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Abstract

This manuscript analyzes the role of coherent structures in turbulent thermal transport in pipe flows. A
Proper Orthogonal Decomposition (POD) analysis is performed on a direct numerical simulation dataset
with non-homogeneous boundary conditions, heated on the upper side, representative of solar receivers
(Antoranz et al, 2015, Int. J. Heat Fluid Flow, 55). Three flow conditions are analyzed: with friction
Reynolds number equal to 180 and Prandtl number equal to 0.7 and 4 and with friction Reynolds number
equal to 360 and Prandtl number equal to 0.7. Both POD and extended POD modes are presented and
compared. This allows to visualize the main flow modes in terms of both turbulent kinetic energy and
temperature fluctuations, analyzing their contribution to the turbulent transport of heat. The POD analysis
shows that the temperature fluctuations are described by a more compact modal subspace than the turbulent
kinetic energy. The effect of increasing the Reynolds number is to produce a thinner boundary layer, with a
slightly less compact representation of both kinetic energy and temperature fluctuations. The increase of the
Prandtl number, instead, results in a thinner thermal boundary layer with a greater scale separation between
thermal fluctuations and kinetic energy. Temperature POD modes together with velocity extended POD
modes are used to analyze and quantify the mode contribution to turbulent thermal transport. Results show
that the correlation between velocity and temperature is such that it is possible to describe roughly 100%
of the turbulent heat transport and temperature fluctuations with only 40% of the kinetic energy. For the
cases with Pr = 0.7, the first extended POD mode is a large vertical jet flanked by a pair of counter-rotating
vortices near the heated part of the pipe. This single structure accounts for up to 10% of the turbulent heat
transport.
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Nomenclature

A Pipe cross-plane area
an nth mode temporal coefficient
C Two-point correlation matrix
cp Specific heat
dA Matrix containing local area values
g Arbitrary scalar function
g Snapshot matrix of an arbitrary fluctuating scalar function g

Gr Grashof number
K Integral measure of the turbulent kinetic energy in the pipe cross-section
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m Wavenumber of the velocity POD spatial mode
N Number of modes
Np Number of points in the spatial discretization
Nt Number of realizations
Pr Prandtl number
q′′w Wall heat flux
R Pipe radius
Re Reynolds number
Reτ Friction Reynolds number
(r, θ, z) Cylindrical coordinates
T Temperature fluctuation with respect to the bulk temperature
Tb Bulk Temperature
t Time
u = (u1, u2, u3) Velocity vector
uτ Friction velocity
v Velocity component in the vertical direction
x Spatial coordinate vector
(x, y, z) Cartesian coordinates

Greek Symbols
α Thermal difussivity
Γ Integral measure of the turbulent heat flux
Θ Integral measure of the temperature variance
λn Eigenvectors of the two-point correlation matrix
ν Kinematic viscosity
ρ Density
Σ Matrix containing the singular values of the snapshot matrix
σn nth Singular value of the snapshot matrix
τw Wall shear stress
ϕ Matrix of spatial modes

ϕn nth spatial mode
ψ Matrix of temporal modes

Subscripts
b Referred to a bulk quantity
k Referred to turbulent kinetic energy
max Maximum value
N Number of modes used for low-order reconstruction
T Referred to temperature
ui Referred to the ith velocity component

Superscripts
′ Referred to the temporal fluctuating part of a physical quantity
T Referred to a matrix transpose

1. Introduction

Amongst the category of wall-bounded turbulent flows, pipe flows represent a canonical case which has
been widely studied and is still object of intense research (see e.g. the recent thematic issue on high Reynolds
number wall turbulence [1]). In spite of its importance and its wide range of applications in heat exchanger
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devices, literature is mostly focused on average heat transfer performance, starting from straight tubes
(presented in well assessed textbooks, see, e.g. [2]) to curved tubes object of more modern researches [3].
Recent advances in numerical and experimental techniques have allowed to estimate surface heat transfer in
pipes, especially focusing at heat transfer uniformity (see e.g. [4]). Nevertheless very few studies focus on the
temporal variation of turbulent heat transfer at the wall and on the dynamical mechanism of turbulent heat
transfer. Recent attempts have been performed experimentally by [5] thanks to the development of time-
resolved heat transfer sensors [6, 7]. Few studies are dealing with resolved numerical simulation of pipe flows
heat transfer mostly due to the computational complexity associated with the cylindrical coordinate system
and the corresponding numerical singularity along the symmetry line. Some examples of Direct Numerical
Simulations (DNS) of turbulent pipes flows with homogeneous heating are available [8, 9, 10, 11, 12].

Such resolved simulations allowed for the availability of high resolutions statistics and for the development
of relations between wall heat flux and flow eddies. When comparing pipe flows with boundary layers flows,
Saha et al. [12] suggest that, since pipe flow forces the motions near the centerline to interact more vigorously,
the wall heat flux promotes stronger temperature fluctuations.

