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CHAPTER 1

Preliminaries

§ 1.1. Liquid Crystals

The study of liquid crystals (LC), a particular state of matter that can behave like a liquid
but also presents structural order akin to those of a crystal, has been in the spotlight of
scientific research for several years. Discovered in 1888 by Friedrich Reinitzer, they became
tremendously popular when their optical properties made them an essential component of
modern displays (LCDs). They have found uses in medicine (imaging, diagnostics and
drugs/nutrients delivery), materials science, nanotechnology and even the military (bullet-
proof vests). The interested reader can refer to [1] for a great review of modern applications
of liquid crystals.

Liquid crystals are ubiquitous in nature, and they may appear in fluids of elongated
prolate and oblate molecules, giving rise to thermotropic liquid crystals governed by tem-
perature, and also in fluids of units where the energy is not important and density is
the control variable. The latter systems are called lyotropic liquid crystals and entropy is
the principal actor in this case. In general liquid crystals appear at all length scales: from
molecular [2] to mesoscopic (colloids and viruses, for example) [3,4] and finally macroscopic
(e.g. granular particles).

Liquid crystals have also been crucial in the theoretical understanding of phase tran-
sitions and the relation between partial ordering and symmetries. In particular, a great
advance was given after Onsager [5] and in the 80’s of the last century when it was shown
that hard interactions alone (hence entropy) can explain orientational and intermediate
positional order in condensed systems of anisotropic particles [6–11]. The main feature of
liquid crystal particles is their anisotropy, i.e. having different sizes when measured from
different directions. This characteristic alone is responsible for the amazing structural
properties of these substances. Examples of particle shapes include elongated or rod-like
and circular or plate-like particles (see Figure 1.1).

Liquid crystal phases and phase transitions

Most substances in nature exist in one of several states, to which we refer as phases; some
commonly known ones include solid (or crystal), liquid and gas states. Even though liquid

1
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Figure 1.1: Some liquid crystal particle shapes: spherocylinder [left], prolate (rod-like)
cylinder [centre] and oblate (disc-like) cylinder [right].

crystal substances can be found as totally unordered fluids or perfectly structured solids,
their most noteworthy feature is their ability to exist in several intermediate states between
those two, thus giving rise to myriad new phases which constitute the principal interest
of study on most LC systems. These phases are characterized by orientational order and,
depending on the particle symmetries, phases with spatial order along one or two directions
can be stabilized. They are collectively called mesophases since they appear between the
standard disordered liquid and the fully ordered crystal.

The orientational order and alignment of the particles is used to classify and denote
each particular phase [12]. The Nematic phase is characterised by the main particle axes
(in case of uniaxial particles) aligning, on average, along a vector (called the nematic
director) and is perhaps the most recognizable state of liquid crystals (TN or "twisted
nematic" is a very common type of display on modern televisions and computer monitors).
In Smectic configurations, while still aligned along a director, particles are restricted to
parallel planes or layers which can be perpendicular to the director (Smectic A) or lie
at some other angle with respect to it (Smectic C). Columnar phases are formed by the
usually denominated Discotic Liquid Crystals (circular plate-like or bowl-like particles)
and organize into cylindrical structures parallel to the main particle axes, the column
axes are positioned on the nodes of a two-dimensional lattice. An orientationally and
spatially disordered fluid is said to be in an Isotropic phase. Figure 1.2 contains some
visual examples of these structures.

Figure 1.2: Some examples of liquid crystal phases: Isotropic (a), Nematic (b), Smectic (c),
Crystal (d) and Columnar (e).
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When considering two-dimensional systems, it is possible to encounter very particular
phases and we will pay special attention to 2D systems of hard rectangles (HR) and hard
triangles (HT) where a Tetratic or Triatic phase, respectively, plays an important role.
Tetratic configurations are characterized by particles aligning along 2 perpendicular di-
rectors while Triatic ones see particles aligning along 6 different directions (see Fig 1.3).
These phases are the two-dimensional counterparts of exotic phases in three-dimensions,
e.g. the cubatic phase [13].

Figure 1.3: Tetratic (left) and triatic (right) configurations in 2D systems. Images are a zoom
of those obtained after particle recognition on our experiments on shaken monolayers of granular
particles (chapter 2)

Given the necessary thermodynamic conditions, systems can move from one phase to
another via a phase transition (e.g. liquid water becomes vapour when heated past the
boiling point of 100◦ C at atmospheric pressure). These transitions are usually categorized,
by looking at the properties of adequate thermodynamic potentials (free energies) of the
system, into first (1st) or second (2nd) order transitions [14–16]. First-order transitions are
characterized by a discontinuity of the first derivatives of a free energy with respect to its
natural thermodynamic variables, which represent abrupt (and often observable) changes
in the system properties. These changes are related to broken symmetries at the phase
transition. Second-order transitions (also called continuous transitions), on the other hand,
correspond to more subtle variations appearing as discontinuities of second and possibly
higher-order derivatives of the free energy. Figure 1.4 shows an example of the free energy
curve of a systems undergoing a 1st order transitions. At a 1st order transition phases
can coexist with one another, giving rise to what Gibbs called the "phase coexistence
curve" [14]. As some thermodynamic variables change, a 1st-order transition may become
of second order at the so-called "critical point".

§ 1.2. Equilibrium Systems and models

Though many of the industrial and technological applications of liquid crystals are based
on their response and reaction to temperature, our main focus will be the study of such sub-
stances where different phases can be stabilized solely through entropy. More specifically
studies of fluids of hard convex bodies (HCBs) [16] such as hard rectangles (HR) and tri-
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Figure 1.4: Example free energy curve on the Ω − µ plane of a system undergoing a 1st order
transition, with a discontinuity on the first derivative. Solid lines represent stable phases while
dashed lines represent metastable ones.

angles (HT) in two dimensions, or plates in three dimensions will be presented. Also, there
are similarities between these thermal particle systems and systems made of macroscopic
granular particles where entropic or excluded-volume interactions play an important role
and thermal fluctuations are negligible. We will present results on experiments conducted
on vibrated monolayers of granular rods, as liquid crystalline structures are observable
and appear as steady states of the system [17–19], in turn providing us with the means to
study at a macroscopic level the evolution and development of liquid crystal substances
with similar properties.

Systems naturally move towards equilibrium states, where no net macroscopic flow
of energy or matter occurs. An equilibrium state is reached at a minimum value of the
Helmholtz free energy

F = U − TS

with respect to internal microscopic variables. U is the internal energy, T the absolute
temperature and S the system entropy. In this thesis we focus on models based on hard,
excluded-volume interactions. In these systems the internal energy U is purely kinetic,
and therefore proportional to temperature. Therefore, the minimum of F is equivalent to
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the maximum of S and temperature plays no role as it constitutes a simple multiplicative
factor. Now Boltzmann’s formula,

S = kB lnW

directly relates entropy to the number W of possible system configurations with the same
macroscopic properties. As such, when entropy is the deciding factor behind a phase
transition, as is the case in hard-body models, the system will always fluctuate towards
phases with the largest number of accessible configurations. The study of entropy as a
driving force in the phase behaviour of liquid crystals was pioneered by Onsager [5] in
his study of hard rods in the limit where the particle length to width ratio (l/w) goes
to infinity. Frenkel et al. [6–8], through simulations, found entropy stabilized nematic,
smectic and columnar phases. More recently two dimensional fluids of hard rods and
their phase behaviour have been the subject of several studies through Monte Carlo (MC)
simulations [20] and models using the Density Functional Theory [21]. Research on the non
equilibrium stationary states of vibrated granular anisotropic particles also found patterns
with liquid crystal textures very similar to those found as equilibrium states in thermal
systems [17,18,22,23]. Exploiting this fact, we will discuss the differences and similarities
between dissipative granular systems and their thermal counterpart, as they were found in
our experiments on shaken monolayers of granular rods [24,25] and [26] (to be published).

§ 1.3. Density Functional Theory

The most important theoretical tool supporting the majority of the work presented in this
thesis is the Density Functional (DF) formalism [27–29]. This theory was originally devel-
oped to obtain the equilibrium density distribution ρ(r), with r a generalized coordinate,
of inhomogeneous systems at bulk conditions, at interfaces or in the presence of an external
potential V (r). The core of the theory is based on the existence of a unique free energy
functional F [ρ] of the density distribution independent of any external potential. As such,
the equilibrium density distribution of a system in contact with a reservoir of particles at
chemical potential µ in the presence of an external potential V (r), is that which minimizes
the grand-potential

Ω[ρ] = F [ρ] +

∫
dr ρ(r)(V (r)− µ)

for any possible distributions ρ(r) [30].
The free energy DF can be split into the ideal gas contribution, with the well known

exact expression [5, 10]

Fid[ρ] =

∫
drρ(r) [log (ρ(r)V)− 1] , (1.1)

with V the thermal volume, plus an excess or interaction free energy Fex[ρ]. Thus the total
free-energy DF is just F [ρ] = Fid[ρ] + Fex[ρ]. In the case of hard body fluids this excess
part represents the entropy contribution due to the non overlapping interactions. An exact
expression for the excess part can be obtained only in one dimension for hard segments
[31], but in higher dimensions only approximate expressions can be obtained. Highly
accurate approximations demand a considerable amount of ingenuity. In particular, if the



6 CHAPTER 1. PRELIMINARIES

approximate functional fulfils the dimensional cross-over property of the exact functional
(to be defined below), very good approximations can be obtained.

When considering anisotropic particles one must also take into account the degrees of
freedom introduced by particle orientations. To properly represent these systems we need
an additional set of three Euler angles, Ω = {φ1, φ2, φ3}, to fix the orientation. With this,
the density distribution function ρ(r, Ω̂) depends on six variables, which makes it much
more difficult to study these systems. Depending on the symmetry of the particles and
the dimensionality of the space, the complexity of a problem may be considerably reduced.
This is the case in two dimensions, where characterizing the orientation only requires a
single angle.

Among the most popular approximations for Fex[ρ] we find the Local Density Ap-
proximation (LDA) [10], the Weighted-Density Approximation (WDA) [10, 32] and, more
recently, the Fundamental Measure Theory (FMT) [10,33,34]. The FMT constitutes one of
the most powerful theoretical tools introduced in recent years. First conceived by Rosen-
feld [33] to study a mixture of hard spheres, the basic principle of the theory is the un-
derstanding that Fex[ρ] depends on a set of weighted densities which are obtained as
convolutions of the density profile with some weighting functions defined by the geometry
of a single particle. The volume integral of these weighting functions are the so-called
fundamental measures of the particles, e.g. the mean Gaussian curvature, the surface area,
the volume and the Euler characteristic. The most accurate DFs based on FMT are those
which fulfil the dimensional cross-over property, which is, in essence, a test of the qual-
ity of the approximation by evaluating how "good" the proposed DF is when adapted to
different dimensions [10]. In section 1.3.2 we particularize the FMT-formalism to define a
DF for a restricted orientations model (introduced by Zwanzig [35,36]) of a system of hard
board-like biaxial particles. We will use it in chapter 4 to study a system of hard plates
(uniaxial and biaxial) under confinement. An excellent in-depth review of these topics can
be found in [10].

§ 1.3.1. Scaled Particle Theory

Another key formalism that will be used in chapter 3 is the Scaled Particle Theory (SPT)
[37–41]. This will be applied to study the effect of polydispersity on the phase behaviour
of a hard rectangle fluid and also to study a fluid of hard isosceles triangles. It proposes
a way to approximate the excess free energy of a system by means of the work needed
to insert a particle at a particular position and orientation into a fluid. Using a Taylor
expansion to interpolate between the small and large limits of the inserted particle, one is
able to estimate the work done. The excess free energy is then derived by making use of
some well known thermodynamic relations.

Lets consider a fluid comprised of hard rectangular particles. For the small size limit,
the probability of inserting a negligible size particle i at orientation φ1 with no overlaps is

pi(φ1) ≡ 1−
∑
ν

ρν〈Aexcl,ν〉(li, wi, φ1), (1.2)

where ρν is the number density of species ν, and 〈Aexcl,ν〉 (li, wi, φ1) is the averaged excluded
area between the inserted particle and a fluid particle of species ν with orientation φ2 [42]:

〈Aexcl,ν〉 (li, wi, φ1) =

∫
dφ2hν(φ2)Aexcl,ν(li, wi, φ12)
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Here li and wi are the inserted particle length and width respectively while hν(φ) is the
orientational distribution function of species ν and φ12 the relative angle between particle
axes. Taking aα to be the particle area of species α we get that the excluded area between
two rectangles (i and ν) is

Aexcl,ν(li, wi, φ12) = (lν li + wνwi)| sinφ12|+ aν + ai + (lνwi + liwν)| cosφ12|

The work needed to insert particle i is given by the excess chemical potential µex. In the
low density limit and in the limit of small sizes (li � lν , wi � wν) where the three-body
interactions can be neglected, asymptotically this work takes the form

βµex(φ1) ∼ − log pi(φ1) = − ln

(
1−

∑
ν

ρν 〈Aexcl,ν〉 (li, wi, φ1)

)

On the other hand at the limit of large sizes (li � lν , wi � wν) the work required is that
of opening a macroscopic cavity of area ai in the fluid; which is equal to Pai, i.e. fluid
pressure times the particle area. Then a Taylor expansion around the point (li, wi) = (0, 0)
in which the quadratic term is fixed to Pai can be used to obtain an interpolation between
both limits. Taking the particle dimensions to belong to any of the species we get

βµex,ν(φ1) = − ln(1− η) +

∑
τ ρτ

∫
dφ2hτ (φ2)Aντ (φ12)

1− η
+ βPaν

where η =
∑
ν
ρνaν is the total packing fraction and

Aντ (φ12) = Aexcl,ν(lτ , wτ , φ12)− aν − aτ

The excess chemical potential of species ν is given by the angular average over all orienta-
tions

βµex,ν =

∫
dφ1hν(φ1)[βµex,ν(φ1)]

= − ln(1− η) +

∑
τ ρτ 〈〈Aντ 〉〉

1− η
+ βPaν (1.3)

where 〈〈Aντ 〉〉 stands for

〈〈Aντ 〉〉 =

∫
dφ1hτ (φ1)

∫
dφ2hν(φ2)Aντ (φ12)

It is then possible to integrate the thermodynamic relation

∂βP

∂ρν
= 1 +

∑
τ

ρτ
∂βµex,τ
∂ρν

using equation (1.3) to obtain an expression for the pressure

βP =
ρ

1− η
+

1

2

∑
ντ ρνρτ 〈〈Aντ 〉〉

(1− η)2
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(where ρ =
∑

ν ρν is the total number density) and from the definition

βP = ρ+
∑
ν

ρν [βµex,ν ]− Φex

the SPT approximation to the excess part of the free energy density of a mixture of hard
rectangles is

Φex[ρ] = −ρ ln(1− η) +
1

2

∑
ντ ρνρτ 〈〈Aντ 〉〉

1− η
(1.4)

where Φex[ρ] = βFex[ρ]/A and A is the total area of the system.

§ 1.3.2. Fundamental Measure Theory for hard board-like biaxial parti-
cles

In chapter 4 we use the FMT to study a system of hard board-like particles, confined
between two hard walls. The system is composed of hard biaxial parallelepipeds with edge
lengths σ1 ≥ σ2 > σ3. We use the restricted orientations (Zwanzig [35, 36]) model to
map the system unto an equivalent mixture of six species (see Figure 1.5) allowing us to
characterise the equilibrium properties through the density profiles ρντ (r) [43], ν and τ
correspond to the particle species as labelled in Figure 1.5. We define the tensor:

Figure 1.5: Restricting orientations gives rise to six different species

σξντ = σ3 + (σ1 − σ3) δξν + (σ2 − σ3) δξτ , ν, τ, ξ ∈ {x, y, z}, ν 6= τ (1.5)
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where δξν , δξτ is the Kronecker delta. This tensor yields the edge-length parallel to the ξ
axis when the largest and medium edge-lengths are parallel to the ν and τ Cartesian axes
respectively.

Attending to the geometry of a single particle we also define the weighting functions

ω(0)
ντ (r) =

1

8

∏
ξ

δ

(
σξντ
2
− |sξ|

)
(1.6)

ω(3)
ντ (r) =

∏
ξ

Θ

(
σξντ
2
− |sξ|

)
(1.7)

ω(1α)
ντ (r) =

1

4
Θ

(
σαντ
2
− |sα|

)∏
ξ 6=α

δ

(
σξντ
2
− |sξ|

)
, α = x, y, z (1.8)

ω(2α)
ντ (r) =

1

2
δ

(
σαντ
2
− |sα|

)∏
ξ 6=α

Θ

(
σξντ
2
− |sξ|

)
, α = x, y, z (1.9)

where sx = x, sy = y, sz = z and δ(x) and Θ(x) are the Dirac-delta and Heaviside func-
tions respectively. The spatial integrals of these weighted functions are the fundamental
measures of hard boards:∫

drω(0)
ντ (r) = 1,

∫
drω(3)

ντ (r) =
∏
ξ

σξντ (1.10)∫
drω(1α)

ντ (r) = σαντ ,

∫
drω(2α)

ντ (r) =
∏
ξ 6=α

σξντ (1.11)

Following the FMT [43] we can define the weighted densities

nγ(r) =
∑
ντ

[
ρντ ∗ ω(γ)

ντ

]
(r) =

∑
ντ

∫
dr′ρντ

(
r′
)
ω(γ)
ντ

(
r− r′

) γ = {0, 3, 1α, 2α}
α = {x, y, z}

(1.12)
as the sum over the six species of convolutions between the density profile of species ντ 1

and the corresponding weighting function.
The excess part of the Helmholtz free-energy according to the FMT [43, 44] can be

approximated as

βFex [{ρντ}] =

∫
drΦex(r) (1.13)

Φex(r) = −n0(r) log [1− n3(r)] +

∑
α n1α(r)n2α(r)

1− n3(r)
+
n2x(r)n2y(r)n2z(r)

[1− n3(r)]2
(1.14)

while the ideal part, dropping the thermal volumes, has the usual expression

βFid [{ρντ}] =

∫
drΦid(r) (1.15)

Φid(r) =
∑
ντ

∫
dr ρντ (r) [log ρντ (r)− 1] (1.16)

1ντ = {xy, xz, yx, yz, zx, zy}
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which allows us to completely define the thermodynamics of the system in terms of the
total free-energy density functional:

βF [{ρντ}] = βFid [{ρντ}] + βFex [{ρντ}]

In all cases β =
1

kBT
is the usual inverse temperature and kB is the Boltzmann constant.

The dimensional cross-over property (from 3D to 2D) applied to our model, consists
of the following: suppose we have obtained from first principles (as is the case), by means
of the FMT-formalism, the excess part of the free-energy DFs for three-dimensional hard
boards

F (3D)
ex [{ρ(3D)

ντ }]

and also for their projections onto the plane perpendicular to the z-axis, positioned at
z = 0

F (2D)
ex [{ρ(2D)

ντ }]

Then by taking ρ(3D)
ντ (x, y, z) = ρ

(2D)
ντ (x, y)δ(z), with δ(z) the Dirac-delta function, i.e. the

centres of mass of particles are constrained to be on the x− y plane, we should obtain the
equality

F (3D)
ex [{ρ(2D)

ντ δ(z)}] = F (2D)
ex [{ρ(2D)

ντ }], (1.17)

which any exact functional should fulfil. This condition is a very strong test to evaluate the
quality of the DF as compared to the "exact" one and our approximation does indeed fulfil
the cross-over property not only from 3D → 2D but also 3D → 1D and 3D → 0D [43,45].

§ 1.4. Thesis Outline

This thesis presents results obtained on three major research avenues, which are intimately
related as will be explained below.

First (chapter 2), an experimental study on shaken monolayers of granular rods in
a regime of high density where excluded-volume interactions between particles are much
stronger than dissipative forces and therefore play a major role in the stationary state. This
fact gives rise to patterns that are very similar to those observed in standard liquid crystal
systems in thermal equilibrium. This work is a continuation of that done in [46] where
circular cavities were considered. In the present study we introduce a central obstacle of
varying size which creates completely new particle configurations, that allows us to discuss
the problem from the point of view of symmetry and topology of the orientational field.

