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Global Stability Analysis of Azimuthal
Oscillations in Hall Thrusters
Diego Escobar and Eduardo Ahedo
rate, with the discharge current an output of the dynamical
system. For a given magnetic field and mass flow rate, it is
possible to represent the evolution of the discharge current as
a function of the discharge voltage in the so-called current–
voltage (I –V ) curve. This curve shows two distinct regimes:
1) a low ionization regime, where the discharge current
increases with the voltage and 2) a current saturated regime,
where the discharge current is fairly insensitive to changes in
the discharge voltage.
Hall thrusters have now become a mature alternative to
chemical propulsion in many space applications ranging
from orbital raising of satellites through north–south stationkeeping of geostationary satellites to low-thrust propulsion of
interplanetary probes. However, not all physical processes
inside Hall thrusters are fully understood, in particular, the
electron perpendicular conductivity. Since the early stages
of the Hall thruster technology development, it has been
clear that the cross-field electron mobility inside the channel
and in the plume is too high to be explained with classical
collisionality [1]. That is why the term anomalous diffusion
is normally used to refer to the higher than expected electron
axial current.
The main properties of the anomalous diffusion, experimentally verified, may be summarized as: 1) it is present in the
channel as well as in the plume of the thruster [2], [3]; 2) there
is a dip of electron conductivity in the region of high magnetic
and electric fields [4], [5]; 3) according to experiments [6], [7],
the electron mobility scales as 1/B rather than as 1/B 2 , where
B is the magnetic field strength; and 4) the magnetic field
gradients affect greatly the electron conductivity [8].
Currently, there is no agreement within the Hall thruster
community about the mechanism of the anomalous diffusion,
but the most accepted explanations are: 1) plasma oscillations,
referred to as Bohm-type or turbulent diffusion, based on
the fact that correlated azimuthal oscillations of plasma
density and electric field would induce a higher electron
mobility [9], [10] and 2) near-wall conductivity, where
secondary electrons emitted by the walls would cause a net
axial current [11]. However, the anomalous diffusion seems
to follow a 1/B scaling [6], contrary to the 1/B 2 scaling
of the near-wall conductivity. In addition, many simulation
codes [12]–[14] that model the near-wall conductivity still
need Bohm diffusion to match the electron conductivity
measured experimentally. Thus, near-wall conductivity
does not seem to explain the anomalous diffusion. On the
other hand, several experiments have confirmed with
different techniques the presence of azimuthal oscillations.
These oscillations are normally grouped in low frequency

Abstract— A linearized time-dependent 2-D (axial and
azimuthal) fluid model of the Hall thruster discharge is presented.
This model is used to carry out a global stability analysis of
the plasma response, as opposed to the more common local
stability analyses. Experimental results indicate the existence of
low-frequency long-wave-length azimuthal oscillations in the
direction of the E × B drift, usually referred to as spokes.
The present model predicts the presence of such oscillations
for typical Hall thruster conditions with a frequency and a
growth rate similar to those found in experiments. Moreover,
the comparison between the simulated spoke and the simulated
breathing mode, a purely axial low-frequency oscillation typical
in Hall thrusters, shows similar features in them. Additionally, the
contribution of this azimuthal oscillation to electron conductivity
is evaluated tentatively by computing the equivalent anomalous
diffusion coefficient from the linear oscillations. The results show
a possible contribution to anomalous diffusion in the rear part
of the thruster.
Index Terms— Plasma propulsion, plasma simulation, plasma
stability, plasma transport processes.

