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• Elı́as, A. and Jiménez, R. (2017). Prediction Bands for Functional Data Based
on Depth Measures. Universidad Carlos III de Madrid, Departamento de
Estadı́stica.

∗ http://hdl.handle.net/10016/24606.

∗ Co-author.

∗ It is fully included in Chapter 4.

∗ The material from this source included in this thesis is not indicated by
typographical means or references.
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Abstract

The technological advancements of the last decades have led statisticians to face not
only large sets of information but complex data structures. In this context, the Func-
tional Data Analysis arises naturally to analyze the variables that are observed along a
continuum, such as time or space.

This work focuses on the concept of depth and its applications, a tool that has
demonstrated great virtues within non-parametric statistics to solve visualization prob-
lems, outliers detection, inference, supervised and unsupervised classification. Chap-
ter 2 presents an overview of the concept of depth and its applications.

This thesis broadens the framework for applying depth measures in the functional
data context. First, Chapter 3 introduces depth measures for functional data sets that
are systematically partially observed. Consequently, this contribution enables the appli-
cation of depth-based methods to partially observed data sets. In particular, its utility
is shown in problems of outliers detection and supervised classification.

Second, Chapter 4 addresses the problem of forecasting functional time series using
the concept of depth. In this situation, each curve represents an instant of time and
the methodology allows to predict complete functions or fragments of the future. In
addition to point and band prediction in a fully data-driven way, the technique offers
several visualization tools that complement the forecast.

In Chapter 5, we combine the ideas of Chapters 3 and 4 to introduce a partially
observed functional data reconstruction method.

Finally, Chapter 6 presents the main conclusions of the methods introduced in the
thesis.
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Resumen

Los avances tecnológicos de las últimas décadas han llevado a los estadı́sticos a afrontar
no sólo grandes conjuntos de información sino complejas estructuras de datos. En este
contexto, el Análisis de Datos Funcionales surge de forma natural para analizar vari-
ables que son observadas a lo largo de un continuo, como el tiempo o el espacio.

Este trabajo se centra en el concepto de profundidad y sus aplicaciones, una her-
ramienta que ha demostrado tener grandes virtudes dentro de la estadı́stica no paramétrica
para resolver problemas de visualización, detección de atı́picos, inferencia, clasificación
supervisada y no supervisada. El Capı́tulo 2 presenta una revisión de la literatura sobre
el concepto de profundidad e ilustra algunas de las aplicaciones más importantes.

Esta tesis amplı́a el marco de aplicación de las medidas de profundidad dentro del
contexto de los datos funcionales. En primer lugar, el Capı́tulo 3 introduce medidas de
profundidad para conjuntos de datos funcionales que están sistemáticamente parcial-
mente observados. En consecuencia, esta contribución habilita la aplicación de métodos
basados en profundidades a conjuntos de datos parcialmente observados. En particu-
lar, se muestra su utilidad en problemas de detección de datos atı́picos y clasificación
supervisada.

En segundo lugar, el Capı́tulo 4 afronta el problema de predicción de series de
tiempo funcionales utilizando el concepto de profundidad. En esta situación, cada
curva representa un instante del tiempo y la metodologı́a permite realizar predicción
de funciones completas o fragmentos continguos del futuro. Además de predicción
puntual y por bandas de una forma totalmente automática, la técnica ofrece varias her-
ramientas de visualización que complementan la predicción.

En el Capı́tulo 5, combinamos las ideas de los Capı́tulos 3 y 4 para introducir un
método de reconstrucción de datos funcionales parcialmente observados.

Finalmente, el Capı́tulo 6 presenta las conclusiones de la tesis.
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Chapter 1

Introduction

In the last few decades, technological advancements have simplified and decreased the
cost of data collecting and storing processes. We live in an expanding data-driven world
where almost any aspect is actively real-time sensed. Devices are able to transfer data,
communicate each other and make decisions without requiring any human interaction
or supervision. Smartphones, weareables, social networks, weather stations, air qual-
ity sensors, traffic flow and Global Positioning Systems are only some sources of data
falling under the Internet-of-Things era. This new paradigm has made statisticians and
practitioners to move from a poor-world-data framework to confront not only big data
sets but complex data structures (Ranjan et al., 2018; Galeano and Peña, 2019).

Functional data analysis (FDA) arises naturally in this context to exploit the informa-
tion that is recorded over a continuum such as time or space. Formally, a functional
data sample X1(t), . . . , Xn(t) is composed by n independent and identically distributed
functions observed for all t ∈ [a, b]. FDA is becoming common in practise and, in fact,
this thesis approaches the analysis of various functional data sets coming from very
different sources and areas of research. In particular, daily electricity supply functions,
daily electricity demand functions, medical imaging of the internal carotid artery, daily
nitrogen monoxide emissions, spatio-temporal maximum temperatures and micro level
spatio-temporal mortality rates. See Figure 1.1 for visual representations of functional
data. In Figure 1.1a, each function was generated by the coordinates of the pen posi-
tion during all the movement required to write ”fda”, recorded 600 times per second.
The literature has experienced a prominent development of techniques and tools to take
advantage of these kind of data. The manuals by Ramsay and Silverman (2005) and Fer-
raty and Vieu (2006) provided an overview of the classical methods for functional data
analysis.

In particular, this thesis is focused on the study of functional depth measures and

1
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(a) Handwriting trajectories. (b) Maximum temperatures in Madrid-Retiro.

Figure 1.1: Left panel is a classical example of an independent and identically dis-
tributed sample from Ramsay and Silverman (2005). Right panel presents an example
of functional time series, each function is a year from 1895 to 2015 representing the daily
maximum temperatures recorded at Madrid-Retiro station (AEMET).

their applications. Chapter 2 presents a literature review that covers from the funda-
mentals of the concept to the current available applications, paying more attention to
methods that are applied or extended in future chapters of the thesis. As it is shown,
the concept of depth has received a great deal of attention in non-parametric statistics
and, particularly, in FDA. Many different definitions of functional depths have been
proposed and the literature has revealed a strong interest about their theoretical proper-
ties towards a consistent formalization of the concept. Depth measures have motivated
depth-based methodologies that have demonstrated to be remarkable tools in visualization,
outlier detection, classification, non parametric testing and clustering.

This thesis broadens the list of problems that one could approach with depth-based
methods. Specifically, Chapter 4 addresses the problem of forecasting functional time
series. In this context, our functional realizations X1(t), . . . , Xn(t) are not independent
anymore, in fact, in time series the goal is to study the temporal dependency. Formally,
our realizations are indexed in time {Xi, i ∈ N}, where each Xi is a random function
t→ Xi(t). Figure 1.1b presents an example of functional time series, the daily maximum
temperature in Madrid-Retiro. Each function corresponds to one year since 1895 to 2015

and they are colored with a scale from yellow to red. The first and last yearly curves
available (1895 and 2015, respectively) were also dotted in black and the transition from
one to the other visualizes the temperature change in 121 years.
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It is becoming recurrent in real applications that the available functions are system-
atically incomplete or partially observed. Sources of censoring are, for example, patients
missing medical visits or sensor failing to record in meteorological or air quality data.
This means that each function Xi(t) is not observed for all t ∈ [a, b] but only in sub-
sets of [a, b], invalidating many of the existing methodologies for FDA. Partially observed
functional data also hampers the applicability of depth-based methodologies since cur-
rently available depth measures are not suitable for such context. Chapter 3 introduces,
at the best of our knowledge, the first functional depth measures for partially observed
functional data. In addition, as by-products of our proposal, the depth-based method-
ologies can be applied to partially observed functional data increasing the available
palette of tools for such challenging data sets. Chapter 3 illustrates how to deal with vi-
sualization, outlier detection and classification problems in simulated and real partially
observed functional data sets.

Finally, the methodology for forecasting functional time series of Chapter 4 and the
depth measure for partially observed data of Chapter 3 provide us the resources to
develop a depth-based method for partially observed functional data reconstruction.
The literature in functional data analysis has recently tackled the problem of estimat-
ing the missing parts, however, the existing reconstruction methods relies strongly on
a proper estimation of the mean and the covariance function. Unfortunately, this task
is sometimes difficult due to the poor availability of data, the presence of complex co-
variance structures or the sharp nature of the functions. Aiming to provide a satisfac-
tory solution in such cases, Chapter 5 introduces a depth-based reconstruction method
that does not require the estimation of the covariance and is particularly useful for non
smooth functions.

Finally, the Figure 1.2 presents an schema summarizing the topics covered by this
thesis and the chapters where they are presented. The filled boxes are the main contri-
butions of the thesis.
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Functional Data Analysis

Depth Measures for Functional 
Data

(Chapter 2)

Visualization

Outliers Detection

Classification

Forecasting

(Chapter 4)

Depth Measures for Partially 
Observed Functional Data

(Chapter 3)

Visualization

Outliers Detection

Classification

Reconstruction

(Chapter 5)

Figure 1.2: The schema presents the structure of the thesis, some keywords of the cov-
ered topics and the main contributions. The colors make reference to the chapter where
they appear and filled boxes are the main contributions.



Chapter 2

Depth measures for functional data

This Chapter provides a literature review about depth measures and their applications.
It aims to provide the background and the main tools for this dissertation. The orga-
nization of the Chapter is as follows: first, we provide below a general introduction of
the concept of depth. Then, Section 2.1 is focused on the functional data context and
presents some well-known definitions and summarizes the theoretical properties pro-
posed in the literature. Section 2.2 makes a special remark about Integrated Depth Mea-
sures, a particular family of depth. Section 2.3 briefly comment the depth extensions to
multivariate functional data. Finally, Section 2.4 illustrates the main applications of the
functional depth measures.

The problem of ordering a set of numbers in R is straightforward and, even being
such a simple problem, the ranking provides order statistics of great value for robust
and non-parametric analysis. However, to obtain these statistics in higher dimensions
is not as simple. For instance, consider the functional data set of Figure 1.1. Visually one
could determine a region of ”centrality” or more dense but it is not immediate to rank
each single function from the center to outwards or computing simple order statistics
like the median. The concept of depth was proposed to solve this problem by measuring
how deep is a given point relatively to its probability distribution. This concept was
termed by Tukey (1975) and he proposed the Halfspace Depth or Location Depth to
visualize bivariate data sets. After this article, the concept gained popularity and many
articles were published aiming to extend the idea and its applications (Barnett, 1976;
Oja, 1983; Liu, 1990; Singh, 1991; Fraiman et al., 1999; Rousseeuw et al., 1999).

Consider the following notation to introduce the concept formally. Let Ω be a sample
space and F a σ-field on Ω, constituting a measurable space (Ω,F). Denote by P the
collection of all probability measures on Ω, P ∈ P . In the following, given a point x ∈ Ω,

5
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a depth measure will be any functional D such that

D : Ω× P → [0, 1]

(x, P ) ↦−→ D(x, P ). (2.1)

The functional D will be evaluates the centrality of the point x with respect to a
distribution P . Higher values of D indicate that x is located centrally with respect to
P , lower values are assigned to outlying points. Given a D and x1, . . . , xn from Ω, one
could order the sample from the deepest to the most outlying point. Let us denote de-
note by x[1], ..., x[n] the center-outward ordering, assuming there are no ties. The median
is straightforwardly obtained with x[1], point that maximizes D(x;P ). On the other, the
most outlying point of the sample is x[n].

In addition to order statistics and rankings, Liu et al. (1999) used the concept of
depth to determine regions composed with points which depth values being at least α.
The authors called them Central Regions or depth contours and formally they are

CRα(P ) = {x ∈ Ω : D(x, P ) ≥ α}.

Other possible definition of central region is to consider CRα as the α% of the deepest
points in the sample.

The literature has proposed a wide variety of formulations for D and the selection of
one or another is problem driven. However, there are some attributes that make a depth
function to be theoretically reasonable. The list of such attributes have been conforming
over the years since the pioneering work by Zuo and Serfling (2000a), who first start
formalizing these desirable attributes, until the last contribution by Nagy et al. (2016).
Zuo and Serfling (2000a) established first four key properties that a depth measure must
satisfy. Later, Serfling (2006) put the attention on symmetry and asymmetry concerns,
enlarging the list with more desirable properties that a depth function should satisfy.
More recently, Nagy et al. (2016) pointed out an additional technical requirement that is
not so demanding but crucial for some functional depth proposals (see Section 2.2). For
the multivariate case, Ω = Rd, the summary of the properties listed by Zuo and Serfling
(2000a), Serfling (2006) and Nagy et al. (2016) are

P1 (Affine invariance). For any non-singular matrix A ∈ Rd×d and b, x ∈ Rd,

D(x, P ) = D(Ax+ b, PAX+b),

PAX+b being the distribution of AX + b, with X ∼ P .
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P2 (Maximality at center). D(θ, P ) = supx∈Rd D(x, P ) holds for any P ∈ P having a
unique centre of symmetry θ w.r.t some notion of symmetry. For a discussion about
center of symmetry in Rd see Zuo and Serfling (2000a,b).

P3 (Monotonicity relative to the deepest point). If the maximum depth is achieved at
θ ∈ Rd, then for every x ∈ Rd and α ∈ [0, 1]

D(x, P ) ≤ D(θ + α(x− θ), P )

Serfling (2006) listed a stronger version called Quasi-concavity as a function of x. The level
set {x : D(x, P ) ≥ c} is convex for any c ∈ R.

P4 (Vanishing at infinity). D(x, P ) −→ 0 as ∥x∥ → ∞ where ∥·∥ stands for the Euclidean
norm in Rd.

P5 (Upper semi continuity of D as a function of x). For all x ∈ Rd and xv
v→∞−−−→ x

lim sup
v→∞

D(xv, P ) ≤ D(x, P ).

P6 (Weak continuity of D as a functional of P ). For all Pv
v→∞−−−→ P in distribution,

sup
x∈Rd

|D(x, Pv)− D(x, P )| v→∞−−−→ 0.

P7 (Measurability). (x, P ) ↦→ D(x, P ) is jointly Borel measurable and D(·, P ) ̸≡ 0 for all
P ∈ P .

2.1 Definitions and properties

In FDA, a functional depth assigns the level of centrality of a point with respect to a
sample, both coming from an infinite dimensional space of functions. Hereinafter,
Ω = C([a, b]) represents the space of the continuous functions in [a, b]. Then, P is the
distribution of a process X of continuous trajectories on [a, b] and X1, X2, . . . , Xn are
independent copies of X . Without loss of generality, we will assume that [a, b] = [0, 1].
Hereinafter, Pt is the marginal distribution of X(t), Pt(ζ) = P(X(t) ≤ ζ) for t ∈ [0, 1].

The first suitable depth measure for FDA was proposed by Fraiman and Muniz
(2001). After this work, many different definition of depth have been proposed, broad-
ening the application of multivariate depth-based methodologies to functional spaces
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(Cuevas et al., 2007; Cuevas and Fraiman, 2009; López-Pintado and Romo, 2009, 2011;
Dutta et al., 2011; Mosler and Polyakova, 2012; Mosler, 2013; López-Pintado et al., 2014;
Claeskens et al., 2014). The next paragraph presents the formal definition of the pio-
neering definition of functional depth.

Fraiman and Muniz Depth (FM), by Fraiman and Muniz (2001), computes the uni-
variate depth along the domain of observation. More precisely, for X ∈ C([a, b])

DFM(X(t), Pt) = 1−
⃓⃓⃓⃓
1

2
− Pt(X(t))

⃓⃓⃓⃓
, ∀t ∈ [0, 1].

Therefore, if X(t) is a central point, its corresponding Pt(X(t)) will be close to 1/2 and
DFM (X(t), Pt) will be approximately equals to one. In contrast, an outlying point will
have Pt(X(t)) close to 1 or 0 providing a DFM (X(t), Pt) around 1/2. The functional
depth is defined as the integral of DFM (X(t), Pt) on [0, 1]

FM(x, P ) =

∫︂ 1

0
DFM(X(t), Pt)dt. (2.2)

Notice that the FM takes values between [1/2, 1].

López-Pintado and Romo (2009) follows, somehow, the intuition of the Simplicial
Depth for building the functional Band Depth (BD). Liu (1990) proposed to quantify
the centrality of a point by the proportion of all the possible simplex or polygon of
minimum volume containing the point. In a functional context, the concept of simplex
is not defined and the authors considered the notion of band as a substitute. For its
formalization, lets define the graph of a function x as the subset of the plane G(X) =

{(t,X(t)) : t ∈ [0, 1]}. Then, a band delimited by j curves X1, . . . , Xj , j = 2, . . . , J , is
given by

B(X1, . . . , Xj) = {(t, y) : t ∈ [0, 1], min
r=1,...,j

Xr(t) ≤ y ≤ max
r=1,...,j

Xr(t)}.

Define
BDj(X,P ) = P

(︁
G(X) ⊆ B(X1, . . . , Xj)

)︁
and the Band Depth is defined by

BDJ(X,P ) =
J∑︂
j=2

BDj(X,P ). (2.3)

López-Pintado and Romo (2009) also introduced a more flexible version of the BD
called Modified Band Depth (MBD). This modification does not account for the number
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of bands containing a point but the mean proportion of the domain that the function is
inside the bands. Now, let

A(X|X1, . . . , Xj) ≡ {t ∈ [0, 1] : (t,X(t)) ∈ B(X1, . . . , Xj)}

this is the range where the function X is inside the band determined by X1, . . . , Xj .
Then, let

MBDj(X,P ) = E[λ (A(X|X1, . . . , Xj))],

λ being the Lebesgue measure. Then, the definition of the MBD is

MBDJ(X,P ) =

J∑︂
j=2

MBDj(X,P ). (2.4)

The Halfspace Depth (Tukey, 1975) was one of the first depth proposals for a bivari-
ate setting. It measures the depth of a point by the minimum proportion of the sample
above or below of any hyperplane through the point. López-Pintado and Romo (2011)
proposed the Half Region Depth (HRD) that could be understood following a similar
intuition but in a functional context. The authors first require a substitute of the hyper-
plane in the functional setting. In particular, they made use of the concept of hypograph
(hyp) and epigraph (epi) of a function as

hyp(X) = {(t, y) ∈ [0, 1]× R : y ≤ X(t)},

epi(X) = {(t, y) ∈ [0, 1]× R : y ≥ X(t)},

that is the region below or above the function X . Then, the HRD accounts for the pro-
portion of curves completely belowX (hypograph) and completely aboveX (epigraph).
Then returns the minimum value between both. Formally,

HRD(X,P ) = min{P(G(X) ⊂ hyp(X)),P(G(X) ⊂ epi(X)}. (2.5)

For a central function, both figures inside the minimum of equation 2.5 will be high
since the function will have a large proportion of curves below and above. Then, the
final depth will be high as well. In contrast, an outlying function above the sample will
have a large proportion of curves below but a small number of functions above. In this
case, the HRD will be small.

In the same fashion as the BD, López-Pintado and Romo (2011) presented a modified
version of the HRD called Modified Half Region Depth (MHRD). This modification is
based on the superior and inferior length that are the modified versions of the epigraph
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and hypograph indexes

MEI(X,P ) = E[λ{t ∈ [0, 1] : X(t) ≤ X(t)}],

MHI(X,P ) = E[λ{t ∈ [0, 1] : X(t) ≤ X(t)}].

They measure the proportion of the domain where a function is greater or smaller that
X . Given this two measures, the MHRD is

MHRD(X,P ) = min{MEI(X,P ),MHI(X,P )}. (2.6)

As for the multivariate depths, some properties are also required (or desirable) for
a functional depth. The first article that focused on the properties of functional depths
was by Nieto-Reyes and Battey (2016). The authors extended the multivariate prop-
erties and introduced some other with the aim to capture the topology of the curves.
Later, Gijbels and Nagy (2017) enriched the list of functional properties, clarifying and
elaborating more on the properties to make them more feasible in practise. The list be-
low aim to present a synthesis of these properties (Nieto-Reyes and Battey, 2016; Gijbels
and Nagy, 2017) adapted to the functional setting discussed in this dissertation:

FP-0 (Nondegeneracy). For any P ∈ P is satisfied that

inf
X∈C([0,1])

D(X,P ) < sup
x∈C([0,1])

D(X,P ).

FP-1S (Scalar-affine invariance). D(f(X), Pf(X)) = D(X,P ) for any P ∈ P and f such
that

f(X) = aX + b, for X, b ∈ C([0, 1]) and a ∈ R \ {0}.

FP-1F (Function-affine invariance). D(f(X), Pf(X)) = D(X,P ) for any P ∈ P and f

such that

f(X) = aX + b for X, a, b ∈ C([0, 1]) where a(t) ̸= 0 for all t ∈ [0, 1].

FP2 (Maximality at center). Given a notion of symmetry, for any symmetric P ∈ P we
have that D(θ, P ) = supX∈C([0,1]) D(X,P ) if and only if P is symmetric around θ. Gij-
bels and Nagy (2017) considered the notions of central symmetry and halfspace symmetry
Serfling (2006).



11

FP3 (Decreasing w.r.t the deepest point). For any P ∈ P such that D(Z,P ) =

supX∈C([0,1]) D(X,P ) we have that D(X,P ) > infX∈C([0,1]) D(X,P ) and D(X,P ) ≤
D(Z + α(X − Z), P ) holds for all X ∈ C([0, 1]) and α ∈ [0, 1].

FP4 (Vanishing at infinity): for any P ∈ P

lim
∥X∥→∞

D(X,P ) = inf
X∈C([0,1])

D(X,P ).

FP5 (Upper semi continuity in X). For all X ∈ C([0, 1]) and for all ϵ > 0, there exists a
δ > 0 such that

sup
{Y :d(X,Y )<δ}

D(Y, P ) ≤ D(X,P ) + ϵ

d being a “distance” between functions.

FP6 (Uniform continuity in P ). For ϵ > 0, there exists a δ > 0 such that for any P,Q ∈ P ,
dP(P,Q) < δ, it is true that supX∈C([0,1]) |D(X,P ) − D(X,Q)| < ϵ. Here, dP is metric on
the topology of weak convergence in P .

2.2 Integrated depth measures

Many depth measures for functional data have been proposed in the last years. How-
ever, all the variety can be classified in two families: Integrated or Non-integrated
depths (see Nagy et al. (2016)). We devote this Section to the first class because the
methodologies developed in future Chapters are based on them. However, we would
refer to the reader to Nagy (2016) for a detailed and complete review of functional depth
measures.

The Integrated Functional Depths (IFD) are built by taking integrals of low-
dimensional projections of functions. Typically, the low-dimensional functions are uni-
variate depths, D(X(t), Pt), that are computed for all t. Then, the resulting functional
depth is the average of all these D(X(t), Pt), computed by its integral in t. Some of
the existing depths belong unambiguously to this class, for example, FM (see Equa-
tion 2.2). To classify other depth measures that fall under this family is not obvious
from the original formulation. For example, the modified versions of the Band Depth
and Half Region Depth (see Equations 2.4 and 2.6). Other integrated depths are the one
discussed by Cuevas and Fraiman (2009), the modified version of the Simplicial Depth
(López-Pintado et al., 2014) and multivariate functional Halfspace Depth (Claeskens
et al., 2014).
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To introduce a formal definition, we will follow Claeskens et al. (2014) and Nagy
et al. (2016) by first considering an univariate depth. This should be a functional D :

R×F → [0, 1], F being the collection of all probability distribution functions on R, such
that:

(i) For any fixed F ∈ F , D(X(t), F ) reaches their maximum value when X(t) is the
deepest point of F .

(ii) D(X(t), F ) decreases to the extent that X(t) is farthest from the deepest point of F .

The deepest point of a continuous distribution function is defined as its median. For
such reason, the most commonly used D(·, F ) has the form ϕ(F (·)), with ϕ : [0, 1] →
[0, 1] a symmetric function with respect to 1/2, increasing on [0, 1/2] (decreasing on
[1/2, 1]). As it is noted below, two examples of such ϕ’s used in the literature are

ϕ1(y) = 1−
⃓⃓⃓1
2
− y

⃓⃓⃓
and ϕ2(y) = 2y(1− y)

So, given a univariate depth D, the Integrated Functional Depth of X with respects
to P is defined by

IFD(X,P ) =

∫︂ 1

0
D(X(t), Pt)w(t)dt, (2.7)

Pt being the marginal distribution of X(t), this is Pt(ζ) = P(X(t) ≤ ζ), and w a weight
function that integrates to one. When D(·, F ) = ϕ(F (·)), we use the notation

IFDϕ(X,P ) =

∫︂ 1

0
ϕ(Pt(X(t))dt. (2.8)

A straightforward substitution shows that FMD(X,P ) = IFDϕ1(X,P ).

