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Oscillatory behaviour of compressible hyperelastic shells
subjected to dynamic inflation: a numerical study

D. Aranda-Iglesias · G. Vadillo · J. A. Rodríguez-Martínez

Abstract In this paper, we have investigated the role played by the material compressibility in the oscillatory 
behaviour of hyperelastic spherical shells subjected to dynamic inflation. For that purpose, we carried out a 
comprehensive nondimensional numerical analysis using: (i) a finite differences MacCormack’s scheme 
implemented in MATLAB, and (ii) a finite element model developed in ABAQUS/Explicit (Abaqus Explicit 
v6.10 user’s manual, version 6.10 edn. ABAQUS Inc., Richmond, 2010). We have detected that numerical 
dispersion and diffusion impose limits to the capacity of the computations to describe the shock wave that 
emanates from the inner surface of the shell due to the application of the inflation pressure. Nevertheless, 
both numerical approaches capture the essential features that describe the oscillatory behaviour of the shell, 
including the maximum stretch of the oscillation. Using the key nondimensional groups that control the 
problem at hand, we have conducted a parametric study to assess the role played by nondimensional applied 
pressure, material compressibility, and nondimensional shell thickness in the oscillatory behaviour of the 
specimen. We have shown the interplay between the maximum amplitude of the oscillation and the applied 
pressure and obtained the critical pressure for which the oscillatory behaviour is lost, leading to an 
unbounded expansion of the spherical shell. Moreover, our calculations have revealed that the wave 
propagation within the specimen plays a key role in the dynamic response of the shell. The phase portraits 
used to represent the oscillatory behaviour of the spherical shell show a characteristic sawtooth form that is 
accentuated with the increase in material compressibility and shell thickness.

1 Introduction

The first studies dealing with the nonlinear dynamic behaviour of hyperelastic shells are dated in the early 
60’s. Knowles [18,19] investigated, for the first time, the large-amplitude radial oscillations of very long, 
thick-walled, cylindrical tubes. Shortly after, Zhong-Heng and Soleki [30] inspected the large-amplitude 
vibrations of thick-walled spherical shells. In these seminal works, free and forced oscillations with 
Heaviside step pressure boundary condition were explored. The material was considered incompressible, and 
the problems were reduced to that of an autonomous motion of a system with a single degree of freedom. 
The authors provided exact solutions of the trajectory and period of vibrations and paid specific attention to 
the critical initial and loading conditions that preclude the oscillatory response of the shell. The interest in 
large-amplitude radial vibrations of hyperelastic incompressible bodies has continued to the present day. A 
significant number of papers have been published over the last five decades on this specific topic (e.g. 
[5,6,23,26,28]). For instance, Humphrey and co-workers [10,27] studied the axisymmetric deformations of 
spherical hyperelastic shells subjected to inner and outer pressure to assess the mechanical (dynamic) 
stability of intracranial saccular
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aneurysms. The axisymmetric dynamic deformations of (dielectric) elastomeric spherical membranes were 
also investigated by Mockensturm and Goulbourne [22] to assess how these structures could be used as 
reciprocating and peristaltic pumps. We should also mention the work of Gonçalves et al. [11] who studied 
the free and forced nonlinear vibrations of pre-stretched hyperelastic membranes subjected to transversal 
harmonic pressure. The authors developed a single degree-of-freedom model that was verified via 
comparisons with finite element calculations performed with the code ABAQUS. This work highlighted the 
influence of the pre-stretching ratio, the strain energy function used to model the material, and the frequency 
of the applied pressure on the dynamic response of the membrane. Alternatively, Breslavsky et al. [7] 
proposed a dynamic local model to investigate the nonlinear vibrations of rectangular hyperelastic plates. 
The model, which allowed to include the commonly ignored in-plane displacements to the analysis of 
bending vibrations of hyperelastic plates [8], was validated with experiments and numerical simulations 
performed with ABAQUS. The reader is referred to the recent and very detailed review of Alijani and 
Amabili [2] to obtain further information about the literature published over the last 50 years on the dynamic 
behaviour of hyperelastic shells.

However, the oscillatory behaviour of compressible hyperelastic shells has received much less attention. 
Most likely, this is because material compressibility impedes obtaining closed-form solutions of the shell 
motion. The problem has to be solved numerically. To the authors’ knowledge, the first contribution to this 
field was published by Haddow and Mioduchowski [12]. This work explored the radial oscillations of com-
pressible hyperelastic spherical shells subjected to a step function pressure at their inner surface. Haddow 
and Mioduchowski [12] showed that the response of compressible and incompressible shells subjected to 
dynamic inflation is significantly different. For incompressible specimens the effect of the pressure is felt 
instanta-neously throughout the shell. In the case of compressible spherical shells, the applied pressure leads 
to the formation of a shock wave, which propagates back and forth, through the thickness of the specimen. In 
Janele et al. [16], Haddow and co-workers further investigated the radial oscillations of compressible 
hyperelastic spherical shells. For that, they developed a finite difference model, based on a predictor-
corrector scheme, that improved the numerical procedure previously used in Haddow and Mioduchowski 
[12]. Their attention was focussed on the constitutive sensitivity of the oscillatory behaviour of compressible 
shells. They used different strain energy functions to model the material behaviour and highlighted the 
differences between the dynamic response of compressible and incompressible specimens. The phase 
portraits of compressible shells showed a characteristic sawtooth form (this was not observed for 
incompressible shells), which revealed the effect of the reflected waves in the oscillatory behaviour of the 
spherical specimen. Similar results were obtained in Janele et al. [15,17], where Haddow and co-workers 
investigated the dynamic inflation of compressible cylindrical shells. More recently, we should highlight the 
work of Antman and Lacarbonara [4], who developed a general approach to the radial motions of 
compressible nonlinear elastic cylindrical and spherical shells subjected to time-dependent pressure. Using 
the geometrically exact two-dimensional Cosserat theory developed in [3], the authors pointed out the 
significant differences in the dynamic response of cylindrical and spherical shells. The reader is referred to 
Chapter 17 in [3] to obtain additional information about various engineering problems that arise within the 
context of the dynamic behaviour of nonlinear elastic shells.

