block-row
operations:

R12 (λP4 )
P1 + λ(P2 − P0 P4 ) + λ2 P3 + λ3 P4 In + λ2 P4
−−−−−−→
L(λ) −−−−−−→
P0
−λIn



R21 (λIn )
P1 + λP2 + λ2 P3 + λ3 P4
In
P1 + λP2 + λ2 P3 + λ3 P4
−−−−−−→
P0
−λIn
P (λ)




C12 (−(P1 +λP2 +λ2 P3 +λ3 P4 ))
0
In
P (λ) 0
R12
−−−−−−−−−−−−−−−−−−−→
−−→
.
P (λ) 0
0
In
C12 (λIn )



In
0



To see that it is strong, we perform the following elementary block-column and
block-row operations on the polynomial rev2 L(λ):
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R12 (λIn )
P3 + λ(P2 − In − P0 P4 ) + λ2 P1 P4 + λ2 In
rev2 L(λ) =
−−−−−−→
In + λ2 P0
−λIn



C12 (λP0 )
P3 + λ(P2 − P0 P4 ) + λ2 P1 + λ3 P0
P4
P3 + λP2 + λ2 P1 + λ3 P0
−−−−−−→
In + λ2 P0
−λIn
In


C21 (λIn )
R12 (−(P3 +λP2 +λ2 P1 +λ3 P0 ))
P3 + λP2 + λ2 P1 + λ3 P0 rev4 P (λ)
−−−−−−→
−−−−−−−−−−−−−−−−−−−→
In
0




0 rev4 P (λ)
rev4 P (λ) 0
C12
−−→
.
In
0
0
In
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P4
−λIn



Finally, it is straightforward to see that L(λ) is ?-palindromic whenever P (λ) is
?-palindromic, since, in this case P0 = P4? , P1 = P3? , and P2 = P2? , so:

 ?
P1 + λ(P2? − In − P4? P0? ) + λ2 P3? P0? + λ2 In
?
=
L (λ) =
−λIn
In + λ2 P4?


P3 + λ(P2 − In − P0 P4 ) + λ2 P1 P4 + λ2 In
=
= rev2 L(λ).
In + λ2 P0
−λIn
As a consequence, there are palindromic generalized companion quadratifications
of ?-palindromic quartic matrix polynomials. However, if we remove the adjective
“generalized” and we restrict ourselves to companion quadratifications, Theorem
4.3.1 tells us that this is no longer the case.
P4
j
n×n
be an MA -structured quartic
Theorem 4.3.1. Let P (λ) =
j=0 λ Pj ∈ F[λ]
matrix polynomial, with A being any of the matrices in Definition 2.2.4. Then,
there are no MA -structured companion quadratifications for P (λ).
Proof. We focus on the scalar case (namely, n = 1) for simplicity, because in the case
of existing a companion quadratification like the one mentioned in the statement,
it should be valid for all values of n. We procced by contradiction. Notice that, for
scalar polynomials, p? (λ) can be either p(λ) (if ? = >) or p(λ) (if ? = ∗).
We are going to prove that there are no MA -structured companion
P4quadratifications for MA -structured quartic scalar polynomials. So let p(λ) = j=0 λj pj be a
quartic scalar polynomial, with pj ∈ F, for j = 0, 1, . . . , 4, and let


l1,1 (λ) l1,2 (λ)
L(λ) =
l2,1 (λ) l2,2 (λ)
P
be a quadratic matrix polynomial, where ls,t (λ) = 2i=0 λi (li )s,t , for s, t = 1, 2, (with
(li )s,t ∈ F for all values of s, t, and i).
We consider only the ?-symmetric case (since the procedure for the ?-skewsymmetric and ?-alternating cases are very similar to this one) and the ?-palindromic
case (since the procedure for the ?-anti-palindromic case is very similar to this one).
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First, we consider the ?-symmetric case. More precisely, we assume that L(λ) is
?-symmetric whenever p(λ) is ?-symmetric, and that L(λ) is a companion quadratification of p(λ) (that is, det L(λ) = αp(λ), for 0 6= α ∈ F, see Section 2.1.2). If p(λ)
is ?-symmetric, it satisfies p? (λ) = p(λ), namely,
p?j = pj , for 0 ≤ j ≤ 4,

(4.13)

whereas, if L(λ) is ?-symmetric, it satisfies L? (λ) = L(λ), that is,
(li )?s,s = (li )s,s , for i = 0, 1, 2, and s = 1, 2,

(4.14)

(li )?1,2 = (li )2,1 , for i = 0, 1, 2.
Since L(λ) is a companion quadratification of p(λ), and using (4.14), we get



4
X
(l0 )1,1 + λ(l1 )1,1 + λ2 (l2 )1,1 (l0 )1,2 + λ(l1 )1,2 + λ2 (l2 )1,2
=α
λj pj . (4.15)
det
(l0 )?1,2 + λ(l1 )?1,2 + λ2 (l2 )?1,2 (l0 )2,2 + λ(l1 )2,2 + λ2 (l2 )2,2
j=0

Spanning the determinant in the left-hand side of (4.15), and equating the coefficients of the terms in λ with the same degree in both sides, we get, for the coefficients
of λ0 and λ4 , the following equations:
αp0 = (l0 )1,1 (l0 )2,2 − (l0 )1,2 (l0 )?1,2 ,

(4.16)

(l2 )1,2 (l2 )?1,2 .

(4.17)

αp4 = (l2 )1,1 (l2 )2,2 −

Looking at (4.16), the coefficient p0 must appear in the right-hand side of the equation with degree 1. In order for this to happen, and taking into account that L(λ) is
a companion quadratification (namely, (li )s,t is either ±β or ±βpj , for some β ∈ F
and j = 0, . . . , 4), the only possibility is that it appears in the product (l0 )1,1 (l0 )2,2 .
As a consequence, it must be (l0 )1,2 = 0. Then, there are only two possibilities for
(4.16), namely
(S0.1 ): (l0 )1,1 = β0 and (l0 )2,2 = α0 p0 , where β0 α0 = α 6= 0, and (l0 )1,2 = 0.
(S0.2 ): (l0 )1,1 = α0 p0 and (l0 )2,2 = β0 , where β0 α0 = α 6= 0, and (l0 )1,2 = 0.
Using the same argument for the coefficient p4 in (4.17), there are another two
possibilities, namely,
(S4.1 ): (l2 )1,1 = β4 and (l2 )2,2 = α4 p4 , where β4 α4 = α 6= 0, and (l2 )1,2 = 0.
(S4.2 ): (l2 )1,1 = α4 p4 and (l2 )2,2 = β4 , where β4 α4 = α 6= 0, and (l2 )1,2 = 0.
Now, spanning the determinant in the left-hand side of (4.15) and equating the
coefficients of λ and λ3 , we get
αp1 = (l0 )1,1 (l1 )2,2 + (l1 )1,1 (l0 )2,2 − (l0 )1,2 (l1 )?1,2 − (l1 )1,2 (l0 )?1,2 ,

(4.18)
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Depending on (S0.1 ) and (S0.2 ) for p0 , or (S4.1 ) and (S4.1 ) for p4 , (4.18) and (4.19)
can be rewritten as follows:

for (S0.1 ) : αp1 = β0 (l1 )2,2 + (l1 )1,1 α0 p0 ,
(4.20)
for (S0.2 ) : αp1 = α0 p0 (l1 )2,2 + (l1 )1,1 β0 .

for (S4.1 ) : αp3 = (l1 )1,1 α4 p4 + β4 (l1 )2,2 ,
(4.21)
for (S4.2 ) : αp3 = (l1 )1,1 β4 + α4 p4 (l1 )2,2 .
Looking at (4.20), the coefficient p1 must appear in the right-hand side of both
equations with degree 1, and the only possibility is that it appears in either the
term β0 (l1 )2,2 (for (S0.1 )), or (l1 )1,1 β0 (for (S0.2 )). In the first case, it must be
(l1 )1,1 = 0, whereas in the second case it must be (l1 )2,2 = 0. As a consequence, we
get the following possibilities:
(S1.1 ): (S0.1 ), together with (l1 )2,2 = α1 p1 , where α1 β0 = α 6= 0, and (l1 )1,1 = 0.
(S1.2 ): (S0.2 ), together with (l1 )1,1 = α1 p1 , where α1 β0 = α 6= 0, and (l1 )2,2 = 0.
Replacing the terms obtained in the two precedent cases in any of the two equations
in (4.21), we get that the coefficient p3 cannot appear in the right-hand side of any
of the equations with degree 1, in contradiction with the left-hand side.
Therefore, none of the cases may occur, so there is no ?-symmetric companion
quadratification for ?-symmetric quartic polynomials.
Now, we consider the ?-palindromic case. More precisely, we assume that L(λ)
is ?-palindromic whenever p(λ) is ?-palindromic, and that L(λ) is a companion
quadratification of p(λ). If p(λ) is ?-palindromic, it satisfies p? (λ) = rev4 p(λ),
namely,
p?j = p4−j , for 0 ≤ j ≤ 2,

(4.22)

whereas, if L(λ) is ?-palindromic, it satisfies
?