In the second study (chapter 3), we focus on extremely confined systems which can
be considered as two-dimensional. We theoretically study, using SPT, a fluid of hard
rectangles (the projections of cylinders in the plane of a monolayer) making emphasis
on the effect of length-polydispersity on the phase behaviour of a hard-rectangle fluid, a
project which will be continued in the near future by performing experiments on monolayers
of mixtures of cylinders with different lengths. Also in this chapter (3) we use the same
formalism, but with particle shape consisting of isosceles triangles. We make emphasis on
the stability of a new exotic phase, called triatic phase, both in the one-component fluid
and in certain symmetric binary mixtures. Some exploratory experiments on vibrated
prisms with equilateral triangular base have been already performed.
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In the third study (chapter 4) we theoretically model a highly confined three-dimensional
fluid composed by biaxial plates. The confinement is so strong that only one major par-
ticle length can fit inside the slit formed by two hard walls. Note that this system is the
next step from considering strictly one monolayer towards the bulk. In this case we study
the coupling between confinement and particle shape on the interfacial phase behaviour of
hard biaxial plates. We use the restricted orientations (Zwanzig) model, under the FMT,
to approximate the excess part of the free energy of the system. At the end of each chapter
we state our conclusions and discuss future work and unanswered questions.

There is a common thread that unifies all of the above investigations. In all cases we
analyse systems of hard bodies where entropy is the crucial governing agent, creating liquid
crystalline order. All systems are subject to strong geometrical confinement that perturbs
the inherent symmetries of the system. When the imposed symmetries are very different to
those of the system, defects are created to restore them. In this respect, we have observed
that granular materials seem to respond as expected for corresponding systems in thermal
equilibrium. In all other cases the imposed symmetries are more akin to those of the
system and we study the effects of polydispersity and particle shape on the stabilisation
of different phases.
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CHAPTER 2

Vibrated monolayers of granular rods

§ 2.1. Introduction

In this chapter we discuss systems which, despite being two dimensional, are apparently
unrelated to the main theme of the thesis: monolayers of granular particles. Granular
materials consist of units of macroscopic size that interact through complex, dissipative
forces due to interparticle frictional contacts and inelastic collisions. A basic property of
granular systems is that the energies involved are far too large compared to their thermal
energy. Therefore, the classical statistical mechanics of equilibrium systems is not useful
and their behaviour must be analysed using other means [47]. Up to now there exists no
unified theoretical approach for granular matter, and existing theories are borrowed and
expanded from equivalent equilibrium systems, with more or less success. In any event,
at present there is no completely satisfactory theory for granular matter that can be used
successfully in all situations, e.g. granular flow, agitated granular particles, etc. This is
an active field of research, as granular matter is ubiquitous in Nature: on the surface of
planet Earth (stone piles, sand, river beds, grains), in the Solar System (planetary rings)
and in astrophysical environments (protoplanetary nebuli, accretion disks, etc.). Granular
matter involves not only important problems from the point of view of engineering and
other applications, but also deep physical concepts that probably underlie basic universal
behaviours.

Granular matter moves because of the application of external forces. As soon as these
forces are switched off or compensated by internal forces, motion of granular matter ceases
completely. Typical examples include a pile of sand grains subject to gravity, which may
undergo avalanches and similar phenomena, flow of grains in silos, etc. However, static
granular matter is interesting on its own because of the implications of jamming and pack-
ing phenomena in industry and in everyday life. For example, a huge amount of scientific
papers are now being published on maximally packed particle arrangements and the inter-
play between ordered and disordered structures. Geometrical issues are very important in
these problems.

The idea that quasi-two-dimensional monolayers of granular spherical particles can
be excited by periodic motion, leading to pattern formation, has been explored in the
last decades [17, 18, 48–57]. A milestone in the field of ordering in granular media was

13
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the observation that some structural properties of a vibrated monolayer of spheres (in
particular, crystallization), were similar to those of the ordinary hard-sphere model, a
basic model to understand the structure of matter at the nano- and mesoscopic scales
in thermal equilibrium. These phenomena can be largely understood by applying the
standard rules of equilibrium statistical mechanics [57, 58]. Many other nonequilibrium
phenomena are observed in periodically agitated granular matter, some of which (e.g. the
presence of solitons) are very peculiar (see the review by Aranson and Tsimring [23]).

In this chapter we explore the ‘equilibrium’ aspects of vertically-vibrated granular mat-
ter. The precise definition of ‘equilibrium’ in the granular context is given below. In line
with the aims of the thesis work, we focus on particles with anisotropic shape that in-
teract via hard or close-to-hard interactions, and are therefore capable of forming phases
or extended configurations with orientational order. As compared to grains with spheri-
cal symmetry, anisotropic granular particles have not enjoyed so much attention yet, but
promise a wealth of interesting and unexpected behaviours, part of which are only begin-
ning to emerge.

Before dealing with the details of our work, we must first discuss what we mean by
‘equilibrium behaviour’ in these systems. In fact the very concept of equilibrium is ill-
suited, since energy is continuously injected in the system from an external source. This
energy is transferred to the system, distributed among the different degrees of freedom
(translational and rotational), and dissipated by means of inelastic collisions and friction.
Part of the injected energy is then converted to motion, and part is transferred to internal
degrees of freedom (particle deformation, particle heating, energy transfer to the container,
etc.). By ‘equilibrium’ we really mean a state where the injected energy is perfectly bal-
anced by the dissipated energy; technically this is called a ‘steady state’. There is a steady
flow of energy in this state. The remarkable result is that, in the steady state, and un-
der suitable conditions, granular systems may develop spatio-temporal structures that can
be easily visualised: spatial patterns of particles that may be static and/or dynamic. In
our case we observe the formation of particle structures in our granular monolayers that
are very similar to those formed by particles in thermal equilibrium, i.e. particles (usu-
ally of meso- or microscopic size) that are subject to thermal fluctuations governed by a
Boltzmann distribution. In our experiments these static structures are formed after an
initial “ripening” time interval, which can be very long (a few hours). After this interval,
and solely through a delicate balance between local contact forces and agitation, particles
become ordered, giving rise to nontrivial spatial arrangements.

Patterns in our vibrated monolayer of particles are searched for and found by suit-
ably choosing the control parameters of the external drive imposed on the system. In
this way, vertically-vibrated granular rods have recently been shown to exhibit interest-
ing spatial patterns that resemble liquid-crystalline phases in two-dimensional systems of
anisotropic particle subject to thermal fluctuations [17–19, 22–24, 59, 60]. Therefore, the
inherent non-equilibrium granular arrangements of anisotropic grains, when continually ex-
cited externally [61,62], reach steady-states with particle arrangements which show typical
characteristics of liquid crystals: local and global nematic ordering [17–19], competing elas-
tic bulk and surface energies [22], together with typical non-equilibrium effects [23,59,60].
One is tempted to describe the behaviour in these systems in terms of entropic arguments
based on volume exclusion, since forces between particles are absent except when they
collide, and volume-filling concepts become relevant. Recently the phase diagram of equi-
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librium hard rectangles has been explored by Monte Carlo simulation and shown to exhibit
many similarities, even quantitative, with the steady-state arrangements of granular rods
confined in circular cavities [19]. We must remind ourselves that the behaviour of hard
particles driven by thermal fluctuations are exclusively controlled by entropy and particle
overlap statistics. This connection between thermal and nonthermal (granular) matter is
intriguing.

More recently González-Pinto et al. [24,60] have analysed defect formation in granular
experiments of metallic rods when their aspect ratio is small; in this regime tetratic con-
figurations, where particles form a fluid monolayer but with their long axes pointing along
one of two perpendicular, equivalent, directors, are easily stabilised. As dictated by topo-
logical considerations, extended tetratic phases, when confined to a circular cavity, restore
the four-fold symmetry of the director by creating four point defects with a total topolog-
ical charge of +4. This is indeed what is observed in the granular monolayers, showing
that these non-equilibrium systems respond to geometrical frustration is the same way as
their thermal-equilibrium counterparts. Even more, by assuming that these four defects
behave as point defects of charge +1 and that they interact with each other following elas-
tic theory (i.e. through logarithmic potentials mediated by the elastic stiffness coefficient
of the tetratic phase), the spatial fluctuations of these defects can be measured and used
to extract an elastic constant, which turns out to be of the same order of magnitude as
typical two-dimensional elastic constants of liquid crystals.

The picture therefore emerges that, at least in some range of external parameters,
vertically-vibrated monolayers of granular rods have many properties in common with cor-
responding systems governed by thermal fluctuations. The cause for this apparent connec-
tion is presently unknown: only some partial ideas and basic relations can be put forward.
We are still in the process of collecting as much evidence as possible on these similarities.
In this chapter we present yet another example where granular matter seems to respond
to external constraints in the same way as thermal matter. The system is an annulus, i.e.
a circular cavity with a central circular obstacle, which confines the granular particles to
a geometry quite different to that of a simple circular cavity. In this case, as discussed
below, topology does not require the formation of point defects. This is indeed observed in
our experiments, but only in part: due to the severe size restrictions, quantified in terms of
the ratio of particle length and cavity radius, another type of defects are formed, namely
(non-point-like) domain walls (i.e. extended regions) that separate regions with different
liquid-crystalline ordering. These extended regions are similar to domain walls in standard
materials when domains with different orientation of a non-scalar order parameter coexist
(see e.g. Ref. [63] where domain walls separating uniaxial nematic phases with different
orientations were observed in circular cavities using Monte Carlo simulation). The reason
why these structures, which are not required by topology, are created is the fact that elas-
tic, wall effects and intrinsic particle ordering all compete to somehow satisfy a ‘maximum
entropy principle’. This is at least the paradigm imposed by equilibrium statistical me-
chanics, which again seems to operate, at a presently unknown level, in vertically-vibrated
beds of granular rods (the very definition of bulk, wall and elastic free energies is not clear
as these concepts belong to the realm of equilibrium physics). On top of that, this is
an important result, as it means that granular matter can be used to create and control
particle orientations and defects of various kinds easily by setting up particular geometric
constraints by way of external boundaries, at accessible (macroscopic) time and length
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scales. By contrast, this process is much more difficult to implement using soft matter
based, for example, on (nanoscopic) liquid-crystal materials.

Shortly after our work on granular rods confined in annuli was started, Gârlea et
al. [64] presented results on a similar system, but using virus particles (i.e. of colloidal
size), which are subject to Brownian (thermal) motion. Computer simulations we also
presented to corroborate the experimental results. Remarkably the structures found by
Gârlea et al. are qualitatively similar to those obtained by us, although the range of
parameters is different. Again this demonstrates the hitherto unknown relation between
two systems, granular and thermal, that are governed by very different physics at radically
different length and time scales. We will discuss the similarities between our results and
those obtained by Gârlea et al. at the end of the chapter.

The chapter is organised as follows. Before presenting the experimental setup used
and the results obtained in the experiments, in the following section we expand on the
theoretical background needed to frame the discussion into the correct context, in particular
in connection with the rest of the thesis. The experiment is then discussed in some detail,
together with the analytical tools used. A section on results follows where all observations,
histograms and distribution functions are presented. The chapter ends with a section on
conclusions and future work.

§ 2.2. Motivation and theoretical background

We briefly discuss the ordering properties of hard models for anisotropic particles in two
dimensions, focusing on particles with rectangular shape. This is because our experiments
on granular rods are done using cylinders, which project as rectangles on a planar surface.
In chapter 3 we will analyse triangular particles which, due to peculiarities associated with
their shape, can form ‘exotic’ nematic phases where the average orientation direction, the
director, has three-fold symmetry, distinct from the usual one- or two-fold symmetries of
standard nematics made of rod-like two-dimensional particles. The existence of ‘exotic’
nematic phases as stable thermodynamic phases is in fact expected in general for particles
of polygonal shape, the symmetry of the phase being related to the number of sharp
corners of the particles. The stabilisation of these phases can be explained solely in terms
of the competition between orientational entropy on the one hand, and correlation entropy,
coming from interactions, on the other. As we will discuss, the latter entropy contribution
is usually modelled, in terms of the ‘excluded area’, at second order in a virial expansion of
the free energy. The presence of local minima in the excluded area is used by the system
to generate orientational order at the expense of the orientational entropy, which favours
the disordered phase.

Hard rectangles of sufficiently low aspect ratio κ = L/D, where L is the length and
D is the width, exhibit an exotic nematic phase called the tetratic phase (see Figure 1.3).
The orientational distribution function h(ϕ) of the tetratic phase has four-fold symmetry:
it presents equal-height peaks at angles ϕ = 0, π/2, π and 3π/2, where the origin of angles
(x axis in the lab frame) is taken to point along one of the directors. This means that,
in an extended tetratic phase, two equivalent directors can be found at a relative angle of
90◦ with respect to each other. Particles diffuse, as it corresponds to a nematic fluid, but
they orient along two possible perpendicular directions with higher probability. Note the
similarity with the triatic phase for triangles presented in chapter 3.
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Figure 2.1: Phase diagram of hard rectangles in the packing fraction η–particle aspect
ratio κ plane, as obtained by scaled-particle theory. Dashed lines indicate second-order
phase transitions. The thin region corresponds to a first-order phase transition. Labels
indicate isotropic (I), nematic (N) and tetratic (T) phases. Figure taken from Ref. [25].

The equilibrium phase diagram of hard rectangles has been analysed using SPT by Schläcken
et al. [65] and more fully by Martínez-Ratón et al. [25]. It is shown in Figure 2.1 in the
packing fraction η–particle aspect ratio κ plane. The stable phases in the phase diagram
are all spatially uniform, since non-uniform phases were not explored. They are: isotropic
(I), nematic (N) and tetratic (T) phases (to which we usually refer to as simply Tetratic).
Tetratic phase stability occurs for aspect ratios κ less than 2.62. For larger aspect ratios
the stable nematic phase is the uniaxial nematic phase. The tetratic phase is stable at
rather large values of packing fractions, values which would otherwise correspond to a non-
uniform phase, such as columnar, smectic or crystal (see Figure 1.2). This point may lead
one to think that the tetratic phase should, in a more complete treatment including spa-
tially nonuniform order, be preempted by one of these phases. However, further analysis
has shown that this is not the case. On the one hand, inclusion of higher-order orientational
correlations via an effective third-order virial coefficient [60] leads to an isotropic-tetratic
transition line which is shifted to lower packing fractions. A consequence of this is that
the range of aspect ratios where the tetratic phase is stable is considerably enlarged up
to 3.23, meaning that three-body correlations are crucial in the tetratic phase. There are
reasons to believe that inclusion of even higher-order correlations will further expand the
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stability of the tetratic phase. In fact, recent Monte Carlo simulations [19] have shown
that the tetratic phase is stable for κ . 7, at values of packing fractions which are too low
for the crystal and other nonuniform phases to be thermodynamically stable.

Müller et al. [19] have investigated the relation between the equilibrium system of hard
rectangles, analysed by means of Monte Carlo simulation, and monolayers of granular
particles made of cylinders, which project on the horizontal plane approximately as rect-
angles. Their experimental setup is similar to ours (explained in more detail in Section
2.3): cylinders were confined into a thin circular cavity which leaves a small vertical space
so that, when vertically agitated, cylinders move in the horizontal directions via collisions
without overlapping. Various order parameters were defined in order to identify different
types of order: uniaxial nematic and tetratic nematic. Phases were identified as a function
of projected aspect ratio and packing fraction. Overall qualitative agreement was found
between both phase diagrams. In some cases, for example in the value of limiting aspect
ratio for tetratic stability, the agreement was even quantitative. This intriguing similarity
still awaits for an explanation.

González-Pinto et al. [24] have extended the analysis of this system, confirming some
aspects of the work by Müller et al. but adding some doubts in the case of long cylinders.
Even though finite-size effects may be at work in this case, long cylinders do not seem to
develop uniaxial ordering but rather a kind of patched nematic with no global ordering. In
any case, the results for short cylinders were confirmed. Also, the tendency for clustering of
groups of particles was examined and contrasted with results fromMonte Carlo simulations.
Clustering is much stronger in the dissipative system [24], which is totally understandable
as particles tend to freeze when they collide, which generates an extra ordering tendency.
Leaving aside this and other aspects, the two systems, equilibrium and dissipative, look
remarkably similar in their ordering properties.

In an additional work, González-Pinto et al. [46] have made the observation that,
under conditions such that a tetratic arrangement of the granular system prevails, the
imposed circular geometry of the cavity forces the monolayer to create four defects, located
close to the inner boundary of the container and arranged on average at the corners of
a square. Figure 2.3, panel 0–q4 (here we use a matrix style to address each image,
with columns = {0, 1, 2, 4} and rows = {q2, q4, qs}, the meaning of these labels will be
explained in Section 2.5), shows an instantaneous configuration of the particles, colour-
coded according to the value of the tetratic order parameter q4 (to be defined later). The
packing fraction is η ' 0.75. The presence of the four defects is revealed by the low
value of the order parameter, which is high in the region occupied by the tetratic phase.
Topological arguments can be used to explain this configuration. The notion is based on
the so-called geometrical frustration: due to the boundary conditions imposed on a system,
which otherwise favours some specific local order in bulk, the order cannot propagate to the
entire system. In our case, the tetratic order, which imposes a four-fold orientational order
locally (C4 symmetry in the nomenclature of group theory), cannot satisfy the circular
geometry of the cavity, and the continuity of the tetratic field must be broken in some
regions. The excitation of defects is frequent in liquid-crystalline materials whose local
order-parameter field can be elastically distorted (with an associated price in elastic free
energy), but the presence of surfaces with some specific geometry may be incompatible
with a distorted order-parameter field because of the high surface free energy that should
be paid to avoid the creation of defects, even at very low temperature (low energy).
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Therefore, we are faced with a problem that can be quantified using the Euler theorem
of topology [66]. In the present context the theorem states that the total topological charge
of the system must satisfy the equation

∑
iQi = pχ, where p is the symmetry order of

the phase (in the case of the tetratic, p = 4), while χ is the Euler characteristic of the
volume. Qi is the ‘topological charge’ of each individual defect present in the volume. In
the case of a circular cavity consisting of a disc we have χ = 1. The theorem gives the total
charge of the system, not the number or topological charge of the defects present. These
properties depend on other considerations based on the competition between free energy
contributions of different origins: bulk, wall, elastic and defect core. In any case the system
will choose the minimum number of defects that can restore the broken symmetry induced
by the confining boundary. The topological charge Qi of each defect is a number that
reflects the symmetry of the order parameter around the defect. In a circular cavity the
presence of these four defects, with topological charge +1, restores the symmetry broken
by the circular geometry of the cavity since the total charge +4 satisfies the constraint
imposed by the Euler theorem for a medium with C4 symmetry.

It is remarkable that the steady-state structures reached by a driven system of dissipa-
tive particles follow general laws based on the order-parameter concept, meant to describe
behaviour in systems in thermal equilibrium. Aiming to further explore these findings for
the circular cavity, in this chapter we describe the results found in experiments where the
granular rods are confined in a cavity with a totally different topology, namely a circu-
lar annulus: a circular cavity with a central hole. In this case the Euler characteristic is
χ = 0, meaning that the the total topological charge inside the volume should be zero.
In effect, as discussed later, the integrity of the director field can be maintained, without
the presence of any singularities, by distorting the field around the central hole without
ever creating any conflict with the wall contour. We will see that in this geometry the
topological requirements are not entirely fulfilled due to reasons that will become clear
later.

§ 2.3. Experimental setup

In the experiment (an schematic is shown in Figure 2.2), cylinders made of nonmagnetic
steel with length 4 mm and width 1 mm (aspect ratio κ = L/D = 4) are placed inside
a cylindrical cavity of radius R = 7 cm (R/L = 17.5). The two planar, horizontal plates
of the cavity are close enough so that cylinders have a free height of 1.8 mm. Therefore
cylinders cannot pass each other and constitute an effective monolayer. The cavity is
mechanically agitated at frequency ν = 90 Hz. The effective acceleration of the system
can be measured in terms of the dimensionless parameter Γ = a0ν

2/g, where a0 is the
amplitude of the vibration, and g is the acceleration of gravity. In our experiments Γ ' 2–
3. The upper lid of the cavity is made of transparent plastic so that a zenithal DSLR camera
aligned along the cavity axis can record the time evolution of the particles. The cavity was
carefully aligned with the horizontal by using a highly sensitive bubble level. Vibration of
the system was induced by connecting the container to an electromagnetic shaker, which
allows for the frequency ν and effective amplitude Γ to be controlled. This is extremely
important as the behaviour of the monolayer depends on these two parameters. Their
values, mentioned above, were chosen such that certain windows where nonequilibrium
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Figure 2.2: Schematic of the experimental setup. Particles are vibrated vertically and
periodically photographed.

effects (for example, collective motion, creation of holes) can be seen are avoided.

