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Summary

Collusion is a serious concern in real-life allocation problems. Auctions, for

example, often create incentives for the bidders to compete less fiercely so as

to increase their profits. This thesis contributes to the theoretical literature

on how to design collusion-proof mechanisms. Each of the three chapters

addresses this question in a specific economic environment, namely multidi-

mensional bargaining (Chapter 1), multi-unit procurement (Chapter 2) and

single-good allocation (Chapter 3). A common feature, apart from collu-

sion, is the presence of asymmetric information. In other words, the key

problem is that the mechanism designer (e.g. the auctioneer) does not know

the agents’ preferences (e.g. the bidders’ values) and is concerned that they

might coordinate their strategies.

As is conventional in the mechanism design literature, we assume the

agents’ utility functions to be quasilinear in money. The implementation

concept is pure dominant-strategy equilibrium. Accordingly, we focus on de-

terministic mechanisms that are strategy-proof in the sense that each agent’s

optimal decision is independent of the other agents’ strategies. A mechanism

is considered to be collusion-proof if no group of agents find it profitable to

jointly deviate from their dominant strategies. Exactly what constitutes a

joint deviation hinges on how sophisticated a collusive arrangement can be.

The central notion studied in this thesis assumes that the colluding agents

cannot reallocate among each other after the mechanism has been executed.

In particular, they are not able to exchange money. This limited form of

collusion is characteristic of a weak cartel. The corresponding concept of

collusion-proofness is usually referred to as group strategy-proofness in the

literature. Chapter 2 additionally considers strong cartels, whose members

can reallocate among each other. This capability increases the scope for

collusive behavior and, therefore, restricts the set of collusion-proof mecha-
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nisms. In what follows, we explain the specific contribution of each paper

in more detail.

Chapter 1: Multidimensional Bargaining and Posted Prices

Coauthored with Ángel Hernando-Veciana, Chapter 1 studies one of the

canonical models of the mechanism design literature: bilateral trade between

a seller and a buyer. While the standard setup features a single indivisible

good, we allow the two agents to exchange several divisible goods. Own-

ing a bundle of goods is valuable to each agent. The mechanism designer

knows that these values are increasing and concave functions but is ignorant

of their exact shape. To elicit this information, the designer resorts to a

revelation mechanism.

We characterize the set of deterministic mechanisms that provide each

agent with a dominant strategy, ensure voluntary participation and deter

collusion. There turns out to be a unique type of mechanism that satisfies

these three properties (plus an innocuous technical condition). The designer

exogenously specifies a set of tradable bundles and a pair of prices for each

bundle. The tradable bundles must be totally ordered. The shape of each

agent’s price function must be such that it induces single-plateaued prefer-

ences over bundles. Both agents then announce their optimal bundles and,

generally, trade the smaller of the two.

A characteristic feature of these mechanisms is that the prices are exoge-

nous, or “posted”. This is entirely due to collusion-proofness, which restricts

the impact an agent can have on the other agent’s allocation. The same re-

striction arises if the mechanism is required to be budget balanced, that

is, if the seller’s and the buyer’s payments must coincide. Exploiting this

connection, we derive a similar posted-price characterization when collusion-

proofness is replaced by budget balance. The resulting set of mechanisms

is smaller than before because budget balance forces the mechanism’s range

to be linear. In other words, the designer merely specifies a baseline bundle

and its price. The agents can only trade certain multiples of the baseline

bundle. This second result is important because budget balance is a natural

restriction in many settings where the designer is unable to subsidize trade

or absorb a budget surplus.
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Chapter 2: Collusion-proof Mechanisms for Multi-Unit Procure-

ment

Chapter 2 considers a multi-unit procurement model. A principal wants

to buy a discrete number of homogeneous units from a finite set of agents.

Providing units is costly for each agent. The cost increases convexly in the

number of units provided. The exact shape of these cost functions is un-

known to the principal. Real-life examples of this model include electricity

markets and business-to-business supply chains.

Our first result characterizes the set of mechanisms robust to the for-

mation of strong cartels. That is, no group of agents should benefit from

coordinating their strategies and then reallocating among each other. This

requirement is met only by the small class of “fixed-price mechanisms”: the

principal sets an exogenous price per unit, and then each agent provides

his optimal quantity at that price. This finding illustrates that only rigid

mechanisms fully prevent collusion.

In a fixed-price mechanism, the quantity procured is endogenous: the

larger the agents’ costs, the less units they provide. This endogeneity is

undesirable if—as is often the case in practice—the principal needs a pre-

determined quantity. Unfortunately, this shortcoming persists if the princi-

pal is concerned with weak rather than strong cartels. As our second result

shows, every group-strategy-proof mechanism that induces voluntary partic-

ipation will sometimes procure no units at all. In other words, the principal

cannot set a quantity target.

If the agents cannot reallocate, collusion-proof mechanisms can be more

flexible than fixed-price mechanisms. Our third result characterizes the

shape of group-strategy-proof mechanisms under an appealing fairness con-

dition: the price per unit should be uniform across agents. We show that,

instead of a fixed price, these mechanisms can involve as many prices as

there are agents in the economy. The principal first offers the largest price.

This price is selected if each agent is willing to provide a positive number

of units. On the other hand, if x agents decline to supply any quantity, the

principal reduces the price to the (1 + x)-th largest. This price is selected

if all but x agents wish to provide a positive number of units. If y addi-

tional agents now refuse to chip in, the principal reduces the price to the

(1 + x + y)-th largest, and so on. Finally, each agent supplies his optimal
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quantity at the selected price. In the special case that the principal offers the

same price in each round, this type of mechanism boils down to a fixed-price

mechanism. Offering different prices allows the principal to respond to the

expected composition of agents present in each round. We show by example

that these price adjustments can in fact be optimal for the principal.

Chapter 3: Collusion-proof and Fair Auctions

Chapter 3 analyzes the standard auction setting, in which a finite set of

agents compete for a single indivisible good. We study whether it is possi-

ble to design mechanisms that are both collusion-proof and fair. Collusion-

proofness refers to weak cartels. Fairness means that any two agents with

the same value for the good should end up with the same utility. Trivially,

a mechanism is collusion-proof and fair if it never assigns the good and

charges the same lump-sum payment to each agent. Since such mechanisms

are obviously unappealing, we focus on non-trivial mechanisms. That is, the

agents’ utilities should be sensitive to the reports made.

There do exist non-trivial mechanisms that satisfy either collusion-proof-

ness or fairness. The second-price auction, for example, is fair but not

collusion-proof: if the second-highest bidder underreports his value, his util-

ity will be unchanged, but the winner will be better off. On the other hand,

suppose the auctioneer offers the good at a fixed price to one agent after an-

other until one of them accepts. Although collusion-proof, this mechanism

is not fair because the agents ordered first are treated favorably.

We show that the existence of collusion-proof and fair mechanisms de-

pends on the structure of the value domain. Collusion-proofness and fairness

are compatible if and only if the maximum of the value domain exists and

is bounded away from the next largest value. In particular, this condition

is satisfied if there are finitely many values, but it is violated under the

standard assumption that the value domain is an interval. The intuition is

that collusion-proofness and fairness are opposed to each other. Collusion-

proofness requires the mechanism to be rather rigid, whereas fairness calls

for flexibility. The two properties clash if and only if the value domain is

sufficiently rich.
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Chapter 1

Multidimensional Bargaining

and Posted Prices

Joint with Ángel Hernando-Veciana

Abstract: A seller and a buyer bargain over the quantities and prices of

multiple goods. Both agents have private information about their pref-

erences. Utility is quasilinear in money. We show that a deterministic

mechanism satisfies (i) dominant-strategy incentive compatibility, (ii) ex-

post individual rationality and (iii) ex-post budget balance if and only if it

is a posted-price mechanism. A similar, more general result holds if (iii) is

replaced by ex-post collusion-proofness and a no-free lunch condition. We

provide a unified proof of both findings via the property of non-bossiness.

1.1 Introduction

Two parties frequently bargain over multiple issues. For example, a firm

negotiates with one of its suppliers about the delivery of several goods. Col-

lective bargaining between an employer and a union concerns wages, working

hours, vacation time, etc. Bilateral treaties between governments often bun-

dle a number of topics, such as trade liberalization, foreign direct investment

and financial cooperation. Moreover, in some instances, the bargaining pro-

tocol is designed by a third party. Consider the recent conflict in many

European countries about how to regulate ride-hailing services such as Uber

(Lomas, 2018). Suppose the government is unwilling to issue additional li-

censes, in an effort to curb congestion or pollution. They may then want to
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set up a bargaining mechanism between the unions of taxi and Uber drivers

in order to reallocate licenses from the former to the latter. Both par-

ties will have private information about how much they value each license.

Since this is a politically sensitive issue, the government may want to use

a “simple” mechanism which the involved parties and the public easily un-

derstand. The standard notion of strategic simplicity in mechanism design

is that both parties have a dominant strategy. In addition, the mechanism

should induce both parties to participate voluntarily. Which mechanisms

could the government use?

To answer questions like this, we consider a model in which a seller

(female) and a buyer (male) can trade discrete units of multiple goods.

Monetary transfers between the two agents are possible, and their utility

functions are quasilinear in money. Both have private information about

their preferences: the seller about the shape of her increasing and convex cost

function, and the buyer about the shape of his increasing and concave value

function. A (direct, deterministic) mechanism asks both agents to report

their preferences and then specifies the bundle to be traded, the payment

to be made by the buyer and the payment to be received by the seller. Our

interest is to characterize the mechanisms that satisfy (dominant-strategy)

incentive compatibility and (ex-post) individual rationality.

A natural additional requirement is (ex-post) budget balance, which re-

quires the agents’ payments to coincide. Our first main result (Theorem 1.1)

shows that there is a unique type of mechanism that satisfies our ex-post no-

tions of incentive compatibility, individual rationality and budget balance:

A third party exogenously specifies a baseline bundle and its price. The two

agents are only allowed to trade certain multiples of the baseline bundle.

Both announce their optimal quantities and then trade the smaller of the

two (at the exogenous price per bundle).

Budget balance is unnecessarily demanding if the third party can absorb

a budget surplus or cover a budget deficit. The government in our example

above may be willing to subsidize trade between taxi and Uber drivers if

this helps settle their dispute satisfactorily. It is well known that if the

government has deep enough pockets, the efficient amount of trade can be

implemented in dominant strategies by means of the Vickrey-Clarke-Groves

(VCG) mechanism. However, the VCGmechanism is vulnerable to collusion:

by coordinating their reports, the two parties can abuse the government’s
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generosity and extract additional subsidies. It is therefore of interest to

replace budget balance by (ex-post) collusion-proofness, which eliminates

joint deviations that make at least one agent better off without making the

other agent worse off. In addition, we impose a no-free-lunch condition on

the buyer, which says that he should not receive any good for free. Its

mere purpose is to rule out unappealing mechanisms in which the seller is a

dictator and the buyer’s individual-rationality constraint holds trivially.

Our second main result (Theorem 1.2) characterizes all mechanisms that

satisfy incentive compatibility, individual rationality, collusion-proofness and

no free lunch. These mechanisms are generalizations of the posted-price

mechanisms described above. As before, the third party exogenously spec-

ifies a set of tradable bundles and their prices. Both agents then announce

their optimum bundles and trade the smaller of the two. There are two

main differences compared to the budget-balanced case: First, the tradable

bundles need not be proportional to each other. But they must be totally

ordered, that is, for any two bundles in the mechanism’s range, one of them

contains a larger quantity of all goods than the other. Second, the seller’s

and the buyer’s prices need neither coincide nor be linear in quantity. But

they must be strictly increasing and satisfy a particular form of concavity

(convexity) for the seller (buyer). Their shape guarantees that both agents

have quasiconcave utility over bundles.

Under both budget balance and collusion-proofness, prices must be ex-

ogenous. The reason is that both conditions restrict the extent to which

an agent’s report can affect the other agent’s payment. These restrictions

turn out to be so strong that they prevent any endogenous price formation.

On a technical level, both budget balance and collusion-proofness imply a

property called non-bossiness. In our setting, non-bossiness says that no

agent can change the other agent’s payment without changing their own.

We use this connection to provide a unified proof of both results.

More precisely, incentive compatibility and non-bossiness together imply

that the agents cannot affect the price at which a bundle is traded. Incen-

tive compatibility then further restricts which bundles are tradable, how

these bundles are priced and how the agents’ preferences over bundles are

aggregated. The most challenging step of our analysis is to prove that the

mechanism’s range is monotonic. That is, the tradable bundles are totally

ordered, and larger bundles have larger prices. This feature does not follow
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from incentive compatibility alone. For example, in a mechanism where the

seller is a dictator, the buyer’s prices could be arbitrary. Our proof uncov-

ers a technical condition sufficient for monotonicity: each agent must have a

type that never trades. These no-trade types equip the agents with a form of

veto power against “unambiguously bad” (i.e. non-monotonic) prices. The

existence of no-trade types is implied by individual rationality together with

either budget balance or collusion-proofness and no free lunch.

The difficulty of proving the monotonicity of the mechanism’s range is in

stark contrast to the existing literature and due to the fact that our model

features a multidimensional set of alternatives and quasilinear utility. Both

aspects are natural in many economic environments but have so far only

been studied separately. The next section discusses the related literature in

detail.

1.2 Related Literature

Two strands of the economic literature study dominant-strategy implemen-

tation in models with monetary transfers. The first one is associated with

mechanism design: there is usually a single indivisible good, and the agents’

preferences are quasilinear in money. The second strand is closer to so-

cial choice theory: there are often multiple units or goods, and the agents’

preferences are classical (that is, continuous, strictly monotonic and strictly

convex). We bring these two strands together by considering a model with

multidimensional alternatives and quasilinear preferences.

Among the papers that adopt the mechanism design perspective, Hagerty

and Rogerson’s (1987) is closest to ours. In their model, a seller and a buyer

with quasilinear preferences trade a single indivisible good. Hagerty and

Rogerson show that every dominant-strategy incentive-compatible, ex-post

individually rational and ex-post budget-balanced mechanism is a posted-

price mechanism. This is a special case of our Theorem 1.1. In the closely

related problem of providing an indivisible public good, similar characteri-

zations have been obtained by Bierbrauer and Hellwig (2016), Kuzmics and

Steg (2017) and Drexl and Kleiner (2018). Even allowing for stochastic

mechanisms does not upset the equivalence to (randomized) posted prices,

as shown by Hagerty and Rogerson (1987), Čopič and Ponsat́ı (2016) and

Andreyanov et al. (2018).
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All of these papers feature a single indivisible good and thus one-dimen-

sional private information. In such models, it is standard to reformulate the

incentive compatibility constraints via the envelope theorem (e.g. Milgrom

and Segal, 2002). While this method can be extended to a multidimensional

setting, the involved integrability conditions are technically complex (e.g.

Jehiel et al., 1999; Manelli and Vincent, 2007). Instead, we obtain a more

tractable characterization of incentive-compatible mechanisms by resorting

to a version of the taxation principle (e.g. Rochet, 1985): the final allocation

must be each agent’s optimum among a menu offered by the other agent.

Much of our analysis revolves around the structure of these menus.

This approach has precursors in the literature on social choice theory,

which relates our analysis to the second strand of papers mentioned above.

Particularly close is Barberà and Jackson (1995). In a two-person exchange

economy with classical preferences, they provide a version of our Theo-

rem 1.1. Their finding does not imply ours because they work on a larger

preference domain. A critical feature of their proof is a specific transfor-

mation of utility functions which they call “simultaneous concavification”

(p. 70). This transformation is not available on the quasilinear preference

domain that we study. In consequence, it becomes much harder to show

that the mechanism’s range is monotonic (our Lemma 1.4). Furthermore,

our analysis differs from Barberà and Jackson’s in that we do not rely on

budget balance. By employing the weaker condition of non-bossiness, we

are able to identify a larger set of mechanisms.

Variants of posted-price mechanisms also arise in economies with one

divisible public good and one divisible private good, where they are of-

ten referred to as “cost-sharing schemes”. Notable examples are Moulin

(1994) and Serizawa (1996, 1999). Like Barberà and Jackson (1995), their

arguments exploit the scope of the classical preference domain. The sole

exception is Serizawa’s (1999) Proposition 1, which is also valid for quasi-

linear utility functions. It says that the agents equally share the cost of

the public good. Since the cost is assumed to be increasing in the level of

the public good, it follows that each agent’s contribution is also increasing.

Serizawa’s proof hinges on the requirement that the mechanism be budget

balanced and symmetric. We impose neither restriction, and the analogous

monotonicity result turns out to be the technically most challenging step of

our analysis. An added complication is that we allow not only for multiple
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units but also for multiple goods.

Zhou (1991) studies a model with multiple divisible pure public goods.

He shows that the range of any strategy-proof and non-dictatorial mecha-

nism is one-dimensional. This mirrors our Theorem 1.1. Both findings are

related because, under budget balance, bilateral trade can be transformed

into a model with multiple public goods and no private good. However,

Zhou’s (1991) analysis does not subsume ours because he works on a differ-

ent domain, namely that of all quadratic preferences.

Finally, multidimensional alternatives and quasilinear utility have been

combined in a few other papers. Bierbrauer and Winkelmann (2020) study

the provision of multiple binary public goods. Schummer (2000a), Miyagawa

(2001) and Svensson and Larsson (2002) consider the assignment of heteroge-

neous objects to agents who consume no more than one object. Miyagawa’s

(2001) contribution is particularly notable because he essentially extends

Hagerty and Rogerson (1987)’s posted-price result to more than two agents.

The main difficulty is to prove that the payment an agent makes or receives

for a given object is exogenous—which is relatively easy with two agents.

Conversely, the main difficulty in our model is to establish a monotonicity

result on the price functions—which is trivial when each agent gets a sin-

gle good. The combination of more than two agents and multidimensional

demands is a challenging direction for future research.1

1.3 Model

There are two agents: a seller (s, female) and a buyer (b, male). They

can trade ḡ ∈ {1, 2, . . . } different goods. Ḡ ≡ {1, . . . , ḡ} represents the set

of goods. The set of feasible bundles (i.e. quantity vectors) is denoted by

Q̄ ⊂ Nḡ.2 We assume that Q̄ is bounded and contains the ḡ-dimensional

zero vector, denoted by 0. For each bundle q ∈ Q̄, qg stands for the quantity

of good g ∈ Ḡ. We compare bundles (and any other vectors) according to

the product order. That is, for all q, q̂ ∈ Q̄, we write q ≤ q̂ if qg ≤ q̂g for all

g ∈ Ḡ. Moreover, q < q̂ if q ≤ q̂ and q ̸= q̂.

An allocation (q, ts, tb) specifies the bundle q ∈ Q̄ that is traded, the

monetary transfer ts ∈ R that the seller receives and the monetary transfer

1Barberà and Jackson (1995) provide results on the classical preference domain.
2We adopt the following conventions: N ≡ {0, 1, . . . }, R+ ≡ [0,∞) and R++ ≡ (0,∞).

10



tb ∈ R that the buyer makes. When considering one of the two agents only,

we will occasionally use the term allocation also to refer to (q, ts) or (q, tb).

Utility functions are quasilinear in money. Hence, the payoff that the seller

derives from allocation (q, ts, tb) is given by ts − c(q), where c(q) represents

her monetary cost of delivering bundle q. Analogously, the buyer’s payoff

is given by v(q)− tb, where v(q) represents his monetary value of obtaining

bundle q. The set of admissible cost functions for the seller is denoted by C

and contains all c : Q̄ → R+ that satisfy c(0) = 0 and are strictly increasing

and weakly convex. Analogously, the set of admissible value functions for

the buyer is denoted by V and contains all v : Q̄ → R+ that satisfy v(0) = 0

and are strictly increasing and weakly concave.3

All of the above is common knowledge except for the realization of c ∈ C

and v ∈ V , which are the private information of the seller and the buyer,

respectively. We refer to c and v as types, and to (c, v) as a type profile.

1.4 Definitions

This section defines mechanisms and their properties. Our objective is to

characterize the set of deterministic mechanisms whose induced game has

an equilibrium in which each agent plays a dominant pure strategy.4 By

the revelation principle, there is no loss in restricting attention to direct

mechanisms in which both agents find it optimal to truthfully report their

types.

Definition 1.1. A (direct) mechanism is a function triple (φ, τs, τb) : C ×
V → Q̄× R2.

Definition 1.2. A mechanism (φ, τs, τb) is (dominant-strategy) incentive

compatible if for all (c, v), (ĉ, v̂) ∈ C × V ,

τs(c, v)− c
(︁
φ(c, v)

)︁
≥ τs(ĉ, v)− c

(︁
φ(ĉ, v)

)︁
, ICs

3A function c : Q̄ → R+ is strictly increasing if c(q) < c(q̂) for all q, q̂ ∈ Q̄ with q < q̂.
It is weakly convex if, for all q̂ ∈ Q̄, there exists γ̂ ∈ Rḡ such that c(q)− c(q̂) ≥ γ̂ · (q − q̂)
for all q ∈ Q̄. It is weakly concave if −c is weakly convex. Our definition of convexity is
equivalent to convex-extensibility; see Boyd and Vandenberghe (2004, pp. 337–339). For
other notions of convexity on discrete domains, see Murota (2016).

4We refer to a strategy as “dominant” if it is a best response to every action that the
other agent can take. This is slightly different from the game-theoretic concept of “weak
dominance”; see Börgers (2015, Chapter 4.1) for a brief discussion.
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v
(︁
φ(c, v)

)︁
− τb(c, v) ≥ v

(︁
φ(c, v̂)

)︁
− τb(c, v̂). ICb

Incentive compatibility says that no agent benefits from misreporting their

type individually. Likewise, collusion-proofness deters coordinated devia-

tions. That is, if an individual or joint misreport increases the utility of one

agent, then it must decrease the utility of the other agent.5

Definition 1.3. A mechanism (φ, τs, τb) is (ex-post) collusion-proof if for

all (c, v), (ĉ, v̂) ∈ C × V ,⎡⎣ τs(c, v)− c
(︁
φ(c, v)

)︁
v
(︁
φ(c, v)

)︁
− τb(c, v)

⎤⎦ ≮

⎡⎣ τs(ĉ, v̂)− c
(︁
φ(ĉ, v̂)

)︁
v
(︁
φ(ĉ, v̂)

)︁
− τb(ĉ, v̂)

⎤⎦.
Individual rationality requires the mechanism to make each agent at least

as well off as the status quo (i.e. the allocation (0, 0, 0)).

Definition 1.4. A mechanism (φ, τs, τb) is (ex-post) individually rational

if for all (c, v) ∈ C × V ,

τs(c, v)− c
(︁
φ(c, v)

)︁
≥ 0, IRs

v
(︁
φ(c, v)

)︁
− τb(c, v) ≥ 0. IRb

Budget balance says that the seller receives exactly as much money as the

buyer pays.

Definition 1.5. A mechanism (φ, τs, τb) is (ex-post) budget balanced if

for all (c, v) ∈ C × V , τs(c, v) = τb(c, v).

In the absence of budget balance, the buyer’s individual rationality con-

straint can trivially be satisfied by giving him the goods at no charge. Of-

fering such “free lunch”, however, is undesirable in most settings and ruled

out by the following property.

Definition 1.6. A mechanism (φ, τs, τb) satsfies no free lunch (for the

buyer) if for all (c, v) ∈ C × V , φ(c, v) > 0 implies that τb(c, v) > 0.

5None of our results changes if we weaken the definition of collusion-proofness by
considering only coordinated deviations that are themselves immune to individual de-
viations (“double-crossing”). Formally, the non-inequality in Definition 1.3 must only
hold for all (c, v), (ĉ, v̂) ∈ C × V such that τs(c, v̂) − c(φ(c, v̂)) = τs(ĉ, v̂) − c(φ(ĉ, v̂)) and
v(φ(ĉ, v))−τb(ĉ, v) = v(φ(ĉ, v̂))−τb(ĉ, v̂). Similar notions of collusion-proofness have been
used by Serizawa (2006) and Bierbrauer and Hellwig (2016).
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We conclude this section with two technical conditions that are closely re-

lated to the properties above. We are going to use them to provide a unified

proof of our two main results. First, non-bossiness requires that no agent

can change the other agent’s allocation without affecting their own.

Definition 1.7. Amechanism (φ, τs, τb) is non-bossy if for all (c, v), (ĉ, v̂) ∈
C × V ,[︂

φ(c, v) = φ(ĉ, v) and τs(c, v) = τs(ĉ, v)
]︂

=⇒ τb(c, v) = τb(ĉ, v), NBs[︂
φ(c, v) = φ(c, v̂) and τb(c, v) = τb(c, v̂)

]︂
=⇒ τs(c, v) = τs(c, v̂). NBb

Second, a mechanism has no-trade types if each agent can unilaterally pre-

vent trade (by reporting a specific type).

Definition 1.8. A mechanism (φ, τs, τb) has no-trade types if there exists

(c0, v0) ∈ C × V such that for all (c, v) ∈ C × V , φ(c0, v) = φ(c, v0) = 0.

1.5 Generalized Posted-Price Mechanisms

This section defines the focal mechanisms of our analysis. We call them “gen-

eralized posted-price mechanisms” because they exogenously fix the prices

at which bundles are traded. The possible outcomes of a generalized posted-

price mechanism are described by a “trade schedule”, which specifies a set

of tradable bundles Q ⊆ Q̄ and two price functions ps, pb : Q → R. Q con-

tains all bundles that the two agents can trade. It must include the no-trade

vector and be totally ordered. For each bundle in Q, ps and pb determine

a unique price for the seller and the buyer, respectively. These price func-

tions must be strictly increasing and satisfy a particular form of concavity

(convexity) for the seller (buyer).

Definition 1.9. A trade schedule (Q, ps, pb) specifies three exogenous

objects:

(i) a set of tradable bundles Q ≡ {q0, q1, . . . , qn} ⊆ Q̄, n ∈ N, such
that q0 = 0 and q0 < q1 < · · · < qn;

(ii) a price function for the seller ps : Q → R which is strictly increas-
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ing and such that for all k ∈ {1, . . . , n− 1} and γ ∈ Rḡ
++,

ps(qk)− ps(qk−1)

γ · (qk − qk−1)
≥ ps(qk+1)− ps(qk)

γ · (qk+1 − qk)
; (1.1)

(iii) a price function for the buyer pb : Q → R which is strictly increas-

ing and such that for all k ∈ {1, . . . , n− 1} and γ ∈ Rḡ
++,

pb(qk)− pb(qk−1)

γ · (qk − qk−1)
≤ pb(qk+1)− pb(qk)

γ · (qk+1 − qk)
. (1.2)

Every generalized posted-price mechanism is based on a trade schedule.6

Since the prices are exogenously fixed, it only remains to determine which

bundle the seller and the buyer trade. To this end, let us introduce notation

that will be used extensively throughout the paper. Consider any trade

schedule (Q, ps, pb) and type profile (c, v) ∈ C × V . Note that, when bundle

q ∈ Q is traded, the seller receives payoff ps(q)− c(q). For any two bundles

q, q̂ ∈ Q, we write q ≽c q̂ if ps(q)−c(q) ≥ ps(q̂)−c(q̂), q ≻c q̂ if the inequality

is strict, and q ∼c q̂ if it is an equality. Analogously, for the buyer, we write

q ≽v q̂ if v(q) − pb(q) ≥ v(q̂) − pb(q̂), q ≻v q̂ if the inequality is strict, and

q ∼v q̂ if it is an equality. The agents’ optimal bundles in Q are defined by

Opts(c) ≡ {q ∈ Q : ∀q̂ ∈ Q, q ≽c q̂},
Optb(v) ≡ {q ∈ Q : ∀q̂ ∈ Q, q ≽v q̂}.

Opts(c) and Optb(v) may have multiple elements. Denote their respective

minimum and maximum by

¯
qs(c) ≡ min{Opts(c)}, q̄s(c) ≡ max{Opts(c)},

¯
qb(v) ≡ min{Optb(v)}, q̄b(v) ≡ max{Optb(v)}.