?
l1,1 (λ) l2,1
(λ)
rev2 l1,1 (λ) rev2 l1,2 (λ)
?
= rev2 L(λ) :=
, that is
L (λ) := ?
?
l1,2 (λ) l2,2
(λ)
rev2 l2,1 (λ) rev2 l2,2 (λ)
(li )?s,s = (l2−i )s,s , for i = 0, 1, and s = 1, 2,

(4.23)

(li )?1,2 = (l2−i )2,1 , for i = 0, 1.
Since L(λ) is a companion quadratification of p(λ), and using (4.23), we get


4
X
(l0 )1,1 + λ(l1 )1,1 + λ2 (l0 )?1,1 (l0 )1,2 + λ(l1 )1,2 + λ2 (l2 )1,2
det
=α
λj pj . (4.24)
(l2 )?1,2 + λ(l1 )?1,2 + λ2 (l0 )?1,2 (l0 )2,2 + λ(l1 )2,2 + λ2 (l0 )?2,2


j=0
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Spanning the determinant in the left-hand side of (4.24), and equating the coefficients for λj and λ4−j in both sides, for j = 0, 1, 2, we get three identities in the
form: αpj = fj , and αp4−j = fj? , for some function f depending on the coefficients
(li )s,t , for 1 ≤ s, t ≤ 2 and 0 ≤ i ≤ 2. This, in particular, implies that, if ? = ∗,
then it must be α = α (that is, α ∈ R). From the practical point of view, these two
identities mean that the conditions we get for pj and p4−j = p?j are exactly the same.
Therefore, we will focus only on the equations for the coefficients pj , for j = 0, 1, 2.
First, spanning the determinant in the left-hand side of (4.24) and equating the
coefficients of λ0 , we get the following equation:
αp0 = (l0 )1,1 (l0 )2,2 − (l0 )1,2 (l2 )?1,2 .

(4.25)

Looking at (4.25), the coefficient p0 must appear in the right-hand side of the equation with degree 1, and there are three different possibilites:
 (l0 )1,1 (l0 )2,2 = α1 p0 and (l0 )1,2 (l2 )?1,2 = γ1 p0 , where 0 6= α1 ∈ F, 0 6= γ1 ∈ F and
α1 − γ1 = α.
 (l0 )1,1 (l0 )2,2 = αp0 and (l0 )1,2 (l2 )?1,2 = 0.
 (l0 )1,1 (l0 )2,2 = 0 and (l0 )1,2 (l2 )?1,2 = αp0 .

These three possibilities can be subdivided in four cases each, depending on the
possible values of the coefficients of L(λ), namely:
(P0.1 ): (l0 )1,1 = α0 p0 and (l0 )2,2 = β0 , where β0 α0 = α1 6= 0, (l0 )1,2 = γ0 p0 and
(l2 )?1,2 = δ0 , where δ0 γ0 = γ1 6= 0.
(P0.2 ): (l0 )1,1 = α0 p0 and (l0 )2,2 = β0 , where β0 α0 = α1 6= 0, (l0 )1,2 = δ0 and (l2 )?1,2 =
γ0 p0 , where δ0 γ0 = γ1 6= 0.
(P0.3 ): (l0 )1,1 = β0 and (l0 )2,2 = α0 p0 , where β0 α0 = α1 6= 0, (l0 )1,2 = γ0 p0 and
(l2 )?1,2 = δ0 , where δ0 γ0 = γ1 6= 0.
(P0.4 ): (l0 )1,1 = β0 and (l0 )2,2 = α0 p0 , where β0 α0 = α1 6= 0, (l0 )1,2 = δ0 and (l2 )?1,2 =
γ0 p0 , where δ0 γ0 = γ1 6= 0.
(P0.5 ): (l0 )1,1 = α0 p0 and (l0 )2,2 = β0 , where β0 α0 = α 6= 0, and (l0 )1,2 = 0.
(P0.6 ): (l0 )1,1 = α0 p0 and (l0 )2,2 = β0 , where β0 α0 = α 6= 0, and (l2 )?1,2 = 0.
(P0.7 ): (l0 )1,1 = β0 and (l0 )2,2 = α0 p0 , where β0 α0 = α 6= 0, and (l0 )1,2 = 0.
(P0.8 ): (l0 )1,1 = β0 and (l0 )2,2 = α0 p0 , where β0 α0 = α 6= 0, and (l2 )?1,2 = 0.
(P0.9 ): (l0 )1,2 = α0 p0 and (l2 )?1,2 = β0 , where β0 α0 = α 6= 0, and (l0 )1,1 = 0.
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(P0.10 ): (l0 )1,2 = α0 p0 and (l2 )?1,2 = β0 , where β0 α0 = α 6= 0, and (l0 )2,2 = 0.
(P0.11 ): (l0 )1,2 = β0 and (l2 )?1,2 = α0 p0 , where β0 α0 = α 6= 0, and (l0 )1,1 = 0.
(P0.12 ): (l0 )1,2 = β0 and (l2 )?1,2 = α0 p0 , where β0 α0 = α 6= 0, and (l0 )2,2 = 0.
We are going to consider each case separately. Let us directly look at the coefficient
of λ2 in (4.24). We equate in both sides and use the particular conditions on the
coefficients of L(λ) obtained in (P0.1 )–(P0.12 ). We will focus only on (P0.1 ), (P0.5 ),
and (P0.9 ). The cases (P0.2 )–(P0.4 ) are analogous to (P0.5 ), the cases (P0.6 )–(P0.8 ) are
similar to (P0.5 ), and (P0.10 )–(P0.12 ) are similar to (P0.9 ).
for (P0.1 ) : αp2 =α0 p0 (β0 )? + (l1 )1,1 (l1 )2,2 + (α0 p0 )? β0 − (γ0 p0 )(γ0 p0 )?
− (l1 )1,2 (l1 )?1,2 − (δ0 )? δ0 ,

(4.26)

for (P0.5 ) : αp2 =α0 p0 (β0 )? + (l1 )1,1 (l1 )2,2 + (α0 p0 )? β0 − (l1 )1,2 (l1 )?1,2

(4.27)

−

(l2 )1,2 (l2 )?1,2 ,

for (P0.9 ) : αp2 =(l1 )1,1 (l1 )2,2 − (α0 p0 )(α0 p0 )? − (l1 )1,2 (l1 )?1,2 − (β0 )? β0 .

(4.28)

Looking at (4.26) and (4.27), the coefficient p2 must appear in the right-hand side
of the equation with degree 1 and the only possibility is that it appears in the
product (l1 )1,1 (l1 )2,2 . As a consequence, the two terms with degree 1 in p0 can not
be cancelled with any other term (notice that the sum of both terms is equal to
2β0 α0 p0 , if ? = >, and 2Re(β0 α0 p0 ), if ? = ∗, with β0 α0 = α1 6= 0). Therefore,
the cases (P0.1 ) and (P0.5 ) are not possible, and because of the symmetries in the
equations when spanning the determinant in the left-hand side of (4.24), the cases
(P0.2 )–(P0.4 ) and (P0.6 )–(P0.8 ) are not possible either since they give us analogous
equations to (4.26) or (4.27), respectively.
Looking at (4.28), the coefficient p2 must appear in the right-hand side of the
equation with degree 1 and the only possibility is that it appears in the product
(l1 )1,1 (l1 )2,2 . In addition, not only the term containing the coefficient p0 , but also
the constant term must cancel out, and both terms cannot be cancelled out with
the remaining term (l1 )1,2 (l1 )?1,2 . As a consequence, (P0.9 ) is not possible, and then
(P0.10 )–(P0.12 ) are not possible either because symmetries.
Therefore, none of the cases may occur, so we also get a contradiction. Then,
there is no ?-palindromic companion quadratification for ?-palindromic quartic polynomials.

Remark 4.3.2. Note that, in the proof of Theorem 4.3.1, we have not used the fact
that L(λ) is a strong quadratification. Only the property that L(λ) is a quadratification, for all values of p0 , . . . , p4 , is needed.
In [101, Th. 2.7], the authors proved that ?-alternating and ?-(anti-)palindromic
matrix polynomials are linked via Cayley transformations C−1 or C+1 , introduced in
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[101, Def. 2.4]. We refer the reader to [101] for more information on these relations.
In addition, in [103, Example 3.10], it was shown that the Cayley transformation
is a special type of Möbius transformation, and, by [103, Corollary 8.6], we know
that Möbius transformations preserve any strong `-ification. However, we can not
ensure that they preserve companion `-ifications. Below, we provide an explanation
of this. The key fact is that companion `-ifications can be transformed into generalized companion `-ifications, after applying a Möbius transformation, which is not
necessarily companion.
Let us assume that P (λ) is a ?-palindromic
matrix polynomial of grade k and

is
a
?-even
matrix
polynomial of grade k. Let
Q(λ) = C+1 (P ) := (1 − λ)k P 1+λ
1−λ
LP (λ) be a ?-palindromic companion pencil of P (λ). Then, the question that we
aim to answer is whether there exists a ?-even companion pencil LQ (λ) of Q(λ) such
that LQ (λ) = C+1 (LP ). This problem is showed in the following diagram.
P (λ) (? − palindromic)
Companion Pencil



C+1

C+1

LP (λ) (? − palindromic)

/ Q(λ) (? − even)


Companion Pencil?