In contrast, the Modified Half Region Depth is a different issue because

MHRD(X,P ) = min
(︂

IFDid(X,P ); IFD
1−id(X,P )

)︂
,

being id the identity function. Thus, eventually MHRD has the form of a IFD in Equa-
tions 2.7 or 2.8 but the corresponding D(·, F ), F (·) or 1−F (·), is not an univariate depth.
For a better understanding of MHRD, it might be helpful the following result.

Proposition 2.1.

MHRD(X,P ) ≥ FMD(X,P )− 1

2
.
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Proof.

MHRD(X,P ) =
1

2
−
⃓⃓⃓ ∫︂ 1

0

(︂1
2
− Pt(X(t))

)︂
dt
⃓⃓⃓

≥ 1

2
−
∫︂ 1

0

⃓⃓⃓1
2
− Pt(X(t))

⃓⃓⃓
dt

= FMD(X,P )− 1

2
.

In any case, we think that it is convenient to set aside this functional depth when we
discuss about IFD.

Returning to the case where D is a univariate depth, it is easy to see that, for any
a > 0 and b ∈ R, the order induced by IFDaϕ+b(X,P ) is the same than that induced by
IFDϕ(X,P ). Thus, for standardizing, it should be convenient to rescale the ϕ’s used such
that ϕ(1/2) = 1 and ϕ(0) = ϕ(1) = 0. The rescaled FMD and MBD2 would correspond
to IFDψ1(X,P ) and IFDψ2(X,P ), with

ψ1(y) = 1− 2
⃓⃓⃓1
2
− y

⃓⃓⃓
and ψ2(y) = 4y(1− y),

allowing that IFDψi
(X,P ) can reach both 0 and 1 value. Both ψ’s are particular cases of

ψα(y) = 1−
(︂
2
⃓⃓⃓1
2
− y

⃓⃓⃓)︂α
, α > 0 (2.9)

Taking into account the considerations above, we can select α for tuning the weight
of the eventual passages of X trough central regions of P . Also, for understanding
what measures each depth. For example, ψ1 is more spiky than ψ2 at 1/2, thus FMD
weights more the eventual cross of X to the functional median than MBD2 and the
latter weights more when X surrounds to that median. This effect can be amplified by
choosing different values of α and may be crucial for determining the deepest data and
some of their features.

Figure 2.1 illustrates the comment above. Consider P is the law a Gaussian process
X = {X(t) : t ∈ [0, 1]}, with exponential covariance function, E[X(t)|X(0)] = sin(2πt)+

X(0), X(0) being a normal random variable. Sample trajectories of X are shown in
gray in Figure 1. Consider also the blue and red curves. The former is sin(2πt) plus
a cumulative positive noise from t above 0.8. The later is sin(2πt) plus a noise. Their
IFDψα(·, P ) values are plotted for different α’s. In particular, they prove that the blue
one is deeper than the red one according to FMD and the red one is deeper for the blue
one according to MBD2. So, depending of the type of curves that we are analyzing one
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Figure 2.1: Illustration of the effect of α in the IFDψα . Top panel a Gaussian sample and
two curves highlighted in red and blue. Bottom panel shows the IFDψα value of the
blue and red function for different α’s

of the depths may be more proper.

The following proposition establishes that the Modified Band Depth is an Integrated
Functional Depth, IFDϕ.

Proposition 2.2. The Modified Band Depth, MBDj(X,P ), is an Integrated Functional Depth,
IFDϕj (X,P ), with ϕj(y) = 1− yj − (1− y)j .

Proof. Consider a functional sample X1, . . . , Xj of j iid functions sampled from P . Let
Dj and Uj be the functions defined by

Dj(t) = min{X1(t), . . . , Xj(t)} and Uj(t) = max{X1(t), . . . , Xj(t)}, t ∈ [0, 1].

Denote by MBDj the Modified Band Depth with bands formed by j curves, j ≥ 2.
Assuming X is independent of the functional sample X1, . . . , Xj , the MBDj of X with
respects to P is

MBDj(X,P ) = E[λ{t ∈ [0, 1] : Dj(t) ≤ X(t) ≤ Uj(t)}]. (2.10)
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λ being the Lebesgue measure on the line. Therefore

MBDj(X,P ) = E
[︂ ∫︂ 1

0
I{t ∈ [0, 1] : Dj(t) ≤ X(t) ≤ Uj(t)}dt

]︂
=

∫︂ 1

0
E
[︂
I{t ∈ [0, 1] : Dj(t) ≤ X(t) ≤ Uj(t)}

]︂
dt

=

∫︂ 1

0
P[Dj(t) ≤ X(t) ≤ Uj(t)]dt

=

∫︂ 1

0

[︂
1− (P[X(t) < Dj(t)] + P[X(t) > Uj(t)])

]︂
dt

=

∫︂ 1

0

[︂
1− ([Pt(X(t))]j + [1− Pt(X(t))]j)

]︂
dt

= IFDϕj (X,P )

with ϕj(y) = 1− yj − (1− y)j .

Some final remarks about the MBD:

a) ϕj is symmetric with respect to 1/2, increasing on [0, 1/2], decreasing on [1/2,
1], and therefore ΦJ =

∑︁J
j=2 ϕj does. Note that the Modified Band Depth MBD∑︁J

j=2 MBDj(X,P ) corresponds to IFDΦ(X,P ).

b) ϕj(1/2) < ϕj+1(1/2), for such reason,
∑︁J

j=2 MBDj(X,P ) =
∑︁J

j=2 IDFϕj (x, P ) is an
unbalanced average of different IFD’s. If we standardize ϕj , dividing by 1− 21−j ,
making the function equals to 1 at 1/2, the resulting function has similar shapes
for small values of j. For this reason López-Pintado and Romo (2009) reported that
the order induced by

∑︁J
j=2 MBDj is stable in J and reduce their computations to

J = 2.

2.3 Multivariate functional depths

In many applications, there is more than one functional variable to analyse at the same
time. In this cases, one could consider a K−dimensional stochastic process

X = (X(1), . . . , X(K)),

with law P. This is the case of the Aneurisk data set we consider in Section 3.3.2, Chap-
ter 3. In this case study, for each patient we observed the curvature, radius and center
position of the inner carotid artery along a continuum (the longitude of the artery).
Figure 3.2 displays the curvature and radius of 65 patients divided in two classes. For-
tunately, there are definitions for multivariate depth measures that allows to extend
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some depth-based methodologies (Ieva and Paganoni, 2013; López-Pintado et al., 2014;
Claeskens et al., 2014; Nicholas et al., 2015; Hubert et al., 2017). Below, we briefly intro-
duce some definitions.

The multivariate functional realizations X1, . . . , Xn are now copies from X taking
values in CK([0, 1]) = {X = (X(1), . . . , X(K)) : Xk ∈ C([0, 1]), k ∈ 1, . . . ,K}. One ap-
proach would be to consider the multivariate version of an Integrated Functional Depth
(M-IFD). Following (Claeskens et al., 2014), one could first consider a depth measure D
on RK and a multivariate weight function w on [0, 1]K , and hence defining the M-IFD as
a multiple integral over [0, 1]K . Another approach, following Ieva and Paganoni (2013),
would be to define the multivariate functional depth (MFD) as a weighted average of
K univariate functional depth. In particular, one might consider

MFD(X,P) =
K∑︂
k

αkFD(X(k), P ),
K∑︂
1

αk = 1. (2.11)

The choice of the vector of α’s is problem-driven. Although, this extension may lacks on
uniqueness and may not capture cross dimensional features, it provides a very flexible
and straightforward definition valid to extend integrated functional depths and non-
integrated functional depths. As shown for instance in Section 3.3.2, the selection of the
weights by cross validation in a classification problem enables the construction of an
accurate classifier, and offer a posteriori valuable information for the interpretation of
the results.

2.4 Applications

In this Section, we aim to provide a short review about the existing methods based
on depth measures. In particular, we review some well-known methods for visual-
ization in subsection 2.4.1, outlier detection in subsection 2.4.2 and classification in
subsection 2.4.3. In addition to these applications, this Thesis proposes novel depth-
based methods to solve problems that have been never approached before using depth
measures. Namely, in Chapter 4 we present a depth-based method for functional data
forecasting and in Chapter 5 we introduce a depth-based method for reconstructing
partially observed functional data.

Depth measures are not only useful for ranking data sets or computing order statis-
tics but they have demonstrated to be remarkable tools to solve practical problems. In
fact, if one think about a simple univariate scenario, depth measures can characterize
the probability distribution of the data set. This means that given two different distri-
butions P and Q in R there is a point X ∈ R at which the depths D(X,P ) and D(X,Q)
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differ. This is called the depth characterization conjecture and is a fundamental problem
in the theory of data depth (Nagy, 2019). This would justify the use of depth measure
in depth-based inference since there would be a map between the depth and the prob-
ability distribution. Unfortunately, the conjecture is not proved for Rd with d > 1 or
in functional spaces. Even so, depth measures in functional data has received a lot
of attention and they have demonstrated abilities to reveal distributional features with
appealing results in practise. In particular, depth measures have been in used classifi-
cation (López-Pintado and Romo, 2006; Cuevas et al., 2007; Cuesta-Albertos and Nieto-
Reyes, 2008; Hubert et al., 2017; Cuesta-Albertos et al., 2017), outlier detection (Febrero-
Bande et al., 2008; Ieva and Paganoni, 2013; Arribas-Gil and Romo, 2014; Narisetty and
Nair, 2015; Nagy et al., 2017), populations comparison (López-Pintado and Romo, 2009;
López-Pintado et al., 2010; Nicholas et al., 2015), clustering (Singh et al., 2016; Tupper
et al., 2017) and visualization (Hyndman and Shang, 2010; Sun and Genton, 2011; Ser-
fling and Wijesuriya, 2017).

2.4.1 Visualization

Depth-based graphical tools for functional data have been proposed with the aim of
discovering features that might not be apparent with standard visualization methods
(Hyndman and Shang, 2010; Sun and Genton, 2011; Serfling and Wijesuriya, 2017).

Some of the available visualization tools for FDA are extensions from celebrated
graphical methods like the univariate boxplot. The latter was proposed by Tukey (1970),
firstly named ”schematic plot”. It provides a robust summary of the data given by the
five-number summary; the minimum, first quartile, median, third quartile and the maxi-
mum. The first and the third quartile build a box containing the most central 50% of the
sample. In addition, two fences at Q1 − 1.5× IQR and Q3 + 1.5× IQR are added, being
ICR the inter-quartile range. These fences are connected with the box by vertical lines
named ”whiskers”. The boxplot or box and whisker plot is a well-known visualization
tool that allows to inspect the dispersion, the symmetry of a data set and to compare
between distributions.

The major statistics required for the boxplot can be computed in functional data
with depth measures since they allows to order the set of functions X[1], . . . , X[n] from
the center outwards. In this manner, Sun and Genton (2011) introduced the Functional
boxplot by using the Modified Band Depth López-Pintado and Romo (2009). The au-
thors extended the idea of Central Region of Liu et al. (1999) to functional data. In FDA,
the α central region is now the band delimited by the α proportion (0 < α < 1) of
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Figure 2.2: Left panel: a version of the functional boxplot of Sun and Genton (2011) with
the median, central region and whiskers. Right panel: a version of the outliergram by
Arribas-Gil and Romo (2014) without the outliers rule.

deepest curves from the sample. In particular, the sample α× 100% central region is

CRα =

{︃
(t,X(t)) : min

r=1,...,⌈α×n⌉
X[r](t) ≤ X(t) ≤ max

r=1,...,⌈α×n⌉
X[r](t)

}︃
(2.12)

where ⌈α × n⌉ is the smallest integer not less than α × n. The border of the CR0.5 rep-
resents the box in a classical boxplot and its width is an analogue to the inter-quantile
range. The author called the border of the CRα envelope since it ”envelopes” or wrap
the α% of the deepest observations. Sun and Genton (2011) also represents the second
quartile, median or X[1] in the functional boxplot. The functional boxplot’s fences are
obtained by inflating theCR0.5 by 1.5 times the analogue of the inter-quantile range and
the whiskers connect with vertical lines the CR0.5 with the fences. As an illustration of
functional boxplot, see the left panel of Figure 2.2. It shows a sample of 100 Gaussian
processes with sinousoidal mean and exponential covariance function. The dark grey
band represents the ”box” or the central region containing the 50% of the deepest ob-
servations. Inside the box, it is plotted the the sample median and both elements clearly
reflects the sinusoidal patter of the data set. Finally, the two black curves are the fences
resulting by inflating the ”box”. They are connected with the body of the boxplot by
vertical lines or whiskers.

Other authors took another way to extend the univariate boxplot to other multivari-
ate spaces. In particula, the first approach to extend the boxplot to a bivariate data set
was by Rousseeuw et al. (1999). In this setting, Rousseeuw et al. (1999) made use of
the Tukey (1975) for obtaining the corresponding median, the polygon or central region
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containing the 50% of the data (”bag”). The fences are also determined by inflating the
CR0.5 with a factor ρ. The plot was called Bagplot and it was extended to the functional
case by Hyndman and Shang (2010). The authors reduce the dimension of the functional
data set with Principal Components Analysis (PCA). Then, the functional Bagplot is just
a mapping of the Bagplot of Rousseeuw et al. (1999) on the first two scores. Not in the
context of functional depths, Hyndman and Shang (2010) also proposed a functional
boxplot based on High Density Regions (HDR). Again, they consider the first two prin-
cipal scores and construct a bivariate boxplot using a bivariate kernel density estimate.
Finally, the functional HDR boxplot is obtained by mapping the one computed in the
scores. In the same article, Hyndman and Shang (2010) proposed the Rainbow Plot a
simple plot of all the data, with the only added feature being a color palette based on
an ordering of the data. If this order is given by the a depth, the plot will show a degra-
dation of colors from the center outwards. The Rainbow plot is extremely useful in a
context of functional time series, since it allows to represent periodicity and repeated
shape patters along the time. Figure 4.3 presents the functional Rainbow plot for the
french male age-specific mortality data set and Figure 3.1 shows the electricity supply
in Germany. The latter is a functional data set that is observed on sub-intervals of the
full domain, a type of data that is called partially observed or fragmented functional
data.

Liu et al. (1999) introduced a graphical tool to compare distributions based on data-
depth. Let P and Q two distributions on Rd. Then, they define the depth-to-depth plot
(DD-plot) or DD(P,Q) as

DD(P,Q) = {(D(X,P ),D(X,Q)) ∀X ∈ Rd}. (2.13)

If the two distributions are identical, the plot will represent a real line since the depth
value of X in P and Q must be the same. If they differ the DD − plot will depart
from the 45◦ line. Liu et al. (1999) pointed out that different deviation patterns in the
plot correspond to different types of variations between the distributions, for example
location shifts or scale increases. Given a functional depth, the functional DD-plot is
straightforward.

The Figure 2.3 is an illustration of the DD-plot. The left panel shows two samples of
Gaussian processes with different mean and same exponential covariance, P and Q, in
red and blue. The right panel represents the functional depth-to-depth plot using MBD

FDD(P,Q) = {(MBD(X,P ),MBD(X,Q)) ∀X ∈ PC([a,b])}. (2.14)

The points belonging to P , in red, are located along a vertical line in 0.2 meanwhile
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Figure 2.3: Left panel: a sample with two groups (red and blue) of Gaussian processes
with different mean and the same exponential covariance. Right panel: Depth-to-Depth
plot using the MBD.

the points from Q, in blue, are in an horizontal line in 0.2. Finally, Arribas-Gil and
Romo (2014) introduced a visualization tool that arose originally for functional data.
The tool was called outliergram and it provides insight about how similar or smooth
are the curves in the sample. The authors found that there is a parabolic relationship
between the MBD and the MEPI. Formally,

MBD(X,P ) ≤ a0 + a0MEI(X,P ) + a1n
2MEI(X,P )2, (2.15)

for a0 = −2/n(n−1) and a1 = 2(n+1)/(n−1). In addition, if (Xi(t1)−Xj(t1))(Xi(t2)−
Xj(t2)) > 0 for t1, t2 ∈ [0, 1] and i ̸= j

BD(X,P ) ≤ a0 + a1MEI(X,P ) + a2n
2MEI(X,P )2.

This means that in the hypothetical case in which the sample is perfectly aligned with
common shape and not crossing points, the relationship between the MBD and the
MEI defines a perfect parabola as in the Equation 2.15. In practise this is an unreal-
istic situation but the authors proved that the parabola in Equation 2.15 is an upper
bound for the MBD. Then, the outliergram is the representation of the bivariate vector
(MBD(Xi, P ),MEI(Xi, P )) for i = 1, . . . , n providing a visual indicator of how entan-
gled or complex is the functional data set. The more similar and smooth the curves in
the sample, the closer to the parabola are the points in the outliergram. On the other
hand, the more noisy the curves and the larger number of crossing points between them,
the more dispersed are the points under the parabola. The right panel of Figure 2.3 is
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the outliergram of the Gaussian sample in the left panel. The solid black parabola is the
one defined by Equation 2.15. As expected, due to the crossovers between functions the
points are not exactly in the parabola but they are distributed along it.

2.4.2 Outlier detection

The presence of outliers may affect the statistical analysis of the data. Particularly,
methodologies aiming to deal with high dimensional objects like FDA (Locantore et al.,
1999). In this context, fundamental statistics like the mean and the covariance are very
sensitive to outliers and become unreliable, notably for Principal Component Analysis
Hubert et al. (2005). A great number of outlier detection methods for functional data has
been introduced and many of them have been developed with depth measures as back-
bone (Febrero-Bande et al., 2008; Hyndman and Shang, 2010; Sun and Genton, 2011;
Ieva and Paganoni, 2013; Arribas-Gil and Romo, 2014; Narisetty and Nair, 2015; Nagy
et al., 2017). Depth measures allows to determine regions of centrality where the major-
ity of the observations lie. This ”majority” shares topological characteristics that made
them a starting point to define abnormalities and outlier detection rules. The rich space
of the functions provides a wide palette of possible outliers where the abnormalities
might be determined due to many different reasons. The literature of FDA has studied
this issue and it has elaborated a taxonomy of outliers with magnitude and shape as the
first two branches of the classification. A shape outlier is a curve that exhibit a different
shape from the rest of the sample. Whereas a magnitude outlier could be define as a curve
that lies outside the range of the majority of the data. Left panel of Figure 2.2 illustrates
a contaminated sample. It shows a sample of 100 Gaussian processes Section 3.2 of
Chapter 3. In addition, four outliers. In blue, two magnitude outliers (one above and
other below the mass) that were generated by shifting vertically a regular observation
outward the center of the sample. In red, two shape outliers with more up and downs
than normal but inside the region of centrality. In addition, the literature has differenti-
ate between permanent or transitory outliers meaning that the abnormality occurs in all
t or just on an interval of the domain. Both examples in the left panel of Figure 2.2 are
permanent outliers because the differences in magnitude or shape are preserved in all
the domain of observation.

A well-known outlier detection rule for the univariate case was proposed by Tukey
(1970) with the boxplot. Its fences provide natural outlier detection rule for symmetric
data sets. These are thresholds that delimit the region of ”normality” and an observation
will be flagged as potential outliers if lies outside the range. Sun and Genton (2011)
proposed the same rule for its functional boxplot. Left panel of Figure 2.2 presents the
functional boxplot for the Gaussian processes and the four outliers. The fences are given
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Figure 2.4: Left panel: functional boxplot of a sample of Gaussian processes with shape
outliers (red) and magnitude outlier in (blue). The blue curves lie outside the fences
determining the magnitude outliers, the shape oultiers are not unmasked. Right panel:
the outliergram of the same sample where the two shape outliers are unmasked are
outliers.

by the two black functions, inflating the central region, in dark grey, 1.5 × IQR times.
It is noteworthy how only the blue functions fall out of the fences, revealing that they
behave have a magnitude different than the majority.

The bivariate Bagplot of Rousseeuw et al. (1999) determines outliers as the points
outside the inflated bag. In this way, Hyndman and Shang (2010) maps the outliers un-
masked with the Bagplot on the first two principal components scores to the functional
space. In the presence of outliers, the estimation of the principal components scores may
be bias and, to avoid this issue, the authors applied a robust version of PCA (Croux and
Ruiz-Gazen, 2005). Finally, The HDR also has its counterpart detection rule following
the same principle and exhibiting interesting results for non-unimodal data sets.

Many magnitude outliers might be easily detected, even with a simple visual inspec-
tion of the data. However, shape outliers would require a thorough analysis (Arribas-
Gil and Romo, 2014; Nagy et al., 2017). For example, shape outliers that are not far from
the median will not be straightforwardly detected with a functional boxplot or Bagplot.
This is the case of our example in Figure 2.4. Arribas-Gil and Romo (2014) proposed a
method to detect these shape outliers hidden in the middle of the sample. Its outlier
detection rule come in conjunction with the outliergram. From the Equation 2.15, the
authors proof that all the points must lie below the parabola and that the closest to the
parabola correspond to curves with typical shape. In contrast, the most distant ones
represent outlying curves in terms of shape. Following this reasoning, Arribas-Gil and
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Romo (2014) compute the vertical distances dwith respect the parabola and determine a
threshold for outliers based on d1, . . . , dn. In particular, they inflate or shift the parabola
by Qd3 + 1.5IQRd, defining a region of abnormality in terms of shape. Right panel of
Figure 2.4 presents the outliergram for the sample of Gaussian processes and the four
outliers. Again, the solid black line represent the original parabola of Equation 2.15 and
the dotted black line represent the outlier detection rule, in such a way that any point
below this parabola would be flatted as shape outlier. Remarkably, the two red func-
tions are unmasked as shape outliers whereas the magnitude outliers appeared out of
the abnormality region in the bottom corners of plot. This is because the outliergram
was not conceived to detect magnitude outliers but this is a peculiar behaviour that
could help to understand this type of outliers. In fact, the two magnitude outliers in
Figure 2.4 above the sample appear in the left corner of the outliergram and the other
one in the right corner. Arribas-Gil and Romo (2014) also added a second step in the
shape outlier detection procedure to be able to detect shape outliers that are surrounded
by very few curves, or in other words, shape outliers that share the characteristics of a
magnitude outlier.

One of the most delicate situations is the detection of transitory shape outliers. Nagy
et al. (2017) introduced an approach to detect shape outliers that palliates this particular
problem. They called j-order outliers, j making reference to the number of time points
where the functional datum is a shape outlier. In particular, the authors present a gen-
eral modification technique applicable to both Integrated and Non-integrated depths,
empowering the ability to capture transitory shape features of the functions. For the
case of the Integrated depths, the modification is given by

IFDJ(X,P ) =

∫︂ 1

0
· · ·

∫︂ 1

0
D((X(t1), . . . , X(tJ))

T , Pt1,...,tJ )dtJ . . . dt1. (2.16)

2.4.3 Classification

The problem of classification consists on identifying the class of a new individual given
a set of labelled observations. Formally speaking, given two distributions P and Q

the goal is to determine if a new observations X belongs to P or Q. This problem
has many important applications and depth measures provides flexible non parametric
methodologies avoiding to include a priori information of the underlying distributions
(Li et al., 2012). The problem of classification is very useful in practise and plays an
important role, for instance, in medical diagnosis. In Section 3.3.2 in Chapter 3 we aim
to discern between patients having the most dangerous aneurysms (that certainly are
within the skull), and subjects without any visible aneurysm during the angiography
or having less dangerous aneurysms (because possibly outside of the skull).
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Liu (1990) was the first author in using the concept of depth in classification. His
idea was that, given two probability measures or classes P and Q, the new point X is
classified to P if D(X,P ) > D(X,Q). This simple classifier was called maximum depth
classifier and it was more elaborated in Ghosh and Chaudhuri (2005).