We now make an important observation: For any trade schedule (Q, ps, pb),

the particular shape of the price functions ensures that both agents have

single-plateaued preferences over the bundles in Q.

6It can be shown that (1.1) and (1.2) are equivalent to the following conditions: for all
k ∈ {1, . . . , n−1} and g ∈ Ḡ, (ggk+1−ggk)[ps(qk)−ps(qk−1)] ≥ (ggk−ggk−1)[ps(qk+1)−ps(qk)]
and (ggk+1−ggk)[pb(qk)−pb(qk−1)] ≤ (ggk−ggk−1)[pb(qk+1)−pb(qk)]. While these inequalities
are more “explicit”, they are less convenient to work with than (1.1) and (1.2).
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Lemma 1.1. Consider any trade schedule (Q, ps, pb).

(i) For all c ∈ C, q0 ≺c · · · ≺c
¯
qs(c) ∼c · · · ∼c q̄s(c) ≻c · · · ≻c qn.

(ii) For all v ∈ V , q0 ≺v · · · ≺v
¯
qb(v) ∼v · · · ∼v q̄b(v) ≻v · · · ≻v qn.

The formal proof of Lemma 1.1 is in Appendix 1.A.1. The intuition is

simple: The seller’s payoff function on Q is given by ps− c. By assumption,

−c is a concave function (on Q̄, and thus also on Q). The particular form

of concavity that (1.1) imposes on ps guarantees that its sum with −c is

quasi-concave on Q. In other words, the seller’s preferences over Q are

single-plateaued. An analogous argument applies to the buyer.

We are now in a position to complete the definition of a generalized

posted-price mechanism with trade schedule (Q, ps, pb). The bundle that the

seller and the buyer trade can be generally determined as follows: Each agent

announces one of their optimal bundles in Q, and the mechanism selects the

smaller of the two. That is, φ(c, v) = min{qs(c), qb(v)} for some qs(c) ∈
Opts(c) and qb(v) ∈ Optb(v). There is one possible exception to this rule: if

there exists a smaller bundle q ∈ Q that both agents value exactly as much

as min{qs(c), qb(v)}, then q can also be chosen. Note that, since the agents’

preferences are single-plateaued, q must lie between max{
¯
qs(c),

¯
qb(v)} and

min{qs(c), qb(v)}. This is formalized by the following definition.

Definition 1.10. A mechanism (φ, τs, τb) is a generalized posted-price

mechanism if there exists a trade schedule (Q, ps, pb) such that the follow-

ing conditions hold for all (c, v) ∈ C × V : qs(c) ∈ Opts(c), qb(v) ∈ Optb(v),

φ(c, v) ∈
{︃
q ∈ Q : min

{︂
min

{︁
qs(c), qb(v)

}︁
,max

{︁
¯
qs(c),

¯
qb(v)

}︁}︂
≤ q ≤ min

{︁
qs(c), qb(v)

}︁}︃
,

(1.3)

τs(c, v) = ps(φ(c, v)) and τb(c, v) = pb(φ(c, v)).

1.6 Results

The following result constitutes the technical backbone of our analysis.

Proposition 1.1. A mechanism satisfies incentive compatibility, non-bossiness

and no-trade types if and only if it is a generalized posted-price mechanism.
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The “only if” is the challenging direction of Proposition 1.1 and will be

proved in the next section. The “if” statement, on the other hand, is rather

straightforward: Consider any generalized posted-price mechanism. First,

it is non-bossy because every bundle in the mechanism’s range (the set Q) is

associated with an exogenous price for each agent. Second, no-trade types

exist because the zero bundle is the unique optimum in Q for a seller with

very large costs and a buyer with very low values. Neither type will ever

trade, given that the agent with the smaller optimum determines the out-

come. Third, incentive compatibility is clearly satisfied for the agent with

the smaller optimum because they get their first choice. The other agent can

only reduce the bundle through misreporting. But this moves the bundle

further away from their optimum and, since preferences are single-plateaued

(Lemma 1.1), reduces their utility. Hence, no agent has a profitable devia-

tion. We formalize this proof in Appendix 1.A.2.

Non-bossiness and the existence of no-trade types do not have much nor-

mative appeal.7 However, both are implied by conjunctions of the desiderata

from the previous section. This allows us to derive two meaningful corollaries

of Proposition 1.1. The first one invokes individual rationality and budget

balance. Budget balance implies non-bossiness, and individual rationality

guarantees no-trade types. Moreover, a generalized posted-price mechanism

satisfies budget balance if and only if the seller’s and the buyer’s price func-

tions coincide (i.e. ps = pb). Individual rationality further requires that no

payments are made when there is no trade (i.e. ps(0) = pb(0) = 0). Com-

bining ps = pb with (1.1) and (1.2), it follows that the mechanism’s range

is linear. That is, it consists of “baseline allocation” (q1, ps(q1), pb(q1)) and

multiples thereof. The intuition is that only a linear price function can sat-

isfy both the concavity property of (1.1) and the convexity property of (1.2).

Our first main result below summarizes this discussion. Its formal proof is

in Appendix 1.A.3.

Theorem 1.1. A mechanism satisfies incentive compatibility, individual

rationality and budget balance if and only if it is a generalized posted-price

mechanism such that

(i) ps = pb,

7The normative content of non-bossiness (or, better, its lack thereof) is extensively
discussed by Thomson (2016).
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(ii) ps(0) = pb(0) = 0,

(iii) if n ̸= 0, then for all k ∈ {1, . . . , n}, there exists µk ∈ [1,∞) such that

(qk, ps(qk), pb(qk)) = µ(q1, ps(q1), pb(q1)).

Our second main result builds on the fact that non-bossiness is not only

implied by budget balance but also by collusion-proofness. In the absence

of budget balance, however, individual rationality alone does not suffice for

the existence of no-trade types. The reason is that the buyer’s individual

rationality constraint can trivially be satisfied by never charging him a pos-

itive payment. No-free lunch rules out such mechanisms. It effectively gives

bite to the buyer’s individual rationality constraint and, therefore, ensures

that no-trade types exist. This leads to our second main result, which is

formally proved in Appendix 1.A.3.

Theorem 1.2. A mechanism satisfies incentive compatibility, individual

rationality, no free lunch and collusion-proofness if and only if it is a gen-

eralized posted-price mechanism such that

(i) ps(0) ≥ 0 ≥ pb(0),

(ii) ∀q ∈ Q \ {0}, pb(q) > 0,

(iii) ∀(c, v) ∈ C × V , qs(c) = q̄s(c) and qb(v) = q̄b(v).

Condition (i) is due to individual rationality, (ii) to no free lunch, and (iii) to

collusion-proofness. The first two should be clear. To understand the third,

note that a generalized posted-price mechanism is not necessarily collusion-

proof because it may select an “inefficiently low” bundle when an agent has

multiple optima. For example, suppose that Q = {0, 1, 2}, Opts(c) = {0, 1}
and Optb(v) = {1}. If qs(c) = 0, then φ(c, v) = 0. But misreporting

such that φ(ĉ, v̂) = 1 will make the buyer better off while leaving the seller

indifferent. To prevent such joint deviations, collusion-proofness requires

the traded bundle to be “as large as possible”.

1.7 Proof of Proposition 1.1: “only if”

In this section, we prove the “only if” part of Proposition 1.1. We focus

on the underlying intuition and relegate the more technical steps to Appen-

dices 1.A.4 to 1.A.8. In a series of lemmas, we use incentive compatibility
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(IC), non-bossiness (NB) and no-trade types (NTT) to successively derive all

elements of a generalized posted-price mechanism. For brevity, the relevant

properties will be indicated in parentheses in the lemma heading. For exam-

ple, “Lemma 1.2 (IC+NB)” means that Lemma 1.2 holds under incentive

compatibility and non-bossiness.

1.7.1 From Allocations to Bundles

Fix a mechanism (φ, τs, τb) and define its range of bundles by

Q ≡
{︁
q ∈ Q̄ : ∃(c, v) ∈ C × V s.t. φ(c, v) = q

}︁
.

We are slightly abusing notation here because Q has already been defined as

the set of tradable bundles in the trade schedule of a generalized posted-price

mechanism (Definition 1.9). Both objects will eventually coincide.

Our first lemma captures the sole—yet crucial—role of non-bossiness in

our analysis. Together with incentive compatibility, non-bossiness implies

that transfers are completely pinned down by quantities.

Lemma 1.2 (IC+NB). For both i ∈ {s, b}, there exists a price function

pi : Q → R such that τi(c, v) = pi(φ(c, v)) for all (c, v) ∈ C × V .

Proof. Consider any (c1, v1), (c2, v2) ∈ C × V such that q̂ ≡ φ(c1, v1) =

φ(c2, v2). We only show that τs(c1, v1) = τs(c2, v2); the argument for the

buyer is analogous. In Appendix 1.A.4, we construct a type ĉ ∈ C whose

preference for bundle q̂ (relative to the other bundles in Q) is stronger than

both c1’s and c2’s preferences. Thus, by ICs, φ(ĉ, v1) = φ(ĉ, v2) = q̂. ICb

then implies that τb(ĉ, v1) = τb(ĉ, v2). Hence, by NBb, τs(ĉ, v1) = τs(ĉ, v2).

Finally, since φ(c1, v1) = φ(ĉ, v1) and φ(ĉ, v2) = φ(c2, v2), ICs requires

that τs(c1, v1) = τs(ĉ, v1) and τs(ĉ, v2) = τs(c2, v2), respectively. Therefore,

τs(c1, v1) = τs(c2, v2).

Lemma 1.2 allows us to one-dimensionalize the mechanism by expressing

the agents’ preferences over allocations in terms of bundles only. For this

purpose, we will use the preference notation introduced in Section 1.5: For

any type profile (c, v) ∈ C × V and bundles q, q̂ ∈ Q, we write q ≽c q̂ if

ps(q) − c(q) ≥ ps(q̂) − c(q̂), and q ≽v q̂ if v(q) − pb(q) ≥ v(q̂) − pb(q̂). The

asymmetric part of ≽c (≽v) is represented by ≻c (≻v), and the symmetric
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part by ∼c (∼v). Moreover, we slightly abuse notation and denote the

agents’ optimal bundles in an arbitrary set Q̂ ⊆ Q by

Opts(c, Q̂) ≡ {q ∈ Q̂ : ∀q̂ ∈ Q̂, q ≽c q̂},
Optb(v, Q̂) ≡ {q ∈ Q̂ : ∀q̂ ∈ Q̂, q ≽v q̂}.

As in Section 1.5, we abbreviate the agents’ optima in the mechanism’s

range by Opts(c) ≡ Opts(c,Q) and Optb(v) ≡ Optb(v,Q). Finally, each

agent’s report determines a set of bundles available to the other agent. These

conditional ranges, or option sets, are denoted by

Qb(c) ≡ {q ∈ Q : ∃v ∈ V s.t. φ(c, v) = q},
Qs(v) ≡ {q ∈ Q : ∃c ∈ C s.t. φ(c, v) = q}.

Based on the new notation, our next result provides a non-bossy version of

the “taxation principle”: the bundle chosen by the mechanism must be each

agent’s optimum among the options offered by the other agent.

Lemma 1.3 (IC+NB). For all (c, v) ∈ C × V ,

φ(c, v) ∈ Opts
(︁
c,Qs(v)

)︁
∩Optb

(︁
v,Qb(c)

)︁
.

Proof. Consider any (c, v) ∈ C × V . ICs requires that φ(c, v) ≽c φ(ĉ, v)

for all ĉ ∈ C. By definition, this is equivalent to φ(c, v) ∈ Opts(c,Qs(v)).

Analogously, φ(c, v) ∈ Optb(v,Qb(c)) .

1.7.2 Monotonicity

We now turn to the technically most challenging step of our analysis. For ev-

ery incentive-compatible and non-bossy mechanism with no-trade types, the

following result establishes monotonicity conditions on the tradable bundles

and their associated prices.

Lemma 1.4 (IC+NB+NTT). There exists a labeling of bundles {q0, . . . , qn} =

Q, n ∈ N, such that q0 = 0 and for all k ∈ {1, . . . , n},

(i) qk−1 < qk,

(ii) ps(qk−1) < ps(qk),
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(iii) pb(qk−1) < pb(qk).

Moreover, for all k ∈ {0, . . . , n},

(iv) ∃ck ∈ C s.t. Qb(ck) = {q0, . . . , qk} and q0 ≺ck · · · ≺ck qk,

(v) ∃vk ∈ V s.t. Qs(vk) = {q0, . . . , qk} and q0 ≺vk · · · ≺vk qk.

To explain the intuition behind Lemma 1.4, suppose first that there is a

single good (i.e. ḡ = 1). Specifically, let Q = {0, . . . , n}. Bundles are totally

ordered in this case, so (i) holds trivially. Parts (ii) and (iii) assert that

the price functions are strictly increasing. If an agent’s price function is not

strictly increasing, then the mechanism’s range contains two unanimously

ranked allocations. For example, contrary to (ii), suppose that ps(0) ≥ ps(q)

for some q ∈ {1, . . . , n}. All seller types then prefer (0, ps(0)) to (q, ps(q))

because the former involves a lower cost and a weakly higher payment than

the latter. To guarantee incentive compatibility, a seller type who provides

(q, ps(q)) must not have a misreport that yields (0, ps(0)) instead. This can

be achieved, for example, by letting the buyer be a dictator, so that the

seller cannot influence which bundle is traded. The role of the no-trade

type is to rule out such dictatorial mechanisms by giving veto power to the

seller. More precisely, a no-trade seller type c0 always provides zero units,

that is, Qb(c0) = {0}. Hence, whenever φ(c, v) = q, seller type c can achieve

φ(c0, v) = 0 by reporting c0. To discourage such misreports, it must be

that ps(0) < ps(q) for all q ∈ {1, . . . , n}. This logic can now be applied

inductively to prove that ps is strictly increasing. If ps(0) < ps(q) for all

q ∈ {1, . . . , n}, there exists a seller type c1 who always provides either zero

or one unit, that is, Qb(c1) = {0, 1}. This in turn implies that ps(1) < ps(q)

for all q ∈ {2, . . . , n}. From there it follows that Qb(c2) = {0, 1, 2} for some

c2, and so on. Parts (ii) and (iv) are thus interrelated.

The complication is that the argument for the buyer is not symmetric.

When the seller’s price function is not increasing, she can use her no-trade

type to restrict the buyer’s option set and thereby achieve a better bundle. In

the buyer’s case, by contrast, it is the no-trade type who will misreport when

his price function is not increasing. To see this, suppose that pb(0) ≥ pb(q)

for some q ∈ {1, . . . , n}. All buyer types then prefer (q, pb(q)) to (0, pb(0))

because the former involves a larger value and a weakly lower payment than

the latter. Consider any type profile (c, v) such that φ(c, v) = q. A no-

trade buyer type v0 will get φ(c, v0) = 0 and thus finds it profitable to
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report type v. To prevent this deviation, it must be that pb(0) < pb(q)

for all q ∈ {1, . . . , n}. We can now apply this argument recursively to

show that pb is strictly increasing. Suppose that pb(1) ≥ pb(q) for some

q ∈ {2, . . . , n}. Define q1 ≡ max{argmin{pb(q) : q ∈ {2, . . . , n}}} and q̂ ≡
min{argmax{ps(q) : q ∈ {1, . . . , q1 − 1}}}. Note that all buyer types prefer

(q1, pb(q1)) to (q̂, pb(q̂)). The idea is to find types such that φ(c, v1) = q1

and φ(c, v) = q̂. This violates incentive compatibility for v. Proving that

these types exist is complex and done in Appendix 1.A.5.

The arguments above still work when there is more than one good. In

this case, Lemma 1.4(i) additionally requires the tradable bundles to be

totally ordered. That is, for any two bundles in the mechanism’s range, one

of them must contain weakly more quantity of all goods (and strictly more

quantity of at least one good) than the other. To illustrate why, suppose

that ḡ = 2 and Q = {(0, 0), (0, 1), (1, 0)}. Consider a buyer type who prefers

(1, 0) to (0, 1) to (0, 0). The set of bundles that he offers to the seller must

include (1, 0) and (0, 0)—the former because it is his optimum in Q, and

the latter because the no-trade seller type accepts nothing else. The issue is

that the buyer does not have a dominant strategy with respect to (0, 1). If

he offers it, then a seller type who prefers (0, 1) to (1, 0) to (0, 0) will choose

(0, 1) instead of (1, 0), which is bad for the buyer. But if he does not offer

it, then a seller type who prefers (0, 1) to (0, 0) to (1, 0) will choose (0, 0)

instead of (0, 1), which is also bad for the seller. This example illustrates

the essence of why there cannot be “unordered” bundles: they broaden the

set of preferences an agent can express, ruining incentive compatibility for

the other agent. The formal proof in Appendix 1.A.5 follows this logic. The

technical challenge is to prove that the types used in the example actually

exist.

1.7.3 Option Sets

Parts (iv) and (v) of Lemma 1.4 describe the options that specific types of

the two agents offer to each other. Our next lemma generalizes this result:

every type offers all bundles up to one of their optima, and none above.

Lemma 1.5 (IC+NB+NTT). For all (c, v) ∈ C × V ,

(i) Qb(c) = {q0, . . . , qs(c)} for some qs(c) ∈ Opts(c),

(ii) Qs(v) = {q0, . . . , qb(v)} for some qb(v) ∈ Optb(v).
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To understand the intuition behind this result, consider the seller and sup-

pose for simplicity that she has a unique optimal bundle in Q. If she offers

a bundle above her optimum, a buyer type with sufficiently large marginal

values will choose it. However, he would pick the seller’s optimum if she

did not offer any larger bundle—and she can do this by deviating to one of

the types from Lemma 1.4(iv). The seller will thus not offer a bundle above

her optimum. In addition, she would like to not offer any bundles below her

optimum so as to force the buyer to choose it. However, this would intro-

duce profitable deviations for the types from Lemma 1.4(iv) with the same

optimum. To prevent such misreports, the seller must offer some bundles

below her optimum. Our proof in Appendix 1.A.6 generalizes this idea to

show that she must in fact offer all smaller bundles—just like the types from

Lemma 1.4(iv).

1.7.4 Price Functions

Our next result establishes the last missing piece of a trade schedule (Defini-

tion 1.9): the seller’s and the buyer’s price functions must satisfy a particular

form of concavity and convexity, respectively.

Lemma 1.6 (IC+NB+NTT). For all k ∈ {1, . . . , n− 1} and γ ∈ Rḡ
++,

(i)
ps(qk)− ps(qk−1)

γ · (qk − qk−1)
≥ ps(qk+1)− ps(qk)

γ · (qk+1 − qk)
,

(ii)
pb(qk)− pb(qk−1)

γ · (qk − qk−1)
≤ pb(qk+1)− pb(qk)

γ · (qk+1 − qk)
.

Recall from Lemma 1.1 that any trade schedule induces single-plateaued

preferences. This feature is critical for generalized posted-price mechanisms

to be incentive compatible. The intuition behind Lemma 1.6 is that the

converse is also true: if (i) or (ii) are violated, there exists a type whose

preferences are not single-plateaued, which in turn breaks incentive compat-

ibility. To see this more clearly, suppose that (i) does not hold. Then we

can find a seller type c ∈ C such that Opts(c) = {qk+1} and qk−1 ≻c qk for

some k ∈ {1, . . . , n − 1}. By Lemma 1.5(i), Opts(c) = {qk+1} implies that

Qb(c) = {q0, . . . , qk+1}. Moreover, by Lemma 1.4(v), there exists a buyer

type vk ∈ V such that Qs(vk) = {q0, . . . , qk} and q0 ≺vk · · · ≺vk qk. Note

that Opts(c,Qs(vk)) ⊆ {q0, . . . , qk−1} and Optb(vk, Qb(c)) ⊆ {qk, qk+1}.
Lemma 1.3 thus yields that φ(c, v) ∈ ∅, which is impossible. That is, the
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two agents’ incentive constraints cannot be satisfied simultaneously. The

formal proof is in Appendix 1.A.7.

1.7.5 Quantity Rule

Lemmas 1.2, 1.4 and 1.6 imply that every incentive-compatible and non-

bossy mechanism with no-trade types is based on a trade schedule. Hence,

Lemma 1.1 applies: the agents’ preferences over bundles must be single-

plateaued. We now use this observation to derive the quantity rule of a

generalized posted-price mechanism. This is the final step in the proof of

the “only if” part of Proposition 1.1.

Lemma 1.7 (IC+NB+NTT). For all (c, v) ∈ C × V ,

φ(c, v) ∈
{︃
q ∈ Q : min

{︂
min

{︁
qs(c), qb(v)

}︁
,max

{︁
¯
qs(c),

¯
qb(v)

}︁}︂
≤ q ≤ min

{︁
qs(c), qb(v)

}︁}︃
.

(1.3)

Lemma 1.7 is easy to prove when each agent has a unique optimum, that

is, Opts(c) = {qs(c)} and Optb(v) = {qb(v)}. In this case, (1.3) boils down

to φ(c, v) = min{qs(c), qb(v)}, so the agents trade the smaller of their two

optima. To see why, note that the seller offers all bundles up to her optimum

(Lemma 1.5), and the buyer then chooses his preferred bundle from this set

(Lemma 1.3), or vice versa. Thus, φ(c, v) ∈ Optb
(︁
v, {q0, . . . , qs(c)}

)︁
. If

qb(v) ≤ qs(c), the buyer’s optimum is available, which implies that φ(c, v) =

qb(v). On the other hand, if qs(c) < qb(v), the buyer can only choose from

bundles below his optimum. By Lemma 1.1, his utility is increasing on this

set. Hence, he picks the bundle closest to his optimum, which means that

φ(c, v) = qs(c). In both cases, φ(c, v) = min{qs(c), qb(v)}.
The general proof in Appendix 1.A.8 allows the agents to have multiple

optima. In this case, we may have that φ(c, v) ̸= min{qs(c), qb(v)}. (1.3)

then requires that max{
¯
qs(c),

¯
qb(v)} ≤ φ(c, v) < min{qs(c), qb(v)}. Thus, by

Lemma 1.1, each agent considers both φ(c, v) and min{qs(c), qb(v)} to be

optimal in Q. It follows that they always trade a bundle that each of them

values exactly as much as min{qs(c), qb(v)}. In this sense, it is still the agent

with the lower demand who essentially determines the outcome.

23



1.8 Conclusion

We have studied multidimensional bargaining between two agents with pri-

vate information about their preferences. Our results show that ex-post no-

tions of incentive compatibility, individual rationality and collusion-proofness

(or budget balance) can only be satisfied by “generalized posted-price mech-

anisms”. These mechanisms permit the agents to trade only bundles that

are totally ordered. Every tradable bundle is associated with an exogenous

pair of prices, one for each agent. The shape of these price functions is such

that each agent’s utility over bundles is weakly quasiconcave. Both agents

then announce one of their optimal bundles and generally trade the smaller

of the two. By combining multidimensional private information and quasi-

linear preferences, our characterizations extend findings in both mechanism

design and social choice theory, which have rarely been connected.

Generalized posted-price mechanisms are easy to implement in practice

because they request minimal information from the agents. All they have

to report is their optimal bundles. This is in stark contrast to the VCG

mechanism, which requires the seller and the buyer to reveal their entire

cost and value functions, respectively. Generalized posted-price mechanisms

are also easy to understand. In fact, their outcomes can be implemented

in obviously dominant strategies (Li, 2017).8 Simply consider a sequential

procedure in which bargaining proceeds bundle by bundle until at least one

of the agents is not willing to go further.

The main drawback of generalized posted-price mechanisms is that they

do not allow the prices to adjust to the agents’ preferences. A natural ques-

tion for future research is whether this price exogeneity can be overcome by

weaker notions of strategic robustness. In our model, interim implementa-

tion on all type spaces is not more permissive than dominant-strategy im-

plementation (Bergemann & Morris, 2005). But other notions of robustness

are. Examples include implementation in weakly undominated strategies

(Börgers & Smith, 2012; Yamashita, 2015) and strategic simplicity (Börgers

& Li, 2019). In this literature, bilateral trade is a popular application. Our

results may thus prove valuable in providing the dominant-strategy bench-

mark against which alternative concepts of robustness can be evaluated.

8A strategy is obviously dominant if the worst possible outcome under this strategy is
weakly better than the best possible outcome under any deviation (measured at the first
information set where the two strategies differ).
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1.A Appendix

1.A.1 Proof of Lemma 1.1

We only prove (i); (ii) is analogous. Consider any c ∈ C and k ∈ {1, . . . , n−
1}. Since c is strictly increasing and weakly convex, it has a subgradient

γk ∈ Rḡ
++ at qk. Thus,

c(qk+1)− c(qk) ≥ γk · (qk+1 − qk),

c(qk)− c(qk−1) ≤ γk · (qk − qk−1).

Combined with (1.1), it follows that

ps(qk)− ps(qk−1)

c(qk)− c(qk−1)
≥ ps(qk+1)− ps(qk)

c(qk+1)− c(qk)
. (1.A.1)

Define ql ≡
¯
qs(c), so ql−1 ≺c ql. This is equivalent to

ps(ql)−ps(ql−1)
c(ql)−c(ql−1)

>

1. From (1.A.1), it follows that
ps(qk)−ps(qk−1)
c(qk)−c(qk−1)

> 1 for all k ∈ {1, . . . , l}.
Equivalently, q0 ≺c · · · ≺c ql. Defining qm ≡ q̄s(c), an analogous argument

shows that qm ≻c · · · ≻c qn. Finally, qm−1 ≼c qm and (1.A.1) imply that

ql ≼c · · · ≼c qm. Since also ql ∼c qm, it follows that ql ∼c · · · ∼c qm.

1.A.2 Proof of Proposition 1.1: “if”

Consider any generalized posted-price mechanism. It is non-bossy because

for all q ∈ Q and (c, v) ∈ C×V with φ(c, v) = q, we have that τs(c, v) = ps(q)

and τb(c, v) = pb(q). Moreover, the seller has a no-trade type because for

any c0 ∈ C with c0(q) > ps(q) − ps(0) for all q ∈ Q \ {0}, Opts(c0) = {0}
and thus φ(c0, v) = 0 for all v ∈ V . Analogously, any v0 ∈ V such that

v0(q) < pb(q) − pb(0) for all q ∈ Q \ {0} is a no-trade type for the buyer.

It remains to verify incentive compatibility. Let us focus on the seller; the

argument for the buyer is analogous. Consider any (c, v) ∈ C × V . We

distinguish two cases.

Case 1:
¯
qs(c) ≤ qb(v). Since

¯
qs(c) ≤ qs(c) by definition, it follows that

¯
qs(c) ≤ min{qs(c), qb(v)}. Hence,

min
{︂
min

{︁
qs(c), qb(v)

}︁
,max

{︁
¯
qs(c),

¯
qb(v)

}︁}︂
≥min

{︂
min

{︁
qs(c), qb(v)

}︁
,
¯
qs(c)

}︂
=
¯
qs(c).
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Moreover, min{qs(c), qb(v)} ≤ qs(c) ≤ q̄s(c). Thus, by (1.3),
¯
qs(c) ≤ φ(c, v) ≤

q̄s(c). Recall from Lemma 1.1(i) that
¯
qs(c) ∼c · · · ∼c q̄s(c). Hence, φ(c, v) ∈

Opts(c). Since type c gets her global optimum in Q, she does not have a

profitable deviation.

Case 2: qb(v) <
¯
qs(c). Since

¯
qs(c) ≤ qs(c) and

¯
qb(v) ≤ qb(v) by defini-

tion, it follows that qb(v) < qs(c) and
¯
qb(v) <

¯
qs(c). Hence,

min
{︂
min

{︁
qs(c), qb(v)

}︁
,max

{︁
¯
qs(c),

¯
qb(v)

}︁}︂
=min

{︂
qb(v),

¯
qs(c)

}︂
= qb(v).