/ LQ (λ) (? − even)

Notice that we have used the Cayley transformation C+1 and the ?-palindromic and
?-even structures, but other ones can be chosen, according to [101, Th. 2.7].
The following example answers negatively the question, because we obtain a
matrix pencil LQ (λ), which is ?-even, but is not companion (LQ (λ) does not satisfy
condition (i) in Definition 2.1.17).
P
Example 4.3.3. Let P (λ) = 3j=0 λj Pj ∈ F[λ]n×n be a cubic matrix polynomial.
Then, P (λ) is ?-palindromic if P ? (λ) = rev3 P (λ), namely, if
Pj? = P3−j , for j = 0, 1.
Let Q(λ) be a cubic matrix polynomial defined as follows:




2
3 !
1
+
λ
1
+
λ
1
+
λ
Q(λ) := C+1 (P ) = (1 − λ)3 P0 +
P1 +
P2 +
P3 =
1−λ
1−λ
1−λ
(P0 + P1 + P2 + P3 ) + λ (−3P0 − P1 + P2 + 3P3 ) + λ2 (3P0 − P1 − P2 + 3P3 )
3

+ λ (−P0 + P1 − P2 + P3 ) =:

3
X

λj Qj .

j=0

By [101, Th. 2.7], Q(λ) is ?-even whenever P (λ) is ?-palindromic.
Now, let us consider the following matrix pencil
"
#
0

LP (λ) := LP,0 + λLP,1 = P2 + λP3
−In

P0 + λP1
0
λIn

−λIn
In ,
0
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which is a companion pencil of P (λ) (see Definition 2.1.17) and, moreover, LP (λ)
is ?-palindromic whenever P (λ) is ?-palindromic, and, as above, we define LQ (λ) as
the matrix pencil




1+λ
LP,1 =
LQ (λ) :=C+1 (LP ) = (1 − λ) LP,0 +
1−λ
(LP,0 + LP,1 ) + λ (−LP,0 + LP,1 ) =
"
#
0
P0 + P1 + λ(−P0 + P1 ) −In − λIn
P2 + P3 + λ(−P2 + P3 )
0
In − λIn =
−In + λIn
In + λIn
0





2Q0 −Q1 +2Q3
Q0 −Q2 +Q3
0
+
λ
4
4


 2Q0 +Q1 −Q3 
−Q0 +Q2 +2Q3

+λ
0
4
4
−In + λIn
In + λIn

−In − λIn



In − λIn ,
0



which is ?-even whenever P (λ) is ?-palindromic. However, LQ (λ) is not a companion
pencil of Q(λ) since there are nonzero block entries of LQ (λ), specifically the (1, 2)
and (2, 1) blocks, which do not fulfill condition (i) in Definition 2.1.17.
As a consequence of Example 4.3.3, Möbius transformations do not preserve the
property of being a companion `-ification. For this reason, the proof of Theorem
4.3.1 has been carried out for all the structures in Definition 2.2.4 separately.
The question on whether there are structured companion `-ifications of structured matrix polynomials of grade k = (2d)` is still open in general. We have only
proved, in Theorem 4.3.1, the case d = 1 and ` = 2, that is, there are no structured
companion quadratifications of structured quartic matrix polynomials.
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Chapter 5
Strong linearizations in the
Lagrange basis
As we mentioned in Chapter 1, when solving CPEPs for matrix polynomials expressed in a non-monomial basis, it is important to avoid reformulating the matrix polynomial into the monomial basis [61, 130], since this change of basis can
be poorly conditioned and may introduce numerical errors. For this reason, in
the last decade, researchers have increased their attention to the construction of
new linearizations for matrix polynomials expressed in some classical bases such
as the Chebyshev, Newton, Hermite, Bernstein, or Lagrange bases, among others
[3, 8, 32, 62, 96, 104, 113, 114, 118, 121, 132]. Nevertheless, a thorough numerical
analysis of the influence of the linearization process to solve CPEPs associated to
matrix polynomials expressed in a non-monomial basis is still missing. This open
problem motivates us to develop a backward error analysis of CPEPs solved by
some linearizations of matrix polynomials given in non-monomial bases. Nonetheless, due to the large scale of this problem, we have started by addressing a reduced
goal, specifically for matrix polynomials P (λ), expressed in the Lagrange basis, as
in (2.11).
On the other hand, we also commented in Chapter 1 (more precisely, at the end of
Section 1.2.1) that there are no studies for structured matrix polynomials expressed
in non-monomial bases. Even though some examples of structured linearizations
have been presented for matrix polynomials in non-monomial bases (for instance,
for symmetric polynomials in different classical non-monomial bases [3, 96]), no
linearizations for general structures have been addressed, up to our knowledge. This
motivates us the search of structured linearizations for matrix polynomials given
in non-monomial bases. However, to be consistent with the first open problem
mentioned in the precedent paragraph, we focus only on the Lagrange basis.
This chapter is divided in two sections. Section 5.1 is devoted to perform a firstorder backward error analysis of the CPEP solved via a “one-sided block-Lagrange
matrix pencil” (see (2.15)), which is a strong linearization of a given matrix polyno109
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mial of grade k +1 expressed in the Lagrange basis. In order to address this analysis,
we first prove that, when we perturb the “block-Lagrange dual minimal bases” (see
(2.12) and (2.13)), they remain dual minimal bases, after imposing some natural
conditions, and we provide a bound on the perturbation of (2.13) (Theorem 5.1.1).
Later, we show that a perturbed one-sided block-Lagrange matrix pencil is a strong
linearization of a perturbed matrix polynomial. This allows us to conclude that,
when we compute the complete eigenstructure of a given matrix polynomial P (λ)
from the complete eigenstructure of a one-sided block-Lagrange linearization, then
we get the eigenstructure of a nearby polynomial P (λ) + δP (λ). Moreover, if a suitable backward stable algorithm is used to compute the complete eigenstructure of
the linearization, then we provide a first-order bound on δP (λ), in a suitable norm.
In particular, if P (λ) is conveniently scaled, this bound is relatively small, so we
can claim that computing the complete eigenstructure of P (λ) using the one-sided
block-Lagrange linearization is backward stable.
Section 5.2 contains some new contributions on structured matrix polynomials
expressed in the Lagrange basis. First, we introduce the family of “MA -structured
block-Lagrange matrix pencils” (Definition 5.2.1), which resembles a particular subfamily of the linearizations presented in [121, Section 3.3] for non-structured matrix
polynomials. Furthermore, it is a natural extension, to non-monomial polynomials,
of the MA -structured block-Kronecker matrix pencils introduced in [56, Def. 5.1].
We prove, in a straightforward way, that any MA -structured block-Lagrange matrix
pencil is always a strong linearization of a certain structured matrix polynomial
(Theorem 5.2.2). Finally, we address the inverse problem, that is, for a given matrix
polynomial P (λ), we construct, in a simple way, a structure-preserving strong linearization, which is an MA -structured block-Lagrange matrix pencil (Theorem 5.2.5).
In particular, these linearizations allow the preservation of the spectral symmetries
for P (λ). This property is important when we solve SCPEPs, as we commented in
Section 1.2.1 of Chapter 1.
Throughout Section 5.1 we will use the notation of Lagrange bases, summarized
in Section 2.3, as well as the following notation on matrix polynomials in order to
facilite the reading:
Σ := diag(σ0 , σ1 , . . . , σk ) ⊗ In ∈ C(k+1)n×(k+1)n ;
(k+1)n×(k+1)n

W := diag(w0 , w1 , . . . , wk ) ⊗ In ∈ C


C := Y0 Y1 · · · Yk ∈ Cn×(k+1)n ;
Bk := Sk ⊗ In ∈ C

;

(5.1b)
(5.1c)


kn×(k+1)n

(5.1a)


, where Sk := 



1 −1

k×k+1
.. ..
; (5.1d)
∈C
.
.
1 −1
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1 −1

.. ..

.
.
bk := Sbk ⊗ In ∈ Ckn×kn , where Sbk := 
B

..