DNS data allow for the availability of full thermo-fluid-dynamic instantaneous information and permits
to understand the thermo-fluid mechanisms inside the pipe. This is especially relevant when dealing with
problems where an efficient turbulent transport and mixing is needed. An example of such problems is
the flow inside the receivers of concentrated solar power towers [13]. The solar receivers are formed by
thin-walled metal tubes, on which heliostats located around the tower concentrate the solar radiation while
the fluid flowing through the tubes (typically a molten nitrate salt) increases its temperature due to the
heat flux received. The solar receivers are irradiated only on their outward facing side and the flow inside
the tubes experiences highly non uniform heat fluxes. One of the technical problems faced by these devices
is that the tubes often break out due to the generated thermal stresses [14]. Experimental data is scarce,
therefore efforts have been concentrated on developing simple models or using commercial computational
fluid dynamics simulations to predict the performance of the tubes [15]. The operation of the plant must
ensure the receiver safe operation, limiting the temperature of the heat transfer fluid and the temperature
gradients on the wall. The operating conditions should try to, on one hand, increase the efficiency of the
receiver, increasing the heat absorbed by the molten salts while flowing through the tubes, and on the other
hand, reduce the salt temperature on the wall, the thermal stresses of the tubes and the pressure drop
through the receiver. The strategies to improve the operation of the plant can be performed by changing
the incident heat on the tubes (by varying the aiming strategy of the heliostats) or modifying the flow
configuration of the receiver (modifying the inlet/outlet tubes of the receiver) [16]. Such challenges require
a greater understanding of the flow and temperature distribution than currently available.

Direct numerical simulations of fully-developed turbulent flow and heat transfer in pipes, in which the
temperature is regarded as a passive scalar, have been instrumental in understanding the mechanism of
turbulent transport in pipes with non-homogeneous thermal forcing. Antoranz et al. [17] performed DNS
simulations of incompressible flow in pipes with sinusoidal heating on the upper part and adiabatic conditions
in the lower part, considering constant fluid properties. The friction Reynolds number (based on the pipe
radius) was equal to 180 and 360 and the Prandtl number was equal to 0.7 and 4. Their results have shown
that most of the turbulent thermal fluctuations take place in the upper part of the pipe where the heat flux
is maximum. Reynolds number was found to have a small impact on the wall temperature distribution,
while the Prandtl number produces significant changes, being the circumferential variations of temperature
more pronounced in the case at higher Prandtl number.

A common approach in turbulent flows consists in decomposing, through Proper Orthogonal Decompo-
sition, the fluctuating turbulent fields in orthogonal modes, which are representative of the main coherent
structures of the flow [18]. Coherent structures include motions on different scales, ranging from near wall
streaks to large and very large scale motions, which in a pipe might extend up to 20 pipe radii in the
streamwise direction. Especially these large scale motions are found to be responsible of up to 50% of
turbulent Reynolds stresses [19] and are especially interesting for the development of simplified models and
the development of control strategies [20].

The POD modes are obtained as a weighted average of the snapshots and are optimal in an energy sense.
The most common choice in turbulent flow studies is to decompose the velocity field, thus identifying the
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set of modes which is optimum in terms of turbulent kinetic energy. This procedure is well assessed in pipe
flows, e.g. [21, 22, 23, 24]. It can be shown that, for a fully developed flow where the statistical quantities
are homogeneous in the tangential direction, POD modes converge to Fourier modes (see, e.g. [21]). These
structures correspond to roll-cell like structures [25] that line up to create very large scale motions.

When dealing with multiple physical quantities, such as in the present case velocity and temperature
fields, it can be interesting to analyse the proper orthogonal modes connected with other quantities of
interest than the velocity. The extended proper orthogonal decomposition (EPOD, [26]) is based on the use
of the same temporal basis to find the modes of any data ensemble synchronized with the data ensemble
used for the decomposition, in order to extract information on correlated events. EPOD has been previously
used to correlate several processes with flow coherent structures, e.g. wall pressures [27] and flame dynamics
[28]. The analysis of the heat flux obtained from the thermal field synchronized with the velocity field
has been approached using methods other than EPOD. Kruse and Von Rohr [29], for example, studied the
structure of turbulent heat flux over a heated wavy wall by means of only POD analysis over Particle Image
Thermometry data. They found good correlation between the first POD modes of thermal fluctuations and
the first modes of the velocity fluctuations, as they were both highly influenced by the wavy wall geometry.
In the present work, the dataset of Antoranz et al. [17] is analysed with POD and EPOD aiming at a better
understanding of the heat transfer problem.

The manuscript is organized as follows. The database is introduced in §2. This is followed in §3 by a
brief summary of the POD and EPOD methodologies. Then, numerical details on the snapshots considered
are discussed in §4. Finally, results are presented and discussed in §5, followed by conclusions in §6.

2. Numerical database

The datasets to be analysed in this paper were generated by direct numerical simulations (DNS) of
a fully-developed turbulent pipe flow, with circumferentially-varying heat flux boundary condition. For
completeness, we provide here the most important details of the computations; further details can be found
in [17].

The governing equations are the Navier-Stokes equations for an incompressible flow together with an
advection-diffusion equation for the internal energy. All fluid properties are considered constant, including
the density, ρ, kinematic viscosity, ν, thermal diffusivity, α, and specific heat cp. Internal energy (thus
temperature, given constant cp) is treated as a passive scalar, i.e. it is assumed that the ratio between the
Grashof number and the square of the Reynolds number Gr/Re2 � 1.

The boundary conditions at the pipe wall are no-slip for the velocity and a circumferentially-varying
heat flux given by

q′′w(θ) = q′′w,max sin θ, 0 < θ < π (1)

q′′w(θ) = 0, π < θ < 2π (2)

The added heat leads to a net increase of the temperature along the axial direction, z, which allows the
decomposition of the temperature field in Tb(z) + T (r, θ, z, t), where r is the pipe radial coordinate, t is the
time, Tb(z) is the bulk temperature (averaged in time and in cross-planes) and T is the fluctuation with
respect to the bulk temperature. Note that for a fully developed pipe flow, T is homogeneous along the
axial direction and the time-averaged integral of T in cross-planes is zero.