Thus, by (1.3), φ(c, v) = qb(v). Moreover, for all ĉ ∈ C, φ(ĉ, v) ≤ qb(v).

By Lemma 1.1(i), qb(v) <
¯
qs(c) implies that q0 ≺c · · · ≺c qb(v). Hence,

φ(ĉ, v) ≼c φ(c, v) for all ĉ ∈ C.

1.A.3 Proof of Theorems 1.1 and 1.2

Theorems 1.1 and 1.2 are derived from Proposition 1.1. The key observation

is that non-bossiness and no-trade types are guaranteed under (i) incentive

compatibility, individual rationality and budget balance, or (ii) incentive

compatibility, individual rationality, no free lunch and collusion-proofness.

Both statements are implied by the following result.

Lemma 1.A.1.

(i) Budget balance implies non-bossiness.

(ii) Collusion-proofness implies non-bossiness.

(iii) Individual rationality and budget balance imply no free lunch.

(iv) Incentive compatibility, non-bossiness, individual rationality and no

free lunch imply no-trade types.

Proof. Consider an arbitrary mechanism (φ, τs, τb). (i) is obvious.

To prove (ii), suppose the seller is bossy at (c, v) ∈ C × V . That

is, there exists ĉ ∈ C such that φ(ĉ, v) = φ(c, v), τs(ĉ, v) = τs(c, v) and

τb(ĉ, v) ̸= τb(c, v). If τb(ĉ, v) < τb(c, v), collusion-proofness is violated at

(c, v). If τb(ĉ, v) > τb(c, v), collusion-proofness is violated at (ĉ, v). Hence,

by contraposition, collusion-proofness implies non-bossiness.
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To prove (iii), suppose (φ, τs, τb) is budget balanced and individually

rational (for the seller). Thus, for all (c, v) ∈ C × V such that φ(c, v) > 0,

τb(c, v) = τs(c, v) ≥ c(φ(c, v)) > 0, which establishes no free lunch.

To prove (iv), suppose (φ, τs, τb) satisfies incentive compatibility, non-

bossiness, individual rationality and no free lunch. Incentive compatibility

and non-bossiness imply that for both i ∈ {s, b}, there exists pi : Q → R such

that τi(c, v) = pi(φ(c, v)) for all (c, v) ∈ C×V . (This is shown in Lemma 1.2,

Section 1.7.1, as part of the “only if” statement of Proposition 1.1.) Let

c0 ∈ C be such that c0(q) > ps(q) for all q > 0. IRs then requires that

φ(c0, v) = 0 for all v ∈ V , so c0 is a no-trade seller type. Moreover, no free

lunch is equivalent to pb(q) > 0 for all q > 0. Hence, there exists v0 ∈ V

such that v0(q) < pb(q) for all q > 0. By IRb, φ(c, v0) = 0 for all c ∈ C, so

v0 is a no-trade buyer type.

The next lemma captures the additional shape that individual rationality,

budget balance, no free lunch and collusion-proofness impose on generalized

posted-price mechanisms.

Lemma 1.A.2. A generalized posted-price mechanism satisfies

(i) individual rationality if and only if ps(0) ≥ 0 ≥ pb(0),

(ii) budget balance if and only if ps = pb and if n ̸= 0, then for all k ∈
{1, . . . , n}, there exists µk ∈ [1,∞) such that qk = µkq1 and pi(qk) −
pi(0) = µk[pi(q1)− pi(0)] for both i ∈ {s, b}.

(iii) no free lunch if and only if for all q ∈ Q \ {0}, pb(q) > 0,

(iv) collusion-proofness if and only if qs(c) = q̄s(c) and qb(v) = q̄b(v) for

all (c, v) ∈ C × V .

Proof. Consider any generalized posted-price mechanism.

First, we prove (i). In particular, we show that IRs holds if and only

if ps(0) ≥ 0. Analogously, IRb holds if and only if pb(0) ≤ 0. By Proposi-

tion 1.1, there exists a no-trade seller type c0 ∈ C. Thus, φ(c0, ·) = 0. If

ps(0) < 0, IRs is violated for c0. Conversely, suppose that ps(0) ≥ 0. By

Proposition 1.1, ICs holds. Hence, for all (c, v) ∈ C×V , τs(c, v)−c(φ(c, v)) ≥
τs(c0, v)− c(φ(c0, v)) = ps(0) ≥ 0. Thus, IRs holds.

Second, we prove (ii). The “if” is immediate. As for the “only if”, sup-

pose that the generalized posted-price mechanism satisfies budget balance.
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Thus, clearly, ps = pb. If n ∈ {0, 1}, we are done. Suppose, then, that

n ∈ {2, 3, . . . }. Combining ps = pb with (1.1) and (1.2) yields that for all

i ∈ {s, b}, k ∈ {1, . . . , n− 1} and γ ∈ Rḡ
++,

pi(qk+1)− pi(qk)

pi(qk)− pi(qk−1)
=

γ · (qk+1 − qk)

γ · (qk − qk−1)
.

Since q0 = 0, we have that for all k ∈ {0, . . . , n− 1},

pi(qk+1)− pi(qk) =
pi(q1)− pi(0)

γ · q1
[︁
γ · (qk+1 − qk)

]︁
.

Hence, for all l ∈ {1, . . . , n},

pi(ql)− pi(0) =
l−1∑︂
k=0

[︁
pi(qk+1)− pi(qk)

]︁
=

pi(q1)− pi(0)

γ · q1

l−1∑︂
k=0

γ · (qk+1 − qk) (1.A.2)

=
γ · ql
γ · q1

[︁
pi(q1)− pi(0)

]︁
.

Define µl ∈ [1,∞) by pi(ql) − pi(0) = µl

[︁
pi(q1) − pi(0)

]︁
. By (1.A.2), µl is

such that for all γ ∈ Rḡ
++,

γ · (ql − µlq1) = 0. (1.A.3)

We now show that ql = µlq1. To the contrary, suppose there exists g ∈ Ḡ

such that qgl ̸= µlq
g
1 . For all ϵ > 0, define γϵ ∈ Rḡ

++ by γgϵ = 1 and γhϵ = ϵ

for all h ∈ Ḡ \ {g}. For sufficiently small ϵ > 0,

γϵ · (ql − µlq1) = qgl − µlq
g
1 + ϵ

∑︂
h̸=g

(︁
qhl − µlq

h
1

)︁
≈ qgl − µlq

g
1 ̸= 0,

which contradicts (1.A.3). In conclusion, ql = µlq1 and pi(ql) − pi(0) =

µl

[︁
pi(q1)− pi(0)

]︁
for all l ∈ {1, . . . , n}.

Third, (iii) is obvious.

Fourth, we prove (iv). Starting with the “if” part, consider any (c, v) ∈
C×V and suppose that qs(c) = q̄s(c) and qb(v) = q̄b(v). We distinguish two

cases: First, suppose that max
{︁
¯
qs(c),

¯
qb(v)

}︁
≤ min

{︁
q̄s(c), q̄b(v)

}︁
. Then, by
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(1.3),

φ(c, v) ∈
{︂
q ∈ Q : max

{︁
¯
qs(c),

¯
qb(v)

}︁
≤ q ≤ min

{︁
q̄s(c), q̄b(v)

}︁}︂
.

From Lemma 1.1, it follows that both agents get one of their optima,

so they do not have a jointly profitable deviation. Second, suppose that

min
{︁
q̄s(c), q̄b(v)

}︁
< max

{︁
¯
qs(c),

¯
qb(v)

}︁
. Then, by (1.3), φ(c, v) = min

{︁
q̄s(c),

q̄b(v)
}︁
. Note that q̄s(c) ̸= q̄b(v). Suppose q̄s(c) < q̄b(v); the argument for

the reverse inequality is analogous. Then φ(c, v) = q̄s(c) <
¯
qb(v). The seller

thus gets one of her optima, whereas the buyer gets a bundle below his

smallest optimum. Since the buyer’s utility over bundles is single-plateaued

(Lemma 1.1), it can only increase if a misreport yields a bundle larger than

φ(c, v). But since φ(c, v) = q̄s(c), such a misreport would make the seller

worse off. Hence, collusion-proofness holds.

Conversely, suppose qs(c) < q̄s(c) for some c ∈ C; the argument for the

buyer is analogous. Let v ∈ V be such that
¯
qb(v) = q̄s(c). By (1.3), φ(c, v) =

qs(c) /∈ Optb(v). But if the seller reports ĉ ∈ C such that Opts(ĉ) = {q̄s(c)},
then φ(ĉ, v) = q̄s(c) ∈ Optb(v). Such a misreport would make the buyer

better off, while leaving the seller indifferent. Hence, collusion-proofness is

violated.

Finally, Theorems 1.1 and 1.2 follow from Lemmas 1.A.1 and 1.A.2 combined

with Proposition 1.1.

1.A.4 Proof of Lemma 1.2

Consider any (c1, v1), (c2, v2) ∈ C × V such that q̂ ≡ φ(c1, v1) = φ(c2, v2).

ICs requires that for both j ∈ {1, 2} and all c ∈ C,

cj
(︁
φ(cj , vj)

)︁
− cj

(︁
φ(c, vj)

)︁
≤ τs(cj , vj)− τs(c, vj). (1.A.4)

Define ĉ ∈ C by ĉ(q) ≡ ∑︁
g∈Ḡ[ϵq

g + 1
ϵ max{qg − q̂g, 0}] for all q ∈ Q̄. If

ϵ > 0 is sufficiently small, then ĉ(q̂)− ĉ(q) < minj∈{1,2}{cj(q̂)− cj(q)} for all

q ̸= q̂. From (1.A.4), it follows that for both j ∈ {1, 2} and all c ∈ C such

that φ(c, vj) ̸= φ(cj , vj),

ĉ
(︁
φ(cj , vj)

)︁
− ĉ

(︁
φ(c, vj)

)︁
< τs(cj , vj)− τs(c, vj).
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Hence, by ICs for type ĉ, φ(ĉ, vj) = φ(cj , vj) for both j ∈ {1, 2}. The

remainder of the proof is in the main text.

1.A.5 Proof of Lemma 1.4

Define n ≡ #Q − 1. Lemma 1.4 is equivalent to the following claim: there

exists a labeling of bundles {q0, . . . , qn} = Q such that q0 ≡ 0 and for all

k ∈ {0, . . . , n},

(a) qk < q for all q ∈ Q \ {q0, . . . , qk},

(b) if k ̸= 0, then ps(qk−1) < ps(q) for all q ∈ Q \ {q0, . . . , qk−1},

(c) pb(qk) < pb(q) for all q ∈ Q \ {q0, . . . , qk},

(d) ∃ck ∈ C : Qb(ck) = {q0, . . . , qk} and q0 ≺ck · · · ≺ck qk,

(e) ∃vk ∈ V : Qb(vk) = {q0, . . . , qk} and q0 ≺vk · · · ≺vk qk.

The proof is by induction.

Base case (k = 0). Define q0 ≡ 0. (a) and (b) hold trivially. (d) and (e)

follow from NTT. As for (c), suppose by contradiction that pb(q0) ≥ pb(q)

for some q ∈ Q \ {q0}. Consider any (c, v) ∈ C × V such that φ(c, v) = q.

By NTT, there exists v0 ∈ V such that φ(c, v0) = q0. But pb(q0) ≥ pb(q)

implies that q0 ≺v0 q, so ICb is violated for type v0.

Induction step. Consider any l ∈ {0, . . . , n − 1}. Suppose that (a) to

(e) hold for all k ∈ {0, . . . , l}. In a series of claims, we show that (a) to

(e) also hold for k = l + 1. The following definition is crucial: let bundle

ql+1 ∈ Q\{q0, . . . , ql} be such that for all q ∈ Q\{q0, . . . , ql}, either pb(q) >
pb(ql+1) or [pb(q) = pb(ql+1) and q ≯ ql+1]. In words, among all bundles in

Q \ {q0, . . . , ql}, ql+1 entails the lowest payment for the buyer. If there are

multiple such bundles, none of them is larger than ql+1.

Our first claim establishes (e) for k = l + 1.

Claim 1.A.1. There exists vl+1 ∈ V such that Qs(vl+1) = {q0, . . . , ql+1}
and q0 ≺vl+1

· · · ≺vl+1
ql+1.

Proof. Below, we are going to construct a buyer type vl+1 ∈ V such that

(i) q0 ≺vl+1
· · · ≺vl+1

ql ≺vl+1
ql+1 and

(ii) ql ≻vl+1
q for all q ∈ Q \ {q0, . . . , ql+1}.
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We now use (i) and (ii) to show that Qb(vl+1) = {q0, . . . , ql+1}. First, con-

sider any k ∈ {0, . . . , l}. By (d), there exists ck ∈ C such that Qb(ck) =

{q0, . . . , qk}. (i) implies that Optb(vl+1, Qb(ck)) = {qk}. Hence, by Lemma 1.3,

qk ∈ Qs(vl+1). Next, (i) and (ii) together imply that Optb(vl+1) = {ql+1}
and thus ql+1 ∈ Qs(vl+1). Finally, suppose by contradiction that q̂ ∈
Qs(vl+1) for some q̂ ∈ Q\{q0, . . . , ql+1}. By (e), there exists vl ∈ V such that

Qs(vl) = {q0, . . . , vl}. Define ĉ ∈ C by ĉ(q) ≡ ∑︁
g∈Ḡ[ϵq

g+ 1
ϵ max{qg− q̂g, 0}]

for all q ∈ Q̄. For sufficiently small ϵ > 0, we have that Opts(ĉ, Qs(vl+1)) =

{q̂} and Opts(ĉ, Qs(vl)) = {ql}. Hence, by Lemma 1.3, φ(ĉ, vl+1) = q̂ and

φ(ĉ, vl) = ql. This violates ICb because, by (ii), q̂ ≺vl+1
ql. Therefore,

q /∈ Qs(vl+1) for all q ∈ Q \ {q0, . . . , ql+1}. To sum up, we have shown that

Qb(vl+1) = {q0, . . . , ql+1}.
It remains to prove (i) and (ii). Define type vl+1 as follows: for all q ∈ Q̄,

vl+1(q) ≡
∑︂
g∈Ḡ

[︄
ϵqg +

1

ϵ
min{qg, qgl }+

pb(ql+1)− pb(ql)∑︁
h∈Ḡ(q

h
l+1 − qhl )

min{qg, qgl+1}
]︄
,

where ϵ > 0 is small. Figure 1.A.1 provides an illustration for ḡ = 2. Note

that vl+1 ∈ V .

All the statements that follow hold for sufficiently small ϵ > 0. In par-

ticular, for any q, q̂ ∈ Q, we write vl+1(q) ≫ vl+1(q̂) if limϵ→0[vl+1(q) −
vl+1(q̂)] = ∞, and vl+1(q) ≈ vl+1(q̂) if limϵ→0[vl+1(q) − vl+1(q̂)] = 0. This

notation will be used throughout the proof of Lemma 1.4.

Proof of (i). For all k ∈ {1, . . . , l}, (a) states that qk > qk−1. Thus

vl+1(qk) ≫ vl+1(qk−1), which implies that qk ≻vl+1
qk−1. Moreover, ql+1 ≻vl+1

ql because [vl+1(ql+1)−pb(ql+1)]− [vl+1(ql)−pb(ql)] = ϵ
∑︁

g∈Ḡ(q
g
l+1−qgl ) > 0.

Proof of (ii). Consider any q ∈ Q \ {q0, . . . , ql+1}. Using (a), (c) and the

definition of ql+1, it is easy to verify that limϵ→0{[vl+1(ql+1) − pb(ql+1)] −
[vl+1(q)−pb(q)]} > 0. Moreover, from above, limϵ→0{[vl+1(ql+1)−pb(ql+1)]−
[vl+1(ql)− pb(ql)]} = 0. Hence, ql ≻vl+1

q.

Next, we establish a more complex version of Claim 1.A.1 for the seller.

Claim 1.A.2. For all q̂ ∈ Q \ {q0, . . . , ql}, there exists ĉ ∈ C such that

{q0, . . . , ql, q̂} ⊆ Qb(ĉ) and for all q ≰ q̂, q /∈ Qb(ĉ). Moreover, q0 ≺ĉ · · · ≺ĉ

ql and if ps(ql) < ps(q̂), then ql ≺ĉ q̂.

Proof. Consider any q̂ ∈ Q \ {q0, . . . , ql}. Below, we are going to construct
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q1

q2

0

ql+1

ql

ε

+ π
+(1/ε)

ε

ε

+ π

ε+ π + (1/ε) ε+ π ε

Figure 1.A.1: Illustration of the isovalue curves of type vl+1 for ḡ = 2
(proof of Claim 1.A.1). The expressions along the axes refer to the two
elements of the unique subgradient of vl+1 in the interior of the nine
shaded rectangles. For example, the unique subgradient in the top-left
rectangle is given by the vector (ϵ + π + (1/ϵ), ϵ), where π ≡ [pb(ql+1) −
pb(ql)]/

∑︁
h∈Ḡ(q

h
l+1 − qhl ).

a seller type ĉ ∈ C such that

(i) q0 ≺ĉ · · · ≺ĉ ql,

(ii) if ps(ql) < ps(q̂), then ql ≺ĉ q̂,

(iii) q0 ≻ĉ q for all q ≰ q̂, and

(iv) Opts(ĉ, Qs(v)) = {q̂} for all v ∈ V such that q̂ ∈ Qs(v).

Using the arguments from the proof of Claim 1.A.1, we obtain the following:

(i) and (e) imply that {q0, . . . , ql} ⊆ Qb(ĉ). (iii) and (d) imply that q /∈ Qb(ĉ)

for all q ≰ q̂. (iv) implies that q̂ ∈ Qb(ĉ). This establishes the first sentence

of Claim 1.A.2. The second sentence consists of (i) and (ii).

Type ĉ ∈ C is defined as follows: for all q ∈ Q̄,

ĉ(q) ≡
∑︂
g∈Ḡ

[︃
ϵqg +

1

ϵ
max{qg − q̂g, 0}

]︃
,

where ϵ > 0 is sufficiently small.
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Proof of (i). For all k ∈ {1, . . . , l}, ps(qk−1) < ps(qk) and ĉ(qk−1) ≈ ĉ(qk).

Proof of (ii). ps(ql) < ps(q̂) and ĉ(ql) ≈ ĉ(q̂) imply that ql ≺ĉ q̂.

Proof of (iii). For all q ≰ q̂, ĉ(q) ≫ ĉ(q0).

Proof of (iv). Consider any v ∈ V such that q̂ ∈ Qs(v). For all q ∈
Qs(v) \ {q̂}, we show that q ≺ĉ q̂. This is obvious if q ≰ q̂ because then

ĉ(q) ≫ ĉ(q̂). Suppose now that q < q̂. If ps(q) ≥ ps(q̂), then q ≻c q̂ and thus

q̂ /∈ Opts(c,Qs(v)) for all c ∈ C. Lemma 1.3 then implies that q̂ /∈ Qs(v),

a contradiction. Hence, ps(q) < ps(q̂). Together with ĉ(q) ≈ ĉ(q̂), it follows

that q ≺ĉ q̂.

We now use Claim 1.A.2 to show that (b) holds for k = l + 1.

Claim 1.A.3. For all q̂ ∈ Q \ {q0, . . . , ql}, ps(ql) < ps(q̂).

Proof. By contradiction, suppose that ps(ql) ≥ ps(q̂) for some q̂ ∈ Q \
{q0, . . . , ql}. By (a), ql < q̂. For all c ∈ C, it follows that c(ql) < c(q̂) and

thus ql ≻c q̂. Consider cl, ĉ ∈ C from (d) and Claim 1.A.2. Define v ∈ V by

v(q) ≡ 1
ϵ

∑︁
g∈Ḡ qg for all q ∈ Q̄. For sufficiently small ϵ > 0, we have that

φ(cl, v) = ql and φ(ĉ, v) = q̂. Since ql ≻ĉ q̂, ICs is violated for ĉ.

Next, we show that Q does not contain a bundle “in between” ql and ql+1.

Claim 1.A.4. For all q ∈ Q \ {q0, . . . , ql+1}, q ≰ ql+1.

Proof. By contradiction, suppose there exists q̂ ∈ Q \ {q0, . . . , ql+1} such

that q̂ < ql+1. Note that, by (a), q̂ > ql. Without loss of generality, assume

that for all q ∈ Q \ {q0, . . . , ql+1} such that q < ql+1, either ps(q) < ps(q̂)

or [ps(q) = ps(q̂) and q ≮ q̂]. In words, among all bundles in between ql

and ql+1, q̂ entails the largest payment for the seller. If there are multiple

such bundles, none of them is smaller than q̂. Consider any v̂ ∈ V such that

q̂ ∈ Qs(v̂). We are going to construct a seller type c ∈ C such that

(i) φ(c, v̂) = q̂ and

(ii) φ(c, vl+1) = ql+1.

Note that v(q̂) < v(ql+1) and pb(q̂) ≥ pb(ql+1) imply that q̂ ≺v̂ ql+1. Hence,

by (i) and (ii), ICb is violated for type v̂.

Type c ∈ C is defined as follows: for all q ∈ Q̄,

c(q) ≡
∑︂
g∈Ḡ

[︄
ϵqg +

(︃∑︂
f∈Ḡ

ϵq̂f +
max{ps(ql+1)− ps(q̂), 0}∑︁

h∈Ḡ(q
h
l+1 − q̂h)

)︃
max{qg − q̂g, 0}
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+
1

ϵ
max{qg − qgl+1, 0}

]︄
,

where ϵ > 0 is sufficiently small.

Proof of (i). By Lemma 1.3, it suffices to show that Opts(c) = {q̂}.
First, if q < q̂, then ps(q) < ps(q̂) and c(q) ≈ c(q̂). Second, if q ≰ ql+1,

then c(q) ≫ c(q̂). Third, if q̂ ≱ q < ql+1, then ps(q) ≤ ps(q̂) and c(q) >∑︁
f∈Ḡ ϵq̂f = c(q̂). In all three cases, q ≺c q̂. Finally, ql+1 ≺c q̂ because

[︁
ps(q̂)− c(q̂)

]︁
−
[︁
ps(ql+1)− c(ql+1)

]︁
= ϵ

(︂
1 +

∑︂
f∈Ḡ

q̂f
)︂∑︂

g∈Ḡ

(qgl+1 − q̂g)

⏞ ⏟⏟ ⏞
>0

+max
{︁
ps(q̂)− ps(ql+1), 0

}︁⏞ ⏟⏟ ⏞
≥0

> 0.

Proof of (ii). By Claim 1.A.1, Qs(vl+1) = {q0, . . . , ql+1}. We show that

Opts(c,Qs(vl+1)) = {ql+1}, which implies that φ(c, vl+1) = ql+1. For all

q < ql, ps(q) < ps(ql) and c(q) ≈ c(ql), so q ≺c ql. Moreover, ql ≺c ql+1

because

[︁
ps(ql+1)− c(ql+1)

]︁
−
[︁
ps(ql)− c(ql)

]︁
= min

{︁
ps(ql+1), ps(q̂)

}︁
− ps(ql)⏞ ⏟⏟ ⏞

>0

− ϵ
∑︂
g∈Ḡ

[︂
qgl+1 − qgl + (qgl+1 − q̂g)

∑︂
f∈Ḡ

q̂f
]︂

⏞ ⏟⏟ ⏞
≈0

> 0.

Claims 1.A.2 to 1.A.4 (with q̂ = ql+1) ensure the existence of cl+1 ∈ C such

that Qb(cl+1) = {q0, . . . , ql+1} and q0 ≺cl+1
· · · ≺cl+1

ql+1. This establishes

(d) for k = l + 1. Our last claim shows that every bundle in Q that is not

smaller than ql+1 must be larger than ql+1.

Claim 1.A.5. For all q ∈ Q \ {q0, . . . , ql+1}, q > ql+1.

Proof. By contradiction, suppose there exists q̂ ∈ Q \ {q0, . . . , ql+1} such

that q̂ ≯ ql+1. We know from Claim 1.A.4 that q̂ ≰ ql+1. Define Ql+1 ≡
{q ∈ Nḡ : ∀g ∈ Ḡ, qg ≤ qgl+1} and Q̂ ≡ {q ∈ Nḡ : ∀g ∈ Ḡ, qg ≤ q̂g}. Since Q

is finite, we can let q̂ be such that conv(Ql+1 ∪ Q̂) ∩Q = {q0, . . . , ql+1, q̂}.9
9conv(X) denotes the convex hull of set X, that is, the set of all convex combinations

of points in X; see Boyd and Vandenberghe (2004, p. 24).

34



Figure 1.A.2 provides an illustration for ḡ = 2.

q1

q2

0

ql+1

ql

q̂

conv(Ql+1 ∪ Q̂)

Figure 1.A.2: Illustration of q̂ for ḡ = 2 (proof of Claim 1.A.5)

Below, we are going to construct types v ∈ V and c ∈ C such that

(i) q0 ≺v · · · ≺v ql ≺v q̂ ≺v ql+1 and

(ii) q0 ≺c · · · ≺c ql ≺c ql+1 and Opts(c) = {q̂}.

We now show that (i) and (ii) yield a contradiction. By Claim 1.A.2 and

the definition of q̂, there exists ĉ ∈ C such that Qb(ĉ) = {q0, . . . , ql, q̂}. From
(i), it follows that Optb(v,Qb(ĉ)) = {q̂} and thus q̂ ∈ Qs(v). Moreover, by

Claim 1.A.1, there exists vl+1 ∈ V such that Qs(vl+1) = {q0, . . . , ql+1}. Note
that q̂ /∈ Qs(vl+1). Hence, by (ii), ϕ(c, v) = q̂ and ϕ(c, vl+1) = ql+1. Since

q̂ ≺v ql+1, ICb is violated for type v.

It remains to prove (i) and (ii). For all q ∈ Q̄, define

v(q) ≡
∑

g∈Ḡ

[
εqg +

1

ε
min{qg, qgl+1}

+
pb(q̂)− pb(ql)∑

h∈Ḡmax{q̂h − qhl+1, 0}
max{qg − qgl+1, 0}

]
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and

c(q) ≡
∑︂
g∈Ḡ

[︄
ϵqg +

(︃∑︂
f∈Ḡ

ϵq̂f +
max{ps(ql+1)− ps(q̂), 0}∑︁

h∈Ḡmax{qhl+1 − q̂h, 0}

)︃
max{qg − q̂g, 0}

+
1

ϵ
qg1{q /∈ conv(Ql+1 ∪ Q̂)}

]︄
,

where ϵ > 0 is sufficiently small.

Proof of (i). First, for all k ∈ {1, . . . , l}, qk−1 ≺v qk because v(qk−1) ≪
v(ql). Second, ql ≺v q̂ because

[︁
v(q̂)− pb(q̂)

]︁
−
[︁
v(ql)− pb(ql)

]︁
=

∑︂
g∈Ḡ

[︂
ϵ(q̂g − qgl ) +

1

ϵ

(︁
min{q̂g, qgl+1} − qgl

)︁]︂
> 0.

Third, q̂ ≺v ql+1 because v(q̂) ≪ v(ql+1).

Proof of (ii). First, for all k ∈ {1, . . . , l}, qk−1 ≺c qk because ps(qk−1) <

ps(qk) and c(qk−1) ≈ c(qk). Second, ql ≺c ql+1 because

[︁
ps(ql+1)− c(ql+1)

]︁
−
[︁
ps(ql)− c(ql)

]︁
= min

{︁
ps(ql+1), ps(q̂)

}︁
− ps(ql)⏞ ⏟⏟ ⏞

>0

− ϵ
∑︂
g∈Ḡ

(︂
qgl+1 − qgl +max{qgl+1 − q̂g, 0}

∑︂
f∈Ḡ

q̂f
)︂

⏞ ⏟⏟ ⏞
≈0

> 0.