Particle identification (of position and orientation) is done using a Matlab R© code im-
plemented by the authors. The code locates the centre of each particle and the angle
between the long axis of the particle and a reference x axis. Distortion due to the curva-
ture effects is negligible since the camera is at a long distance from the cavity and works
at relatively long focal distance. Uniform illumination of the cavity is achieved by placing
light diffusers surrounding the experiment. The identification software is very successful as
only occasionally are a few particles not correctly identified. The procedure is as follows:
first we obtain a high contrast image that is later taken into a gray scale and thresholded
adaptively. Then by utilizing the ImTools package we fit an ellipse around each recogniz-
able particle and calculate several quantities (such as centres of mass, orientation, etc.)
that allow us to evaluate the order parameters we have defined.

In each experiment the protocol used was the following. First the initial configuration
is prepared by hand: the upper lid of the cavity is removed, and cylinders are placed
on the lower surface, avoiding any overlaps. Then the cavity is covered by the lid and
the packing fraction estimated by taking a picture of the static system and using the
identification software. In case the target density is not achieved particles are removed or
added according to the difference between actual and target packing fractions. Using the
expression for the packing fraction, we can obtain a relation between the change in packing
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fraction ∆η resulting from a change in particle number ∆N :

η =
NLD

A
=

NLD

π
(
R2 −R2

obs

)
→ ∆η =

(
LD

π
(
R2 −R2

obs

))∆N. (2.1)

Here N is the particle number, R and Robs are the cavity radius and the obstacle radius
respectively and A is the total available area. Typically images are taken every 15s, and
experiments are run for several hours. In all cases the system gets readily ordered after
the experiment is started, but a completely stable (in the steady-state sense) regime is
attained only after an hour or more.

§ 2.4. Analysis

Previous work on a similar experimental setup [60] obtained different types of particle
arrangements, depending mainly on the packing density of the system: Isotropic, where
particles are disordered in both orientations and positions; Tetratic, where particles show
fluid behaviour but are oriented on average along two equivalent, perpendicular directions;
and Smectic, with particles forming fluid layers (see Figure 1.2).

Each of these configurations can be identified by means of a number of order parameters.
In this case, we define three order parameters. On the one hand, two orientational order
parameters:

qn = 〈cosnθ〉 with n = 2, 4, (2.2)

which probe two- and four-fold symmetries, respectively uniaxial and tetratic symmetries.
θ is the angle between the long axis of a particle and the local alignment direction n̂ (local
director). On the other hand, we define the smectic order parameter as

qs =
〈
eiq·r

〉
(2.3)

(the meaning of the brackets is defined below). Here r is the position of a particle, and
q a wavevector compatible with the cylinder length (in fact a little larger to allow for
smectic layer fluctuations). Both these vectors are referred to the frame defined by the
local director. One essential characteristic of our order-parameter-based description is that
q2, q4, qs are not defined as local fields at a point r, but on each particle (this is similar to
the Eulerian versus Lagrangian views of the flow field of a fluid). The advantage of this
approach is that visualisation of order in separate configurations is much easier. On the
other hand, our ‘Lagrangian’ approach also allows to obtain average values over the whole
cavity in the steady state.

For the definition of all three order parameters the local director n̂ on each particle is
required. This is obtained by first defining a circular region C of radius ξ = 4L centred at
each particle, and then calculating the 2× 2 tensor

Q = 〈2êkêk − 1〉 =
1

M

M∑
k=1

(2êkêk − 1) , (2.4)
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which defines the average 〈· · · 〉. Here êk is the unit vector along the long axis of particle
k, the sum in k extends over all M particles contained in the region C, and 1 is the 2× 2
unit tensor. The eigenvector of Q associated with the largest eigenvalue defines the local
director n̂ on the particle.

Now local configurations can be identified as follows:

• isotropic: q2 ∼ q4 ' 0 and qs ' 0

• nematic: q2 ' q4 and qs ' 0

• tetratic: q2 � q4 and qs ' 0

• smectic configurations: q2 & q4 and qs > 0

An essential property of the steady states of this system is that, except at low packing
fractions (a regime which is not explored in detail in the present work), the values of the
order parameters are not the same, not even of the same order, in different regions of the
cavity. Note that, in our experiments for κ = 4, extended uniaxial nematic configurations
are not formed for any value of aspect ratio. Also, due to geometric frustration and to the
excitation of a weak vorticity in the granular fluid (detected by the field ∇× v, where v is
the velocity field [24]), smectic regions are visible at high packing fractions, but these are
of limited size.

The local order parameters represent a powerful tool to identify the ordering of the
cavity in space and also in time. In practice we analyse all images taken by the acquisition
system, identifying particles and calculating the three order parameters on each particle.
Correspondingly, three sequences of images are produced, which are colour-coded accord-
ing to the value of the order parameter. Examples are shown in Figure 2.3, with each
row representing a different order–parameter field. The processed images are piled up to
produce videos, which are very helpful to visualise the ordering dynamics, particle motion
and evolution of defected structures in the system. In addition to these order parameters,
we have also defined a number of distribution functions for the defects inside the cavity,
which will be explained in the following section.

§ 2.5. Results

We have investigated four different systems: no obstacle, ‘0’, small obstacle, ‘1’ (1 cm in
diameter), intermediate obstacle, ‘2’ (2 cm in diameter), and large obstacle, ‘4’ (4 cm in
diameter). These labels are used in Figure 2.3. Several experiments with different packing
fractions in each case were considered. However, we focus on comparing cases with ap-
proximately the same packing fractions and different obstacle size. The reason is that the
interesting density window is relatively narrow: (i) for η . 0.70 the tetratic phase is not
well developed in the cavity, and therefore defects are not well-defined entities along the
whole time span of the experiments; and (ii) systems with η > 0.75 are very difficult to
prepare manually due to the high density. Therefore, we look at systems with η ' 0.75,
for which a well structured tetratic configuration is developed. The exact values of the
packing fractions are given in the table. Note that the density is not exactly the same
in all cases; however, all conclusions drawn in the following are robust and not affected
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Figure 2.3: Values of the q2 (uniaxial), q4 (tetratic) and qs (smectic) order parameters
on each particle, and for the four situations investigated. 0: no obstacle; 1: small obstacle;
2: intermediate obstacle; and 4: large obstacle. In each case the configuration has been
chosen more or less at random during the course of the respective experiments. Colour
code is shown in the vertical bars. In all experiments particles had κ = 4 and packing
fraction was set to η ' 0.75. Values for the other parameters were taken as mentioned in
section 2.3

.



24 CHAPTER 2. VIBRATED MONOLAYERS OF GRANULAR RODS

by these density differences. Using this strategy we can infer more clearly the effect of
topology without having to take care of other factors.

Experiment Obstacle diameter (cm) η

0 no obstacle 0.7354
1 1 0.7556
2 2 0.7437
4 4 0.7428

First, a comment on the wall orientation of the particles is in order. Density-functional
theory applied on the equilibrium hard-rectangle model (with the restricted-orientation ap-
proximation) has shown [67] that the preferred orientation of rectangles close to a flat wall
is planar, i.e. with the long particle axes aligned preferentially parallel to the wall. This is
the most sensible result on theoretical grounds based on packing considerations. However,
as the wall gets curved, planar packing may be less efficient and, for a radius of curvature
larger but of the same order as the particle length, perpendicular alignment may be more
optimal. This change of behaviour has not been proved to occur yet. Given the experimen-
tal conditions, we seem to be far from this situation in our experiments. Notwithstanding
this, one cannot discard perpendicular alignment in the vibrated granular rods, since strong
nonequilibrium phenomena such as non-uniform granular temperature distributions (with
granular temperature defined in terms of average horizontal kinetic energy) may be more
important than simple packing effects, leading to different alignments. Although in most
of the experiments to be presented planar alignment is obtained, perpendicular orientation
has indeed been observed in a few cases; rationalization of this result and investigation of
its origin would require more systematic studies that are still pending.

§ 2.5.1. No obstacle: circular cavity

This system was studied previously [19, 24, 46], and is here reanalysed as a reference case
(note that the experiment was redesigned with respect to that of References [24, 46]). In
this section we also define some other quantities that will be used in the other cases.
Figure2.3, column 0, shows a typical configuration in the steady state. All three order
parameters are shown. The high value of the q4 order parameter in a large fraction of the
area, together with the low value of q2 and qs, point to the formation of a large domain of
tetratic symmetry. In addition, there are four regions where all three order parameters are
depleted, corresponding to regions where particles are orientationally disordered. These
regions are ‘point’ defects which restore the global symmetry of the tetratic phase. As
discussed previously, this symmetry is broken by the circular cavity, whose symmetry is
incompatible with the four–fold symmetry of the tetratic phase. The defects are located
at the corners of a square, and are ‘point–like’ in the sense that their associated depleted
region is confined to a finite area (the ‘core’ of the defect). This tetratic configuration
with four defects still forces some distortion of the local tetratic directors close to the walls
between contiguous defects, but the distortion is assimilated by the system through the
accummulation of ‘elastic free energy’, without producing additional defective regions.
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The position of the four defects fluctuates in time, in a manner that will be described
below. However, they always stay close to the cavity wall. This means that there is an
effective repulsive interaction between the defects. Equilibrium elastic theory explains this
behaviour. Defects interact as if they were point particles, the interaction being mediated
by the intervening, tetratic phase. The interactions can be modelled in terms of logarithmic
repulsions, which are explained by elastic theory. The fact that these interactions are
reasonably pairwise and isotropic (i.e. they only depend on distance between pairs of
defects) explains the square configuration for the defects. Interactions are transmitted
through the tetratic medium because of the stiffness of the medium: despite being fluid,
the tetratic material is elastic with respect to local distortion of their (locally perpendicular)
directors. There is an associated elastic stiffness coefficient K, which is the only factor that
contributes to the strength of the repulsive interaction. Since K is expected to increase
with density, the medium should become increasingly stiff as the packing fraction of the
tetratic medium gets larger. Indeed this is clearly seen in the experiments by simple visual
inspection (not shown here). The dynamics of the defects can in fact be associated to that of
four point-like Brownian particles (which fluctuate due to the presence of the faster-moving
granular particles). These Brownian particles interact through the repulsive logarithmic
force that depends on the stiffness coefficient K. Details can be found in Reference [46].

Before continuing, we must describe the protocol used to identify and locate the defects
in our experiments. This was done as follows. First, from the q4 map, which associates
a value of q4 to each granular particle, we select those particles with an order parameter
q4 < 0.4. This criterion is sufficient to isolate separate regions in the system, which will
be potential candidates for the point-like defects. In effect, on most occasions only four
regions are found (otherwise the configuration is discarded). The centre of mass of particles
that belong to a given isolated region is taken as the defect location.

Typically, in the course of the experiments, the system is prone to developing a global
rotation, which closely corresponds to a rigid rotation. However, this rotation does not
follow a temporal pattern and resembles a chaotic motion in time, both in amplitude and
in the sign (direction) of the rotation. In order to eliminate this rotation and extract the
inherent fluctuations of the defects, we define an instantaneous reference frame where the
average azimuthal position of the defects is constant. Motion of the defects with respect to
this frame should then contain the inherent fluctuations of the defects. In the remainder
of this chapter it should be understood that all results (except the videos) are defined in
this average reference frame.

In Reference [46] it proved useful to characterise the motion of the defects in terms of
distribution functions. We also adopt this approach here and define two functions:

• f1(r). This is the radial function, which gives the spatial distribution of the defects
with respect to their distance r from the centre of the cavity.

• f2(s). This is the inter-defect function, which gives the distribution with respect to
the relative distance between two defects s.

Both functions are averaged over time. f1(r) is further averaged over the four defects,
while f2(s) is averaged over distinct pairs of defects. r and s are conveniently scaled by the
cavity radius R. Since defects are mostly located close to the cavity wall, one expects that
f1(r) presents a maximum at a radial distance r/R . 1, while the square-like arrangement
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Figure 2.4: Schematic of the director field of a tetratic configuration inside an annulus.
The local orientation of the directors n̂ and m̂ is indicated at four particular locations.
The system is invariant under the local symmetry operations n̂ → −n̂ and m̂ → −m̂.
Continuous lines represent director field lines.

of the four defects gives rise to two peaks in f2(s), associated with the distance between
first neighbours (along the sides of an imaginary square) and second neighbours (along the
square diagonal), with the two distances having a ratio

√
2. Analysis of these two functions

allows for a proper evaluation of the excursions of the defects inside the cavity and the
fluctuations of their spatial arrangement which, in general and as mentioned before, we
expect it to have a square geometry on average. Since f1(r) is more informative than f2(s)
in the case of the annuli, we only report results on the radial function.

§ 2.5.2. Annuli

Having discussed the reference system, where no central obstacle is introduced in the
cavity, we now turn to the annular cavities. As previously discussed, the topology of the
annulus is different from that of the disc, and in fact is fully compatible with that of the
tetratic phase. Therefore, we should not expect the presence of defects in the cavity but
simply a tangentially distorted tetratic phase, with the two locally perpendicular directors
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n̂ and m̂ showing splay (n̂, the one pointing in the radial direction) and bend (m̂, the
one along the azimuthal direction) deformations, respectively. Note that the system is
invariant under the symmetry operations n̂ → −n̂ and m̂ → −m̂. See Figure 2.4 for a
schematic representation of distorted tetratic directors inside an annulus; distortion avoids
the excitation of defects because the condition of parallel orientation at the boundary is
perfectly fulfilled without compromising the global symmetry of the system.

Topological arguments were successful in explaining the global properties of the cavity
in the case where no obstacle is present. However, even though topological arguments pre-
clude the existence of defects in the annular cavity, things are more complicated. A central
problem is the finite size of the system. Topology assumes the existence of a continuous
field (the director field), except at point-like regions where the field is not defined, and
states the conditions under which singularities should occur and the number and charac-
teristics of these singularities. Another assumption is the strong boundary condition at the
walls, i.e. the fact that the director field has to be oriented as dictated by the wall, with
no relaxing or free-energy penalty condition. This assumption may not be valid in real
situations.

To understand this point more clearly, let us introduce the typical lengths of our system:
L, the particle length; R, the radius of the cavity; and Robs, the radius of the central
obstacle. The continuous field assumption rests on the conditions R � L and Robs � L.
While the first condition is probably fulfilled in our experiments, which have R/L = 17.5
(and the success of topological arguments in the no-obstacle case strongly supports this), in
the case of the small obstacle we have Robs = 0.5 cm and consequently Robs/L = 1.25. The
perimeter of the central obstacle is covered by only ∼ 2πRobs/L ∼ 8 particles forming an
octagon. Certainly, the continuum approximation breaks down, and topological arguments
may not be valid in this case. For the other obstacles we have Robs/L = 2.5 and 5, still
too small for the continuum approximation to be valid.

The results for the granular system confined in annuli, in comparison with the reference
case with no obstacle, can be seen very clearly in the corresponding videos. Here we refer
to Figure 2.3, which shows typical particle configurations with the value of the order
parameters superimposed. The column labelled 1 corresponds to the small obstacle. At
first sight, from the q4 map, we may think that the four defects, already analysed in the
obstacle-free cavity, are still present. Indeed, from the q4 maps for the other cases with
increasing obstacle size, we can draw the same conclusion: spatially limited regions with a
depleted tetratic order parameter are clearly excited. The arguments taken from topology
are apparently not valid which, at the end of the day, is not a far-reaching conclusion as
the conditions for the continuum approximation are not fulfilled by any of the experiments
using an annular cavity.

What differences can then be appreciated between the circular and annular cavities?
If we forget about topology (which, as discussed above, may not be valid to explain the
results), we may regard the obstacle as a perturbation to the tetratic field, which will
weaken the long-range interaction between defects, especially second-neighbour defects
(those located along the diagonal of the square defined by the four defects). The most
evident effect of the obstacle is to weaken interdefect interactions. As a consequence, we
might expect to see larger fluctuations in the defect positions: excursions of the defects
away from the wall and into the bulk of the cavity will be longer, while the integrity of
the defects as point-like particles will remain intact. However, this effect is not very clear

https://www.dropbox.com/sh/p6u4vi6p0u4oavb/AAAvD8Fj12TcwNRPmmgrzYyaa?dl=0
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when comparing the q4 maps as we move from experiment 1 to experiment 4.
The key idea comes from a combined interpretation of all three order-parameter fields.

The q2 maps show a clear-cut qualitative difference between the obstacle-free case and the
rest. In the first case, the order parameter is low, except for localised, very dynamic regions,
which correspond to the excitation of local uniaxial order, associated with smectic order.
These local structures are short-lived and decay quite rapidly. However, in the annular
experiments, the q2 maps exhibit very apparent and persistent structures with a high value
of q2. To be sure there are also large regions where q2 is depleted. The remarkable thing is
that both regions (with high and low values of q2) are spatially complementary : The order
parameters are indicating the presence of a cross-shaped structure consisting of ‘bridges’,
oriented at relative angles of 90◦, which connect the wall of the container with the wall of
the central obstacle. In between these bridges, regions with a high value of the q2 order
parameter are created. By looking at the q4 and qs maps in each case, we can arrive to the
conclusion that these four regions correspond to stable smectic domains. These structures
are very robust and persistent in time, the more so as the size of the central obstacle
becomes larger.

The comparison between the different order-parameter maps not only provides a hint
about the structure of the regions in between the cross-shaped bridges, but also the struc-
ture inside the bridges. This structure is complex. Close to the cavity walls both q2 and
q4 are depleted, which indicates that particles are orientationally disordered (isotropic re-
gion); this is reminiscent of the no-obstacle situation. But as we move away from this wall
towards the central obstacle and along the radial direction, we see that the q2 order param-
eter remains depleted. The conclusion is that these bridges are actually domain walls that
separate the smectic regions and have a complex structure: isotropic close to the cavity
wall and tetratic close to the obstacle wall. In some cases bridges can be seen in the q4
map as well. We can think of this structure as point-like defects embedded in a tetratic
domain wall. Note that the smectic regions also behave as domain walls for these tetratic
regions, and as a consequence particles can easily accommodate in a tetratic configuration
close to the obstacle, despite its large curvature (only a small length of the obstacle wall
is covered by particles with tetratic ordering).

Let us discuss the structure of the point efects within the domain walls by looking
at quantities that go beyond the order-parameter maps. The results that follow will not
only corroborate the evidence collected from these maps, but will also help quantify the
structure. We start with the the radial functions f1(r), shown in Figure 2.5. Panel (a)
shows the reference case with no obstacle. We can see that the distribution is quite broad,
spanning approximately half the available radial distance. As indicated in [46] (which
corresponds to a different experiment on a slightly smaller cavity) the radial distribution
seems to be bimodal, with two typical distances: one at r/R = 0.85 and another at 0.65.
As advanced in [46], this bimodality might be caused by the layered structure formed by
the rods close to the wall, which pushes the defects away from the wall at a distance that
depends on the orientation of the rods and the number of layers. The opposing effect
coming from defect repulsion competes with the wall repulsion and may give rise to a
bistable position. Although the surface structure at the wall has not been investigated
carefully, it is observed that it is quite dynamic. In panel (b) we plot the results for
the situation with the small obstacle. In this case the bimodality disappears and the
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Figure 2.5: Radial distribution of defect positions for (a) no obstacle, (b) obstacles of
diameter d = 1, (c) d = 2 and (d) d = 4. Shaded areas indicate regions that cannot be
explored by the defects (central obstacle at left and region outside cavity at right).
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Figure 2.6: Histogram of the number of defects (nc) inside the cavity (for clusters larger
than five rods), for all the cases explored. Note that the horizontal axis has been displaced
in each case. Labels on the top indicate the diameter of the obstacle in cm.

distribution is broader, exhibiting a long tail towards the cavity centre which indicates the
tendency of the point defects to explore larger radial distances within the tetratic domain
walls. The effect is more pronounced as the obstacle becomes bigger.

Another interesting quantity is the histogram of the number of clusters or defects in the
cavity, Figure 2.6. Only defects with more than five particles have been included in the
calculation to avoid clusters that simply represent local fluctuations and are not related
to fully developed defects that participate in the global interactions inside the cavity. In
the no-obstacle case, in most configurations one finds four defects, and only a few times
are more or less than four defects excited inside the cavity. However, when the small
obstacle is present, it is more likely to find more than four defects, which means that
defect interactions have been weaken and the restrictions imposed by topology are more
relaxed. The figure also indicates that the number of defected regions become larger as
the obstacle size increases.