The DD-plot by Liu et al. (1999) was presented in Section 2.4.1 only as a visualization
tool to compare two populations P and Q. However, it has been also exploited as a
source of information for classification problems. In fact, Li et al. (2012) argued that the
DD-plot contains insightful information that could help to obtain classification rules.
In this article, the authors use the plot given by Equation 2.13 to define a polynomial
classifiers in R2, called DD-classifiers.

DD-classifiers were extended to FDA by Cuesta-Albertos et al. (2017) with the name
of DDG-classifiers. The authors presented simulations and case studies for classification
problems of G > 2 groups. This can be done by looking for a classifier in

FDD(P1, . . . , PG) = {(FD(X,P1), . . . ,FD(X,PG)) ∀X ∈ PC([a,b]))}

but notice that the corresponding DD-plot will be in dimension G, hampering the visu-
alization for G > 3.

Righ panel of Figure 2.5 and the bottom panel of Figure 2.5 are examples of func-
tionals DD-plot for two populations. In both examples, the existence of two groups is
obvious in the visualization provided by the DD-plot but not as much in the plot of
the raw functional data sets. One could easily determine regions or classification rules
in R2 to determine if a new observation belongs to the red group or to the blue one. Li
et al. (2012) only used polynomial classifiers but Cuesta-Albertos et al. (2017) propose to
use an wider set of classifiers like linear or quadratic classifiers, recursive partitioning,
k-nearest neighbours, Support Vector Machines, etc. Bottom panels of Figure 2.5 show
the results of a Linear Discriminant Analysis (left panel) and a Quadratic Discriminant
Analysis (right panel) with the respective regions provided by the classification rules.

Cuesta-Albertos et al. (2017) also proposed to include extra information in the DDG-
classifier like the derivatives or multivariate functional data.
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Figure 2.5: Top panel: two groups of size 50 of Gaussian processes (blue and red). Bot-
tom panels show the DD-plot with MBD and two classifiers: left panel, the Linear Dis-
criminant Classifier (LDA) and, the right panel, the Quadratic Discriminant Classifier
(QDA).
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Chapter 3

Depth measures for partially
observed functional data

Partially observed functional data are becoming more recurrent in real applications,
invalidating many of the existing methodologies (Ramsay and Silverman, 2005; Ferraty
and Vieu, 2006) that assumes that each function Xi(t) is observable for all t ∈ [a, b]. In
particular, the presence of partially observed data hampers the applicability of depth
measures and, therefore, the use of all the methods presented in Chapter 3.1 related
with them. In this Chapter, we we propose a depth measure for partially observed
functional data.

For a random sample of functions [a, b] → R, partially observed data refers to the
case where the records of the functions are available only on subsets of [a, b]. Partially
observed (or incomplete) functional are in fact common in real applications and have
been reported in several areas of research. In medical studies, for instance, typical
sources of censoring of the data are patients missing medical visits or devices failing
to record (see for instance James et al., 2000; James and Hastie, 2001; Sangalli et al., 2009;
Delaigle and Hall, 2013; Kraus, 2015; Delaigle and Hall, 2016). In demography it is com-
mon that age-specific mortality rates for older ages are not completely observed due the
too low number of survivors (Human Mortality Database, 2019; D’Amato et al., 2011).
In electricity markets, supply functions are incomplete because suppliers and buyers
agree prices and quantities depending on the market conditions (Kneip and Liebl, 2019;
Liebl and Rameseder, 2019).

The literature in functional data analysis has recently tackled partial observability in
several respects, including functional principal component analysis (James et al., 2000;
Yao et al., 2005; Di et al., 2014; Liu et al., 2017), supervised and unsupervised classifica-
tion (James and Hastie, 2001; Delaigle and Hall, 2013; Stefanucci et al., 2018; Kraus and

27
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Stefanucci, 2019), mean and covariance estimation (Kraus, 2015; Liebl and Rameseder,
2019), estimation of the missing parts (Goldberg et al., 2014; Kraus, 2015; Delaigle and
Hall, 2016; Kneip and Liebl, 2019). To the best of our knowledge, no one has so far
addressed the problem of defining depth measures for incomplete functional data.

The introduction of a suitable notion of depth measure for partially observed func-
tional data contributes to the literature in two ways. First of all, it expands the palette
of tools that are available in such complex data setting, introducing a key concept of ro-
bust statistics. Moreover, it offers a crucial support to the other techniques for partially
observed functional data cited before. Such techniques can in fact be highly affected by
the presence of outliers. Up to this moment, authors had to rely in visual inspections
or expert knowledge for detecting outliers and avoiding biased estimations, (Kneip and
Liebl, 2019; Liebl and Rameseder, 2019); even so, only obvious magnitude outliers can
be detected visually, masking any other (Hyndman and Shang, 2010; Sun and Gen-
ton, 2011; Arribas-Gil and Romo, 2014; Nagy et al., 2017). Depth measures are corner-
stones for outliers detection and our proposal can thus provide an objective approach in
this respect. In particular, the proposed depth measure enables the construction of the
functional boxplot (Sun and Genton, 2011) and the outliergram (Arribas-Gil and Romo,
2014) in the context of partially observed functional data. This also enriches the visual-
ization tools. Moreover, it permits the use of DD-plot classifiers (Cuesta-Albertos et al.,
2017) for partially observed functional data.

It is important to point out that we here deal with the very challenging case where
partial observability can occur systematically on any observation of the functional data
set. In particular, differently from many of the above cited techniques for partially
observed functional data, we do not request that some functional datum is fully ob-
served, nor we require that a common domain exist, where all of the functional data
are recorded. The class of depths we define are the integrated depth measures family
(Nagy et al., 2016), where the Fraiman and Muniz Depth (Fraiman and Muniz, 2001)
and the Modified Band Depth (López-Pintado and Romo, 2009) belong to. We account
the uncertainty related with the unobserved fragments by means of an appropriate
weight function, that gives more weight in the computation of the depth to regions of
high observational density and less weight to regions of low observational density. We
name the proposed method Partially Observed Integrated Functional Depth (POIFD).
We study the theoretical properties of the proposed POIFD. We prove that POIFD cor-
responds, in mean, to the depth computed on the fully observed data. We moreover
demonstrate the consistency of its sample version.

We report simulation studies that highlight the very good performances of the pro-
posed POIFD. In particular, we demonstrate the high agreement between POIFD and
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Figure 3.1: German electricity supply functions. Daily electricity supply from March
15th, 2010 to March 14th, 2012; the y-axis represents the electricity price and the x-axis
the level of the electricity demand. The oldest curves are shown in red, with the most
recent curves in vivid pink; data are ordered chronologically according to the colors
of the rainbow in the legend. Bottom panel: proportion of functional data that are
observed for each given level of electricity demand.

the depth that could be computed if the functional data was fully observed. We show
that, in the special case where there is a common domain where all of the curves are
recorded, POIFD performs significantly better than the standard functional depths re-
stricted to the common domain. Furthermore, we demonstrate that, in the special case
where the reconstruction techniques for partially observed functional data are applica-
ble (i.e., when at least some of the curves are fully observed), POIFD performs signif-
icantly better than the standard functional depths computed on the full domain, after
reconstruction of the missing parts for those functional data that are partially observed.
We also show that the POIFD can accurately identify outliers and that it can efficiently
be used for discrimination.

Finally in Section 3.3, we illustrate the use of the proposed POIFD in two challenging
case studies. The first concerns outlier detection in German electricity supply functions
(Kneip and Liebl, 2019; Liebl, 2019). Figure 3.1 represents the data. The bottom panel
of the figure displays the proportion of data that are observed, highlighting that the
missing portions are spread along all the domain. The second case study involves the
AneuRisk65 dataset (see,e.g., Sangalli et al., 2009, 2014b) and has to do with a discrim-
ination problem on data obtained from reconstruction of medical images. The data are
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Figure 3.2: AneuRisk65 data. Radius (top panel) and curvature (middle panel) of the
internal carotid artery of 65 subjects; Upper group (blue), lower group (red). The bottom
panel shows the proportion of observed data, highlighting the presence of a common
domain, where all data are observed.

shown in Figure 3.2. The bottom panel of this figure shows that in this case there exists
a small portion of the domain, named common domain, where all the functional data
are observed.

The Chapter is organized as follows. Section 3.1 introduce the proposed notion of
depth for partially observed functional data and studies its theoretical properties. Sec-
tion 3.2 reports the simulation studies. Section 3.3 illustrates the application to real data.

3.1 Depth for partially observed functional data

A depth measure is a function that evaluates the centrality of a datum with respect to
a distribution. This term was coined by Tukey (1975) and it provides a natural ranking
of the data, from the center of the distribution to outwards. The concept has received a
great deal of attention motivating prominent literature for multivariate (Liu, 1990; Liu
et al., 1999; Rousseeuw et al., 1999; Zuo and Serfling, 2000a; Serfling, 2006; Li et al., 2012)
and functional data analysis (Fraiman and Muniz, 2001; López-Pintado and Romo, 2009;
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Claeskens et al., 2014; Nieto-Reyes and Battey, 2016; Hubert et al., 2017; Gijbels and
Nagy, 2017).

The first suitable depth measure for functional data was proposed by Fraiman and
Muniz (2001). After this work, a number of definitions have been proposed (Cuevas
et al., 2007; Cuevas and Fraiman, 2009; López-Pintado and Romo, 2009, 2011; Dutta
et al., 2011; Mosler, 2013; López-Pintado et al., 2014; Claeskens et al., 2014). Nagy et al.
(2016) and Gijbels and Nagy (2017) classify the depth measures into two families: Inte-
grated and Non-integrated depths.

Following Claeskens et al. (2014), we build an integrated depth for partially ob-
served functional data, starting from an univariate depth. Let F denote the collection of
all probability distribution functions on R. Consider the depth D : R×F → [0, 1]. Such
function should satisfy four properties, namely, affine invariance, maximality at the cen-
ter, monotone relative to the deepest point and vanishing at infinity (see, e.g., Zuo and
Serfling, 2000a). Following Nagy et al. (2016), we require two additional properties:

P1 (Weak continuity): For any {Fn} ⊂ F such that limn→∞ Fn(x) = F (x), at each
continuity point x of F ∈ F , D satisfies

sup
x∈R

|D(x, Fn)− D(x, F )| −−−−→
n→∞

0.

P2 (Measurability): (x, F ) ↦→ D(x, F ) is jointly Borel measurable and D(·, F ) ̸≡ 0 for
all F ∈ F .

Without loss of generality we consider functional data defined over the interval
[0, 1]. In particular, hereinafter, X : [0, 1] → R is a stochastic process with continu-
ous trajectories, P is the law of X , and Pt is the marginal distribution of X(t), i.e.,
Pt(x) = P(X(t) ≤ x). We recall the definition of integrated functional depth.

Definition 3.1. Integrated Functional Depth (IFD). Given a univariate depth measure D,
and a weighting functionw : [0, 1] → [0,∞),with

∫︁ 1
0 w(t)dt = 1, the Integrated Functional

Depth of X with respect to P is

IFDw(X,P ) =

∫︂ 1

0
D(X(t), Pt)w(t)dt.

3.1.1 Partially Observed Integrated Functional Depth

Let X1, . . . , Xn be n independent realizations of X. We consider case when the real-
izations X1, . . . , Xn are only partially observed. To model such setting, similarly to
Delaigle and Hall (2013), we consider a random observational mechanism Q, that gen-
erates compact subsets of [0, 1] where the functional data are observed. Specifically, let
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O be a random compact set generated by Q, and let O1, . . . , On be independent copies
of O. For 1 ≤ i ≤ n, the functional datum Xi, is only observed on Oi. We assume
that (X1, O1), . . . , (Xn, On) are i.i.d. realizations from P × Q. This assumption, termed
Missing-Completely-at-Random, is standard in the literature of partially observed func-
tional data.

Since X is only observed on O, we define its depth by restricting an integrated func-
tional depth to O. To this aim, for t ∈ [0, 1], let Q(t) = P(O ∋ t), i.e., the probability that
the random set O covers the point t. Moreover, consider a non-decreasing continuous
ϕ : [0, 1] → [0,+∞), with ϕ(0) = 0, and such that

∫︁
O ϕ(Q(t))dt > 0 almost surely; in

general, such function ϕ can be the identity function on [0, 1] but, as it will be shown in
the case study3.3.2, other different ϕs might be useful. Let us then define the following
weighting function restricted to O:

wϕ(t|O) =
ϕ(Q(t))∫︁

O ϕ(Q(t))dt
. (3.1)

Definition 3.2. Partially Observed Integrated Functional Depth (POIFD). The POIFD of
(X,O) with respect to P ×Q is defined by

POIFD((X,O), P ×Q) =

∫︂
O

D(X(t), Pt)wϕ(t|O)dt, (3.2)

where wϕ(t|O) is the weight function in (3.1.1).

Notice that the definition above coincides with the IFD in Definition 3.1 if the data
is fully observed i.e., if P(O ∋ t) = 1.

Next theorem shows that the Partially Observed Integrated Functional Depth
POIFD introduced in Definition 3.2 is, in expectation, an Integrated Functional Depth
according to Definition 3.1.

Theorem 3.1. Under the Missing-Completely-At-Random assumption,

E[POIFD((X,O), P ×Q)|X] = IFDw(X,P ), (3.3)

with w(t) = E
[︁
1O(t)wϕ(t|O)

]︁
.
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Proof. Using Fubini Theorem and the Missing-Completely-At-Random assumption,

E[POIFD((X,O), P ×Q)|X] = E
[︂ ∫︂

O
D(X(t), Pt)wϕ(t|O)dt

⃓⃓⃓
X
]︂

= E
[︂ ∫︂ 1

0
D(X(t);Pt)1O(t)wϕ(t|O)dt

⃓⃓⃓
X
]︂

=

∫︂ 1

0
D(X(t);Pt)E[1O(t)wϕ(t|O)]dt

=

∫︂ 1

0
D(X(t);Pt)w(t)dt.

Using again Fubini Theorem,∫︂ 1

0
w(t)dt = E

[︂ ∫︂ 1

0
1O(t)wϕ(t|O)dt

]︂
= E

[︂ ∫︂
O
wϕ(t|O)dt

]︂
= 1.

3.1.2 Sample version of the Partially Observed Integrated Functional Depth

We now introduce the empirical version of the Partially Observed Integrated func-
tional Depth, for its computation from finite samples. Denote by Pn the distribution
that assigns mass 1/n to each sample curve X1, . . . , Xn. Similarly, let Qn be the distri-
bution that assigns mass 1/n to each sample compact set O1, . . . , On. Finally, denote
I(t) = {1 ≤ i ≤ n : t ∈ Oi} and let Pt,n be the empirical distribution function of the uni-
variate sample {Xi(t), i ∈ I(t)} and qn(t) = #I(t)/n. We define the empirical version of
the POIFD using the plug-in approach. Where POIFD((X,O), Pn × Qn) is the plug-in
estimator of POIFD((X,O), P ×Q). Namely,

POIFD((X,O), Pn ×Qn) =

∫︂
O

D(X(t), Pt,n)ϕ(qn(t))dt
/︂∫︂

O
ϕ(qn(t))dt, (3.4)

Next theorem proves the consistency of such plug-in estimator.

Theorem 3.2. If the univariate depth D satisfies property P1, then

lim
n→∞

POIFD((X,O);Pn ×Qn) = POIFD((X,O);P ×Q) in probability.

Proof. We have

POIFD((X,O), Pn ×Qn) =

∫︂
O

D(X(t);Pt,n)ϕ(qn(t))dt
/︂∫︂

O
ϕ(qn(t))dt.

Since D(X(t);Pt,n) and ϕ(qn(t)) are bounded, by the Dominated Converge Theorem
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(Durrett, 2019),

lim
n→∞

POIFD((X,O), Pn ×Qn) =

∫︂
O

lim
n→∞

D(X(t);Pt,n)ϕ(qn(t))dt
/︂∫︂

O
lim
n→∞

ϕ(qn(t))dt.

By the Strong Law of Large Numbers Pt,n → Pt and qn(t) → Q(t) almost surely. Thus,
using P1 and the continuity of ϕ we complete the proof.

In practice, we only have access to discrete versions of the functional data Xi, on a
discrete grid. Such grid may differ across statistical units. If this is the case, for com-
putational reasons if may nevertheless be convenient to evaluate the data on a common
grid {t1, . . . , tT }, with 0 = t1 < t2 < · · · < tT = 1 equidistant. This can be easily done
using the most appropriate smoothing or interpolation technique; see, e.g., Ramsay and
Silverman (2005), and references therein, for various available techniques. Of course,
for each functional datum Xi, the eventual reconstruction on a common grid can only
be done over those portions of the domain where the datum is observed (that is, with-
out extrapolation), so that for many tj , j = 1, . . . , T such evaluation may be missing, in
conformity with the partially observed setting. We can then define the sample version
of POIFD, by using a standard Riemann approximation.

Definition 3.3. Sample Partially Observed Integrated Functional Depth. Given the partially
observed functional data (X1, O1), . . . , (Xn, On), (partially) evaluated on the common
grid {t1, . . . , tT }, with 0 = t1 < t2 < · · · < tT = 1, the sample version of the Partially
Observed Integrated Functional Depth in Definition 2 is given by

POIFDT ((X,O), Pn ×Qn) =
∑︂
tj∈O

D(X(tj), Ptj ,n)
ϕ(qn(tj))∑︁
tj∈O ϕ(qn(tj))

, (3.5)

Next, theorem provides the consistence result that is necessary in order to replace
the cumulative distribution functions by their empirical versions when both n and T

are large.

Theorem 3.3. If the univariate depth D satisfies property P2, then

lim
n→∞

lim
T→∞

POIFDT ((X,O), Pn ×Qn) = POIFD((X,O), P ×Q) in probability.

Proof. It is enough to prove

lim
T→∞

POIFDT ((X,O);Pn ×Qn) = POIFD((X,O);Pn ×Qn) almost surely
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Since ϕ is continuous, we have

lim
T→∞

1

T

∑︂
t∈O

ϕ(qn(t)) =

∫︂
O
ϕ(qn(t))dt

On the other hand, thanks to the continuity of X and of ϕ, under P2 we have that

lim
T→∞

1

T

∑︂
t∈O

D(X(t), Pt,n)ϕ(qn(t)) =

∫︂
O

D(X(t);Pt,n)ϕ(qn(t))dt.

Plugging both limits in (3.5), and using P2, we complete the proof.

3.1.3 Multivariate Partially Observed Integrated Functional Depth

The partially observed integrated functional depth in Definition 3.2 can be straight-
forwardly extended to multivariate functional data. In this case, we consider the K-
dimensional stochastic process X = (X(1), . . . , X(K)) with law P. The functional re-
alizations X1, . . . , Xn are now copies from X taking values in CK([0, 1]) = {X =

(X(1), . . . , X(K)) : Xk ∈ C([0, 1]), k ∈ 1, . . . ,K}. Then, to model the partial observ-
ability, the multivariate functional data is only observed on the compacts subsets of
[0, 1]K generated by Q. Let O = (O(1), . . . , O(K)) be a K-dimensional random sub-
set generated by Q and being O1, . . . , On be independent copies. We assume that
(X1, O1), . . . , (Xn, On) are i.i.d. realizations from P×Q.

Following (Claeskens et al., 2014), we can define the multivariate version of POIFD
by considering, a depth measure D on RK and a multivariate weight function w on
[0, 1]K , and hence defining the POIFD as a multiple integral over [0, 1]K . An alternative
approach, inspired by the proposal by Ieva and Paganoni (2013), consists in defining
the multivariate POIFD as a weighted average of K univariate POIFDs. In particular,
under Missing-Completely-At-Random assumption, one might consider

POIFD((X,O),P×Q) =

K∑︂
k

αkPOIFD((X(k), O(k)), P ×Q),

K∑︂
1

αk = 1. (3.6)

The choice of the vector of α’s is problem driven. Although, this extension may lacks on
uniqueness and may not capture cross dimensional features, it provides a very flexible
definition. As show for instance in Section 3.3.2, the selection of the weights by cross
validation in a classification problem enables the construction of an accurate classifier,
and offer a posteriori valuable information for the interpretation of the results.
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3.2 Simulation studies

The aim of this Section is to study the sample properties of our proposal when consid-
ering different population features. Given an independent and identically distributed
sample (X1, O1), . . . , (Xn, On) from P ×Q, we show that

1. The empirical partially observed functional depth computed on partially ob-
served samples agrees, in mean, with the empirical depth computed with the
(unreachable in practise) completely observed sample.

2. To compute the POIFD is preferable than other alternatives, when there is any.

3. Outliers may affect the statistical analysis of the data and POIFD allows to extend
outlier detection techniques to the partially observed functional data setting. In
particular, the functional boxplot by Sun and Genton (2011) and the Outliergram
by Arribas-Gil and Romo (2014) that provide not only shape and magnitude out-
liers detection methods but meaningful visualization tools.

4. POIFDs enable Depth to Depth classifiers for partially observed functional data
(Liu, 1990; Cuevas et al., 2007; Cuesta-Albertos et al., 2017). A data driven ap-
proach that avoids to include any a priori information of the underlying distri-
butions and the outcomes are easy to visualize in Depth to Depth plots (Li et al.,
2012).

We follow the same simulation scheme to expose the findings listed above. On one
hand, we require to sample random subsets from Q. Specifically, let us considered the
following three patterns of observability:

Random Intervals Case: Each function is observed on m = 2, 4 and 6 intervals
spread along [0, 1] and the total observation length proportion is measured by the
parameter p%. We consider as an interval any two or more contiguous points from
the common discrete grid t1 < · · · < tT .

Random points: Partially observed functional data sets that are very sparse might
be difficult to evaluate in a common grid t1 < · · · < tT . It might be the case that,
after applying smoothing or interpolation, they could present functions with very
disperse and non contiguous values in t1 < · · · < tT . This is the scenario of the
case study in Section 3.3.1 where some functions have disperse and unconnected
points (see Figure 3.1). It motivates this setting where the functions are observed
at exactly p% random points from t1 < · · · < tT , now not necessary contiguous.
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Common Domain Case: The sample is completely observed in a common subset
of the domain. Formally, this common domain is given by ∩ni=1Oi. Outside this
region, the functions are missing with an uniform random pattern providing an
expected length function of p% of the total domain. For simplicity, the common
domain is centred at 0.5. Notice that any other selection would produce similar re-
sults for data with simular characteristics of the Gaussian processes since there is
not a part of the domain with particular features. This setting mimics the censor-
ing that arises with some medical studies involving arrays or when a functional
sample is aligned by affine methods (Sangalli et al., 2014a; Marron et al., 2015).
This is the situation we front in the case study of Section 3.3.2 (see Figure 3.2).

On the other hand, we consider that P is the law of Gaussian processes. In particular,
we will sample from the model X(t) = µ(t) + ϵ(t) where ϵ(t) is a centred Gaussian
process with covariance kernel ρϵ(s, t) = αe−β|s−t| for s, t ∈ [0, 1]. The parameter µ(t)
is also randomized following a centred Gaussian process with covariance ρµ(s, t) =

σe−(2(sin(π|s−t|)2/l2 . With this setting, each random sample will present a different mean
pattern avoiding shape related bias. The set of parameters for all the results presented
in the article is β = 5, α = 1/2, σ = 3 and l = 0.5. Although not included in the article,
similar results and conclusions remains with other sets of parameters.

Top panels of Figure 3.3 show the same realization of P but partially observed fol-
lowing two of the settings ofQwith p = 50%. In both Figures, one random observations
is plotted in blue. The left panel shows an example where every single observation is
observed in a common domain in [0.375, 0.625]. Out of this interval, the functions are
not observed with a uniform random pattern providing and expected length p = 50%.
The left bottom panel presents qn(t), the proportion of observed functions at each time
point t. Now, qn(t) = 1 for t ∈ [0.375, 0.625] representing the subset of the domain
where all the functions are observed (black region). The right panel is an illustration of
the Random Interval Case, each function is observed only at m = 4 random intervals or
subsets of [0, 1] and each observation is observed in p = 50% of the total domain. In this
case, qn(t) is around 0.5, this is P(O ∋ t).

