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Abstract— This paper presents a novel method for the control
of the elbow joint of the humanoid robot TEO, based on a
fractional order PD controller. Due to the graphical nature of
the proposed method, a few basic operations are enough to
tune the controller, offering very competitive results compared
to classic methods. The experiments show a robust performance
of the system to mass changes at the tip of the humanoid right
arm.

I. INTRODUCTION

Fractional Calculus (FC) has been used with success in
quite different fields, from economics [1] to physics [2], and
of course, engineering, with applications in modeling and
system control [3][4].

The fractional order controllers receiving the most at-
tention in the last decades are the Fractional Proportional
Integral Derivative (PIλDµ) controllers, formulated for the
first time by Podlubny [5] and studied in works such as [6],
[7], or [8].

A remarkable number of articles, specially when the
subject involves motion control, focus on the derivative
control, leaving the integrator out. This control scheme has
the advantage of using the position sensor as an integrator,
which simplifies the controller, while the steady state error
is still cancelled, making the integral part unnecessary, even
undesired. The first to use this kind of fractional controller
was Dorcak in [9], and later in [10] or [11], with application
to the control of the joints of a robot. Similar approaches
have been proposed in [12], [13] and [14], the last approach
applied to a legged robot.

There are different tuning approaches, based on different
techniques. Many of them are based on the numeric so-
lution of nonlinear equation systems [6][8][10][11]. Other
approaches based on optimization methods can be found in
the literature, such as Particle Swarm Optimization algorithm
(PSO) [7][13][15], Artificial Bee Colony algorithm (ABC)
[16][17], Firefly Algorithm (FA) [18], or Differential Evolu-
tion method (DE) [19]. A comparative study for optimization
algorithms applied to fractional controllers can be found in
[20].

The purpose of this work is to propose a strategy for
the control of the elbow joint of the humanoid robot TEO
(Fig. 1), a robot built by the Robotics Lab team of Carlos
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1 Jorge Muñoz, Concepción A. Monje, Fernando Martı́n and Car-
los Balaguer are with Robotics Lab of the Carlos III University of
Madrid, Avda de la Universidad 30, 28911 Leganés, Madrid, Spain.
jmyanezb@ing.uc3m.es

III University of Madrid. For this purpose, a novel method
for the tuning of a Fractional order PD (FPD) controller
is presented in this paper. Differently from other tuning
methods in the literature based on numeric solutions of
nonlinear equation systems or optimization, our proposal has
a graphical nature, and allows the tuning of the controller in
a very intuitive way through very simple and straightforward
steps that do not require computational efforts.

Fig. 1. Humanoid robot TEO. Control system (yellow) and the masses
applied (blue).

In order to validate our proposal, it will be compared
with the results from the application of Monje’s method [6]
and ABC optimization algorithm [16]. The robustness of the
system to mass changes at the tip of the arm will be pursued.

The paper is organized as follows. The system will be
described in Section II, and the control problem will be
stated in Section III. Section IV presents the design of
the FPD controller based on methods already known from
the literature. Section V introduces a new proposal for
the tuning of the FPD, based on a graphical analysis of
the control problem. Section VI discusses the experimental
results obtained from the application of the different control
strategies to the real robot. Finally, Section VII outlines the
main conclusions of the paper.

II. SYSTEM DESCRIPTION

TEO is a full-size humanoid robot (see Fig. 1) developed
by the Robotics Lab team of Carlos III University of Madrid
[21]. It is an improved version of its predecessor, RH1, and
in a similar way, TEO has six joints on each limb, making a
total of 24 joints at the four limbs. Adding other two joints
for trunk pitch and yaw, and other two for head pitch and
yaw, they sum a total of 28 joints.

In this paper, the system considered will be the forearm
(see Fig. 1), and the other joints are kept static, therefore
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our system can be modeled as a solid of diameter 8 [cm]
and length 20 [cm], rotating around the joint axis.

Every joint is composed by a driver-motor-gear system:
• Driver: Technosoft iPOS4808 MX-CAN; 400 W, 12-50

Volt, 8 Amp (intelligent motor driver).
• Motor: Maxon EC 45; flat 42.8 mm, brushless, 70 Watt.
• Gear: Harmonic DriveTM (of different ratios).
Since the driver iPOS4808 has a local low level control

loop, the joints have a trapezoidal velocity profile, as shown
in Fig. 2. This feature makes the motion smooth, but also
adds nonlinearity to the system. This nonlinearity makes the
system identification challenging, and also the control will
be harder when compared to a linear system.