We have also calculated the distribution of the size of the defects (number of rods
belonging to the defect cluster). Figure 2.7 shows the distribution of clusters with a size
larger than five rods. The peaks of the distribution in the circular and annular cavities occur
at sizes that increase slightly, but the distribution gets broader as the obstacle becomes
larger, indicating that the defects are slightly larger on average when the obstacle perturbs
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Figure 2.7: Distribution of the number of rods nr in clusters containing more than five
particles. From top to bottom: no obstacle, and obstacles of small, intermediate and large
size. Labels indicate the diameter of the obstacle in cm.
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the tetratic field. Also of importance is the shape of the defects. When there is no obstacle,
defects are not completely circular because they are close to the wall and therefore in an
anisotropic environment. The presence of a central obstacle amplifies this effect, as we
presently show. In Figure 2.8 the distribution in a and b, the two principal lengths of all
clusters larger than five rods, are shown. Both lengths are normalised with the radius of
the cavity R. These lengths have been obtained by diagonalising the moment of inertia
tensor calculated from all rods that belong to a given cluster (assigning a unit mass to
the rods), and then taking the square root. We can see that, as the size of the central
obstacle increases, the two lengths get more different, meaning that the defects become
more elongated. From the corresponding eigenvectors it is inferred that the direction along
which the long size of the clusters points changes from azimuthal (no obstacle) to radial
(towards the cavity centre, in the case of the 2 and 4 obstacles; these results are not shown).
One obvious explanation is that point defects are now confined into thin domain walls so
that they become elongated along the radial direction.

In the case of the large obstacle the distribution associated to the long axis gets broader
and in fact the probability that the defect spans the whole radial distance (from the
obstacle to the wall, meaning that the whole domain wall becomes disordered) increases
dramatically. By contrast, the short axis remains more localised. This means that very
frequently the defects become elongated, to the point that they connect both the inner and
the outer boundaries of the cavity by means of a bridge. Inspection of the videos confirms
this scenario which, as already mentioned, becomes more pronounced as the size of the
central obstacle becomes larger.

Figure 2.9 shows the distribution of the ratio between the two principal lengths, ε = b/a.
As the obstacle gets larger, the distribution in ε becomes broader, with the mean value of
ε increasing from ∼ 0.30 to ∼ 0.45.

Finally, Figure 2.10 shows a schematic diagram with the structure of the domain walls
in the annulus. Smectic regions are separated by domain walls consisting of Tetratic and
Isotropic, defective regions. This structure can be deduced from the order-parameter maps
of Figure 2.3. The point-like defects are reminiscent of the structure in an obstacle-free
cavity. It seems that point-like defects are easily formed due to the high tendency of the
system to develop orientational order, either uniaxial (smectic) or tetratic. In turn, tetratic
regions are developed in the radial segment of the point-like defects to avoid distortion of
the smectic layers. Note that the regions close to the obstacle wall in each smectic domains
usually tend to be tetratic, especially in the case of the smaller obstacles since curvature
is too large to support bent smectic layers.

Despite the presence of the obstacle, which forces the particles to dramatically rearrange
into a complex structure, the dynamics can still be interpreted in terms of point defects
(isotropic regions) that interact at a distance. Clearly the obstacle will tend to weaken the
long-range interaction, but the now smectic (instead of tetratic) regions between nearest-
neighbour defects will certainly reinforce the repulsive interaction. The reason is that in
this case the interaction is mostly mediated by smectic layers, in the direction perpendicular
to the layers. Since smectic phases have a small compressibility and, consequently, a large
stiffness coefficient associated to the layer periodicity, the amplitude of the logarithmic
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Figure 2.10: Schematic diagram showing the structure of domain walls (shaded) in the
circular annulus. Smectic (S) regions are separated by domain walls consisting of tetratic
(T) regions and isotropic (I), defective regions. Dashed lines separate regions close to the
inner wall where the type of order, either smectic or tetratic, depends on the obstacle size.
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interaction will probably be very large. Defects still stay close to the cavity wall because
of the overall strong inter-defect repulsion.

§ 2.6. Discussion and conclusions

Let us summarise our findings. We have performed vibration experiments on monolayers
of cylindrical rods confined into annular cavities, in the hope to see radical changes in
the steady-state patterns with respect to similar experiments with circular cavities. These
changes are suggested by the application of topological arguments which imply that four
point-like defects should be created in circular cavities, while no defects are expected in
the annuli since the phase symmetry should not be compromised in this case, i.e. no
geometrical frustration should exist. Our results for the annular cavities do not conform
to topological requirements, which is not surprising given the reduced size of the cavity,
and in particular of the central obstacle, compared with the length of the cylinders: the
continuum approximation based on a smoothly distorted tetratic field is not valid. If the
size of the obstacle is of the order of a few particle lengths, arguments based on topology
make no sense and other considerations are needed to explain the phenomenology. As soon
as the tetratic field is disrupted by the presence of a central obstacle, regardless of its size,
the system is divided up into regions arranged in the azimuthal direction as successive
patterns. These patterns consist of: (i) regions with smectic order and (ii) regions with
tetratic order containing point-like defects where the order is absent. The latter regions
are reminiscent of the point-like defects observed in the systems with no central obstacle.

In the annular experiments point-like defects close to the outer wall are rapidly cre-
ated, which indicates that these structures are very stable. This is because interdefect
interactions are probably quite strong, despite the presence of the obstacle. But the high
curvature of the central obstacle makes it impossible for the tetratic field to accommo-
date in the central area as a distorted field. Instead, the field breaks up into azimuthally
distinct regions which connect radially with the point defects. These structures can be
viewed as domain walls separating the smectic regions. Smectic layers are arranged with
layers along the radial directions. Despite the fact that, rigorously speaking, smectic layers
cannot get distorted in a bending deformation because of the high energy price entailed
in bending the layers (which would cause a nonuniform layer spacing along the radial di-
rection), smectic regions of limited size can be stabilised in the annulus. The number of
these regions is invariably equal to four in our experiments. This number may result from
a balance between available space, curvature of the inner wall, and layer stiffness (akin to
the layer compressibility in an equilibrium smectic material). Larger systems with reduced
and more similar curvatures in both walls might lead to different number of smectic regions
along the azimuthal direction. However at some point, as the curvature gets small enough
and particle length becomes negligible with respect to inverse curvature, we expect the
situation predicted by topology to be restored, namely the presence of a uniform smectic
or tetratic state without any defects or domain walls.

At present, and for lack of a proper theory for vibrated granular particles, we can
only especulate on the physics behind the phenomena described. As discussed in the
introduction, computer simulations based on equilibrium Monte Carlo methods have been
useful in the past to discuss the phenomenology of vibrated monolayers. For the present
annular systems direct simulations of an equivalent system do not exist. Therefore, it would
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be interesting to analyse this system using equilibrium simulation techniques, which would
help elucidate the origins of the structures observed. Interestingly, Gârlea et al. [64] have
observed similar structures in systems of virus particles confined into circular cavities and
in annular cavities. Their system is different in that (i) virus particles have a high length to
width ratio, meaning that their stable liquid-crystalline phase is a uniaxial nematic phase,
and (ii) the ratio of inner and outer wall radii is larger. In this case domains of nematic
order with different orientations separated by domain walls are observed. Accompanying
simulations that try to mimic the experimental system were also presented. In this case
structures with increasing numbers of domains are observed as the size of the central
obstacle is increased and the two wall curvatures become more similar.

Even though the system explored by Gârlea et al. is in a different range of length
parameters, and the nature of the orientational ordering is simpler, the main result is qual-
itatively similar: presence of ordered domains induced by reduced space and geometrical
frustration of the order parameter. In our case, however, the structure of the domain walls
seems to be far more complex. In particular, the existence of point-like defects with an
orientationally disordered structure inside the domain walls cannot be explained. It would
seem that the breaking up of the system into domain walls with alternating smectic and
tetratic regions is sufficient to absorb the high elastic energy imposed by the boundary of
the central obstacle on the director field. Clearly in this system the alternation of spatially
ordered and disordered phases is necessary to accommodate the interfaces associated to
domain walls. But the structure of the tetratic domain walls remains unexplained: there is
no reason a priori to break the tetratic field inside a given domain wall, close to the outer
boundary, in the form of a point-like defect, since the curvature of this boundary is low
and there should be no symmetry conflicts. This fine structure of the tetratic domain walls
may be a genuinely nonequilibrium effect of vibrated monolayers, with point-like defects
less prone to destabilise by the imposed annular symmetry than in equilibrium systems,
or it may be simply the result of the different symmetry of the order parameter and the
richer ‘bulk’ phase diagram with more phases, one of them spatially nonuniform, compet-
ing in the same region. As already discussed, future simulations of equivalent equilibrium
systems may give hints in this respect.



38 CHAPTER 2. VIBRATED MONOLAYERS OF GRANULAR RODS



CHAPTER 3

Theoretical studies on hard 2D particles

§ 3.1. Introduction

The experimental and theoretical fields, related to entropy driven phase transitions on mix-
tures of hard anisotropic particles, are vast. For our part several questions arose alongside
our vibration experiments: what would we observe in systems of particles with different
shapes or if we consider non completely equal particles? Two-dimensional fluids of hard
anisotropic particles are prime examples of systems where liquid-crystal phases can be sta-
bilized solely through entropy. The main reasons behind our interest on 2D models lie on
the fact that a monolayer of granular particles restricted to move only on a plane can be
accurately represented as a 2D system. According to [34] “carefully prepared and stabi-
lized colloidal particles may behave essentially as hard bodies and, therefore, hard-body
models for liquid crystals can be directly tested experimentally using anisotropic colloidal
particles”. On top of this 2D systems are inherently interesting and peculiar: as a product
of the lower dimensionalities one can find quasi long-range order in positions and orienta-
tions and as mentioned before systems of particles with polygonal shape can produce quite
exotic phases (Figure 1.3). In particular we sought to further our understanding of what
could be expected when considering a mixture of triangular particles and when allowing
for polydisperse particles. In this chapter we propose models for two different systems:
one composed of hard isosceles triangles (HT) and the second of polydisperse hard rect-
angles (HR). The models are based on the Scaled Particle Theory formalism to calculate
the excess part of the free energy in terms of the excluded area (see Figure 3.1). We chose
the SPT approach because it has been successfully applied on two-dimensional systems,
however it is important to note that this theory is meant for a spatially uniform fluid and
as such it cannot account for phases with spatial order like Smectic, Columnar or Crystal.

§ 3.2. Mixture of hard isosceles triangles

The first model we consider deals with a system of 2D hard isosceles triangles, we formulate
the SPT for a mixture of HT looking into both the one-component fluid and certain binary
mixtures. We focus on the relative stability between the uniform phases of HT, namely the
Isotropic (I), Nematic (N) and Triatic (TR) (a phase for which the orientation distribution

39
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Figure 3.1: Sketches of the excluded areas between two hard triangles (centre) and two
hard rectangles (right) with relative angle between their axes equal to φ. Left panel defines
the triangles main lengths and angles.

function f(φ) = f(φ + π/3) has a sixfold symmetry) phases (see Figure 3.2). The main
purpose behind the study is to evaluate the role of two body interactions in promoting
entropically driven transitions in such a fluid.

Previous experimental, theoretical, and simulation works on equilateral [68–71] and
right-angled [71] HT found the presence of TR [68,71] and rhombic (R) [71] nematic phases,
respectively, with orientation distribution functions f(φ) having six-fold or eight-fold sym-
metries. The controlled synthesis of dispersed colloidal systems, made by microlithography,
constitutes an experimental realization of fluids of hard Brownian particles with accurately
controlled shapes. The presence of roughness-controlled depletion attractions allows an ex-
perimental exploration of dense two-dimensional systems of hard equilateral triangles [68],
which constitute systems of hard achiral particles exhibiting local [68] or long-ranged [71]
chiral ordering, with the most prominent chirality observed in lattice structures near close
packing [71].

(a) (b) (c)

Figure 3.2: Sketch of uniform phases of HT: Isotropic (a), Nematic (b) and Triatic (c).

§ 3.2.1. Scaled Particle Theory for a binary mixture of HT

In the following we derive an expression for the free energy of a binary mixture of HT
according to the SPT, which can then be used for the one-component case by fixing the
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molar fraction of the corresponding species equal to one. A binary mixture can be described
in terms of the one-body density distribution function of species i (i ∈ {1, 2}), ρi(φ), written
as

ρi(φ) = ρifi(φ), (3.1)

where ρi = ρxi is the number density of species i, defined as the product of the total
number density ρ (with ρ =

∑
i ρi) and its molar fraction xi (which fulfils

∑
i xi = 1).

The function fi(φ) is the orientational distribution function of species i, which satisfies∫ 2π
0 dφfi(φ) = 1. The total packing fraction of the mixture is calculated as

η =
∑
i

ρiai, (3.2)

with ai = bihi
2 the particle area of the corresponding species. Following the SPT (see

Section 1.3.1), the excess part of the free-energy density of a binary mixture of convex 2D
bodies has the expression [42,60,83]

Φex [{ρi}] ≡
βFex [{ρi}]

A
= −ρ log(1− η) +

ρ2K [{ρi}]
1− η

, (3.3)

with β = (kBT )−1 the inverse temperature, A the total area of the system, and Fex[{ρi}]
the excess part of the free-energy density functional. We define

K [{ρi}] ≡
1

2

∑
i,j

xixj

∫
dφ1

∫
dφ2fi (φ1) fj (φ2)A

(spt)
ij (φ12) , (3.4)

where the SPT-area A(spt)
i,j (φ) is related to the excluded area, A(excl)

ij (φ), between species i
and j, with a relative angle between their axes equal to φ. The above mentioned relation
is

A
(spt)
ij (φ) = A

(excl)
ij (φ)− ai − aj . (3.5)

The ideal part of the free-energy density is calculated as usual

Φid[{ρi}] ≡
βF [{ρi}]

A
=
∑
i

2π∫
0

dφρi(φ) [log (ρi(φ)Vi)− 1] , (3.6)

where Vi is the thermal area of species i. The total free-energy density is given by the sum
Φ[{ρi}] = Φid[{ρi}] + Φex[{ρi}]. Due to the periodicity of fi(ϕ) it is useful to expand it
using Fourier:

fi(φ) ≡ 1

2π
Ψi(φ) =

1

2π

1 +
∑
k>1

f
(i)
k cos(kφ)

 , (3.7)

with {f (i)k } the Fourier amplitudes. Using this expansion the total free-energy per particle
in reduced thermal units

ϕ[{ρi}] ≡
Φ[{ρi}]
ρ

, (3.8)
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can be written as

ϕ = log y − 1 +
∑
i

xi

{
log xi +

1

2π

∫ 2π

0
dφΨi(φ) log Ψi(φ)

}
(3.9)

+ yK
({
f
(i)
k

})
,

K
({
f
(i)
k

})
=

1

2

∑
i,j

xixj
∑
k>0

s
(i,j)
k f

(i)
k f

(j)
k ,

(
f
(i)
0 = 1

)
, (3.10)

where the constant terms proportional to logVi have been dropped. Also we have defined
y ≡ ρ

1− η
and the coefficients

s
(i,j)
k =

1

2π

∫ 2π

0
dφA

(spt)
ij (φ) cos(kφ) (3.11)

The pressure is calculated from the SPT-expression

βp =
∂Φex

∂η
= y + y2K

({
f
(i)
k

})
, (3.12)

and the Gibbs free-energy per particle, for a fixed value of the pressure p0, is

g = ϕ+ βp0
(
〈a〉+ y−1

)
, 〈a〉 =

∑
i

xiai (3.13)

When p = p0 we solve equation 3.12 for y to find

y =

√
1 + 4βp0K

({
f
(i)
k

})
− 1

2
(3.14)

The partial derivatives of the Gibbs free-energy per particle, g, with respect to the Fourier
coefficients f (i)k , are given by

∂g

∂f
(i)
k

= xi

 1

2π

∫ 2π

0
dφ cos(kφ) log Ψi(φ) + y

∑
j

xjs
(i,j)
k f

(j)
k

 , k ≥ 1. (3.15)

Now by defining x ≡ x1 (so that x2 = 1 − x), we fix p0 and, from (3.14), obtain y(x).
Substitution in (3.13) provides the Gibbs free energy, g(x), as function of the mixture
composition. The equilibrium values of the Fourier coefficients {f (i)k } are those which min-
imize the Gibbs free-energy g, i.e. ∂g/∂f (i)k = 0 (see Equation 3.15) and using equation 3.7
gives the equilibrium orientational distribution function. A conjugate-gradient minimiza-
tion was implemented, with analytical gradients calculated from (3.15) and with a number
of Fourier components ranging from 20 to 50 for each species. Their precise values depend
on the sharpness of the functions fi(φ). The common-tangent construction on g(x) gives
the coexistence conditions.
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Alternatively, coexistence can be calculated through the equality between the chemical
potential of species i belonging to different coexisting phases. These are calculated from

βµi = log (yxi) +
1

2π

∫ 2π

0
dφΨi(φ) log Ψi(φ)

+ y
∑
j

xj
∑
k

s
(i,j)
k f

(i)
k f

(j)
k + βp0ai (3.16)

where p0 is a fixed value of pressure, and y is calculated from (3.14), while the coefficients
{f (i)k } are calculated from the Gibbs free-energy minimization. The degree of orientational
order of species i is measured by the N (k = 2) and TR (k = 6) order parameters (see
Figure 3.2 panels (b) and (c) respectively):

Q
(i)
k =

∫ 2π

0
dφfi(φ) cos(kφ), k = 2, 6 (3.17)

The packing fraction of the second-order I-(N,TR) transition can be calculated by

expanding the expression
∂g

∂f
(i)
k

obtained from Eq. (3.15) up to first order in f (i)k (k = 2

for the N and k = 6 for the TR phase). The equilibrium condition is obtained by equating
the result to zero, which can be written in matrix form as

Rfk = 0. (3.18)

Here we defined the vector fk ≡
(
f
(1)
k , f

(2)
k

)T
while the R-matrix elements are

Rij ≡ δij + 2yxjs
(i,j)
k , (3.19)

with δij de Kronecker delta. The linear system (3.18) has a non-trivial solution if det (R) =
0, which implies that the packing fraction at the transition is

η∗ =
2 +m0 −

√
m2

0 − 4m1

2 (1 +m0 +m1)
, (3.20)

where we have defined

m0 = − 2

〈a〉

(
x1s

(1,1)
k + x2s

(2,2)
k

)
, (3.21)

m1 =
4x1x2
〈a〉2

[
s
(1,1)
k s

(2,2)
k −

(
s
(1,2)
k

)2]
. (3.22)

Excluded area between two HT

As we have seen, the excluded area is a crucial ingredient of the theory. The geometry and
nature of the resulting equilibrium phases can be understood by examining the excluded
area as a function of the relative angle between two particles. The excluded area between
two isosceles triangles of base bi and heights hi (i = 1, 2) with main axes at a relative
angle φ can be seen in Figure 3.1. The main axis is defined in the direction of the particle
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height, i.e. pointing from the base to the opposite vertex. The aspect ratio of species i
is κi = 2hi/bi, and αi = arctan

(
κ−1i

)
is the angle between the main axis and one of the

equally sized edge-lengths. γi = π/2− αi = arctan(κi) is the angle between the latter and

the base. We also define the angles αij = αi + αj and θij = arctan

[
1

2
(κi + κj)

]
. In the

case where the aspect ratios fulfil κiκj ≥ 3, the functions A(spt)
ij (φ) can be calculated as

A
(spt)
ij (φ) =


(bihj + bjhi) cosφ, 0 ≤ φ ≤ αij ,

1
2 (bihj + bjhi) cosφ+

(
hihj − 1

4bibj
)

sinφ, αij ≤ φ ≤ θij ,
−1

2 (bihj + bjhi) cosφ+
(
hihj + 3

4bibj
)

sinφ, θij ≤ φ ≤ π,
(3.23)

For κiκj ≤ 3 we obtain:

A
(spt)
ij (φ) =


(bihj + bjhi) cosφ, 0 ≤ φ ≤ θij ,

bibj sinφ, θij ≤ φ ≤ αij ,
−1

2 (bihj + bjhi) cosφ+
(
hihj + 3

4bibj
)

sinφ, αij ≤ φ ≤ π,
(3.24)

For angles π < φ ≤ 2π this function can be calculated by invoking its symmetry with
respect to π: A(spt)

ij (π + φ) = A
(spt)
ij (π − φ) (with φ ∈ [0, π]).