. −1
1
Ej := ej+1 ⊗ In ∈ C

(k+1)n×n

, and E =

k
X




 ∈ Ck×k ; and



Ej ,

(5.1e)

(5.1f)

j=0

where ei is the canonical vector (namely, the ith column of Ik+1 ).
The results introduced in this chapter are original contributions of the author.
In particular, they were carried out in the research stay of four months at the
“Università di Pisa” (Italy).

5.1

Backward error analysis of CPEPs solved via
one-sided block-Lagrange matrix pencils

It is known that the QZ or the staircase algorithms are backward stable. This
means that, if the complete eigenstructure (see Definitions 2.1.8 and 2.1.10) of a
matrix polynomial is computed as the complete eigenstructure of a linearization of
the matrix polynomial, then the computed complete eigenstructure is the exact one
of a nearby matrix pencil. Howewer, this does not guarantee that these methods
compute the exact complete eigenstructure of a nearby matrix polynomial, which is
the desired result for the original problem (namely, computing the complete eigenstructure of a matrix polynomial).
Therefore, the main goal in this section is to perform a novel first-order backward
error analysis of the CPEP obtained by a perturbation in a certain linearization of a
given matrix polynomial expressed in the Lagrange basis (more precisely, in a “onesided block-Lagrange linearization” (2.15), which will be recalled later on). We want
to emphasize that the proofs and the ideas presented in this section to develop this
analysis mainly follow the research line of the recent rigorous study of backward
stability presented in [53] for the monomial basis.
We are first going to present a general result on perturbations of the blockLagrange dual minimal bases introduced in (2.12) and (2.13), which will help us
when developing the general backward error analysis.

Perturbations on block-Lagrange dual minimal bases
The block-Lagrange minimal basis (2.12) can be rewritten in an abbreviated form,
using the new notation introduced in this chapter (specifically, (5.1a) and (5.1d)),
as:
Lk;σ (λ) ⊗ In = λBk − Bk Σ = Bk (λI(k+1)n − Σ) ∈ C[λ]kn×(k+1)n ,
(5.2)

112

CHAPTER 5. STRONG LINEARIZATIONS IN THE LAGRANGE BASIS

and, for the sake of completeness, we recall here again the block-Lagrange minimal
basis dual to (5.2), as:


g
(λ)
g
(λ)
·
·
·
g
(λ)
Λ>
(λ)
⊗
I
=
⊗ In ∈ C[λ]n×(k+1)n ,
(5.3)
0
1
k
n
k;σ
k

Y
`(λ)
where gj (λ) :=
=
(λ − σi ), for j = 0, . . . , k.
λ − σj
i=0
i6=j

For the sake of brevity, from now on we will write Lk,n;σ (λ) := Lk;σ (λ) ⊗ In and
>
Λk,n;σ (λ) := Λ>
k;σ (λ) ⊗ In .
ek,n;σ (λ) := Lk,n;σ (λ) + δLk,n;σ (λ) ∈ C[λ]kn×(k+1)n is a perLet us assume that L
turbation of the matrix pencil Lk,n;σ (λ). Then, thanks to [135, Th. 7.1], one can
e > (λ) := Λ> (λ) +
prove that, when δLk,n;σ (λ) is sufficiently small, there exists Λ
k,n;σ
k,n;σ
>
>
e
δΛk,n;σ (λ), with the same column degrees as Λk,n;σ (λ), such that Lk,n;σ (λ) is dual
e > (λ). Furthermore, [135, Th. 7.1(c)] also provides a computable bound for
to Λ
k,n;σ
the size of the minimal perturbation that fails to satisfy the assumption above.
e k,n;σ (λ) (or, similarly, Λ
e > (λ)) is not uniquely
However, the vector polynomial Λ
k,n;σ
e
e > (λ)B also satisfies
determined (i.e., if Λk,n;σ (λ) satisfies certain conditions, then Λ
k,n;σ
n×n
them, for any nonsingular matrix B ∈ C ). This makes the choice to select a
unique basis, but not necessarily minimal. Then, in order to select a unique minimal
basis, we shall assume that
e k,n;σ ] = E > hr[Λk,n;σ ] = (k + 1)In ,
E > hr[Λ

(5.4)

where E is defined as in (5.1f), and hr[A] denotes the highest row degree coefficient matrix of the matrix polynomial A(λ) (see Definition 2.1.11 to recall this
e k,n;σ (λ) does not satisfy this condition, then we can replace it
notion). Indeed, if Λ

−1
e > (λ)B, where B = (k + 1) E > hr[Λ
e k,n;σ ]
by Λ
. The inverse that is required
k,n;σ

here exists when δLk,n;σ (λ) is sufficiently small, by continuity. This specific choice
of normalization (5.4) will be a requirement in the statement of Theorem 5.1.1 (and
we will use it, more precisely, when writing (5.21)).
Now, let us define the matrix ∆ ∈ C(k+1)n×(k+1)n as follows:


∆ := w0 δΛk,n;σ (σ0 ) w1 δΛk,n;σ (σ1 ) · · · wk δΛk,n;σ (σk )


(5.5)
= δΛk,n;σ (σ0 ) δΛk,n;σ (σ1 ) · · · δΛk,n;σ (σk ) W.
Using this definition, δΛk,n;σ (λ) = ∆Λk,n;σ (λ). In particular, taking the highest
row degree coefficient matrix in both sides of the previous identity, we obtain that
hr[δΛk,n;σ ] = hr[∆Λk,n;σ ] = ∆E. Then, replacing this identity in (5.4), we get the
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following chain of equivalent identities:
E > hr[Λk,n;σ + δΛk,n;σ ] = E > hr[Λk,n;σ ];
E > hr[Λk,n;σ ] + E > hr[δΛk,n;σ ] = E > hr[Λk,n;σ ];
E > hr[δΛk,n;σ ] = 0;

(5.6)

E > (∆E) = 0.
The last identity in equation (5.6) shows that (∆E) is orthogonal to E. This will be
ek,n;σ (λ)
used when proving Theorem 5.1.1. In particular, Theorem 5.1.1 shows that L
e k,n;σ (λ), and it also presents a bound on k∆kF , defined
admits a dual minimal basis Λ
in (5.5).
Theorem 5.1.1. Let Lk,n;σ (λ) and Λ>
k,n;σ (λ) be the matrix polynomials defined,
respectively, in (2.12) and (2.13), and let δLk,n;σ (λ) := δL0 + λ δL1 be any matrix
pencil of the same size as Lk,n;σ (λ) := L0 + λL1 such that kδL0 kF ≤ εkL0 kF and
kδL1 kF ≤ εkL1 kF .
e k,n;σ (λ) = Λk,n;σ (λ) + δΛk,n;σ (λ), dual to
Then, there exists the minimal basis Λ
ek,n;σ (λ) = Lk,n;σ (λ) + δLk,n;σ (λ), and normalized as in (5.4), for sufficiently small
L
ε, and it is such that ∆ in (5.5) is bounded as follows:
k∆kF ≤

√
maxi |σi |
p(k) n ε + O(ε2 ),
mini6=j |σj − σi |

(5.7)

for a suitable polynomial p(k).
In order to prove Theorem 5.1.1 we use the following result (see Section 1.4 to
clarify the notation σmin and σmax , as well as usual norms on matrices).
bk be the matrices in (5.1d) and (5.1e), respectively.
Lemma 5.1.2. Let Bk and B
bk , the Moore-Penrose pseuThen, for all k ≥ 1, the 2-norm of the matrices Bk , B
+
b
doinverse of Bk , denoted by Bk , and the inverse of Bk , are bounded as follows:
bk k2 = σmax (Sbk ) ≤ 2,
kBk k2 = σmax (Sk ) ≤ 2, kB
k+1
2k + 1
1
1
b −1 k2 =
≤ √ , and kB
≤
,
kBk+ k2 =
k
σmin (Sk )
3
2 2
σmin (Sbk )
where the singular values of Sk and Sbk are given by the expressions




(j − 12 )π
jπ
b
σk−j+1 (Sk ) = 2 sin
, and σk−j+1 (Sk ) = 2 sin
,
2(k + 1)
2k + 1
for j = 1, 2, . . . , k.