0 102 4 6 8 12 14 16

0

20

20

time [s]

R
o
ta

ti
o
n
a
l 
s
p
e
e
d
 [
d
e
g
/s

]

30sin(3t/4)

response

Fig. 2. Velocity system response to a sinusoidal input, showing constant
acceleration and saturation at 24 [deg/s]. Although the frequency is the
same for input and output, their waveforms are different.

In order to design the fractional order controller, a plant
model is needed. As the block diagram of the motor is known
(see Fig. 3), the first step will be to simplify this block
diagram to a linear one, comparing later the outputs and
checking if the linear model is accurate enough.

Fig. 3. Block diagram for the system. Left to right: Input, Difference,
Sign, Gain, Integrator, Saturation, Output.

Choosing the linearization equilibrium point at zero veloc-
ity allows us to remove the saturation block around this point.
Sign function keeps the sign of the input while converts the
output to a gain of one, so the aim of this block is to keep
acceleration constant. If this block is removed, the resulting
system will have a very similar unitary step response, as can
be seen in Fig. 4 (Right). Then, removing nonlinear Sign
and Saturation blocks from Fig. 3, a unitary feedback system
with a gain and integrator results. The closed loop system
is a first order system with the following transfer function:
G(s) = 1/(0.1s+ 1).

Now, in order to compare the models, a unitary step is
fed into both first order blocks using the simulation scilab
tool (xcos), resulting the plot shown in Fig. 4 (Right). Due
to the similarity of the curves, and considering that the
frequency is kept in the output for both models (Fig. 2), it is
possible to use the simplified model for the controller design.
Though there is a difference between both systems, it will
be negligible for this task. In addition, the kind of controller
proposed is known to deal fine with plant uncertainties, so

the difference will be even lesser, as will be shown in the
experimental results section.

Therefore, the motor will be modeled as a first order sys-
tem, having velocity target input and angular joint velocity
output, with a gain of 1, because the motor is commanded
directly from the intelligent motor driver. If the encoder is
considered, the system output will be the position, while the
input will still be velocity. In this case, the control variable
will be the position, and an integrator must be added to the
transfer function. The final system will be the one in (1).
See the Bode diagram for the system in Fig. 4 (Left). Note
that phase margin φm = 84.3 [deg] and crossover frequency
ωc = 0.995 [rad/s].

G(s) =
1

(0.1s+ 1)s
(1)
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Fig. 4. Bode diagram for the system model with transfer function in (1)
(left). Response to a unitary step in [deg/s] showing the difference between
linearized and nonlinear models (rigth).

III. CONTROL PROBLEM

The elbow joint is commanded in velocity, while the aim
for the robot is to reach and stand any desired position;
therefore, position control with velocity command is the best
option, as stated before. Having an integrator in the plant,
the best option is to avoid another integrator in the controller,
what leads to a proportional derivative approach.

In addition, different payloads will be attached to the tip
(at the hand of the robot) and the responses will be studied
in order to analyze the robustness of the system to mass
changes. Besides, in order to include gravity effects, the
input reference will be a negative step moving the arm down.
This way we can study the performance of the system in the
presence of model uncertainties.

According to all this, the controller proposed will be an
FPD controller as:

C(s) = kp + τds
µ (2)

where kp is the proportional gain, τd is the derivative gain,
and µ is the fractional order of the derivative. The control
specifications to be met can be summarized as:

• Robustness to mass changes on the tip at a nominal
crossover frequency ωc

• Robustness to model uncertainties
The way to meet the first specification is by getting the

phase of the open loop system to be flat at ωc so as the system
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will be robust to gain changes, as demonstrated in [22]. In
this system, the gain of the model is mainly affected by the
payloads of the device, as proved in [4]. Therefore, meeting
this specification will make the system robust to changes in
the load.

For our case study, the selected crossover frequency will
be ωc = 1 [rad/s]. This frequency is very close to the
elbow joint nominal frequency, and the phase margin of the
system at that frequency is around Φm = 84.3 [deg], which
is high enough to avoid oscillations in the temporal response.
Since the FPD has a derivative component, it will favor the
increment of the phase margin, improving the performance
of the system in the time domain.