Defining the angles γ±ij = γi ± γj , the coefficients s(i,j)k in (3.11) can be calculated as

s
(i,j)
1 =

cij
2

(
θij −

γ+ij
2

)
sin γ+ij , (3.25)

s
(i,j)
k = −cij(1 + δk0)

2(k2 − 1)

{
(−1)k

[
cos
(
kγ+ij

)
+ 2 cos γ−ij + cos γ+ij

]
+2
√

1 + 2 cos γ−ij cos γ+ij + cos2 γ−ij cos(kθij)
}
, k 6= 1, (3.26)

where

cij =
lilj
π

=
1

π

√
aiaj ×

√(
κi +

1

κi

)(
κj +

1

κj

)
, (3.27)

with li =
√
h2i + (bi/2)2 are the equally-sized lengths of triangle i.

§ 3.2.2. Results

We can summarize the obtained results for mixtures as : (i) the mixing of certain symmetric
triangles can stabilize the TR phase, which is not stable in the two one-component limits,
for a certain range of aspect ratios close to the equilateral triangle. (ii) The phase diagram
of the binary mixture (in the pressure-composition plane) exhibits second- and first-order
I-N transitions, a first-order N-N transition ending in a critical point and, (iii) at high
pressures, a Landau point where two first-order N-TR transitions and a N-N demixing
transition coalesce, resembling the phase-diagram topology of symmetric rod-plate mix-
tures in 3D [72, 73]. However we first need to address our results for the one-component
fluid.
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Figure 3.3: (a) The function A(spt)(φ)/(2a) for triangles with κ ≥
√

3. Chosen values
are κ =

√
3 (solid),

√
5 + 2

√
5 (dashed), 4 (dotted) and 6 (dot-dashed). (b) The same

function for triangles with κ ≤
√

3 and values:
√

3 (solid), 1 (dashed), 2/3 (dotted) and
1/2 (dot-dashed).

One component fluid

Figure 3.3 shows the function A(spt)(φ) ≡ A(spt)
11 (φ), scaled by 2a (a = a1), for four different

values of aspect ratio corresponding to triangles with κ ≥
√

3 (a), and κ1 ≤
√

3 (b). To
avoid bloating, in this section we drop the species labels in all the magnitudes defined in
section 3.2.1

As can be seen from the figure, this function has a rather complex form: it may have
up to three local minima and three local maxima in the interval [0, π]. The absolute
minimum is reached at φ = π, for which the excluded area is A(excl) = 4a, while for φ = 0
the function A(spt)(φ) has a local maximum corresponding to A(excl) = 6a. The absolute
maximum is always located in the interval [π/2, π) and its position tends to π/2 as the
aspect ratio moves away from

√
3 (the value corresponding to the equilateral triangle) in

both directions: κ→∞ or κ→ 0. Is an interesting fact that for κ =
√

5 + 2
√

5, the aspect
ratio corresponding to the golden triangle (that for which the ratio between the equally
sized-lengths and the base of the triangle is just the golden ratio), two of the local minima
of A(spt)(φ) have exactly the same value. The presence of local minima in the excluded
area imposes some important symmetries in the orientational distribution function f(φ).
For equilateral triangles (κ =

√
3) the excluded area has a sixfold symmetry: all the local

maxima have the same heights and the same occurs with the local minima. They are
located at nπ/3 with n = 0, 2, 4, 6 for the maxima and n = 1, 3, 5 for the minima. This
symmetry forces the orientational distribution function of the nematic phase to have a
periodicity of π/3: h(φ) = h(φ+π/3). This phase, called the TR phase, has six equivalent
nematic directors.
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For the one component case, the expressions for the coefficients (3.11) are more conve-
niently written as

sk =



8l2

π
cos4

(γ
2

)
, k = 0,

0, k = 1,

− 4l2

π(4j2 − 1)

{
cos

[
(2j − 1)γ

2

]
cos

[
(2j + 1)γ

2

]}2

, k = 2j, j ≥ 1,

l2

πj(j + 1)
{sin(jγ) sin[(j + 1)γ]}2, k = 2j + 1, j ≥ 1,

(3.28)

For the one-component fluid the packing fraction corresponding to the second order
I-(N,TR) transition can be obtained from (3.20)-(3.22) by taking x1 = 1. The result is

η∗n = (1 +m0)
−1 =

[
1 +

2

(n2 − 1)π

(
κ+ κ−1

)
(cos(nγ) + cos γ)2

]−1
, n ∈ {2, 6}. (3.29)

For the particular case n = 2 (corresponding to the I-N bifurcation), using tan γ = κ, this
can be rewritten as

η∗2 =

[
1 +

2

3π

(
κ+ κ−1

)(
1− 2√

κ2 + 1

)2(
1 +

1√
κ2 + 1

)2
]−1

. (3.30)

This expression is not symmetric with respect to the change κ → κ−1. The limits κ →
∞ and κ → 0 (both corresponding to the same hard-needle limit) are not equivalent.

Asymptotically we obtain η∗2 ∼
3π

2κ
for the former and η∗2 ∼

3πκ

8
for the latter. The TR

phase is expected to be stable in some interval of aspect ratios [κ∗1, κ
∗
2], including the value

for the equilateral triangle (κ =
√

3), for which TR is the only possible orientationally-
ordered uniform phase. An estimation of this interval is obtained by solving the equality
η∗2(κ) = η∗6(κ) for κ. At these points, the I-N and I-TR second-order transition curves
intersect, the latter being below the former for values of the aspect ratios in the interval
[κ∗1, κ

∗
2]. From (3.29), this equation is equivalent to finding the values of γ (κ = tan γ) for

which

r cos(2γ) + (r − 1) cos(γ) = cos(6γ), (3.31)

with r = ±
√

35

3
. This gives the values κ∗1 = 1.278 and κ∗2 = 2.405. However, this result is

correct only if the involved phase transitions are of second order, which, as it turns out, is
not always the case.

The TR phase is stable for aspect ratios in the neighborhood of
√

3, corresponding to
the equilateral triangle aspect ratio. The sequence of stable phases for κ = 2.2 >

√
3 ≈ 1.73

as η is increased is shown in Figure 3.4 (a), where the free-energy densities of different stable
and metastable branches are plotted. The I phase is stable up to η ≈ 0.93, at which the
TR phase bifurcates through a second-order I-TR transition. The latter is stable up to
ηTR = 0.949157, the coexisting value of the first-order TR-N transition. The orientational
distribution function of the TR phase for η = 0.949 (just below the TR-N transition) is
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shown in Figure 3.4 (b); with the expected symmetry f(φ + π/3) = f(φ). Also we show
the orientational distribution function of the N phase for η = 0.95 (above the transition).
We notice the strong uniaxial ordering of HT at φ ∈ {0, π}, although the presence of small
peaks at φ ≈ {π/3, 2π/3} can also be seen. From ηN = 0.949785 onwards the N phase
is the stable phase up to close packing. It is interesting to see that the metastable TR
phase changes continuously at η = 0.9532 to a different asymmetric TR∗ phase [see panel
(b)], with two sharp, equivalent peaks at φ ≈ {π/3, 2π/3}, while the other two peaks at
φ = {0, π} have considerably lower heights. This TR∗ phase is always metastable with
respect to the usual uniaxial N phase. The same sequence of stable and metastable phases
is found for κ .

√
3. Is of note that MC simulations of equilateral HT found the I-TR

transition at η ∼ 0.7, with the TR phase being stable up to η ∼ 0.89 where a transition to
a chiral triangular crystal takes place [71]. In this sense the I-(TR,N) transition packing
fractions estimated by the SPT for κ ∼

√
3 are clearly overestimated. We expect that

the inclusion of three-body correlations in a modified theory will correct the transition
densities, as it was demonstrated for the HR fluid [60].
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Figure 3.4: (a) Free-energy densities minus a straight line: Φ∗ ≡ Φ − aη − b (with
a = 623.45 and b = −562.94) corresponding to the I (dot-dashed), TR (solid), N (dashed)
and TR∗ (dotted) phases of HT with κ = 2.2. The solid circle indicates the I-TR bi-
furcation, while open circles represent the TR-N coexistence (with ηTR = 0.949157 and
ηN = 0.949785) and the square shows the N-TR∗ bifurcation. (b) Orientation distribution
functions corresponding to TR (solid) at η = 0.949, N (dashed) at η = 0.95, both for stable
phases of HT with κ = 2.2. Dotted line is a distribution function corresponding to a TR∗

metastable phase with η = 0.957.

The complete phase diagram of HT is shown in Figure 3.5. The second-order transitions
are shown with dashed lines, while the binodals of the first-order transitions are shown
with solid lines. The first order transitions are so weak that the coexistence regions are
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not visible in the scale of the graph. The asymmetric character of the second-order I-N
transitions, as κ → ∞ and κ → 0, is quite clear. The TR phase is stable in an interval
of aspect ratios about

√
3, but the interval is now modified with respect to the values

obtained from the bifurcation analysis due to the first-order character of the I-N and
TR-N transitions for some values of κ. The extrema of this interval are κ∗1 = 1.30 and
κ∗2 = 2.35, the values corresponding to the critical end-points where the second-order I-TR
transition line meets the I (from below) and TR (from above) binodals of the I-N and
TR-N first-order transitions, respectively. The TR phase is bounded from above by the
TR-N first-order transition, although we cannot discard the presence of tricritical points
for values of κ close to

√
3, where the TR-N transition would become of second order. The

numerical procedure used to calculate the TR-N coexistence becomes unstable for values
of η close to 1, so we have extrapolated the binodals up to close packing, η = 1.

However, the most remarkable feature of the phase diagram is the presence of first-order
N-N transitions at both sides of

√
3, both ending in critical points κc1 ≈ 1.2 and κc2 ≈ 2.6

[see Figure 3.5 (b)]. When changing these values of aspect ratios to κ =
√

3, these N-
N transitions meet the second-order I-N transition at two critical end-points, and from
these points we find the first-order I-N transitions already described. To the best of our
knowledge this is the first example where a N-N transition is found for a one-component
hard-particle system.
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Figure 3.5: Phase diagram of HT in the packing-fraction (η)-aspect ratio (κ) plane. (a)
η ∈ [0.6, 1] in logarithmic scale for κ. (b) Zoom of the phase diagram (with κ in linear
scale), showing the presence of N-N transitions ending in critical points (solid circles),
the first-order character of the I-N transition for certain values of κ, and the region of
stability of the TR phase. Dashed and solid lines show second- and first-order transitions,
respectively. Regions of stability of different phases are correspondingly labeled.

Figure 3.6 (a) shows the order parameters Qk (k = 2, 6) as a function of η for κ = 1.215,
a value for which a N-N transition takes place. We can see the abrupt changes in order



3.2. MIXTURE OF HARD ISOSCELES TRIANGLES 49

parameters as η is increased. The coexistence values of η are indicated on the curves as
symbols, while the inset shows the free-energy densities of the I and N phases, together with
the coexistence points found from the usual double-tangent construction. The orientational
distribution functions corresponding to the coexisting N phases are plotted in panel (b).
The difference in orientational ordering is noticeable: while the less dense N is sightly
ordered, particles in the other phase are strongly oriented along the uniaxial director. The
presence of small peaks at φ ≈ {π/3, 2π/3} is due to the rather small orientational TR
correlations, as the aspect ratio is not too far from

√
3.
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Figure 3.6: (a) Order parameters Qk (solid for k = 2 and dashed for k = 6) as a
function of the packing fraction η for HT with κ = 1.215, showing the N1-N2 first-order
transition (shown with circles and squares, respectively). Inset: free-energy densities minus
a straight line, Φ∗ = Φ − aη − b (with a = −288.33 and b = 334.6), corresponding to the
I (dot-dashed) and Ni (solid) phases as a function of η. The solid circle indicate the I-N
bifurcation point, while the open circles show the N-N coexistence values. (b) Orientation
distribution functions corresponding to the coexisting N1 (dashed) and N2 (solid) phases
for the packing-fraction values η1 = 0.92680 and η2 = 0.92776 respectively.

Binary mixtures

Now we are interested in determining whether or not the mixing of triangles of certain
geometries can stabilize a TR phase even when this phase is not stable in the two one-
component limits.

In the mixture considered the aspect ratios of the two species fulfil the condition κ1κ2 =
3 and have equal areas, a1 = a2. The ratio between their bases is chosen to be r = b2/b1 =
1.453. Obviously the results will not depend on the particular value of one of the bases,
so we set b1 = 1. We obtain κ1 =

√
3r = 2.52 and κ2 =

√
3/r = 1.19. Note that these

values are outside the interval [1.3, 2.35] inside which the TR phase is stable in the one-
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Figure 3.7: The function A(spt)
12 (φ) related to the excluded areas between two symmetric

(κ1κ2 = 3) triangles of equal areas (a1 = a2) and r = b2/b1 = 1.453 (solid), and between
the golden and Gnomon (with a ratio between its base and the equally-sized lengths equal
to the golden number) triangles of equal areas (dashed).

component system. The chosen particle symmetry gives αij = θij , so the interval [αij , θij ]

in the expressions for A(spt)
ij (φ), given by Eq. (3.23) and (3.24), shrinks to zero and both

expressions become equivalent. The consequence of this symmetry can be seen in Figure
3.7, where we plot the functions A(spt)

12 (φ) for the previously defined pair of symmetric
triangles and also for a non-symmetric pair. Note how the vanishing of the interval [αij , θij ]
makes the excluded area much more similar to that of equilateral triangles. This property
has a profound impact on the relative stability of the TR phase in binary mixtures.

The phase diagram of the symmetric binary mixture (κ1κ2 = 3) with equal particle
areas and r = b2/b1 = 1.453 is shown in Figure 3.8 in the reduced pressure-composition
plane. Species 1, having aspect ratio κ1 = 2.52 >

√
3, corresponds to an acute-angled

triangle with γ1 > π/3, while the other one, with κ2 = 1.19 <
√

3, is also an acute-angled
triangle but with γ2 < π/3. A second-order I-N2 transition line departs from the x ≡ x1 = 0

axis, terminating at the critical end-point where it meets from below (above) the N(a)
2 (I)

binodal of the N(a)
2 -N(b)

2 (I-N(b)
2 ) transition. As pointed out before, the one-component fluid

of HT with κ <
√

3 exhibits a N-N transition for κ ∈ [1.2, 1.24]. The aspect ratio κ2 = 1.19
of species 2 is below this interval, so this transition cannot end at x = 0 but instead it
ends in a critical point. Also the one-component HT fluid with κ >

√
3 exhibits a N-N

transition for κ ∈ [2.52, 2.60], and a I-N first-order transition for κ ∈ [2.34, 2.52], which
turns into a TR-N transition for κ < 2.34 [see Figure 3.5 (b)]. The aspect ratio κ1 = 2.52
coincides with one of the limits of both intervals, so the first order I-N1 transition in the
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Figure 3.8: Phase diagram in the scaled pressure (p∗ = βpa1)-molar fraction (x ≡ x1)
plane of the HT with κ1 = 2.52 (species 1) and its symmetric (κ1κ2 = 3) counterpart, both
of equal areas and with r = b2/b1 = 1.453. Regions of stability of different phases are cor-
respondingly labeled. Dashed and solid lines represent the second-order transition curves
and the binodals of first-order transitions, respectively. Coexistence regions are shaded in
grey. The solid and open circles represent the critical and Landau points, respectively.
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Figure 3.9: Distribution functions of the first (solid) and second (dashed) species of the
same binary mixture as in Figure 3.8 for a fixed scaled pressure p∗ = 346.042 and molar
fractions x = 0.7 (a) and x = 0.3 (b). Dotted lines indicate the total orientation distribu-
tion function ft(φ) (see text for definition). Insets are schematic particle configurations for
binary mixtures corresponding to each of the subfigures (for simplicity perfect orientational
ordering was assumed with arrows indicating the orientations of particle axes).

binary mixture this time ends at x = 1. We found that the present mixture exhibits a
second-order I-TR transition ending at the I binodal of the I-N(b)

2 transition (on the left)
and at the I binodal of the I-N1 transition (on the right). Above this line there exists a
region of TR phase stability, bounded above by the TR binodal of the first-order TR-Ni
transitions. Both transitions coalesce at a Landau point above which there appears a N1-
N(b)

2 demixing transition with a demixed gap that increases with pressure. It is interesting
to note the similarity between this phase diagram and that of a symmetric binary mixture
of rods and plates in three dimensions (with species of equal volumes and aspect ratios
satisfying κ1κ2 = 1): the first order I-N transitions departing from x = 0 and x = 1 end
at the Landau point, above which there is either N-N demixing or a small region of biaxial
nematic phase stability bounded above by N-N demixing. The most important conclusion
that can be drawn from the topology of the phase diagram shown in Figure 3.8 is that by
appropriately choosing the triangular geometries of the species (i.e. their symmetrization),
the TR phase can be stabilized in mixtures of species which by themselves cannot stabilize
this phase in their corresponding one-component phase diagrams.

The orientational ordering of different species at pressures above the Landau point
in the regions of N phase stability can be seen in Figure 3.9. At x = 0.7 species 1,
with a higher composition, possesses an orientational distribution function with a clear
uniaxial nematic symmetry: two sharp peaks located at 0 and π, with rather small TR
correlations at π/3 and 2π/3. But the axes of the second species exhibit two sharp peaks
at ∼ π/3 and ∼ 2π/3, while their proportion for orientations along 0 and π is very small.
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Figure 3.10: Phase diagram of a binary mixture of the golden triangle (species 1) and a
triangle with κ2 = 5κ1, both having the same area.

This orientational segregation of species implies that the total orientational distribution
function, defined as ft(φ) =

∑
i xifi(φ), has two main peaks located at 0 and π, indicating

the uniaxial character of the N phase; but strong TR correlations are present, as indicated
by the fact that the other two orientations have well-developed peaks. A similar situation
occurs at the other side of the phase diagram, for x = 0.3. Now the second species has
a clear uniaxial N symmetry, while the axes of the first species point to the other two
directions, {π/3, 2π/3}, to give a total orientational distribution function ft(φ) with four
peaks at nπ/3 (n = 0, 1, 2, 3).

Finally we show in Figure 3.10 the usual I-N demixing scenario above a tricritical point
occurring in binary mixtures of species with equal areas and sufficiently different aspect
ratios. The I-N and N-N demixing was also found in mixtures of two-dimensional particles
with other shapes (discorectangles, rectangles and ellipses [42, 74, 83]) and they are well
documented in mixtures of three-dimensional hard anisotropic bodies [75–79]. We have
chosen triangles with κ1 =

√
5 + 2

√
5 (the golden triangle) and κ2 = 5κ1, and with the

same particle areas. The second order I-N transition departs from the one-component
fluid x = 0 and extends up to a tricritical point, above which the mixture exhibits strong
demixing. At higher pressures, the I-N second order transition departing from the one-
component fluid at x = 1 should meet the I binodal of the I-N demixing region at a
critical end-point. The value of the corresponding pressure at this point is so high that our
numerical scheme to find I-N coexistence, based on a Fourier expansion, becomes unstable.
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§ 3.2.3. Conclusions

Isosceles HT exhibit a fascinating and rich phase diagram. We have shown that the TR
phase exists not only for the equilateral triangles (with κ =

√
3), but also for a certain range

of aspect ratios including this value. Also, we have found the presence of N-N transition
ending in critical points for triangles with aspect ratios inside small intervals at both sides
of
√

3. To our best knowledge this is the first example of one-component hard-particle
systems exhibiting a N-N phase transition. We found that the I-N transition becomes
of first order for aspect ratios less (greater) than the values κ(cep)1 >

√
3 (κ(cep)2 <

√
3),

corresponding to two critical end-points where the I-N second-order line meets one of the
binodals of the N-N transition at both sides of

√
3. For packing fractions below these

values, the I-N transition is of second order, with the transition curve being asymmetric
with respect to the change κ → κ−1: the obtuse triangles stabilize the N phase at lower
packing fractions than the acute ones. The second order I-TR line intersects the I binodals
of the first-order I-N transitions at two critical end-points that define the limits of the TR
phase stability region, which in turn is bounded above by first-order TR-N transitions.