Third, ql+1 ≺c q̂ because

[︁
ps(q̂)− c(q̂)

]︁
−
[︁
ps(ql+1)− c(ql+1)

]︁
= ϵ

[︂∑︂
g∈Ḡ

qgl+1⏞ ⏟⏟ ⏞
>0

+
(︂∑︂
f∈Ḡ

q̂f
)︂(︂∑︂

g∈Ḡ

max{qgl+1 − q̂g, 0} − 1
)︂

⏞ ⏟⏟ ⏞
≥0

]︂

+max
{︁
ps(q̂)− ps(ql+1), 0

}︁⏞ ⏟⏟ ⏞
≥0

> 0.

Finally, for all q ∈ Q \ {q0, . . . , ql+1, q̂}, q ≺c q̂ because q /∈ conv(Ql+1 ∩ Q̂)

and thus c(q) ≫ c(q̂).

Claim 1.A.5 establishes (a) and (c) for k = l+ 1. (a) is obvious. As for (c),
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the definition of ql+1 implies that pb(ql+1) < pb(q) for all q ∈ Q with q > ql+1.

Hence, by Claim 1.A.5, pb(ql+1) < pb(q) for all q ∈ Q \ {q0, . . . , ql+1}. In

conclusion, we have shown that (a) to (e) hold for k = l + 1.

1.A.6 Proof of Lemma 1.5

We only prove (i); (ii) is analogous. Consider any c ∈ C. Clearly, there exists

v ∈ V such that Qs(v) ∩ Opts(c) ̸= ∅. ICs requires that φ(c, v) ∈ Opts(c)

and thus Qb(c) ∩ Opts(c) ̸= ∅. Define l ∈ {0, . . . , n} by ql ≡ max{Qb(c) ∩
Opts(c)}.

Next, we show that Qb(c) ⊆ {q0, . . . , ql}. By contradiction, suppose

that qm ∈ Qb(c) for some m ∈ {l + 1, . . . , n}. From the definition of ql,

it follows that qm /∈ Opts(c). Moreover, by Lemma 1.4(iv), there exists

cl ∈ C such that Qb(cl) = {q0, . . . , ql}. Define v ∈ V by v(q) ≡ ∑︁
g∈Ḡ

[︁
ϵqg +

1
ϵ min{qg, qgm}

]︁
for all q ∈ Q̄. For sufficiently small ϵ > 0, Lemma 1.4(i)+(iii)

implies that q0 ≺v · · · ≺v qm ≻v · · · ≻v qn. Hence, Optb(v,Qb(c)) = {qm}
and Optb(v,Qb(cl)) = {ql}. From Lemma 1.3, it follows that φ(c, v) = qm

and φ(cl, v) = ql, which violates ICs for type c.

Finally, we show that {q0, . . . , ql} ⊆ Qb(c). The proof is by induc-

tion with basis ql ∈ Qb(c). Consider any k ∈ {1, . . . , l} and suppose

that qk ∈ Qb(c). We prove that qk−1 ∈ Qb(c). To the contrary, assume

that qk−1 /∈ Qb(c). By Lemma 1.4(iv), there exists ck ∈ C such that

Qb(ck) = {q0, . . . , qk} and q0 ≺ck · · · ≺ck qk. Define v ∈ V by

v(q) ≡
∑︂
g∈Ḡ

[︄
ϵqg +

1

ϵ
min{qg, qgk−1}+

(︃
pb(qk)− pb(qk−1)∑︁

g∈Ḡ(q
g
k − qgk−1)

− 2ϵ

)︃
min{qg, qgk}

]︄
.

For sufficiently small ϵ > 0, qk−1 ≻v qk ≻v q for all q ∈ Q\{qk−1, qk}. Hence,

Optb(v,Qb(c)) = {qk} and Optb(v,Qb(ck)) = {qk−1}. From Lemma 1.3, it

follows that φ(c, v) = qk and φ(ck, v) = qk−1. Since qk ≻ck qk−1, ICs is

violated for ck.
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1.A.7 Proof of Lemma 1.6

We only prove (i); (ii) is analogous. By contradiction, suppose there exist

k ∈ {1, . . . , n− 1} and γ ∈ Rḡ
++ such that

∆k
k−1 ≡

ps(qk)− ps(qk−1)

γ · (qk − qk−1)
<

ps(qk+1)− ps(qk)

γ · (qk+1 − qk)
≡ ∆k+1

k .

Define α ≡ γ·(qk−qk−1)
γ·(qk+1−qk−1)

∈ (0, 1). Then

∆k+1
k−1 ≡

ps(qk+1)− ps(qk−1)

γ · (qk+1 − qk−1)
= α∆k

k−1 + (1− α)∆k+1
k > ∆k

k−1.

Take δ ∈
(︁
∆k

k−1,∆
k+1
k−1

)︁
. Define c ∈ C by

c(q) ≡ ϵ(γ · q) + (δ − ϵ)max{γ · (q − qk−1), 0}+
1

ϵ
max{γ · (q − qk+1), 0},

where ϵ ∈ (0, δ) is sufficiently small. Figure 1.A.3 provides a graphical

illustration of type c for ḡ = 2.

q1

q2

0

qk−1

qk

qk+1

δγ

(ε+ 1
ε )γ

εγ

Figure 1.A.3: Illustration of the isocost curves of type c for ḡ = 2 (proof
of Lemma 1.6). The three expressions along the axes are the unique sub-
gradients of c in the interior of the three shaded regions.

It is easy to check that q0 ≺c · · · ≺c qk−1 and qk+1 ≻c · · · ≻c qn. In

addition, δ > ∆k
k−1 implies that qk−1 ≻c qk, and δ < ∆k+1

k−1 implies that
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qk−1 ≺c qk+1. Since Opts(c) = {qk+1}, Lemma 1.5(i) requires that Qb(c) =

{q0, . . . , qk+1}. Moreover, by Lemma 1.4(v), there exists vk ∈ V such that

Qs(vk) = {q0, . . . , qk} and q0 ≺vk · · · ≺vk qk. Hence, Opts(c,Qs(vk)) =

{qk−1} and qk−1 /∈ Optb(vk, Qb(c)). Lemma 1.3 then implies that φ(c, vk) ∈
∅, which is impossible.

1.A.8 Proof of Lemma 1.7

Consider any (c, v) ∈ C × V . By Lemma 1.3, φ(c, v) ∈ Qs(v) ∩ Qb(c). Let

qs(c) ∈ Opts(c), qb(v) ∈ Optb(v) and qsb ≡ min{qs(c), qb(v)}. Lemma 1.5 im-

plies that Qs(v)∩Qb(c) = {q0, . . . , qsb}. Hence, φ(c, v) ∈ {q0, . . . , qsb}. Since
also φ(c, v) ∈ Opts(c,Qs(v)), it follows that φ(c, v) ∈ Opts(c, {q0, . . . , qsb}).
Lemma 1.1(i) implies that Opts(c, {q0, . . . , qsb}) =

{︁
min{qsb,

¯
qs}, . . . , qsb

}︁
.

Thus, φ(c, v) ∈
{︁
min{qsb,

¯
qs}, . . . , qsb

}︁
. Analogous reasoning for the buyer

yields that φ(c, v) ∈
{︁
min{qsb,

¯
qb}, . . . , qsb

}︁
. Combine both expressions to

obtain

φ(c, v) ∈
{︂
max

{︁
min{qsb,

¯
qs},min{qsb,

¯
qb}

}︁
, . . . , qsb

}︂
. (1.A.5)

Without loss of generality, suppose that
¯
qs ≤

¯
qb. Then min{qsb,

¯
qs} ≤

min{qsb,
¯
qb} and thus

max
{︁
min{qsb,

¯
qs},min{qsb,

¯
qb}

}︁
= min{qsb,

¯
qb}

= min
{︁
qsb,max{

¯
qs,

¯
qb}

}︁
.

Plug into (1.A.5) to conclude that

φ(c, v) ∈
{︂
min

{︁
qsb,max{

¯
qs,

¯
qb}

}︁
, . . . , qsb

}︂
.
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Chapter 2

Collusion-proof Mechanisms

for Multi-Unit Procurement

Abstract: A principal wants to procure a discrete number of homogeneous

units from a finite set of agents. Each agent has an increasing and con-

vex cost function, whose exact shape is unknown to the principal. Utility

is quasilinear in money. We characterize the set of mechanisms that are

strategy-proof and robust to collusion. The latter is captured by reallocation-

proofness (group strategy-proofness) if the colluding agents can (cannot)

make side deals among each other. We show that in every reallocation-

proof mechanism, the principal offers the agents a fixed price per unit.

While group-strategy-proof mechanisms can be more complex, they can-

not guarantee that the principal will receive exactly her desired quantity.

We fully characterize the set of group-strategy-proof mechanisms with a

uniform price.

2.1 Introduction

Procurement is a major component of economic activity. Public procure-

ment alone accounts for 12 percent of global GDP (Bosio & Djankov, 2020).

In many procurement contexts, the buyer wishes to acquire multiple homo-

geneous units. Prominent examples are electricity markets (Trifunović &

Ristić, 2013) and business-to-business supply chains (Chandrashekar et al.,

2007). Many goods are procured through auctions. But there is plenty of

empirical evidence that auctions are prone to collusion: they provide oppor-
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tunities for the bidders to not compete with each other so as to drive up

the price they receive (Marshall & Marx, 2012). In fact, Klemperer (2002)

argues that preventing collusion is one of the two key challenges in practi-

cal auction design (the other one being to encourage entry). In this paper,

we study how multi-unit procurement mechanisms should be designed to

prevent collusion.

In our model, a principal (female) wants to procure a discrete number

of homogeneous units from a finite set of agents (male). Each agent is

characterized by an increasing and convex cost function, whose exact shape

is unknown to the principal. The agents’ utility functions are assumed to be

quasilinear in money. We focus on deterministic mechanisms in which each

agent has a dominant strategy. A mechanism is collusion-proof if no group

of agents find it profitable to jointly deviate from their dominant strategies.

This notion of collusion-proofness comes in different shades, depending on

whether the agents can only coordinate their strategies in the mechanism

or also reallocate afterwards. The former refers to a “weak cartel”, and the

latter to a “strong cartel” (McAfee & McMillan, 1992).

We say that a mechanism is “reallocation-proof” if no group of agents

can achieve a (weak) Pareto improvement by means of a joint deviation and

the subsequent reallocation of money and quantity. Our first result shows

that a mechanism is reallocation-proof if and only if it is a “fixed-price mech-

anism”: the principal sets an exogenous unit price, and each agent provides

his optimal quantity at that price (Theorem 2.1). The reason why no other

mechanism is reallocation-proof is two-fold. First, the agents must not be

able to affect each other’s prices—otherwise they would sometimes want to

bribe each other to misreport (Schummer, 2000b). Second, all marginal

prices must coincide—otherwise there would be gains from arbitrage.

Reallocation-proofness may be unnecessarily demanding because the ex-

change of money and quantity is relatively easy to detect for antitrust au-

thorities. The agents may thus naturally refrain from reallocation, without

any need for the principal to provide disincentives. If the agents cannot re-

allocate, it suffices for the mechanism to be “group strategy-proof” in order

to prevent collusion. Group strategy-proofness requires that if a coordinated

deviation by a group of agents makes at least one of its members better off,

then it must make at least one other member worse off.

Group strategy-proofness allows for more flexible mechanisms than reallo-
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cation-proofness. However, our second result shows that no group-strategy-

proof and individually rational mechanism can overcome a critical flaw of a

fixed-price mechanism: the principal cannot set a quantity target. That is,

depending on how the agents’ costs turn out, the mechanism will sometimes

procure more or less than the principal’s desired quantity (Theorem 2.2).

This is an important drawback in practice because the buyer typically wants

to have a pre-determined amount of, say, electricity or industrial parts. The

explanation behind Theorem 2.2 is that group strategy-proofness severely

restricts the principal’s leeway to adjust her payments to the agents’ costs.

There is essentially an upper bound on the amount of money she can pay

to provide incentives. If all agents have sufficiently large costs, their par-

ticipation constraints can only be met if none of them provides a single

unit.

On the positive side, group-strategy-proof alternatives to a fixed-price

mechanism do exist. We provide a full characterization of their shape under

the additional condition that the price per unit is the same for all agents.

This requirement is similar in spirit to a uniform-price auction, which is

widely perceived as a “fair” way to assign multiple units (e.g. Ausubel et

al., 2014, p. 1393). In contrast to a fixed-price mechanism, the level of the

uniform price may be endogenously determined.

Our third result shows that every group-strategy-proof mechanism with

a uniform price is what we call an “n-price mechanism”. Instead of fixing

a single price, the principal can set as many prices as there are agents in

the economy, say n. She starts by asking each agent whether he would be

willing to provide at least one unit at the largest price (which is nothing

but the n-th lowest price). If some agents say no, they are excluded from

the mechanism; that is, they provide no units and receive no payment. The

remaining m agents are then offered them-th lowest price. Since this price is

at most as large as the previous one, some of the agents who “participated”

before may refuse to do so now. In this case, they are also excluded and

the price is lowered accordingly. This procedure repeats itself until a price

is found at which every remaining agent is willing to provide at least one

unit. This is the final price, and each of the remaining agents supplies his

optimal quantity at this price (Theorem 2.3).

An n-price mechanism can be interpreted as a fixed-price mechanism

with an initial stage in which the price is endogenously determined. The
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selected price increases in the number of agents who wish to provide some

units at this price (“the more the merrier”). The reason why every n-price

mechanism is group strategy-proof is simple: A group of agents can only

increase the final price if at least one of them deviates by “accepting” a price

that is too low for him to provide a positive number of units. Hence, any such

agent will be worse off under the deviation. It is far from obvious, however,

that n-price mechanisms are the only group-strategy-proof mechanisms with

a uniform price. The proof constitutes a major part of our analysis.

If all n prices coincide, an n-price mechanism boils down to a fixed-

price mechanism. By means of a numerical example, we illustrate that the

optimal n-price mechanism for the principal may involve multiple prices and

thus not be a fixed-price mechanism. The reason is that, while less and less

agents are active in each round, those that remain are “positively selected”

because they have accepted all previous prices. Hence, the principal may

expect them to supply too many units at the current price. In response, she

will optimally adjust the price downwards.

2.2 Related Literature

The early literature on dominant-strategy mechanism design has shown that

collusion-proofness is incompatible with allocative efficiency if the agents

can make side payments (Bennett & Conn, 1977; Green & Laffont, 1979).1

The availability of side payments enables the agents to bribe each other to

misreport. To render a mechanism “bribe-proof”, the agents’ equilibrium

utilities must be mutually independent (Schummer, 2000a, 2000b; Goldberg

& Hartline, 2005; Bu, 2016). We go beyond these findings by considering

the possibility that the colluding agents may exchange not only money but

also quantity. Our Theorem 2.1 shows that such reallocation can only be

prevented if the mechanism does not involve any form of price discrimina-

tion. A similar notion of reallocation-proofness was considered by Pápai

(2000) in an assignment model without monetary transfers.

More flexible mechanisms become available if the agents are not able

reallocate. A mechanism is group strategy-proof if no group of agents can

1One way out of this impossibility result is to assume that each agent belongs to a
fixed coalition, which is unknown to the designer. In this case, the VCG mechanism can
be made collusion-proof by asking the agents to report not only their preferences but also
their coalitions (Chen & Micali, 2012; Deckelbaum & Micali, 2017; Gorokh et al., 2019).
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misreport in a way that makes at least one group member better off and no

group member worse off.2 By definition, group strategy-proofness implies

individual strategy-proofness. Under certain conditions, the two proper-

ties turn out to be equivalent (Breton & Zaporozhets, 2009; Barberà et al.,

2010, 2016). This is not the case in our model. In particular, Theorems 2.2

and 2.3 would not hold if group strategy-proofness were replaced by indi-

vidual strategy-proofness.

Group strategy-proofness sometimes implies the technically convenient

property of non-bossiness (which was introduced by Satterthwaite and Son-

nenschein, 1981). Non-bossiness requires that if an agent receives the same

allocation for two of his reports, then so should all other agents. In our

model, group strategy-proofness and non-bossiness are logically indepen-

dent properties. The reason lies in the availability of money, which implies

that the agents can be indifferent between several allocations. Thomson

(2016) provides an extensive discussion of non-bossiness and its relationship

to (group) strategy-proofness.

Group-strategy-proof mechanisms have been analyzed in various other

settings. Examples include public-good provision (Moulin, 1994; Olszewski,

2004), house allocation (Pápai, 2000; Ehlers, 2002; Pycia & Ünver, 2017)

and matching with contracts (Hatfield & Kojima, 2009). Particularly close

is Schummer (2000a). He studies the assignment of heterogeneous objects

and money to agents who demand at most one object. From him we borrow

the intermediate result that, under group strategy-proofness, transfers are

completely pinned down by quantities (our Lemma 2.1).

Our Theorem 2.3 characterizes group-strategy-proof mechanisms with a

uniform price. One of their striking features is that the final price depends

on how many agents wish to provide a positive quantity but not on how

much quantity they wish to provide. Similar mechanisms have been identi-

fied by Barberà and Jackson (1995) in an exchange economy with classical

preferences. They characterize the set of strategy-proof, individually ratio-

nal, anonymous, non-bossy and tie-free mechanisms. There are three main

differences between their paper and ours. First, Barberà and Jackson study

a two-sided market (in which the agents can be both buyers and sellers),

2There are two common definitions of group strategy-proofness in the literature. The
“weak” version requires that no group of agents can, through misreporting, make all group
members better off. By contrast, our analysis is concerned with the “strong” version.
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whereas we consider a one-sided market (in which all agents are sellers).

An important difference is that their model features a budget constraint,

which adds structure to the analysis. Second, Barberà and Jackson work

on a larger preference domain, which tends to simplify the proofs. Third,

the properties invoked by Barberà and Jackson are logically independent of

ours. Nonetheless, they are similar in spirit and, therefore, lead to similar

results. In particular, both non-bossiness and group strategy-proofness re-

strict the extent to which an agent can affect the other agents’ allocations.

Moreover, both anonymity and uniform pricing capture a form of fairness.

Mechanisms akin to those of our Theorem 2.3 also appear in models of

cost/surplus sharing, where they are referred to as “cross-monotonic”. In

general, surplus sharing can be interpreted as a special case of procurement

in which an exogenous “budget function” determines the amount of money

the principal spends for every given quantity vector. This additional con-

straint is implied by group strategy-proofness (Lemma 2.1). Hence, absent

further assumptions, the two models are equivalent. The existing literature

assumes that the budget function is supermodular or that each agent con-

tributes at most one unit (Moulin, 1999; Moulin & Shenker, 2001; Juarez,

2013; Hashimoto & Saitoh, 2015). By contrast, we allow for multi-unit sup-

ply and implicitly restrict the budget function through the uniform-price

requirement (which is compatible with both super- and submodularity).

2.3 Model

A principal (female) wants to procure a discrete number of homogeneous

units from n ∈ {2, 3, . . . } agents (male). The set of agents isN ≡ {1, 2, . . . , n}.
For each agent i ∈ N , an allocation ai ≡ (qi, ti) specifies a quantity qi ∈ N
and a transfer ti ∈ R, where N ≡ {0, 1, . . . }. To be exact, qi is the number

of units that i provides, and ti is the monetary payment that i receives.

A group G ⊆ N is a subset of agents. For any group G ⊆ N , we write

aG ≡ (ai)i∈G, qG ≡ (qi)i∈G and tG ≡ (ti)i∈G for its members’ allocation

profile, quantity profile and transfer profile, respectively.

The cost that agent i ∈ N incurs in providing qi ∈ N units is given by

ci(qi) ∈ R+, where R+ ≡ [0,∞). For all qi ∈ N\{0}, we define the associated
marginal cost by ∆ci(qi) ≡ ci(qi)−ci(qi−1). The set of admissible cost

functions is denoted by C. We assume that C contains all cost functions
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c : N → R+ that satisfy the following three conditions: First, c(0) = 0. That

is, the cost in the status quo is normalized to zero. Second, 0 < ∆c(1) <

∆c(2) < · · · . That is, the cost function is increasing and convex. Third,

limq→∞∆c(q) = ∞. That is, the marginal cost grows without bound as an

agent’s quantity becomes large.3 It is common knowledge that ci ∈ C for all

i ∈ N , but there is asymmetric information in the sense that the principal

does not know the exact shapes of the ci’s. Accordingly, we will sometimes

refer to ci as agent i’s type.

A cost profile of group G ⊆ N is denoted by cG ≡ (ci)i∈G. Let

C |G| be the |G|-fold Cartesian product of C, so cG ∈ C |G|. Similarly,

c−G ≡ (ci)i∈N\G stands for a cost profile of the agents not in G. The set

of symmetric cost profiles for group G ⊆ N is denoted by C
|G|
= ≡ {cG ∈

C |G| : ∀i, j ∈ G, ci = cj}. Moreover, for any G ⊆ N and cG, ĉG ∈ C |G|, we

write cG > ĉG if ci(q) > ĉi(q) for all i ∈ G and q ∈ N\{0}. That is, cG > ĉG

means that cost profile cG lies above cost profile ĉG.

The utility that agent i ∈ N with cost function ci ∈ C derives from

allocation (qi, ti) ∈ N×R is given by ti− ci(qi). Thus, each agent cares only

about his own allocation and has quasi-linear preferences with respect to

money. The agent’s optima in a set of allocations A ⊆ N× R are denoted

by Opt(ci, A) ≡ argmax(qi,ti)∈A{ti − ci(qi)}.

2.4 Definitions

The principal designs a (procurement) mechanism. A mechanism specifies

a set of messages for each agent as well as an outcome function that maps

the messages that the agents send into the allocations that they receive. We

focus on deterministic mechanisms whose induced game has an equilibrium

in which each agent plays a dominant pure strategy. By the revelation

principle, any such mechanism can be represented by a direct mechanism

in which all agents truthfully reveal their cost functions to the principal.

Since our analysis will mostly revolve around direct mechanisms, we omit

the qualifier and simply call them mechanisms.

3The third requirement is technical. Its sole role is to guarantee that the mechanisms
which we introduce later are well defined. Alternatively, we could assume that there is an
upper bound on the set of quantities an agent can provide.
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Definition 2.1. A (direct) mechanism consists of a quantity function

φi : C
n → N and a transfer function τi : C

n → R for all i ∈ N .

For every reported cost profile cN ∈ Cn, a mechanism thus assigns a quantity

qi ∈ N and a transfer ti ∈ R to each agent i ∈ N . Occasionally, it will be

convenient to denote an allocation function by αi ≡ (φi, τi). For a groupG ⊆
N , let αG ≡ (αi)i∈G, φG ≡ (φi)i∈G and τG ≡ (τi)i∈G represent the vectors

that contain the group members’ allocation functions, quantity functions

and transfer functions, respectively. A mechanism is thus given by αN =

(φN , τN ). Whenever the mechanism under consideration is clear, ui(ĉN |ci) ≡
τi(ĉN )−ci(φi(ĉN )) stands for the utility that agent i ∈ N with cost function

ci ∈ C obtains when cost profile ĉN ∈ Cn is reported. If i is truthful at ĉN

(i.e. ĉi = ci), we write u∗i (ĉN ) ≡ ui(ĉN |ci).
We now introduce several desirable properties of mechanisms. First, a

mechanism is strategy-proof if no agent ever benefits from misreporting his

cost function.

Definition 2.2. Amechanism is strategy-proof (SP) if u∗i (cN ) ≥ ui(ĉi, c−i|ci)
for all i ∈ N , cN ∈ Cn and ĉi ∈ C.

Strategy-proofness provides a safeguard against the strategic behavior of

individual agents: it is optimal to be honest, regardless of what the other

agents do. Group strategy-proofness extends this concept from individuals

to groups: no group of agents should want to jointly deviate from telling

the truth. More precisely, group strategy-proofness requires that if a coor-

dinated misreport by a group of agents makes some of them better off, then

it must make some of the other group members worse off. Hence, the latter

should not want to sign on to this collusive arrangement.

Definition 2.3. A mechanism is group strategy-proof (GSP) if for all

cN ∈ Cn, G ⊆ N and ĉG ∈ C |G|, u∗i (cN ) < ui(ĉG, c−G|ci) for some i ∈ G

implies that u∗j (cN ) > uj(ĉG, c−G|cj) for some j ∈ G.

Group strategy-proofness does not eliminate collusion entirely. Joint de-

viations may still be beneficial if the colluding agents transfer money or

quantity among each other. Such reallocation may compensate those group

members who would otherwise suffer from the misreport. Any mechanism

in which these side deals never pay off is said to be reallocation-proof.
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Definition 2.4. A mechanism is reallocation-proof (RP) if for all cN ∈
Cn, G ⊆ N , ĉG ∈ C |G| and (qi, ti)i∈G ∈ (N × R)|G| with

∑︁
i∈G

[︁
qi −

φi(ĉG, c−G)
]︁
= 0 =

∑︁
i∈G

[︁
ti − τi(ĉG, c−G)

]︁
, u∗i (cN ) < ti − ci(qi) for some

i ∈ G implies that u∗j (cN ) > tj − cj(qj) for some j ∈ G.4

Observe that reallocation-proofness implies group strategy-proofness, which

in turn implies strategy-proofness.

Our final property captures participation constraints: each agent should

weakly prefer truthtelling to not participating in the mechanism.

Definition 2.5. A mechanism is individually rational (IR) if u∗i (cN ) ≥ 0

for all i ∈ N and cN ∈ Cn.

2.5 Results

We now present our three main results. The first one characterizes all

mechanisms that are robust to manipulation by strong cartels (reallocation-

proofness). The other two deal with weak cartels (group strategy-proofness).

2.5.1 Benchmark: Reallocation-proofness

There is a unique type of mechanism that satisfies reallocation-proofness:

the principal offers a fixed price p ≥ 0 per unit, and each agent supplies

his optimal quantity at that price.5 In addition, the principal can make or

charge lump-sum transfers to the agents.

Definition 2.6. In a fixed-price mechanism, there exist a price p ≥ 0

and lump-sum transfers (
¯
tj)j∈N ∈ Rn such that for all i ∈ N and cN ∈ Cn,

φi(cN ) ∈ argmax
qi∈N

{︁
qi · p− ci(qi)

}︁
,

τi(cN ) = φi(cN ) · p+
¯
ti.

Theorem 2.1. A mechanism is reallocation-proof if and only if it is a fixed-

price mechanism.

4Equivalently, the statement [u∗
i (cN ) < ti−ci(qi) for some i ∈ G implies that u∗

j (cN ) >
tj − cj(qj) for some j ∈ G] can be replaced by

∑︁
i∈G u∗

i (cN ) ≥
∑︁

i∈G[ti − ci(qi)].
5Such an optimal quantity exists because of our assumption that the agents’ marginal

costs eventually grow without bound (see Section 2.3).
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Requiring individual rationality on top of reallocation-proofness changes the

statement of Theorem 2.1 only to the extent that the lump-sum transfers

must not be negative. Positive lump-sum transfers, on the other hand, are

arguably not useful to the principal since they increase her expenses without

affecting the quantity procured.

The proof of Theorem 2.1 is relegated to Supplement 2.B.1. The argu-

ment has two main steps. In the first step, we assume that the colluding

agents can make side payments but not exchange units. Put differently, the

agents can bribe each other to misreport. Schummer (2000b) has shown

quite generally that a mechanism is “bribe-proof” only if each agent’s equi-

librium utility is independent of the other agents’ reports. In our model, this

implies that each agent faces an exogenous set of allocations, from which he

picks his optimum. The second step of the proof then considers the full

scope of reallocation-proofness. When the agents also have the capacity to

exchange quantity, collusion can only be prevented if all units are priced

equally. Otherwise two agents with different prices could benefit from ar-

bitrage. That is, the agent with the larger price could first misreport to

provide additional units to the principal and then pay the other agent to

supply some of these units in his stead. The unique type of mechanism in

which prices are both exogenous and uniform is a fixed-price mechanism.

Fixed-price mechanisms feature an extreme form of price rigidity: the

principal cannot adjust her payments to the agents’ costs at all. The fol-

lowing analysis takes up a natural question: to which extent does group

strategy-proofness allow for more flexible mechanisms?