IV. FPD TUNING: CLASSIC METHODS

This section will describe the results obtained when dif-
ferent classic methods are used, particularly Monje’s method
[6] and ABC optimization algorithm [17].

A. Monje’s Method

Having gain changes robustness as specification, the first
method revisited will be the one described in [6]. The
following conditions will be used for the solution:

1) Phase margin Φm at crossover frequency ωc:
• |C(jωc)G(jωc)|dB = 0 [dB]
• arg (C(jωc)G(jωc)) = −π + Φm

2) Plant gain changes robustness:

•
(
d(argF (s)

dω

)
ω=ωc

= 0, F(s) the open loop system.

Having three constraints allows solving the system for
three variables: kp, kd, µ of the FPD in equation (2). A
crossover frequency must be defined, which will be the
mentioned ωc = 1 [rad/s]. The fsolve function, based on [23]
from Matlab, has been used to find the solution for the above
constraints, resulting the following controller parameters:
kp = 0.463, kd = 0.621, µ = 0.495. The Bode diagram
of the open loop system with this controller and the step
response are shown in Fig. 5, where it is clearly seen that
the specifications are fulfilled. It can be checked that the
phase slope is flat at the selected frequency. Φm = 110 [deg],
ωc = 1 [rad/s]
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Fig. 5. Bode diagram and step response for FPD based on Monje’s method.

B. Artificial Bee Colony (ABC) Algorithm

As discussed above, here we use the ABC algorithm in
[16], based on the search for the best solution by discarding
the ones that will not fit the specifications. The parameters

used were: onlookers = employed (50), iterations (100),
acceleration coefficient upper bound (1). After applying the
algorithm, the resulting controller parameters are: kp = 0.009,
kd = 0.996, µ = 0.99. The results are shown in Fig. 6, with
Φm = 175 [deg], ωc = 1 [rad/s].
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Fig. 6. Bode diagram and step response for FPD controller based on ABC
algorithm.

V. FPD TUNING: ISOω METHOD

A new method for the tuning of the FPD controller
is presented here. As will be seen, the results are very
competitive compared to the former methods, and even better
in some cases. Besides, the graphical nature of the method
makes it applicable in a very direct and easy way, without
the need of solving nonlinear equations, as happens in the
previous methods. The design of the controller becomes very
intuitive, and the designer can tune the controller with a
better understanding of the control problem.

This method is based on the phase slope cancellation at a
chosen frequency in the Bode diagram. The first and second
order systems, such as the system proposed, have a negative
slope at some frequency range. Then, as the slope is known at
any frequency of the Bode diagram, it is possible to foresee
the slope of the phase of the controller as the opposite of that
of the system at that frequency point. To achieve a resulting
zero slope, it will be enough to cascade the controller and
the system, since the resulting phase curve will be the sum
of the two previous ones. With this phase cancellation, we
are fulfilling the iso-damping property described in section
III, to achieve robustness to mass changes on the tip.

On the other hand, the phase slope of the FPD controller
proposed in (2) depends only on the fractional exponent of
the complex variable s (the derivative order), and takes values
between 0 [deg/log10(ω)] and ∞ [deg/log10(ω)] when the
exponent varies between 0 and 2. This can be seen in Fig.
7, that shows the slopes (in [deg/log10(ω)]) for every µ in
the range (0, 1.6) (more ranges can be plotted). In this way,
it is possible to get a zero phase slope in the open loop
Bode diagram, given a frequency ω, by finding the controller
parameters that result in a slope contrary to the system slope,
and the exponent will be µ = f(m), where m is a known
slope.

From the controller expression (2), it is easy to see that,
if s = jw, then sµ = (jw)

µ
= jµwµ. It is clear that the

exponent affects the phase, and also modifies the module.
The parameter kp has no effect on the phase, so it will
be dismissed for the calculation of the slope. Then, the
equation of the controller as a function of the frequency is

CONFIDENTIAL. Limited circulation. For review only.