Using the same formalism we have also studied some particular binary mixtures of HT.
We have shown that if the species are symmetric with respect to

√
3, namely, (i) their

aspect ratios fulfil the condition κ1κ2 = 3 and (ii) they have equal particle areas, there
exists a range of aspect ratios, beyond that of the one-component fluid, for which a region of
stable TR phase does exist. The phase diagram (in the pressure-composition plane) of one
of these particular mixtures exhibits a fascinating topology, i.e. the presence of first-order
I-N and N-N transitions, the latter ending in a critical point. These transitions coalesce,
at higher pressures, with the I-TR second-order transition line and further continue as two
first-order TR-N transitions meeting at a Landau point. The TR binodals of both TR-N
transitions are just the upper bounds of the region of TR stability. Finally, N binodals
of a new N-N demixing transition depart from this Landau point, with a demixing gap
strongly increasing with pressure. This phase diagram resembles that of a binary symmetric
mixture of rods and plates: the presence of a Landau point at the coalescence of both I-N
transition curves, and N-N or biaxial N phase stability regions above, depending on the
value of aspect ratios [72,73].

We feel is important to remark that the density expansion of the SPT is exact up to
the second order, i.e. it recovers the exact second-virial coefficient, while it approximates
the higher-order ones. In 2D the third- and higher-order virial coefficients, when properly
scaled with the second virial coefficient, do not vanish at the Onsager limit. Therefore,
their effect on the phase behaviour of 2D anisotropic particles is very important. In a
previous study it has been shown that the inclusion of the exact third-virial coefficient
in a density-functional theory dramatically changes the location of the phase transitions
between different orientationally ordered phases [60]. The main effect of three-body corre-
lations is a substantial decrease in the packing fraction of the I-tetratic transition for all
aspect ratios, which entails an enlarged region of tetratic phase stability [60]. The latter is
an orientationally ordered phase with an orientational distribution function having four-
fold symmetry: f(φ + nπ/2) = f(φ) (n = 1, . . . , 4). In an analogous way, we expect the
widening of the TR phase stability region in a HT fluid when the third virial coefficient
is incorporated into the theory. In particular, the packing fraction of the I-TR transition
is expected to decrease, a result supported by MC simulations conducted on equilateral
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HT, where the transition was found at densities well below that estimated by SPT [71].
Recently a third virial theory of freely-rotating hard biaxial particles also proved crucial
to adequately predict the relative stability between orientationally ordered phases [80].

Nonetheless, we believe the inclusion of non-uniform phases (such as the crystal phase)
would be an essential feature of more systematic studies in the future. In this line,
the recently derived fundamental-mixed-measure density-functional theory for hard freely-
rotating 2D particles is at present the most promising theoretical tool to tackle this prob-
lem [21].

§ 3.3. Polydisperse hard rectangles

Hard rectangles (HR) are a very good model of the 2D projections of rod-like particles onto
a plane. Among their most interesting properties is their ability to form a Tetratic (T)
phase beyond the usuals Isotropic (I) and Nematic (N) ones (see Figure 1.3). They have
been extensively studied [20, 81–84] and the phase diagram for the one-component fluid
is well known (Figure 2.1). However considering a polydisperse fluid is far less common
and although there are several works on this subject [85–90], it remains an open research
avenue.

Polydispersity is known to be an important factor when considering practical applica-
tions of theoretical models, as most manufactured or naturally formed liquid-crystals are
composed of particles with at least some measure of it. Polydispersity itself refers to a vari-
ation in one or more properties of the particle, so that particle shape depends continuously
on one or several parameters (such as length or diameter).

Motivated by the experiments presented in chapter 2, in this section we study a two-
dimensional fluid of length-polydisperse, freely rotating, hard rectangular particles, aiming
to quantify the effects of polydispersity on the phase behaviour, on coexisting fluid proper-
ties (like orientational order parameters and coexistence density gap) and on the expected
stability of phases (in opposition to the one-component case). We shall be concerned with
continuous polydispersity in the length (L) of rectangular 2D particles where width (σ) is
assumed constant.

§ 3.3.1. Polydispersity

A polydisperse system can be seen as a mixture with infinitely many species so in order
to fully describe it one needs a density distribution ρ(ω) on the n polydisperse attributes
ω ≡ (ω1, . . . , ωn). Polydispersity is usually quantified in terms of polydispersity coefficients
∆i for each polydisperse attribute ωi [34], that represent the standard deviation of the size
distribution function

∆i =
√
〈ω2
i 〉/〈ωi〉2 − 1

where 〈ωni 〉 =
∫
dω ωni f(ω) and f(ω) is the so-called parent distribution function. For the

purposes of our model the polydispersity can be quantified by means of a single coefficient
0 ≤ ∆0 ≤ 1, related to the mean square deviation of the particle aspect ratio κ = L/σ.

The initial distribution of particle lengths in a polydisperse system, called parent distri-
bution (because the initial phase may separate into n coexisting phases), is a fundamental
input of any theoretical model. In the context of liquid-crystal polymers several experi-
ments [91–93] have shown that the distribution of polymer weights usually follows a Schulz
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distribution. The theoretical modelling of polydisperse rods usually utilizes the Schultz
parent distribution [85] or a Gaussian one. For this reason we have decided to use a family
of distribution functions for the rectangle aspect ratio 1 ≤ κ ≡ L/σ ≤ ∞ (with σ kept
constant) which depends on a parameter q that controls the decay of the tail of the distri-
bution. For q = 1 and 2 (the two values used in the present work) we obtain the Schulz
and a Gaussian-like distribution functions respectively. This family is defined as

f0(κ) = Cν,q(κ0)

(
κ− 1

κ0 − 1

)ν
exp

[
−λν,q

(
κ− 1

κ0 − 1

)q]
, (3.32)

Cν,q(κ0) = q (κ0 − 1)−1
Γν+1 [(ν + 2)/q]

Γν+2 [(ν + 1)/q]
, λ1/qν,q =

Γ [(ν + 2)/q]

Γ [(ν + 1)/q]
(3.33)

with Γ(x) the standard Gamma function. This distribution fulfils
∫∞
1 dκ f0(κ) = 1 and∫∞

1 dκκf0(κ) = κ0, the mean aspect ratio. The mean square deviation of the particle
aspect ratio

∆ =

√
〈κ2〉 − 〈κ〉2
〈κ〉2

,

can be calculated as

∆ =

(
1− 1

κ0

)
∆0 (3.34)

∆0 =

√
Γ [(ν + 1)/q] Γ [(ν + 3)/q]

Γ2 [(ν + 2)/q]
− 1 (3.35)

This equation shows that the parameter ν, together with q, controls the width of the
distribution. Also that the maximun allowed polydispersity is equal to 1 for q = 1 and to√
π/2− 1 ≈ 0.7555 for q = 2.

§ 3.3.2. Model

We take our polydisperse "attribute" to be particle aspect ratio κ = L
σ . The previous

obtained equation for the free-energy density (1.4) of the multicomponent mixture follow-
ing the SPT can be generalized to a continuous length-polydisperse fluid by substituting∑

ν ρν →
∫
dκρ(κ) and

∑
ν ρνhν(φ) →

∫
dκρ(κ, φ), with ρ(κ, φ) the number density an-

gular distribution, while ρ(κ) ≡
∫
dφρ(κ, φ) is the number density distribution in length.

Thus the density functional can be written as

Φ[ρ] = Φid[ρ] + Φex[ρ] = βF [ρ]/A

=

∫
dκ

∫ 2π

0
dφρ(κ, φ) [ln ρ(κ, φ)− 1]− ρ(0) ln

(
1− ρ(1)σ2

)
+

K0[ρ]

1− ρ(1)σ2
, (3.36)

K0[ρ] =

∫
dκ1

∫
dκ2

∫ 2π

0
dφ1

∫ 2π

0
dφ2ρ(κ1, φ1)ρ(κ2, φ)A(spt)(κ1, κ2, φ12),

A(spt)(κ1, κ2, φ) =
σ2

2
[(κ1κ2 + 1)| sinφ|+ (κ1 + κ2)| cosφ|]
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where ρ(i) is the i-th moment of ρ(κ): ρ(i) ≡
∫
dκκiρ(κ), i ∈ {0, 1}.

We use the Fourier expansion of the moments of the number density angular distribution
function, ρ(i)(φ) ≡

∫
dκκiρ(κ, φ),

ρ(i)(φ) =
1

π

∞∑
k=0

ρ
(i)
k cos(2kφ) (3.37)

and from this

K0[ρ] =
σ2

π

(ρ
(1)
0 + ρ

(0)
0 )2 − 1

2

∞∑
k≥1

(ρ
(1)
k + (−1)kρ

(0)
k )2

4k2 − 1

 (3.38)

Instead of producing equations for ρ(i)(φ), which can be solved numerically after a dis-
cretization with respect to φ, we have chosen to solve a set of equations for the truncated
Fourier components. In this way the number of numerically solved equations is greatly
reduced thus improving the convergence to the solution.

When minimizing Φ[ρ] with respect to ρ(κ, φ) and considering the lever rule (the con-
servation of the total number of particles when the initial system phase separates into two
coexisting phases) we obtain

ρ0f0(κ) =
1

π

∑
α

γα

∫ π

0
dφρ(α)(κ, φ) (3.39)

(with γα the fraction of the total volume occupied by the coexisting α-phase, ρ0 the total
number density and f0(κ) the parent length-distribution function) and

ρ(α)(κ, φ) =
ρ0f0(κ) exp

[
−βµ(α)exc(κ, φ)

]
π−1

∑
τ γτ

∫ π
0 dφ

′ exp
[
−βµ(τ)exc(κ, φ′)

] (3.40)

where the excess part of the chemical potential in the coexisting α-phase has the explicit
expression

βµ(α)exc(κ, φ) = − ln
[
1− ρ(1,α)0 σ2

]
+
K(α)

1 (κ, φ)

1− ρ(1,α)0 σ2
+ βp(α)κσ2 (3.41)

K(α)
1 (κ, φ) =

2σ2

π

(ρ(1,α)0 + ρ
(0,α)
0

)
(κ+ 1)

−
∞∑
k≥1

(
ρ
(1,α)
k + (−1)kρ

(0,α)
k

) (
κ+ (−1)k

)
4k2 − 1

cos(2kφ)

 (3.42)

and the fluid pressure of the α-phase is given by

βp(α) =
ρ
(0,α)
0

1− ρ(1,α)0 σ2
+

K(α)
0 [ρ][

1− ρ(1,α)0 σ2
]2 , (3.43)
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This provides a self-consistent set of equations to calculate the variables ρ(i,α)k by multi-
plying equation 3.40 by cos(2kφ) and integrating over φ:

ρ
(i,α)
k = ρ0Dk0

∫
dκκif0(κ)

T
(α)
k (κ)∑

τ γτT
(τ)
0 (κ)

, (3.44)

T
(τ)
k (κ) = π−1

∫ π

0
dφ exp

[
−βµ(τ)exc(κ, φ)

]
cos(2kφ) (3.45)

where Dk0 = 2/(1 + δk0)

Bifurcation analysis

Before moving forward we should define the concepts of cloud and shadow coexistence,
which will be used extensively in the following sections. These terms refer to the fraction
of the total volume occupied by one the coexisting phases: a phase that takes up a vanishing
small volume is said to be a "shadow" phase, in contrast a phase occupying the totality of
the volume is said to be a "cloud" phase. By expanding up to first order equation (3.44)
for the I-N or I-T coexistence (α = I,N,T) particularized for γI = 1 (the cloud I-shadow
N or T coexistences) with respect to the small quantities ρ(i)k (k = 1 and 2 for N and
T respectively) near the bifurcation density, we can find the value of the packing fraction
η0 ≡ ρ0κ0σ2 at the I-(N,T) bifurcation. This expansion results in

ρ
(i)
k = 2ρ0

∫
dκκif0(κ)

 2

gkπ

σ2
(
ρ
(1)
k + (−1)kρ

(0)
k

)
(κ+ (−1)k)

1− η0
π−1

∫ π

0
cos2(2kφ)dφ


(3.46)

where gk = 4k2 − 1. Then we obtain the system of equations:∑
j

a
(k)
ij ρ

(j−1)
k = 0, i, j ∈ {1, 2} (3.47)

a
(k)
ij = δij −

2(−1)kjρ0σ
2

gkπ(1− η0)

(
〈κi〉+ (−1)k〈κi−1〉

)
(3.48)

Taking into account that 〈κ〉 = κ0, 〈κ2〉 = κ20(1 + ∆2), ∆ = (1− κ−10 )∆0, and η0 = ρ0κ0σ
2

we find that the equality a(k)11 a
(k)
22 − a

(k)
12 a

(k)
21 = 0 (which guarantee a non-trivial solution

for the system of equations) gives us the expressions for η(I−N)
0 and η

(I−T)
0 , the packing

fractions corresponding to the I-N or I-T bifurcations:

η
(I−N)
0 =

{
1 +

2

3πκ0
(κ0 − 1)2(1 + ∆2

0)

}−1
(3.49)

η
(I−T)
0 =

{
1 +

2

15πκ0

[
(κ0 + 1)2 + (κ0 − 1)2∆2

0

]}−1
(3.50)
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The equality η(I−N)
0 = η

(I−T)
0 gives us the critical aspect ratio κ∗0 where the I-N bifurcation

gains(loses) stability with respect to the I-T one for increasing(decreasing) aspect ratios.
This value can be computed analytically as

κ∗0 =
3 + 2∆2

0 +
√

5 + 4∆2
0

2(1 + ∆2
0)

(3.51)

The function ∆0(κ0) obtained by inverting Eq. (3.51) is plotted in the inset of Figure 3.11.
Note that for ∆0 = 1 (the maximum polydispersity for the Schulz distribution) we obtain
κ∗0 = 2 while for the one-component system (∆0 = 0) we have κ∗0 ≈ 2.618. We see that the
difference is not too large which suggest that the region of stability of T phase (bounded
by I-T and T-N spinodals) does not decrease drastically with polydispersity. This fact
can be seen in Figure 3.11 where we plot η(I−α)0 as a function of κ0 for ∆0 = 0 and 1.
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Figure 3.11: Spinodal curves: packing fraction η0 vs. mean aspect ratio κ0 = 〈κ〉. I-N
(black), I-T (blue), and N-T (red) bifurcation curves corresponding to polydispersities
∆0 = 0 (dashed), the one-component case, and ∆0 = 1 (solid). Inset: Polydisperse
coefficient ∆0 as a function of critical value of aspect ratio κ∗0 for which η(I−N)

0 = η
(I−T)
0

(the filled and open circles in the main figure).

Next we study a bifurcated N phase from the T phase. Thus we need to expand again
equation (3.44) for γT = 1 with respect to the small quantities ρ(i)1 considering that ρ(i)2k 6= 0
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(k ≥ 1). We find

ρ
(i)
1 = 2ρ0

∫
dκκif0(κ)π−1

×
∫ π

0
dφe−βµ

(T)
ex (κ,φ) cos(2φ)

T
(T)
0 (κ)

[
1 +

2σ2(ρ
(1)
1 − ρ

(0)
1 )(κ− 1)

3π(1− η0)
cos(2φ)

]
(3.52)

Also since
∫ π
0 dφe

−βµ(T )
ex (κ,φ) cos(2φ) = 0, we have

ρ
(i)
1 −

2σ2(ρ
(1)
1 − ρ

(0)
1 )

3π(1− η0)

[
ρ0(〈κi+1〉 − 〈κi〉) +

1

2

(
ρ
(i+1,T)
2 − ρ(i,T)

2

)]
= 0, i = 0, 1, (3.53)

where ρ(i,T)
2 are the second Fourier components of the i-th moments of the angular distri-

bution function at the T phase.
Equation (3.53) can be rewritten in a similar fashion to equation (3.47) as∑

j

b
(1)
ij ρ

(j−1)
1 = 0 i, j ∈ {1, 2}

b
(1)
ij = δij −

2σ2(−1)j

3π(1− η0)

[
ρ0
(〈
κi
〉
−
〈
κi−1

〉)
+

1

2

(
ρ
(i,T)
2 − ρ(i−1,T)

2

)]
Then we find

D ≡ b(1)11 b
(1)
22 − b

(1)
12 b

(1)
21 = 1− 2η0

3π(1− η0)κ0
[
(κ0 − 1)2(1 + ∆2

0) + χ2(η0)
]
, (3.54)

χ2(η0) ≡
∫
dκf0(κ)(κ− 1)2

T
(T)
2 (κ)

T
(T)
0 (κ)

. (3.55)

Thus we can calculate the value η(T−N)
0 at which occurs the T-N bifurcation by requiring

D = 0. The magnitude χ2(η0) should be evaluated at equilibrium values {ρ(i)2k} correspond-
ing to η0. The result is a self-consistent non-linear integral equation for η(T−N)

0 :

η
(T−N)
0 =

{
1 +

2

3πκ0

[
(κ0 − 1)2(1 + ∆2

0) + χ2

(
η
(T−N)
0

)]}−1
. (3.56)

In Figure 3.11 we plot the T-N spinodals calculated in this way for ∆0 = 0 and 1. The
main conclusion to be drawn from this figure is that the T phase looses stability when the
polydispersity is increased which is a consequence of the greater weight that long particles
(usually favouring the uniaxial N phase) have in the phase behaviour of the polydisperse
mixture. However this effect is not so strong.

The coexisting polydisperse distribution functions

For cloud-I–shadow-N coexistence, i.e. selecting γI = 1 and selecting also q = 1 the
coexisting I phase has the parent distribution

f (I)(t) = f0(t) =
tνe−t

Γ(ν + 1)
, (3.57)
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where we have defined the unitless polydisperse aspect ratio as

t ≡ λν,q
(
κ− 1

κ0 − 1

)q
(3.58)

For the coexisting shadow-N phase we have

f (N)(t) = f0(t)e
βµ

(I)
exc(t)T

(N)
0 (t). (3.59)

On the other hand for γN = 1 (shadow-I–cloud-N) we have f (N)(t) = f0(t) while

f (I)(t) = f0(t)
e−βµ

(I)
exc(t)

T
(N)
0 (t)

. (3.60)

In the following we will plot the preceding distribution functions in units of κ as

f̃ (I,N)(κ) = f (I,N)

(
(ν + 1)(κ− 1)

κ0 − 1

)
ν + 1

κ0 − 1
. (3.61)

For the T-N coexistence (with parameters γT = 1, and q = 1) we have that f (T)(t) = f0(t)
while

f (N)(t) = f0(t)
T
(N)
0 (t)

T
(T)
0 (t)

, (3.62)

Foe the case γN = 1 we obtain f (N)(t) = f0(t) and

f (T)(t) = f0(t)
T
(T)
0 (t)

T
(N)
0 (t)

. (3.63)

Again we will plot f̃ (T,N)(κ) as in equation (3.61).

The orientational distribution function and the order parameters

We aim to characterize the orientational distribution function h(α)(κ, φ) of the α phase for
species with aspect ratio κ, defined as

h(α)(κ, φ) ≡ ρ(α)(κ, φ)∫ π
0 dφρ

(α)(κ, φ)
(3.64)

The integration of equation (3.64) with respect to κ gives us the average angular distri-
bution for the α phase, which resorting to the Fourier expansion (3.37) can be written
as

h(α)(φ) ≡
(
πρ

(0)
0

)−1∑
k≥0

ρ
(0)
k cos(2kφ) (3.65)

In order to more deeply describe the behaviour of the system we look at the uniaxial
(k = 1) and tetratic (k = 2) order parameters at the phase α, defined through h(α)(φ) as

Q
(α)
2k =

∫ π

0
dφh(α)(φ) cos(2kφ), k = 1, 2. (3.66)

Substituting equation (3.65) into (3.66) we obtain

Q
(α)
2k =

ρ
(0,α)
k

2ρ
(0,α)
0

, k = 1, 2. (3.67)
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§ 3.3.3. Results

We have obtained an interesting phase behaviour when polydispersity is considered. As
expected the Tetratic phase loses some stability since a Nematic orientation is favoured
by higher polydispersity. Yet the most impressive feature is the remarkable widening of
the region where a first order phase transition, between the I and N phases, occurs, in
analogy with the phase behaviour reported on 3D polydisperse hard rods [85–87]. Figure
3.12 shows the phase diagram for the one-component fluid together with that obtained
for a polydispersity of ∆0 = 0.408. The figure clearly shows that the transition becomes
strongly of first order while the right I-N tricritical point moves to notable higher values
of the aspect ratio (around 5.5 for the one-componet fluid to almost 8 when polydispersity
is considered).
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Figure 3.12: Phase diagram of the one-component fluid (thinner innermost region) vs.
polydisperse fluid with ∆0 = 0.408 and q = 1 (wider outer region). First and second order
transitions are depicted by solid and dashed lines respectively, separating the stable phases
I,T and N.