Finally, the flow is driven by a constant pressure gradient in the axial direction. Hence, the velocity
and the pressure gradient are homogeneous in the axial and circumferential directions. The temperature
fluctuation is only homogeneous in the axial direction.

We analyze the three cases reported by Antoranz et al. [17]. These cases are defined by the values of the
friction Reynolds number Reτ = uτR/ν (where uτ =

√
τw/ρ is the friction velocity based on the wall shear

stress τw) and the Prandtl number Pr = ν/α. Case 1 has Reτ = 180 and Pr = 0.7; case 2 has Reτ = 180
and Pr = 4; and case 3 has Reτ = 360 and Pr = 0.7.

All cases where simulated with Nek5000, a DNS spectral-element code developed by Fischer et al. [30].
The computational domain includes the full pipe volume over a length of 25R, where R is the pipe radius.
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This domain is assumed to be periodic in the axial direction, due to the homogeneity of the velocity and
temperature fluctuation fields in z. The computational domain is discretized with 55,440 spectral elements
of polynomial order 7, with 105 elements in the stream-wise direction and 528 elements in the cross-planes.
At the lower values of Re, the grid spacing is smaller than 3.5 wall units in the cross-plane and smaller than
9 wall units in the stream-wise direction. The outer grid point in the radial direction is located at 0.25 wall
units from the wall.

3. Proper Orthogonal Decomposition of velocity and temperature fields

3.1. Fundamentals of Proper Orthogonal Decomposition

In this section, a short introduction to Proper Orthogonal decomposition is presented. A complete
discussion can be found in the book by Holmes et al. [18].

Consider g(x, t), a generic scalar function of the spatial coordinate x and time t. Using the Reynolds
decomposition, g(x, t) can be expressed as the sum of a mean and a fluctuating field,

g(x, t) = 〈g〉(x) + g′(x, t) = 〈g〉(x) +
∞∑
n=1

an(t)ϕn(x) ≈

≈ 〈g〉(x) +

N∑
n=1

an(t)ϕn(x),

(3)

where 〈g〉(x) and g′(x, t) indicate the mean and the fluctuating part of g(x, t). The mean value corresponds to
the mathematical expectation. It coincides with the temporal mean of the samples acquired in an experiment
or simulation if the process is ergodic; consequently it is possible to define:

〈g〉(x) = lim
Nt→∞

1

Nt

Nt∑
n=1

g(x, tn),

g′(x, t) = g(x, t)− 〈g〉(x).

(4)

The fluctuating part can be approximated as a linear combination of a set of spatial basis functions ϕn(x),
with coefficients an(t) depending on time; the symbol N is used to indicate the number of modes, i.e. the
rank of the function space.

When choosing a basis function it is often advisable to make it orthonormal, i.e. that the inner product

(ϕn(x), ϕp(x)) = δnp, (5)

with δnp the Kronecker delta equal to 1 for n = p and to 0 for n 6= p. In the present study the inner product
is defined as

(ϕn(x), ϕp(x)) =

∫
ϕn(x)ϕp(x)dx∫

dx
= δnp. (6)

Proper Orthogonal Decomposition (POD,[31]) is a well assessed tool to extract information on the coherent
structures in turbulent flows because it looks at the spatial basis of orthogonal functions ϕn(x) with the
larger mean square projections λn = 〈(g′(x, t), an(t)ϕn(x))〉 = 〈an(t)an(t)〉.

This leads to the computation of the solution of the integral eigenvalue problem known as Fredholm
equation which has as kernel the two-point correlation of g, of which λn are the eigenvalues. Considering
a set of Nt realizations gi(x) of g(x, t), the integral equation has a discrete set of solutions: Nt eigenvalues
λn of the two-point correlation matrix and Nt basis functions ϕn(x). If in every realization, g is discretely
sampled in space, e.g. each realization consists of Np values along the spatial coordinate x, following the
snapshot method [32], it can be treated as an Np-dimensional vector. The data can be arranged in a Nt×Np
snapshot matrix:
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g =


g′(x1, t1) · · · g′(xNp

, t1)
...

. . .
...

g′(x1, tNt)· · · g′(xNp , tNt)

 . (7)

At this point, if the spatial sampling is uniform, the modes can be determined solving the eigenvalue
problem of the two-point correlation matrix of g with dimensions Nt × Nt, i.e. C = g · gT (being gT the

transpose of g). Solving the eigenvalue problem of C returns the eigenvalues λn and the left and right

eigenvector matrices. The left and right eigenvector matrices are respectively the matrix ψ containing in its

columns the temporal modes an/
√
λn (which are orthonormal vectors of length Nt) and its inverse (i.e. its

transpose). Note that the columns of ψ are an orthonormal basis of rank Nt and are the temporal modes

of g. The orthonormal spatial modes ϕn(x) can then easily be computed as Σ · ϕ = ψT · g where Σ is a

square diagonal matrix having the square root of the eigenvalues λn on its diagonal elements. The rows of
ϕ are orthonormal vectors and are the spatial modes of g. The element of Σ are called singular values of g.

Consequently it is possible to express g = ψ · Σ · ϕ, which is the matrix-form analogous to Eq. (3).