Preprint submitted to 2018 IEEE/RSJ International Conference
on Intelligent Robots and Systems. Received March 1, 2018.



the following:

C(ω)

kp
= 1 + kdω

µ · jµ = 1 + kdω
µ · e(jπ/2)

µ

=

= 1 + kdω
µ · (cos(µπ/2) + j sin(µπ/2)) = C̄(ω) (3)

Therefore, as tan(Φ(ω)) = =(C̄(ω))/<(C̄(ω)), the phase
for this type of controller will be:

Φ(ω) = arctan

(
sin(µπ/2)

1
kdωµ

+ cos(µπ/2)

)
(4)

Three options can be discussed: ωµ = 0, ωµ = 1/kd,
and ωµ = ∞. The first is obvious: when ωµ = 0, the
phase is Φ = 0. When ωµ = 1/kd, this happens to be the
frequency point at which the phase has the highest rate of
change, and coincides with the half of the total phase (see
trigonometric identities for half angle); so, Φ(ω) = µπ/4.
Once the highest slope point has been left, and for higher
values of the frequency, the term 1

kdωµ
tends to zero, and the

phase tends to Φ(ω) = µπ/2.
Throughout the curve, the rate of change of the phase, or

its slope, in the Bode diagram will be:

m =
d

d log10(ω)
arctan

(
sin(µπ/2)

1
kd10log10(ω)µ + cos(µπ/2)

)
(5)

And simplifying through a variable change of the form
log10(ω) = x, results:

m =
d

dx
arctan

(
sin(µπ/2)

1
kd10xµ

+ cos(µπ/2)

)
(6)

As the actual aim is to find the controller parameters, the
variable to look for in (6) is µ. It can be observed that in
the previous formula, mmax depends on three variables: ω,
kd and µ. That makes a total of four variables. Then, to
simplify the problem, the interest will be focused on the
point ωµ = 1/kd (greatest slope), that is, at the point where
Φ(ω) = µπ/4. This makes m in (6) depend only on µ, while
keeping the feature (slope) sought.

Simplifying (6) when ωµ = 1/kd leads to the following
equation:

mmax = tan(µπ/4)µ log(10)/2 (7)

Plotting the values of m in front of µ, we can find the
corresponding µ for a required slope. For the elaboration of
this curve, all values of m are calculated, as the parameter
µ is changed, always when the phase equals the half of the
total phase (Φ(ω) = µπ/4). The resulting curve is shown in
the Fig. 7.

Starting from the previous result, any desired slope can be
cancelled by assigning the appropriate fractional derivative
order µ of the regulator. Now, it is easy to see that the
fractional order is a trivial parameter, since it can be obtained
from Fig. 7 directly.

In order for this negative slope to match the frequency of
interest in the system, more parameters are needed. Both
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Fig. 7. Phase slope plot in the Bode diagram at the frequency at which
φ(ω) = µ · 45 [deg], as µ changes.

parameters kd and µ have an impact on the crossover
frequency, and therefore, on the place where the slope is
cancelled in the Bode diagram.

We can plot a graph with all the values of ω as a function
of µ and kd. Of course, ω takes all values between (0,∞),
so a value must be chosen to solve the equation. Again, the
maximum slope point (Φ(ω) = µπ/4) will be considered,
so that the results keep consistent. Therefore, ω = ωmax for
that plot.

The construction of this surface requires the calculation of
as many solutions as points on the surface to be represented.
Though it can be a demanding computation, the graphs need
to be computed just once, and later, all the necessary values
can be obtained by graphical interpolation. The surface of
solutions is shown in Fig. 8.
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Once the surface is computed, an ISOω graph can be
obtained as shown in Fig. 9, which allows, given a value
of ω within the range of values chosen during the graph
computing, and a value of µ that cancels the slope, to select
a value of kd that sets the controller frequency in order to
perform the cancellation at the correct place (ωc ).

Since kp does not affect the phase, it is used later to set
the magnitude of the open loop system to 0 [dB] at ωc.

Therefore, to sum all up, a tuning method for fractional
FPD controller is proposed, whose application is summarized
in the following steps:
-Step 1: Obtaining the slope at ωc

The frequency response of the system is needed for this
step, which can be obtained through the analysis of its
model, or the frequency analysis of the system. Directly
from the graph, or by calculations, the slope of the phase
curve is obtained for the chosen frequency. Since the curve
is logarithmic, the slope obtained will be m [deg/ log10(ω)].
-Step 2: Find the exponent µ that cancels the slope

The opposite slope is chosen for the controller phase slope:
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mc = −m [deg/ log10(ω)]. The value of the exponent is
found using Fig. 7.
-Step 3: Search for kd

Following the ISOω curves numbered in Fig. 9, and
having the value of µ, there is only one value for kd that
complies with the specification of slope cancellation.