I. I NTRODUCTION

H

ALL effect thrusters (HET) are a type of electric
propulsion device whose operation principle is as
follows: a radial magnetic field is imposed together with an
axial electric field inside a coaxial channel where a neutral gas,
typically xenon, is introduced as propellant. Three species of
particles are present in a HET: 1) neutrals, which are injected
from the rear part of the channel and flow axially toward the
thruster exit; 2) electrons, which are introduced by a cathode
located just outside the channel and flow upstream toward the
anode describing a collisional axial transport together with
an azimuthal E × B drift; and 3) ions, which are created
from ionization of neutrals due to collisions with the counterstreaming electrons, are unmagnetized, and are accelerated
axially by the electric field in the channel and the near
plume. The main control parameters of a Hall thruster are
the discharge voltage, the magnetic field and the mass flow
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(5–30 kHz), low-to-medium frequency (30–100 kHz), and
high frequency (1–10 MHz) oscillations [15]. Some of those
experiments show the presence of low-frequency azimuthal
oscillations in the rear part of the thruster, in the ionization
region [10], [16]–[26]. The analysis of these oscillations,
referred to as spokes, is the topic of this paper.
This paper deals with the stability of the Hall discharge
from a global point of view, as opposed to the more common
local stability analyses. The latter are based on the analysis
of the fluid equations at a fixed axial location of the channel
and this requires freezing the macroscopic plasma variables
and their derivatives, whereas the former method does account
consistently for the axial variation of those variables and
their linear perturbations. Most of the stability analyses of
the Hall discharge in the azimuthal direction carried out so
far are local and can be grouped in those that do not account
for the ionization process [8], [27]–[31] and those that take it
into consideration in the model through particle source terms
and fluid equations for the neutral species [17], [32]–[35].
However, all these local stability studies suffer from the
problems mentioned above. On the other hand, the few studies
that do account globally for the axial variations of the inhomogeneous plasma focus on the high frequency range [36]–[40].
The current study fills the gap of global stability analyses in
the low frequency range, where the ionization process plays a
very important role.
The rest of this paper is organized as follows. In Section II,
the formulation of the linearized time-dependent 2-D model
used in this paper is presented. Section III shows and discusses
the results from the model, including a comparison against
the breathing mode. The possible link between the simulated
azimuthal oscillation and the electron cross-field mobility is
analyzed in Section IV. Finally, the conclusions are drawn
in Section V.

cold species. Wall energy losses and wall particle recombination are included in the model via equivalent frequencies.
A sink is introduced in the energy equation to account
for the ionization and radiation losses. Heat conduction is
neglected in the model. The induced magnetic field is
neglected and, consequently, the electric field derives from
a potential (E = −∇φ). The resulting formulation may be
written as [41]
d
d
d
(nv ex ) =
(nv i x ) = − (n n v nx ) = n(νi − νw )
dx
dx
dx
(1)
dv nx
= m i nνw (1 − aw )(v i x − v nx )
m i n n v nx
(2)
dx
dφ
dv i x
= −en
− m i nνi (v i x − v nx )
(3)
m i nv i x
dx
dx
dφ
d
− m e nνe χ 2 v ex (4)
0 = − (nTe ) + en
dx
dx


dφ
d 5
nTe v ex = env ex
− nνi E i − nνwe Te
(5)
dx 2
dx
where x is the axial coordinate along the thruster channel;
e, m e , and m i are the electron charge, electron mass, and ion
mass, respectively; n n and n are the neutral and plasma particle
densities; v nx , v ex , and v i x are the fluid axial velocities of
neutrals, electrons, and ions, respectively; Te and φ are the
electron temperature and electric potential, respectively; νe is
the effective electron collision frequency, νe = ν B +νwm +νen ,
accounting for Bohm-type diffusion, ν B , near-wall conductivity, νwm , and electron-neutral collisions, νen ; νi , νw , and νwe
represent the frequencies for ionization, particle recombination, and energy losses at lateral walls, respectively; E i is the
energy loss per actual created ion; and aw is the accommodation factor of the ions impacting the walls [41]. The expression
used for the Bohm-diffusion is ν B = α B ωce , where ωce is the
electron cyclotron frequency and α B is a constant empirical
coefficient whose value is typically selected so as to match
experimental results (α B ∼ 0.01). The electron momentum
equation in the azimuthal direction, v ey = v ex χ, where v ey is
the electron azimuthal velocity (v ex < 0, v ey < 0) and χ is the
Hall parameter (χ = ωce /νe  1), has been used implicitly
in the axial electron momentum equation. The combination of
the previous equations allows obtaining an equation for the
plasma density as
P dn
=G
(6)
n dx
where P = Te /m i − (3/5)v i2x , G is a function of the macroscopic variables, but not of their derivatives, and P = 0 is a
sonic condition. It is possible to prove that there are two sonic
points in the domain, one singular, G = 0, at the anode sheath
transition, and another one regular, G = 0, inside the channel.
A detailed description of the boundary conditions associated
to the previous system of ordinary differential equations is
described in [41]. Expressions for the different frequencies
mentioned above (νwm , νen , νi , νe , νw , and νwe ) may also be
found elsewhere [12], [41]–[43].
Various versions of the model presented above have been
used in the past including different terms to characterize the Hall discharge [41], evaluate the influence of the