(5.8)

(5.9)
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Proof. The expression (5.9) is classical: indeed, note that Sk Sk> = tridiag(−1, 2, −1)
is a tridiagonal Toeplitz matrix, and Sbk Sbk> is the same matrix but with a different
boundary condition (its (k, k) entry is 1 rather than 2). The eigenvalues, and then
the singular values, of these matrices are well known and related to the Chebyshev
polynomials (see, for instance, √
[85, 87]). The bounds (5.8) follow from sin (πx) ≥ 3x,
1

for x ∈ [0, 6 ], and sin (πx) ≥ 2 2x, for x ∈ [0, 14 ], respectively.
Proof
√ (of Theorem 5.1.1). Using that σmax (Bk ) = σmax (Sk ) ≤ 2, and kBk kF ≤
2 kn (see Section 1.4), together with the expression (5.2), we get the upper bounds:
√
khr[δLk,n;σ (λ)]kF =kδL1 kF ≤ εkBk kF ≤ 2 kn ε, and
(5.10)
kδLk,n;σ (σj )kF ≤kδL0 kF + |σj |kδL1 kF ≤ kBk kF (kΣk2 + |σj |)ε
(5.11)
√
≤4 max |σi | kn ε.
i

ek,n;σ (λ) and Λ
e > (λ) to be dual minimal bases,
In order for the matrix polynomials L
k,n;σ
the following condition must be satisfied (see part (c) in Definition 2.1.13):
ek,n;σ (λ)Λ
e k,n;σ (λ) ≡ 0.
L

(5.12)

Spanning the left-hand side of the equation (5.12), we get
(Lk,n;σ (λ) + δLk,n;σ (λ)) (Λk,n;σ (λ) + δΛk,n;σ (λ)) ≡ 0.
Since Lk,n;σ (λ) and Λ>
k,n;σ (λ) are dual minimal bases, the product Lk,n;σ (λ)Λk,n;σ (λ)
is identically zero, then we reduce the above equation to:
e k,n;σ (λ).
Lk,n;σ (λ)δΛk,n;σ (λ) = −δLk,n;σ (λ)Λ

(5.13)

We evaluate (5.13) in one of the nodes σj , obtaining
ej ,
Lk,n;σ (σj )∆Ej = −δLk,n;σ (σj )E

(5.14)

ej = Ej (1 + O(ε)), and
where E
Lk;σ (σj ) :=
 (σ − σ ) − (σ
j








0

j

− σ1 )
..
.


..
.
(σj − σj−2 )

− (σj − σj−1 )
(σj − σj−1 ) 0
0

and Lk,n;σ (σj ) := Lk;σ (σj ) ⊗ In .

− (σj − σj+1 )
(σj − σj+1 )

− (σj − σj+2 )
..
.

..
.
(σj − σk−1 )







− (σj − σk )
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Notice that the (j +1)th block-column of Lk,n;σ (σj ) is zero, so we remove it to obtain
a square system of the form
ej ,
Rj Xj = −δLk,n;σ (σj )E

(5.15)

where
Rj =
 (σ − σ
j

− (σj − σ1 )
..
.

0)








..
.
(σj − σj−2 )








− (σj − σj−1 )
(σj − σj−1 )
− (σj − σj+1 )
(σj − σj+1 )

"
⊗ In =

(5.16)


− (σj − σj+2 )
..
.

..
.
(σj − σk−1 )

− (σj − σk )

#

bj
B
b>
−B
k−j

diag (σj − σ0 , . . . , σj−1 − σj , σj+1 − σj , . . . , σk − σj ) ⊗ In , and



Xj> = ∆0,j · · · ∆j−1,j ∆j+1,j · · · ∆k,j ,

(5.17)

where ∆i,j ∈ Fn×n denote the blocks obtained by partitioning ∆ into k+1 block-rows
and block-columns.
Lemma 5.1.2 helps us to get the following bound
"

#−1

bj
B

≤

b>
−B
k−j

2 max{j, k − j} + 1
2k + 1
≤
.
3
3

(5.18)

2

Now, using (5.11), (5.15), (5.16), and (5.18), together with [53, Lemma 2.15 (a)–(b)],
we get that
ej kF ≤ kR−1 k2 kδLk,n;σ (σj )kF kE
ej k2
kXj kF ≤kRj−1 δLk,n;σ (σj )E
j
√
1
2k + 1
4 max |σi | kn ε(1 + O(ε)).
≤
i
3 mini6=j |σj − σi |
Notice that kXj kF is the Frobenius norm of the (j +1)th block-column of the matrix
b := ∆ − diag(∆0,0 , ∆1,1 , . . . , ∆k,k ); hence,
∆
v
! v
u k 
u k
2 !
u X
u X
√
max
|σ
|
8k
+
4
i
i
b F =t
k∆k
kXj k2F ≤ t
kn ε
+ O(ε2 )
min
|σ
−
σ
|
3
i6
=
j
j
i
j=0
j=0
≤

maxi |σi |
8k + 4 p
k(k + 1)n ε + O(ε2 ).
mini6=j |σj − σi | 3

(5.19)
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However, the diagonal blocks {∆0,0 , . . . , ∆k,k } do not appear in this bound. Then,
we will use a different strategy to bound their magnitude. If we take the highest
row degree coefficient matrices of both sides in the equation (5.13), we get
e k,n;σ (λ)]
hr[Lk,n;σ (λ)]hr[δΛk,n;σ (λ)] = −hr[δLk,n;σ (λ)]hr[Λ
e
Bk ∆E = −hr[δLk,n;σ (λ)]E,

(5.20)

e = E (1 + O(ε)).
with E
The condition (5.6) shows that ∆E is orthogonal to ker Bk = E, hence we can
compute this particular solution of the underdetermined system (5.20) using the
Moore-Penrose pseudoinverse Bk+ , i.e.,
e
∆E = −Bk+ hr[δLk,n;σ (λ)]E.

(5.21)

Taking
norms in both sides of equation (5.21), and using (5.8), (5.10), and kEk2 =
√
k + 1, together with [53, Lemma 2.15 (a)–(b)], we get
√
+1 √
e 2 ≤ k√
k∆EkF ≤kBk+ k2 khr[δLk,n;σ (λ)]kF kEk
2 kn ε k + 1(1 + O(ε))
2 2
k + 1p
≤ √
k(k + 1)n ε + O(ε2 ).
(5.22)
2
b + diag(∆0,0 , . . . , ∆k,k )E. This will allow us to get a
Notice now that ∆E = ∆E
bound on k∆kF as follows. First,
b F ≤ k∆EkF + k∆k
b F kEk2 ,
k diag(∆0,0 , . . . , ∆k,k )EkF = k∆E − ∆Ek

(5.23)

and, in addition, k diag(∆0,0 , . . . , ∆k,k )kF = k diag(∆0,0 , . . . , ∆k,k )EkF . Then, combining (5.19), (5.22), and (5.23) we obtain that
b + diag(∆0,0 , . . . , ∆k,k )kF ≤ k∆k
b F + k diag(∆0,0 , . . . , ∆k,k )kF
k∆kF = k∆
√
√
maxi |σi |
8k + 4 p
b F (1 + k + 1) + k∆EkF ≤
k(k + 1)n ε(1 + k + 1)
≤ k∆k
mini6=j |σj − σi | 3
p
k+1
+ √
k(k + 1)n ε + O(ε2 ).
2
Now, the bound (5.7) follows immediately.



Once Theorem 5.1.1 is proved, we may adress the general backward error analysis
mentioned at the beginning of this section.
For the easy of reading, we recall here again the “one-sided block-Lagrange matrix pencil” (2.15) as


M
L(λ) = L0 + λL1 =
,
(5.24)
Lk,n;σ (λ)
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where M := w0 Y0 · · · wk Yk = CW , and Lk,n;σ (λ) is defined in (5.2).
As we mentioned in Section 2.3, Proposition 4.6 in [132] shows that L(λ) in (5.24)
is a strong linearization of the given matrix polynomial P (λ) := M Λk,n;σ (λ) of grade
k + 1. Then, (5.24) has the same eigenvalues as P (λ) plus an n extra eigenvalues
at infinity (more precisely, this is a consequence of the first block-row of the matrix
pencil in (5.24), i.e. the matrix M , which does not contain the parameter λ).
We now assume that the eigenvalues and/or the complete eigenstructure of the
pencil L(λ) in (5.24) are computed numerically through a backward stable method
with the additional hypothesis of also preserving the infinite eigenvalues. For instance, we may have computed the eigenvalues using the QZ iteration [112]. Under
some very reasonable assumptions, the QZ method computes the eigenvalues of a
slightly perturbed matrix pencil