2.5.2 The Impossibility of Quantity Targets

One of the drawbacks of a fixed-priced mechanism is that it does not allow

the principal to set a quantity target; the total number of units that the

agents supply is endogenous. In practice, however, the principal typically

wants to procure a fixed number of units. For example, a car manufacturer

needs only a certain amount of spark plugs, wheel bearings, etc. But de-

pending on the suppliers’ costs, a fixed-price mechanism may yield more

or less than the firm’s desired quantity. In this section, we show that the

impossibility of setting a quantity target extends to all group-strategy-proof

and individually rational mechanisms.

Let us start with a straightforward implication of strategy-proofness. If
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an agent receives the same quantity for two distinct reports, then he must

also receive the same transfer; otherwise he would want to lie whenever he

gets the lower transfer. Our first lemma shows that this result extends from

individuals to groups if strategy-proofness is strengthened to group strategy-

proofness. That is, any joint misreport that does not affect the quantities

of the involved agents must also leave their transfers unchanged.

Lemma 2.1. Consider any group-strategy-proof mechanism. For all G ⊆ N ,

cG, ĉG ∈ C |G| and c−G ∈ Cn−|G|,

φG(cG, c−G) = φG(ĉG, c−G) =⇒ τG(cG, c−G) = τG(ĉG, c−G).

The proof of Lemma 2.1 is in Supplement 2.B.2.6 The underlying intuition

is that joint deviations can only be prevented if the transfers are not too

responsive to the agents’ reports. As an illustration, suppose that the prin-

cipal uses a second-price reverse auction to procure one unit from one of two

agents. Both agents simultaneously submit a bid. The agent with the lower

bid wins the unit and receives a payment equal to the other agent’s bid.

If the latter slightly increases his bid, he will still lose the auction. Thus,

both agents’ quantities will be unchanged, but the winner will now receive a

larger payment than before. This creates an opportunity for collusion, which

shows that the second-price auction is not group strategy-proof. Lemma 2.1

generalizes this insight by establishing that every mechanism in which two

coordinated reports yield the same quantities but distinct transfers for the

involved agents cannot be group strategy-proof.

Lemma 2.1 is key in proving that the principal cannot set a quantity

target. For the sake of illustration, let us momentarily assume that each

agent faces a hard capacity constraint which puts an upper bound on the

number of units he can provide.7 The mechanism’s range then contains

finitely many quantity profiles. By Lemma 2.1, each quantity profile is

associated with a unique transfer profile. Thus, each agent may receive only

finitely many transfers in the mechanism and, in particular, a largest one.

6Lemma 2.1 is equivalent to Schummer’s (2000a) Theorem 3. His model involves
heterogeneous objects and agents with unit demand. But his arguments do not exploit
these particular features and thus extend to our setting.

7The model that we have described in Section 2.3 features soft capacity constraints
to the extent that diminishing capacity is captured by increasing costs.
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For all i ∈ N , Lemma 2.1 therefore guarantees the existence of

τ̄i ≡ max
{︁
ti ∈ R : ∃cN ∈ Cn s.t. τi(cN ) = ti

}︁
.

Consider now any cost function ci ∈ C such that ci(qi) > τ̄i for all qi ∈
N \ {0}. In words, agent i’s costs are so large that he incurs negative utility

from all allocations with a positive quantity. By individual rationality, he

must provide zero units, that is, φi(ci, ·) = 0. This argument applies to all

agents. Thus, for sufficiently “large” cost profiles, no units are procured at

all.

Theorem 2.2. In every group-strategy-proof and individually rational mech-

anism, there exists ĉN ∈ Cn such that for all cN ∈ Cn with cN > ĉN , it holds

that φi(cN ) = 0 for all i ∈ N .

We formally prove Theorem 2.2 in Appendix 2.A.1. The technical difficulty

is that, since our model does not feature hard capacity constraints, the range

of transfers that the mechanism assigns to an agent for any given quantity

can be unbounded. Thus, the simple line of reasoning from above fails.

But the gist of the argument is still valid. By Lemma 2.1, group strategy-

proofness severely restricts the extent to which the principal can tailor her

payments to the agents’ costs. In particular, her transfers are not flexible

enough to ensure that the agents voluntarily provide a positive number of

units when their costs become large. Note that this conclusion holds despite

the absence of a budget constraint. That is, even though the principal has

infinitely deep pockets, she cannot always procure her desired quantity.

Both group strategy-proofness and individual rationality are crucial for

Theorem 2.2 to hold. If participation constraints were irrelevant, the prin-

cipal could procure her desired quantity without compensating the agents

at all. Moreover, if we only required strategy-proofness and individual ra-

tionality, the Vickrey-Clarke-Groves (VCG) mechanism8 becomes available.

However, the VCG mechanism is not group strategy-proof, which is seen as

one of its main practical drawbacks (e.g. Rothkopf, 2007). More generally,

Theorem 2.2 implies that not only the VCG mechanism but, in fact, every

individually rational mechanism that always procures a positive quantity is

susceptible to collusive behavior.

8Named after Vickrey (1961), Clarke (1971) and Groves (1973).

51



2.5.3 Beyond Fixed-Price Mechanisms

Despite the impossibility result of Theorem 2.2, group-strategy-proof mech-

anisms give the principal more design flexibility than merely fixing a price.

But exactly which alternative mechanisms are available? To address this

question, we now provide a partial characterization of group-strategy-proof

mechanisms. We restrict attention to mechanisms with a uniform price.

That is, we impose the practically appealing condition that each unit be

priced equally. This feature is reminiscent of a uniform-price auction, which

is widely perceived as a “fair” way to assign multiple units (e.g Ausubel

et al., 2014, p. 1393).9

Definition 2.7. In a uniform-price (UP)mechanism, there exists a sym-

metric10 function π0 : C
n → R such that for all i ∈ N and cN ∈ Cn,

φi(cN ) ∈ argmax
qi∈N

{︁
qi · π0(cN )− ci(qi)

}︁
, (2.1)

τi(cN ) = φi(cN ) · π0(cN ). (2.2)

The essence of uniform pricing is captured by (2.2). In addition, our defi-

nition has two other natural components. First, since π0 is symmetric, the

price does not change if we swap the agents’ reports. Hence, all agents

are treated equally. Second, (2.1) says that each agent receives his opti-

mal number of units at the realized price. This can be interpreted as a

“market-clearing” condition. It implies that every uniform-price mechanism

is individually rational because truthtelling yields an allocation at least as

good as (0, 0).

Our third result shows that every group-strategy-proof uniform-price

mechanism can be implemented as follows: The principal announces a se-

quence of prices 0 = p(0) ≤ p(1) ≤ · · · ≤ p(n) < ∞. Each agent is asked

whether he would provide at least one unit (i.e. “participate”) at the largest

price p(n). If all n agents say yes, p(n) is the final price. Otherwise the agents

who refused to participate at price p(n) are excluded from the mechanism;

they supply no units and receive no payment. The m ∈ {0, 1, . . . , n− 1} re-

9See Krishna (2010, ch. 12) for more information about uniform-price auctions. They
are not strategy-proof and thus fall outside the set of mechanisms we study.

10A function is symmetric if its value is unchanged by any permutation of its argu-
ments. Specifically, the function π0 : C

n → R is symmetric if for all bijections b : N → N
and all cN , ĉN ∈ Cn such that ci = ĉb(i) for all i ∈ N , we have that π0(cN ) = π0(ĉN ).
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maining agents are then asked whether they would still participate at price

p(m) ≤ p(n). If all of them say yes, p(m) is the final price. Otherwise the

naysayers are excluded, and the l ∈ {0, 1, . . . ,m − 1} remaining agents are

offered price p(l) ≤ p(m). This process continues until a price is found at

which all remaining agents participate.11 Each of the them then supplies

his optimal quantity at the final price. The direct version of this “n-price

mechanism” is defined as follows.

Definition 2.8. In an n-price mechanism, there exists a sequence of

prices 0 = p(0) ≤ p(1) ≤ · · · ≤ p(n) < ∞ such that for all i ∈ N and

cN ∈ Cn,

φi(cN ) ∈ argmax
qi∈N

{︁
qi · p(η0(cN ))− ci(qi)

}︁
,

τi(cN ) = φi(cN ) · p(η0(cN )),

where η0(cN ) is the largest value m ∈ {0, 1, . . . , n} such that exactly m

agents are willing to provide at least one unit at price p(m):

η0(cN ) ≡ max
{︁
m ∈ {0, 1, . . . , n} : |{i ∈ N : ci(1) ≤ p(m)}| = m

}︁
.

An n-price mechanism clearly has a uniform price. It is also easy to verify

that it is group strategy-proof. As the next result shows, no other uniform-

price mechanism is.

Theorem 2.3. A uniform-price mechanism is group strategy-proof if and

only if it is an n-price mechanism.

The proof of the “only if” part of Theorem 2.3 is rather involved. We explain

the main steps in Section 2.6. To provide a better understanding of n-price

mechanisms, we now briefly point out three of their characteristics.

First, the agents can only affect the price by “dropping out”, that is,

by rejecting the currently offered price and thus exiting the mechanism.

This is similar to an English auction and necessary to guarantee strategy-

proofness. If an agent could influence the price he himself receives, then he

would sometimes face incentives to manipulate that price by misreporting.

Second, and in contrast to an English auction, the agents cannot affect

the price that their exit triggers. In other words, they cannot strategically

11Such a price exists because zero agents participate at price p(0) = 0.
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drop out to benefit the remaining agents. If they could, there would be

opportunities for collusion—in violation of group strategy-proofness.

Third, the price can only decrease. This is again due to strategy-

proofness. To see why, consider an agent who is unwilling to provide any

units at the current price, but only slightly so. If this agent believes that

some other agent will drop out and the principal will offer a higher price

in response, then it will be better to stay active. Hence, remaining in the

mechanism as long as the current price is at least as large as the agent’s cost

for the first unit is not a dominant strategy anymore.

2.5.4 A Note on Optimality

An n-price mechanism is more flexible than a fixed-price mechanism. (Both

mechanisms coincide if and only if p(1) = · · · = p(n).) However, the addi-

tional flexibility seems rather impractical at first sight: When some agents

drop out, the principal learns that the price she offered was not high enough

for them. But her only possible response is to lower the price further.

Nonetheless, such price reductions can be optimal because the principal

will rationally update her beliefs about the agents that still remain in the

mechanism. Since they have accepted all previous prices, they are “posi-

tively selected”. Hence, the principal may expect them to supply too much

quantity at the current price. In response, she may find it optimal to re-

duce the price. To illustrate this point, we now present a simple numerical

example with two agents.

For tractability, we modify two aspects of the model. First, quantities are

allowed to be continuous rather than discrete. Second, the uncertainty about

each agent’s cost function is captured by a scalar.12 In particular, we assume

that the cost that agent i ∈ {1, 2} incurs in providing qi ∈ [0,∞) units is

given by c(qi, θi) = 1
2θiqi(qi + 2), where θi ∈ (0,∞) is a cost parameter,

or “type”, unknown to the principal. The agents’ types are independently

drawn from log-normal distributions with parameters (µ1, σ1) and (µ2, σ2).

We assume that −∞ < µ1 ≤ µ2 = 0 and σ1 = σ2 = 1. If µ1 = 0, the two

agents are symmetric. As µ1 decreases, agent 1’s type distribution improves

in the sense that it becomes first-order stochastically dominated by agent

2’s type distribution.

12The example has to be taken with a grain of salt because we do not know whether
Theorem 2.3 still holds under these two assumptions.
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Suppose the principal derives payoff v − p from each unit that she buys

at price p. There is a natural trade-off: a larger price induces the agents to

supply more units but decreases the principal’s payoff per unit. Figure 2.1

depicts the optimal two-price mechanism as a function of −µ1.
13 For each

value of µ1, we adjust v so that the optimal fixed-price mechanism is always

given by p = 1. The graph shows that the principal finds it optimal to charge

different prices (i.e. p(1) < p(2)), except when the agents are symmetric or

very asymmetric.
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Figure 2.1: Optimal two-price mechanism

To make sense of Figure 2.1, note that the agent who is offered p(1) has

accepted p(2). Hence, the principal’s posterior about the agent’s type is

better than her prior. As µ1 decreases, it becomes more likely that p(1) is

offered to agent 1. Since his type distribution is better than average, the

principal expects him to provide too much quantity at p = 1. Therefore, she

optimally reduces the price to p(1) < 1. Similarly, when setting p(2), the

principal puts more weight on agent 2. Since his type distribution is worse

than average, the principal increases the price to p(2) > 1.

As the agents become very asymmetric (i.e. −µ1 → ∞), the optimal

two-price mechanism converges to the optimal fixed-price mechanism. Intu-

itively, this is because both mechanisms increasingly disregard agent 2, given

13The MATLAB code is available at https://sites.google.com/view/mhagen/research.
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that agent 1’s expected cost is so much lower. In other words, the limit econ-

omy effectively features only agent 1. As a result, the price adjustment that

a two-price mechanism allows for has no bite.

This example illustrates that the principal may find it optimal to make

use of the flexibility that an n-price mechanism provides. However, the ad-

vantage over a fixed-price mechanism will be mitigated if we make the—often

quite realistic—assumption that the agents’ costs are positively correlated

(rather than independent). As some agents drop out at the initial prices, the

principal’s estimation of the remaining agents’ types worsens. This counter-

acts the positive selection effect and moves the optimal n-price mechanism

closer to a fixed-price mechanism. In the extreme case of perfect positive

type correlation, either all agents accept or all agents reject the initial price.

Hence, a fixed-price mechanism is trivially optimal.

2.6 Proof of Theorem 2.3

This section explains the proof of Theorem 2.3. We focus on the intuition

and relegate the technical details to the Appendix. In a series of lemmas,

we put structure on the shape of all mechanisms that have a uniform price

(UP) and satisfy group strategy-proofness (GSP). For brevity, we indicate

the relevant properties in parentheses after the lemma’s name. For exam-

ple, “Lemma 2.2 (UP)” means that Lemma 2.2 holds for all uniform-price

mechanisms.

A critical feature of every uniform-price mechanism is that it does not

discriminate among the agents. In particular, every permutation of their

cost functions swaps their utilities accordingly. This is a weak version of

anonymity, stated in terms of utilities rather than allocations.

Lemma 2.2 (UP). For all cN , ĉN ∈ Cn and bijections b : N → N such that

ci = ĉb(i) for all i ∈ N , it holds that u∗i (cN ) = u∗b(i)(ĉN ) for all i ∈ N .

Proof. Consider any cN , ĉN ∈ Cn and bijection b : N → N such that ci =

ĉb(i) for all i ∈ N . Since π0 is symmetric, π0(cN ) = π0(ĉN ). Thus,

u∗i (cN ) = max
q∈N

{q · π0(cN )− ci(q)}

= max
q∈N

{q · π0(ĉN )− ĉb(i)(q)} = u∗b(i)(ĉN ).
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Consider any group of agents who have—and report—the same cost func-

tion. Lemma 2.2 implies that they all receive the same equilibrium utility.

Hence, by group strategy-proofness, they effectively combine into a repre-

sentative agent who chooses the group’s joint report so as to maximize his

utility. The representative agent faces a choice set which may depend on the

reports of the non–group members. This choice set can be fully described

by a price function that maps each quantity into the transfer that the rep-

resentative agent receives. The following lemma formalizes this discussion.

Lemma 2.3 (GSP+UP). For all g ∈ {1, . . . , n}, there exists a function

π̄g : N × Cn−g → R+ which is symmetric in Cn−g and such that for all

G ⊆ N with |G| = g, i ∈ G and cN ∈ Cg
= × Cn−g,

φi(cN ) ∈ argmax
q∈N

{︁
π̄g(q, c−G)− ci(q)

}︁
, (2.1)

τi(cN ) ∈ π̄g(φi(cN ), c−G). (2.2)

Proof. See Appendix 2.A.2.

Consider any group G ⊆ N of size g ≡ |G|, and any cost profile cN ∈
Cg
=×Cn−g. Note that all members of group G have the same cost function.

Define the set of allocations associated with price function π̄g(·, c−G) by

Ag(c−G) ≡
{︁
(q, π̄g(q, c−G)) : q ∈ N

}︁
.

Lemma 2.3 says that each member of group G receives his optimum allo-

cation in Ag(c−G). That is, for all i ∈ G, (2.1) and (2.2) are equivalent to

αi(cN ) ∈ Opt(ci, Ag(c−G)). Moreover, if we remove agent j ∈ G from group

G, then all members of subgroup G \ {j} are still symmetric. Thus, for all

i ∈ G \ {j}, Lemma 2.3 states that αi(cN ) ∈ Opt(ci, Ag−1(cj , c−G)). Since

ci = cj , it follows that

Opt(ci, Ag(c−G)) ∩Opt(ci, Ag−1(ci, c−G))) ̸= ∅. (2.3)

Loosely speaking, (2.3) says that each agent in a symmetric group receives

an allocation that he values exactly as much as his optimum in the set of

allocations that he “offers” to his fellow group members. In deriving (2.3),

we have assumed the group size to be at least two (because for g = 1, Ag−1

is not defined). The definition of a uniform-price mechanism allows us to
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extend (2.3) to singleton groups. Simply define π̄0(q, cN ) ≡ q ·π0(cN ) for all

q ∈ N, and A0(cN ) ≡ {(q, π̄0(q, cN )) : q ∈ N}.
A0 is the graph of a linear function with slope π0(cN ). Given the con-

nection that (2.3) establishes between Ag−1 and Ag, the linearity extends

from A0 to A1, from A1 to A2, and so on.

Lemma 2.4 (GSP+UP). For all g ∈ {1, . . . , n}, there exists a symmetric

function πg : C
n−g → R+ such that for all G ⊆ N with |G| = g, c−G ∈ Cn−g

and q ∈ N,
π̄g(q, c−G) = q · πg(c−G).

Proof. See Appendix 2.A.3.

The next lemma shows that “removing” an agent from a symmetric group

cannot increase the price for the remaining group members.

Lemma 2.5 (GSP+UP). For all g ∈ {2, . . . , n}, G ⊆ N with |G| = g,

c−G ∈ Cn−g, i ∈ G and ci ∈ C,

πg−1(ci, c−G) = πg(c−G) if ci(1) ≤ πg(c−G),

πg−1(ci, c−G) ≤ πg(c−G) if ci(1) > πg(c−G).

Proof. See Appendix 2.A.4.

The first part of Lemma 2.5 says that if agent i ∈ G “accepts” the price

πg(c−G) that he faces as part of the symmetric groupG (i.e. ci(1) ≤ πg(c−G)),

then subgroup G\{i} is offered the same price (i.e. πg−1(ci, c−G) = πg(c−G)).

The explanation is that, by (2.3), i’s optimum in Ag−1(ci, c−G) coincides

with his optimum inAg(c−G). Since Lemma 2.4 states that bothAg−1(ci, c−G)

and Ag(c−G) are linear, they can only differ if i finds it optimal to choose

the null allocation from both of them. Thus, if ci(1) < πg(c−G), then

πg−1(ci, c−G) = πg(c−G). A more elaborate argument shows that the same

is true if ci(1) = πg(c−G).

Both parts of Lemma 2.5 combined say that πg−1(ci, c−G) ≤ πg(c−G)

for all ci ∈ C. That is, when agent i ∈ G “leaves” group G, the price for

the remaining group members cannot go up. Otherwise, subgroup G \ {i}
will want i to misreport in order to increase their price. Moreover, our

proof shows that for certain cost profiles, i himself will not suffer from his

misreport. Hence, group strategy-proofness will be violated.
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Lemma 2.5 suggests a way to determine the price π1(c−i) that agent

i ∈ N faces in the mechanism. Start by assuming that all agents report the

same cost as i. Then successively “remove” all agents other than i from the

group; that is, have them report their actual cost. In each step, the price

for the remaining group members either remains unchanged or decreases.

Moreover, it can only decrease if the agent that leaves the group does not

accept the price that he faces as part of the group. Based on this idea, the

following lemma pins down the “individual price functions” π1(c−i).

Lemma 2.6 (GSP+UP). There exists a sequence of prices 0 ≤ p(1) ≤ · · · ≤
p(n) < ∞ such that for all i ∈ N and c−i ∈ Cn−1,

π1(c−i) = p(η1(c−i)),

where

η1(c−i) ≡ max
{︁
m ∈ {1, . . . , n} : 1 + |{j ∈ N \ {i} : cj(1) ≤ p(m)}| = m

}︁
.

Proof. See Appendix 2.A.5.

At first sight, Lemma 2.6 seems to suggest that the individual prices could

differ across agents—which would run counter to uniform pricing. For exam-

ple, consider any cN ∈ Cn such that ci(1) ≤ p(n−1) for all i ∈ {1, . . . , n−1},
and cn(1) > p(n). Lemma 2.6 states that π1(c−i) = p(n − 1) for all

i ∈ {1, . . . , n − 1}, and π1(c−n) = p(n). Hence, if p(n − 1) < p(n),

then agent n faces a different price than the other agents. However, since

cn(1) > p(n) ≥ p(n− 1), agent n will choose allocation (0, 0) at both prices.

Thus, the principal might as well offer him price p(n − 1) instead of p(n).

Our final lemma generalizes this idea, showing that all agents’ prices effec-

tively coincide at all cost profiles. We use the following notation: p(0) ≡ 0

and for all m ∈ {0, . . . , n}, A(m) ≡ {(q, q · p(m)) : q ∈ N}.

Lemma 2.7 (GSP+UP). For all i ∈ N and cN ∈ Cn,

Opt
(︁
ci, A1(c−i)

)︁
= Opt

(︁
ci, A(η0(cN ))

)︁
,

where

η0(cN ) ≡ max
{︁
m ∈ {0, . . . , n} : |{j ∈ N : cj(1) ≤ p(m)}| = m

}︁
.

Proof. See Appendix 2.A.6.
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Lemma 2.7 is equivalent to Theorem 2.3. To see this, consider any cN ∈ Cn

and i ∈ N . Lemma 2.3 states that αi(cN ) ∈ Opt(ci, A1(c−i)). Hence, by

Lemma 2.7, αi(cN ) ∈ Opt(ci, A(η0(cN ))). This is precisely the definition of

an n-price mechanism.

2.7 Conclusion

This paper has provided characterizations of collusion-proof mechanisms for

multi-unit procurement. We have considered both strong and weak car-

tels, whose members can and cannot, respectively, reallocate among each

other. To conclude, we put our results into perspective and discuss possible

directions for future research.

Group strategy-proofness implicitly assumes that the agents commonly

know each other’s preferences. If there is asymmetric information among

them, additional opportunities for collusion may arise in expectation. That

is, a group of agents may believe to gain from a coordinated misreport,

although at least one of them loses ex-post.14 Bierbrauer and Hellwig (2016)

as well as Kivinen and Tumennasan (2020) have considered robust versions

of group strategy-proofness which deter collusion regardless of the beliefs

that the agents may hold about each other’s preferences. None of our results

would change if we adapted their definitions to our setting.15

Part of our analysis restricts attention to mechanisms with a uniform

price. This requirement is desirable in practice because it makes evident

that all agents are treated equally. On the other hand, mechanisms may

still be “fair” even if some agents receive different prices ex-post. Thus, a

natural question is whether a larger class of group-strategy-proof, individu-

ally rational and fair mechanisms can be characterized. If so, how significant

is the welfare loss implied by uniform pricing?

Our analysis exploits the full scope of group strategy-proofness. Ad-

ditional uniform-price mechanisms become available if we require strategy-

proofness only at the individual level. One example is a multi-unit extension

of the second-price reverse auction: the agent with the lowest cost for the

14On the other hand, asymmetric information among the agents may make collusion
more difficult if we assume that the conspirators use a strategy-proof sub-mechanism to
coordinate their reports in the original mechanism (Crémer, 1996).

15The reason is that the impossibility result of Theorem 2.2 holds under group strategy-
proofness and, thus, any stronger property. Moreover, in the mechanisms that we charac-
terize in Theorem 2.3, a coordinated misreport is never ex-post profitable for an agent.
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first unit supplies his optimal quantity at a unit price equal to the second

lowest cost for the first unit; all other agents provide zero quantity. An

intriguing question is whether the full set of strategy-proof uniform-price

mechanisms can be characterized. There are also several appealing prop-

erties between individual and group strategy-proofness. Examples include

weak group strategy proofness, pairwise strategy-proofness (Serizawa, 2006;

Alva, 2017) and self-enforcing group strategy-proofness (Serizawa, 2006;

Bierbrauer & Hellwig, 2016). Each of these relaxations may produce new

mechanisms.

Finally, group strategy-proofness takes the axiomatic stance that col-

lusion is “bad” and thus to be prevented. The downside is that group-

strategy-proof mechanisms tend to be rather inflexible. Hence, the designer

might do better—in terms of, say, revenue or welfare—by tolerating some

forms of collusion. This possibility has been explored in the literature on

Bayesian mechanism design. The general idea is not to prevent collusion

altogether but to ensure that the principal is not hurt if the agents collude

(e.g. Laffont & Martimort, 1997, 2000; Che & Kim, 2006, 2009). To the best

of our knowledge, this approach has yet to be incorporated into dominant-

strategy mechanism design. It may prove informative about whether there

is a foundation for the focus on group strategy-proofness.
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2.A Appendix

2.A.1 Proof of Theorem 2.2

Consider any group-strategy-proof and individually rational mechanism.

Slightly abusing notation, define ≤i ≡ {1, . . . , i} and >i ≡ {i+1, . . . , n} for

all i ∈ N . Let 0i represent an i-vector of zeros. By induction, we prove the

following claim: For all i ∈ {1, . . . , n} and c>i ∈ Cn−i, there exists ĉ≤i ∈ Ci

such that for all c≤i ∈ Ci with c≤i > ĉ≤i, it holds that φ≤i(c≤i, c>i) = 0i.

Theorem 2.2 follows from i = n.

The base case (i = 1) is a simplified version of the induction step. Hence,

we only prove the latter. Consider any i ∈ {2, . . . , n} and suppose the claim

is true for i−1. We show that the claim also holds for i. Fix any c>i ∈ Cn−i.

For all qi ∈ N, Lemma 2.1 implies that the quantity profile q≤i ≡ (0i−1, qi)

is associated with exactly one transfer for agent i (or none if q≤i is never

realized). Thus, we can define a function τ̄i : N → R+ that maps (0i−1, qi)

into the corresponding transfer for i:

τ̄i(qi) ≡

⎧⎪⎨⎪⎩τi(c≤i, c>i) if ∃c≤i ∈ Ci s.t. φ≤i(c≤i, c>i) = (0i−1, qi)

0 otherwise.

Let ĉi ∈ C be such that ĉi(qi) > τ̄i(qi) for all qi ∈ N \ {0}. By the induction

hypothesis, there exists ĉ<i ∈ Ci−1 such that for all c<i ∈ Ci−1 with c<i >

ĉ<i, it holds that φ<i(c<i, ĉi, c>i) = 0i−1. For ease of notation, define c−i ≡
(c<i, c>i). Then φ≤i(ĉi, c−i) = (0i−1, qi) for some qi ∈ N. If qi > 0, the

construction of ĉi implies that i incurs negative utility. Thus, by IR, qi = 0.

To sum up, we have shown that

∀c<i ∈ Ci−1 s.t. c<i > ĉ<i, φ≤i(ĉi, c−i) = 0i. (2.A.1)

It remains to prove that (2.A.1) still holds when ĉi is replaced by any ci ∈ C

with ci > ĉi. First, we show that φi(ci, c−i) = 0. If φi(ci, c−i) > 0, SP is

violated for type ci:

u∗i (ci, c−i) = τi(ci, c−i)− ci(φi(ci, c−i))

< τi(ci, c−i)− ĉi(φi(ci, c−i))
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≤ τi(ĉi, c−i)− ĉi(φi(ĉi, c−i))

= τi(ĉi, c−i)− ci(φi(ĉi, c−i)) = ui(ĉi, c−i|ci).