The present paper, which complements the aforementioned works [4,12,16], revisits the problem of a 
compressible spherical shell subjected to constant pressure at its inner surface. The goal is to provide further 
insights into the role played by the applied pressure, the material compressibility, and the shell thickness in 
the oscillatory behaviour of the specimen. For that task, we have addressed the problem using two different 
numerical approaches: (i) a finite differences scheme implemented in MATLAB, and (ii) a finite element 
model developed in ABAQUS. On the one hand, we have detected that numerical diffusion and dispersion 
impose limits to the capacity of (these) numerical methods to describe the shock wave that emanates from 
the inner surface of the shell due to the applied pressure. On the other hand, we have shown that both 
numerical approaches capture main features of the oscillatory response of the spherical shell, including the 
maximum amplitude of the oscillations. Using the key nondimensional groups that control the problem at 
hand, we have conducted a comprehensive parametric analysis and showed, for different specimen 
thicknesses and degrees of material compressibility, the interplay between the maximum amplitude of the 
oscillations and the applied pressure. In addition, we have investigated the critical loading conditions and 
material behaviours (degrees of compressibility) for which the oscillatory behaviour is lost, leading to an 
unbounded expansion of the spherical shell.
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2 Problem formulation

In this section, we formulate the problem of a thick-walled spherical shell subjected to radially symmetric 
dynamic inflation. The material is taken to be isotropic and compressible within the framework of finite 
nonlinear elasticity. The main features of the mathematical derivation are presented, while further details can 
be found in the work of Janele et al. [16].

Let {R, Θ, Φ} denote the spherical polar coordinates in the reference configuration such that Ri ≤ R ≤ Ro. 
If the material is deformed so that the spherical symmetry is maintained, the motion is given by:

r = r(R, t); θ = Θ; φ = Φ (1)

where {r, θ, φ} are the spherical polar coordinates in the current configuration such that ri ≤ r ≤ ro. Under
these conditions, the deformation gradient tensor is given by:

F = diag{λr , λ, λ} (2)

where the radial stretch is λr = ∂r
∂R and the circumferential stretch is λ = r

R . Moreover, the particle velocity
is v = ∂r

∂t , and the first Piola–Kirchoff stress tensor is given by:

S = diag{Sr , Sθ , Sθ }. (3)

The fundamental equations, formulated in Lagrangian description, which govern the loading process, are given
below.

• Kinematic relations:
– Radial stretch rate

∂λr

∂t
− ∂v

∂R
= 0; (4)

– Circumferential stretch rate
∂λ

∂t
− v

R
= 0. (5)

Hereinafter, we indistinctly denote the circumferential stretch rate as ∂λ
∂t or λ̇.

• Conservation of linear momentum along the radial direction:

ρ0
∂v

∂t
− ∂Sr

∂R
− 2 (Sr − Sθ )

R
= 0 (6)

where ρ0 is the initial material density.
• Constitutive equations: In this work our attention is restricted to isothermal loading processes at constant
temperatures. Following Ogden [25], we use the isochoric–volumetric decomposition of the strain energy
function:

ψ(I 1, I 2, J ) = ψiso(I 1, I 2) + ψvol(J ) (7)
where I 1 = J−2/3(λ2r + 2λ2) and I 2 = J−4/3(2λ2rλ

2 + λ4) are the first and second invariants of the
isochoric part of the right Cauchy–Green strain tensor and J = λrλ

2 is the determinant of the deformation
gradient tensor. We have selected the Mooney–Rivlin material model to characterize the isochoric part:

ψiso(I 1, I 2) = C10
(
I 1 − 3

) + C01
(
I 2 − 3

)
(8)

where C10 and C01 are material parameters such that G = 2(C10 +C01) is the initial shear modulus. From
Bucchi and Hearn [9] we have takenC10 = 210587.307MPa and C01 = 1504.76719MPa. These material
constants correspond to vulcanized rubber and were originally reported by Treolar [29]. We have selected
the expression proposed by Ogden [24] to characterize the volumetric part:

ψvol(J ) = K

β2 (β ln J + J−β − 1) (9)

where K is the initial bulk modulus and β is an empirical material parameter. Note that, in the limit of small
deformations, K = 2G(1+ν)

3(1−2ν)
where ν is the initial Poisson’s ratio. In forthcoming sections of this paper, we

will carry out systematic variations of ν in order to explore the role played by the material compressibility
in the dynamic response of the spherical shell. Moreover, according to Ogden [24], we have taken β = 9.
Finally, if the strain energy function takes the form W (λr , λ) = ψ(I 1, I 2, J ), the stresses are given by:
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– Radial stress

Sr = ∂W

∂λr
; (10)

– Circumferential stress

Sθ = 1

2

∂W

∂λ
. (11)

The problem formulation is completed with the following initial and boundary conditions:

Sr (R, 0) = Sθ (R, 0) = 0, v (R, 0) = 0, (12)

Sr (Ri , t) = −λ(Ri , t)
2P, Sr (Ro, t) = 0 (13)

where P is a constant pressure applied in the inner surface of the spherical shell. Note that the relation between
the radial Piola–Kirchoff stress and the radial Cauchy stress is Sr = λ2σr . Therefore, the boundary condition
in the inner surface of the shell can be alternatively expressed as σr (Ri , t) = −P . These relations will be used
in Sect. 5 to analyse the stress field in the spherical shell during the loading process.