M + δM
, where δLk,n;σ (λ) = δL0 + λδL1 , (5.25)
L(λ) + δL(λ) :=
Lk,n;σ (λ) + δLk,n;σ (λ)
such that
 δM is a constant matrix,
 kδM kF ≤ ε kM kF , and
 kδLi kF ≤ ε kLi kF , for i = 0, 1,

with ε being a moderate multiple of the machine precision.
In particular, we need to assume that kL0 kF and kM kF have the same order
of magnitude, a property that holds when the matrix polynomial P (λ) is suitably
scaled. Besides, at first glance, it might appear as a strong requirement to assume
that δM does not depend on λ. However, this can be easily achieved applying
either a sequence of block Gauss transformations on the right of (5.24) or unitary
transformations (see, for instance, [95, Section 4] and [92, Section 7] for the matrix
and scalar case, respectively). The advantage of these tranformations on the matrix
pencil (5.24) is that the block of n infinite eigenvalues may be deflated by the
Schur form, and the QZ method will not update it any further (see, for instance,
[92, 95, 131]). In particular, this can be used to show that there is no dependency
on λ on the backward error in the first block-row.
Now, we have all the ingredients to analyze the backward stability of the perturbation (5.25). In particular, we are going to show that L(λ) + δL(λ) is a strong
linearization of a perturbed matrix polynomial P (λ) + δP (λ), and we provide a
bound, in a suitable norm, of δP (λ). We first define two norms that will be used
in the sequel. We call them the weighted and the unweighted norm of the matrix
polynomial P q
(λ), expressed in the Lagrange basis (as
(2.11)), and are defined by
qin
Pk
Pk
2
2
kP (λ)kW :=
j=0 kwj P (σj )kF and kP (λ)kU :=
j=0 kP (σj )kF , respectively.
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Notice that P (σj ), for j = 0, . . . , k, are the coefficients of the interpolant matrix
polynomial P (λ).
Thanks to Theorem 5.1.1, we can ensure that Lk,n;σ (λ)+δLk,n;σ (λ) and Λk,n;σ (λ)+
δΛk,n;σ (λ) are dual minimal bases for which kδΛk,n;σ (λ)kW = k∆kF is bounded as
in (5.7). Similarly, thanks to the results in [53, Section 5] for the monomial case,
we can ensure that the matrix pencil L(λ) + δL(λ) is a strong linearization of the
matrix polynomial P (λ) + δP (λ) := (M + δM )(Λk,n;σ (λ) + δΛk,n;σ (λ)).
Now, we analyze the norm of the perturbation matrix polynomial δP (λ). First,
δP (λ) = (δM ) Λk,n;σ (λ) + M (δΛk,n;σ (λ)) + (δM ) (δΛk,n;σ (λ)) ,
then taking norms in both sides of the equation and using [53, Lemma 2.15 (c)–(d)],
we get the following bounds on the absolute backward error
kδP (λ)kW ≤ kδM kF + kM kF kδΛk,n;σ (λ)kW + O(ε2 ) ≤ (ε + k∆kF ) kM kF + O(ε2 )


√
maxi |σi |
p(k) n ε kM kF + O(ε2 ),
(5.26)
≤ 1+
mini6=j |σj − σi |
and the relative backward error


√
kδP (λ)kW kδP (λ)kW
maxi |σi |
p(k) n ε + O(ε2 )
≤
≤ 1+
kP (λ)kW
kM kF
mini6=j |σj − σi |
√
maxi |σi |
2 maxi |σi |
+
p(k) n ε + O(ε2 )
≤
mini6=j |σj − σi | mini6=j |σj − σi |
√
maxi |σi |
≤
pe(k) n ε + O(ε2 ),
(5.27)
mini6=j |σj − σi |
for a suitable polynomial pe(k) (for instance, if pe(k) = p(k) + 2, the above inequality
is satisfied).
Besides, we can convert these bounds to bounds using the unweighted norm
kP (λ)kU . In particular,
v
v
u k
u k
uX
uX
2
t
kδP (λ)kW =
|wj | kδP (σj )kF ≥ min |wi |t
kδP (σj )k2F = min |wi | kδP (λ)kU ,
j=0

i

j=0

i

and, analogously,
kP (λ)kW ≤ max |wi | kP (λ)kU .
i

Therefore, equations (5.26) and (5.27) can be written for the unweighted norm as
1
kδP (λ)kW
mini |wi |
√
1
maxi |σi |
≤
pe(k) n ε kM kF + O(ε2 ),
mini |wi | mini6=j |σj − σi |

kδP (λ)kU ≤

(5.28)
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and
√
kδP (λ)kU
maxi |wi | kδP (λ)kW
maxi |wi |
maxi |σi |
≤
≤
pe(k) n ε + O(ε2 ).
kP (λ)kU
mini |wi | kP (λ)kW
mini |wi | mini6=j |σj − σi |
(5.29)
Notice that the backward error bound will be large if the values of the coefficients
of P (λ) (i.e., the norm kM kF ) are large. However, if the matrix polynomial is
suitably scaled, then the backward error becomes relatively small. On the other
i |wi |
hand, when we focus on the relative error, the term max
will be larger if the
mini |wi |
barycentric weights are very different to each other in norm. For instance, equispaced
nodes have barycentric weights which vary by large factors, unlike the Chebyshev
nodes, which vary only by a factor 2 at most [94].
In particular, this backward error analysis not only recovers and generalizes the
one of the rootfinding problem for barycentric Lagrange interpolants analyzed in
[94] by Corless and Lawrence, but also generalizes the recent one of the polynomial eigenvalue problem for barycentric Lagrange interpolants analyzed in [95] by
Lawrence and Van Dooren, where only a factor on the magnitude δP (λ) is analyzed
to bound it.

5.2

MA-structured block-Lagrange matrix pencils

In this section we focus on the problem of constructing strong linearizations in
a structure-preserving way for a given structured matrix polynomial P (λ) of odd
grade, expressed in a Lagrange(-like) basis, which enables the preservation of spectral
symmetries for P (λ).
We first introduce, in Definition 5.2.1, the notion of “MA -structured blockLagrange matrix pencil”. This is a subfamily of the one presented in [121, Section
3.3] for Lagrange polynomials (see Section 2.3). Furthermore, this is constructed in
a similar way of the known “MA -structured block-Kronecker matrix pencils”, introduced in [56, Def. 5.1] for monomial polynomials. As the name suggests, the main
difference between both families is stated on the dual minimal bases used (that is,
in the two big blocks of their anti-diagonals).
Definition 5.2.1. Let Lk;σ (λ) ∈ C[λ]k×k+1 be the matrix pencil defined in (2.12),
and let A ∈ GL(2, F) be a coninvolutory matrix. Then a matrix pencil of the form


M (λ)
MA [Lk;σ ]? ⊗ In
L(λ) =
with MA [M ] = M ? (λ),
(5.30)
Lk;σ (λ) ⊗ In
0
is called an MA -structured block-Lagrange matrix pencil.
Notice that, similarly to our constructions in Chapter 4, the matrix A must
be coninvolutory (see end of Section 2.2) to guarantee that L(λ) in (5.30) is MA structured (that is, L(λ) satisfies the identity MA [L] = L? (λ)).
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The following theorem is a simple extension of [121, Th. 25]. It can be seen as
the analog of [56, Th. 5.3] for MA -structured block-Kronecker matrix pencils.
Theorem 5.2.2. Let L(λ) be an MA -structured block-Lagrange matrix pencil as
in (5.30). Then, the matrix polynomial L(λ) is a strong linearization of the MA structured matrix polynomial of grade 2k + 1
P (λ) := (MA [Λk;σ ]? ⊗ In )M (λ)(Λk;σ (λ) ⊗ In ),

(5.31)

where Λk;σ (λ) is as in (2.13).
We show in Theorem 5.2.2 that any MA -structured block-Lagrange matrix pencil
L(λ) is always a strong linearization of a certain MA -structured matrix polynomial.
However, we are interested in the inverse problem, that is, for a given MA -structured
matrix polynomial P (λ), how can we construct a structure-preserving strong linearization L(λ)?
In order to address this problem, we first study how the given matrix polynomial
P (λ) must be defined. Let {σ0 , . . . , σk } be a set of distinct complex nodes, and let
σ ? a+b
{σ0• , . . . , σk• } be the set defined by σj• := mA (σj? ) = σj? c+d 6= ∞, for j = 0, . . . , k, such
j
that σi 6= σj• for all i, j = 0, . . . , k. When these conditions hold, the set
{σ0 , σ1 , . . . , σk , σ0• , σ1• , . . . , σk• }

(5.32)

is comprised of 2(k + 1) distinct complex nodes. We say that a set of nodes with
this property is m?A -generic.
Now, we consider k + 1 matrices Y0 , Y1 , . . . , Yk . Then, we wish to construct an
MA -structured matrix polynomial P (λ) of grade 2k + 1 satisfying the interpolation
conditions
P (σj ) = Yj , j = 0, 1, . . . , k.
(5.33)
More precisely, in Lemma 5.2.3, we will give an explicit expression proving that it
is possible to solve this problem (named “the Lagrange interpolation problem”, see
Section 2.3). Note that such a solution must be unique. Indeed, Lemma 2.2.6 shows
that an MA -structured matrix polynomial satisfying (5.33), must also satisfy
P (σj• ) =

1
Y ?,
(σj c? + d? )2k+1 j

j = 0, 1, . . . , k.