3.2.1 Agreement between Partially Observed Integrated Functional Depths
and Integrated Functional Dephts

Theorem 3.1 proves that POIFD is, in mean, an IFDw of its corresponding fully observed
functional data. However, in practise we do not observe mean values but depth values
for each single datum. To support the claim 1) we compare POIFDT ((Xi, Oi), (Pn×Qn))
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Figure 3.3: Simulated data. Data generated as detailed in Section 3.2, under two dif-
ferent observability patterns: the Random Intervals case (with m = 4 intervals) on the
left; the Common Domain case on the right. Each functional datum is observed over an
(expected) proportion of the full domain equal to p = 50%. In each graph one random
datum is plotted in blue, to highlight to observability pattern. The bottom panels show
the proportion of observed functional data at each time point of the domain.

values versus the corresponding discretization of IFDw(Xi, Pn), namely

IFDT
w(Xi, Pn) =

T∑︂
k=1

D
(︁
Xi(tk), Ptk,n

)︁ ϕ(qn(tk))∑︁T
j=1 ϕ(qn(tj))

, (3.7)

The simulation process consists on one hundred replicates of the following steps: 1)
Sample one hundred copiesX1, . . . , X100 from P and compute the vector of depths with
the complete sample DC . 2) Get a sample O1, . . . O100 from O under any of the settings
we explained before. Then, we compute the vector of partially observed depths DP by
using our proposal on (X1, O1), . . . (X100, O100) with ϕ(q) = q. 3) The vectors DC and
DP are compared.

Table 3.1 shows the mean value over one hundred Pearson correlation coefficients
between (DC ,DP ) for different configurations of P × Q. In particular, we consider the
partially observed versions of the Fraiman and Muniz Depth (FM) (Fraiman and Muniz,
2001) and the Modified Band Depth (MBD) (López-Pintado and Romo, 2009). Notably,
the means are always close high even for low levels of observability (up to 25% percent
by function). In addition, for a given level of observability, higher the number of ob-
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served intervals the better performance since each function cover a spreader range. In
the Common Domain Case, it would be possible to compute the original depths on the
subset of the domain where all the functions are observed, discarding the remaining
information. However, bottom part of the table shows that it is always preferable to
compute the POIFD rather than restricting the analysis to the common domain, even
for large observed intervals. The same conclusions are obtained if other statistics rather
than Pearson Correlation are obtained. Among others, we consider also Willmott agree-
ment index (Duveiller et al., 2016). This index considers that DC is a reference and pro-
vides a value between [−1, 1], being one if DP completely match the reference. Willmott
Index only would provide an agreement of 1 to relationships in the 45◦ line with the
same scale, meanwhile, Pearson correlation would indicate a strong agreement for any
two vectors with a linear relationship. In the Supplemental Materials we present the
same settings of Table A.1 showing the mean Willmott Agreement Index that drives to
the same conclusions.

Table 3.1: Correlation between partially observed depth computed on partially ob-
served samples and original depths computed on the complete sample. Mean values of
Pearson Correlation on one hundred replicates.

FM MBD MHRD MEI

25 50 75 25 50 75 25 50 75 25 50 75

Random intervals (m)

m = 2 0.634 0.838 0.954 0.638 0.841 0.956 0.488 0.734 0.928 0.775 0.903 0.977
m = 4 0.69 0.851 0.956 0.7 0.857 0.958 0.593 0.776 0.933 0.834 0.922 0.979
m = 6 0.732 0.869 0.962 0.745 0.876 0.965 0.667 0.82 0.945 0.872 0.94 0.983

Random points

0.923 0.976 0.991 0.928 0.978 0.992 0.928 0.972 0.99 0.977 0.991 0.997

Common domain

Common 0.71 0.799 0.875 0.699 0.794 0.872 0.593 0.708 0.804 0.844 0.896 0.936
PoIFD 0.915 0.945 0.964 0.913 0.943 0.964 0.861 0.906 0.937 0.954 0.97 0.981

Figure 3.4 visualizes the values of the partially observed depth (POIFD) against the
values of original integrated depth (IFDw). Each figure represents the scatter plot and
the densities over 100 replicates of sample size 100 (100 × 100 points). As one would
expect given Theorem 3.1, they reveals a symmetry along the 45◦ line. Notice that some
particular features of the densities are inherit from the distribution of the depth. For
example, MBD is more concentrated around high values of depth (0.35). However,
the dispersion of the clouds is explained by a combination of the laws P and Q. The
partially observability has an important effect on the dispersion as can be noticed by
the way the points are more spread as the observability is smaller (from left panels to
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Figure 3.4: Cloud of (POIFDT , IFDT )-points, based on FM and MBD over one hundred
simulations of size n = 100. Joint density estimators are represented with a colour scale,
from dark blue (highest density values) to yellow (lowest values). The functions are par-
tially observed following the Random Intervals Case withm = 4 and p = 75%, 50%, 25%
levels of observability.

right panels).
The literature has proposed methods for estimating the missing fragments of a par-

tially observed functional data set (Goldberg et al., 2014; Kraus, 2015; Delaigle and Hall,
2016; Kneip and Liebl, 2019). In particular, Kraus (2015) propose to estimate the prin-
cipal scores of the partially observed functions by functional linear ridge regression
and Kneip and Liebl (2019) proposed an optimal reconstruction operator based on the
mean and covariance using Local Linear Kernel. The latter methods can estimate con-
sistently the covariance only when there exist functions completely observed over the
total domain [0, 1] (Kneip and Liebl, 2019). In such cases, one could think about the
possibility of reconstructing first the functional data and then to use the original IFDw

on the complete sample. To explore this option we replicate the simulation of Table 3.1
but allowing 25% completely observed. Figure 3.5 shows the mean correlations of two
representative results with p = 50%, one Common Domain Case (left panel) and one
Random Interval Case with four observed intervals (right panel). The depths are com-
puted by restricting to the Common Domain if possible, after estimating the missing
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Figure 3.5: Correlation between original depths computed on the complete sample and
other alternatives to compute depths with the partially observed data. The alternatives
are to compute original depths on the Common Domain (if possible), to compute orig-
inal depths after reconstruction following Kneip and Liebl (2019) or Kraus (2015) and
computing POIFDs with the partially observed sample. The left panel summaries the
Common Domain Case with an expected observed interval of p = 50%. The right panel
presents the Random Interval Case with m = 4 intervals and p = 50%. In both situa-
tions, 25% of the sample is completely observed and 100 replicates.

parts with Kraus (2015), after estimating with the method by Kneip and Liebl (2019)
and with the partially observed sample and POIFD. The POIFD obtains higher corre-
lations and lower dispersion than any other option considered. In the Supplemental
Materials, a table with all the settings is available concluding the same for any set of
p% and m. The conclusion remains when the agreement is measured by the Willmott
Index.

3.2.2 Visualization and outliers detection methods

The presence of outliers may affect the statistical analysis of the data. Particularly,
methodologies aiming to deal with high dimensional objects like FDA (Locantore et al.,
1999). In this context, fundamental statistics like the mean and the covariance are very
sensitive to outliers and become unreliable, notably for Principal Component Analysis
Hubert et al. (2005). A great number of outlier detection methods for functional data
has been introduced and many of them have been developed with depth measures as
cornerstones (Febrero-Bande et al., 2008; Hyndman and Shang, 2010; Sun and Genton,
2011; Arribas-Gil and Romo, 2014; Narisetty and Nair, 2015; Nagy et al., 2017). By prod-
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Figure 3.6: An example of functional boxplot for partially observed data. Common
Domain case with an expected interval lenght of p = 25%.

ucts of the POIFD one can extend the functional boxplot (Sun and Genton, 2011) and the
Outliergram (Arribas-Gil and Romo, 2014) for partially observed functional data, pro-
viding not only two methods for detecting magnitude and shape outliers but also two
insightful visualization tools. The first type of outliers corresponds to observations that
presents atypically higher or lower values in comparison with the rest of the sample. In
contrast, a shape outlier presents a different shape or pattern.

To illustrate this setting, we will contaminate the Gaussian samples with shape
and magnitude outliers. For magnitude outliers, we add a constant u to X(t), this
is XMag(t) = µ(t) + ϵ(t) + u where u ∼ Unif [2.5, 4] with probability 1/2 and u ∼
Unif [2.5, 4], otherwise. A shape outlier is generated by XShape(t) = µ(t)+ µ̄(t) where µ̄
has covariance ρµ(s, t) with parameters σ = 2 and l = 0.1. Then, XShape(t) is a function
with the same mean as X(t) but with more wiggles or up and downs without being a
magnitude outlier. For all the analysis related with outliers we focus on one represen-
tative setting. This is the Missing Interval Case with m = 4 and p = 50% and allowing
twenty five percent of completely observed functions (to study also the performance of
Kraus (2015) and Kneip and Liebl (2019)).

Figure 3.7 illustrates both outlier detection tools, two shape outliers and two magni-
tude outlier. Left panel shows the functional boxplot for partially observed data, i.e., a
functional boxplot (Sun and Genton, 2011) but that we enrich by colouring its elements
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Figure 3.7: (a) Outlier detection: boxplot (over 100 replicates) of mean squared error of
the estimates of the mean of the sample including outliers, and of the estimates of the
mean of the sample after removal of the detected outliers; boxplot (over 100 replicates)
of the proportion of correctly identified outliers and the proportion of false positive. (b)
Classification: boxplot (over 100 replicates) of leave-one-out missclassification rate of
the DD-classifier based on the standard depths restricted to common domain (left) and
on the proposed POIFD.

with a scale depending on the proportion of observed curves at each time point (qn(t)).
The central region contains the fifty percent of the highest values of the POIFD and the
whiskers (corresponding functional inter-quantile range inflated 1.5). Notice that the
two blue functions are outside the whiskers and, then, detected as magnitude outliers.
Even applying the functional boxplot, shape outliers could be hidden in the middle of
the mass. To deal with this situations, we present also the Outliergram Arribas-Gil and
Romo (2014) for partially observed functional data at the right panel. This tool is based
on the quadratic relationship between the partially observed version of the MBD and
the partially observed version of the Modified Epigraph Index. The dotted parabola
delimits the shape outlier region, built by inflating by 1.5 the solid parabola. The two
red functions are clearly unmask as shape outliers (two red points). See Figure A.1 for
an illustration of the Random Interval Case (m = 4) with p = 50%.

Figure 3.8a summaries the outlier detection performance of the methods after one
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Figure 3.8: Panel (a): the Mean Squared Error of the mean estimate with outliers and
after detecting the outliers over one hundred replicates. Right panel: proportion of
correctly identified outliers and the proportion of false positive. Panel (b): Leave-one-
out missclassification rate over one hundred replicates, Common Domain case with p =
50%. The involved depths were computed using original depths on Common Domain
and using the POIFD (MBD) on the partially observed sample. Random Intervals Case
with m = 4, 50% proportion observed and 25% of the sample was completely observed.

hundred replicates. In each replicate, we generate samples of size 100 plus ten per cent
of outliers, being magnitude, shape or both with probability 1/3. Left panel shows
the Mean Squared Error of the mean estimator for partially observed data Kraus (2015)
with outliers and after removing the detected outliers (trimmed sample). Right panel
presents the correctly identified outliers (number of correctly identified outliers over
the number of outliers in the sample, or sensitivity) and the proportion of false posi-
tives (number of wrongly identified outliers over the number of non-outlying curves in
the sample, or false detection rate). We also studied the improvement of using trimmed
samples in terms of Mean Square Error obtained by some reconstruction method for
partially observed data that relies on a proper estimation of the mean and the covari-
ance. In particular, Kraus (2015) and Kneip and Liebl (2019) improve the estimations by
42.24% and 61.58% by trimming the samples for the setting considered with outliers,
respectively. The literature of functional outliers has also considered that shape and
magnitude outliers can be transitory or permanent. In this study, we have focused the
analysis on permanent shape and magnitude outliers that means that the abnormality is
observed in the majority of the domain. In contrast, transitory outliers are the ones that
are outliers only in a small subset of the domain. It is noteworthy, that the integrated
partially observed functional depth allows to use methodologies like the one by Nagy
et al. (2016) for detecting such transitory functional outliers.

Finally, Section A shows that even in a very simple simulation scenario, it is ben-
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eficial to trim the samples in order to reduce the bias in the estimation of the missing
intervals.

3.2.3 Classification methods

Depth measures provide flexible and robust non parametric methodologies for classi-
fication Liu (1990). In particular, Depth-to-Depth classifiers provides a data driven ap-
proach that avoids to include any a priori information of the underlying distributions
and the outcomes are easy to visualize in DD-plots (Li et al., 2012). Cuevas et al. (2007)
and Cuesta-Albertos et al. (2017) employs DD-classifiers in the context of functional
data. The aim of this Section is to extend the DD-classifiers and DD-plot to partially
observed functional data and quantify its performance through simulation.

We will generate two classes of Gaussian processes as explained in Section. Follow-
ing the simulation of Cuevas et al. (2007) and Cuesta-Albertos et al. (2017), the law of
the first group is composed by Gaussian processes with µG1(t) = 30 ∗ (1 − t) ∗ t1.2 and
covariance ρG1(s, t) = 0.5e−0.3∗|s−t| for s, t ∈ [0, 1]. In contrast, for the second group the
mean is set as µG2 = 30 ∗ (1 − t)1.2 ∗ t and the covariance as ρG2(s, t) = 0.25e−0.3∗|s−t|.
In each replicate, a sample will be composed by 50 functions of each class that are par-
tially observed following the settings explained in Section. Then, DD-classifiers on the
partially observed sample are obtained by products of our depth proposal. We apply
Linear Discriminant Analysis (LDA) and Quadratic Discriminant Analysis (QDA). The
classification performance is measured with leave-one-out error rate (l1er) that is ob-
tained by iteratively leaving out the observation to be predict, this error provides more
realistic results than considering the full sample for the error rate (apparent error rate)
that is overoptimistic (Sangalli et al., 2009).

Table 3.2 shows the mean values of l1er over one hundred replicates for DD-
classifiers based on the MBD and FM for partially observed data (ϕ(q) = q). As
reference, we add the miss-classification rates considering the fully observed sample
(p = 100%). For partially observed functional data that is observed in random points
the miss-classification error is almost no affected by the partially observability issue.
In contrast, it makes a difference when dealing with observed intervals or situations
with a common domain although the miss-classification rate is never higher than 26%,
even for samples composed by functions observed only in 25% of the domain. For this
cases, the error increases more or less proportionally to the proportion of non-observed
intervals (100 − p%). When there is a common domain available is always better to
perform the analysis with all the information provided by the partially observed func-
tional data. Finally, the classification based on the partially MBD provides always better
miss-classification rates. However, it seems that with FM Depth the partially observed
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results are more similar to the results with the fully observed sample.

Table 3.2: Mean value of Leave-one-out misclassification error over 100 replicates.

DD-Classifier MBD DD-Classifier FM

LDA QDA LDA QDA

25 50 75 100 25 50 75 100 25 50 75 100 25 50 75 100

Random intervals (m)

m = 1 0.248 0.207 0.136 0.116 0.251 0.208 0.133 0.115 0.259 0.224 0.156 0.132 0.263 0.226 0.153 0.13
m = 2 0.235 0.167 0.13 0.108 0.241 0.168 0.13 0.11 0.247 0.178 0.145 0.125 0.252 0.182 0.146 0.126
m = 4 0.225 0.158 0.129 0.119 0.228 0.162 0.131 0.119 0.235 0.175 0.144 0.136 0.239 0.178 0.147 0.136
m = 6 0.187 0.146 0.12 0.111 0.192 0.146 0.122 0.113 0.204 0.160 0.139 0.126 0.208 0.160 0.139 0.129

Random points

0.129 0.119 0.113 0.114 0.130 0.122 0.116 0.116 0.142 0.136 0.130 0.130 0.141 0.136 0.130 0.131

Common domain

Common 0.401 0.300 0.229 0.116 0.371 0.276 0.220 0.119 0.420 0.326 0.260 0.136 0.379 0.299 0.244 0.136
PoFD 0.198 0.177 0.158 0.116 0.196 0.174 0.157 0.119 0.223 0.197 0.178 0.136 0.219 0.196 0.176 0.136

Finally, Figure 3.9 illustrates a classification problem with the Common Domain
Case similar to the case study of Section 3.3.2. Right panel plots the populationsG1 (red)
and G2 (red) where every single function was observed only on an expected p = 50%

of the total domain. Both populations are obtained from the model X(t) but with two
different µ(t). Notice that this two mean values are a challenging situation since in the
common domain one could even get perfect classification by focusing around t = 0.5.
Right panel represents the two regions delimited by the Linear Discriminant Analysis
on the Depth to Depth plot produced by the partially observed version of the MBD.

Figure 3.8b presents the leave-one-out misclassification error of one hundred repli-
cates. Again, to compute the classification with POIFD is better in terms of classification
than focus in the Common Domain.

3.3 Case studies

3.3.1 Outlier detection in German electricity supply functions

The range of observability of the electricity price and quantity changes from one day to
another, making prices as functions of the quantity a partially observed functional data
set. Kneip and Liebl (2019) and Liebl (2019) deal with the problems of reconstructing
the unobserved parts and testing the difference in prices before and after Germany’s
nuclear phaseout. For this, the authors discard functions corresponding to weekends
and holidays for being potential outliers. In addition, they propose to delete any func-
tion with prices or supplied quantity greater than a given threshold. Given our partially
observed functional depth, we can extend the methods of Sun and Genton (2011) and
Arribas-Gil and Romo (2014) for detecting magnitude and shape outliers. The novelty
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Figure 3.9: Illustration of the classification problem, Common Domain case with p =
50%. Left panel: 50 curves from group G1 (red) and 50 curves from group G2 (blue).
Right panel: Depth to Depth plot based on POIFD (MBD). the regions delimited by
Linear Discriminant Classifier for G1 and G2 are in blue and red.

relies on the use of the partially observed depth versions of MBD and MEI on which the
outlier detection methods are based. For this, we consider ϕ(q) = q.

The upper panel of Figure 3.1 shows the rainbow plot (Hyndman and Shang, 2010)
of the daily electricity supply functions from March 15th, 2010 to March 14th, 2012.
Each daily function was observed at 24 discretization points, one per hour of the day.
Liebl (2019) analysed only peak hours (9am-8pm) of the working days from March 15,
2012 to March 14, 2013. From 1998, Germany had driven the phase out of the nuclear
energy. However, at September 2010 the country reached a new agreement for extend-
ing the operating lives of the German nuclear power plants. This new agreement ended
up with the 11th Law Amending the Atomic Energy Act of December 8th, 2010. This
period corresponds to the green functions in the rainbow plot. In March 11th, 2011, the
Fukushima Daiichi nuclear disaster made Germany to react with a moratorium (March
15th, 2011) and shut down forty per cent of its nuclear power plants (period correspond-
ing to from lighter blue functions to vivid pink). The effect of this policy has affected
both electricity prices and supply. The bottom panel of Figure 3.1 plots qn(t), showing
low proportions of observed data on the range of observation (the maximum value is
0.31).

Kneip and Liebl (2019) and Liebl (2019) focused only on the working days. Par-
ticularly, they deal with the problem of reconstructing the partially observed price-
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functions and with testing the difference in prices before and after Germany’s nuclear
phaseout motivated by the nuclear disaster in Fukushima, Japan.

Bottom panel of Figure 3.10 shows the outliers detected by the methods of Sun and
Genton (2011) and Arribas-Gil and Romo (2014). These outliers are 59 functions from
the total of 729 function; 40 correspond to working days and 19 are non-working days
(weekends and holidays). They are plotted in red and yellow (respectively) in the fig-
ures. Top panel of Figure 3.10 represents the chronology of the outliers. Remarkably,
more than a half of the outliers are located between November 2010 and February of
2011, coinciding with the stance shift of the Government with regards German nuclear
policy. Days before and after the 11th AtG Amendment, the electricity market could
have had reacted with a shift of the supply curve to the right (green spectrum functions)
by an expected increase of the quantity produced along the following years. The curves
above the threshold of 200 Euro/MWh determined by Liebl (2019) were declared as
outlier as well. In addition, functions close in time to theses with extreme values were
also unmask as abnormal. This is the case of the two red cluster of outliers after the
2011 Moratorium. In particular, the last red cluster at the right in the bottom panel of
Figure 3.10 is composed by some of the pink curves in the Rainbow plot of Figure 3.1.

3.3.2 Classification of aneurysm patients

The AneuRisk65 dataset collects the morphology of the inner carotid arteries of 65 sub-
jects, obtained from the reconstruction of three-dimensional angiographic images (see,
e.g., Sangalli et al., 2009, 2014b). The data have been collected and analyzed with the
aim of evaluating the role of vascular geometry and haemodynamics on the pathogene-
sis of cerebral aneurysms. One statistical challenge concerning the analysis of these data
is the discrimination of subjects depending on the presence and location of the cerebral
aneurysms. In particular, Sangalli et al. (2010) and subsequent papers distinguish the
subjects in two groups: the so-called Upper group, composed by those patients having
the most dangerous aneurysms (that certainly are within the skull), and the so-called
Lower group, composed by subjects without any visible aneurysm during the angiog-
raphy or having less dangerous aneurysms (because possibly outside of the skull). Like-
wise previous studies, we focus on two geometrical features of the inner carotid artery,
that highly influence the haemodynamics: its radius profile and its curvature profile
(proxied by the profile of the curvature of the carotid centreline). Figure 3.2 displays the
data. These functional data are only partially observed. In fact, only a portion of the
inner carotid artery of each patient is included in the angiography, with longer portions
being available for certain subjects, and shorter for others, depending on where the an-
giographic image has been centered. In particular the mean proportion of observed data
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Figure 3.10: German electricity supply functions, from March 15th, 2010 to March 14th,
2012. Outliers corresponding to working days are plotted in red and those correspond-
ing to non-working days in green. The top panel shows the chronological position of
the outliers.

is 62.19%. The missing portions are located only at the extremes of the domain, simi-
larly to the simulation setting with Common Domain Case in Section 3.2. Specifically, a
common domain is available, where the data have been recorded for all statistical units;
this corresponds to the portion of inner carotid artery that has been acquired in the an-
giographic image of all the 65 subjects. This common domain is indicated in the bottom
panel of Figure 3.2, and constitutes about 23% of the total domain.

The first analysis performed on AneuRisk65 data, to discriminate upper group and
lower group subjects, are based on principal component scores and are restricted to
the common domain where all data are recorded; see, e.g., Sangalli et al. (2009, 2014a).
Recently, Stefanucci et al. (2018), shows that, by using a principal component method
for partially observed functional data, it is possible to obtain a better discrimination
than the one given in Sangalli et al. (2009, 2014a). In particular, Stefanucci et al. (2018),
consider progressive enlargements from the common domain to the full domain, and
shows that the best discrimination result is obtained considering that is larger than the
common domain but smaller than the full domain.
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We aim here to discriminate between the two groups of subjects by Depth to Depth
plots based on the proposed POIFD. Since these functional data are bivariate we con-
sider a multivariate POIFD. In particular, we use the weighted avarage of the univariate
POIFDs for radius and curvature, according to the definition in Equation (3.6). This en-
able us to explore different weights (α, 1 − α) given to the two components, ranging
from considering only the curvature (α = 0) to considering only the radius (α = 1).
Moreover, we set

ϕ(q) =

{︄
0 when q < q∗

q − q∗ when q ≥ q∗

where 0 ≤ q∗ ≤ 1 and q∗ is the minimum proportion of observed curves for which
the weight function is non-null. This enables us to explore different portions of the
domain through different values of q∗, ranging from the full domain (q∗ = 0) to the
common domain (q∗ = 1). In particular, we select the optimal weight given to radius
and curvature (i.e., the value of α) and the optimal domain (i.e., the value of q∗) by
minimizing the missclassification error. This approach is not only very flexible, but also
highly informative. In fact, in one hand it offers insights on the relative importance of
each component of the data; on the other hand, it permits to identify the portion of the
domain where the discrimination between the two groups is more relevant.