It is convenient at this point to introduce the following nondimensional set of variables:

R̂ = R

Ri
, r̂ = r

Ri
, Ŝr = Sr

C10
, Ŝθ = Sθ

C10
,

t̂ = t

Ri

√
C10

ρ0
, v̂ = v

√
ρ0

C10
, Ŵ = W

C10
, P̂ = P

C10
, μ =

(
Ro

Ri

)3

− 1 (14)

whereμ is a nondimensional thickness parameter [18,19] used to represent the geometry of the spherical shell in
Sects. 5 and 6. This set of nondimensional variables highlights the dependence of the problem on the geometric
and loading parametersμ and P̂ that will be systematically varied in Sect. 6. Previous nondimensional variables
allow to rewrite the kinematic relations and the balance of linear momentum, Eqs. (4)–(6), as follows:

∂λr

∂ t̂
− ∂v̂

∂ R̂
= 0, (15)

∂λ

∂ t̂
− v̂

R̂
= 0, (16)

∂v̂

∂ t̂
− ∂ Ŝr

∂ R̂
−

2
(
Ŝr − Ŝθ

)

R̂
= 0. (17)

The previous system of equations is rearranged in the form:

∂Q

∂ t̂
+ ∂H (Q)

∂ R̂
+ b (Q) = 0 (18)

where Q = (
λr , λ, v̂

)T, H = −
(
v̂, 0, Ŝr

)T
, and b = −

(

0, v̂

R̂
,
2
(
Ŝr−Ŝθ

)

R̂

)T

. We can further operate with the

previous equations in order to obtain the system in non-conservative form:

∂Q

∂ t̂
− A

∂Q

∂ R̂
+ b (Q) = 0 (19)

where

{A} =
⎧
⎨

⎩

0 0 −1
0 0 0

− ∂ Ŝr
∂λr

− ∂ Ŝr
∂λ

0

⎫
⎬

⎭
. (20)
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The eigenvalues of A, that will be retrieved in Sect. 3, are 0 and ±γ , where γ =
√

∂2Ŵ
∂λ2r

. These are the

slopes of three families of characteristics in the
{
R̂, t̂

}
plane.

Theproblemof thedynamic inflationof spherical shells formulated in this section is approachednumerically
using themethods of finite differences andfinite elements. The basic features of the numericalmodels developed
for this purpose are described in Sects. 3 and 4.

3 Finite differences modelling

This section presents the finite differences scheme used to solve the governing equations defined by (18).
The scheme is taken from Janele et al. [16], who implemented a modification of MacCormack’s predictor-
corrector formulation [20] to obtain solutions to problems of shear waves emanating from a cylindrical cavity
in an unbounded hyperelastic medium [13,14]. Only the main features of the model are presented here since
further details can be found in Janele et al. [16].

In order to construct the numerical solution, we consider a rectangular grid such that Π = {R̂ j = 1 +
jΔR̂, t̂ n = nΔt̂}, where j = 0, . . . , M and n = 0, . . . , N . The integration spatial and time steps are

ΔR̂ = R̂o−1
M andΔt̂ . The forward–backward (predictor–corrector) finite differences relations are, respectively:

Qn+1
j = Qn

j − Δt̂

ΔR̂

(
Hn

j+1 − Hn
j

)
− Δt̂bn

j , (21)

Qn+1
j = 1

2

{
Qn

j + Qn+1
j − Δt̂

ΔR̂

(
Hn+1

j − Hn+1
j−1

)
− Δt̂bn+1

j

}
, (22)

where the notation Qn
j = Q

(
R̂ j , t̂ n

)
has been used. The superscript n + 1 refers to predicted quantities.

Application of the finite differences scheme requires boundary conditions for the kinematic variables
{λr , λ, v̂}. However, only the relations Ŝr (Ri , t) = −λ(Ri , t)2 P̂ and Ŝr (Ro, t) = 0 are prescribed, which
give the relation between λr and λ at the inner and outer surfaces of the shell. In order to obtain additional
boundary conditions, the finite differences scheme is modified as follows.

• Inner surface of the shell: forward–forward scheme.
In the predictor step the velocity is computed following the forward scheme used in the general formulation,
Eq. (21). The circumferential stretch is obtained using a finite difference form of Eq. (16) taken along the
characteristic R̂ = 1, and the radial stretch is obtained from the prescribed boundary condition, Eq. (13):

v̂n+1
0 = v̂n0 + Δt̂

ΔR̂

((
Ŝr

)n

1
−

(
Ŝr

)n

0

)
+ 2Δt̂

((
Ŝr

)n

0
−

(
Ŝθ

)n

0

)
, (23)

λn+1
0 = λn0 + Δt̂

2

(
v̂n+1
0 + v̂n0

)
, (24)

(
Ŝr

)n+1

0
= −

(
λn+1
0

)2
P̂. (25)

In the corrector step, we use a similar procedure. However, the backward scheme used in the general
formulation for the velocity, Eq. (22), is replaced by a forward scheme.

v̂n+1
0 = 1

2

{
v̂n0 + v̂n+1

0 + Δt̂

ΔR̂

((
Ŝr

)n+1

1
−

(
Ŝr

)n+1

0

)
+ 2Δt̂

((
Ŝr

)n+1

0
−

(
Ŝθ

)n+1

0

)}
, (26)

λn+1
0 = λn0 + Δt̂

2

(
v̂n+1
0 + v̂n0

)
, (27)

(
Ŝr

)n+1

0
= −

(
λn+1
0

)2
P̂. (28)
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• Outer surface of the shell: backward–backward scheme.
In the predictor step, the forward scheme used in the general formulation for the velocity, Eq. (21), is
replaced by a backward scheme. The circumferential stretch is obtained using a finite difference form of
Eq. (16) taken along the characteristic R̂ = R̂o, and the radial stretch is obtained from the prescribed
boundary condition, Eq. (13),

v̂n+1
M = v̂nM + Δt̂

ΔR̂

((
Ŝr

)n

M
−

(
Ŝr

)n

M−1

)
+ 2Δt̂

R̂o

((
Ŝr

)n

M
−

(
Ŝθ

)n

M

)
, (29)

λn+1
M = λnM + Δt̂

2R̂o

(
v̂n+1
M + v̂nM

)
, (30)

(
Ŝr

)n+1

M
= 0. (31)