(5.34)

Then, equation (5.33), together with (5.34), prescribe the value of the matrix polynomial P (λ) on 2(k + 1) distinct points. Hence, by Lagrange interpolation, there is
exactly one matrix polynomial that satisfies (5.33) and (5.34). This is summarized
in Lemma 5.2.3.
Lemma 5.2.3. Let
Dj (λ) :=

λ − σj•
Yj ,
gj (σj )MA [gj ]? (σj ) σj − σj•
1

·
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P (λ) =

k
X

(Dj + MA [Dj ]? ) (λ) · gj (λ) · MA [gj ]? (λ),
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(5.35)

j=0
d
Y
where the polynomials gj (λ) :=
(λ − σi ), for j = 0, . . . , k, and with A being
i=0
i6=j

coninvolutory. Then, P (λ) is the unique MA -structured matrix polynomial of grade
2k + 1 that satisfies the interpolation conditions (5.33).
Proof. By Proposition 2.2.3, and using that A is coninvolutory, it is straightforward
to check that P (λ) is MA -structured. Notice that, by definition, the polynomials
gj (λ) are of grade k, as well as the polynomials MA [gj ]? (λ), by Proposition 2.2.3(k).
Regarding the matrix pencils Dj (λ) and MA [Dj ]? (λ), they are both of grade 1. Then,
the matrix polynomial P (λ) will be of grade 2k + 1, as claimed.
Finally, we should prove that (5.33) is satisfied. Since
(
0
i 6= j,
gi (σj ) =
gj (σj ) 6= 0 i = j,
when we evaluate P (σj ), all summands vanish except the one with i = j. Moreover,
since Dj (σj• ) = 0 is satisfied by definition, by Lemma 2.2.6, it is also satisfied that
MA [Dj ]? (σj ) = 0. Finally, (gj · MA [gj ]? · Dj )(σj ) = Yj follows directly from definition
of the polynomials Dj (λ). Therefore
P (σj ) = (Dj · gj · MA [gj ]? )(σj ) + (MA [Dj ]? · gj · MA [gj ]? )(σj ) = Yj + 0 = Yj . 
Remark 5.2.4. The construction in Lemma 5.2.3 is, essentially, the Lagrange interpolation on the nodes (5.32). In particular, the roots of the term MA [gj ]? (λ) are
•
•
, . . . , σk• }, by Lemma 2.2.6, so the expression
, σj+1
the k values {σ0• , . . . , σj−1
gj (λ) MA [gj ]? (λ) λ − σj•
·
gj (σj ) MA [gj ]? (σj ) σj − σj•
is the Lagrange polynomial, which is equal to 1 in the node σj and 0 in all the other
nodes of the set (5.32).
We emphasize that, even though the matrix polynomial P (λ) is expressed in a
product of polynomials of two Lagrange bases, associated to the nodes {σ0 , . . . , σk }
and {σ0• , . . . , σk• } separately, its product can be seen as a unique Lagrange basis associated to all the union of the 2k +1 nodes. Furthermore, this m?A -generic set presents
a certain symmetry on the nodes (more precisely, σj• = mA (σj? ), for j = 0, . . . , k).
Theorem 5.2.5 is the main contribution in this section. In particular, we construct a family of MA -structured block-Lagrange matrix pencils, which these are
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strong linearizations of the given structured matrix polynomial P (λ) as in (5.35).
Remember that to construct the matrix pencil as in (5.30), we only have to look
for an appropiate (MA -structured) matrix pencil M (λ) that allows us to recover
the matrix polynomial P (λ). In particular, the matrix pencil M (λ) that we construct is diagonal. This property establishes a noteworthy simplicity of such new
constructions.
1×k+1
Theorem 5.2.5. Let Lk;σ (λ) ∈ C[λ]k×k+1 and Λ>
be the “blockk;σ (λ) ∈ C[λ]
Lagrange dual minimal bases” defined in (2.12) and (2.13), respectively, and let
A ∈ GL(2, F) be a coninvolutory matrix. Let P (λ) be the (unique) MA -structured
matrix polynomial of grade 2k+1, defined as in (5.35), that satisfies the interpolation
conditions (5.33), and it is associated to an m?A -generic set of interpolant nodes.
Let D(λ) := diag(D0 (λ), . . . , Dk (λ)), where Dj (λ) are the matrix pencils defined in
Lemma 5.2.3. Then, the MA -structured block-Lagrange matrix pencil


(D + MA [D]? ) (λ) MA [Lk;σ ]? ⊗ In
L(λ) =
(5.36)
Lk;σ (λ) ⊗ In
0

is a strong linearization of P (λ).
Proof. By Proposition 2.2.3, and using that A is coninvolutory, it is straightforward
to verify that L(λ) is MA -structured. In particular, it is an MA -structured blockLagrange matrix pencil (Definition 5.2.1). Then, by Theorem 5.2.2, L(λ) is a strong
linearization of the matrix polynomial
Pe(λ) := (MA [Λk;σ ]? ⊗ In ) (D + MA [D]? ) (Λk;σ (λ) ⊗ In ).
Now, we need to check that the identity Pe(λ) = P (λ) is satisfied. If we compute
the product of the three blocks of Pe(λ), taking into account that, by part (i) in
Proposition 2.2.3, MA [D]? := diag(MA [D0 ]? , . . . , MA [Dk ]? ), we obtain that:
Pe(λ) = (MA [g0 ]? (D0 + MA [D0 ]? )g0 )(λ) + · · · + (MA [gk ]? (Dk + MA [Dk ]? )gk )(λ)
=: P (λ).

Theorem 5.2.5 presents, for the first time, a simple construction of structurepreserving linearizations for matrix polynomials expressed in the Lagrange basis.
So far, only a few cases of structured matrix pencils had been analyzed (see, for
instance, [115] for symmetric linearizations of Chebyshev polynomials, and [3] for
symmetric linearizations of different non-monomial polynomials).
Finally, notice that L(λ) in (5.36) has a small number of nonzero block entries, as
a consequence of the (1, 1) big block, which is diagonal. More precisely, it has a total
amount of 5k + 1 = 2g − 1 + b g2 c nonzero block entries, where g := 2k + 1 is the grade
of the matrix polynomial P (λ). This number coincide with the minimum number
of nonzero block entries of an MA -structured block-Kronecker matrix pencil (see (a)
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in Definition 4.2.10). Then, we conjecture that any sparse MA -structured blockLagrange matrix pencil, which is a strong linearization of a given matrix polynomial
P (λ) (expressed in a Lagrange(-like) basis as in (5.35)), has exactly this number of
nonzero block entries. We aim to address, as a future research, the study of the
sparsity of `-ifications expressed in non-monomial bases (see P4 in Section 6.4).
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Chapter 6
Conclusions, publications, and
open problems
In this chapter, we discuss the main conclusions and original results of this thesis.
We also present a list of all papers (published or in progress) that include the results
developed in this dissertation, and the conferences where they have been presented.
In addition, we propose a list of related open problems for future research.