Once µ and kd are known, the equation of the controller
can be obtained as:

C(s)

kp
= 1 + kds

µ (8)

-Step 4: Set magnitude to 0 [dB] at ωc
Once the phase slope is adjusted, the whole transfer

function of the controller is multiplied by a constant kp,
which will cause the magnitude diagram to move without
changing the phase. The calculation of this constant will
be done so that the magnitude is 0 [dB] for the desired
frequency:

kp =
1

|C̄(jωc)G(jωc)|
(9)

-Step 5: Final parameters
Once all the constants are known, the controller results

C(s) = kp + τds
µ (10)

where µ comes from Fig. 7, kd comes from Fig. 9, kp =
1/|C̄(jωc)G(jωc)| , and τd = kpkd.

Let’s apply this method for our case study.
At ωc = 1 [rad/s], a slope of −12.94 [deg/ log10(ω)]

is found from the system Bode diagram (Fig. 4). Then,
according to Fig. 7, it is found that µ = 0.47.

Having these values of µ and ω , and using Fig. 9, a value
of kd = 1 is found.

To finish, kp = 0.541 is computed, which makes the
magnitude to be 0 [dB] at ωc = 1 [rad/s]. Therefore the
resulting controller is:

C(s) = 0.541(1 + s0.47) = 0.541 + 0.541s0.47

The resulting Bode diagram is shown in Fig. 10. A null
slope is observed at the specified frequency, as well as a
crossover frequency according to the requirements. The step
response of the controlled system is also shown.
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Fig. 10. Bode diagram and step response for FPD controller based on the
ISOω method.

VI. EXPERIMENTAL RESULTS

Once the different FPD controllers have been tuned, they
will be implemented and tested in the real platform, and the
results will be discussed in this section.

For the controller implementation, an integer order ap-
proximation for sµ, based on an iterative algorithm described
in [24], will be used for each exponent. Then, the transfer
function for sµ will be discretized, using the Tustin method
with a sampling period ts = 0.01.

The test setup consists of the robot standing with all joints
blocked, except for the fourth joint of right arm, that will
receive a −30 [deg] step input. The arm will move through
a descending trajectory, starting at 60 [deg], that will be the
worst case of uncertainty, as the gravity will act in opposition
to the control effort.

Different masses will be attached to the tip to test the
robustness of each controller.

A. Comparison

The compared results for all tests are shown in Fig. 11
with no load at the tip. Note that both methods ISOω and
Monje’s have very similar results, the ISOω control system
presenting a slightly faster response. The ABC method
results are not that good, presenting a very high settling time
(800 [s]), mainly due to the resulting very high phase margin.
The steady state error is zero for Monje’s and ISOω control
systems. The error for ABC-based control system reaches
zero too, but the system is highly slow.

B. Robustness

The robustness is shown for the different controllers in Fig.
12. Observe that the response is invariant for Monje’s and
ISOω despite the different loads at the tip, starting at 500 [g]
and reaching 2000 [g]. Once again the results are worse for
the ABC-based control system, since the phase is not that
around ωc.

VII. CONCLUSIONS

In this paper, a novel tuning method for a fractional order
PD controller (FPD) has been proposed with applications
to the control of the elbow joint of the humanoid robot
TEO. This method is based on the graphical solution of the
controller parameters, avoiding the resolution of nonlinear
equations sets and allowing to solve the control problem
in a very intuitive and direct way. The results obtained are
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Fig. 11. Comparison of the responses of all the controllers. Step input of
−30 [deg].
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masses at the tip. Step input of −30 [deg]. ISOω(top), Monje’s (middle)
and ABC (bottom).

very competitive in comparison to other tuning methods well
known in the literature. The system performs according to
the specifications and shows high robustness to mass changes
at the tip (robot’s hand).

Future research steps will focus on the application of the
method for the tuning of fractional order PID controllers and
their application to other joints of the robot.
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