In the corrector step we use a similar procedure. The backward scheme used in the general formulation for
the velocity, Eq. (22), is used,

v̂n+1
M = 1

2

{
v̂nM + v̂n+1

M + Δt̂

ΔR̂

((
Ŝr

)n+1

M
−

(
Ŝr

)n+1

M−1

)
+ 2Δt̂

R̂o

((
Ŝr

)n+1

M
−

(
Ŝθ

)n+1

M

)}
, (32)

λn+1
M = λnM + Δt̂

2R̂o

(
v̂n+1
M + v̂nM

)
, (33)

(
Ŝr

)n+1

M
= 0. (34)

To the authors’ knowledge, there is no analysis available to determine the stability condition for the scheme
(21)–(22). Nevertheless, following Haddow et al. [13], we have investigated the stability of the linear system
(b = 0) using theVon-Neumann analysis. In this case, it is required that theCourant number ξ = γΔt̂/ΔR̂ ≤ 1,
where γ is the numerically largest eigenvalue of A. We have used this condition in all our calculations, and no
numerical instability was encountered (see Sects. 5 and 6). Note that γ defines the propagation speed of radial
waves in the shell. The nonlinearity of the material behaviour leads to continuous variations of γ during the
loading process, and, consequently, Δt̂ is adjusted at each time step in order to maintain the same value of ξ

with constant ΔR̂. We have selected ξ = 0.99, which minimizes numerical diffusion and dispersion [21], and
ΔR̂ = 0.001 for all the simulations presented in Sects. 5 and 6. Further details are given in Appendix “Finite
differences modelling”.

It is apparent that the finite differences approach provides flexibility and control over the formulation and
resolution of the problem. As such, it is suited to explore the physical phenomena that control the dynamic
response of the shell (see Sect. 5).

4 Finite elements modelling

This section describes the features of the axisymmetric finite element model developed to simulate the dynamic
inflationof spherical hyperelastic shells. Thenumerical analyses are carried out using thefinite element software
ABAQUS/Explicit [1]. The strain energy function presented in Sect. 2 has been implemented into the finite
element code by a user subroutine. Consistent with Sect. 2, the problem setting is of a spherical shell with
inner and outer radii R̂i = 1 and R̂o (we will perform variations of the shell thickness), respectively (Fig. 1).
The solid is initially at rest and unstretched, while a constant internal pressure P̂ is applied at the cavity
wall.

The model has been meshed using four node axisymmetric reduced integration elements, CAX4R in
ABAQUS notation. The mesh shows radial symmetry in an attempt to retain the symmetry of the problem and
reduce the interference of the mesh in the calculations, see Fig. 1. The elements size is constant along the cir-
cumferential direction, whereas it increases along the radial direction. Thus, we have ensured that the elements
aspect ratio is close to 1:1 within the whole domain. According to Zukas and Scheffer [31], such an element
shape is optimal for describing dynamic events that involve large gradients of stress and strain. We have placed
200 elements along the circumferential direction, i.e. the size of the elements located beside the inner perime-
ter is 0.005 × 0.005. A mesh convergence study has been performed, and phase plane diagrams (stretch rate
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Fig. 1 Finite element mesh and mechanical boundary conditions of the spherical shell, modelled as an axisymmetric solid

versus stretch) were compared against a measure of mesh density until the results converged satisfactorily, see
“Appendix 1”. Note that ABAQUS/Explicit introduces artificial damping in the calculations in order to atten-
uate the numerical solution and ensure stability. The code generates bulk viscosity pressures, which are linear
and quadratic, respectively, in the volumetric strain rate. This artificial viscosity, which introduces numerical
diffusion, is controlled by two parameters � (linear viscosity) and χ (quadratic viscosity). In the calculations
shown in Sects. 5 and 6, we have selected the default values of the code 0.06 and 1.2, respectively. Never-
theless, in “Appendix 1” we provide details on the role played by the artificial viscosity in the finite elements
results.

In comparison with the finite differences simulations, ABAQUS/Explicit calculations are computationally
less costly (markedly). For this reason, the finite element model is especially suited to develop parametric
analyses that involve a large number of calculations (see Sect. 6).

In the next sections of the paper, we present selected results obtained from the finite differences and
finite elements models. Note that very high levels of compressibility are investigated in a range that exceeds
the typical values corresponding to rubber-like materials. Nevertheless, exploring highly compressible solids
is justified for the sake of better understanding the essential phenomena involved in the dynamic response
of compressible hyperelastic shells. The following analysis is composed of two parts. Firstly we focus
on the intervention of stress waves within the specimen, paying specific attention to the role played by
the wave propagation phenomena in the dynamic response of the shell. Secondly, we carry out a system-
atic variation of (nondimensional) applied pressure, material compressibility, and (nondimensional) speci-
men thickness and analyse the influence of these loading, material, and geometric parameters in the oscil-
latory response of the spherical shell. Throughout the analysis, a comparison between finite differences
and finite elements results is conducted. Additional comparisons are carried out with the analytical solu-
tion derived by Zhong-Heng and Soleki [30] for the incompressible solid. This solution is developed in
“Appendix 2”.

5 Salient features

In this section, we present and discuss some critical outcomes obtained from the numerical models presented
in previous sections. Figure 2 shows phase diagrams, λ̇i versus λi , obtained using finite differences and finite
elements simulations. The applied pressure is P̂ = 0.2, the thickness parameter is μ = 1, and the initial
Poisson’s, ratio is ν = 0.45. From this point on, this combination of loading case, geometric condition, and
material behaviour will be referred to as the reference case. The phase diagrams show closed orbits, i.e. the
dynamic response of the spherical shell is oscillatory. Figure 2a depicts the orbit corresponding to the first
oscillation and Fig. 2b to the third oscillation. Both numerical schemes yield phase plane curves with sawtooth
form. This is caused by the reflection of stress waves at the shell boundaries. Note that the sawtooth form of
the orbits is attenuated with time. This nonphysical behaviour is due to numerical diffusion. The attenuation is
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Fig. 2 Comparison between finite differences and finite elements. Phase diagrams, λ̇i versus λi . Reference loading case, geometric
condition and material behaviour: applied pressure P̂ = 0.2, thickness parameter μ = 1 and initial Poisson’s ratio ν = 0.45. a
Oscillation #1 and b oscillation #3

faster in the case of the finite difference model. Moreover, there is an offset between the finite differences and
the finite elements results, which increases with the loading time. This phenomenon is most likely attributed to
numerical dispersion. Note that these numerical errors (diffusion and dispersion) barely affect the maximum
stretch of the oscillation, which is ∼1.13 for both numerical approaches used.