The computation of the two-point correlation matrix C is complicated whenever the spatial sampling of
g is not uniform. Each element i, j of the two-point correlation matrix of g has to be computed as the scalar
product of two realizations (gi(x), gj(x)) which in every point has to be weighted by the corresponding flow
area, in order to reflect the different weights attributed by the non-uniform spatial sampling. This means

that C =
(
A−1dA ◦ g

)
·gT in which A is the total area of the flow under analysis, dA is the matrix containing

the local values of area corresponding to each point of the sampling grid and ◦ stands for the entry-wise
Hadamard product (i.e. the ijth element of dA ◦ g is equal to dAi,jg

′

i,j).

3.2. Extracting POD modes when dealing with multiple quantities and the need for extended POD

Whenever analysing realizations involving two or more dimensionally homogeneous quantities, i.e. a
three-dimensional velocity vector field with u = (u1, u2, u3), it is possible to determine the POD modes for
each velocity component separately (i.e., using the two-point temporal correlation matrix for each velocity
component). It is also possible to obtain POD modes which are optimal in the sense of the turbulent kinetic
energy, using the sum Ck of the two-point temporal correlation matrices of the three velocity components

[18]. The POD modes obtained in each of these cases will be different, since they are optimal in a different
norm. In other words, at the heart of a POD analysis, we always find the norm that defines the eigenvalue
problem to be solved, and the physical interpretation of the POD modes critically depends on this norm.

The choice of a physically meaningful norm is specially complicated when dealing with non-dimensionally-
homogeneous data (e.g, a velocity vector field and a density field). It has been shown that, after a proper
normalization, it is possible to sum the correlation matrices of all the physical quantities. The eigenvalues, in
this case will contain the variance of a composite mode including both velocity and further physical quantities
(e.g. density) [33]. Bailon-Cuba et al. [34] applied POD analysis for a Rayleigh-Bénard convection with
heated bottom wall and cooled top wall. They studied the dependence of the heat transfer on the cell aspect
ratio. The contribution of the different POD modes to the turbulent heat flux was obtained by creating
a combined velocity-temperature norm with common temporal modes. The spatial modes were then not
optimum neither in terms of the turbulent kinetic energy nor in terms of the temperature fluctuation variance.

The Extended Proper Orthogonal Decomposition (EPOD, [26]), instead, is based on the use of the
same temporal basis obtained solving the eigenvalue problem of the correlation matrix of w(x, t) to find the
modes of whatever data ensemble synchronized with w(x, t). EPOD allows then to extract information on
correlated events between the two quantities.

In this work, EPOD is used to analyze the correlation between velocity and temperature, which is
responsible for the turbulent transport of internal energy. Temporal bases are obtained solving the eigenvalue
problem of both the fluid temperature correlation matrix, C

T
, and the sum of the correlation matrices of

the velocity components, C
k

The two temporal bases that are obtained, ψ
T

and ψ
k
, are optimal in the least

6



square sense for what concerns temperature fluctuations and for the description of turbulent kinetic energy,
respectively. Temperature and velocity modes are then obtained from both basis:

Σ
ui,k
· ϕ

ui,k
= ψT

k
· ui, (8)

Σ
T,k
· ϕ

T,k
= ψT

k
· T , (9)

Σ
ui,T
· ϕ

ui,T
= ψT

T
· ui, (10)

Σ
T,T
· ϕ

T,T
= ψT

T
· T , (11)

where Eqs. (8) and (11) correspond to the standard POD modes of velocity and temperature, and (9)
and (10) are the EPOD modes. The nature of each mode is indicated with the double subscripts in the
terms on the left hand side, which show first the variable that is decomposed, and second the variable that
has been used to compute the temporal basis. For instance, ϕ

ui,T
corresponds to the spatial modes of the

fluctuating velocity component u′i obtained projecting the velocity snapshot matrix (ui) on the temporal

basis (ψ
T

) that results from the temperature correlation matrix (C
T

). It has to be remarked here that the

EPOD modes ϕ
ui,T

and their norms Σ
ui,T

account only for the part the turbulent kinetic energy correlated

with the corresponding temporal mode of the temperature signal and vice versa. It is thus possible to
obtain different power spectral densities amongst EPOD modes based on turbulent kinetic energy and on
temperature. It is also possible to identify the parts of the correlation matrix C

k
which are poorly correlated

with the temperature fluctuations, and thus contribute to the heat transfer in a minimal amount.

4. Dataset description

The snapshot method described in section 3 to obtain the POD and EPOD modes is applied here to the
three cases presented in Antoranz et al. [17] and described in section 2, namely case 1 (Reτ = 180, P r = 0.7),
case 2 (Reτ = 180, P r = 4) and case 3 (Reτ = 360, P r = 0.7). For every case, a snapshot dataset is obtained
starting from 90 3D fields separated in time by 1.25R/uτ , more than an eddy turnover time. Given the
bulk velocity in the pipe, turbulent eddies are convected downstream a distance of about 19R between two
consecutive fields. From each field, 50 cross-plane slices have been extracted, with a separation of 0.5R
between each pair of slices. The snapshots ensembles to be analysed are obtained from the mentioned slices.
The temporal and spatial separation between the slices is assumed to be large enough to build a statistically
significant dataset. The final dataset composed by the considered slices includes Nt = 4500 snapshots and
has a spatial resolution of 69 and 100 points in the radial and azimuthal direction respectively.