The strict inequality follows from φi(ci, c−i) > 0 and ci > ĉi. The weak

inequality is due to SP for type ĉi. The penultimate equality holds because

φi(ĉi, c−i) = 0 and ĉi(0) = ci(0). Given the violation of SP, it must be that

φi(ci, c−i) = 0.

Finally, we show that φj(ci, c−i) = 0 for all j < i. Since φi(ci, c−i) =

φi(ĉi, c−i), GSP requires that u∗j (ci, c−i) = u∗j (ĉi, c−i). That is,

∀c<i ∈ Ci−1 s.t. c<i > ĉ<i, u∗j (ci, c−i) = u∗j (ĉi, c−i). (2.A.2)

Let c̃j ∈ C be such that ĉj < c̃j < cj . By (2.A.1), φj(ĉi, c−i) = 0 and

φj(ĉi, c̃j , c−i,j) = 0. SP for types cj and c̃j implies that τj(ĉi, c−i) =

τj(ĉi, c̃j , c−i,j). Since cj(0) = c̃j(0), it follows that u
∗
j (ĉi, c−i) = u∗j (ĉi, c̃j , c−i,j).

By contradiction, suppose now that φj(ci, c−i) > 0. Note that (ci, c−i) =

(cj , c−j). Thus,

u∗j (c̃j , c−j) ≥ τj(cj , c−j)− c̃j(φj(cj , c−j))

> τj(cj , c−j)− cj(φj(cj , c−j))

= u∗j (cj , c−j) = u∗j (ci, c−i) = u∗j (ĉi, c−i) = u∗j (ĉi, c̃j , c−i,j).

This violates (2.A.2). Hence, it must be that φj(ci, c−i) = 0 for all j < i.

2.A.2 Proof of Lemma 2.3

The proof of Lemma 2.3 is split into three sublemmas. The first one

(Lemma 2.A.1) is an auxiliary result. It deals with the technical issue that

our anonymity constraint (Lemma 2.2) applies to utilities rather than allo-

cations. Hence, agents with the same type may receive different allocations.

This possibility complicates the analysis. The purpose of Lemma 2.A.1 is

to accommodate the weaker anonymity constraint. It states that for any al-

location that an agent may receive at a symmetric cost profile, there exists

another symmetric cost profile where all agents receive that very allocation.

Lemma 2.A.1 (GSP+UP). For all G ⊆ N , c−G ∈ Cn−|G|, cG ∈ C
|G|
=

and i ∈ G, there exists ĉG ∈ C
|G|
= such that for all j ∈ G, αj(ĉG, c−G) =

αi(cG, c−G).
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The proof of Lemma 2.A.1 is tedious and therefore relegated to Supple-

ment 2.B.3. We now use Lemma 2.A.1 to prove Lemma 2.3. First, we

establish a preliminary version of Lemma 2.3 in which the price function

may not only depend on the group size but also on the group composition.

Lemma 2.A.2 (GSP+UP). For all G ⊆ N and c−G ∈ Cn−|G|, there exists

a function π̄G(·, c−G) : N → R+ such that for all cG ∈ C
|G|
= and i ∈ G,

φi(cG, c−G) ∈ argmax
q∈N

{︁
π̄G(q, c−G)− ci(q)

}︁
, (2.A.3)

τi(cG, c−G) = π̄G(φi(cG, c−G), c−G). (2.A.4)

Proof. Consider any G ⊆ N and c−G ∈ Cn−|G|. We start by showing that

for all i ∈ G and cG, c̃G ∈ C
|G|
= ,

φi(cG, c−G) ≥ φi(c̃G, c−G) =⇒ τi(cG, c−G) ≥ τi(c̃G, c−G). (2.A.5)

To the contrary, suppose that φi(cG, c−G) ≥ φi(c̃G, c−G) and τi(cG, c−G) <

τi(c̃G, c−G). By Lemma 2.A.1, there exists ĉG ∈ C
|G|
= such that for all

j ∈ G, φj(ĉG, c−G) = φi(c̃G, c−G) and τj(ĉG, c−G) = τi(c̃G, c−G). Moreover,

Lemma 2.2 implies that for all j ∈ G, u∗j (cG, c−G) = u∗i (cG, c−G). Thus, for

all j ∈ G,

u∗j (cG, c−G) = u∗i (cG, c−G) = τi(cG, c−G)− ci(φi(cG, c−G))

< τi(c̃G, c−G)− ci(φi(c̃G, c−G))

= τj(ĉG, c−G)− ci(φj(ĉG, c−G)) = uj(ĉG, c−G|ci).

This violates GSP.

Consider the mechanism’s restriction to cost profiles where all agents in

G make the same report. By Lemma 2.A.1, each agent in G faces the same

the range of quantities. Moreover, (2.A.5) implies that for each quantity

in the range, there is a unique transfer. Hence, we can define a function

π̄G(·, c−G) : N → R such that for all i ∈ G and q ∈ N,

π̄G(q, c−G) ≡

⎧⎪⎨⎪⎩τi(cG, c−G) if ∃cG ∈ C
|G|
= s.t. φi(cG, c−G) = q

0 otherwise.
(2.A.6)

Note that (2.A.4) holds by construction.
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Let c◦G ∈ C
|G|
= be such that for all i ∈ G and all q ∈ N \ {0}, c◦i (q) >

π̄G(q, c−G). For all i ∈ G, IR requires that φi(c
◦
G, c−G) = 0 and π̄G(0, c−G) ≥

0. Combined with (2.A.5), it follows that the codomain of π̄G(·, c−G) can

be restricted to R+.

We now verify (2.A.3). Consider any i ∈ G and cG ∈ C
|G|
= . Define q ≡

φi(cG, c−G). We wish to show that π̄G(q, c−G) − ci(q) ≥ π̄G(q̃, c−G) − ci(q̃)

for all q̃ ∈ N. There are two cases.

Case 1. Suppose there exists c̃G ∈ C
|G|
= such that φi(c̃G, c−G) = q̃.

(2.A.6) implies that τi(c̃G, c−G) = π̄G(q̃, c−G). By Lemma 2.A.1, there exists

ĉG ∈ C
|G|
= such that for all j ∈ G, φj(ĉG, c−G) = q̃ and τj(ĉG, c−G) =

π̄G(q̃, c−G). Since cj = ci, it follows that u∗j (ĉG, c−G|cj) = u∗i (ĉG, c−G|ci).
Moreover, by Lemma 2.2, u∗j (cG, c−G) = u∗i (cG, c−G). Since the last two

equalities hold for all j ∈ G, GSP implies that u∗i (cG, c−G) ≥ u∗i (ĉG, c−G|ci).
Therefore,

π̄G(q, c−G)− ci(q) = τi(cG, c−G)− ci(φi(cG, c−G)) = u∗i (cG, c−G)

≥ ui(ĉG, c−G|ci) = τi(ĉG, c−G)− ci(φi(ĉG, c−G)) = π̄G(q̃, c−G)− ci(q̃).

Case 2. Suppose there does not exist c̃G ∈ C
|G|
= such that φi(c̃G, c−G) =

q̃. Then, by (2.A.6), π̄G(q̃, c−G) = 0. Recall from above that there ex-

ists c◦G ∈ C
|G|
= such that for all j ∈ G, φj(c

◦
G, c−G) = 0 and τj(c

◦
G, c−G) =

π̄G(0, c−G). Repeating the argument from Case 1, u∗i (cG, c−G) ≥ u∗i (c
◦
G, c−G|ci).

Therefore,

π̄G(q, c−G)− c(q) = τi(cG, c−G)− ci(φi(cG, c−G))

= u∗i (cG, c−G) ≥ u∗i (c
◦
G, c−G|ci)

= τi(c
◦
G, c−G)− ci(φi(c

◦
G, c−G))

= π̄G(0, c−G)− ci(0) ≥ π̄G(q̃, c−G)− ci(q̃).

Finally, we show that all groups with the same size must face the same price

function. Moreover, this price function is symmetric in the agents’ reports.

Lemma 2.A.3 (GSP+UP). Consider any G,H ⊆ N such that |G| = |H|,
and any c−G, ĉ−H ∈ Cn−|G| such that c−G is a permutation of ĉ−H . Then

π̄G(·, c−G) = π̄H(·, ĉ−H).

Proof. Consider any G,H ⊆ N such that |G| = |H|, and any c−G, ĉ−H ∈
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Cn−|G| such that c−G is a permutation of ĉ−H . We show that π̄G(·, c−G) =

π̄H(·, ĉ−H). By contradiction, suppose that
¯
q ≡ min{q ∈ N : π̄G(·, c−G) ̸=

π̄H(·, ĉ−H)} exists. Without loss of generality, let π̄G(
¯
q, c−G) < π̄H(

¯
q, ĉ−H).

For all ϵ > 0, define cϵG ∈ C
|G|
= as follows: for all i ∈ G and q ∈ N,

cϵi(q) ≡ ϵq + (1/ϵ)max{q −
¯
q, 0}. Let ĉϵH = cϵG. Consider any i ∈ G and

j ∈ H. For sufficiently small ϵ > 0, Lemma 2.A.2 implies that αi(c
ϵ
G, c−G) =

(
¯
q, π̄G(

¯
q, c−G)) and αj(ĉ

ϵ
H , ĉ−H) = (

¯
q, π̄H(

¯
q, ĉ−H)). Thus, u∗i (c

ϵ
G, c−G) =

π̄G(
¯
q, c−G) − ci(

¯
q) < π̄H(

¯
q, ĉ−H) − ĉj(

¯
q) = u∗j (ĉ

ϵ
H , ĉ−H). This violates

Lemma 2.2.

Lemma 2.3 follows from Lemmas 2.A.2 and 2.A.3.

2.A.3 Proof of Lemma 2.4

By induction, we prove that for all f ∈ {0, . . . , n}, F ⊆ N with |F | = f ,

c−F ∈ Cn−f and q ∈ N, it holds that π̄f (q, c−F ) = q · π̄f (1, c−F ). The

definition of a UP mechanism immediately implies that the claim is true for

f = 0. Now consider any g ∈ {1, . . . , n} and suppose the claim holds for

f = g − 1. We show that it also holds for f = g. Consider any G ⊆ N with

|G| = g, and any c−G ∈ Cn−g.

First, we show that π̄g(0, c−G) = 0. Let c◦G ∈ Cg
= be such that for all i ∈

G and q ∈ N \ {0}, c◦i (q) > π̄g(q, c−G). By Lemma 2.3, Opt(ci, Ag(c−G)) =

{(0, π̄g(0, c−G))}. From (2.3), it follows that (0, π̄g(0, c−G)) ∈ Ag−1(ci, c−G).

Moreover, by the induction hypothesis, Ag−1(ci, c−G) = {(q, q·π̄g−1(1, ci, c−G)) :

q ∈ N}. Therefore, π̄g(0, c−G) = 0 · π̄g−1(1; ci, c−G) = 0.

By Lemma 2.3, π̄g(q, c−G) ≥ 0 for all q ∈ N. If π̄g(q, c−G) = 0 for all

q ∈ N, we are done. So suppose there exists q ∈ N such that π̄g(q, c−G) > 0.

We now show that π̄g(1, c−G) > 0. To the contrary suppose that
¯
q ≡

min{q ∈ N : π̄g(q, c−G) > 0} > 1. Let cG ∈ Cg
= be such that for all i ∈ G,

π̄g(
¯
q, c−G)

¯
q

− ci(1) > 2 ·
π̄g(

¯
q, c−G)

¯
q

− ci(2) > · · · > π̄g(
¯
q, c−G)− ci(

¯
q) > 0

and 0 ≥ π̄g(q, c−G)−ci(q) for all q ∈ {
¯
q+1,

¯
q+2, . . . }. Figure 2.A.1 provides

a graphical illustration of ci. By construction,

Opt(ci, Ag(c−G)) = {(
¯
q, π̄g(

¯
q, c−G))}.
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From (2.3), it follows that

(
¯
q, π̄g(

¯
q, c−G)) ∈ Opt(ci, Ag−1(ci, c−G)). (2.A.7)

Since
¯
q > 0, the induction hypothesis implies that

Ag−1(ci, c−G) = {(q, q ·
π̄g(

¯
q, c−G)

¯
q

) : q ∈ N}.

Hence, by definition of ci,

Opt(ci, Ag−1(ci, c−G)) = {(1,
π̄g(

¯
q, c−G)

¯
q

)}. (2.A.8)

Since
¯
q ̸= 1, (2.A.8) contradicts (2.A.7). Thus, π̄g(1, c−G) > 0.

qi

ti

0
¯
q

ci(qi)

π̄g(
¯
q, c−G) π̄g(qi, c−G)

Figure 2.A.1: Illustration of cost function ci in the proof of Lemma 2.4

Finally, consider any q̂ ∈ {1, 2, . . . }. Suppose that for all q ∈ {0, . . . , q̂},
π̄g(q, c−G) = q ·π̄g(1, c−G). A slight variation of the previous argument yields

that π̄g(q̂ + 1, c−G) = (q̂ + 1) · π̄g(1, c−G). We omit the details.

2.A.4 Proof of Lemma 2.5

Consider any g ∈ {2, . . . , n}, G ⊆ N with |G| = g, c−G ∈ Cn−g and i ∈ G.

The proof consists of three steps.
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Step 1. For all ci ∈ C, πg−1(ci, c−G) ≤ πg(c−G).

Proof. By contradiction, suppose there exists ĉi ∈ C such that πg(c−G) <

πg−1(ĉi, c−G). Thus, Ag(c−G) ∩ Ag−1(ĉi, c−G) = {(0, 0)}. From (2.3), it

follows that (0, 0) ∈ Opt(ĉi, Ag−1(ĉi, c−G)). Hence, πg−1(ĉi, c−G) ≤ ĉi(1).

Let cG ∈ Cg
= be such that for all j ∈ G, πg(c−G) < cj(1) < πg−1(ĉi, c−G)

and cj ≤ ĉi. For all j ∈ G, πg(c−G) < cj(1) implies that αj(cN ) = (0, 0) and

thus u∗j (cN ) = 0. Moreover, for all j ∈ G \ {i}, cj(1) < πg−1(ĉi, c−G) implies

that u∗j (ĉi, c−i) ≥ πg−1(ĉi, c−G) − cj(1) > 0 = u∗j (cN ). Finally, ci ≤ ĉi and

IR imply that ui(ĉi, c−i|ci) ≥ u∗i (ĉi, c−i) ≥ 0 = u∗i (cN ). Therefore, GSP is

violated.

Step 2. For all ci ∈ C such that ci(1) < πg(c−G), πg−1(ci, c−G) = πg(c−G).

Proof. For all ci ∈ C such that ci(1) < πg(c−G), (0, 0) /∈ Opt(ci, Ag(c−G)).

Hence, by (2.3), Ag(c−G) and Ag−1(ci, c−G) share an allocation with positive

quantity. This is only possible if πg(c−G) = πg−1(ci, c−G).

Step 3. For all ci ∈ C such that ci(1) = πg(c−G), πg−1(ci, c−G) = πg(c−G).

Proof. By contradiction, suppose there exists ci ∈ C such that ci(1) =

πg(c−G) and πg−1(ci, c−G) ̸= πg(c−G). By Step 1, πg−1(ci, c−G) < πg(c−G).

Let ĉi ∈ C be such that ĉi(1) < πg(c−G) < ∆ĉi(2). By Step 2, πg−1(ĉi, c−G) =

πg(c−G). Let cG−i ∈ Cg−1
= be such that for all j ∈ G \ {i}, πg−1(ci, c−G) <

cj(1) < πg−1(ĉi, c−G). For all j ∈ G \ {i}, Lemmas 2.3 and 2.4 imply that

u∗j (cN ) = 0 < πg−1(ĉi, c−G) − cj(1) ≤ u∗j (ĉi, c−i). To obtain a violation of

GSP, we now show that u∗i (cN ) = ui(ĉi, c−i|ci). Consider any j ∈ G \ {i}.
Since cj(1) < πg(c−G), Step 2 implies that πg−1(cj , c−G) = πg(c−G). Thus,

for any k ∈ G \ {i, j}, ck(1) < πg−1(cj , c−G). Since Step 2 holds for groups

of any size, πg−2(cj , ck, c−G) = πg−1(cj , c−G) and thus πg−2(cj , ck, c−G) =

πg(c−G). Repeating this argument for all agents in G \ {i}, we obtain that

π1(c−i) = πg(c−G). Since ci(1) = πg(c−G), αi(cN ) ∈ {(0, 0), (1, πg(c−G))}
and thus u∗i (cN ) = 0. Similarly, ĉi(1) < πg(c−G) < ∆ĉi(2) implies that

αi(ĉi, c−i) = (1, πg(c−G)) and thus ui(ĉi, c−i|ci) = 0.

2.A.5 Proof of Lemma 2.6

By induction, we are going to establish the following claim: For all f ∈
{1, . . . , n}, there exists a sequence of prices 0 ≤ p(f) ≤ · · · ≤ p(n) < ∞ such
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that for all g ∈ {f, . . . , n}, for all groups G ⊆ N of size |G| = g, and for all

cost profiles c−G ∈ Cn−g,

πg(c−G) = p(ηg(c−G)), (2.A.9)

ηg(c−G) = max
{︁
m ∈ {g, . . . , n} : g + |{j ∈ N \G : cj(1) ≤ p(m)}| = m

}︁
.

(2.A.10)

Lemma 2.6 follows from f = 1.

Base case. For f = n, the claim says that there exists p(n) ∈ R+ such

that πn = p(n). This is obviously true if we define p(n) ≡ πn.

Induction step. Consider any g ∈ {1, . . . , n − 1} and suppose the claim

holds for f = g + 1. We prove that it also holds for f = g. Specifically,

we show that there exists p(g) ∈ [0, p(g+1)] such that (2.A.9) and (2.A.10)

are satisfied for all G ⊆ N with |G| = g, and for all c−G ∈ Cn−g. To

simplify the exposition, we rearrange the agents so that G = {1, . . . , g} and

ch(1) ≤ ch+1(1) ≤ · · · ≤ cn(1). This is without loss of generality because

the arguments that follows do not depend on the agents’ identities. Define

H ≡ {1, 2, . . . , h} and note that H = G ∪ {h}. Depending on the cost of

agent h, we distinguish two cases.

Case 1. Suppose ch(1) ≤ πh(c−H).

Consider any p(g) ∈ [0, p(h)]. By Lemma 2.5, ch(1) ≤ πh(c−H) implies that

πg(c−G) = πh(c−H). Moreover, by the induction hypothesis, πh(c−H) =

p(ηh(c−H)). Below we prove that ηh(c−H) = ηg(c−G). It then follows that

πg(c−G) = p(ηg(c−G)), as desired.

First, we show that ηg(c−G) ≥ ηh(c−H). Note that

ηh(c−H) = h+
⃓⃓{︁
j ∈ {h+ 1, . . . , n} : cj(1) ≤ p(ηh(c−H))

}︁⃓⃓
= h− 1 +

⃓⃓{︁
j ∈ {h, . . . , n} : cj(1) ≤ p(ηh(c−H))

}︁⃓⃓
= g +

⃓⃓{︁
j ∈ {g + 1, . . . , n} : cj(1) ≤ p(ηh(c−H))

}︁⃓⃓
.

(2.A.11)

The first equality is due to the definition of ηh(c−H). The second equality

follows from ch(1) ≤ p(ηh(c−H)). The third equality holds because g = h−1.

By definition of ηg(c−G), (2.A.11) implies that ηg(c−G) ≥ ηh(c−H).

Second, we show that ηg(c−G) ≤ ηh(c−H). From g + 1 = h, ch(1) ≤
p(ηh(c−H)) and ηh(c−H) ≤ ηg(c−G), it follows that cg+1(1) ≤ p(ηg(c−G)).
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Thus,

ηg(c−G) = g +
⃓⃓{︁
j ∈ {g + 1, . . . , n} : cj(1) ≤ p(ηg(c−G))

}︁⃓⃓
= g + 1 +

⃓⃓{︁
j ∈ {g + 2, . . . , n} : cj(1) ≤ p(ηg(c−G))

}︁⃓⃓
= h+

⃓⃓{︁
j ∈ {h+ 1, . . . , n} : cj(1) ≤ p(ηg(c−G))

}︁⃓⃓
.

(2.A.12)

By definition of ηh(c−H), (2.A.12) implies that ηg(c−G) ≤ ηh(c−H).

Case 2. Suppose ch(1) > πh(c−H).

First, we show that for all i ∈ {h, . . . , n}, ci(1) > p(i). By contradiction,

suppose that i ≡ max{j ∈ {h, . . . , n} : cj(1) ≤ p(j)} exists. It follows that

ch(1) ≤ · · · ≤ ci(1) ≤ p(i) ≤ p(i+ 1) < ci+1(1) ≤ · · · ≤ cn(1). Hence,

h+
⃓⃓{︁
j ∈ {h+ 1, . . . , n} : cj(1) ≤ p(i)

}︁⃓⃓
= h+ |{h+ 1, . . . , i}| = i.

Thus, ηh(c−H) ≥ i. Moreover, by the induction hypothesis, πh(c−H) =

p(ηh(c−H)). It follows that πh(c−H) = p(ηh(c−H)) ≥ p(i) ≥ ci(1) ≥ ch(1) >

πh(c−H), which is a contradiction. Hence, for all i ∈ {h, . . . , n}, ci(1) > p(i).

Next, we show that for all i ∈ {h, . . . , n} and I ≡ {1, . . . , i}, ηi(c−I) = i.

Since p(i) < ci(1) ≤ ci+1(1) ≤ · · · ≤ cn(1),

i+
⃓⃓{︁
j ∈ {i+ 1, . . . , n} : cj(1) ≤ p(i)

}︁⃓⃓
= i. (2.A.13)

Moreover, for all k ∈ {i + 1, . . . , n}, p(k) < ck(1) ≤ ck+1(1) ≤ · · · ≤ cn(1).

Thus,

i+
⃓⃓{︁
j ∈ {i+ 1, . . . , n} : cj(1) ≤ p(k)

}︁⃓⃓
≤ i+

⃓⃓
{i+ 1, . . . , k − 1}

⃓⃓
= k − 1 < k.

(2.A.14)

(2.A.13) and (2.A.14) together imply that ηi(c−I) = i.

Now, consider any other ĉ−G ∈ Cn−g that falls into Case 2 (that is, there

exists i ∈ N \ G such that ĉi(1) > πg+1(ĉ−G,i)). We show that πg(c−G) =

πg(ĉ−G). By contradiction, suppose that πg(c−G) < πg(ĉ−G). Let cG ∈
Cg
= be such that for all j ∈ G, πg(c−G) < cj(1) < πg(ĉ−G). Lemmas 2.3

and 2.4 imply that for all j ∈ G, u∗j (cG, c−G) = 0 < πG(ĉ−G) − cj(1) ≤
u∗j (cG, ĉ−G). To obtain a violation of GSP, we show that for all i ∈ N \ G,

u∗i (cG, c−G) = ui(cG, ĉ−G|ci). Consider any i ∈ N \ G and define I ≡
{1, . . . , i}. By Lemma 2.5, π1(c−i) ≤ πi(c−I). By the induction hypothesis,

πi(c−I) = p(ηi(c−I)). Hence, π1(c−i) ≤ p(ηi(c−I)). Moreover, we know
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from above that ηI(c−I) = i and p(i) < ci(1). Therefore, π1(c−i) < ci(1).

From Lemmas 2.3 and 2.4, it follows that αi(cG, c−G) = (0, 0). Analogously,

αi(cG, ĉ−G) = (0, 0). Thus, for all i ∈ N \G, u∗i (cG, c−G) = ui(cG, ĉ−G|ci).
By the preceding argument, there exists p(g) ∈ R+ such that for all

c−G ∈ Cn−g that fall into Case 2, πg(c−G) = p(g). It remains to show

that p(g) ≤ p(h) and ηg(c−G) = g. Lemma 2.5 implies that πg(c−G) ≤
πh(c−H). By the induction hypothesis, πh(c−H) = p(ηh(c−H)). From above,

ηh(c−H) = h. Hence, p(g) ≤ p(h). Finally, for all i ∈ {g + 1, . . . , n}, we
know from above that ci(1) > p(i) ≥ p(g). Thus,

g +
⃓⃓{︁
j ∈ {g + 1, . . . , n} : cj(1) ≤ p(i)

}︁⃓⃓
≤ g + |{g + 1, . . . , i− 1}| = i− 1 < i.

and

g +
⃓⃓{︁
j ∈ {g + 1, . . . , n} : cj(1) ≤ p(g)

}︁⃓⃓
= g.

It follows that ηg(c−G) = g.

2.A.6 Proof of Lemma 2.7

Consider any i ∈ N and cN ∈ Cn. Recall that

η0(cN ) = max
{︁
m ∈ {0, . . . , n} : |{j ∈ N : cj(1) ≤ p(m)}| = m

}︁
, (2.A.15)

η1(c−i) = max
{︁
m ∈ {1, . . . , n} : 1 + |{j ∈ N \ {i} : cj(1) ≤ p(m)}| = m

}︁
.

(2.A.16)

First, we show that η0(cN ) ≤ η1(c−i). By (2.A.15),

η0(cN ) = |{j ∈ N : cj(1) ≤ p(η0(cN ))}|
≤ 1 + |{j ∈ N \ {i} : cj(1) ≤ p(η0(cN ))}|.

(2.A.17)

If (2.A.17) holds with equality, then (2.A.16) implies that η1(c−i) ≥ η0(cN ),

as desired. On the other hand, if (2.A.17) holds with strict inequality, then

η0(cN ) + 1 ≤ 1 + |{j ∈ N \ {i} : cj(1) ≤ p(η0(cN ))}|
≤ 1 + |{j ∈ N \ {i} : cj(1) ≤ p(η0(cN ) + 1)}|,
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where the second inequality follows from p(η0(cN )) ≤ p(η0(cN ) + 1). We

can now apply the previous argument to η0(cN ) + 1. Thus, either η1(c−i) ≥
η0(cN ) + 1, in which case we are done, or we move to η0(cN ) + 2. There are

at most n such iterations. In the last stage,

n ≤ 1 + |{j ∈ N \ {i} : cj(1) ≤ p(n)}| ≤ n.

Thus, by (2.A.16), η1(c−i) = n. Since also n ≥ η0(cN ), we conclude that

η1(c−i) ≥ η0(cN ).

Depending on agent i’s cost, we distinguish two cases. First, suppose

ci(1) ≤ π1(c−i). By Lemma 2.6, π1(c−i) = p(η1(c−i)). Thus, ci(1) ≤
p(η1(c−i)). Together with (2.A.16), it follows that

η1(c−i) = 1 + |{j ∈ N \ {i} : cj(1) ≤ p(η1(c−i))}|
= |{j ∈ N : cj(1) ≤ p(η1(c−i))}|.

Hence, by (2.A.15), η0(cN ) ≥ η1(c−i). Since we know from above that

η0(cN ) ≤ η1(c−i), it follows that η0(cN ) = η1(c−i). In conclusion, π1(c−i) =

p(η0(cN )) and thus A1(c−i) = A(η0(cN )).

Second, suppose ci(1) > π1(c−i). Since π1(c−i) = p(η1(c−i)) and η1(c−i) ≥
η0(cN ), it follows that ci(1) > p(η0(cN )). Thus, Opt(ci, A1(c−i)) = {(0, 0)} =

Opt(ci, A(η0(cN ))).
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2.B Supplement

This section contains the proofs of Theorem 2.1, Lemma 2.1 and Lemma 2.A.1.

Each proof consists of a series of lemmas, which characterize the set of

mechanisms that satisfy certain properties. For brevity, these properties

are indicated in parentheses following the lemma’s name. For example,

“Lemma 2.B.1 (SP)” means that Lemma 2.B.1 holds for all strategy-proof

mechanisms.