Figure 3 shows the Cauchy radial stress σ̂R and the radial velocity v̂ versus the normalized thickness
coordinate Ĥ for the reference loading, geometric, and material configurations. The loading time t̂ = 0.0243
is such that the front wave that emanates from the inner surface of the shell has not yet reached the outer
boundary. A comparison between finite differences and finite elements is shown. The agreement between the
results obtained from both numerical codes is remarkable. Starting from the inner surface of the shell, we
observe that the radial stress σ̂R and the velocity v̂ show a slight (roughly linear) decrease with the normalized
thickness coordinate Ĥ . Approaching Ĥ ≈ 0.4 we find a sudden drop in σ̂R and v̂, which corresponds to the
wave front. The drastic variation in the field variables is caused by the compressibility of the solid. This is
evidenced in Fig. 4 by the abrupt change in material density observed at the front wave. Nevertheless, the shock
is not described as a discontinuity in the calculations because the numerical diffusion smears the wave front
across the mesh. Note that the smearing of the shock is more pronounced in the case of the finite differences
scheme. Moreover, the finite elements computations show wiggles just behind the shock, which illustrate the
numerical dispersion of the finite elements results.

It is apparent that dispersive and diffusive effects limit the capacity of both numerical models to describe
the shock wave propagation and the sawtooth form of the phase diagrams over extended periods of time.
This limitation is especially relevant in the case of the finite differences scheme. In “Appendix 1” we pro-
vide further details on the role played by numerical dispersion and diffusion in the finite differences and
finite elements results. Nevertheless, for short loading times, both numerical approaches capture the main
physical features that control the oscillatory behaviour of the shell, including the maximum stretch of the
oscillation. For the first oscillation, the phase diagram predicted by the finite differences and the finite ele-
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Fig. 3 Comparison between finite differences and finite elements. Reference loading case, geometric condition, and material
behaviour: applied pressure P̂ = 0.2, thickness parameter μ = 1, and initial Poisson’s ratio ν = 0.45. a Cauchy radial stress σ̂R

and b radial velocity v̂ versus the normalized thickness coordinate Ĥ = λR̂−λi

λo R̂o−λi
for t̂ = 0.0243

Fig. 4 Finite elements. Reference loading case, geometric condition and material behaviour: applied pressure P̂ = 0.2, thickness
parameter μ = 1 and initial Poisson ratio ν = 0.45. Contours of a material density ρ̂ and b radial velocity v̂ for t̂ = 0.0243

ments is very similar. Thus, relying on the numerical results obtained for the first orbit, in the next section of
this paper, we develop a parametric analysis to show the roles played by (nondimensional) applied pressure,
material compressibility, and (nondimensional) shell thickness in the oscillatory behaviour of the spherical
shell.
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6 Parametric analysis

6.1 The role played by the applied pressure

The aim of this section is twofold: (i) to show the interplay between the maximum amplitude of the oscillation
and the applied pressure, and (ii) to determine the limit imposed by the applied pressure to the oscillatorymotion
of the shell. The reference thickness parameter μ = 1 and initial Poisson’s ratio ν = 0.45 are considered in
all the calculations presented below.

Figure 5 shows phase diagrams obtained using ABAQUS/Explicit for different values of the applied
pressure: P̂ = 0.2, P̂ = 0.3, P̂ = 0.431, P̂ = 0.432, and P̂ = 0.6. For the applied pressures P̂ = 0.2,
P̂ = 0.3, and P̂ = 0.431 the phase portrait is a closed orbit, i.e. the shell shows an oscillatory motion. Note
that, as the pressure increases, the shape of the orbit becomes sharpened. For P̂ = 0.432 and P̂ = 0.6 the
phase diagram is not closed, i.e. the shell undergoes an unbounded expansion. As anticipated, the applied
pressure imposes limits to the oscillatory behaviour of the shell. Note the differences between the phase
portraits corresponding to P̂ = 0.432 and P̂ = 0.6. For P̂ = 0.6 the stretch rate is an increasing function of
the stretch. On the contrary, for P̂ = 0.432 the stretch rate first increases until reaching a relative maximum,
then decreases up to a point that λ̇ comes close to zero (if λ̇ reaches 0 an homoclinic orbit is obtained), and
finally increases unbounded.

Figure 6 shows the applied pressure P̂ versus the maximum stretch of the oscillation λi |λ̇i=0. A comparison
between finite differences and finite elements results is conducted. The agreement between both numerical
procedures is remarkable. The amplitude of the oscillation increases with the applied pressure. The P̂−λi |λ̇i=0
curve shows a power-type concave-down shape that extends up to λi |λ̇i=0 ≈ 1.663. This value of the maximum

stretch is reached for P̂ ≈ 0.431 (pressure corresponding to the homoclinic orbit). Larger values of applied
pressure lead to the unbounded expansion of the shell (see the open orbits for P̂ ≈ 0.432 and P̂ ≈ 0.6 in
Fig. 6).