Specifically, we consider the Leave-1-out missclassification Error Rate (L1ER) for
quadratic discriminant analysis on the DD-plot based on the proposed POIFD consider-
ing a modified band depth. The left panel of Figure 3.11 shows the L1ER corresponding
to different weights on radius (α) and different portions of the domain (q∗). The miss-
classification error increases sharply for low values of the weight on radius, pointing out
that the radius is determinant in the discrimination of the two groups of subjects. More-
over, this plot highlights that neither focusing the analysis on the full domain (q∗ = 0)
nor restricting the analysis to the common domain (q∗ = 1) are optimal for discrim-
ination purposes, supporting the findings in Stefanucci et al. (2018). In particular, the
minimum classification error is achieved for an equally weighted bivariate POIFD of ra-
dius and curvature, and for q∗ = 0.804, corresponding to the optimal domain displayed
in Figure 3.2, where at least 80.4% of the functions are observed.

The right panel of Figure 3.11 shows the DD-plot in correspondence of the optimal
values of α and q∗, together with the classification regions determined by quadratic dis-
criminant analysis. The L1ER is 13.8% (compared to 21.54% in (Sangalli et al., 2009)),
with an apparent error rate of 10.76% (compared to 15.38% in (Sangalli et al., 2009)). Ta-
ble A.5 in the Appendix reports the absolute, relative, and conditional confusion matri-
ces according to L1ER and to APER: the missclassification errors are all lower than those
found in any of the previous discrimination analyses performed on the AneuRisk65
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Figure 3.11: AneuRisk65 data. Left panel: Leave-one-out classification error for differ-
ent values of the weight on radius and for different values of q∗, the minimum propor-
tion of observed functional data for which the weight function in the POIFD is non-null.
Right panel: DD-plot for the optimal value of the weight on radius and of q∗; upper
group in blue and Lower group in red.

data; see Sangalli et al. (2009), as well as Stefanucci et al. (2018) and Kraus and Ste-
fanucci (2019) that consider the domain selection. Even if we restrict the analysis to the
radius only, the discrimination results are better than those found so far by any of the
previous analyses. In particular, the DD-classifier based on linear discriminant anal-
ysis of univariate POIFD with the Modified Band Depth provides a L1ER of 16.92%.
The optimal value of q∗ is here 0.853, corresponding to almost the same domain found
in the multivariate case, corroborating the importance of this region for classification
purposes. It should also be pointed out that our analysis, differently from previous
analyses, does not require data alignment.
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Chapter 4

Depth-based forecasting method for
functional time series

This Chapter addresses the problem of making predictions of functional time series
(FTS). These are time series {yk, k ∈ N} where each yk is a random function t → yk(t),
t ∈ [a, b]. We refer the reader to Hörmann and Kokoszka (2012) for examples and ap-
plications. One-step ahead forecasting is an important problem of FTS analysis and it
has been addressed by diverse prominent literature (Bosq, 2000; Antoniadis et al., 2006;
Hyndman and Ullah, 2007; Aneiros and Vieu, 2008; Hyndman and Booth, 2008; Hynd-
man and Shang, 2009; Aneiros et al., 2011; Aue et al., 2015; Raña et al., 2018). Forward
prediction of a curve segment has been termed dynamic updating (Shang and Hynd-
man, 2011) and is a topic of current interest (Shang, 2017; Shang et al., 2018). We present
a unified approach for both prediction problems, which substantially differs from previ-
ous methods. Partially inspired by ideas of Sugihara and May (1990), who study chaos
in time series, we attempt to capture the morphology of the curve to predict without
using any statistical model to generate FTS. Our predictions are based exclusively on
the record of observed patterns in the FTS under consideration. The method is based on
a selection of past curves that makes the most recent functional observation deep. We
keep track over time of a central region of this selection for computing point forecasts
and prediction bands for future realizations. The method is tested with simulated and
case-study data.

This Chapter is organized as follows. Section 4.1 introduces the novel approach
by Sugihara and May (1990) called Simplex projection that motivated the method for
forecasting functional time series introduced in Section 4.2. Section 4.3 presents simu-
lation results from Functional Autorregresive processes, Periodically Correlated Proce-
sess and settings of stationary functional time series with random shock. In addition,
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Figure 4.1: Top panel: Noise (left panel) VS Chaos (right panel). Bottom panel: Phase
portrait for E = 2. Noise (left panel) VS Chaos (right panel). The red * is the last
observed point (”predictee” or focal).

two real case studies are considered; forecasting Spanish electricity demand and fore-
casting monoxide emissions in the center of Madrid.

4.1 Simplex projection method

Sugihara and May (1990) proposed a nonlinear forecasting method for univariate
chaotic time series that have been used in many areas of research such as epidemiol-
ogy, cardiology, neuroscience, atmospheric science, finance, engineering, ecology and
fisheries. The basic idea is that if a deterministic law govern the phenomenon then ”the
future may to some extended be predicted from the behaviour of the past values that
are similar to those of the present”. The authors showed that the method is useful for
1) distinguish between patterns (chaotic time series) and noise, 2) providing insights
about the complexity of the patterns and finally 3) forecasting the future.

Top panel of Figure 4.1 shows two time series of length 100. The left panel presents
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a chaotic series generated by simulation of the classical Henon map and the right panel
presents a random drawn from a normal distribution with mean 0 and variance 0.5.
This figure demonstrates how difficult could be to discern about what is more orderly
(chaos) from what has not order at all (noise) just by looking at the two graphs. How-
ever, Sugihara and May (1990) apply a transformation called ”lagged-coordinate em-
bedding” which consists on plotting the time series against its past values. The number
of past values used is defined by the ”embedding dimension”, E.

Bottom panel of Figure 4.1 shows what it is called ”phase portrait” and it reveals
that the chaotic time series is much more structure than the random one. In this case,
the embedding dimension is two , E = 2, so the lagged-coordinate presents each lagged
sequence point {xt, xt−1} in a 2-dimensional space. Hence, the shape that emerges from
this procedure bring to light some insight about the nature of the process and , therefore,
past values can be used to construct a sketch of the generating process behind. This
helpful pattern is called ”manifold” or ”attractor” because the series is attracted back to
it if it is disturbed away from this pattern.

As we have seen, chaotic time series are more complex than noise and it would be
desirable to get some insight about how complex is chaos. The embedding dimension
is very useful for understanding the complexity of the series due to the fact that it cor-
relates with the number of variables causing a time series to behave as it does. For
example, Henon map evolves two variables and, as it was shown in Figure 4.1 (right
panel), an embedding E = 2 is good enough because reveals properly the attractor.

With all the concepts introduced up to here, Sugihara and May (1990) proposed
a nonparametric forecasting approach. First, an ”embedding dimension”, E must be
chosen. Then, use lagged coordinates to represent each lagged sequence of data points

{xt, xt−τ , xt−tτ , ..., xt−(E−1)τ},

as a point in this E-dimensional space. Now the ”predictee” or focal point is an E

dimensional point, comprising the last observed value xt and E − 1 more previous
values separated by τ periods. Then, we look for the minimal neighbourhood such that the
focal is contained within the smallest simplex formed from its E + 1 closest neighbours.
In other words, one selects the b points of the attractor with the most similar histories
to the last observed point (”predictee”or focal) (xt). This b points compose the smallest
simplex containing xt. Then, each one of those b points are tracked one step into the
future, deforming and moving the simplex. The forecast value (xt+1) is the point that is
proportionally as close to each point in the projected simplex as in the original simplex.
Thus if xt was very close to one of the three vertices of the original simplex, xt+1 remains
close to that vertex in the projection. This is done by taking a weighted average of the
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Figure 4.2: Phase portrait for E = 2. Simplex (vivid green) and simplex projection
(black).

projected vertices, where the weight of each vertex wj is proportional to the proximity
of that vertex to the focal,

x̂t+1 =

E∑︂
j=0

wjxt(j).

Following with the example, Figure 4.2 shows one step ahead forecast. In this case,
the minimal neighbourhood that contains the focal (red start) is of size three because the
smallest simplex is formed by the three closest neighbours (vivid green triangle). Once
we have chosen the b = 3 points that form the simplex, these points are moved one step
ahead. That is, the value tomorrow becomes the value today and the value tomorrow is
set as the corresponding value for this moment (the day after tomorrow). The result is
the black triangle and, therefore, one step ahead forecast (green start at the left panel of
figure 4.2) is done by taking the weighted average of these black vertices.

This methodology proposed by Sugihara and May (1990) motivates our depth-based
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method for functional data forecasting. We try to choose a minimal neighbourhood of
functions such that the most recent one is surrounded or ”envelope” by them. Then,
these functions are projected one step ahead to provide information for forecasting the
future as we will see in next Section 4.2.

4.2 The method

Let {yi, i ∈ N} be a FTS (Hörmann and Kokoszka, 2012). Here, we assume that each
yi is a univariate random function and, without loss of generality, we suppose that its
domain is [0, 1]. Moreover, in practice yi is assumed to be a high dimensional vector
that records sample points.

4.2.1 Basic notions

We consider two scenarios of prediction:

• One-step ahead forecasting; when we have observed y1, ..., yn on [0, 1], and we
want to predict {yn+1(t) : t ∈ [0, 1]}.

• Dynamic updating; when we have observed y1, ..., yn−1 on [0, 1] and yn(t) on [0, q],
for a given 0 ≪ q < 1, and we want to predict {yn(t) : t ∈ (q, 1]}.

In both scenarios, we refer to the most recently observed functional datum, this is
{yn(t) : t ∈ [0, 1]} or {yn(t) : t ∈ [0, q]}, as the focal curve. This will be denoted by
f and its observation domain by Df , regardless of whether it is [0, 1] or [0, q]. For
each i, 1 ≤ i ≤ n − 1, we consider the restriction of yi to Df , this is the curve with
graph equal to {(t, yi(t)) : t ∈ Df}. We denote this restriction by yi|f and we refer
to Yn = {y1|f , . . . yn−1|f} as the past-focal-curves sample. Remark: yi|f ≡ yi (there is no
restriction) in one-step ahead forecasting.

Both in one-step ahead forecasting and in dynamic updating, we denote by p the
curve (or curve segment) to predict, this is {yn+1(t) : t ∈ [0, 1]} (or {yn(t) : t ∈ (q, 1]}).
The domain of p, [0, 1] or (q, 1], is denoted by Dp. For each y ∈ Yn, we keep the track of
y on Dp by projecting over time. The resulting curve, denoted by Ey, will be called the
extension of y. Namely, for 1 ≤ i ≤ n− 1,

Eyi|f =

⎧⎨⎩{yi+1(t), t ∈ [0, 1]}, in one-step ahead forecasting.

{yi(t), t ∈ (q, 1]}, in dynamic updating.
(4.1)

By projecting in the same way we get Ef = p.
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Figure 4.3: French male age-specific mortality data set from 1816 to 2006. The visualiza-
tion is provided by the rainbow plot by Shang and Hyndman (2011) where the colors
are assigned following the rainbow palette.

Many FTS regularly repeat dependency patterns between past focal curves and their
extensions. The change on shape and magnitude over time can be visualized with the
rainbow plot of Hyndman and Shang (2010) and other visualization methods (Shang,
2019). See the Figure 4.3, this is a plot that colors the curves by following the colors
of the rainbow, from y1 in red to yn in violet. Hence, the changes in the shapes and
magnitudes of the curves over time can be observed by following the colors order.

In dynamic updating, where yi|f and Eyi|f are a partition of yi in two curve seg-
ments, dependence patterns between past focal curves and their extensions can be ob-
served from simple plots by recognizing groups of curves with similar color in the rain-
bow plot. Similar curves may be distant in time as a result of seasons and cycles, making
certain patterns be repeated over time. In general, it is not necessarily an easy task to
visualize dependence patterns between focal curves and their extensions, it depends
on the complexity of the FTS and the shapes of the curves, as well as the number of
curves involved. Nonetheless, the cyclic nature of many FTS suggests that there may
be statistical regularity between the morphology of focal curves and the morphology of
their extensions. The core idea of the method presented here is based on the existence
of this kind of regularities. Thus, if f is surrounded by past focal curves that capture
both its shape and magnitude, we could predict p from the extensions of these past fo-
cal curves. Accordingly, we describe the method in two parts: First, how to surround f
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closely (Section 4.2.2). Second, point and band prediction (Section 4.2.3).

4.2.2 A depth-based algorithm for focal-curve enveloping

Although our methodology is not restricted to any particular depth measure, to reduce
the computational time, we use the modified band depth of López-Pintado and Romo
(2009) with bands formed by two curves. This is a widely used depth measure that
allows a million curves to be ranked in only tenths of seconds, making our algorithm
efficient even for large data sets (Sun et al., 2012). Strictly speaking, for any J ⊂ Yn
with |J | ≥ 2 and y ∈ J ∪ {f}, we consider

D(y,J ) =
1

2

(︃
|J |+ 1

2

)︃−1 ∑︂
x,z∈J∪{f}

λ ({t ∈ Df : min(x(t), z(t)) ≤ y(t) ≤ max(x(t), z(t))}) ,

(4.2)
λ({t ∈ Df : A(t)}) being the proportion of time that A(t) is true on Df . The larger
D(y,J ), the deeper will be y in J ∪ {f}. Denote by Jk the k deepest curves of J . We
remark that f /∈ Jk although f may be the deepest curve of J ∪ {f}.

In line with Sun and Genton (2011), who consider central regions based on the mod-
ified band depth for visualizing the spread of the deepest curves, we consider the Focal
Central Region (FCR) delimited by Jk. This is the region

R(Jk) =
{︃
(t, y(t)) : t ∈ Df , min

x∈Jk

x(t) ≤ y(t) ≤ max
x∈Jk

x(t)

}︃
. (4.3)

So that R(Jk) can capture the shape and magnitude of f , R(Jk) must be roughly cen-
tered at f and its mean width should be small. Having these objectives in mind, we
look for a set J of past focal curves such that:

(i) f is deep in J ∪ {f}, the deepest if possible.

(ii) f is enveloped by J as much as possible. Here, we say f is more enveloped by J
than by J ′ iff

λ

(︃{︃
t : min

y∈J
y(t) ≤ f(t) ≤ max

y∈J
y(t)

}︃)︃
> λ

(︃{︃
t : min

y∈J ′
y(t) ≤ f(t) ≤ max

y∈J ′
y(t)

}︃)︃
.

(iii) f is surrounded by near curves of J , as many as possible.

Algorithm 1 provides a set of past focal curves with the three features above that
we call the focal-curve envelope and denoted by J from now on. In a nutshell, the al-
gorithm iteratively selects past focal curves, from the nearest to the farthest from f , for
enveloping f and increasing its depth.
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Algorithm 1 Input: Yn, f . Output: J
Initialize Y = Yn, J = ∅, D(f,J ) = 0
while size of Y ≥ 2 do

Let y′ be the nearest curve to f from Y and N = {y′}
for y ∈ Y \ {y′}, from the nearest curve to the farthest from f , do

if f is more enveloped by N ∪ {y} than by N then
N = N ∪ {y}

end if
end for
if D(f,J ∪N ) ≥ D(f,J ) then

J = J ∪N
end if
Y = Y \ N

end while

As illustration of how Algorithm 1 works, see Figure 4.4, where 100 curves from a
simulated FTS are considered. The curves selected by Algorithm 1 on the first iteration
are near and envelope the focal curve while the curves selected on the next iteration
make the focal curve be the deepest one. In this paper, we use L2 distance for measuring
nearness. We base our choice by looking for small mean squared error on the prediction
method discussed below.

4.2.3 Prediction

As mentioned before, we make predictions from the extensions of the curves that belong
to J . Roughly speaking, we compute a functional mean of these extensions, giving
exponential weight to the original distance to the focal curve. This is,

p̂θ =

∑︁
y∈J wyEy∑︁
y∈J wy

, with wy = exp(−θ∥y − f∥/δ), (4.4)

δ being the distance scale defined by δ = miny∈J ∥y − f∥. This predictor could be seen
as the Nadaraya-Watson estimator with a particular exponential kernel (Ferraty and
Vieu, 2006). This prediction method is a functional variant of the simplex projection of
Sugihara and May (1990) used in nonlinear time series forecasting with θ = 1. For band
prediction, we consider the region delimited by the extensions of the k deepest curves
of J . This is the band

ER(Jk) =
{︃
(t, y(t)) : t ∈ Dp, min

x∈Jk

Ex(t) ≤ y(t) ≤ max
x∈Jk

Ex(t)
}︃
. (4.5)

Figure 4.5 shows an example of point and band prediction based on 1000 curves from a
simulated FTS. Both one-step ahead forecasting and dynamic updating are illustrated.
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Figure 4.4: Left panel: past focal curves (grey) and focal curve (red). Center panel:
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(black) and first iteration (dashed lines). The selected curves on the first two iterations
make up the focal-curve envelope.
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Figure 4.5: 1000 curves from a simulated FTS (grey). Focal curve f in solid red, curve
to predict p in dashed red, point prediction p̂1 in blue and prediction band ER(J10) in
black. Left panel: One-step ahead prediction. Right panel: Dynamic updating from 0.5
to 1.
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The parameters θ and k in equations (4.4) and (4.5) are chosen by optimizing point
and band prediction performance as follows. For θ we look for minimizing the mean
squared prediction error (MSE). In practice, MSE is estimated by averaging on the m
most recent prediction exercises and then selecting θ∗ by minimizing the estimated
MSE. As a rule, m must be at least in the order of the tens and no much larger than
n/2. In particular, when daily curves are considered, m should be 30, 90 or 365, for bas-
ing the choice of θ∗ on monthly, quarterly or yearly estimators. Our simulations show
that the mean squared prediction error of the method is quite stable for this range of
m values, and slightly better for larger values. We consider two standard measures for
evaluating performance of prediction bands: the coverage, i.e. the proportion of time
that p is in the band, and the mean Winkler score. This is a measure that penalizes both
bandwidth and non-coverage, penalizing more heavily when observations are well out-
side the band (Winkler, 1972; Gneiting and Raftery, 2007). The coverage and the mean
Winkler score of ER(Jk) are denoted here by Ck and Wk. While Ck increases on k, Wk

may decreases and then increases on k. Consequently, we look for minimizing E[Wk]

subject to E[Ck] ≥ 1− α, being the latter a given confidence level. As before, E[Ck] and
E[Wk] are estimated by computing the focal-curve envelope of the m most recent past
focal curves and then averaging on the observed coverages and mean Winkler scores.
Denote by c̄k and w̄k these averages and let kα = min{k : c̄k ≥ 1− α}, if it exists. Other-
wise, let kα be equal to the size of J . Then we make k∗ = argminkα≤k w̄k. The choice of
m may affect slightly the choice of k∗ but does not affect the performance of the method
in terms of coverage and mean Winkler score. This is explored by simulations in the
next section.

4.3 Results

4.3.1 Data-driven forecasting

The goal of this Section is to validate our methodology by approaching the problem
of forecasting data sets from different nature and compare the results with benchmark
methods. In particular, we aim to test the performance of our data-driven parameter
selection involved in Equations 4.4 and 4.5

For ease of reference, we refer to the depth-based methods for one-step ahead fore-
casting and dynamic updating as D-BF and D-BUq, [0, q] being the observed time inter-
val in the updating. We compare our approach with a benchmark prediction method
for stationary FTS. The latter is a variant of the method proposed by Hyndman and
Ullah (2007) and Hyndman and Shang (2009), who suggest functional prediction based
on modelling functional principal component scores. Following Aue et al. (2015), the
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number of scores d is chosen as the smallest integer such that the first d principal com-
ponents explain at least 80% of the variance of the data. Then, we fit a d-dimensional
autoregressive model (Lütkepohl, 2006) to the scores’ time series. The implementation
of this method, termed FPCF from now on, is based on the ftsa package of Hyndman
and Shang (2019). We also compare the resulting predictions with the simplest predic-
tion obtained by averaging historical functional data.

Functional autoregressive processes

Here, we repeat the simulation study conducted by Aue et al. (2015). This study was
based on 100 realizations of eight classes of functional autoregressive (FAR) processes,
800 realizations in total. Each class is characterized by a pair of values (κ1, κ2) and a
vector of standard deviations. Two vectors were chosen by the authors, denoted by
(σ1) and (σ2). See Section 6.3 of Aue et al. (2015) for full description of these models.
For generating FAR processes data, we used the fChange package (Sonmez et al., 2019).
For each realization, the study considered small n (from 180 to 199) and large n (from
900 to 999). This involves 2000 predictions for small n on each model and 10,000 for
large n. We chose q = 0.25. Both for D-BF and D-BU0.25 we considered m = 100, for
small n, and m = 500, for large n. Smaller values of m (20 for small n and 100 for
large n) were also considered and yield similar results. MSE produced by the methods
mentioned above are shown in Table 4.1. From this table and Table 11 of Aue et al.

σ1 σ2
κ1 κ2 Average FPCF D-BF D-BU0.25 Average FPCF D-BF D-BU0.25

0.2 0.0 1.63 1.65 1.69 0.92 2.30 2.33 2.42 2.02
1.62 1.61 1.65 0.88 2.30 2.30 2.36 1.91

0.8 0.0 2.04 1.59 1.62 1.11 2.63 2.43 2.43 2.20
2.14 1.65 1.67 1.05 2.41 2.32 2.37 2.09

0.4 0.4 1.92 1.74 1.84 0.70 2.47 2.45 2.54 2.13
1.83 1.63 1.74 0.97 2.41 2.32 2.43 2.00

0.0 0.8 2.15 1.70 2.23 1.13 2.64 2.45 2.75 2.27
2.19 1.66 2.26 1.03 2.57 2.36 2.67 2.11

Table 4.1: MSE based on functional average, FPCF, D-BF and D-BU0.25, for the two
vector standard deviations, (σ1) and (σ2), chosen by Aue et al. (2015). The first row of
each setting (κ1, κ2) corresponds to small n and the second row to large n.

(2015), we conclude:
1There is a misprint in Table 1 of Aue et al. (2015): the results for (σ1) and (σ2) were switched (personal

communication with the authors).
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• FPCF is competitive with the best method reported by Aue et al. (2015) and
slightly better than their benchmark method, validating FPCF as benchmark
method of this paper.

• FPCF has advantages over D-BF. In fact, this should remain true for any simu-
lation study based on stationary FAR models. However, for the pair (0.8, 0.0),
D-BF was competitive. For these values, the future realization is generated only
with the focal curve and innovations. Unlike (0.0, 0.8), in which the focal curve is
not involved, making D-BF little competitive. For (0.4, 0.4), the difference of MSE
based on FPCF and D-BF was roughly 0.1, below to 7% of relative difference. For
(0.2, 0.0), the FTS is mainly noise and the average is the best prediction.

• MSE based on DB0.25 was by far the smallest.

Random shocks to stationary FTS

In this Section we consider slices of a scalar process Yρ with complex periodic rhythm
for generating FTS, similar to the Periodically Correlated Processes Y 1 of Section 4.3.2.

The process in question is the sum of three independent components corresponding
to:

(i) A noise {X(t) : t ≥ 0}, modelled by a zero mean stationary Gaussian process.

(ii) A random periodic function f : [0,+∞) → R of period 1.

(iii) A random shock process {Sµ(t) : t ≥ 0} that occasionally affects two contiguous
periods of f , µ being the expected proportion of affected periods by shocks.

More precisely, The noise X is generated with a stationary Gaussian process with
zero mean and squared exponential autocovariance function

Cov(X(t), X(s)) = exp(−|t− s|2/2l2X). (4.6)

This is the default autocovariance function in Gaussian processes simulation (Ras-
mussen and Williams, 2005). The lengthscale lX determines the length of the ‘wiggles’ in
the trajectories.

The random function f is a trajectory of a stationary Gaussian process with zero
mean and periodic autocovariance function

Cov(f(t), f(s)) = exp(−2 sin2(π|t− s|)/l2f ). (4.7)
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The parameter lf determine lengthscale in the same way as in the squared exponential
autocovariance function. We emphasize that the trajectories of f are periodic functions
of period 1.