6.1

Conclusions and original results

In this section, we provide a summary of the main original results introduced in this
dissertation.
Chapter 3: First, we have introduced the new notion of generalized companion
L(λ) = L0 + λL1 , for square (scalar and) matrix polynomials P (λ) :=
Pk pencils,
j
λ
P
of
grade k over an arbitrary field (expressed in the monomial basis),
j
j=0
which extends the notion of companion matrix of monic scalar polynomials, and
the notion of companion pencil (see Definition 3.1.1) by allowing the coefficients
L0 and L1 to contain block entries in the ring of polynomials in the coefficients
P0 , . . . , Pk . We have proved, for the scalar case, some algebraic properties of these
pencils. P
In particular, all generalized companion pencils of a given scalar polynomial
p(λ) := kj=0 λj pj have the same Smith canonical form over F(p0 , . . . , pk ), namely
diag(Ik−1 , p1k p(λ)) (Theorem 3.3.2), and we have proved that they all are nonderogatory (Theorem 3.3.3). We also have seen that, if we impose the condition that each
coefficient pj of the polynomial p(λ) appears only once in L(λ), then the entries of
L(λ) have a very specific form (Proposition 3.1.6), and, under this condition, the
smallest number of nonzero entries of L(λ) is 2k − 1 + b k2 c (Theorem 3.3.6). This is
also the smallest number of nonzero entries of L(λ) if it contains k − 1 entries equal
to 1 and another k − 1 entries equal to λ, up to nonzero constant factors (Theo-
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rem 3.3.5), as it happens in most of the families of companion pencils introduced
so far in the literature. For generalized companion pencils without restrictions, we
have proved that the number of nonzero entries in L0 and L1 , altogether, is at least
3k − 1 (Theorem 3.3.4). However, some of these nonzero entries may be in the same
position in L(λ).
Proposition 3.1.6 has motivated us toP
introduce a family of companion pencils
k
j
for square matrix polynomials P (λ) :=
j=0 λ Pj of degree k over an arbitrary
field (expressed in the monomial basis), denoted by Rn,k , which extends the one in
[58] for companion matrices of monic scalar polynomials. This family contains all
companion pencils in most of the families of companion pencils introduced so far
in the literature, expressed in the monomial basis, and having a small number of
nonzero entries. In particular, Rn,k contains both Fiedler and generalized Fiedler
pencils, as well as all sparse pencils in the block-Kronecker family presented in [53].
We have provided a “canonical” expression for companion pencils in Rn,k , up to
block permutation (Section 3.2.2). This expression, which leads to the class Qn,k ,
is block lower Hessenberg and resembles the one provided in [58] for companion
matrices of monic scalar polynomials. We have provided a characterization for a
pencil in Qn,k to be a companion pencil (namely, they are those in the class denoted
by QC n,k ). Finally, we have also determined the smallest number of nonzero block
entries of a companion pencil in Rn,k (Lemma 3.2.10), as well as the number of
different sparse companion pencils in Rn,k , up to block permutation (Theorems
3.2.20 and 3.2.21).
Chapter 4: We have presented, for the first time, a family of structured
P (generalized) companion `-ifications of structured matrix polynomials P (λ) := kj=0 λj Pj
of grade k := (2d + 1)` over an arbitrary field (expressed in the monomial basis),
for the main structures of matrix polynomials that are frequently considered in the
literature such as (skew)-symmetric, (skew-)Hermitian, (anti-)palindromic, and alternating structures (Theorem 4.2.6). The constructions are structured versions of
the block-Kronecker `-ifications presented in [55]. We have also determined the
smallest number of nonzero block entries in these constructions (Proposition 4.2.9),
and we have provided a procedure to construct sparse structured `-ifications within
this family. Finally, we have shown that there are no structured companion quadratifications for quartic matrix polynomials (Theorem 4.3.1).
Chapter 5: First, we have developed a novel first-order backward error analysis of the CPEP,
to matrix polynomials expressed in the Lagrange basis
P associated
w
P (λ) := `(λ) kj=0 λ−σj j P (σj ) of grade k + 1. In particular, we have proved that, if
P (λ) is conveniently scaled, the backward error bound is relatively small, and then
we get a good backward stability from the polynomial point of view when the linearization is combined with a backward stable algorithm for computing the complete
eigenstructure of P (λ). In addition, we present a general result on perturbations (to
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first order) of the block-Lagrange dual minimal bases (Theorem 5.1.1). This analysis generalizes the previous studies on backward stability, associated to Lagrange
polynomials, presented by Lawrence et al. in [94, 95, 97]. Furthermore, we have also
presented, for the first time, a family of structured strong linearizations of structured
matrix polynomials P (λ) of odd grade 2k + 1, expressed in a Lagrange(-like) basis,
which enables the preservation of spectral symmetries of P (λ). The constructions
are a natural extension of the structured block-Kronecker matrix pencils presented
in [56] for the monomial basis.

6.2

Publications

The origninal results in Chapter 3 are contained in the following two papers:
 F. De Terán and C. Hernando, A Class of Quasi-Sparse Companion
Pencils, In: Bini D., Di Benedetto F., Tyrtyshnikov E., Van Barel M. (eds)
Structured Matrices in Numerical Linear Algebra. Springer INdAM Series,
vol.30, pp.157–179 (2019).
 F. De Terán and C. Hernando, A note on generalized companion pencils
in the monomial basis. RACSAM 114, 8 (2020).
DOI: 10.1007/s13398-019-00760-y.

The original results in Chapter 4 are contained in the following paper:
 F. De Terán, C. Hernando and J. Pérez, Structured strong `-ifications
for structured matrix polynomials, Submitted to Electronic Journal of Linear
Algebra (ELA).

In addition, the original results in Chapter 5 will be submitted for publication
shortly:
 C. Hernando, F. Poloni and L. Robol, Backward error analysis of linearizations for matrix polynomials expressed in the Lagrange basis.

6.3

Contributions to conferences

The results developed in this dissertation have been presented in several conferences.
These conferences include one of the most relevant international conferences in the
area of Applied Mathematics: the International Congress on Industrial and Applied
Mathematics (ICIAM).
The results contained in Chapter 3 have been presented in:
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 A class of companion pencils, presented as a contributed talk in “Encuentro ALAMA 2018”, a meeting organized by ALAMA (the Spanish thematic
network of Linear Algebra, Matrix Analysis and Applications) in Sant Joan
d’Alacant, Spain, May 30–June 1, 2018.
 A class of companion pencils, presented as a contributed talk in “XII Workshop
of Young Researchers in Mathematics”, held in Madrid, Spain, September 24–
26, 2018.

The results contained in Chapter 4 have been presented in:
 Construction of MA -structured block-Kronecker degree-` matrix polynomials,
presented as a poster at “Gene Golub SIAM Summer School 2019” organized
by SIAM, held in Aussois, France, June 17–28, 2019.
 Structured companion quadratifications of matrix polynomials, presented in
the minisymposium “Nonlinear and multiparameter eigenvalue problems” in
the 9th conference of the International Congress on Industrial and Applied
Mathematics (ICIAM), held in Valencia, Spain, July 15–19, 2019.

There are some additional conferences, one of them international, where the
author of this dissertation aimed to present the contributions of this thesis (the
proposals were accepted by the corresponding scientific committee), all of them
originally planed to be held in June, 2020. More precisely, these are the “Encuentro
ALAMA 2020–ALN2gg” (in Madrid, Spain, June 3–5), the “CEDYA/CMA 2020”
(in Gijón, Spain, June 15–19) and the 23rd conference of the International Linear
Algebra Society (ILAS) (in Galway, Ireland, June 22–26). Unfortunately and due
to the current world events regarding the COVID-19, they all have been postponed
to 2021.

6.4

Open problems and future research

Finally, we present some open problems and future research motivated by the results
obtained in this dissertation.
P1. Sparsity of a generalized companion pencil: The work presented in
Section 3.3 gives us a first step in the aim of looking for the smallest possible number
of nonzero block entries in an arbitrary generalized companion pencil for (scalar and)
matrix polynomials of degree k, that is, where no conditions are imposed on its block
entries. As a consequence of the contributions in this dissertation, we conjecture
that this number is 2k − 1 + b k2 c. This may seem to be, a priori, a problem easy
to solve once the solution for companion matrices is known. However, in the case
of companion matrices, the leading term is always an identity (of the corresponding
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size), so one can disregard this term and just look for the nonzero block entries in
the trailing coefficient. By contrast, for companion pencils L(λ) := L0 + λL1 , none
of L0 and L1 are fixed, so the nonzero terms of L(λ) come from the nonzero terms
in either L0 , or L1 , or both. This is the main reason why the arguments for the case
of companion matrices cannot be extended to generalized companion pencils in a
straightforward way.
P2. Are there structured companion `-ifications for matrix polynomials of grade k = (2d)`? We have only proved, in Section 4.3, that there are no
structured companion quadratifications for structured quartic matrix polynomials
(that is, for d = 1 and ` = 2). Then, it is natural to address the same problem in
general (namely, when k and ` satisfy k = (2d)`).
P3. (Structured) `-ifications for matrix polynomials expressed in nonmonomial bases. Another open problem is to look for (not necessarily structured)
`-ifications for matrix polynomials expressed in non-monomial bases. We have dealt
with a reduced version of this problem in Chapter 5, where we have presented a
family of (structured) strong linearizations for matrix polynomials expressed in a
Lagrange(-like) basis. However, this is just a first step in this setting. We want
to emphasize the large magnitude of the problem P3, since it can be extended not
only to other non-monomial bases, such as the Chebyshev, Hermite, Newton, or
Bernstein bases, among others, but also to different values of `.
P4. Sparsity of (structured) `-ifications for matrix polynomials expressed in non-monomial bases. This open problem is devoted to the study of
the sparsity of the new constructions obtained in P3, that is, we aim not only to
determine the minimum number of nonero block entries of the corresponding constructions but also to give guidelines for constructing them in a easy way, similarly
to the ones presented in Section 4.2.1 for the monomial case.
P5. Global backward error analysis of CPEPs. In Section 5.1, we have
only performed a first order backward error analysis of CPEPs solved via a “onesided block-Lagrange matrix pencil”, which is a strong linearization of a given matrix
polynomial of grade k + 1, expressed in the Lagrange basis. Then, the first open
problem that we want to address is a global backward error analysis for such linearizations (i.e., not only a first order analysis) providing more precise bounds, as
well as for other kind of linearizations (for instance, the so-called “block-Lagrange
matrix pencils” introduced in [121, Section 3.3]).
Furthermore, as we commented in Section 1.2, the analysis developed in Section 5.1 is a first step of a more general problem of developing a global backward
error analysis of CPEPs for matrix polynomials expressed in non-monomial bases.
Then, we aim to extend our result to matrix polynomials expressed in other classical
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non-monomial bases, such as the Chebyshev, Hermite, Newton, or Bernstein bases,
among others.
Finally, the open problem P5 could also include the global (and structured)
backward error analysis not only of our structured `-ifications presented in Chapter 4
for the monomial basis but also of the structured linearizations presented in Chapter
5 for the Lagrange basis. Therefore, this open problem is also of large scale and
addresses a novel research line of numerical analysis.
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