6.2 The role played by the material compressibility

In this section we explore the role played by material compressibility in the dynamic response of the spherical
shell. For that purpose, we have carried out ABAQUS/Explicit calculations using initial Poisson’s ratios within
the range 0.05 ≤ ν < 0.5. For the sake of brevity we do not show finite difference results. Nevertheless, we
have checked that finite elements and finite differences show very good agreement. Recall that the results for
the incompressible case (ν = 0.5) are obtained from the analytical solution developed in “Appendix 2”. The
reference thickness parameter μ = 1 is considered in all the calculations presented below.
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Fig. 6 Comparison between finite differences and finite elements. Applied pressure P̂ versus maximum stretch of the oscillation
λi |λ̇i=0. Reference geometric condition and material behaviour: thickness parameter μ = 1 and initial Poisson’s ratio ν = 0.45

Figure 7 shows phase diagrams obtained using ABAQUS/Explicit for different Poisson’s ratios and two
different applied pressures: P̂ = 0.2 in Fig. 7a and P̂ = 0.3 in Fig. 7b. The sawtooth form of the phase diagram
is accentuated with the material compressibility. The role of stress waves propagation in the dynamic response
of the shell increases with the decrease in the initial Poisson’s ratio. Moreover, at the incompressible limit, the
effect of pressure at the inner surface of the shell is felt instantaneously at all radii (no wave propagation), and
the phase portrait does not show sawtooth form.

– For P̂ = 0.2 (Fig. 7a) we have explored 8 different values of the Poisson’s ratio: 0.29, 0.3, 0.35, 0.4,
0.45, 0.475, 0.495 and 0.5. For ν = 0.29 the shell expands unbounded, as illustrated by the open orbit
of the phase diagram. For Poisson’s ratios ν ≥ 0.3 the phase diagram is a closed orbit, as corresponds
to an oscillatory response of the shell. For a given applied pressure, the degree of compressibility of the
material determines whether or not the shell shows an oscillatory response. Moreover, as ν increases,
the maximum stretch of the oscillation decreases. For ν = 0.495, the phase orbit virtually overlaps with
the one obtained for the incompressible case, and the sawtooth form of the phase diagram is practically
negligible.

– For P̂ = 0.3 (Fig. 7b) we have investigated 7 different values of the Poisson’s ratio: 0.35, 0.38, 0.4, 0.45,
0.475, 0.495, and 0.5. For ν = 0.35 and ν = 0.38 the open orbits of the phase diagram indicate that the
shell expands unbounded. For Poisson’s ratios ν ≥ 0.4 the response of the shell is oscillatory. It becomes
apparent that, as P̂ increases, the loss of the oscillatory behaviour of the shell occurs for largest values of
ν. Moreover, as in the case of P̂ = 0.2, for ν = 0.495, the phase diagram can hardly be distinguished from
the one corresponding to the incompressible case.

Figure 8 shows the applied pressure P̂ versus the maximum stretch of the oscillation λi |λ̇i=0 for vari-
ous Poisson’s ratios ν = 0.1, ν = 0.2 ν = 0.3, ν = 0.35, ν = 0.4, ν = 0.45, and ν = 0.5 (analytical
solution). For each value of ν, the end of the curve indicates that an homoclinic orbit has been reached
(see Sect. 6.1). Irrespective of the Poisson’s ratio, the P̂ − λi |λ̇i=0 curve shows a power-type concave-

down shape. As the value of ν increases, the P̂ − λi |λ̇i=0 curve is shifted upwards. The pressure required
to reach a given value of λi |λ̇i=0 increases with the Poisson’s ratio. On the other hand, we observe that the
maximum value of λi |λ̇i=0, which corresponds to the homoclinic orbit, strongly decreases with the material
compressibility.

This is further illustrated in Fig. 9 where the applied pressure corresponding to the homoclinic orbit P̂h
is plotted as a function of the Poisson’s ratio ν. The P̂h − ν curve shows a power-type concave-up shape
with a slope that increases as the Poisson’s ratio approaches incompressibility. While very low values of the
Poisson’s ratio are explored (up to 0.05), for the sake of providing insights into the effect of compressibility
on the dynamic response of the shell, we must recall that such values are not representative of rubber-like
materials and may not be within the range for which Eq. (9) was derived and validated.

11



(a)

(b)

Fig. 7 Finite elements. Phase diagrams, λ̇i versus λi . Oscillation #1. Reference geometric condition: thickness parameter μ = 1.
Several initial Poisson’s ratios ranging from ν = 0.29 to ν = 0.5 (analytical solution) are considered. Two applied pressures are
investigated: P̂ = 0.2 in a and P̂ = 0.3 in b (for interpretation of the colours coding of this figure, the reader is referred to the
web version of this article)

Fig. 8 Finite elements. Applied pressure P̂ versus maximum stretch of the oscillation λi |λ̇i=0. Reference geometric condition:
thickness parameter μ = 1. Several initial Poisson’s ratios are considered: ν = 0.1, ν = 0.2, ν = 0.3, ν = 0.35, ν = 0.4,
ν = 0.45, and ν = 0.5 (analytical solution)

6.3 The role played by the shell thickness

In this section, we assess the role played by the thickness in the dynamic response of the spherical shell. For
that purpose, we have carried out finite elements calculations using thickness parameters which range from

12



Fig. 9 Finite elements. Homoclinic orbit pressure P̂h versus initial Poisson ratio ν. Reference geometric condition: thickness
parameter μ = 1

μ = 1 to μ = 25. The reference applied pressure P̂ = 0.2 is considered. The finite element simulations
obtained using ν = 0.45 are compared with the analytical solution developed for ν = 0.5. While finite
differences results are not shown for the sake of brevity, we have checked that they are in agreement with the
finite elements calculations.

Figure 10 shows phase diagrams obtained for μ = 5, μ = 10, and μ = 25. We observe that, as the shell
thickness increases, the phase plane orbit becomes gradually reduced: the oscillation is slower and shows
smaller amplitude. As the thickness increases, the orbit corresponding to the compressible case looks less and
less like the ellipse described by the incompressible limit. For ν = 0.45 the number of reflections that occur
during the oscillation of the shell decreases as the thickness increases. However, their effect in the shape of
the phase portrait is more significant. It is apparent that the role of compressibility in the dynamic response of
the spherical shells becomes more important as the thickness increases.

7 Summary and conclusions

In this paper we have explored the role played by the material compressibility in the oscillatory behaviour of
spherical shells. The specimens have been subjected to a constant inflation pressure step. The compressible
Mooney–Rivlin strain energy function has been used to model the material behaviour. The investigation has
been based on a two-pronged numerical approach: (i) we have implemented a finite differences model in
MATLAB, and (ii) we have developed a finite elements model in ABAQUS/Explicit.