The random shocks process Sµ is based on two independent processes. First, an
occurrence process

χρ(t) =
∑︂
i≥1

xi1[i−1,i)(t), (4.8)

{xi, i ≥ 0} being a two states Markov chain, with x0 = 0 and transition probabilities

P(xi+1 = 1|xi) = ρ(1− xi), P(xi+1 = 0|xi) = 1− P(xi+1 = 1|xi).

Second, a random periodic function for modelling irregular shock patterns. Specifically,
we use Z(t) = σ2g(g

2(t) − g2(0)), g being an independent copy of f . The parameter
σg determines the average distance of g away from zero. The squares are taking for
generating a non-zero mean pattern and g2(0) is subtracted for beginning to shock from
zero. The random shock at time t then is

Sµ(t) =

⎧⎨⎩0, for t < u

Z(t− u)χρ(t− u), for t ≥ u
(4.9)

u being the minimum time that can elapse before the first shock and µ = 2ρ/(1 + ρ).
In our simulations, u is uniformly distributed on [0, 1]. Since the stationary distribution
of {xi} is P(xi = 1) = ρ/(1 + ρ) and each shock affects two contiguous periods with
probability equals to 1, the proportion of periods affected by shocks, when t→ ∞, is µ.

The parameters considered for examples and simulations are lf = 1, lX = 0.2, and
σ2g = 10.

Thus Yµ = X+f+Sµ and the considered FTS is yi(t) = Yµ(t+i−1), 0 ≤ t ≤ 1, i ∈ N.
If µ = 0, there is no shocks and the corresponding FTS is stationary. With increasing µ,
we explore different non-stationary regimes. Figure 4.6 shows two random trajectories
of Y0.2 and their respective FTS.

We followed the previous simulation setup for comparing the methods. Therefore,
small n (from 180 to 199) and large n (from 900 to 999) were considered. For each n, we
considered small and large m (roughly, 10% and 50% of n). Specifically, m1 = 20 and
m2 = 100, for small n, and m1 = 100 and m2 = 500, for large n. Table 2 displays results
for µ = 0, 0.2, and 0.4. In summary, we found:

• For the stationary case µ = 0, a tie among the methods for one-step ahead fore-
casting. Only by updating, we slightly reduced MSE.
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Figure 4.6: Two random trajectories of Y0.2 (left panel) and their corresponding FTS
(right panel).

• On non-stationary regime, D-BF became superior to FPCF.

• With increasing µ, MSE based on D-BU0.25 increased until exceed that of FPCF
while that based on D-BU0.50 remained the smallest.

• On the stationary case, m1 and m2 yield similar results. But, on non-stationary
regimes, m2 provided better results than m1.

• With increasing n, MSE decreased.

Spanish electricity demand

Functional methods for electricity demand forecasting have been widely used (Vilar
et al., 2012; Antoch et al., 2010; Paparoditis and Sapatinas, 2013; Cho et al., 2013; Shang,
2013; Aneiros et al., 2013, 2016; Vilar et al., 2018; Raña et al., 2018). These methods often
take into account particular features of the data, such as weekly seasonality, the effect
of holidays and the presence of outliers. Thus, scholars process separately weekdays
from Saturdays and Sundays and apply methods for replacing outliers. In addition to
this, Raña et al. (2018) use additional data from functional exogenous covariates in their
functional additive models (FAM) for next-day forecasting. Certainly, they provide the
benchmark predictions in functional Spanish electricity demand forecasting.
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D-BF D-BU0.25 D-BU0.50

Average FPCF m1 m2 m1 m2 m1 m2

µ = 0.0 0.19 0.19 0.2 0.19 0.18 0.17 0.18 0.17
0.19 0.19 0.19 0.19 0.17 0.17 0.16 0.16

µ = 0.2 2.44 1.77 1.71 1.68 1.86 1.75 1.78 1.64
2.47 1.66 1.60 1.59 1.73 1.72 1.24 1.24

µ = 0.4 4.75 3.02 3.18 2.84 3.39 3.3 2.51 2.57
4.51 2.77 2.75 2.74 2.64 2.62 1.43 1.42

Table 4.2: MSE based on functional average, FPCF, D-BF and D-BUq, for small n (first
row) and large n (second row) of each µ value. D-BF and D-BU are based on the follow-
ing values of m: m1 = 20 and m2 = 100, for small n, and m1 = 100 and m2 = 500, for
large n.

D-BF D-BU0.5

Average FPCF 30 90 365 30 90 365
MAPE 8.86 6.58 2.66 2.60 2.54 1.54 1.54 1.54

Table 4.3: MAPE for electricity demand prediction corresponding to whole day (Av-
erage, FPCF and D-BF) and half day (D-BU0.5). The depth-based method based on
m = 30, 90 and 365.

We consider the challenge of predicting a whole year (2018) without taking into ac-
count any specific peculiarity of the electricity demand, by using raw data. Our study
is based on demand each 10 minutes, from January 1, 2014, to December 31, 2018. The
data is available at http://www.ree.es/es/. For dynamic updating, we considered
the practical case of half-day ahead prediction. Both for D-BF and D-BU0.50, we con-
sidered m = 30, 90 and 365. Following Raña et al. (2018), we compute mean absolute
percentage error (MAPE) instead of MSE. Note that MAPE computed by these authors
corresponds to 2012 prediction instead of 2018, by using demand each hour, instead of
every 10 minutes. However, although they are different studies, the results shown in
last four rows of last column of Table 1 of the reference, where the authors consider an
overall MAPE, may be compared with the obtained MAPE in our study. These results
are shown in Table 4.3. From this Table 4.3, we remark that FPCF seems not to be com-
petitive with FAM. It is not even competitive with the Naive method (Raña et al., 2018).
This points out that the conditioning about the type of day to predict, the preprocessing
for removing outliers and the use of additional data help for better predictions. Despite
that, MAPE based on D-BF turned out to be by far smaller than those of FAM and the
difference with MAPE based on D-BU0.50 is even greater.

Figure 4.7 shows the frequency distribution of the number of days between pre-

http://www.ree.es/es/
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dicted day and days used in the prediction. The weights wy, properly averaged and
scaled, are also represented in the same figure. This reveals a complex dynamic depen-
dency resulting of the weekly and yearly periodicity and calendar memory. Remark-
ably,, the D-BF is taking into account these features without any prior information.
Additionally, the more important days in the next-day prediction are the most recent
day and same days of other weeks and years, decreasing For example, for predicting
Wednesday, in order of importance, the last Tuesday, past Wednesdays and same cal-
endar days of other years. By-products of the depth-based methodology, insights from
the drivers of the prediction can be put into light by an analysis of the focal-curve exten-
sions. Figure 4.7 shows an example for the prediction exercise of the 365 days of 2018.
Here, it is presented the relative frequency of the distance in days between the curve to
forecast and the focal-curves involved in its prediction (black bars). In addition, the cor-
responding weights used in the punctual prediction, w, are represented with red bars.
From the top panel, D-BF selected past curves with a yearly periodicity (higher black
bars) being the two most recent years the most frequent days in the envelopes (one and
two years ago present higher peaks). This fact is due to the strong relationship of the
electricity demand and the climate season of the year. The bottom panel zooms in the
two most recent months from the day we predict (shaded blue region in both figures).
The most recent day has an important role in the D-BF (high peak in 0) and, afterwards,
the day one week ago. The weekly periodicity remains but its importance vanishes un-
til we start approaching one year ago. Remarkably, the weights obtained empirically
with the optimal theta empower the curves exactly in its periodical time point (yearly,
weekly and most recent day) and weaken the curves between valleys.

Notably, Raña et al. (2018) also report coverage and mean Winkler scores of predic-
tion bands, based on a bootstrap procedure, allowing to compare their results with the
new method. Table 4.4 displays the corresponding scores based on D-BF and D-BU0.50

for α = 0.05, 0.10 and 0.20. The first noteworthy result is that the mean coverages ob-
tained are always above 1− α. Second, the mean Winkler scores are often smaller than
that previously reported.

4.3.2 Practitioner-driven forecasting

One of the main goals of our methodology is to provide simple forecasting tools to
practitioners without knowledge about statistics or time series modelling. In this line,
in this Section we present a tool for exploring possible future scenarios. This tool aims
to simplify the decision making for practitioners and being, at the same time, easy to
adapt to the expert desires in terms of risk aversion (coverage-width trade-off).
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01 year ago2 year ago3 year ago4 year ago

−11 week ago1 month ago2 months ago

Figure 4.7: Black bars: frequency distribution of the number of days between predicted
day and the ones used in the prediction. Red bars: weights wy are normalized and
averaged at each distance in days on x-axis. Bottom panel zooms in the shaded area of
the top panel.

D-BF D-BU0.5

30 90 365 30 90 365
α = 0.05 Coverage 0.95 0.95 0.96 0.95 0.96 0.96

Winkler 7483.18 7695.17 7245.76 4369.59 4236.42 4391.11

α = 0.10 Coverage 0.91 0.91 0.93 0.90 0.91 0.92
Winkler 6188.94 6172.33 6005.07 3694.26 3659.46 3672.03

α = 0.20 Coverage 0.81 0.84 0.83 0.82 0.817 0.82
Winkler 5250.20 5273.60 5390.77 3201.73 3177.36 3162.14

Table 4.4: Coverage, mean Winkler score of the prediction band for electricity demand
using D-BF and D-BU0.5 based on m = 30, 90 and 365.
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Periodically Correlated Processes

The class of the periodically correlated (PC) processes sets up a framework for mod-
elling functional time series with complex periodic rhythm. They are processes whose
mean and autocovariance function are periodic functions with the same period. These
models were introduced by Gladyshev (1961) and, since then, they have been subject of
study by several authors. The book of Harry L. Hurd (2007) presents the main theory as
well as applications to meteorology, climate, communications, economics, and machine
diagnostics (see Appendix B for a brief introduction).

We consider two stationary Gaussian processes that we combine to create a wide
palette of PC processes. First, a Gaussian process X with zero mean and squared expo-
nential autocovariance function

Cov(X(t), X(s)) = σ2X exp(−|t− s|2/2l2X). (4.10)

This is the default autocovariance function in Gaussian processes simulation (Ras-
mussen and Williams, 2005). The lengthscale lX determines the length of the ‘wiggles’ in
the trajectories, while σX determines the average distance of the trajectories away from
zero. Second, a Gaussian process f , independent of X , with zero mean and periodic
covariance function,

Cov(f(t), f(s)) = σ2f exp(−2 sin2(π|t− s|/p)/l2f ). (4.11)

The parameters lf and σf determine lengthscale and average distance in the same way
as in the squared exponential autocovariance function. We emphasize that the trajecto-
ries of f are periodic functions of period p.

We consider three types of seasonal signals:

Y1(t) = f(t) +X(t), Y2(t) = f(t)X(t), and Y3(t) = X(t+ f(t)). (4.12)

Sums of a seasonal and irregular component, as Y1, have been widely used. In par-
ticular, Y1 is stationary, although its trajectories exhibit a periodic pattern of length p.
However, Y2 and Y3 are non-stationary, and they are periodically correlated with pe-
riod p. If f were deterministic, then Y2 would correspond to an amplitude modulation
of a stationary process while Y3 to a time-scale modulation, frequently used signals in
engineering. We randomize f by considering a Gaussian process with periodic covari-
ance function for producing a wide spectrum of sample curves. Appendix B shows that
Y1, Y2 and Y3 are PCP of period p even considering a random f . Figure 4.8 shows some
examples of curves based on three observed patterns of f , with p = 1, σX/σf = 1 and
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Figure 4.8: Examples of sample curves by slicing nine different trajectories of Y1, Y2
and Y3. The same observed periodic component from f is used by row and the same
observed irregular trajectory from X is used by columns.

lX/lf = 0.2.

We include three scenarios for testing our exploratory forecasting tool in this sim-
ulation. The first scenario is under a demanding practitioner with high coverage ex-
pectation (90%) and a high threshold of minimum coverage (60%) without taking into
account band mean width. Therefore, this practitioner looks for the smallest k such that
Mk ≥ 0.9 and Cαk ≥ 0.6. Although it is not the case for the simulations that we re-
port below, we remark that it could happen that the focal-curve envelope does not have
enough sample curves for satisfying such a condition on k. The second is a conservative
practitioner with high coverage expectation but a low threshold of minimum coverage
(30%). This involves the smallest k such that Mk ≥ 0.9 and Cαk ≥ 0.3. Finally, there is a
conformist practitioner who is satisfied with Mk ≥ 0.6 and Cαk ≥ 0.3.

In Table 4.5, we observe the results of the prediction bands when the three practi-
tioners described above forecast the second half of the last 100 periods of one trajectory
with 1,001 recorded periods of model Yi, i = 1, 2 and 3. For these exercises, we consider
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α = 0.05 α = 0.10
Y1

Averages Ck∗(J ) Wk∗(J ) Prob. k∗ Ck∗(J ) Wk∗(J ) Prob. k∗

Pract. 1 0.941 0.511 0.949 20.913 0.913 0.504 0.895 19.041
Pract. 2 0.938 0.509 0.966 20.588 0.876 0.468 0.895 14.570
Pract. 3 0.758 0.377 0.935 8.060 0.707 0.332 0.918 5.800

Y2
Averages Ck∗(J ) Wk∗(J ) Prob. k∗ Ck∗(J ) Wk∗(J ) Prob. k∗

Pract. 1 0.942 0.529 0.952 21.256 0.929 0.509 0.926 18.878
Pract. 2 0.940 0.528 0.952 20.870 0.902 0.478 0.894 15.060
Pract. 3 0.807 0.388 0.948 8.170 0.731 0.329 0.910 5.780

Y3
Average Ck∗(J ) Wk∗(J ) Prob. k∗ Ck∗(J ) Wk∗(J ) Prob. k∗

Pract. 1 0.915 0.461 0.958 19.263 0.915 0.455 0.900 17.700
Pract. 2 0.901 0.451 0.931 18.252 0.865 0.413 0.871 12.940
Pract. 3 0.742 0.326 0.927 7.170 0.662 0.289 0.860 5.370

Table 4.5: Three result sets obtained by predicting the second half of the last 100 pe-
riods of one trajectory with 1,001 periods. Each trajectory corresponds to one of the
three PC processes denoted Y1, Y2 and Y3. Practitioner 1 selects the smallest k such that
Mk ≥ 0.9 and Cαk ≥ 0.6. Practitioner 2, the smallest k such that Mk ≥ 0.9 but Cαk ≥ 0.3.
And. practitioner 3, the smallest k such that Mk ≥ 0.6 and Cαk ≥ 0.3. Averages of ob-
served coverage, mean width, empirical probability and selected k by the practitioner
are grouped according to the confidence level used. We remark that the empirical prob-
ability fits the nominal probability 0.90 and 0.95, respectively.

α = 0.05 and 0.10. The average of the selected k (that we denote by k∗) across the 100
trials and the averages of the resulting coverage Ck∗(J ) and mean width Wk∗(J ) are
reported in Table 1. The empirical probability of Ck∗(J ) ≥ 0.6 for the first practitioner
and the corresponding proportion of Ck∗(J ) ≥ 0.3 for the other two is also reported.
Remarkably, the empirical probability fits the nominal one (0.90 and 0.95). That is, the
proposed threshold of minimum coverage works for the two confidence levels consid-
ered. On the other hand, the observed coverage is larger on average than the expected
coverage. This is because the selection rule of k typically involves larger k-values than
those required to satisfy only a coverage-expectation condition. Finally, we remark that
Practitioner 3 obtains high coverages and low mean width.

The point forecast accuracy is summarized in in Figure 4.9. The boxplots of the mean
square errors shows a relative high performance for the three considered models of PC
processes, better for Y 2.

As an illustration, we also show prediction bands for the last period of each model
in Figure 4.10.
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Figure 4.9: Mean Square Errors of the point forecast for trajectories sampled from three
types of Periodically Correlated Processes, Y1, Y2 and Y3.
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Figure 4.10: Left-half side of panels: focal curve (solid red line) and band (in black)
based on the six deepest slices on [0, 1/2]. Right-half side of panels: extended extended
bands (black), focal (dashed red line), and point forecast (blue).
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α = 0.05 α = 0.10

Averages Ck∗(J ) Wk∗(J ) Prob. k∗ Ck∗(J ) Wk∗(J ) Prob. k∗

Pract. 1 0.889 0.254 0.936 24.483 0.892 0.263 0.861 23.956
Pract. 2 0.892 0.263 0.934 23.956 0.892 0.2633 0.861 23.956
Pract. 3 0.7638 0.189 0.950 9.931 0.641 0.150 0.888 5.811

Table 4.6: Results obtained by the same practitioner profiles described on Table 1 by
predicting half day of monoxide emissions in Plaza España Station during 2017.

NOx emissions in Madrid

Air quality and pollution are nowadays in the spotlight. Policy makers do not only
need accurate future predictions but also interpretable models providing insights to
take decision to palliate in advance risky levels of contamination. In fact, many cities are
investing in sensors to gather almost continuous data of different air quality measures,
such as nitrogen monoxide (NOx). The Cityhall of Madrid has recorded data since 2001

at different points of the city. In this section, we analyze the data from a station located
in Plaza de España, Madrid downtown, because it has been functioning uninterrupted
since the very beginning. By discarding days with fails on record, we end up with
6187 daily functions from 2001 to 2017 observed each hour. Following Ramsay and
Silverman (2005), we evaluate these functions each 15 minutes by applying a positive
smoothing with K = 11 Fourier basics functions (periodic data) and a λ obtained from
minimizing the generalized cross-validation coefficient.

In the simulation, we consider the problem of forecasting half of the day for the
356 days of the year 2017. The prediction bands resulting form the three practitioners
described in previous Section 4.3.2 are shown in Table 4.6. Once again, the results are
better than those obtained for the PC processes, obtaining narrower bands with high
coverages in mean. Our methodology can provide very intuitive tools for a manual ex-
ploratory tool for forecasting. Figure 4.11 presents an example where the practitioner
can consider different amounts of functions to provide the prediction bands depending
on the risk he/she would like to take or her/his risk appetite. By playing with dif-
ferent values, the practitioner could explore the variaty of shapes and the uncertainty
through the expected band width and coverage. In particular, we show at the top panel
a working day and at the bottom panel a weekend day.

Figure 4.12 shows different forecast horizons for a particularly atypical day: Easter
Thursday. This day, the first of four national holidays, is characterized by standard
emission levels during the morning and an extreme drop at the beginning of the after-
noon. When we predict half days by using naively our method, the focal-curve enve-
lope is not able to capture the abrupt decay, failing the prediction for the afternoon (left
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Figure 4.11: Two examples of predicting Monoxide emissions in Plaza España Station.
Top panel: a standard working day (Wednesday, 02/15/2017). Bottom panel: a non-
working day, Sunday (07/23/2017).
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Figure 4.12: A particularly complicated day to forecast. Three different forecast hori-
zons for Easter Thursday 2017. With the information up to mid day, the methodology
recognises the function as a regular working day, however, it is not. This prediction is
updated as soon as the office hours finish and the traffic and the polution is lower than
usual in the evening.

panel). This problem is partially solved when we observe some hours from the begin-
ning of the afternoon (center panel) and corrected when we only predict the night (right
panel). In these cases, the focal-curve envelope is incorporating other beginnings of hol-
iday periods. Of course, in practice, this situation may be controlled by enveloping only
with days that have similar behaviour.



Chapter 5

Depth-based reconstruction method
for partially observed functional
data

Partially observed functional data are becoming more recurrent, invalidating many
of the existing methodologies (Ramsay and Silverman, 2005; Ferraty and Vieu, 2006).
There are many case studies that motivate the development of statistical tools for par-
tially observed functional data. Many medical data sets are recorded through periodical
examinations and typical sources of censoring are patients missing revisions or devices
failing to record. Some examples of such case studies are ambulatory blood pressure,
health status of human immunodeficiency virus (HIV), growth curves and evolution
of lung function (James et al., 2000; James and Hastie, 2001; Delaigle and Hall, 2013;
Kraus, 2015; Delaigle and Hall, 2016). Also with medical purposes, in Chapter 3.3.2 we
presented a case study about aneurysm (Sangalli et al., 2009, 2014b) where functions are
partially observed at the extremes of the domain. Here the source of partial observabil-
ity arises due to a prior reconstruction from three-dimensional arrays and a posterior
processing to make them comparable across subjects. In demography, it is common
that age-specific mortality rates for older ages are not completely observed due to the
decreasing number of survivors (Human Mortality Database, 2019) and this cohort is
the focus of actuarial science studies (D’Amato et al., 2011). Other examples involve
electricity supply functions that may be not complete observed because suppliers and
buyers typically agree prices and quantities depending on the market conditions (Kneip
and Liebl, 2019; Liebl and Rameseder, 2019).

The literature has recently tackled partial observability problems mainly following
two approaches. Firstly, one approach would consists in adapting particular methods

77
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to specific problems, including functional principal component analysis (James et al.,
2000; Yao et al., 2005; Di et al., 2014; Liu et al., 2017), supervised and unsupervised
classification (James and Hastie, 2001; Delaigle and Hall, 2013; Stefanucci et al., 2018;
Kraus and Stefanucci, 2019), mean and covariance estimation (Kraus, 2015; Liebl and
Rameseder, 2019) or Depth Measures (see Chapter 3). The second approach would be to
estimate the missing parts (Goldberg et al., 2014; Kraus, 2015; Delaigle and Hall, 2016;
Kneip and Liebl, 2019) and, then, proceed with regular methodologies for functional
data.

This Chapter is in line with the second strategy and aims to introduce a new depth-
based method for reconstructing or estimating the missing parts of a partially observed
data set. In this context, the works by Kraus (2015) and Kneip and Liebl (2019) pro-
vide the best performances in terms of minimizing the mean squared error and they
will be our benchmark methods. In particular, Kraus (2015) propose to estimate the
principal component scores of the complete functions using only the information of the
complete functions. Then, the scores of the partially observed functions are estimated
by functional linear ridge regression. Kneip and Liebl (2019) approach the problem by
introducing an optimal linear regression operator based on Local Linear Kernel aiming
to produce smoother results and trying to avoid artificial jumps between observed and
reconstructed parts.

The Chapter 3 contributed with a partially observed functional depth (POIFD) that
allows us to use the methodology in Chapter 4 to propose a depth-based method to
reconstruct the partially observed sample. This new approach is conceived to contribute
in the literature in the following aspects:

• Complex scenarios for the covariance estimation. Reconstruction methods
strongly depend on a proper estimation of the mean and the covariance. In a high
dimensional context like FDA, these fundamental statistics migh be very sensitive
and might become unreliable for any analysis, notably for Principal Component
Analysis Hubert et al. (2005). In addition, a low number of complete functions
in the sample also hampers the estimation. We study this conjecture by simula-
tion, setting simple and complex covariance structures and including high and
low proportions of partially observed functions.

• Scenarios where the covariance is impossible to estimate. The covariance can be
only estimated when there exist functions completely observed over the total do-
main [a, b] (Kneip and Liebl, 2019). Here, we propose a method suitable to deal
with the more challenging case when a function is partially observed with prob-
ability 1. This is possible because our depth-based method does not require the
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estimation of the covariance. We show by simulation that our approach provides
comparable results with and without complete functions.

• Rough functions and fidelity to the original features. Some methods are designed
to deal with smooth functions or the estimations are aligned a posteriori (Kneip
and Liebl, 2019). Our goal is to provide a method that produce reconstructed
functions remaining as original as possible in terms of roughness and variability.

• Adding interpretability. It might be useful to get not only a precise estimation but
some insights about the drivers producing the final reconstruction.

In this Chapter, we consider two additional real case studies where the aspects listed
above are more than desirable. On one hand, we consider yearly curves of Spanish
daily temperatures. This data set is gathered at different weather stations spread along
the Spanish territory. These yearly curves by weather station have some periods of time
without records. Our goal is to complete this partially observed data without doing any
pre or post processing. On the other hand, we deal with age-specific yearly mortality
rates recorded at each Japanese prefecture (political territory division). Once again, the
goal is to complete the partially observed functions.

This Chapter’s structure is as follows: Section 5.1 introduce the notation and illus-
trate the method. Section 5.2 shows a variety of simulation settings with different popu-
lations features and different regimes of partial observability. In addition, we illustrate
the performance of the method with the Spanish daily temperatures by weather stations
and the Japanese age-specific mortality rates by prefecture.