5. Results and Discussion

In the following, both standard snapshot POD modes and extended POD modes are presented. For
standard snapshot POD modes, the nth eigenvalue of the snapshot correlation matrix, normalized with
respect to the sum of all the correlation matrix eigenvalues, is represented as σ2

n. It represents the energy
contribution of each POD mode to the total turbulent fluctuation of a given quantity (turbulent kinetic
energy or temperature fluctuation variance). For what concerns the EPOD modes, their turbulent kinetic
energy contribution is estimated from the sum of the square of the diagonal elements of the Σ

ui,T
matrices

and is normalized with respect to the sum of all the velocity correlation matrix eigenvalues. The contribution
of EPOD modes to temperature fluctuations is instead expressed as the square of the diagonal elements of
Σ
T,k

normalized with respect to the sum of the eigenvalues of the temperature correlation matrix.
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Figure 1: Energetic contribution of the POD modes versus the mode number n. (a) Kinetic energy basis. (b) Temperature
basis. The insets show the cumulative sum of the energetic contributions. Blue, case 1. Green, case 2. Red, case 3.

5.1. POD modes

The spectral contribution of velocity and temperature modes, optimal in sense of turbulent kinetic
energy and temperature fluctuations variance, respectively, is reported in figure 1. This figure shows that
the spectral contribution of the velocity modes to the turbulent kinetic energy is rather flat with the first
mode accounting for about 2% of the turbulent kinetic energy. This is in agreement with Hellström and
Smits [21] who found a quantitatively similar result. The first modes are slightly more energetic for the two
cases at lower Reynolds number as a result of the greater spectral richness experienced in higher Reynolds
number flows. The spectral contribution of temperature POD modes is reported in figure 1(b). Compared
to the velocity modes, the energy contribution of the temperature modes is steeper. As a consequence the
cumulative sum of the contributions to the temperature fluctuations grows quicker at the begining but slower
for higher modes than the cumulative contributions to the kinetic energy (see insets in figure 1). Both the
Prandtl and Reynolds numbers enhance the energy spreading over the modes spectrum; in fact the first
temperature mode accounts for more than 7% of the temperature variance for the case at Re = 180 and
Pr = 0.7, about 6.5% for the case at Re = 360 and Pr = 0.7 and about 4.5% for the case at Re = 180
and Pr = 4. This results might be ascribed to the fact that both the increase of the Reynolds number and
the increase of the Prandtl number cause the decrease of the thermal boundary layer thickness, as discussed
below when comparing POD and EPOD modes.

As an illustration, the first four turbulent kinetic energy and temperature modes for case 3 are presented
in figure 2. Being the flow field statistically-homogeneous in the azimuthal direction and being the internal
energy treated as a passive scalar, the velocity modes, in agreement with the literature, correspond to
typical Fourier modes in the azimuthal direction. The most energetic pair of modes has a wavenumber
m = 2, whilst the second pair of modes corresponds to a wavenumber m = 3 (see figure 2). Hellström and
Smits [21] found qualitatively similar results but in different order, POD modes 1 and 2 showed a Fourier
mode with wavenumber m = 3 and modes 3 and 4, wavenumber m = 2. Note that some authors make use
of the azimuthal periodicity to decompose the POD modes by construction [35, 22, 36]. When this is not
done, as in the present case, it has been shown that mode mixing might occur [21]. A mild mode mixing is
observed for example in the modes 1 and 4 shown in figures 2(a) and (d). We have not enforced azimuthal
periodicity by construction since the temperature POD modes do not present azimuthal symmetry, due to
the non-homogeneous heat input. Instead, the heat input is symmetric with respect to the line x = 0, and
the resulting temperature modes are either symmetric or antisymmetric with respect to this axis.

The first temperature mode, figure 2(e), contains a large scale temperature fluctuation in the upper part
of the pipe, reaching beyond the thermal boundary layer. This might be connected with large scale motions
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Figure 2: First four POD modes of case 3. (a)-(d) Modes of the kinetic energy basis, color represents axial velocity fluctuations.
(e)-(h) Modes of the temperature basis, color represents temperature fluctuations.

in the outer region of the pipe boundary layer, which are very energetic as shown by Guala et al. [19].
Indeed, the first few turbulent kinetic energy modes represent large scale motions (see, e.g., figure 2) while
near wall motions are captured by higher order modes (see figure 3 of ref. [21]).

While the first temperature mode is symmetric with respect to x = 0, the second mode (figure 2f) is
anti-symmetric and it is also concentrated in the upper part of the pipe. Higher order modes are harmonics
of these first two modes, in the azimuthal and radial directions. For instance, the third mode (figure 2g) is
a radial harmonic of the first one, and the fourth mode (figure 2h) is an azimuthal harmonic of the second.

5.2. Extended POD modes

From the anaysis of the previous section, a main difference between the kinetic energy modes and the
temperature modes is observed: while the former occupy the entire pipe section, the latter occupy mainly
the upper part of the pipe, since the lower part of the pipe wall is adiabatic and temperature fluctuations
are minimal in that region [17].

This is due to the fact that the thermal input is localized and does not influence the velocity field.
Therefore, the use of EPOD to assess turbulent heat transport in this case is preferable. In other cases,
where this distinction in not so clear, POD may suffice. We refer for example to the case of Kruse and Von
Rohr [29] where both turbulence and thermal fluctuations where promoted by the presence of a wavy wall.
In our case, the temperature can be considered a passive scalar, and it is therefore mainly governed by the
convection from the flow field. Then, the EPOD modes of the velocity (Eq. 10) show the part of the velocity
fluctuation correlated to the temperature fluctuations. Note that the physical interpretation of temperature
EPOD modes obtained from the temporal basis of the velocity POD modes (Eq. 9) is less clear, due to the
homogeneity in the azimuthal direction of the velocity POD modes.