We have shown that numerical dispersion and diffusion impose limits to the capacity of the finite differences
and finite elementsmodels to describe the shockwave that emanates from the inner surface of the shell due to the
application of the inflation pressure. Nevertheless, both numerical approaches capture the essential features that
describe the oscillatory behaviour of the shell, including the maximum stretch of the oscillation. A key point of
our methodology is that finite differences and finite elements models show complementary characteristics. The
finite differences scheme provides flexibility and control over the formulation and resolution of the problem.
As such, it allowed to uncover the physical phenomena that play a critical role in the dynamic response of the
specimens. On the other hand, the finite element model shows significantly lower computational cost. As such,
it allowed to develop a comprehensive parametric analysis that showed distinctive features of the oscillatory
behaviour of compressible shells. The systematic comparison and analysis of the finite differences and finite
elements results led to the following conclusions:

– The maximum amplitude of the oscillation increases with the applied pressure.
– There is a critical pressure,which defines a critical oscillation amplitude, forwhich the oscillatory behaviour
of the shell is lost, leading to an unbounded expansion of the specimen.

– The critical pressure and the critical oscillation amplitude are strongly dependent on the material com-
pressibility.

– The phase portraits used to represent the oscillatory behaviour of compressible shells show a sawtooth
form caused by the stress waves intervention within the specimen.
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Fig. 10 Phase diagrams, λ̇i versus λi . Oscillation #1. Reference loading case: applied pressure P̂ = 0.2. Three thickness
parameters are considered: μ = 5, μ = 10, and μ = 25. Results are shown for two different initial Poisson’s ratios: ν = 0.45
(finite elements) and ν = 0.5 (analytical solution)

– The sawtooth form of the phase portraits is accentuated as the material compressibility and shell thickness
increase.

– As the specimen thickness increases, the oscillation of the shell is slower and shows smaller amplitude.

All in all,wehave developed an exhaustive numerical analysis thatmoves forward the seminal investigations
of Haddow and co-workers [12,16] and provides new insights into the oscillatory behaviour of compressible
hyperelastic spherical shells subjected to dynamic inflation.

Acknowledgements The authors are indebted to theMinisterio de Economía y Competitividad de España (Projects EUIN2015-
62556 and DPI2014-57989-P) for the financial support which permitted to conduct this work.
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Appendix 1: Numerical discretization analysis

In this appendix we analyse the convergence of the finite differences and finite element calculations. We
focus our attention on the effect that numerical dispersion and diffusion have on the first oscillation of the
spherical shell.We have also checked the spurious role of numerical discretization in the front wave description.
Nevertheless, those results are not shown here for the sake of brevity. The reference applied pressure P̂ = 0.2,
thickness parameter μ = 1, and initial Poisson’s ratio ν = 0.45 are considered in all the examples shown
below.

Finite differences modelling

Figure 11 shows phase diagrams for various spatial steps: ΔR̂ = 0.001 (reference), ΔR̂ = 0.002, and
ΔR̂ = 0.005. The Courant number is ξ = 0.99. We observe that the spatial step plays a key role in the
finite difference results. The coarser mesh (ΔR̂ = 0.005) virtually removes the sawtooth form from the phase
diagram. It is apparent that large spatial steps increase numerical diffusion, leading to poor characterization of
the wave propagation phenomena within the sample. On the other hand, the difference in the results obtained
from ΔR̂ = 0.001 and ΔR̂ = 0.002 is only detected at the end of the orbit (to be read clockwise) when
ΔR̂ = 0.002 leads to smoother fluctuations of the stretch rate than ΔR̂ = 0.001. Also note that, for λ̇ < 0,
there is a slight offset between the results of ΔR̂ = 0.001 and ΔR̂ = 0.002, which reveals that the increase in
the spatial step boosts numerical dispersion.

Figure 12 shows phase diagrams for various Courant numbers: ξ = 0.99 (reference), ξ = 0.9, and ξ = 0.8.
All the Courant numbers assessed are smaller than 1 since numerical instability is encountered when ξ ≥ 1.
The spatial step isΔR̂ = 0.001.We do not observe significant differences in the results obtained using different
Courant numbers. Note that, as the Courant number increases, the time step increases (see Sect. 3), which
reduces the computational cost of the calculations. Moreover, in order to minimize numerical dispersion it is
desirable to choose a value of ξ as close to 1 as possible [16,21].

Finite elements modelling

Figure 13 shows phase diagrams for various mesh densities. The size of the elements located in the inner
surface of the shell is 0.05×0.05 for mesh 1, 0.01×0.01 for mesh 2 and 0.005×0.005 for mesh 3 (reference).
We observe that the maximum stretch of the oscillation and the fluctuations in the stretch rate caused by the
intervention of stress waves within the sample are strongly influenced by the element size. As anticipated for
the finite differences scheme, numerical dispersion and diffusion increase with the spatial step. The coarser
mesh size leads to a significant reduction in the amplitude of the oscillation and predicts a smooth orbit that,
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Fig. 11 Finite differences. Phase diagrams, λ̇i versus λi . Oscillation #1. Reference loading case, geometric condition andmaterial
behaviour: applied pressure P̂ = 0.2, thickness parameterμ = 1, and initial Poisson’s ratio ν = 0.45. Calculations using different
spatial steps are shown: ΔR̂ = 0.001 (reference), ΔR̂ = 0.002, and ΔR̂ = 0.005
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Fig. 13 Finite elements. Phase diagrams, λ̇i versus λi . Oscillation #1. Reference loading case, geometric condition and material
behaviour: applied pressure P̂ = 0.2, thickness parameterμ = 1, and initial Poisson’s ratio ν = 0.45. Calculations using different
mesh sizes: mesh 1=elements size 0.05× 0.05, mesh 2=elements size 0.01× 0.01, and mesh 3=elements size 0.005× 0.005
(reference)

for λ̇ < 0, barely reveals the effect of the wave propagation phenomena in the dynamic response of the shell.
On the contrary, meshes 2 and 3 show orbits with much sharper profiles, which capture more accurately the
wave propagation within the specimen. In addition, there is an offset between the results obtained with the
coarser mesh and those corresponding to meshes 2 and 3. The difference in the results obtained from meshes
2 and 3 is small and can be detected only at the end of the orbit (to be read clockwise) when mesh 2 provides
(slightly) smoother fluctuations of the stretch rate than mesh 3. The latter has been selected to carry out all the
finite element calculations shown in Sects. 5 and 6.