5.1 The method

5.1.1 Basic notions

Let us consider that X = {X(t) : t ∈ [a, b]} is a stochastic process of continuous trajecto-
ries and X1, . . . , Xn independent copies of X . To simplify the notation, we assume that
the processes are observed on the domain [a, b] = [0, 1]. We consider that X1, . . . , Xn

are only partially observed. To model the partially observed setting, similarly to De-
laigle and Hall (2013), we consider a random observational mechanism Q, that gener-
ates compact subsets of [0, 1] where the functional data are observed. Specifically, let O
be a random compact set generated by Q, and let O1, . . . , On be independent copies of
O. Therefore, for 1 ≤ i ≤ n, the functional datum Xi, is only observed on Oi. Formally,

(Xi, Oi) = {Xi(u) : u ∈ Oi}. (5.1)
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Then, the observed and missing parts of Xi are (Xi, Oi) and (Xi,Mi), with Mi =

[0, 1] \ Oi. We assume that (X1, O1), . . . , (Xn, On) are i.i.d. realizations from P × Q.
This assumption, termed Missing-Completely-at-Random, is standard in the literature
of partially observed functional data. As a novelty, Liebl and Rameseder (2019) intro-
duce mean and covariance estimators for partially observed functional data under some
specific alternatives.

The core idea of the method is based on the depth-based approach that we have
applied for functional time series forecasting in Chapter 4. In particular, for addressing
the problem of dynamic updating (see Subsection 4.2.1). In this context, the functional
sample, X1, . . . , Xn, was ordered in time, n being the most recent time period. In addi-
tion, On = [0, q], with 0 ≪ q < 1, and the rest of sample curves {Xj : j < n} were fully
observed on [0, 1]. Using the notation introduced here, we may roughly summarize
the depth-based approach for the dynamic updating as follows: if (Xn, On) is depth in
{(Xj , On) : j ∈ Jn}, for some Jn ⊂ {1, ..., n − 1}, and the band delimited by the curve
segments {(Xj , On) : j ∈ Jn} captures both the shape and magnitude of (Xn, On),
we may estimate (Xn,Mn) from {(Xj ,Mn) : j ∈ Jn}. In particular, point estimators
of (Xn,Mn) were obtained by computing weighted averages on the curve segments of
{(Xj ,Mn) : j ∈ Jn}. In our jargon, {(Xj , On : j ∈ Jn} is called the envelope of (Xn, On).

In contrast, now the curves may not be temporary ordered and, what is more im-
portant, every single curve may be partially observed. So, for enveloping the ob-
served part of a curve, say us (Xi, Oi), we could only have curve segments, namely
{(Xj , Oi ∩ Oj) : j ̸= i}. Similarly, we may only have curve segments, specifically
{(Xj ,Mi ∩ Oj) : j ̸= i}, for estimating the missing part of Xi, that is (Xi,Mi). How
to applied the depth-based approach for these cases is a more challenging problem that
we address here.

The method can be explained in two steps: one concerned about how to compute
an envelope of (Xi, Oi) (see Subsection 5.1.2) and one on how to estimate or reconstruct
(Xi,Mi) from the observed parts of the curves used for enveloping (Xi, Oi) (see Sub-
section 5.1.3).

5.1.2 A depth-based algorithm for focal-curve enveloping

Let F be the collection of all probability distribution functions on R and D : R × F →
[0, 1] some given univariate depth measure (Liu, 1990; Liu et al., 1999; Rousseeuw et al.,
1999; Zuo and Serfling, 2000a; Serfling, 2006; Li et al., 2012). Examples of such univariate
depth measures measures are

D(x, F ) = 1−
⃓⃓⃓1
2
− F (x)

⃓⃓⃓
(5.2)
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and
D(x, F ) = 2

(︁
F (x)(1− F (x))

)︁
. (5.3)

Both are concave functions as functions of F (x) that reach their maximum value at
F (x) = 1/2 and decrease to the extent that x is farthest from the median value of F .

Denote by P to the generating law of the process X and by Pt to the marginal dis-
tribution of X(t), this is Pt(x) = P(X(t) ≤ x). Then, the Integrated Functional Depth of
X with respect to P is

IFDw(X,P ) =

∫︂ 1

0
D(X(t), Pt)w(t)dt, (5.4)

w being a weight function that integrates to one. It is worth to mention that when w ≡ 1

and D is defined by Equation 5.2, the integrated functional depth corresponds to the
seminal Fraiman and Muñiz functional depth (Fraiman and Muniz, 2001). When D is
defined by Equation 5.3, the corresponding IFDw is the famous Modified Band Depth
with bands formed by two curves (López-Pintado et al., 2010).

Fix i from {1 ≤ j ≤ n}. For any J ⊂ {1 ≤ j ≤ n : j ̸= i} and t ∈ Oi, let
J (t) = {j ∈ J : t ∈ Oj}. Denote by F iJ (t) the empirical distribution function of the
univariate sample {Xi(t)} ∪ {Xj(t) : j ∈ J (t)}. This is, the probability distribution
that assigns constant mass to each sample point. Then, for any pair (X,O), we consider
the Partially Observed Integrated Functional Depth (see Chapter 3 and Definition 3.2)
restricted to Oi

POIFD((X,O)|J , i) =
∫︂
O∩Oi

D
(︂
X(t), F iJ (t)

)︂
qn(t)dt

/︂∫︂
O∩Oi

qn(t)dt, (5.5)

with
qn(t) = #{1 ≤ j ≤ n : t ∈ Oj}/n. (5.6)

Thus, the larger POIFD((X,O)|J , i), the deeper will be (X,O ∩ Oi) in the partially ob-
served sample {(Xi, Oi)} ∪ {(Xj , Oi ∩ Oj) : j ∈ J }. For a more detailed exposition see
Chapter 3 where we introduce the measure.

In line with our proposal in Chapter 4 (Subsection 4.2.2), we look for a set J of
sample curves, as big as possible, such that:

(i) (Xi, Oi) is deep in {(Xi, Oi)}∪{(Xj , Oi ∩Oj) : j ∈ J }, the deepest if possible. For
measuring depth here we use the Partially Observed Integrated Functional Dept
restricted to Oi defined in 5.5.

(ii) (Xi, Oi) is enveloped by {(Xj , Oj) : j ∈ J } as much as possible. Here, we say
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(Xi, Oi) is more enveloped by {(Xj , Oj) : j ∈ J } than by {(Xj , Oj) : j ∈ J ′} iff

λ

(︃{︃
t ∈ Oi : min

j∈J (t)
Xj(t) ≤ Xi(t) ≤ max

j∈J (t)
Xj(t)

}︃)︃
> λ

(︃{︃
t ∈ Oi : min

j∈J ′(t)
Xj(t) ≤ Xi(t) ≤ max

j∈J ′(t)
Xj(t)

}︃)︃
,

λ being the Lebesgue measure on R.

(iii) {(Xj , Oj) : j ∈ J } contains near curves to (Xi, Oi), as many as possible. For
measuring nearness, we use mean L2 distance between POFD. This is,

∥(Xi, Oi)− (Xj , Oj)∥ =

√︄∫︂
Oi∩Oj

|Xi(t)−Xj(t)|2dt
/︂
λ(Oi ∩Oj). (5.7)

Algorithm 2 provides a set of curves with the three features above that we call the i-
curve envelope and denote by Ji from now on. The algorithm is a variation of Algorithm
1 of Chapter 4 (Subsection 4.2.2), adapted to partially observed functional data. Similar
to Algorithm 1, Algorithm 2 iteratively selects as many sample curves as possible, from
the nearest to the farthest to (Xi, Oi), for enveloping (Xi, Oi) and increasing its depth.

Algorithm 2 Input: i, {(Xj , Oj) : 1 ≤ j ≤ n}. Output: J
Initialize f = (Xi, Oi),Y = {(Xj , Oi ∩Oj) : j ̸= i}, J = ∅ and D(f |J , i) = 0
while size of Y ≥ 2 do

Let y′ be the nearest curve to f from Y and N = {y′}
for y ∈ Y \ {y′}, from the nearest curve to the farthest from f , do

jy = {j : (Xj , Oi ∩Oj) = y}
J + = J ∪ {j : (Xj , Oi ∩Oj) ∈ N}
if f is more enveloped by N ∪ {y} than by N or Ojy \

(︂
∪j∈J+ Oj

)︂
̸= ∅ then

N = N ∪ {y}
end if

end for
if D(f |J ∪ N , i) ≥ D(f |J , i) then

J = J ∪ {j : (Xj , Oi ∩Oj) ∈ N}
end if
Y = Y \ N

end while

As and illustration of how Algorithm 2 works, see Figure 5.1, where two i.i.d. sam-
ples of size 1000 of Gaussian process are plotted. The sample at the left column is par-
tially observed following the Random Inverval case with m = 6 and the right column
follows the Random Point setting, both with p = 50. In both cases, the partially ob-
served function we would like to reconstruct, (Xi, Oi), is colored in red. They are at the
top panels of each column with the rest of the partially observed sample in light grey.
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Figure 5.1: Top panels: two partially observed samples of size 1000 and two focal curves
in red (by columns). Mid-panels show the first and the second iteration of the algorithm
for each sample, only the subsamples (envelopes) obtained at each iteration are plotted
in grey. Bottom panels present the estimation in blue and the complete focal curve in
red.

The curves selected on the first and second iteration of the algorithm are at the second
ant third row.

5.1.3 Reconstruction of missing parts

We estimate the unobserved part of Xi, (Xi,Mi), by computing a weighted functional
mean of {(Xj ,Mi ∩ Oj) : j ∈ Ji}. These are the partially observed functional data on
Mi of the realizations used for enveloping the observed part of Xi. Formally, for t ∈Mi,
we estimate Xi(t) by

X̂i(t) =

∑︁
j∈Ji(t)

wjXj(t)∑︁
j∈Ji(t)

wj
, with wj = exp(−θ∥(Xi, Oi)− (Xj , Oj)∥/δ), (5.8)
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δ being the distance scale defined by δ = minj∈Ji∥(Xi, Oi)− (Xj , Oj)∥.
The parameter θ is chosen by minimizing the mean squared prediction error (MSE)

at the available observed part of the function to complete. Formally, we look the θ that
minimizes

E∥(Xi, Oi)− (X̂i, Ôi)∥2,

with Ôi = ∪j∈Ji(Mi ∩Oj) being the curve segments available from J in the part of the
domain where Xi is not observed.

Figure 5.1 shows reconstructions of missing parts based on Equation 5.8 and θ as
above.

5.2 Results

The aim of this Section is to evaluate the performance of the method for different distri-
butions (P ×Q). We compare results with two reconstruction methods by Kraus (2015)
and Kneip and Liebl (2019). We also consider two case studies. They are daily Spanish
temperatures and Japanese mortality rates.

In order to simulate partially observacbility, we require to sample random subsets
from Q to simulated partially observability. Specifically, we consider the following two
patterns of observability that try to mimic the real case studies:

Random Intervals Case: Each function is observed on m = 1, 2 and 4 intervals
spread along [0, 1] and the total observation length proportion is measured by the
parameter p%. We consider as an interval any two or more contiguous points from
the common discrete grid t1 < · · · < tT .

Random points: Partially observed functional data sets that are very sparse might
be difficult to evaluate in a common grid t1 < · · · < tT . It might be the case that,
after applying smoothing or interpolation, they could present functions with very
disperse and non contiguous values in t1 < · · · < tT .

First, we will show the performance when dealing with Gaussian processes (see
Figures 5.1). Nowadays real data sets present very complex structures that are difficult
or impossible to replicate with simulated data sets. For this reason, we include also a
simulation exercise sampling from the complete functions available at the Spanish daily
temperatures data set. Once we have a completely observed sample, we will assume
that for the c% of the functions we observed only p% of the evaluation points following
the two settings above.

In our simulations, we have considered sample sizes of 200 and 1000 curves and one
hundred replicates. For the proportion of completely observed functions we consider
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c = 75, 50, 25 and 0% and each partially observed function is available at p = 25, 50 and
75% of the total grid points. When all the functions of the sample are partially observed
(c = 0) the available methods in the literature can not provide a reconstruction because
the covariance matrix can not be estimated. In such cases, we only show the results
provided by the depth-based method. The benchmark methods (Kraus, 2015; Kneip
and Liebl, 2019) were implemented with the R-code available at the journal’s websites.

It is worth to mention that some of the simulation set-ups are very demanding in
terms of missing data in comparison with other studies reported. In particular, Liebl
and Rameseder (2019) uses c = 25, 50% and p around 50%. Kraus (2015) considered
c = 21, 39% and a mean of p around 71 and 85%. In both articles, the resulting par-
tially observed simulated samples present a part of the domain where all the functions
are completely observed providing a rich region for the estimation of the covariance.
Finally, the law of P produce smooth samples generated by splines with random coef-
ficients, without spikes or local up and downs movements.

5.2.1 Gaussian processes

In this Section, we consider a simple covariance scenario where P is the law of Gaussian
processes. In particular, we will sample from the modelX(t) = µ(t)+ϵ(t) where ϵ(t) is a
centred Gaussian process with covariance kernel ρϵ(s, t) = αe−β|s−t| for s, t ∈ [0, 1]. The
parameter µ(t) is also randomized following a centred Gaussian process with covari-
ance ρµ(s, t) = σe−(2(sin(π|s−t|)2/l2 . With this setting, each random sample will present
a different mean pattern avoiding shape related bias. The set of parameters for all the
results presented in the article is β = 2, α = 1, σ = 3 and l = 0.5. See Figure 5.1.

Top part of Table 5.1 summaries the Mean Square Error after 100 replicates with
partially observed samples by Random Points. In this case, the covariance presents a
simple stationary structure with exponentional decay (see left panel of Figure 5.2. The
method by Kraus (2015) is superior to the others and the depth-based is lightly better
than Kneip and Liebl (2019). When all the functions of the sample are partially observed
(c = 0% Fully Observed) only the depth-based method can provide a reconstruction
and, surprisely, the levels of MSE remains reasonably similar than the cases with some
complete functions (c = 75, 50, 25%).

5.2.2 Spanish daily temperatures by weather station

Spanish Agency of Meteorology (AEMET) provides temperatures recorded with a high
frequency from different meteorological stations located along the whole Spanish ter-
ritory. In particular, we have access to daily temperatures of 73 stations located in the
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Table 5.1: Median values of Mean Square errors over 100 hundred replicates. Each
replicate is composed by 200 curves. If available, we present between parenthesis the
case with 1000 observations. A dash (-) represents that the method cannot produce any
reconstruction. Empty cells are not available simulations. This table summaries the
observed results for Gaussian processes and AEMET data set. The partially observed
samples are obtained in two ways, observing m intervals of total length p% of the do-
main (Random Intervals) and observing p% of the total discrete realization points at
random (Random Points).

c = 75% Fully Observed c = 50% Fully Observed c = 25% Fully Observed c = 0% Fully Observed

Prop. observed by function (p%) 25 50 75 25 50 75 25 50 75 25 50 75

Gaussian processes

Depth-based 0.153 0.138 0.133 0.169 0.144 0.137 0.197 0.154 0.14 0.259 0.168 0.143
(0.105) (0.109) (0.113) (0.120)

Liebl 0.159 0.16 0.247 0.179 0.191 0.246 0.187 0.185 0.256 - - -
(0.164) (0.167) (0.159) - - -

Kraus 0.059 0.054 0.049 0.075 0.07 0.06 0.124 0.111 0.086 - - -
(0.029) (0.038) (0.052) - - -

Resampling AEMET data set

Depth-based 9.639 9.099 8.749 10.879 9.585 9.021 12.555 10.079 9.157 14.691 10.9 9.29
(5.393) (4.920) (6.384) (5.274) (7.874) (10.252)

Liebl 13.194 13.53 14.359 13.296 13.493 14.402 13.412 13.436 14.295 - - -
(13.081) (13.403) (13.201) (13.442) (13.259) - - -

Kraus 9.508 8.826 8.278 10.842 10.472 10.003 13.577 13.251 12.838 - - -
(6.834) (5.41) (7.349) (5.944) (8.617) - - -

Figure 5.2: Covariance estimations based on the available functions completely ob-
served. Left panel, Gaussian processes with a exponential decay covariance. Central
panel: Spanish daily temperatures with lower covariance values in Spring and Au-
tumn periods and higher covariance in Summer and Winter. Right panel: Japanese
age-specific mortality rates with a clear higher covariance structure at the oldest ages.
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capital of provinces. The temporal availability depends from one station to the other
ranging from 1893 to 2015. For example, Madrid-Retiro station is the oldest one, be-
ing monitored from 1893 (see Figure 1.1b. Barcelona-Airport started in 1925 and Ceuta
from 2003 Given the yearly periodicity, in functional data, we approach the analysis by
considering that, for each station, each year is a function providing a data set of 2786
curves in a grid of 365 days. In this setting, we encounter that yearly functions might
present partially observed values that could have been missing due to stations failing
to record or stations that did not initiate its service the first day of the year.

The AEMET data set has been analysed in the literature from a functional data ap-
proach. However, it has been only considered subsets of the total data set or prepro-
cessed samples. For example, some authors restrict the analysed to 1980 − 2009 and
analyse the mean values by station from 1980− 2009 (this subset of the data is available
from the R package fda.usc). This preprocessing ruins the natural variability of the
data that might be an important source of information for some purposes. The aim of
this case study is to complete the partially observed data set to increase the fully avail-
able information for further research, trying to respect the raw data features as much as
possible.

This data set presents complex covariance and dependency structure, a huge vari-
ety of shapes patters and magnitude values. These challenging features are difficult
to mimic from purely synthetic processes like the Gaussian of Section 5.2.1 or other
processes generated by splines with random coefficients (Kraus, 2015; Kneip and Liebl,
2019). For this reason, we do the exercise of reconstructing data sets randomly sampled
from the available fully observed functions. The simulation settings are the same as
explained at the beginning of Section 5.2.

Bottom part of Table 5.1 (Resampling AEMET data set) shows the summary results
of the simulation. Now, the depth-based method returns superior than any other ap-
proach for c = 50, 25 and 0% for sample sizes of 200 and becomes always superior for
sample sizes of 1000 (only some available results between parenthesis due to a lack of
time). Again, when there are not completely observed functions the covariance can not
be estimated and only the depth-based method provides a reconstruction. In addition,
for this setting (0% Fully Observed) the MSE’s are around the same level in compar-
ison with the cases where there are functions completely observed (75, 50, 25% Fully
Observed).

Figure 5.3 presents one example to illustrate the simulation. We took a random sam-
ple of size 1000 from the total observed curves of the AEMET data set and, then, we
apply the partially observed setting of Random Intervals with m = 4, p = 50% and c =
50%. In this case, we select one function at random ”VALLADOLID/VILLANUBLA-
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1956” where the name refers to the station and the year. This function is plotted in red
together with the reconstructed values. The regions where only the red curve is visible
are the regions that where observed, (Xi, Oi). Top panel of the figure shows the estima-
tions produced by Kraus (2015) (in black) and Kneip and Liebl (2019) (in green). The
middle panel presents the reconstruction produced by our proposal. We corroborate
the conclusions extracted from Table 5, the depth-based method produce more precise
results being able to maintain the original variability of the data. Bottom panel of Fig-
ure 5.3 shows the by-products interpretation of the methodology. Remember that our
point estimator depends on a subset of sample curves (or envelope) that envelopes the
curve to predict. Then, each function is part of a weighted average where the weights
are relative to its distance. Left panel aims to illustrate the temporal information of the
curves used for the reconstruction. The blue bubbles (with the year in parallel) repre-
sents the years of the functions that strongly weight in the point estimator given the
optimal θ. The size is relative to the proportion of times that the year is repeated. For
example, the years 1956 and 1969 have a bigger blue bubble than the others, indicating
that there are more curves from this years included in the envelope. Finally, the right
panel shows the location of the curve to predict (white asterisk) and the geographical
location of the most important stations (in white) for the reconstruction. All of them are
close, geographically speaking, and present similar geographical features.

Figure 5.4 illustrates the real case of ”BURGOS/VILLAFRÍA-1943” a station that
probably started operating in the middle of the year 1943. This might be the reason
why, approximately, only the second half of the year is recorded (red curve at the top
panel). We applied the three reconstructing methods to complete the fist half of the
curve (Kraus (2015) in black, Kneip and Liebl (2019) in green and the depth-based
method in red). The bottom panel summary the information of the most important
curves of the envelope that provides the reconstruction. In this case, the subsample con-
tains very old function from 1905 from MADRID-RETIRO station, more recent functions
from the 90s from the same ”BURGOS-VILLAFRÍA” station and a bigger proportion of
functions from 1943, belonging to the same year of the partially observed function to
reconstruct.

5.2.3 Japanese mortality data set by prefecture

The Human Mortality Data Set provides detailed mortality and population data of 41
countries or areas of the world. For some countries, they also offers micro information
by subdivision of the territory providing a challenging and promising spatio-temporal
information. In particular, Japanese mortality data set is available for its 47 prefectures,
for males, females and total population.
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Figure 5.3: Simulated exercise reconstruction of ”VALLADOLID/VILLANUBLA-1956”.
Top panel presents the reconstruction by Kraus (2015) (black) and Kneip and Liebl
(2019) (green). Middle panel, the reconstruction provided by the depth-based method.
Bottom panel, the spatial (Spanish map) and temporal (bubble plot) descriptive analysis
offered by the depth-based methodology and the envelope.
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Figure 5.4: Real partially observed function, ”BURGOS/VILLAFRÍA-1943”. Top panel:
reconstructions by Kraus (2015) (in black) Kneip and Liebl (2019) (in green) and the
depth-based method (in blue). Bottom panel shows the descriptive analysis of the most
relevant curves involved on the reconstruction of ”BURGOS/VILLAFRÍA-1943”. Left
part, time analysis (bubble plot of the involved years) and, right part, spatial analysis
(map with the most relevant and involved stations).
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A common FDA approach to analyse mortality data is to consider that each func-
tion is the yearly mortality for each age cohort (Shang and Hyndman, 2017; Shang and
Haberman, 2018; Gao et al., 2019; Shang, 2019). See Figure 4.3 to an illustration of the
French male mortality. With this configuration and gathering the 47 prefectures to-
gether, we deal with a male, female or total Japanese mortality data set of size 2007.
Each conjecture has not exactly the same number of functions and the range of ob-
served years is also different but, roughly, we have yearly mortality functions between
1975 and 2016.

In this setting, the poor availability of complete functions invalidate the possibility
of doing a resampling exercise as the one we have done for the AEMET data set. Then,
we are only able to illustrated some real situations. Figures 5.5 and Figures 5.6 present
two real reconstruction problems and the results obtained from the three methods. In
Figure 5.5 we reconstruct the shortest available curve, Saitama-2007 that was only avail-
able in a very short interval of mortality rates for the youngest cohorts. Kraus (2015) and
Kneip and Liebl (2019) produce smooth results (black and green respectively) mean-
while the depth-based method produces a more spiky results, in concordance with the
other available curves. The bottom panel presents the bubble plot illustrating the time
period of the envelope functions and the prefecture in the map. Figures 5.6 presents a
case with the function Tottori-2015 that is observed in 5 fragments.
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Figure 5.5: Reconstruction of the most poorly observed function of the sample, Saitama-
2007. The top panel presents the reconstruction given by Kraus (2015) (black), Kneip
and Liebl (2019) (green) and the depth-based method (blue). The bottom panel shows
the year of the most important functions of the envelope and the right maps shows its
prefectures.
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Figure 5.6: Real partially observed function of the sample observed in 6 fragments,
Tottori-2015. The top panel presents the reconstruction given by Kraus (2015) (black),
Kneip and Liebl (2019) (green) and the depth-based method (blue). The bottom panel
shows the year of the most important functions of the envelope and the right maps
shows its prefectures.
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Chapter 6

Conclusions

Depth-based methods have demonstrated to be remarkable non-parametric tools that
might be useful to solve a wide range of problems for big and complex data structures.
In addition, the literature is currently revealing a strong interest on the theoretical as-
pects of depth measures, that might give a consistent support and background for future
depth-based methodologies. In Chapter 2, we introduced the fundamentals of depth
measures and illustrated their potential in problems of visualization, outliers detection
and classification.