Figure 3 shows the energy contributions from both the POD and the EPOD modes for all three cases.
Figures 3(a)-(c) compare the energy contribution of the turbulent kinetic energy POD and EPOD modes
(obtained from the temperature temporal basis). No significant differences are observed between the three
cases considered. Overall, the EPOD mode contribution for the first few modes is roughly constant, and
considerably smaller than the POD mode contribution (about one half). This is more evident from the
observation of the cumulative sum in the corresponding inset that shows that with 1000 modes the POD
mode contribution corresponds to about 99% while the EPOD mode contribution corresponds to roughly
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Figure 3: Energetic contribution of the POD and EPOD modes versus the mode number n. (a), (d) Case 1. (b), (e) Case
2. (c), (f) Case 3. (a) − (c) Black line represents the contribution of the POD modes of the kinetic energy basis. Red line
represents the kinetic energetic contribution of the EPOD modes of the temperature basis. (d)− (f) Black line represents the
contribution of the POD modes of the temperature basis. Red line represents the temperature variance contribution of the
EPOD modes of the kinetic energy basis. The insets show the cumulative sum of the corresponding energetic contributions.

40% of the total turbulent kinetic energy. This can be ascribed to the fact that the temperature temporal
basis is biased towards events happening in the upper part of the pipe. Note also that the contribution from
the EPOD modes presents oscillations, indicating that the EPOD modes are not ordered.

Figures 3(d)-(f) compare the energy contribution of the temperature POD and EPOD modes (obtained
from the turbulent kinetic energy temporal basis). All the EPOD curves exhibit a fluctuating behaviour.
However, the peaks for case 1 (Figure 3(b)) and 3 (Figure 3(f)) are more marked than for case 2 (Figure
3(d)). For case 2, the energy contribution of any of the EPOD modes does not reach 2% and the higher
energy content is reached in higher order modes such as mode 8 and 14. What is different in case 2 with
respect to the other two cases is the Prandtl number (Pr = 4), which, being greater than one, results in a
thermal boundary layer thinner than the momentum boundary layer. This favours the correlation between
velocity and temperature for higher harmonics of the velocity (larger mode numbers). The EPOD mode
contribution presents large spikes, since the modes are not ordered as discussed above. Finally, the large
spikes appearing in the EPOD mode contributions of cases 1 and 3 are related to qualitative similitudes
between POD modes of temperature and kinetic energy. For instance, in Fig. 3(f), the EPOD mode number
10 shows a peak of about 3% of the temperature variance. This is due to the fact that the mode 10 of the
turbulent kinetic energy basis is qualitatively similar to the mode 1 of the temperature basis (here not shown
for brevity).

Figures 4-7 show, for the three cases, the first four POD modes of temperature together with the cor-
responding EPOD modes of velocity. Contours of the axial velocity are provided together with vectors
illustrating the flow in the cross-plane. For cases 1 and 3, with the same Pr, the first four POD temperature
modes are esentially equivalent, with mild differences. The shape of these modes was already discussed
referring to Figure 2(e)-(h). The difference between these two cases is the Re number, and this parame-
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Figure 4: POD and EPOD Mode 1. (a), (d) Case 1. (b), (e) Case 2. (c), (f) Case 3. (a) − (c) Temperature POD mode on
temperature basis. (d)− (f) Velocity EPOD mode on temperature basis. Color represents axial velocity fluctuations, vectors
represent cross-plane velocity fluctuations.

ter does not seem to affect significantly the first few temperature modes. This reflects the fact that the
more energetic modes in terms of temperature variance are related to large-scale flow structures, which are
weakly dependent on the Reynolds number in the considered Reynolds number range. The first four POD
temperature modes are significantly different for case 2, with Pr = 4, compared to cases 1 and 3, with
Pr = 0.7. Thus, increasing Pr leads to POD temperature modes with fluctuations which occur closer to the
top, Figures 4(b)-7(b). Note that increasing Pr, the thermal boundary layer thickness becomes significantly
thinner than the momentum boundary layer thickness and this might be connected to this observation.

The difference between the POD modes of velocity and the EPOD modes of velocity estimated using
the temperature basis is illustrated by comparing Fig. 2(a)-(d) to Figures 4(f)-7(f). As already mentioned,
while the POD modes occupy the whole pipe, the EPOD modes are concentrated in the upper part, where
the convective heat transfer is taking place.

Figures 4-5 also allow the combined analysis between a given temperature POD mode and its corre-
sponding velocity EPOD mode, which is useful to identify the flow structures responsible of the convective
heat transfer in the pipe. For example the first mode of case 1, Fig. 4(a),(d), is formed by a low speed region
in the upper part of the pipe flanked by two counter-rotating vortices, driving a vertical jet in the central
part of the pipe that transports downwards hot fluid, which returns near the (lateral) pipe walls. This is
a symmetric mode with respect to the x = 0 plane. The second mode on the other hand is antisymmetric,
Fig. 5(a),(d). It is formed by a high speed region and a low speed region side by side in the upper part
of the pipe, with a vortex in between them. In the low (high) speed region, hot (cold) fluid is transported
downwards (upwards) by the vortex. The remaining POD and EPOD modes shown in Figures 4-7 can be
analyzed in similar terms. A more quantitative analysis is provided in the following section.
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Figure 5: POD and EPOD Mode 2. (a), (d) Case 1. (b), (e) Case 2. (c), (f) Case 3. (a) − (c) Temperature POD mode on
temperature basis. (d)− (f) Velocity EPOD mode on temperature basis. Color represents axial velocity fluctuations, vectors
represent cross-plane velocity fluctuations.