II. F ORMULATION
This section presents the formulation used in this paper.
First, the 1-D model of Ahedo et al. [41], upon which the
2-D model is based, is summarized. Then, the linearized timedependent 2-D formulation is presented.
A. 1-D Model
The hypotheses and equations of the 1-D stationary model
of Ahedo of the Hall discharge are reviewed in this section.
Each one of the species present in a HET (neutrals, electrons,
and ions) is accounted for with a separate set of macroscopic fluid equations based on conservation principles of
mass, momentum, and energy. Only single-charge ions are
considered as multiply charged ions are neglected. Quasineutrality is assumed as the Debye length in Hall thrusters
is much smaller than the dimensions of the channel. Furthermore, whereas electrons are highly magnetized, ions are
considered to be unmagnetized. On the other hand, due to
the very low mass of the electrons, electron-inertia terms are
neglected in the electron momentum and energy equations.
At the same time, ions and neutrals are modeled as
2

where v ny and v iy are the azimuthal neutral and ion velocities,
respectively, and the rest of symbols are as above. This
equation requires a regular transition at the point separating the
ionization region and the ion back-streaming region (v i x = 0).
Thus, the right-hand side of the equation must be zero at the
same point as well. This fact has important consequences on
the way the equations are solved numerically.

wall losses [12], carry out parametric investigations on the
operating parameters [43], model two-stage Hall thrusters [44]
and, even, analyze the stability of the discharge against
axial perturbations to study the properties of the breathing
mode [45]–[47].
B. General 2-D Formulation
A time-dependent 2-D model consistent with the equations
presented in Section II-A is described here. The model considers two dimensions in space (axial, x, and azimuthal, y) and
variations with time, t being the time variable. Under the same
hypotheses of the 1-D model, the governing time-dependent
2-D equations of the plasma discharge may be written in
nonconservative form as
∂n
∂n
+ ∇ · (nve ) =
+ ∇ · (nvi )
∂t
∂t
∂n n
− ∇ · (n n vn )
=−
∂t
= n(νi − νw )
(7)


∂vn
+ vn · ∇vn = m i nνw (1 − aw )(vi − vn )
m i nn
∂t
(8)


∂vi
mi n
+ vi · ∇vi = −en∇φ −m i nνi (vi −vn ) (9)
∂t
0 = −∇(nTe )−en(−∇φ +ve ×B)
∂
∂t



C. Linearization
Equations (7)–(11) can be linearized around the steady-state
and axisymmetric solution (i.e., the zeroth-order background
solution). To this end, it is possible to assume that any
control parameter (say, w) of the Hall discharge (discharge
voltage, mass flow, neutral velocity at the anode, and electron
temperature at the cathode) may be written as the sum of
a constant zeroth-order value, w0 , and a temporal-azimuthal
perturbation, w̃1 (y, t). If the perturbation is expressed as a
Fourier expansion in y and t, then
w(y, t) = w0 + {w1 exp(−i ωt + i k y y)}

(14)

where ω = ωr + i ωi is the angular frequency of the
perturbation, being ωr and ωi its real and imaginary parts, and
k y is the azimuthal wave number of the perturbation. Note that
k y only admits a discrete number of values due to continuity
conditions in the azimuthal direction, k y = −m/R, where
m is the integer mode number (m > 0 when the perturbation
travels in the E × B direction) and R is the mean radius of
the thruster.
Similarly, a macroscopic variable, say u(x, y, t), may be
written as the sum of the axial zeroth-order solution, u 0 (x)
and a perturbation, ũ 1 (x, y, t). The latter can also be Fourier
expanded in t and y and, then, the complete solution may be
expressed as