2.B.1 Proof of Theorem 2.1

We start with a standard implication of strategy-proofness, which is some-

times referred to as the “taxation principle” (e.g. Rochet, 1985). In a direct

mechanism, the agents report their cost functions and receive allocations in

return. Instead, the principal can offer each of them a menu of allocations

and let them do the choosing themselves. A menu consists of a quantity set

and a price function. The quantity set specifies which units the agent can

provide, and the price function determines a payment for each quantity.

Lemma 2.B.1 (SP). For all i ∈ N and c−i ∈ Cn−1, there exists a set

Qi(c−i) ⊆ N and an increasing function βi(·, c−i) : N → R such that for all

ci ∈ C,

φi(cN ) ∈ argmax
qi∈Qi(c−i)

{︁
βi(qi, c−i)− ci(qi)

}︁
, (2.B.1)

τi(cN ) = βi(φi(cN ), c−i). (2.B.2)

Proof. Consider any i ∈ N and c−i ∈ Cn−1. First, we show that for all

ci, ĉi ∈ C,

φi(ci, c−i) = φi(ĉi, c−i) =⇒ τi(ci, c−i) = τi(ĉi, c−i), (2.B.3)

φi(ci, c−i) > φi(ĉi, c−i) =⇒ τi(ci, c−i) > τi(ĉi, c−i). (2.B.4)

By contradiction, suppose that [φi(ci, c−i) = φi(ĉi, c−i) and τi(ci, c−i) <

τi(ĉi, c−i)] or [φi(ci, c−i) > φi(ĉi, c−i) and τi(ci, c−i) ≤ τi(ĉi, c−i)]. Then,

u∗i (ci, c−i) = τi(ci, c−i)− ci(φi(ci, c−i))

< τi(ĉi, c−i)− ci(φi(ĉi, c−i)) = ui(ĉi, c−i|ci).
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This violates SP.

By (2.B.3) and (2.B.4), there exists an increasing function βi(·, c−i) : N →
R such that for all ci ∈ C, τi(ci, c−i) = βi(φi(ci, c−i), c−i). This establishes

(2.B.2). To prove (2.B.1), define i’s conditional range of quantities by

Qi(c−i) ≡ {qi ∈ N : ∃ci ∈ C s.t. φi(ci, c−i) = qi}.

Consider any q̂i ∈ Qi(c−i). By definition, there exists ĉi ∈ C such that

φi(ĉi, c−i) = q̂i. (2.B.2) states that τi(ĉi, c−i) = βi(q̂i, c−i). Hence, by SP,

βi(φi(ci, c−i), c−i)− ci(φi(ci, c−i)) = τi(ci, c−i)− ci(φi(ci, c−i))

≥ τi(ĉi, c−i)− ci(φi(ĉi, c−i))

=βi(q̂i, c−i)− ci(q̂i).

We now turn to the implications of reallocation-proofness. First, we consider

the possibility that the colluding agents can make side payments but not

exchange quantities. In particular, an agent can bribe another agent to

misreport. To make a mechanism “bribe-proof”, an agent’s own loss from

misreporting must be at least as large as any other agent’s possible gain.16

Definition 2.9. A mechanism is bribe-proof (BP) if for all i, j ∈ N , cN ∈
Cn and ĉi ∈ C, it holds that u∗i (cN )− ui(ĉi, c−i|ci) ≥ u∗j (ĉi, c−i)− u∗j (cN ).

The key implication of bribe-proofness is that an agent’s equilibrium utility

is independent of the other agents’ reports.

Lemma 2.B.2 (BP). For all i ∈ N , ci ∈ C and c−i, ĉ−i ∈ Cn−1, it holds

that u∗i (ci, c−i) = u∗i (ci, ĉ−i).

Proof. Schummer (2000b, Theorems 2 & 3) has shown that Lemma 2.B.2

holds quite generally. His proof requires the set of allocations to be com-

pact. This is not satisfied in our model because we allow for arbitrarily large

quantities. A more direct proof is provided by Schummer (2000a, Lemma

4) in a model with heterogeneous objects. Our arguments below are simi-

lar but require an additional step to accommodate homogeneous units and

increasing marginal costs.

16Bribe-proofness only considers two agents and misreports by a single agent. We can
analogously relax reallocation-proofness without affecting the validity of Theorem 2.1.
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Consider any i ∈ N , j ∈ N \ {i}, c−j ∈ Cn−1 and cj , ĉj ∈ C. We show

that u∗i (cj , c−j) = u∗i (ĉj , c−j). That is, i’s equilibrium utility is independent

of j’s report. Since j is arbitrary, i’s utility does not change if we successively

replace all other agents’ types. This establishes the lemma.

By contradiction, suppose that ∆ui ≡ u∗i (ĉj , c−j) − u∗i (cj , c−j) > 0. In

words, ∆ui denotes the utility that i gains when j reports ĉj instead of

cj . The idea of the proof is to construct a cost function c̄j ∈ C with the

following two characteristics:

αj(c̄j , c−j) = αj(cj , c−j), (2.B.5)

u∗j (c̄j , c−j)− uj(ĉj , c−j |c̄j) < ∆ui. (2.B.6)

(2.B.5) implies that u∗j (c̄j , c−j) = uj(cj , c−j |c̄j) and uj(c̄j , c−j |cj) = u∗j (cj , c−j).

Thus, by BP, u∗i (c̄j , c−j) = u∗i (cj , c−j). Together with (2.B.6), it follows that

u∗i (ĉj , c−j)− u∗i (c̄j , c−j) = u∗i (ĉj , c−j)− u∗i (cj , c−j)

= ∆ui

> u∗j (c̄j , c−j)− uj(ĉj , c−j |c̄j).

That is, i gains more than j loses when the latter reports ĉj instead of its

true cost function c̄j . Therefore, BP is violated.

The construction of c̄j requires some preliminary steps. First of all, let

us define the allocations that j gets when he reports cj and ĉj by (qj , tj) ≡
αj(cj , c−j) and (q̂j , t̂j) ≡ αj(ĉj , c−j), respectively. If qj = q̂j , then strategy-

proofness implies that tj = t̂j ; otherwise j would never report the cost

function that yields the lower transfer. It follows that (qj , tj) = (q̂j , t̂j) and

thus u∗j (cj , c−j) = uj(ĉj , c−j |cj). Since also u∗i (cj , c−j) < u∗i (ĉj , c−j), BP is

violated. Therefore, it must be that qj ̸= q̂j . In what follows, we assume

that qj > q̂j . The argument for the reverse inequality is very similar and

thus omitted.

We now argue that, without loss of generality, q̂j and qj can be assumed

to be adjacent quantities in Qj(c−j); that is {q̂j , . . . , qj}∩Qj(c−j) = {q̂j , qj}.
The reason is that j must have two reports that yield adjacent quantities

in {q̂j , . . . , qj} ∩ Qj(c−j) and different utilities to i. (Hence, we can apply

the proof to those cost functions instead of ĉj and cj .) Otherwise all of j’s

reports that yield adjacent quantities in {q̂j , . . . , qj}∩Qj(c−j) must give the
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same utility to i. Thus, by transitivity, ĉj and cj also give the same utility

to i, which is a contradiction.

Exploiting the fact that q̂j and qj are adjacent quantities in Qj(c−j),

we now construct c̄j . By Lemma 2.B.1, there exists an increasing function

βj(·, c−j) : N → R such that

φj(c̄j , c−j) ∈ argmax
q∈Qj(c−j)

{βj(q, c−j)− c̄j(q)},

τj(c̄j , c−j) = βj(φj(c̄j , c−j), c−j)

(2.B.7)

For all q ∈ N\{0}, define the “marginal price” by ∆βj(q, c−j) ≡ βj(q, c−j)−
βj(q − 1, c−j). Let c̄j grow less than βj(·, c−j) for all quantities up to q̂j :

0 < ∆c̄j(1) < · · · < ∆c̄j(q̂j) < min
{︁
∆βj(q, c−j) : q ∈ {1, . . . , qj}

}︁
.

Hence, c̄j ’s payoff is increasing until q̂j . Between q̂j and qj , let ĉj be such

that his payoff still increases, but by less than ∆ui:

max

{︄
∆c̄j(q̂j),

βj(qj , c−j)− βj(q̂j , c−j)−∆ui
qj − q̂j

}︄

< ∆c̄j(q̂j + 1) < · · · < ∆c̄j(qj) <
βj(qj , c−j)− βj(q̂j , c−j)

qj − q̂j
.

Finally, for all quantities above qj , let c̄j be so large that these quantities

are never optimal:

∀q ∈ {qj + 1, . . . }, ∆c̄j(q) > max
{︁
∆c̄j(q − 1),∆βj(q, c−j)

}︁
.

By construction, qj is c̄j ’s unique optimum in Qj(c−j). (2.B.7) implies that

αj(c̄j , c−j) = (qj , βj(qj , c−j)), so (2.B.5) holds. As for (2.B.6), c̄j ’s utility

loss from reporting ĉj instead of c̄j is less than ∆ui because

u∗j (c̄j , c−j)− uj(ĉj , c−j |c̄j)
=

[︁
βi(qj , c−j)− c̄j(qj)

]︁
−
[︁
βi(q̂j , c−j)− c̄j(q̂j)

]︁
<

[︁
βi(qj , c−j)− βi(q̂j , c−j)

]︁
− (qj − q̂j)∆c̄(qj) < ∆ui.

Recall from Lemma 2.B.1 that each agent i ∈ N receives his optimum among

a menu of allocations. A menu consists of a quantity set Qi(c−i) and a
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price function βi(·, c−i). By Lemma 2.B.2, i’s utility does not vary with

c−i ∈ Cn−1. Quite intuitively, the same must be true for i’s quantities and

prices.

Lemma 2.B.3 (BP). For all i ∈ N and c−i, ĉ−i ∈ Cn−1, it holds that

Qi(c−i) = Qi(ĉ−i) and βi(·, c−i) = βi(·, ĉ−i).

Proof. Consider any i ∈ N and c−i, ĉ−i ∈ Cn−1. First, suppose there exists

qi ∈ Qi(c−i) ∩ Qi(ĉ−i) such that βi(qi, c−i) > βi(qi, ĉ−i). Let cost func-

tion ci ∈ C be almost flat up to qi, and almost vertical thereafter. By

Lemma 2.B.1, φi(ci, c−i) = qi = φi(ci, ĉ−i) and τi(ci, c−i) = βi(qi, c−i) >

βi(qi, ĉ−i) = τi(ci, ĉ−i). It follows that u∗i (ci, c−i) > u∗i (ci, ĉ−i), which con-

tradicts Lemma 2.B.2. Hence, βi(qi, c−i) = βi(qi, ĉ−i) for all qi ∈ Qi(c−i) ∩
Qi(ĉ−i). A similar argument establishes that Qi(c−i) = Qi(ĉ−i).

It is easy to see that the converse of Lemma 2.B.3 is also true: any mecha-

nism with exogenous menus is robust to collusion with side payments. But

what if the agents can also exchange quantities? Our next result shows that

the principal can only prevent reallocation if she either fully restricts the

agents’ quantity sets or does not restrict them at all. To simplify notation,

we define Qi ≡ Qi(c−i) and βi ≡ βi(·, c−i) for all i ∈ N and c−i ∈ Cn−1.

This slight abuse of notation is justified by Lemma 2.B.3.

Lemma 2.B.4 (RP). Either Qi = {0} for all i ∈ N , or Qi = N for all

i ∈ N .

Proof. The proof proceeds in four steps. The first one shows that each

agent has the option to supply zero slots. (Note that we are not imposing

individual rationality.)

Step 1. For all i ∈ N , 0 ∈ Qi.

Proof. By contradiction, suppose there exists i ∈ N such that
¯
qi ≡ min{Qi} >

0. Consider any j ∈ N \ {i}. Let cN ∈ Cn be such that φi(cN ) =
¯
qi and

ci(
¯
qi) > cj(φj(cN ) + 1). Both agents are better off if i gives one unit to j,

accompanied by a transfer t such that ci(
¯
qi) > t > cj(φj(cN ) + 1). This

violates RP.

If Qi = {0} for all i ∈ N , we are done. Thus, suppose there exists i ∈ N

such that Qi \ {0} ̸= ∅. Using arguments similar to Step 1, the next three

77



steps establish that Qi = N for all i ∈ N . First, we show that no agent can

face an upper bound on his quantity set.

Step 2. For all i ∈ N , sup{Qi} = ∞.

Proof. Consider any i ∈ N and qi, q̂i ∈ Qi such that qi < q̂i. Since βi

is increasing, βi(qi) < βi(q̂i). Contrary to the claim, suppose that q̄j ≡
max{Qj} < ∞ for some j ∈ N . First, assume that j ̸= i. We can easily find

cN ∈ Cn such that φi(cN ) = qi, φj(cN ) = q̄j and cj(q̄j +(q̂i− qi))− cj(q̄j) <

βi(q̂i) − βi(qi).
17 That is, j hits his upper bound but would gain from

providing q̂i − qi additional units at i’s prices. Compared to being truthful,

both agents are better off if i reports ĉi ∈ C such that φi(ĉi, c−i) = q̂i and

then gives the additional q̂i− qi slots to j, accompanied by a transfer t such

that cj(q̄j +(q̂i− qi))− cj(q̄j) < t < βi(q̂i)−βi(qi). This violates RP. Hence,

for all j ̸= i, Qj has no upper bound. Reversing the agents’ roles, the same

argument can now be applied to show that Qi is also unbounded above.

Step 2 has the obvious implication that each agent’s quantity set contains

more than one element. This observation is used in the arguments below.

The next step shows that the distance between any two consecutive quanti-

ties is constant.

Step 3. There exists ∆q ∈ N \ {0} such that q̂i − qi = ∆q for all i ∈ N and

qi, q̂i ∈ Qi with qi < q̂i and {qi, . . . , q̂i} ∩Qi = {qi, q̂i}.

Proof. By way of contradiction, suppose there exist i ∈ N , j ∈ N \ {i},
qi, q̂i ∈ Qi and qj , q̂j ∈ Qj such that 0 < q̂i − qi < q̂j − qj , {qi, . . . , q̂i} ∩
Qi = {qi, q̂i} and {qj , . . . , q̂j} ∩ Qj = {qj , q̂j}. Let cN ∈ Cn be such that

φi(cN ) = qi, φj(cN ) = qj and cj(qj+(q̂i−qi))−cj(qj) < βi(q̂i)−βi(qi). That

is, j would want to provide q̂i − qi additional units at i’s prices (but does

not want to provide q̂j − qj additional units at his own prices). Compared

to being truthful, both agents are better off if i reports ĉi ∈ C such that

φi(ĉi, c−i) = q̂i and then gives the additional q̂i− qi units to j, accompanied

by a transfer t such that cj(qj + (q̂i − qi)) − cj(qj) < t < βi(q̂i) − βi(qi).

Hence, RP is violated.

The last step shows that the quantity sets cannot have “gaps” (i.e. ∆q = 1).

17Let ci and cj be sufficiently flat up to qi and q̄j+(q̂i−qi), respectively, and sufficiently
steep thereafter.
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Step 4. ∆q = 1.

Proof. By way of contradiction, suppose there exist i ∈ N and qi, q̂i ∈ Qi

such that qi < q̂i−1 and {qi, . . . , q̂i}∩Qi = {qi, q̂i}. Consider any j ∈ N \{i}
and qj , q̂j ∈ Qj such that qj < q̂j and {qj , . . . , q̂j} ∩ Qj = {qj , q̂j}. Since

q̂i− qi = q̂j − qj by Step 3, qi < q̂i− 1 implies that qj +1 < q̂j . Let cN ∈ Cn

be such that φi(cN ) = qi, φj(cN ) = qj and [ci(q̂i − 1) − ci(qi)] + [cj(qj +

1)− cj(qj)] < βi(q̂i)− βi(qi). That is, both agents gain if i provides q̂i − qi

additional units and shares them with j (although none of the agents wants

to increase his quantity individually). Compared to being truthful, both

agents are better off if i reports ĉi ∈ C such that φi(ĉi, c−i) = q̂i and then

gives one unit to j, accompanied by a transfer t such that cj(qj+1)−cj(qj) <

t < [βi(q̂i)− βi(qi)]− [ci(q̂i − 1)− ci(qi)]. Hence, RP is violated.

Steps 1 to 4 imply that Qi = N for all i ∈ N . This concludes the proof of

Lemma 2.B.4.

The first case of Lemma 2.B.4 (“either”) applies to constant mechanisms, in

which the agents’ reports have no influence on their allocations. The result-

ing outcome (i.e. φi(cN ) = 0 for all i ∈ N and cN ∈ Cn) can be implemented

by a fixed-price mechanism with p = 0. Let us now consider the more in-

teresting case that Qi = N for all i ∈ N. To obtain the characterization of a

fixed-price mechanism, it remains to show that the agents’ price functions

are identical and linear. The intuition is that each agent i ∈ N can first

provide units to the principal at his own prices βi and then “subcontract”

them to some other agent j ∈ N \ {i} at his prices βj . In a way, i can act

as an intermediary between the principal and j. As long as the two agents

face different marginal prices, they will sometimes benefit from such a re-

selling scheme. Thus, reallocation-proofness requires all marginal prices to

coincide.

We now formalize this argument. By contradiction, suppose that βi(qi+

1) − βi(qi) > βj(qj + 1) − βj(qj) for some i ∈ N , j ∈ N \ {i}, qi ∈ N and

qj ∈ N. Take a cost function ci ∈ C whose marginal costs are very small for

all quantities up to qi, and very large thereafter. Lemmas 2.B.1 and 2.B.3

imply that φi(ci, ·) = qi. Similarly, we can construct a cost function cj ∈ C

such that φj(cj , ·) = qj and, in addition, βj(qj + 1)− βj(qj) < cj(qj + 1)−
cj(qj) < βi(qi + 1) − βi(qi). In words, agent j would like to provide one
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additional slot at i’s prices but not at his own. Consider any c−i,j ∈ Cn−2.

Compared to being truthful at (ci, cj , c−i,j), both agents are better off if

i reports a cost function ĉi ∈ C such that φi(ĉi, cj , c−i,j) = qi + 1 and

then gives the additional unit to j, together with a transfer t such that

cj(qj +1)− cj(qj) < t < βi(qi+1)−βi(qi). This payment is large enough to

cover j’s cost but small enough to leave some profit to i. Since this violates

reallocation-proofness, there must exist p > 0 such that βi(qi+1)−βi(qi) = p

for all i ∈ N and qi ∈ N. This concludes the proof of Theorem 2.1.

2.B.2 Proof of Lemma 2.1

For all i ∈ N and c−i ∈ Cn−1, define agent i’s conditional range of allocations

by

Ai(c−i) ≡ {ai ∈ N× R : ∃ci ∈ C s.t. αi(ci, c−i) = ai}.

Ai can be interpreted as agent i’s option set.18 By strategy-proofness, each

agent must receive his optimum allocation in his option set.

Lemma 2.B.5 (SP). For all i ∈ N and cN ∈ Cn, αi(cN ) ∈ Opt(ci, Ai(c−i)).

Proof. Consider any i ∈ N and cN ∈ Cn. By definition, αi(cN ) ∈ Ai(c−i).

For all âi ∈ Ai(c−i), there exists ĉi ∈ C such that αi(ĉi, c−i) = âi. SP

implies that ci prefers αi(cN ) to âi. Since this is true for all âi ∈ Ai(c−i), it

follows that αi(cN ) ∈ Opt(ci, Ai(c−i)).

The proof of Lemma 2.1 revolves around the “monotonicity” of a mecha-

nism, that is, how an allocation profile changes when the agents’ preferences

are monotonically transformed. A strictly monotonic transformation

(SMT) for agent i ∈ N with cost function ci ∈ C at quantity qi ∈ N is

another cost function ĉi ∈ C that reduces the relative cost of providing

quantity qi. For expositional reasons, the formal definition that follows is

stated in terms of allocations rather than quantities.

Definition 2.10. Consider any i ∈ N , ci ∈ C and ai ≡ (qi, ti) ∈ N×R. We

say that ĉi ∈ C is a strictly monotonic transformation of ci at ai—and

write ĉi ∈ SMT(ci, ai)—if for all q ∈ N \ {qi}, ĉi(qi)− ĉi(q) < ci(qi)− ci(q).

18Recall that in Section 2.6, we have defined a set of allocations A1(c−i). It is related
to Ai(c−i), but not identical. To avoid ambiguity for i = 1, we temporarily “overwrite”
the definition from Section 2.6.
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Note that our preference domain is rich enough for strictly monotonic trans-

formations to exist.19 The definition naturally extends from individuals to

groups.

Definition 2.11. Consider any G ⊆ N , cG ∈ C |G| and aG ≡ (ai)i∈G ∈
(N×R)|G|. We say that ĉG ∈ C |G| is a strictly monotonic transformation

of cG at aG—and write ĉG ∈ SMT(cG, aG)—if for all i ∈ G, ĉi ∈ SMT(ci, ai).

Suppose that allocation ai is optimal for ci when choosing from set Âi ⊆
N × R. The following result shows that ai must be the unique optimum in

Âi for any strictly monotonic transformation ĉi (of ci at ai).

Lemma 2.B.6. Consider any i ∈ N , Âi ⊆ N × R, ai ∈ Âi, ci ∈ C and

ĉi ∈ SMT(ci, ai). If ai ∈ Opt(ci, Âi), then {ai} = Opt(ĉi, Âi).

Proof. Consider any i ∈ N , Âi ⊆ N × R, ai ≡ (qi, ti) ∈ Âi, ci ∈ C and ĉi ∈
SMT(ci, ai). Suppose that ai ∈ Opt(ci, Âi). Consider any (q̂i, t̂i) ∈ Âi\{ai}.
Then ti − ci(qi) ≥ t̂i − ci(q̂i) or equivalently ci(qi) − ci(q̂i) ≤ ti − t̂i. First,

suppose that qi ̸= q̂i. Then ĉi ∈ SMT(ci, ai) implies that ĉi(qi) − ĉi(q̂i) <

ci(qi)− ci(q̂i) and thus ti− ĉi(qi) > t̂i− ĉi(q̂i). Second, suppose that qi = q̂i.

Then ĉi(qi) = ĉi(q̂i). Since also ai ̸= (q̂i, t̂i), ai ∈ Opt(ci, Âi) implies that

ti > t̂i and thus ti− ĉi(qi) > t̂i− ĉi(q̂i). In conclusion, ti− ĉi(qi) > t̂i− ĉi(q̂i)

for all (q̂i, t̂i) ∈ Âi \ {ai}. Thus, {ai} = Opt(ĉi, Âi).

Under strategy-proofness, Lemma 2.B.6 implies that a strictly monotonic

transformation at an agent’s current allocation leaves his allocation un-

changed.

Lemma 2.B.7 (SP). For all i ∈ N , cN ∈ Cn and ĉi ∈ SMT(ci, αi(cN )), it

holds that αi(ĉi, c−i) = αi(cN ).

Proof. Consider any i ∈ N , cN ∈ Cn and ĉi ∈ SMT(ci, αi(cN )). By

Lemma 2.B.5, αi(cN ) ∈ Opt(ci, Ai(c−i)). Thus, by Lemma 2.B.6, {αi(cN )} =

Opt(ĉi, Ai(c−i)). Lemma 2.B.5 also states that αi(ĉi, c−i) ∈ Opt(ĉi, Ai(c−i)).

Therefore, αi(ĉi, c−i) = αi(cN ).

We now strengthen strategy-proofness to group strategy-proofness. This al-

lows us to extend Lemma 2.B.7 from individuals to groups. That is, if the

19Consider any i ∈ N , ci ∈ C and ai ≡ (qi, ti) ∈ N×R. Define ĉi ∈ C by 0 < ∆ĉi(1) <
∆ĉi(2) < · · · < ∆ĉi(qi) < min{∆ci(q) : q ∈ {1, 2, . . . , qi}} and for all q ∈ {qi+1, qi+2, . . . },
∆ĉi(q) > max{∆ĉi(q − 1),∆ci(q)}. Then ĉi ∈ SMT(ci, ai).

81



cost functions of all agents in a given group are strictly monotonically trans-

formed, then their allocations remain unchanged. In other words, group

strategy-proofness implies a version of “Maskin monotonicity” (Maskin,

1999).20 The proof makes use of the following intermediate result: if the

modification of a group’s reports does not affect the allocation of any of its

members, then the utility of any other agent must also remain unchanged.

Lemma 2.B.8 (GSP). Consider any G ⊆ N , cN ∈ Cn and ĉG ∈ C |G|. If

αG(ĉG, c−G) = αG(cN ), then u∗j (ĉG, c−G) = u∗j (cN ) for all j ∈ N \G.

Proof. Consider any G ⊆ N , cN ∈ Cn and ĉG ∈ C |G| such that for all i ∈ G,

αi(ĉG, c−G) = αi(cN ). Thus, for all i ∈ G, u∗i (ĉG, c−G) = ui(cN |ĉi) and

ui(ĉG, c−G|ci) = u∗i (cN ). If u∗j (ĉG, c−G) > u∗j (cN ) for some j ∈ N \ G, then

GSP is violated for group G ∪ {j} when the true profile of cost functions is

cN (because j is strictly better off at (ĉG, c−G), whereas all members of G

are indifferent). Similarly, u∗j (ĉG, c−G) < u∗j (cN ) violates GSP for G ∪ {j}
at (ĉG, c−G). In conclusion, it must be that u∗j (ĉG, c−G) = u∗j (cN ) for all

j ∈ N \G.

Lemma 2.B.9 (GSP). For all G ⊆ N , cN ∈ Cn and ĉG ∈ SMT(cG, αG(cN )),

it holds that αG(ĉG, c−G) = αG(cN ).

Proof. If |G| = 1, the claim follows from SP (Lemma 2.B.7). By induction,

consider any G ⊆ N of size |G| ∈ {2, 3, . . . , n} and suppose the claim holds

for all smaller groups. Since the agents outside of G do not play any role

in the proof, we may assume that G = N . This simplifies the exposition.

Consider any cN ∈ Cn and ĉN ∈ SMT(cN , αN (cN )).

For each i ∈ N , the induction hypothesis applied to group N \{i} states

that α−i(ci, ĉ−i) = α−i(cN ). Thus, by Lemma 2.B.8, u∗i (ci, ĉ−i) = u∗i (cN ).

Moreover, by Lemma 2.B.5, αi(ci, ĉ−i) ∈ Opt(ci, Ai(ĉ−i)). Since ci derives

the same utility from allocations αi(ci, ĉ−i) and ai ≡ αi(cN ), it follows that

ai ∈ Opt(ci, Ai(ĉ−i) ∪ {ai}). Given that ĉi ∈ SMT(ci, ai), Lemma 2.B.6 im-

plies that {ai} = Opt(ĉi, Ai(ĉ−i)∪{ai}). If ai ∈ Ai(ĉ−i), then Lemma 2.B.5

requires that αi(ĉN ) = ai and thus u∗i (ĉN ) = ui(cN |ĉi). On the other hand,

20Maskin’s (1999) original definition of monotonicity was formulated in the context
of a voting model. There are different ways to extend Maskin monotonicity to other
environments, particularly when there are private goods. For example, Barberà et al.
(2016, p. 1092) require that a monotonic transformation of one agent’s preferences does
not affect any agent’s allocation. This stronger notion of Maskin monotonicity is not
implied by group strategy-proofness in our model.
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if ai /∈ Ai(ĉ−i), then αi(ĉN ) ̸= ai and thus u∗i (ĉN ) < ui(cN |ĉi). To sum up,

for all i ∈ N , we have shown that u∗i (ĉN ) ≤ ui(cN |ĉi), with equality if and

only if αi(ĉN ) = αi(cN ). If the inequality is strict for at least one agent, then

GSP is violated at ĉN . Therefore, it must be that αN (ĉN ) = αN (cN ).21

Equipped with Lemma 2.B.9, we are in a position to prove Lemma 2.1. Con-

sider any G ⊆ N , cG, ĉG ∈ C |G| and c−G ∈ Cn−|G| such that φG(cG, c−G) =

φG(ĉG, c−G). We want to show that τG(cG, c−G) = τG(ĉG, c−G). In words,

there is a unique transfer profile for each quantity profile “available” to

group G when the reports of the other agents are kept fixed. Since all

members of G provide the same quantity at both cost profiles, there exists a

strictly monotonic transformation c̄G ∈ C |G| of both cG and ĉG; that is, c̄G ∈
SMT(cG, αG(cG, c−G))∩SMT(ĉG, αG(ĉG, c−G)).