5.3. Turbulent heat flux in the vertical direction

In the problem under consideration, heat is added to the system through the upper surface of the pipe,
i.e. for θ ∈ (0, π), while the lower surface of the pipe, i.e. for θ ∈ (π, 2π), is adiabatic. The added heat
is transported downwards, first by diffusive processes very near the wall and then by turbulent transport
farther from the wall. Then, heat is transported in streamwise direction mainly by convection by the mean
flow, leading to an increase of the bulk temperature along the pipe axis, as discussed in section 2. The
objective of this section is to analyze which flow structures contribute to the turbulent heat transport in the
vertical direction (y), quantifying their contributions. This can be done using the POD-EPOD approach for
analysing correlated events.

First, the turbulent heat flux in the vertical direction ρcp〈v′T ′〉 for the three cases is shown in Figures
8(a)-(c), normalized with q′′w,max. Here, v′ refers to the fluctuating velocity component in the vertical
direction. As obtained from the DNS, the spatial distribution of the turbulent heat flux is similar for all
cases. It is mainly negative, since the heat is transported downwards and decays to zero at the wall, since
v′ vanishes at the wall. For the three cases, the turbulent heat flux is concentrated in the upper part of the
pipe, and the heat flux contours have a kidney shape. This might be due to the fact that the streamwise
velocity is maximum at the core, leading to a stronger heat convection in the streamwise direction in this
region, as compared to the mid-region of the pipe. Small differences can be observed between the three
cases. For example, for case 1, Fig. 8(a), the region near the top where the turbulent heat flux is close to
zero is somewhat thicker than in the other two cases. This is because the thermal boundary layer is thicker
in case 1 than in case 2 (that has a larger Pr) and than in case 3 (that has a larger Re). This also results
in somewhat larger values of the heat flux in cases 2 and 3, compared to case 1. Since the turbulent heat
flux is concentrated in the upper part of the pipe, we have selected two heights for further analysis, namely
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Figure 6: POD and EPOD Mode 3. (a), (d) Case 1. (b), (e) Case 2. (c), (f) Case 3. (a) − (c) Temperature POD mode on
temperature basis. (d)− (f) Velocity EPOD mode on temperature basis. Color represents axial velocity fluctuations, vectors
represent cross-plane velocity fluctuations.

y1 = 0.5R and y2 = 0.8R, indicated by horizontal dashed lines in figure 8.
As mentioned in the previous section, the EPOD modes determine what velocity fluctuations are corre-

lated to the temperature fluctuations. Therefore, we have reconstructed the temperature fields using the first
N POD modes, T ′N (x, t), and the vertical velocity fields using the corresponding N EPOD modes, v′N (x, t).
Using these fields, we compute a reconstructed turbulent heat flux ρcp〈v′NT ′N 〉. Since in the present study,
ρcp is constant, in the following discussion we concentrate on the term 〈v′T ′〉, disregarding ρcp.

Figure 8(d)-(f) shows the profile of 〈v′T ′〉 at y1 = 0.5R for the three cases, together with the profiles
of 〈v′NT ′N 〉 for N = 4, 16, 64 and 256. Figure 8(g)-(i) shows the corresponding profiles at y2 = 0.8R.
At both heights, already with 16 modes we recover at least half of the heat flux while with 256 modes
the reconstruction has already converged for the profiles shown, namely 〈v′256T ′256〉 ≈ 〈v′T ′〉. For case 1,
at both heights, with 64 modes the reconstruction is very good, while for cases 2 and 3 with 64 modes
the reconstruction can still be improved. Note that, the contribution to 〈v′NT ′N 〉 of an individual pair of
temperature POD mode and velocity EPOD mode can be either positive or negative. Hence, increasing the
value of N , it is possible to overpredict the value of the heat flux, as for example in case 2 at y2 = 0.8R
with 64 modes, Fig. 8(h). This means that there are some modes beyond N = 64 that represent an upward
heat flux, so that in Fig. 8(h), the N = 256 reconstruction has converged to the actual value, as mentioned
before.
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Figure 7: POD and EPOD Mode 4. (a), (d) Case 1. (b), (e) Case 2. (c), (f) Case 3. (a) − (c) Temperature POD mode on
temperature basis. (d)− (f) Velocity EPOD mode on temperature basis. Color represents axial velocity fluctuations, vectors
represent cross-plane velocity fluctuations.
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Case 1. (b),(e),(h) Case 2. (c),(f),(i) Case 3.
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In order to provide a more quantitative description of the heat flux reconstruction, we define an integral
measure of the turbulent heat flux in the pipe. This can be easily done since everywhere 〈v′T ′〉 ≤ 0, and
the integral

Γ =

∫ R

0

∫ 2π

0

〈v′T ′〉rdrdθ, (12)

is a meaningful quantity. We define ΓN as the corresponding integral computed using 〈v′NT ′N 〉. Figure 9(a)
shows for the three cases the ratio ΓN/Γ (in %) as a function of the number of modes. This plot confirms
that in case 1 (Reτ = 180, Pr = 0.7) less modes are required than in cases 2 (Reτ = 180, Pr = 4) and
3 (Reτ = 360,Pr = 0.7) to obtain a converged estimation of the turbulent heat flux in the whole domain,
as already suggested by the profiles shown in Fig. 8. For N < 10, the contribution to the heat flux grows
faster in case 3 than in case 2, however for N > 10 the trend reverses and it is the case 3 the one which
requires more modes to obtain a converged estimation. For example, in case 3, 94% of Γ is obtained with
256 modes. In cases 1 and 2 the percentage achieved with 256 modes is 99.3 % and 96.4%, respectively.