(10)
−m e nνe ve



3
5
nTe + ∇ ·
nTe ve = enve · ∇φ −nνi E i −nνwe Te
2
2
(11)

where ve , vi , and vn are the electron, ion, and neutral velocity
vectors, respectively, and the rest of the symbols are as above.
In this 2-D case, the radial variation of the variables is
neglected reducing the problem to two-dimensions. Moreover,
curvature effects in the azimuthal direction are also neglected
as the mean radius of the thruster is typically larger than the
width of the channel. Obviously, in the limit of a stationary
and axisymmetric solution, (7)–(11) reduce to (1)–(5).
Equations (7)–(11) can be rewritten in a form more adequate
to this paper. To this end, the partial derivatives with respect
to t and y, which will be Fourier transformed during the
linearization, are moved to the right-hand side of the equations.
In this manner, the left-hand side of the resulting equations
resemble (1)–(5). Those resulting equations can be combined
in order to obtain an equation for the plasma density as
P ∂n
= G + Gt + G y
(12)
n ∂x
where P and G are functions identical to the ones derived
for the 1-D model and G t and G y are functions of the
macroscopic variables and proportional to their time and
azimuthal derivatives, respectively.
Apart from the sonic points mentioned above, it is important
to note that the azimuthal component of (9) has the peculiarity
of defining another special point along the channel. This
equation may be expressed as
∂v iy
∂v iy
∂v iy
e ∂φ
vi x
= −νi (v iy − v ny ) −
−
− v iy
(13)
∂x
∂t
m i ∂y
∂y

u(x, y, t) = u 0 (x) + {u 1 (x; ω, k y ) exp(−i ωt + i k y y)}. (15)
The small perturbations hypothesis (w1  w0 , u 1  u 0 )
allows linearizing (7)–(11) and decouple the evolution of
the zero-th order solution, which is given in (1)–(5), from
the evolution of the perturbations. Note that in order to
consider consistently the axial gradients of the variables in
this linearization, the zeroth-order solution and the coefficients
of the Fourier expansion of the perturbations must retain
the dependence on the axial coordinate. This is the main
difference with respect to local stability analyses such as the
one previously carried out in [48].
Applying (15) to (7)–(11), it is possible to obtain a linear
system of equations with variable coefficients describing the
evolution of the different perturbations along the channel.
The resulting equations contain source terms proportional
to the angular frequency, ω, and to the azimuthal wave
number, k y , of the perturbations. These equations must be
solved several times, once for each fundamental mode associated to the boundary conditions. Moreover, the zeroth-order
problem must also be solved together with the perturbation
problem in order to be able to compute the coefficients of the
perturbation equations.
3

TABLE I
MAIN OPERATING PARAMETERS OF THE SPT-100 H ALL THRUSTER
USED AS REFERENCE CASE FOR THE SIMULATIONS

The boundary conditions associated to the evolution
equations of the Fourier coefficients of the perturbations
are also derived linearizing the boundary conditions of the
1-D problem. This delicate linearization was detailed in [45].
D. Solution Method and Self-Excited Modes
The presence of a sonic point and a zero-ion-velocity
point inside the thruster channel makes the integration process
cumbersome. The solution is computed by concatenating the
fundamental modes obtained integrating the equations from
the anode and from those two internal points, whose location
is unknown too. Obviously, the solution must be continuous in
some intermediate points and this imposes more constraints to
the final solution. Additional initial conditions are necessary
to start the integration from the anode and those two internal
points. In the end, the weights of the fundamental modes in
the final solution are obtained from the following system of
equations:
Ax = b

(16)

where x is a vector containing the weights of the fundamental
modes, b is a vector with the coefficients of the linearized
control parameters and constraints, and A is a matrix with
complex coefficients containing the partial derivatives of the
control parameters with respect to the initial conditions of
each of the fundamental modes. This matrix A depends on the
vector of control parameters of the zeroth-order solution, w0 ,
as well as on the angular frequency, ω, and on the wave
number, k y , of the perturbations, that is, A = A(w0 , ω, k y ).
In order for self-excited modes to exist, the previous algebraic system of equations must have nontrivial solutions for
the homogeneous problem (i.e., the case with b = 0). This
condition is equivalent to
det A(w0 , ω, k y ) = 0

Fig. 1. Axial profiles of the main macroscopic variables of the background
solution for the reference case. x is the axial location, n e0 (x) is the plasma
density, n n0 (x) is the neutral density, Te0 (x) is the electron temperature,
φ0 (x) is the electric potential, B(x) is the magnetic field, and Ii0 (x) is the
ion axial current. The left asterisk corresponds to the zero-ion-velocity point,
whereas the right asterisk corresponds to the regular sonic point inside the
channel. The space between both points corresponds roughly to the ionization
region of the thruster. The left vertical dashed line represents the channel exit,
whereas the right one represents the location of the cathode, this is, the end
of the simulation domain.