This feature is common to both the Schulz (q = 1) and the Gaussian-like (q = 2)
parent distribution functions, however it manifests slightly less for the latter as shown in
Figure 3.13. As can be seen the Gaussian-like behaviour predicts a tricritical point around
κ0 = 7.05.

To better describe the orientational symmetries of the coexisting phases we plot in
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Figure 3.13: I-N coexistence binodals for the same value of polydispersity ∆0 = 0.408
corresponding to lenght-distribution functions with q = 1 (black) and q = 2 (blue).

Figure 3.14 the angular distribution functions h(α)(φ) of the cloud and shadow coexisting
phases. In (a) we selected a value of the mean aspect ratio κ0 = 3.2 where the I-N
coexistence is stable. We can see that the angular distribution for both, cloud and shadow
phases, have two sharp peaks located at 0 and π (due to the highly orientational ordering of
rectangles around the N director) and a very small undulation around π/2, a consequence
of the closeness to the region of stability of the T phase. An interesting feature is that
both, the cloud and shadow distributions, are very similar. In (b) we plot the angular
distributions of the cloud and shadow T phases for κ0 = 1.9 where the T-N coexistence
is stable. These distributions have the symmetry h(T )(φ) = h(T )(φ+ π/2) typical of the T
phase in which the rectangles align along two mutual perpendicular directors. It can be seen
from the figure that the cloud-T has a higher degree of ordering than the shadow-T while
the opposite behaviour manifests for the cloud/shadow-N coexisting with shadow/cloud-T
phases, both plotted in (c). Here the T-like peak at π/2 is well developed which is a direct
consequence of the high amount of rectangles (of small aspect ratios) with an almost T
configuration.

To account for this effect we decided to plot in Figure 3.15 the angular distributions
h(α)(κ, φ) for κ0 = 3 and ∆0 = 0.408 and different values of κ. We can see that the rect-
angles of aspect ratio equal to 1.5 have a T-like degree of orientation while the rectangles
of higher aspect ratios (3 and 5) have a N-like strong orientational ordering. Notice that
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Figure 3.14: Shadow (red) and cloud (blue) orientational distribution functions h(α)(φ)
for ∆0 = 0.408, q = 1. (a): I-N coexistence for κ0 = 3.2 and α = N. (b) and (c): T-N
coexistence for κ0 = 1.9 and α = T (b) , N (c).

for this κ0 the T phase is unstable.
Once the equilibrium orientational distribution functions were obtained (see above) we

have estimated the total degree of particle orientations through the order parameters Q(α)
2k

calculated from equation (3.66) along the coexisting binodals shown in Figure 3.12. The
results are shown in Figure 3.16 for the cloud (a) and shadow (b) coexisting phases. With
solid lines we show Q

(N)
2 which reaches its maximum value around κ0 ∼ 3 and has a further

decay at large κ0 vanishing at the I-N tricritical point κ∗0 (right green circle). Its behaviour
around this point is like Q(N)

2 ∼ (κ∗0 − κ)1/2, while the behaviour of Q(N)
2 near κ∗0 is like

Q
(N)
2 ∼ κ∗0 − κ. At the other side of the maximum, Q(N)

2 decreases up to the point where
the I-N coexistence is substituted by the stable T-N coexistence (red square). From here
on Q

(N)
2 decreases to zero at the left T-N tricritical point (left green circle) where the

transition becomes of second order. From the value of κ corresponding to the red square
the tetratic ordering becomes stronger as shown by the fact that the order parameter Q(T)

4

of the T-N coexistence (dashed red line) increases from zero meeting the Q(N)
2 value at the
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Figure 3.15: Distribution functions h(N)(κ, φ) for κ0 = 3,∆0 = 0.408 and q = 1 cor-
responding to the cloud-N (a) and shadow-N (b) coexisting phases for values κ = 1.5
(green), 3 (blue), and 5 (red).

left tricritical point. Also from this point up to κ = 1 the order parameter Q(T)
4 increases

and saturates to its maximum value at κ = 1 (the hard squares limit).
A slight difference between the maximum values of κ0 at which the T-N coexistence

stabilizes for both, the cloud-N (a) and cloud-T (b) curves, can be observed in the figure
(red squares). We believe this could be caused by the appearance of a triple I-N-T
coexistence, i.e. a small region in the phase diagram where the three phases coexist, thus
provoking the above mentioned shift in the T-N stability. To better illustrate this feature
we show in Figure 3.17 a detail of the phase diagram (the one shown in Figure 3.12) around
the left tricritical point. It is plausible that a triple coexistence takes place in the interval
of aspect ratios between the dotted red lines. This fact is yet to be ascertained and remains
a subject for future work.

Fractionation as a function of the mean aspect ratio

We have also found that polydispersity induces strong fractionation between the coexisting
phases: while the coexisting I or T phases are rich in small particles, long particles highly
populate the N phase. This effect is stronger for values of κ0 that lie in the coexisting
region κ0 ∈ {2.5, 4.5} since for higher aspect ratios the contribution of small particles to the
overall behaviour of the system becomes much less significant. Also because of the presence
of the (I,T)-N tricritical points, the transition becomes very weak and consequently the
differences between the coexisting phases are vanishing small in their neighbourhoods.
Figure 3.18 shows the distribution functions f (α)(κ) (defined by equation (3.61)) of the
coexisting phases for a Schulz type parent distribution function f0(κ) and different values
of the mean aspect ratio κ0. In (a) we show the functions f (T,N)(κ) (the distributions
corresponding to the shadow coexisting T and N phases) for κ0 = 1.9 while the cloud



66 CHAPTER 3. THEORETICAL STUDIES ON HARD 2D PARTICLES

1 2 3 4 5 6 7 8 9
κ

0

0

0.2

0.4

0.6

0.8

1

Q
2

k

(α
)

(a)

1 2 3 4 5 6 7 8 9
κ

0

0

0.2

0.4

0.6

0.8

1

Q
2

k

(α
)

(b)

Figure 3.16: Order parameters Q(N,T)
2k along the coexistence binodals shown in Figure

3.12 for N and T cloud (γN,T = 1) (a) and shadow (γN,T = 0) (b) phases. Q(N)
2 of the I-N

and T-N coexistences are shown with solid and dashed green lines respectively. Similarly
Q

(N)
2 of the same coexistences are shown with solid and dashed blue lines. Finally the red

dashed line corresponds to Q(T)
4 at the T-N coexistence.

distribution is f0(κ) as it was pointed out before. We can see that although fractionation
exists its effect is quite weak: the T phase is slightly richer in small particles while the N
phase is slightly richer in long particles. The rest of the figures ((b) through (d)) show the
functions f (I,N)(κ). In the second case (κ0 = 3) shown in (b) the fractionation is much
stronger while for the last two cases (κ0 = 5 and 7) again it becomes weak due to the
closeness to the I-N tricritical point.

We also look at the behaviour of the moments (0 and 1) of the length distribution
functions in terms of the fraction of volume occupied by the coexisting I phase (γI). The
moments are plotted in Figure 3.19 for a mean aspect ratio κ0 = 3, q = 1 and ∆0 = 0.408.
The most remarkable features are: (i) The zeroth moment of f (I)(κ) is always above that of
f (N)(κ) as a result of the difference between these distributions since the former is sharper
than the latter (see Figure 3.18 for γI = 0, 1 since similar shapes are obtained for any
γI). (ii) Conversely the first moment of f (N)(κ) is always above that of f (I)(κ) due to the
fatter tails characteristic of f (N)(κ). (iii) Obviously the zeroth and first moments of each
distribution coincide at the cloud points: γI = 0 or 1.

To quantify the fractionation effect along the coexisting binodals of the phase diagram
for ∆0 = 0.408 shown in Figure 3.12, we have defined the mean aspect ratio averaged with
respect to the shadow coexisting distribution functions f (α)(κ):

〈κ〉f (α) ≡
∫
dκκf (α)(κ).

Note that the average aspect ratio with respect to the cloud coexisting phase distribution
function f0(κ) is always equal to κ0. The results are shown in Figure 3.20 (a) for q = 1.
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Figure 3.17: Detail of the phase diagram 3.12 around the left tricritical point (green
circle). The I-N and T-N coexistences are shown with blue and red solid lines respectively,
while the red and green dashed lines show the I-T and T-N spinodals. The squares
represent the maximum values of κ0 for which the T-N coexistences take place. The red
dotted lines bound the region where a possible triple I-N-T coexistence occurs.

It is clear that the maximum fractionation is located near κ0 = 3 while it disappears at
both the T-N and I-N tricritical points. In (b) we compare the effect of the decay of
the parent distribution function tails (selecting q = 1 and 2) on the fractionation along
the I-N coexistence. We can see that the Schulz-type parent distribution shows a more
pronounced fractionation, due to the higher effect of long particles on the phase behaviour
when the exponential, vs. Gaussian-like, decay is considered.
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Figure 3.18: Fractionation effect induced by polydispersity: distribution functions
f (α)(κ) of T-N (a) or I-N ((b)-(d)) coexisting phases for κ0 = 1.9 (a), 3 (b), 5 (c),
and 7 (d). The parent distribution function f0(κ), coinciding always with the cloud co-
existing phase, was selected to be of Schultz-type (q = 1) with a polydisperse coefficient
∆0 = 0.408, and it is shown with solid lines. The shadow T (a) or I (b)-(d) coexisting
phases are shown with dotted lines while the shadow N phase is shown with dashed lines.
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Figure 3.19: Moments η(i,α)0 as a function of the fraction of volume occupied by I phase
(γI) for κ0 = 3, q = 1 and ∆0 = 0.408.
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Figure 3.20: (a): Mean aspect ratio in units of κ0, 〈κ〉f (α)/κ0, along the coexistence
shadow I,T (dashed) and N (solid) binodals for q = 1 between the T-N (left circle)
and I-N (right circle) tricritical points. The polydispersity is fixed to ∆0 = 0.408. (b):
Comparison between the same mean aspect ratios for I-N coexistence with q = 1 (red)
and q = 2 (blue).
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Fractionation as a function of polydispersity

To elucidate the effect of polydispersity in the I-N coexisting properties of the fluid of HR
we calculated the coexisting densities corresponding to the shadow and cloud phases, as
a function of polydispersity (∆0), for two fixed values of the mean aspect ratio κ0 = 3
and 7. The results are plotted in Figure 3.21. The most evident effect of polydispersity
is the significant broadening of the gap between the cloud I and N phases (solid lines in
(a) and (b)). This effect is directly related to the fractionation of rods with different sizes
in the cloud and shadow coexisting phases. An interesting fact that occurs at κ0 = 3
(subfigure (a)), again related to the fractionation, is the cross-over between the I and
N shadow coexisting curves (red dashed lines). At zero polydispersity both curves meet
with the cloud ones and as usual the N density is higher than the I one. However when
the polydispersity increases the shadow N (I) curve monotonically decreases (increases)
giving rise to a crossing point beyond which the I density is higher than the N one. The
explanation to this density inversion lies again in Figure 3.18 where we can observe that the
length-distribution function corresponding to the shadow I phase is the most peaked and
consequently its zeroth moment is higher. On the other hand the shadow N distribution
function, although it has a fatter tail, is less peaked so the zeroth moment is lower.

For κ0 = 7 (subfigure (b)) the I-N transition is of second order up to a polydispersity
of ∆0 = 0.351 (the location of the tricritical point which is shown with a filled circle).
Beyond that point the gap between the cloud and shadow I and N coexisting densities
again widens with the polydispersity. Now the cloud curves are inside the region bounded
by the shadow curves and no cross-over between the latter occurs.
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Figure 3.21: The cloud (black solid) I and N scaled density η0 and their shadow (red
dashed) counterparts η(0,α)0 (α =I,N) as a function of polydisperse coefficient ∆0 for q = 1
and κ0 = 3 (a) and 7 (b). The symbol in (b) indicates the location of the I-N tricritical
point while the black dashed line is the I-N spinodal curve.

To directly quantify the fractionation, but this time as a function of ∆0, we proceed
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as we did in Sec. 3.3.3, i.e. we plot the mean aspect ratio averaged over the shadow I
and N distribution functions 〈κ〉f (I,N) (again notice that 〈κ〉f0 = κ0). As we can see from
the results shown in Figure 3.22 the fractionation dramatically increases with ∆0 from the
one-component case for κ0 = 3 and from the tricritical point for κ0 = 7.
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Figure 3.22: Mean aspect ratio averaged w.r.t. the shadow distribution functions,
f (I,N)(κ) (as labelled in the figure), in units of κ0 as a function of ∆0 for κ0 = 3 (black)
and 7 (blue) and q = 1.
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The tricritical points

We have calculated how the position of the tricritical point depends on polydispersity. To
this purpose we fixed the value of κ0 > 5.5 (greater than the value corresponding to the
tricritical point of the one-component fluid) and calculated the I-N coexistence for γN = 1
(shadow I-cloud N) and different values of polydispersities ∆0 > ∆∗0 (with ∆∗0 the critical
value of polydispersity below which the transition becomes of second order). We estimated
this value by extrapolating to zero theN order parameter Q2 as a function of ∆0. In Figure
3.23 we show the results. As we can see the curvature of κ−10 as a function of ∆∗0 suggest
that κ0 → ∞ when ∆∗0 → 0.742 (apparently a terminal polydispersity). This behaviour
means that the I-N transition becomes of first order for any value of κ0 when ∆0 > 0.742.
However this assertion should be taken with certain care because the curvature of the
curve shown in Figure 3.23 could change for κ0 > 15 (the maximum calculated value),
thus proving there is no terminal polydispersity. Only after a bifurcation analysis around
the tricritical point (a highly nontrivial analytic calculations) we could settle out this
question. This will be a task for a future work.
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Figure 3.23: κ−10 as a function of ∆∗0 (the I-N tricritical point value) for q = 1. The
open circles correspond to the calculated values while the solid curve is an Akima-spline
interpolation. The black circle indicates the extrapolated for κ0 →∞ value of ∆∗0.

§ 3.3.4. Conclusions

We have extended the SPT of HR fluid from its multicomponent version to consider a
continuous length-polydispersity. Using this formalism we derived a simplified coexistence
equations by using the Fourier expansions of the angular moment profiles. The numerical
solution of the obtained set of equations for the Fourier components and for different values
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of the mean aspect ratio and polydispersity allowed us to obtain the phase diagram of the
system. We have not taken any functional ansatz to parameterize the density profile. Thus
our calculations are exact up to the errors associated with the truncation of the Fourier
series. The main results can be summarized as follows: (i) The I-N transition becomes
stronger with polydispersity, i.e. the coexistence gap becomes wider and the tricritical
point moves to higher values of κ0. (ii) The stability of the T phase slightly decreases with
∆0. (iii) There exists strong fractionation between the coexisting phases which becomes
stronger at κ0 ∼ 3 and decreases as we approximate the T-N or I-N tricritical points. The
fractionation for a Schulz-type parent distribution function is stronger than that obtained
for a Gaussian-tailed distribution. As usually the N phase is rich in long particles while
the I or T phases are highly populated by the smaller particles. (iv) The orientational
ordering of coexisting species of different κ is in general different: the small species, those
with κ & 1, have a low orientational ordering and tend to align in T-like configurations
while long species contribute to stabilize the uniaxial N. This effect is more pronounced
for κ0 ∼ 3. (v) The locations of tricritical points are severely affected by polydispersity
and our results might suggest the existence of a terminal polydispersity beyond which the
I-N transition becomes of first order. We require further calculations to definitively settle
out this point.

We have not considered the presence of non-uniform phases (like smectic or crystal)
in the study. For low polydispersity they become stable at high densities. However when
polydispersity increases they rapidly destabilize so the results shown here, specially those
obtained for high enough ∆0, could be qualitatively confirmed by experimental realizations
of a 2D hard-rectangular fluid.
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CHAPTER 4

Effects of nano-confinement on a system of
hard plates

§ 4.1. Introduction

Another very interesting question when considering liquid crystals as well as granular
matter, has to do with the effects of confinement. Namely whether the presence of walls
or restrictions on the available space and overall geometry can radically affect the stability
of specific phases in detriment of others. Confinement itself is a very common feature in
real systems: most modern applications of liquid crystal substances, ranging from LCDs
to biosensors such as thermometers and more recently in nanotechnology [95], rely on
restricting the liquid crystal to a particular medium. As such confinement is a rather
important topic and one that appears as a quite broad field of research.

As concerns to specific particle shapes, the effect of confinement on systems of hard
rods has received quite a lot of attention, both theoretical [67,96] and experimental [97,98].
Researchers have looked into systems of hard spherocylinders [99], hard ellipsoids [100],
hard spheres and hard cylinders [101]. Systems of hard plates have received less attention
but nonetheless a considerable amount of research can be found [102–107]. The bulk phase
diagram for hard plates was calculated using restricted orientations (Zwanzig model) in [44]
where among the most important features a discotic-smectic phase was found to be stable
for a specific range of the aspect ratio. Escobedo et al. [108] performed simulations for
freely rotating tetragonal parallelepipeds and, for similar aspect ratios, arrived to similar
conclusions finding an smectic phase to be stable. However in [109], working with hard
spheres, such a configuration was not observed. These finding seem to suggest that particle
shape plays a fundamental role in stabilizing specific phases and determining overall system
behaviour.

In this chapter, we study a system of hard plates with edge lengths σ1 = σ2 ≥ σ3, while
also considering a specific case of particle biaxiality (σ1 6= σ2 ≥ σ3), confined between two
hard walls. We expect to gain some understanding into whether confinement can favour a
homeotropic phase in detriment of planar configurations. Figure 4.1 shows what is meant
by planar and homeotropic: particles aligning on layers parallel and perpendicular to the
walls respectively. Notice that we are using a different definition of planar and homeotropic

75
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alignment, these terms usually assign "homeotropic" to the case when the particle main
axis points perpendicular to the wall, otherwise, when the alignment is parallel to the
wall, is called "planar". The main axis of plates is parallel to the small edge-length so
that would mean that the homeotropic and planar configurations are actually reversed in
Figure 4.1. We decided to interchange these terms in order to compare to the hard rod
case where homeotropic configurations are those where the major edge-length of the rods
is pointing perpendicular to the walls. Results at bulk and for hard rods seem to suggest
a prevalence of planar configurations and we seek to ascertain whether it holds true for
hard plates. Wall separation H/σ3 (for brevity in the following we shall refer to it simply
as H∗) has been taken to be σ1 < H∗ < σ1 + σ3, allowing for 1 particle to fit when placed
along the longer axis but not a combination of configurations. The reason behind this
decision is that we wish to focus on the relative stability of the aforementioned phases
(planar versus homeotropic) and we have found that allowing for wider pores gives rise
to more complex phases that, although interesting and worthy of study, would make the
scope of this particular research too extensive.

Figure 4.1: Examples of possible system configurations and phases focus of the study

As the pore width H∗ becomes larger the system should approach the bulk behaviour.
However the connection with the bulk phase diagram is difficult because inhomogeneous
phases such as columnar and crystal phases are stable at bulk for certain aspect ratios and
chemical potentials. In the present study we have not considered these phases as we were
only interested in the coupling between orientational and 1D spatial degrees of freedom of
extremely confined plates. Although the layered planar phase found here under confine-
ment is unstable or metastable at bulk, the confining external potential could stabilize it.
The smectic phase with homeotropic configuration of particles was indeed found stable at
bulk for aspect ratios 2 . κ . 4.5. The columnar phase of plates is the most stable at bulk
specially for large aspect ratios (κ & 4.5) [44] as it was also found in the phase diagrams
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offreely-rotatinghardoblateparticles[105,110,111].
Wenowmayspeculateabouttherelativestabilitybetweendifferentconfinedsmectic

phaseswithdifferentnumberoflayersand/orparticleconfigurations,inconnectionwith
thebulkphasediagramforthesetof{κ,µ}wherethesephaseswerefoundtobestableor
metastable.Theargumentisbasedongeneralideasaboutthesmecticperiod.Ingeneral

whenthemeansmecticperiod,d
(α)
c (α={p,h}),ofaconfinedlayeredphaseofagiven

particleconfiguration(planarorhomeotropic),deviatestoomuchfromthatofthebulk

smecticphaseatthesamepackingfractionandparticleconfiguration,d
(α)
b ,thisconfined

phaseisexpectedtobeunstablewithrespecttoothercompetingphases.Forexample,let

usconsiderthedifference,|d
(p)
c −d

(p)
b |,betweenthesmecticperiod,d

(p)
c =H/(nlσ3),ofthe

planarconfinedphasewithnllayersandthecorrespondingbulkperiodatthesamepacking

fraction.Nowwecomparethisdifferencewiththecorrespondingquantity|d
(h)
c −d

(h)
b |for

thehomeotropicconfigurations(withd
(h)
c =H/σ1theperiodofthehomeotropicconfined

phasewithasinglelayeranditsbulkcounterpart,d
(h)
b ).Iftheinequality|d

(p)
c −d

(p)
b |>

|d
(h)
c −d

(h)
b |holds,thenwemayexpectthatthehomeotropicconfigurationbestablewith

respecttotheplanarone. Notethatweneedthatallconfinedandbulkphasesinvolved
intheprecedingcomparisonshouldbeatleastmetastablesothatthepreviousdiscussion
makessense.