It is also meaningful to compare the reconstruction of the heat flux, to the POD reconstruction of the
temperature variance and the corresponding EPOD reconstruction of the turbulent kinetic energy. Therefore
we define the integral measures of the temperature variance and the turbulent kinetic energy,

Θ =

∫ R

0

∫ 2π

0

〈T ′T ′〉rdrdθ, K =
1

2

∫ R

0

∫ 2π

0

〈u′iu′i〉rdrdθ (13)

and the corresponding POD, ΘN , and EPOD, KN , reconstructions. Figure 9(b) shows ΓN/Γ as a function
of KN/K and as a function of ΘN/Θ, for the three cases. It is remarkable that with 256 POD-EPOD modes
more than 90% of the turbulent heat flux is recovered while the velocity fluctuations which are responsible
for this turbulent transport only account to about 30% of the turbulent kinetic energy. This is explained by
the fact that, although turbulent velocity fluctuations are present overall in the pipe, only those which reach
the upper part of the pipe are effective in transporting heat. It is also noteworthy that the POD-EPOD
reconstruction seems to be somewhat more efficient in estimating the turbulent heat flux than the POD
reconstruction in estimating the temperature variance. This can be seen in Figure 9(b), since for all three
cases the line ΓN/Γ vs. ΘN/Θ is always slightly above the line ΓN/Γ = ΘN/Θ. This result is somewhat
counterintuitive, since the POD modes are optimal in terms of the temperature variance. However, it is a
consequence of the fact that the individual contributions of a POD/EPOD pair to Γ (or to 〈v′T ′〉) can be
either positive or negative, while by definition the contribution of an individual temperature POD mode
to Θ (or to 〈T ′T ′〉) is always positive. Then, moderately high-index POD/EPOD pairs that have zero net
contributions to Γ still have (small) positive contributions to Θ.

6. Conclusions

In this paper we have analyzed a database of flow in a turbulent pipe with non-homogeneous thermal
boundary conditions, with the main aim of identifying the motions responsible for the turbulent heat flux
in the vertical direction. To this aim we have used a modal decomposition of instantaneous velocity and
temperature fields in cross-planes. The modal decomposition employed is based on an extended proper
orthogonal decomposition, in which the temperature is decomposed using standard proper orthogonal de-
composition while the velocity is decomposed using an extended proper orthogonal decomposition using the
temperature temporal basis. This approach overcomes some of limitations of other heat tranfer studies by
means of modal decompositions [29, 34]. Three flow conditions have been considered in order to assess the
effect of both Reynolds and Prandtl number on the coherent motions responsible for heat transfer: friction
Reynolds number equal to 180 and Prandtl number equal to 0.7 and 4 and friction Reynolds number equal
to 360 and Prandtl number equal to 0.7. Due to non-homogeneous heat flux boundary conditions, tempera-
ture and kinetic energy POD modes have a different spatial distribution, being the temperature fluctuations
concentrated in the heated part of the pipe. The modal decomposition allows to discern which velocity
fluctuations are correlated to the temperature fluctuations. Indeed we have shown that while standard POD
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Figure 9: Integral measure of the turbulent heat flux reconstruction ΓN/Γ[%] vs. (a) Number of modes, (b) Integral measure
of the kinetic energy reconstruction KN/K[%] (dashed lines) and of the temperature variance reconstruction ΘN/Θ[%] (solid
lines). Blue, case 1. Green, case 2. Red, case 3. Circles, N = 16 modes. Squares, N = 64 modes. Triangles, N = 256 modes.
The dashed black line in (b) is the line y = x which is provided for reference.

modes of velocity are distributed over the whole pipe, extended POD modes of velocity are concentrated in
the upper part of the pipe, where the vertical heat tranfer is taking place. The combined analysis of a given
POD temperature mode and its corresponding EPOD mode of velocity provides insight on the physical
mechanisms of convective heat transfer. The study of the first few modes has resulted in the identification
of the cross-plane vortices responsible for bringing hot fluid from the top to the pipe core. The size of these
vortices seems to depend on the ratio between the thermal boundary layer thickness and the momentum
boundary layer thickness, so that they are strongly affected by the Prandtl number.

Subsequently, we have reconstructed the temperature fields using POD modes and the vertical velocity
fields using the corresponding EPOD modes. We have used these fields to compute a reconstructed turbulent
heat flux in the vertical direction, finding that already with 16 modes we recover at least 50% of the total heat
flux, while in all cases with 256 modes the reconstruction converges to the original heat flux. In addition,
we have quantified the turbulent kinetic energy using the EPOD reconstructed velocity fields obtaining
that with only 40% of the total turbulent kinetic energy we are able to reconstruct roughly 100% of the
turbulent heat flux in the vertical direction. This result suggests that the present methodology is able to
extract a relevant representation of the heat transport problem, which could have not been possible using
a decomposition based on turbulent kinetic energy. The analysis presented in this article has shown that
extended proper orthogonal decomposition appears to be a suitable tool to assess the flow features associated
with temperature fluctuations, a tool that deserves to be embraced by the heat transfer community.
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