(17)

where det is the determinant function.
For each zeroth-order solution given by the control
parameters, w0 , and each wave number, k y , (17) provides a
condition to compute the complex angular frequency, ω, of
the perturbation. If the resulting angular frequency verifies
the condition ωi > 0, then the perturbation is self-excited.
In particular, the case k y = 0 corresponds to purely axial
oscillations studied in the past for the analysis of the breathing
mode [45]–[47].

anode; L AE is the distance from anode to external cathode;
L ch , h c , and R are, respectively, the length, the width, and the
mean radius of the channel; TeE is the cathode temperature;
v n B is the neutral velocity at injection; α B is the anomalous
diffusion coefficient; ν̃w is a dimensionless coefficient for the
wall losses model [12]; and TSEE , which is also used in the
wall losses model, is the electron temperature yielding 100%
of secondary electron emission for the specific wall material.
The electron temperature at the anode, TeB , and the discharge
current, Id , are outputs of the simulation. For this reference
case, these result in TeB = 1.2 eV and Id = 5.0A.
Fig. 1 shows the axial profiles of the main macroscopic
variables corresponding to the background solution of (1)–(5)
for the reference case described in Table I.

III. R ESULTS AND D ISCUSSION
A. Reference Case and Background Solution
This section is devoted to the presentation of the results
of the linearized time-dependent 2-D model for typical
Hall thruster conditions. For this purpose, a SPT-100 thruster
model has been considered as reference case. The main
operating parameters of this case used in the simulation are
presented in Table I, where the following symbols are used:
ṁ is the mass flow rate through the anode; Vd is the discharge
voltage; Bmax is the maximum magnetic field; x max is the
location of the maximum magnetic field with respect to the

B. Azimuthal Oscillations
As a result of the global stability analysis of the reference case described in Table I, a self-excited oscillation is
detected with an azimuthal mode number m = 1, a frequency
f = 11.1 kHz, an azimuthal phase velocity v y = 2.6 km/s,
a growth-rate ωi /2π ≈ 3 kHz, and an azimuthal wavelength
4

Fig. 3. Oscillations of the main macroscopic variables as combinations of the
background solution and the perturbations shown as functions of x and y at
different values of t (at t millisecond) for the same conditions used previously
in Fig. 2. Variables represented (from left to right): plasma density, n e and
neutral density, n n . Perturbations artificially set to 30% of the base solution.

Fig. 2. Oscillations of the main macroscopic variables as combinations of
the background solution and the perturbations shown as functions of x and t
at y = 0 for a self-excited unstable oscillation of the perturbation problem
for the reference case presented in Table I. The azimuthal mode number is
m = 1, the frequency is f = 11.1 kHz, and the growth-rate is ωi /2π ≈ 3 kHz.
Variables represented (from left to right and top to bottom): plasma density, n e ;
neutral density, n n ; electron temperature, Te ; electric potential, φ; ion axial
flux, i ; electron axial flux, e . Perturbations artificially set to 30% of the
base solution.