§4.2. Model

Facedwiththeproblemofrepresentingthesystem,weusedtheFMT(seeSection1.3.2)
andtherestrictedorientations(Zwanzig)modeltoapproximatetheexcessfreeenergyofa
liquidcrystalcomposedofbiaxialparticleswithboard-likegeometry.Assuchweconsider
threedifferentedgelengthsσ1≥σ2≥σ3toallowforanydegreeofparticlebiaxiality
(clearlytoproperlyrepresentasystemofhardplatesisenoughtomakeσ1=σ2).Figure
1.5showstheallowedparticleorientations,theyareidentifiedbytheCartesianaxesto
whichthelargestandsecondlargestedgelengthsareparalleltorespectively.
Inthescopeoftheproblemathandthedensityprofiles,ρντ(z),dependonlyonz(the

coordinateofinhomogeneitiesperpendiculartothewalls).Assuchtheweighteddensities
introducedinchapter1(1.12)become:

n0(z)=
ντ

n(0)ντ(z), n3(z)=
ντ

σxντσ
y
ντn

(1)
ντ(z) (4.1)

n1x(z)=
ντ

σxντn
(0)
ντ(z), n1y(z)=

ντ

σyντn
(0)
ντ(z), n1z(z)=

ντ

n(1)ντ(z) (4.2)

n2x(z)=
ντ

σyντn
(1)
ντ(z), n2y(z)=

ντ

σxντn
(1)
ντ(z), n2z(z)=

ντ

σxντσ
y
ντn

(0)
ντ(z) (4.3)

wherewehavedefined

n(0)ντ(z)=
1

2
θ=±

ρντ z
θ
ντ (4.4)

n(1)ντ(z)=
z+ντ

zντ

dzρντ z (4.5)
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and z±ντ ≡ z ± σzντ
2

. We also define the following function, being the first functional
derivative of the excess part of the free energy (per unit of area) with respect to the
density profiles,

Ψντ (z) =
δβFex/A

δρντ (z)
=
∑
α

Ψ(α)
ντ (z) =

∑
α

[
∂Φex

∂nα
∗ ω(α)

ντ

]
(z) (4.6)

where A is the total transverse area in the x-y plane.
Finally the grand-potential has the expression

Ω [{ρντ}] /A = F [{ρντ}] /A+
∑
ντ

∫ H

0
dz
[
V (ext)
ντ (z)− µ

]
ρντ (z) (4.7)

βF/A =

∫ H

0
dz [Φid(z) + Φex(z)] (4.8)

where µ is the chemical potential and the external potentials acting over species ντ are
defined as

βV (ext)
ντ (z) =

{
0, σzντ

2 ≤ z ≤ H −
σzντ
2

∞, 0 ≤ z < σzντ
2 and H − σzντ

2 < z ≤ H
(4.9)

accounting for two hard walls found at z = 0 and z = H.
Functional minimization, δΩ [{ρντ}] /δρντ (z) = 0, yields the equilibrium density pro-

files for the system:

ρντ (z) =

{
exp [βµ−Ψντ (z)] , σzντ

2 ≤ z ≤ H −
σzντ
2

0, 0 ≤ z < σzντ
2 and H − σzντ

2 < z ≤ H
(4.10)

We use the mean packing fraction defined as

η =
1

H

(∑
ντ

∫ H

0
ρντ (z)dz

)
σ1σ2σ3 (4.11)

to plot the phase diagrams in the η −H plane.

§ 4.2.1. Numerical approach

Functional minimization was performed by discretizing the slit [0, H∗] on a mesh ∆ = σ3/n0
where n0 = 200. While our initial approach was a fixed point iteration on the equilibrium
density profiles ρντ , the convergence for higher pore widths and chemical potentials became
really slow. As such we turned to a non-linear conjugate gradient descent on the free energy
of the system. The program was implemented in C language using the conjugate gradient
algorithm proposed in [112].

§ 4.3. Results

We looked at four particular aspect ratios for particles with uniaxial symmetry (σ1 = σ2 >
σ3), namely κ ≡ σ1/σ3 ∈ {2.5, 3, 3.3, 6} as well as a biaxial variation close to the κ = 3
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case by taking σ1 = 3, σ2 = 2.8. Being that we were interested in assessing the stability
of the homeotropic phases relative to planar configurations we chose these particular cases
to cover different scenarios: κ = 3 and 6 are common aspect ratios where σ1/σ3 is a
natural number and the pore width can fit a planar configuration with exactly 3 and 6
layers respectively. On the other hand, inside a pore of width 2.5 < H∗ < 3 a planar 3
layer configuration is not possible. Taking κ = 3.3 allowed us to study non integer values
of σ1/σ3 and finally the biaxial case was intended as a perturbation of the κ = 3 case,
accounting for non integer ratios between particle sides and thus inducing biaxial phases.

We found that for aspect ratios κ = 3 and 6 the homeotropic phases were always
metastable and a strong layering transition between planar phases is favoured. For κ = 2.5
homeotropic configurations do stabilize for high enough density and pore width. Inter-
estingly enough for κ = 3.3 and when considering biaxial particles we found that a
homeotropic phase is indeed stable for a particular density gap that eventually evolves
back to a planar state with one more layer, at higher densities. In the following we present
and discuss the results concerning each of the aspect ratios explored as well as our take on
their significance.

§ 4.3.1. Uniaxial particles

Considering first the uniaxial cases we studied the phase behaviour of systems of aspect
ratios κ = 3 and 6 where we obtained that planar configurations of particles forming layers
parallel to the hard walls are always stable. Homeotropic particle configurations can be
stabilized yet we found them to always have higher free energy and thus be metastable.
Figures 4.2 and 4.3 show the phase diagrams on the H∗ − µ and H∗ − η planes for κ = 3
and 6 respectively; solid lines are used to represent the transitions between stable phases
while those including metastable phases are depicted with dashed lines. Metastable phases
are shown for as long as they could be calculated, being that is not always possible to
stabilize them. On the right diagram (H∗ − η plane) the corresponding coexisting phase
is indicated inside parenthesis.

As a common feature of both cases we obtained a first order layering transition increas-
ing the number of layers (from 2 to 3 and from 5 to 6 respectively), however for κ = 3
this transition becomes continuous (2nd order) at rather small values of pore width, to
the right of the critical point, while for κ = 6 it remains strongly of 1st order for the
whole explored range. Figure 4.4 shows an example of the coexisting density profiles of the
planar phases for κ = 3 and 6 and pore width H∗ = 3.25 and 6.5 respectively. Another
remarkable difference is the behaviour of the metastable phases, namely the 2nd order
transition between a uniaxial homeotropic phase and a biaxial one which happens at much
lower densities for κ = 6. Figure 4.5 shows two density profiles for metastable uniaxial and
biaxial homeotropic configurations for H∗ = 3.2 and κ = 3.

Overall it seems clear that for these aspect ratios, as long as particles can organize
in planar layers they will do so, favouring the highest possible number of layers given
sufficient pore width and particle density. This layering will be rather strong in small
pores and become weaker (even disappearing) as H∗ increases since particles gain more
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wiggle room. Entropy of homeotropic orientations is lower and as such not favoured. At
this point we were left asking: what would happen if the system didn’t have the opportunity
to exhibit a transition to a higher number of layers as density increases?

The case κ = 2.5 was intended to answer just that. By taking 2.5 ≤ H∗ ≤ 3, a phase
with 3 layers cannot fit and sure enough we obtained a stable 1st order transition between
a planar phase with 2 layers and a homeotropic phase, for high enough densities. Figure
4.6, as before, shows the phase diagrams. For small pore widths the transition occurs
from 2 layers to a biaxial homeotropic configuration; as H∗ increases however, the 2 layers
exhibit a transition into a uniaxial homeotropic phase that later becomes continuously
biaxial (purple line). In Figure 4.7 we show the coexisting density profiles of a planar two
layers configuration and a uniaxial homeotropic phase for a pore width H∗ = 2.7. Again
an entropic argument can be made to justify this behaviour. At close-packing, the packing
fraction corresponding to a single layer (nl = 1) of perfectly aligned uniaxial particles (of
volume σ21σ3) in homeotropic biaxial configuration can be calculated as

η(h)cp =
nlσ

2
1σ3

Hσ1σ3
=
nlσ1
H

=
σ1
H
, (4.12)

while that corresponding to two layers (nl = 2) of perfectly aligned particles in planar
configuration is

η(p)cp =
nlσ

2
1σ3

Hσ21
=
nlσ3
H

=
2σ3
H

. (4.13)
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For the present case κ =
σ1
σ3

=
5

2
we obtain that

η
(h)
cp

η
(p)
cp

=
σ1
2σ3

=
κ

2
=

5

4
> 1. (4.14)

Thus the homeotropic biaxial configuration should pack better than its planar counterpart
at high chemical potentials resulting in a phase diagram bounded above by a region of
stability of the biaxial homeotropic phase, with the homeotropic uniaxial phase sandwiched
between the former and the planar phase with 2 layers.

Note that for the case κ = 3 and κ = 6 with a single (nl = 1) and three or six
(nl = {3, 6}) layers in homeotropic and planar configurations respectively we obtain

η
(h)
cp

η
(p)
cp

=
σ1
nlσ3

= 1

Thus both configurations have the same packing properties if we consider the perfect align-
ment at high chemical potentials. However at intermediate chemical potentials, particles
in planar configuration are usually highly oriented and consequently the excluded volume
between particles inside each layer is ≈ 4σ21σ3 while particles in homeotropic uniaxial con-
figuration are not oriented in the x− y plane and consequently the mean excluded volume
inside the layer is 2σ21σ3+σ1(σ1+σ3)

2/2 > 4σ21σ3. This difference, equal to σ1(σ1−σ3)2/2,
between the excluded volumes contributes to a higher packing efficiency of planar config-
urations with respect to the homeotropic ones, stabilizing the former w.r.t. the later.
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§ 4.3.2. The case κ = 3.3

This particular aspect ratio merits special attention because, despite being so apparently
close to the case κ = 3, we found a stable first order transition from a 3 layers planar
configuration to a homeotropic layer at high enough density and pore width. This prompted
us to explore a pore range H∗ a bit wider than the aforementioned limit of σ1+σ3 to try to
determine whether the system would revert to a planar state given sufficient space. Figure
4.8 shows the phase diagrams for this aspect ratio. We can observe a first order layering
transition for small values of H∗ between 2 and 3 layers that becomes of second order as
the pore widens. With a larger H∗ and for high enough densities we encounter a first
order transition from these 3 layers to a stable homeotropic configuration and further on,
as suspected, yet another first order transition back to a planar phase with 4 layers. In
our view, the main take away from these results lies in the fact that for pore widths that
would fit a homeotropic layer but cannot allow for a 4 layers planar phase (3.3 ≤ H∗ ≤ 4),
the structure of a 3 layers planar configuration is too ’loose’ and thus a homeotropic
orientation is favoured. However once the 4 layer structure is possible the same argument
can be made to understand the system again favouring a planar structure. This is very
apparently influenced by the slightly larger homeotropic layer when compared to the 3
layers (3.3 > 3). We can try to understand this behaviour by applying the same reasoning
as for the case κ = 2.5: we find that the planar (with 3 layers) and the homeotropic
configurations have a packing fraction ratio of

η
(p)
cp

η
(h)
cp

=
3σ3
σ1

=
3

3.3
< 1 (4.15)
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resulting in the better packing properties of the homeotropic configuration. However when
H∗ is large enough to allow four layers in planar configuration we find

η
(p)
cp

η
(h)
cp

=
4

3.3
> 1, (4.16)

so the planar configuration packs better. This explains the phase diagram of Figure 4.8.

§ 4.3.3. Effects of particle biaxiality

We were also interested in determining the effects, if any, of considering slightly biaxial
particles, that is with no side equal to the other. We introduced a variation to the κ = 3
case by making σ1 = 3, σ2 = 2.8, σ1 = 1. Our results showed that even a small measure
of biaxiality produced substantial changes and a quite complex phase diagram. Figure
4.9 shows the phase diagrams, as before, in the H∗ − µ and H∗ − η planes. Stable phase
transitions are represented with solid lines while dashed lines depict metastable ones. In
contrast to the uniaxial case, the layering transition observed for κ = 3 is metastable
as a 1st order phase transition stabilizes between a 2 layers planar phase and a uniaxial
homeotropic phase. This transition in itself is very interesting since for larger values of H∗

the 2 layers (through a 2nd order transition) give way to a 3 layers phase that continues
the 1st order transition to the uniaxial homeotropic. Homeotropic configurations move
continuously between uniaxial and biaxial structures before reverting back (by means of
a 1st order transition) to a planar configuration with 3 layers at higher densities. Figure
4.10 shows the density profiles of selected uniaxial and biaxial homeotropic configurations.
For wider pores the uniaxial to biaxial homeotropic transition becomes metastable as the 3
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Figure 4.10: Example density profiles for stable uniaxial (left) and biaxial (right)
homeotropic configurations at wall separation H∗ = 3.2 for biaxial particles with σ1 =
3, σ2 = 2.8. As before species ρντ not shown are too small to be seen in the scale of the
image.

layers phase stabilizes at lower densities. The region of stability for the hometropic phases
grows smaller and eventually disappears on a multicritical point as the pore widens, beyond
this point the system behaves like the case κ = 3.

Particle biaxiality clearly plays a very important role on the phase behaviour, even
the small difference in the edge lengths provides enough variation in the free available
volume as to destabilize the 2 layers planar phase on a specific region of the H∗ − η
plane. As it was already mentioned above, the case κ = 3 (σ1 × σ2 × σ3 = 3 × 3 × 1)
has not a stable homeotropic phase although the packing properties at close packing for
three layers with planar and one layer with homeotropic configurations are exactly the
same. Considering now the biaxial particle geometry with σ1 × σ2 × σ3 = 3 × 2.8 × 1 we
should note an important difference: Layers in planar configuration are formed by particles
with two possible orientations in the x − y plane, the major axis of the cross-rectangular
sections of dimensions 3×2.8 pointing to one of the two Cartesian axes. As these rectangles
are close to the square geometry the chemical potential at which a prevalent orientation
takes place is extremely high. Thus we are dealing with the isotropic configuration at
x − y which obviously has a lower packing than that reached in planar configurations of
3× 3× 1 uniaxial particles. Also for a single homeotropic layer the rectangular sections of
dimensions 2.8×1 have higher propensity to form a 2D nematic in x−y plane as compared
to the case of 3× 2.8 rectangles leading to the increase of stability of the biaxial nematic
phase, a trend observed in the phase diagram of Figure 4.9 for certain values of H∗. We
think this particular topic merits a more focused and deeper study.
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§ 4.4. Discussion and conclusions

We have investigated the effects of confinement between two walls for a system of hard
plate-like particles. Our interest was to determine whether a homeotropic phase can be
stabilized by confinement, as previous studies at bulk suggest that planar configurations
are always stable. We used the density functional theory under the FMT to model the
system and allow for particle biaxiality to be included. Our results showed that planar con-
figurations are usually favoured with layering transitions being the most observable phase
change. However for specific aspect ratios we found stable homeotropic configurations,
given sufficient particle density and wall separation. This behaviour can be completely
attributed to entropy considerations as the system evolves towards close packing. We also
considered biaxial particles and found that it has a quite substantial effect on the relative
stability of phases. Homeotropic configurations were also found to be stable in this case,
appearing in between two planar phases with different number of layers for the most part
and producing a quite rich phase diagram. A recent study by Varga et. al. [113] using
a Parsons-Lee approach arrived at qualitatively similar results, yet they did not explore
biaxiality and the FMT approach yields slightly larger regions of phase coexistence.

We did not consider inhomogeneities in the x and y directions which could give rise
to a new set of phases that could in fact become stable. As such we intend to not only
extend the research by looking further into particle biaxiality but also to develop a feasible
method to ascertain whether these other possible configurations do stabilize.
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Conclusions and future work

We will briefly review here the results presented throughout this thesis, as well as discuss
future avenues of research regarding these topics.

In chapter 2 we presented results obtained through experiments on a vibrated monolayer
of granular metallic rods, focusing on the effects that introducing a circular obstacle to the
centre of the cavity (thus creating an annulus) would have on the steady states of the
system. Although topological arguments suggested that defects found on systems with no
obstacle would not appear, we observed a separation of the system into regions consisting of
smectic and tetratic ordering, the latter containing completely unordered point-like defects.
We argue that the topological approach based on a continuum argument is rendered invalid
by the size of the elements involved, in particular the ratio of the central obstacle size to
particle lengths. The tetratic structures can be viewed as domain walls separating the
smectic regions, which were invariably equal to four in our experiments.

In chapter 3 we used the SPT to study two different systems of two-dimensional parti-
cles. In the first one, composed of particles shaped like hard isosceles triangles, we found, for
the one component fluid, 1st and 2nd order Isotropic-Nematic transitions and for symmet-
ric binary mixtures a 1st order Nematic-Nematic transition ending in a critical point and
a Landau point where two first-order Nematic-Triatic transitions and a Nematic-Nematic
demixing transition coalesce. We also found that for these particular mixtures a Triatic
phase can be stabilized even though both species involved do no exhibit a stable Triatic
phase on the one-component limit. To the best of our knowledge this is the first example
of a Nematic-Nematic transition on one-component hard particle systems. For the second
system, of hard rectangular particles, we found that polydispersity has an important ef-
fect on the phase diagram, strengthening the 1st order Isotropic-Nematic transition and
decreasing the stability of the Tetratic phase. Also we found that polydispersity induces
strong fractionation between the coexisting phases.

Finally in chapter 4 we studied the effects of nano-confinement on a system of hard-
board like particles. Following the restricted orientation (Zwanzig) approach we obtained a
DF using the FMT to approximate the excess part of the free-energy of the system by means
of numerical minimization. We considered a particular set of particle aspect ratios as well
as slightly biaxial particles. We hoped to determine whether homeotropic configurations
could be stabilized by the presence of two hard walls. We obtained that, for particular
particle aspect ratios, homeotropic phases do stabilize and also that allowing for particle
biaxiality greatly enriches the phase diagram. The results obtained can be explained by
considering how entropy is maximized as the system approaches close packing.

Most of the work presented merits further attention and research effort. We are re-
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ally interested in considering different particle shapes for the experiments on the vibrated
monolayer. To this end we have begun conducting experiments on prisms with equilat-
eral triangular bases and there are some very promising first observations regarding triatic
ordering. We have confirmed the presence of six defects, on the map of the triatic order
parameter Q6, located at the edges of the cavity, roughly on the vertices of an hexagon.
This supports the strong relationship between the symmetry of the order parameter and
the topology of the defects in the orientation field due to boundary conditions imposed on
the system (see Figure 4.11). In this direction we also want to study mixtures of particles

Figure 4.11: Map of the triatic order parameter (Q6) with 6 defects observed in recent
experiments on prisms with equilateral triangular bases.

with different sizes to search for demixing behaviour. Also performing equilibrium sim-
ulations on systems similar to ours would help us understand the structures observed in
this work. We intend on mapping the velocity field of the system to quantify the effects of
dissipative forces on the observed structures and system evolution. The inclusion of non-
uniform phases (smectic or crystal) remains an important task regarding the study of 2D
systems, for both systems of triangles and polydisperse rectangles. On the front of particle
confinement we would like to expand the study to a wider spectrum of particle biaxiality, to
systematically explore its effect and the relation to bulk phases. An open question remains
regarding the relative stability of the studied confined phases with respect to phases that
may appear if we consider inhomogeneities in the x or y coordinates. For this there is a
well thought out mathematical framework, pending an efficient numerical implementation,
as dimensionalities and hence computational time can become rather large.
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