22 From Lemma 2.B.9, it fol-

lows that αG(cG, c−G) = αG(c̄G, c−G) = αG(ĉG, c−G) and thus τG(cG, c−G) =

τG(ĉG, c−G).

2.B.3 Proof of Lemma 2.A.1

Lemma 2.A.1 is an auxiliary result needed for the proof of Lemma 2.3. How-

ever, Lemma 2.A.1 is not needed to prove that the statements of Lemma 2.3

as well as Lemma 2.4 hold for singleton groups (i.e. g = 1). In fact, these

statements are used to prove Lemma 2.A.1. For ease of reference, we present

them as Lemma 2.B.10 below. Its proof is omitted because it is merely a

simplified version of the arguments behind Lemmas 2.3 and 2.4.

Lemma 2.B.10 (SP+UP). There exists a symmetric function π1 : C
n−1 →

R+ such that for all i ∈ N and cN ∈ Cn,

φi(cN ) ∈ argmax
qi∈N

{︁
qi · π1(c−i)− ci(qi)

}︁
, (2.B.8)

τi(cN ) = φi(cN ) · π1(c−i). (2.B.9)

21If group strategy-proofness were replaced with non-bossiness, then Lemma 2.B.9
would immediately follow from Lemma 2.B.7. The relative complexity of the proof of
Lemma 2.B.9 is therefore due to the fact that group strategy-proofness does not imply
non-bossiness in our setting. See Thomson (2016) for an extensive discussion of non-
bossiness and its relation to group strategy-proofness.

22For each i ∈ G, let qi ≡ φi(cG, c−G) = φi(ĉG, c−G). Define c̄i ∈ C by 0 < ∆c̄i(1) <
∆c̄i(2) < · · · < ∆c̄i(qi) < min{min{∆ci(q),∆ĉi(q)} : q ∈ {1, 2, . . . , qi}} and for all q ∈
{qi + 1, qi + 2, . . . }, ∆c̄i(q) > max{∆c̄i(q − 1),∆ci(q),∆ĉi(q)}.
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Defining Ai(c−i) ≡ {(qi, qi · π1(c−i)) : qi ∈ N}, (2.B.8) and (2.B.9) are

equivalent to αi(cN ) ∈ Opt(ci, Ai(c−i)).

We now prove Lemma 2.A.1. Consider any g ∈ {1, . . . , n}, G ⊆ N with

|G| = g, c−G ∈ Cn−g, cG ∈ Cg
= and i ∈ G. Define ai ≡ αi(cN ). By

Lemma 2.B.10, ai ∈ Opt(ci, A1(c−i)). Since A1(c−i) is linear and the agents’

cost functions are strictly convex, it follows that Opt(ci, A1(c−i)) contains

at most one allocation other than ai. Moreover, that other allocation must

be “adjacent” to ai. Formally, Opt(ci, A1(c−i)) = {ai, ak} and for all a ∈
A1(c−i), either q < min{qi, qk} or q > max{qi, qk}, where qi, qk and q denote

the quantities associated with allocations ai, ak and a, respectively. For this

reason, there exists a type ĉi ∈ C with the following three characteristics:23

1. Opt(ĉi, A1(c−i)) = {ai},

2. if ai ̸= ak, then Opt(ĉi, A1(c−i) \ {ai}) = {ak},

3. if qi = 0, then ĉi > ci.

Consider any ĉi ∈ C that satisfies conditions 1 to 3. Let ĉG ∈ Cg
= be such

that for all j ∈ G, ĉj = ĉi. We are going to show that for all j ∈ G,

αj(ĉG, c−G) = ai. The proof is by induction.

Base case (g = 1). Consider any i ∈ N and ci ∈ C, c−i ∈ Cn−1. Define

ai ≡ αi(ci, c−i). Suppose ĉi ∈ C satisfies conditions 1 to 3. Condition 1 and

Lemma 2.B.10 imply that αi(ĉi, c−i) = ai, as desired.

Induction step. The arguments that follow do not depend on the group

size. To simplify notation, we thus let G = N . Suppose the claim holds

for all groups of size 1 to n − 1. Consider any cN ∈ Cn
= and i ∈ N . Define

ai ≡ αi(cN ). From above, we know that Opt(ci, A1(c−i)) = {ai, ak}. Note

that we allow for the possibility that ai = ak. For all j ∈ N , cj = ci

implies that Opt(cj , A1(c−j)) = {ai, ak}. Consider any ĉN ∈ Cn
= such that

ĉi satisfies conditions 1 to 3. Note that for all j ∈ N , ĉj = ĉi.

Define Gi ≡ {j ∈ N : αj(cN ) = ai} and Gk ≡ {j ∈ N : αj(cN ) = ak}.
Note that Gi ∪ Gk = N . Consider any k ∈ N \ {i} such that k ∈ Gk

if Gk ̸= ∅. The induction hypothesis implies that for all j ∈ N \ {k},

23Type ĉi can be derived from ci as follows: Define γ ≡ min{∆ci(q) : q ∈ {0, . . . , qi}}.
If γ = 0, let ϵ > 0. If γ > 0, let ϵ ∈ (0, γ). Consider any q ∈ N. If 0 < q ≤ qi,
∆ĉi(q) ≡ ∆ci(q) − ϵ. If qi < q ≤ qk, ∆ĉi(q) ≡ ∆ci(q) + [ϵ/(qk − qi)]. If q > max{qi, qk},
∆ĉi(q) ≡ ∆ci(q) + ϵqi.
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αj(ck, ĉ−k) = ai. Since i ∈ N \ {k}, it follows that ui(ck, ĉ−k|ci) = u∗i (cN ).

Moreover, αj(ck, ĉ−k) = αi(ck, ĉ−k) and cj = ci imply that uj(ck, ĉ−k|cj) =
ui(ck, ĉ−k|ci). Also, by Lemma 2.2, u∗j (cN ) = u∗i (cN ). Combine everything

to obtain that for all j ∈ N \ {k}, uj(ck, ĉ−k|cj) = u∗j (cN ). Thus, by GSP,

u∗k(ck, ĉ−k) ≤ u∗k(cN ). We distinguish three cases.

Case 1. Suppose ai = ak = (0, 0). This implies that for j ∈ N , αj(cN ) =

(0, 0) and thus u∗j (cN ) = 0. Since u∗k(ck, ĉ−k) ≤ u∗k(cN ), it follows that

u∗k(ck, ĉ−k) ≤ 0. Hence, π1(ĉ−k) ≤ ck(1). By condition 3, ck(1) < ĉk(1).

Thus, π1(ĉ−k) < ĉk(1). Consider any j ∈ N . Since ĉ−j = ĉ−k and ĉj = ĉk,

π1(ĉ−j) < ĉj(1). Therefore, by Lemma 2.B.10, αj(ĉN ) = (0, 0), as desired.

In the two remaining cases, ai ̸= (0, 0) or ak ̸= (0, 0). Since Opt(ck, A1(c−k))

= {ai, ak}, it follows that Opt(ck, A1(c−k)) ̸= {(0, 0)}. Thus, for u∗k(ck, ĉ−k)

≤ u∗k(ck, c−k) to hold, it must be that π1(ĉ−k) ≤ π1(c−k). Since the agents

are all symmetric, it follows that π1(ĉ−j) ≤ π1(c−j) for all j ∈ N .

Case 2. Suppose a1 = (0, 0) ̸= ak. Consider any j ∈ N . By condition

1, Opt(ĉj , A1(c−j)) = {(0, 0)}. Since π1(ĉ−j) ≤ π1(c−j), it follows that

Opt(ĉj , A1(ĉ−j)) = {(0, 0)}. Thus, by Lemma 2.B.10, αj(ĉN ) = (0, 0), as

desired.

Case 3. Suppose ai ̸= (0, 0). The crucial step is to show that for all

j ∈ N , π1(ĉ−j) = π1(c−j). Together with condition 1, it follows that

Opt(ĉj , A1(ĉ−j)) = Opt(ĉj , A1(c−j)) = {ai}. Thus, by Lemma 2.B.10,

αj(ĉN ) = ai, as desired.

Consider any j ∈ Gi. From above, we know that π1(ĉ−j) ≤ π1(c−j). By

contradiction, suppose that π1(ĉ−j) < π1(c−j). Since Opt(ĉj , A1(c−j)) =

{ai} and ai ̸= (0, 0), it follows that u∗j (ĉN ) < uj(cN |ĉj). This holds for all

j ∈ Gi, so GSP requires the existence of l ∈ Gk such that u∗l (ĉN ) > ul(cN |ĉl).
It follows that Gk ̸= ∅ and thus αk(cN ) = ak ̸= ai. Hence, by condition

2, Opt(ĉk, A1(c−k) \ {ai}) = {ak}. Define âi ≡ (qi, qi · π1(ĉ−k)). Since

π1(ĉ−k) < π1(c−k), it follows that Opt(ĉk, A1(ĉ−k) ∪ {ak}) ⊆ {âi, ak}.
Next, we prove that Opt(ĉk, A1(ĉ−k)) = {âi}. To the contrary, suppose

that Opt(ĉk, A1(ĉ−k)) ̸= {âi}. The idea is to show that ak ∈ Opt(ĉk, A1(ĉ−k)

∪ {ak}). Since αk(cN ) = ak, it then follows that u∗k(ĉN ) ≤ uk(cN |ĉk). The

agents in Gk are symmetric, so u∗l (ĉN ) ≤ ul(cN |ĉl) for all l ∈ Gk. This is

the desired contradiction. To show that ak ∈ Opt(ĉk, A1(ĉ−k) ∪ {ak}), we
distinguish two subcases. First, suppose that âi /∈ Opt(ĉk, A1(ĉ−k)). Then

âi /∈ Opt(ĉk, A1(ĉ−k)∪{ak}). Since Opt(ĉk, A1(ĉ−k)∪{ak}) ⊆ {âi, ak}, it fol-
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lows that {ak} = Opt(ĉk, A1(ĉ−k)∪ {ak}), as desired. Second, suppose that

âi ∈ Opt(ĉk, A1(ĉ−k)). Since Opt(ĉk, A1(ĉ−k)) ̸= {âi}, Opt(ĉk, A1(ĉ−k)) \
{âi} ̸= ∅. It must be that (qk, qk · π1(ĉ−k)) ∈ Opt(ĉk, A1(ĉ−k)) and qk < qi;

otherwise Opt(ĉk, A1(c−k)) = {ai} or Opt(ĉk, A1(c−k) \ {ai}) = {ak} would

be violated. Since π1(c−k) > π1(ĉ−k), ak yields at least as much utility as

(qk, qk · π1(ĉ−k)). Thus, ak ∈ Opt(ĉk, A1(ĉ−k) ∪ {ak}), as desired.
Opt(ĉk, A1(ĉ−k)) = {âi} implies that αk(ĉN ) = âi. By symmetry, αj(ĉN )

= âi for all j ∈ N . Since qi > 0, it follows that ĉi(1) < π1(ĉ−i).

Finally, consider any c̃N ∈ Cn
= such that c̃i satisfies conditions 1 to 3

and, in addition, π1(ĉi) < c̃i(1). This inequality is possible because ai ̸=
(0, 0). Repeating the arguments from above, we obtain that for all j ∈ N ,

αj(c̃N ) = (qi, qi · π1(c̃−i)) with c̃i(1) < π1(c̃−i). But then π1(ĉ−i) < π1(c̃−i).

Since qi > 0, it follows that u∗j (ĉN ) < uj(c̃N |ĉj) for all j ∈ N . This violation

of GSP is the desired contradiction.
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Chapter 3

Collusion-proof and Fair

Auctions

Abstract: In the standard auction model, we provide a necessary and

sufficient condition on the value domain under which non-trivial mechanisms

exist that satisfy group strategy-proofness and symmetry. In particular,

this condition is satisfied (violated) if values are drawn from a finite set (an

interval).

3.1 Introduction

Collusion-proofness and fairness are desirable, but possibly conflicting, prop-

erties in mechanism design. In this note, we study whether they are com-

patible in the standard auction model, where a single good is up for sale to

agents who have private information on how much they value the good. Fol-

lowing the literature on strategy-proofness, we formalize collusion-proofness

and fairness through group strategy-proofness and symmetry, respectively.

Group strategy-proofness requires that no group of agents have a deviation

from their dominant strategies that makes at least one group member better

off and no other group member worse off. Symmetry requires that any two

agents with the same value obtain the same payoff.

Group strategy-proofness and symmetry are clearly satisfied by a mecha-

nism that never assigns the good and charges no payments—but such trivial

mechanisms are hardly appealing. We consider a mechanism to be non-

trivial if the agents’ utilities are not constant. Non-trivial mechanisms that
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satisfy either group strategy-proofness or symmetry do exist. For example,

the second-price auction is symmetric but not group strategy-proof, whereas

a posted-price mechanism in which the auctioneer offers the good to one of

the agents at an exogenous price is group strategy-proof but not symmetric.

It is far from obvious, however, whether non-trivial mechanisms can satisfy

both properties simultaneously.

Our contribution is to show that non-trivial, group strategy-proof and

symmetric mechanisms exist if and only if the value domain has a maximum

and this maximum is an isolated point. In particular, this condition holds

for any finite domain but is violated under the standard assumption that

values are drawn from an interval. While it is often a matter of convenience

whether values are taken to be discrete or continuous, our result illustrates

that this modeling choice can lead to different conclusions.

3.2 Related Literature

Within the vast literature on strategy-proofness (Barberà, 2011), three con-

tributions are particularly related to our analysis because they provide simi-

lar impossibility results in a model with a single good and quasi-linear utility.

First, Mukherjee (2014) shows that group strategy-proofness and anonymity

(in utility terms) are incompatible. Second, Kato et al. (2015) show that

strategy-proofness, symmetry and budget balance are incompatible. Third,

Fujinaka and Sakai (2007) show that Maskin monotonicity and weak symme-

try are incompatible. Common to all three papers is the assumption that the

auctioneer cannot withhold the good; and this feature is critically exploited

in the proofs. Our model, by contrast, allows the good to be unassigned,

which not only affects the technicalities behind the impossibility result but

also opens the door to a new possibility result.

The option to withhold the good is also important for axiomatizations

of Vickrey auctions with a reserve price (Sakai, 2013; Mukherjee and Basu,

2018). These mechanisms do not satisfy group strategy-proofness, however,

and thus fall outside the realm of our analysis.

Related to our possibility result is Ando et al.’s (2008) finding that

strategy-proof, weakly symmetric and budget-balanced mechanisms exist

on a particular domain with at most as many values as there are agents in

the economy. Few other papers have shown that impossibility results can

88



sometimes be overcome by discretizing the preference domain. Most no-

tably, Myerson and Satterthwaite’s (1983) famous impossibility result does

not generally hold with finitely many values (Matsuo, 1989; Kos and Manea,

2009; Othman and Sandholm, 2009; Flesch et al., 2016).

3.3 Model

An auctioneer (female) wants to sell one indivisible good to one of n ≥ 2

agents (male). The set of agents is N ≡ {1, 2, . . . , n}. The auctioneer, who

is labeled with 0, has the option to keep the good. Each agent i ∈ N has a

value vi ∈ R for the good. The value domain V ⊆ R contains at least two

elements. The supremum of V is denoted by v̄ ≡ sup{V }. Note that values

can be negative, so the model also accommodates procurement auctions.

Given vi ∈ V for all i ∈ N , let v ≡ (vi)i∈N be the value profile of all agents.

For any group of agents G ⊆ N , define vG ≡ (vi)i∈G, v−G ≡ (vi)i∈N\G and

(vG, v−G) ≡ v. Throughout the paper, we eschew set notation for singletons

by writing v−i instead of v−{i}, G \ i instead of G \ {i}, and the like. Utility

is assumed to be quasi-linear in money; so if agent i ∈ N with value vi ∈ V

gets quantity qi ∈ {0, 1} and transfer ti ∈ R, his utility is viqi + ti.

3.4 Definitions

For all value profiles v ∈ V n, a mechanism specifies the winner w(v) ∈
N∪0 of the good as well as the monetary transfer ti(v) ∈ R that agent i ∈ N

receives.1 The auctioneer keeps the good whenever w(v) = 0. Let qi(v) ∈
{0, 1} denote the quantity of agent i ∈ N at value profile v ∈ V n; that is,

qi(v) ≡ 1{w(v) = i}. For any given mechanism, ui(v̂|vi) ≡ viqi(v̂) + ti(v̂)

represents the utility that agent i ∈ N with value vi ∈ V obtains when the

reported value profile is v̂ ∈ V n. If agent i ∈ N is truthful (i.e. v̂i = vi), we

write u∗i (v̂) ≡ ui(v̂|vi).
A mechanism is strategy-proof (SP) if reporting truthfully is always

a best response for each agent; that is, u∗i (v) ≥ ui(v̂i, v−i|vi) for all i ∈ N ,

v ∈ V n and v̂i ∈ V . A mechanism is group strategy-proof (GSP) if every

joint misreport by a group of agents that makes a group member better off

1We are restricting attention to mechanisms that are direct and deterministic. By the
revelation principle (Gibbard, 1973), this is without loss of generality if we are interested
in deterministic mechanisms that have a pure dominant-strategy equilibrium.
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also makes another group member worse off; that is, for all G ⊆ N , v ∈ V n

and v̂G ∈ V |G| such that u∗i (v) < ui(v̂G, v−G|vi) for some i ∈ G, it holds

that u∗j (v) > uj(v̂G, v−G|vj) for some j ∈ G. Note that group strategy-

proofness implies strategy-proofness. A mechanism is symmetric (SYM)

if any two agents with the same value get the same (truthful) utility; that is,

u∗i (v) = u∗j (v) for all v ∈ V n and i, j ∈ N such that vi = vj . A mechanism

is trivial if all agents receive the same utility at all value profiles; that is,

there exists u ∈ R such that u∗i (v) = u for all i ∈ N and v ∈ V n. Note that

the utilities of a trivial mechanism can be reproduced by never assigning the

good and paying u to each agent. Conversely, a mechanism is non-trivial

if u∗i (v) ̸= u∗j (v̂) for some i, j ∈ N and v, v̂ ∈ V n.

3.5 Result

A necessary and sufficient condition for the existence of non-trivial, group

strategy-proof and symmetric mechanisms is that v̄ is an isolated point of

V (under the standard topology on R).

Theorem 3.1. Non-trivial mechanisms that satisfy group strategy-proofness

and symmetry exist if and only if sup{V \ v̄} < v̄.

As the proof below will reveal, Theorem 3.1 also holds under stronger fair-

ness conditions, such as anonymity (in utility terms) and envy-freeness. The

result is stated with respect to symmetry because this is the weakest prop-

erty under which we are able to establish the impossibility result (“only if”),

which is the more challenging of the two directions.

3.6 Proof of Sufficiency

Assume that sup{V \ v̄} < v̄, which implies that v̄ ∈ V . We now construct a

non-trivial mechanism that satisfies group strategy-proofness and symmetry:

If no agent reports value v̄, the auctioneer keeps the good and executes no

payments. Otherwise, she assigns the good arbitrarily to one of the agents

who report v̄, requests the winner to pay p such that sup{V \ v̄} < p < v̄,

and transfers v̄ − p to each loser. Hence, the truthful utility of agent i ∈ N
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at value profile v ∈ V n is given by

u∗i (v) =

⎧⎪⎨⎪⎩0 if vj < v̄ for all j ∈ N

v̄ − p otherwise.

This mechanism is symmetric because, at each value profile, all agents re-

ceive the same utility. In fact, stronger fairness conditions such as anonymity

(in utility terms) and envy-freeness are satisfied. The mechanism is also

non-trivial because v̄−p > 0. Finally, it is group strategy-proof : If the

good is assigned, all agents receive the largest utility attainable (v̄− p). In-

centives to lie—individually or collectively—can thus only arise if the good

is withheld at the true value profile v ∈ V n, which occurs if and only if vi < v̄

for all i ∈ N . To change the outcome, a (joint) misreport v̂ ∈ V n must in-

volve an agent i ∈ N who reports v̂i = v̄ and wins. This deviation, however,

makes i worse off because ui(v̂|vi) = vi − p ≤ sup{V \ v̄} − p < 0 = u∗i (v).

Hence, there are no profitable deviations.

3.7 Proof of Necessity

In this section, we show that sup{V \ v̄} < v̄ is necessary for the existence of

non-trivial mechanisms that satisfy group strategy-proofness and symmetry.

3.7.1 Preliminary Results

We start with two preliminary results. The first one states the well-known

monotonicity and continuity properties of strategy-proof mechanisms. For

brevity, we write “Lemma 3.1 (SP)” to indicate that Lemma 3.1 holds under

strategy-proofness.

Lemma 3.1 (SP). For all i ∈ N and v−i ∈ V n−1,

(i) qi(·, v−i) is weakly increasing;

(ii) u∗i (·, v−i) is continuous.

Proof. See, for instance, Börgers (2015, Lemmas 2.1 and 2.2).

Under group strategy-proofness, the monotonicity of Lemma 3.1(i) partially

extends from individuals to groups: if the auctioneer keeps the good at value
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profile v, then she also keeps it at any other value profile v̂ where all agents

appreciate the good less. This is a weak version of Maskin monotonicity

(Maskin, 1999) and captured by the first part of the following lemma.2

Lemma 3.2 (GSP). For all v, v̂ ∈ V n,

(i) if w(v) = 0 and vi > v̂i for all i ∈ N , then w(v̂) = 0;

(ii) if w(v) = w(v̂), then ti(v) = ti(v̂) for all i ∈ N .

Proof. See, for instance, Schummer (2000a, Theorem 3).

The second part of Lemma 3.2 says that the agents’ transfers can only

vary across value profiles if the winner of the good changes. This result

encapsulates the extent of price rigidity necessary to prevent coalitional

deviations. An important implication of Lemma 3.2(ii) is that, for all i ∈ N ,

there exists a function τi : N ∪ 0 → R such that ti(v) = τi(w(v)) for all

v ∈ V n. Thus, τi(j) denotes the payment that agent i ∈ N receives at

any value profile where j ∈ N ∪ 0 wins the good. For convenience, define

τ(0) ≡ τ1(0).

3.7.2 Core of the Proof

Based on the previous results, we now show that every group strategy-proof

and symmetric mechanism is trivial if sup{V \ v̄} = v̄. This equation says

that V either has no upper bound or has an accumulation point at v̄. The

first step is to prove that no agent wins the good at more than one value

profile where all agents have the same value.

Lemma 3.3 (GSP+SYM). For each i ∈ N , there is at most one v ∈ V n

such that w(v) = i and vj = vi for all j ∈ N \ i.

Proof. Consider any i ∈ N and v, v̂ ∈ V n such that w(v) = w(v̂) = i as well

as vj = vi and v̂j = v̂i for all j ∈ N \ i. Symmetry at v and v̂ requires that

vi+τi(i) = τj(i) and v̂i+τi(i) = τj(i) for all j ∈ N \ i. It follows that vi = v̂i

and thus v = v̂.

2Some authors (e.g. Fujinaka and Sakai, 2007) use a stronger definition of Maskin
monotonicity which allows the agents’ values to remain unchanged (that is, the inequalities
in Lemma 3.2(i) are weak). In our model, this stronger notion is not implied by group
strategy-proofness.
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Next, we show that the auctioneer keeps the good at all interior value pro-

files, where no agent has the maximum value.

Lemma 3.4 (GSP+SYM). Suppose sup{V \ v̄} = v̄. For all v ∈ V n such

that vi < v̄ for all i ∈ N , w(v) = 0 and ti(v) = τ(0) for all i ∈ N .

Proof. Consider any v ∈ V n such that vi < v̄ for all i ∈ N . Since sup{V \
v̄} = v̄, there are infinitely many v̂ ∈ V n such that max{vi : i ∈ N} < v̂1 =

· · · = v̂n ≤ v̄. By Lemma 3.3, w(v̂) = 0 for almost all of these v̂. Hence,

by Lemma 3.2(i), w(v) = 0. Moreover, Lemma 3.2(ii) and symmetry imply

that ti(v) = ti(v̂) = t1(v̂) = τ(0) for all i ∈ N .

If V is right-open (i.e. v̄ /∈ V ), all value profiles are interior. Hence, by

Lemma 3.4, u∗i (v) = τ(0) for all i ∈ N and v ∈ V n, so the mechanism is

trivial. If V is right-closed (i.e. v̄ ∈ V ), the proof becomes more involved

because the good can now be assigned at boundary value profiles, where vi =

v̄ for some i ∈ N . Building on the continuity inherent to strategy-proofness

(Lemma 3.1(ii)), our final two lemmas show that the agents’ utilities at the

boundaries are as if the good were not assigned—which means triviality.

Lemma 3.5 (GSP+SYM). Suppose sup{V \ v̄} = v̄. For all v ∈ V n and

i ∈ N such that vi = v̄, u∗i (v) = τ(0).

Proof. Let G ≡ {i ∈ N : vi = v̄} ̸= ∅ be the set of agents who have the

maximum value at v ∈ V n. We show that u∗i (v) = τ(0) for all i ∈ G. The

argument depends on whether w(v) ∈ G or w(v) /∈ G; but since both cases

are similar, we only present the former. Accordingly, let j ≡ w(v) ∈ G.

By symmetry, v̄ + τj(j) = τk(j) for all k ∈ G \ j. If τ(0) < v̄ + τj(j),

then sup{V \ v̄} = v̄ guarantees the existence of v̂j ∈ V such that τ(0) −
τj(j) < v̂j < v̄. Letting v̂k < v̄ for all k ∈ G \ j, Lemma 3.4 implies that

w(v̂G, v−G) = 0. Hence, u∗j (v̂G, v−G) = τ(0) < v̂j + τj(j) = uj(v|v̂j) and

u∗k(v̂G, v−G) = τ(0) < v̄ + τj(j) = τk(j) = uk(v|v̂k) for all k ∈ G \ j, which
violates group strategy-proofness at (v̂G, v−G). Similarly, τ(0) > v̄ + τj(j)

conflicts with group strategy-proofness at v. Therefore, τ(0) = v̄ + τj(j) =

τk(j) for all k ∈ G \ j, resulting in u∗i (v) = τ(0) for all i ∈ G.

Lemma 3.6 (GSP+SYM). Suppose sup{V \ v̄} = v̄. For all v ∈ V n and

i ∈ N , u∗i (v) = τ(0).
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Proof. If v̄ /∈ V , the claim follows immediately from Lemma 3.4. Assume,

then, that v̄ ∈ V . Considering any i ∈ N and v−i ∈ V n−1, we prove that

u∗i (·, v−i) = τ(0). Define v ≡ (v̄, v−i). Since vi = v̄, Lemma 3.5 states that

u∗i (v) = τ(0). If i ̸= w(v), strategy-proofness requires that qi(·, v−i) = 0

and thus u∗i (·, v−i) = u∗i (v) = τ(0), as desired. Finally, if i = w(v), a slight

variation of the argument behind Lemma 3.5 shows that qi(v̂i, v−i) = 0 for all

v̂i ∈ V such that v̂i < v̄. Hence, by strategy-proofness, u∗i (v̂i, v−i) = const.

for all v̂i ∈ V such that v̂i < v̄. Since sup{V \ v̄} = v̄, the continuity of

u∗i (·, v−i) at vi = v̄ implies that u∗i (·, v−i) = u∗i (v) = τ(0).

3.8 Conclusion

In the standard auction model, we have provided a necessary and suffi-

cient condition for the existence of non-trivial mechanisms that satisfy group

strategy-proofness and symmetry. Naturally, the next step is to fully char-

acterize these mechanisms when they exist—in order to assess how valuable

the possibility result actually is.
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