This thesis has introduced a notion of depth measure for partially observed func-
tional data, namely POIFD (see Chapter 3). The proposed POIFD has good theoretical
properties. Moreover, as shown in a number of simulation studies, it has very good per-
formance and it is superior to alternative approaches already available in the literature,
whenever the latter are applicable (i.d., in the simplified settings where at least some of
the curves are fully observed, or there is a common domain were all data are recorded).

The new proposal enables fundamental tools for the visualization of partially ob-
served functional data such as the Functional Boxplot (Sun and Genton, 2011) and the
Outliergram (Arribas-Gil and Romo, 2014). The proposed POIFD is able to unmask
both shape and magnitude outliers in simulation exercises and also in daily electric-
ity supply functions from the German Market. It thus offers a fundamental support
to the available techniques for partially observed functional data, which can be highly
affected by outliers. In addition, we consider a new class of outliers, termed “observ-
ability” outliers that are functions observed in a part of the domain where the majority
of the functions are poorly observed.

Moreover, POIFD are also useful for classification problems when the functions are
partially observed. We consider the DD-plot classifiers (Cuesta-Albertos et al., 2017) and
we show its efficiency in simulation studies where the proposal achieve low misclassifi-
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cation rates even with poorly observed functional samples. As real case study, we deal
with the Aneurisk65 data set and the problem of classifying patients with aneurysm
and healthy patients. The method leads to missclassification errors lower than any of
the other discrimination techniques applied before. For doing this, we extended the
POIFD to multivariate partially observed functional data and we applied DD-classifiers
with two dimensional cardiovascular variables, curvature and radius of the internal
carotid artery. In general, we believe that the POIFD can be an articulation to spread the
application of existing depth-based tools for partially observed functional data.

Chapter 4 introduced a depth-based method for functional time series forecasting.
The method is significantly different than other classical approaches and it offers new
insights into functional time series forecasting, providing also flexible and intuitive vi-
sualization tools to support practitioners. Both one-step ahead prediction and dynamic
updating are addressed in a unified way, with a completely empirical approach, without
attending to any statistical model that could explain the mechanism of data generation.

The depth-based approach worked well with simulated data. It was compared with
the benchmark method in the field, which is based on modelling functional principal
component scores. In summary:

(i) The new one-step ahead predictions were slightly inferior for data coming from
stationary functional autoregressive processes; competitive for data coming from
other stationary functional time series; superior for zero-mean data coming from
non-stationary time series.

(ii) The dynamic updating always offered unbeatable short-term predictions.

The new method turned out to be superior by far to the benchmark methods for
daily electricity demand forecasting. These case study shows that the approach dis-
cussed here may take into account structural features of the functional time series, that
can be useful in forecasting. Particular characteristics of the electricity demand data
related to the calendar effect, such as weekly and yearly stationarity and the presence
of outliers were anticipated by the method for making accurate predictions. Although
these peculiarities are known and often used for electricity demand forecasting, they
could be unknown for other data.

Chapter 5 introduced a depth-based reconstruction method for partially observed
functional data to estimate the missing fragments. We compare its performance with
other alternative methods of the literature and with simulated data sets and with real
case studies.

One of the scenarios where the new proposal seems to be superior is when the co-
variance function can not be estimated consistently. We explored in our simulations two
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settings where this might occur. On one hand, when the information available is poor
due to the high proportion of missing fragments or because there is a low proportion of
complete functions in the sample. On the other hand, the covariance estimation prob-
lem might be harder when the covariance has a rich structure. Finally, our simulation
exercises show that our proposal is the only one capable to provide a reconstruction out-
put when every single function is partially observed or, in other words, when there are
not complete functions in the sample. For doing this, we only require that the partially
observed functions cover the full domain densely.

We presented two real case studies where the functions where partially observed,
maximum daily temperatures in Spain by weather station and age-specific mortality
rates in Japan by prefecture. We show how our proposal provides estimates that pre-
serves the original features of the functions. Moreover, the depth-based methodology
allows to understand, through graphical displays, the drivers of the final reconstruc-
tions. Given a function to reconstruct, the analysis of its envelope allowed us to study
the time and the location of the curves involved in the prediction.

In closing, some of the strengths of the depth-based methods are in line with valu-
able attributes for the current data-driven world era. To begin with, the Algorithmic
Modeling Culture (Breiman, 2001) has gained popularity and has achieved impressive
predictive accuracy results. This type of methodologies, sometimes termed black boxes,
have received many criticism due to their lack of interpretability. The forecasting and
reconstruction depth-based methods introduced in this thesis are part of this culture.
However, they produce a posteriori information that provides insights about the mech-
anism that produces the output. This feature makes our depth-based methods fully
interpretable, algorithm-based but far away to be black boxes. Next, to be intuitive and
data-driven are two more than desirable characteristics given the increasing popularity
of data analysis and its spread in many different areas of research. The fundamentals
of the proposed depth-based methods are simple and easy to explain to non statistical
experts, facilitating interdisciplinary research and motivating their use. Finally, big and
complex data sets are a computational challenge and computational efficiency is a key as-
pects in the current data paradigm. Depth measures might be excellent cornerstones to
build efficient forecasting methods (Sun et al., 2012). Additionally, the proposed depth-
based forecasting method seems to be able to introduce efficiently the incoming new
information, updating the forecast as soon as the data is received. This two last features
made the proposal ideal for real data analysis working projects in production.
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Appendix A

Appendix to Chapter 3

A.1 Additional simulation results

A.1.1 Agreement between Partially Observed Integrated Functional Depths
and Integrated Functional Dephts

Table A.1: Agreement between partially observed depth computed on partially ob-
served samples and original depths computed on the complete sample. Mean values
of Willmott index based on one hundred replicates, a value equal to one means perfect
agreement.

FM MBD MHRD MEI

25 50 75 25 50 75 25 50 75 25 50 75

Random intervals (m)

m = 2 0.452 0.692 0.854 0.469 0.702 0.861 0.425 0.655 0.841 0.621 0.779 0.904
m = 4 0.548 0.717 0.861 0.565 0.726 0.867 0.537 0.695 0.853 0.698 0.809 0.911
m = 6 0.601 0.741 0.873 0.619 0.753 0.88 0.601 0.738 0.868 0.747 0.839 0.92

Random points

0.822 0.904 0.945 0.828 0.91 0.95 0.835 0.91 0.949 0.899 0.945 0.97

Common domain

Common 0.369 0.563 0.691 0.398 0.577 0.699 0.397 0.538 0.65 0.614 0.708 0.786
POIFD 0.793 0.841 0.878 0.799 0.845 0.881 0.759 0.81 0.852 0.855 0.886 0.913
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A.1.2 Visualization and outliers detection methods

This Section illustrates the performance of the available reconstruction methods by
Kraus (2015) and Kneip and Liebl (2019) under a very simple simulation scenario. In
particular, we consider Gaussian processes with µ(t) = sin(t) and covariance ρµ(s, t)
with α = 0.2 and β = 0.8. This setting produces a simple data set with a very high
correlation and low level of noise. The aim of this simulation is to show that even in
favorable situations it is beneficial to remove the outliers to avoid the bias in the recon-
struction.

Here we will contaminate the Gaussian samples above with c × 100% outliers of
shape, magnitude or both. We generate magnitude outliers with the model XMag(t) =

µ(t) + ϵ(t) + u where u ∼ Unif [1.5, 2.5] with probability 1/2 and u ∼ Unif [−2.5,−1.5],
otherwise. A shape outlier is generated by XShape(t) = µOut(t) + ϵ(t) where µOut(t) =
cos(2πt). To detect magnitude outlier we extend the functional boxplot by Sun and Gen-
ton (2011) to the partially observed functional case and we apply the partially observed
Modified Band Depth to construct the box and whiskers. Even applying the functional
boxplot, some shape outliers could be hidden in the middle of the sample and, for these
cases, Arribas-Gil and Romo (2014) proposed a shape outlier detection tool called Out-
liergram based on the relationship between the Modified Band Depth and the Modified
Epigraph Index.
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Figure A.1: One hundred Gaussian processes, two shape outliers (red) and two magni-
tude outliers (blue). Left panel: Extensions of the functional boxplot (Sun and Genton,
2011) for partially observed functional data. The black to gray scale corresponds to re-
gions of high observability and low observability. The deepest function is plotted in
white. The two magnitude outliers are out of the fences, declared as magnitude outlier.
Right panel: Extension of the Outliergram (Arribas-Gil and Romo, 2014) for partially
observed functional data. The two shapes outliers are below the dotted parabola, de-
clared as shape outlier. Random Interval Case (m = 4) and Common Domain Case with
p = 50%. 25% of the sample is completely observed.
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Table A.4: Median of MSE/MSEout where MSEout is the Mean Squared Error with out-
liers and MSE the Mean Squared Error after trimming the outliers. The median was
taken over 100 replicates.

Probability of fully observed 0.75 Probability of fully observed 0.25

c = 0.05 c = 0.10 c = 0.05 c = 0.10

Mag. Shape Both Mag. Shape Both Mag. Shape Both Mag. Shape Both

Random intervals (m = 2, p = 75%)

Mean 2.42 5.63 3.37 2.99 19.36 5.93 1.86 2.62 2.01 2.14 7.06 4.37
Kraus 1.08 1.06 1.18 1.23 1.02 1.31 1.38 1.16 1.42 1.5 1.06 1.48
Dominik 1.02 1.12 1.07 1.01 1.08 1.07 1.05 1.12 1.16 1.08 1.08 1.19

Random intervals (m = 2, p = 50%)

Mean 2.12 3.82 2.68 2.23 11.55 5.53 1.71 1.61 1.25 1.34 3.98 2.17
Kraus 1.20 1.15 1.20 1.12 1.09 1.30 1.34 1.21 1.58 1.45 1.20 1.70
Dominik 1.08 1.12 1.12 1.04 1.05 1.17 1.11 1.23 1.19 1.05 1.28 1.21

Random points (p = 50%)

Mean 2.13 3.88 2.54 2.43 11.82 5.31 1.68 1.89 1.52 1.76 4.7 2.66
Kraus 1.18 1.05 1.300 1.29 1.17 1.46 1.58 1.23 1.64 1.68 1.26 1.90
Dominik 1.00 1.00 1.00 1.00 1.00 1.02 1.00 1.00 1.00 1.01 1.01 1.00

Common domain (p = 50%)

Mean 2.86 4.66 2.33 3.13 14.29 5.45 1.28 1.34 1.14 2.06 3.57 2.84
Kraus 1.12 1.08 1.17 1.1 1.13 1.31 1.21 1.11 1.36 1.25 1.07 1.58
Dominik 1.07 1.24 1.21 1.04 1.31 1.32 1.23 1.28 1.43 1.24 1.25 1.54
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A.2 Outlier detection in German electricity supply functions

Figure A.2 shows the functional boxplot and the outliergram for the German electricity
supply functions, highlighting the detected outliers. It should be pointed out that the
boxplot is able to point out some outliers that are not the typical magnitude outliers nor
shape outliers. These outliers are functional data that are observed over a portion of the
domain where the central 50% are not instead typically observed. These novel type of
outliers are pointed out in this case because in this applied problem, the assumption of
Missing-Completely-at-Random does not hold.
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Figure A.2: Left panel: functional boxplot for the electricity price data set for magnitude
outlier. Right panel: the Outliergram for shape outliers detection.
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A.3 Classification of aneurysm patients

Table A.5 reports the absolute, relative, and conditional confusion matrices, estimated
according to Leave-one-out Error (L1ER) and Apparent Error Rate (APER), for the clas-
sification of the AneuRisk65. All the errors are lower than those obtained in Sangalli
et al. (2009).

Table A.5: Absolute, relative, and conditional confusion matrices estimated according
to Leave-one-out Error (L1ER) and Apparent Error Rate (APER).

L1ER = 13.84% APER = 10.76 %

Abs. Lower Upper Abs. Lower Upper

Lower 26 3 Lower 28 3
Upper 6 30 Upper 4 30

Rel. Lower Upper Rel. Lower Upper

Lower 40.00% 0.04% Lower 43.07% 4.61%
Upper 9.23% 46.15% Upper 6.15% 46.15%

Cond. Lower Upper Cond. Lower Upper

Lower 89.66% 10.33% Lower 90.33% 9.67%
Upper 16.66% 83.33% Upper 11.76% 88.24%



116 APPENDIX A. APPENDIX TO CHAPTER 3

−1

0

1

2

C
ur

va
tu

re

0

1

2

3

4

R
ad

iu
s

Partially Observed Functional Boxplot

−90 −60 −30 0

−90 −60 −30 0

0.00 0.25 0.50 0.75 1.00

Figure A.3: Functional boxplot obtained independently at each dimension, Curvature
and Radius. The deepest functions are plotted in white.



Appendix B

Appendix to Chapter 4

B.1 A note on Periodically Correlated Processes

This note aims to expose the framework of Periodically Correlated Processes (PCP).
Their role in this thesis and, in particular, in Chapter 4 is fundamental to support and
provide a theoretical framework to Functional Time Series coming from slicing a time
series with a periodical rhythm. The contents of this annex is based on the book Harry
L. Hurd (2007), some unpublished notes by Hurd (1997) and the work by Boshnakov
(1994).

Many signals may be expected to be PCP because they naturally arise from sys-
tems in which there is a combination of randomness and periodicity. It is easy to see
that some physical processes follow this structure, for example, communication sig-
nals, acoustic or vibration signals (engines, pumps, helicopters), rhythmic psychologi-
cal processes (heart beats) or orbits of certain dynamical systems (chaotic systems). The
time series of daily maximum temperature that produces the Figure 1.1b is another pro-
cesses potentially explained by PCP. Other processes not related with physics also seem
to obey such kind of structures. In particular, this thesis approach the analysis of the
Spanish electricity demand observed each 10 minutes and the hourly NOx emission
in Madrid. Both time series present a particular daily periodicity that motivates their
study within this framework. Both series varies significantly during the day and they
have distinct characteristics during the working days, compared to those during week-
ends. There exists a huge difference between their values in summer and winter. In ad-
dition, the correlation between the electricity demand or NOx emissions between two
time points, for example between 10pm - 11pm, are different from that in the evening
6pm - 7pm. These features made the PCP set up one of the possible frameworks for
describing and modelling such time series.
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(a) Scalar time series. Electricity demand each 10 minutes during the first week of 2017.

(b) Dual process. Functional time series obtained by slicing in daily periods de time series from
2016 to the first week of 2017. The 7 black curves correspond to the days represented in the time
series of panel (a).

Figure B.1: Spanish electricity demand. From periodic scalar time series to functional
time series.
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The analysis and modelling of this kind of pseudo periodic behaviour is a classical
problem in time series. One of the most commonly used approaches is the decomposi-
tion of the time series X(t) into seasonal (S(t)), trend (T (t)) and irregular (U(t)),

X(t) = S(t) + T (t) + U(t). (B.1)

The seasonal component describes that part of the variation of the time series which
is due to the different ”seasons” (months for monthly data, days of the week for daily
data, etc.). EquationB.1 is a very general framework that has been taken as a back-
bone for many different models giving different formal definitions of the components
in Equation B.1. The most popular methods for time series analysis in the last decades
are based on ARIMA models.

PCP are random processes in which there exists a periodic rhythm that is generally
much more complicated than periodicity in the mean function. They were introduced
by Gladyshev (1961) and he studied their connection with the multivariate stationary
processes. The later point is the link that support our Sliced Functional Time Series
approach when dealing with periodical time series.

To introduce formally the PCP processes, lets consider a second order random pro-
cess Z(t) ∈ L2(Ω,F ,P) where t ∈ Z. In the following, we will use indistinctly Z(t) and
Zt to simplify the notation.

Definition B.1. (Periodically Correlated Processes) A second order processZ(t) is called
periodically correlated with period p (PC-p) if for every t, s ∈ Z

µZ(t) = µZ(t+ p) (B.2)

and
ρ(t, s) = ρ(t+ p, s+ p) (B.3)

and there are no smaller values of p > 0 for which B.2 and B.3 hold.

Definition B.2. (Weak Stationarity) A second order random process Z(t) is called
(weakly) stationary if for every s, t ∈ Z

µ(t) ≡ m and ρ(s, t) ≡ ρ(s− t). (B.4)

It is clear that a process with period p is also periodical for kp, for any integer k. If
Z(t) has period p = 1 then its is stationary (weakly) becasue ρ(s, t) is a function that
depends only on (s− t). Also note that a stationary sequence is Periodically Correlated
with every period.
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The mean and the autocovariance function of these processes are periodic. The pro-
cesses from this class are non-stationary, but many of the concepts of the stationary
theory admit generalisation to the periodic case. In fact, there is a duality between
the multivariate stationary processes and the periodically correlated processes which
makes the investigation of these two classes theoretically equivalent. To see this con-
nection, lets define the dual process.

Definition B.3. (Dual process) The dual (multivariate) process Z(t) of a p-periodically
correlated process Z(t) is defined as

Z(t) = (Z(pt), . . . , Z(pt− p+ 1))′.

The Definition above consider multivariate or vector sequences obtained from the
blocking of univariate or scalar sequences. For example, the first multivariate observa-
tion would be Z1 = (Z(p), . . . , Z(1))′ that we consider as the first functional observation
in our functional data approach.

Consider an indexed collection {Zjt , j = 1, 2, . . . , q} of a random sequence as the
vector Z(t) = [Z1

t , Z
2
t , . . . , Z

q
t ]

′.

Definition B.4. (Multivariate Stationarity) A second order q-variate random sequence
Z(t) with t ∈ Z is called (weakly) stationary if

E{Zjt } ≡ mj (B.5)

and
ρjk(s, t) = Cov(Zjs , Z

k
t ) = ρjk(s− t) (B.6)

for all s, t ∈ Z and j, k ∈ {1, 2, . . . , q}.

Multivariate (or vector) sequences obtained from the blocking of univariate (or
scalar) sequences will be indexed by n and thus denoted as Zn. That is, the univari-
ate sequence Zt is related by T -blocking to the T -variate sequence Zn by

[Zn]
j = Zj+nT , n ∈ Z, j = 0, 1, . . . , T − 1. (B.7)

Theorem B.1. (Gladyshev (1961)) The process Z(t) is periodically correlated with period d if
and only if its dual process Z(t) is stationary.

In Chapter 4, two Gaussian processes were combined to create PCP. First, a Gaus-
sian process X with zero mean and squared exponential autocovariance function. Sec-
ond, a Gaussian process f , independent of X , with zero mean and periodic covariance
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function in such a way that the trajectories of f are periodic functions of period p. We
consider three types of seasonal signals given by

Y1(t) = f(t) +X(t), Y2(t) = f(t)X(t), and Y3(t) = X(t+ f(t)).

Y1 is a sum of a seasonal and irregular component, widely used in time series. However,
Y2 and Y3 are non-standard transformations that produces also PCP of period p. See Fig-
ure 4.8 for a visual illustration of the Sliced FTS generated by this PCP of period d. If f
were deterministic, then Y2 would correspond to an amplitude modulation of a stationary
process while Y3 to a time-scale modulation, frequently used signals in engineering. And
their dual processes would produce stationary T-variate sequences as demonstrated by
Theorem B.1 (see Chapter 3 of Harry L. Hurd (2007)).

In contrast, we randomized f by considering a centered Gaussian process with pe-
riod d to produce a wide spectrum of curve patterns. In the following, we proof that
randomizing f also produces Y1, Y2 and Y3 that are PCP of period d.

Example B.1. If X(t) is a centered stationary process and f(t) a PCP-d, then

Y (t) = f(t) +X(t)

is PC with period d.
• • •

Proof.

ρY (s, t) = E [YsYt] = E [(ft +Xt)(fs +Xs)] (B.8)

= E [E [(ft +Xt)(fs +Xs)|f ]]

= E [ftfs + ftE[Xs] + E[Xt]fs + E[XtXs]]

= E [fsft] + E [XsXt] = ρf (s, t) + ρX(s, t)

= ρf (s+ p, t+ p) + ρX(s+ p, t+ p) = ρY (s+ p, t+ p). (B.9)

Example B.2. If X(t) is a centered stationary process and f(t) a PCP-d, then

Y (t) = f(t) ·X(t)

is PC with period d.
• • •
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Proof.

ρY (s, t) = E [YsYt] = E [(ft ·Xt)(fs ·Xs)]

= E [E [(ft ·Xt)(fs ·Xs)|f ]]

= E [ft · fs · E [Xt ·Xs|f ]]

= E [fsft] · E [XsXt] = ρf (s, t) · ρX(s, t)

= ρf (s+ p, t+ p) · ρX(s+ p, t+ p) = ρY (s+ p, t+ p). (B.10)

Example B.3. If X(t) is a centered stationary process and f(t) a PCP-d, then

Y (t) = X
(︁
t+ f(t)

)︁
is PC with period d.

• • •

Proof.

ρY (s, t) = E [YsYt] = E [(ft ·Xt)(fs ·Xs)]

= E [E [(ft ·Xt)(fs ·Xs)|f ]]

= E [ft · fs · E [Xt ·Xs|f ]]

= E [fsft] · E [XsXt] = ρf (s, t) · ρX(s, t)

= ρf (s+ p, t+ p) · ρX(s+ p, t+ p) = ρY (s+ p, t+ p). (B.11)
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Appendix to Chapter 5

C.1 Additional simulation results

Table C.1: Median values of the mean squared error after 100 hundred replicates. Each
replicate is composed by 200 functional observations. This table summaries the exercise
considering random samples from the fully observed AEMET data set. The partially
observed samples are obtained by restricting each function tom intervals of total length
p% of the domain (Random Intervals).

Resampling AEMET data set

75% Fully Observed 50% Fully Observed 25% Fully Observed

Prop. observed by function (p%) 25 50 75 25 50 75 25 50 75

m = 1 Depth-based 13.359 10.037 8.999 15.597 11.224 9.69 18.122 12.903 10.884

Dominik 16.041 12.862 10.998 16.105 13.119 10.979 16.567 13.366 11.168

Kraus 14.42 11.033 9.472 15.466 12.359 10.29 16.821 14.194 10.877

m = 2 Depth-based 13.546 10.363 8.975 16.935 11.076 9.621 19.415 12.347 10.385

Dominik 16.657 13.689 11.2 16.856 13.591 11.373 16.96 13.662 11.549

Kraus 13.369 11.394 9.542 14.439 12.393 10.597 16.074 14.228 12.422

m = 4 Depth-based 13.841 10.316 9.199 16.403 10.829 9.579 18.682 11.8 10.097

Dominik 16.164 13.665 12.126 16.088 13.689 11.953 16.105 13.563 11.962

Kraus 12.909 11.32 10.022 13.676 12.354 11.063 15.427 14.301 12.736
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Appendix D

Software

D.1 Github repository

All the methods proposed in the thesis have been implemented in R (R Core Team, 2019)
and the codes will be published and documented in the following repository

https://github.com/aefdz/dbFDA

There exist more than forty libraries to analyse functional data in CRAN (see the
task view https://cran.r-project.org/web/views/FunctionalData.html)
but only one of them is fully devoted to the concept of depth (Pokotylo et al., 2019)
and other only includes some functional depth measures and applications (Febrero-
Bande and Oviedo de la Fuente, 2012). There is not a library in CRAN for partially
observed functional data, however, the articles Kneip and Liebl (2019) and Kraus (2015)
are accompanied of R code to replicate their methods.

A Functional depth measures and their partially observed counterparts. In particu-
lar, Fraiman and Muniz depth (Fraiman and Muniz, 2001), Modified Band Depth
(López-Pintado and Romo, 2009), Modified Half Region depth and Modified Epi-
graph Index (López-Pintado and Romo, 2011).

B Functional boxplot and outliergram extensions to the partially observed func-
tional data context. Visualization and outlier detection rules.

C Implementation of the Algorithm 1 that produces the envelopes for functional
data.

D Data sets. The data sets analysed in the thesis that are not linked to the original
source will be included in the repository.
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