Figure 14 shows phase diagrams for three different linear bulk viscosity parameters:� = 0.006,� = 0.06
(reference), and� = 0.6. We observe that the linear viscosity introduced by the code has significant influence
in the phase portrait. Increasing � damps the sawtooth form of the phase diagram. The linear bulk viscosity
introduces significant numerical diffusion in the calculations. For the largest value considered (� = 0.6), the
orbit barely shows traces of wave propagation for λ̇ < 0.

Figure 15 shows phase portraits for three different quadratic bulk viscosity parameters: χ = 0.12, χ = 1.2
(reference), and χ = 12. Unlike what we observed for the linear viscosity parameter, the quadratic one does
not have significant influence in the phase diagrams. The differences between the orbits corresponding to
χ = 0.12, χ = 1.2, and χ = 12 are negligible.

As anticipated in Sect. 4, in the calculations of Sects. 5 and 6 we have used the default values of
ABAQUS/Explicit. On the one hand, we acknowledge that the bulk viscosity is the source of the numeri-
cal diffusion in the calculations. On the other hand, we have checked that the linear and quadratic viscosity
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Fig. 15 Finite elements. Phase diagrams, λ̇i versus λi . The oscillation #1 is shown. Reference loading case, geometric condition
and material behaviour: applied pressure P̂ = 0.2, thickness parameter μ = 1 and initial Poisson’s ratio ν = 0.45. Calculations
using different quadratic bulk viscosity parameters: χ = 0.12, χ = 1.2 (reference), and χ = 12

parameters cannot be significantly decreased from their default values since this causes numerical dispersion
and stability-related problems.

Appendix 2: Analytical solution for the incompressible solid

In this appendix we solve analytically the dynamic inflation of incompressible spherical shells. The main
features of the mathematical derivation are presented, while further details can be found in the work of Zhong-
Heng and Soleki [30].

The incompressibility constraint (λ2λr = J = 1) allows to express the circumferential stretch as:

λ(R̂, t̂) =
(
1 + λi (t̂)3 − 1

R̂3

)1/3

. (35)

The previous expression shows that the motion of every material point along the thickness is determined
if λi is known.

Taking the derivative of Eq. (35) with respect to R̂, and using the incompressibility condition, the following
relation is obtained:

∂λ

∂ R̂
= −λ3 − 1

R̂λ2
. (36)
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Taking the second derivative of Eq. (35) with respect to nondimensional time, and using the incompress-
ibility condition, we obtain the relation between λ and λ̈:

λ̈ = λ3 − 1

λ3i − 1

[
2λi λ̇i

2 + λ2i λ̈i

λ2
− 2 λ4i λ̇i

2

λ3i − 1

λ3 − 1

λ5

]

. (37)

These last two relations allow to rewrite the balance of linear momentum, Eq. (17), as follows:

∂ Ŝr
∂λ

− 2
Ŝr − Ŝθ

λ − λ−2 = −2λi λ̇i
2 + λ2i λ̈i

(λ3i − 1)1/3
(λ3 − 1)−2/3 + 2 λ4i λ̇i

2

(λ3i − 1)4/3
(λ3 − 1)1/3

λ3
. (38)

Furthermore, for an incompressible spherical shell, we have that (see, e.g. Ogden [25]):

Ŝθ − λ−3 Ŝr = 1

2

Ŵ

dλ
(λ) (39)

where the nondimensional strain energy function Ŵ (λ) is a sole function of λ. Note that, in the incompressible
case, the strain energy function takes the form of Eq. (8).

Thus, integration of Eq. (38) using the boundary conditions defined in Eq. (13) leads to:

P̂(t̂) =
∫ λi

λo

Ŵ (λ)

λ3 − 1
dλ +

(

1 − λi

(λ3i + μ)1/3

)

λi λ̈i +
(
3

2
+ λ4i

2(λ3i + μ)4/3
− 2λi

(λ3i + μ)1/3

)

λ̇2i (40)

where the outer stretch is given by λo =
(

λ3i −1
μ+1 + 1

)1/3

. The first term in the right hand side of Eq. (40)

accounts for the equilibrium straining of the solid, while the two following terms represent the inertial effects.
After some manipulation, Eq. (40) is written as:

d

dλi

[(

1 − λi

(λ3i + μ)1/3

)

λ3i λ̇
2
i

]

= 2λ2i P̂ − 2λ2i

∫ λi

λo

Ŵ (λ)

λ3 − 1
dλ. (41)

The equation above can be integrated to obtain the balance of mechanical energy of the system:
(

1 − λi

(λ3i + μ)1/3

)

λ3i λ̇
2
i +

∫ λi

1
2λ2i

∫ λi

λo

Ŵ (λ)

λ3 − 1
dλ − 2

3
P̂(λ3i − 1) = 0 (42)

where the first term defines the kinetic energy of the system, the second term holds for the strain energy stored
in the system, and the third one for the work done by the external forces (the applied pressure P̂).

The previous expression allows to obtain the relation between λ̇i and λi used to calculate the analytical
results for the incompressible solid presented in this paper,

λ̇i =

√√√√√√

2
3 P̂(λ3i − 1) − ∫ λi

1 2λ2i
∫ λi
λo

Ŵ (λ)

λ3−1
dλ

(
1 − λi

(λ3i +μ)1/3

)
λ3i

. (43)
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