k y = −0.023 mm−1 . According to these values, the simulated azimuthal oscillation has properties similar to those
experimentally observed for the spoke. As it will be shown
later, its growth rate is similar to the corresponding one for
the breathing mode (m = 0). Thus, it is not clear from this
analysis which oscillation, the azimuthal one or the axial one,
dominates in the reference case.
It must be noted that other mode numbers (m = −2, −1,
and 2) have been analyzed looking for possible self-excited
solutions. However, for the reference case under consideration
the only mode numbers resulting in self-excited solutions are
m = 0 (breathing mode) and m = 1 (spoke). This is in line
with experimental results for normal-size thrusters, where the
spoke is normally detected as a single oscillation in the E × B
direction. In the case of larger thrusters, experiments show that
higher modes (m = 2, 3, 4) might become dominant [25]. The
scaling of the azimuthal oscillations simulated here to bigger
thrusters has not been investigated yet.
Fig. 2 shows the contour maps in the x − t space (at the
meridian section y = 0) of the main macroscopic variables as
combinations of the background solution and the perturbations
for the self-excited oscillation mentioned above. As the size of
the perturbations does not result from the linear perturbations
problem, it must be chosen arbitrarily. Just for illustration
purposes, this size has been selected so that Te1 /Te0 = 30%
at the location of the peak of the profile of the temperature
perturbation, and the exponential dependence exp (−i ωi t) has
been omitted. This choice does not impact the results presented
in this section, where the focus is on the stable/unstable character of the linear oscillations and on the physical mechanism
behind them. The selected size is justified as nonetheless
typical saturated spoke oscillations have a size of similar
magnitude as the background state. In any case, it is true that

Fig. 4. Same as Fig. 3 for other macroscopic variables. Variables represented
(from left to right): electric potential, φ and electron axial flux, e .

the saturation of the oscillation may occur and the real shape
of the saturated spoke oscillation may be different from the
one represented here.
Figs. 3 and 4 show contour maps in the x–y space for
different instants of time, t, during one cycle of the azimuthal
oscillation under the same conditions as in Fig. 2. In this
figure, it is possible to observe how the oscillation travels in
the y-direction, this is, in the + E × B direction. As expected,
the same patterns shown in Fig. 2 are observed in Figs. 3 and 4
moving in the azimuthal direction.
According to Figs. 3 and 4, the azimuthal oscillation
is due to an azimuthal variation of the ionization process.
The connection between the spoke oscillation and the
ionization process had already been suggested theoretically
in [35] and [48], and, based on experiments, by other
researchers [49]. This fact is further analyzed in Section III-C,
5

Fig. 5. Axial profiles of the coefficients of the Fourier-expanded perturbations
of the main macroscopic variables corresponding to the self-excited unstable
oscillation of the perturbation problem for the reference case presented
in Table I and the same conditions as in Fig. 2. Variables represented: x is
the axial location, n e1 /n e0 is the perturbation of the plasma density over
the background plasma density, n n1 /n n0 is the perturbation of the neutral
density over the background neutral density, Te1 is the perturbation of the
electron temperature, φ1 is the perturbation of the electric potential. Dashed
lines are used for the real part of the perturbation coefficients, dashed-dotted
lines are used for the imaginary part and continuous lines are used for the
modulus of the perturbation coefficients. In each plot, the left dashed vertical
line represents the channel exit and the right one the end of the simulation
domain. Perturbations artificially set to 30% of the base solution.

Fig. 6. Oscillations as a function of x and t for the breathing mode (m = 0).
The conditions and variables are similar to those shown in Fig. 2.

to the azimuthal electric field, as can be observed in the right
column of Fig. 4.
C. Comparison With the Breathing Mode
Similar to Fig. 2, Fig. 6 shows the contour maps in the
x–t space of the main variables for an unstable oscillation with
m = 0 for the very same reference case presented in Table I.
The frequency of the unstable oscillation is f = 9.1 kHz,
whereas the growth-rate is ωi /2π ≈ 3 kHz, similar to the
spoke by chance. The frequency of the simulated breathing
mode is smaller than for the azimuthal oscillation presented
previously, as normally observed in experiments [15], [19].
In the azimuthal oscillation (see plot of neutral density
in Fig. 2), the ionization front moves back and forth, as in the
breathing mode (Fig. 6). Moreover, the m = 1 oscillation also
shows a travelling wave of neutral density, as in the breathing
mode. The similarity with the breathing mode, thus, seems
clear. The fact that both modes are recovered with the very
same model reinforces this idea. Moreover, as in the case of the
m = 1 oscillation, the region where the ionization front moves
back and forth is rather thin compared to what is normally seen
experiments for the breathing mode.
Similarly, Smith and Cappelli [21] present experimental
results, giving evidence of a complex helical oscillation in
plasma potential, which seems to be caused by an interaction
between the breathing mode and the spoke oscillations. This
gives additional support to the idea of a similar mechanism for
the breathing mode and the azimuthal spoke. Note, however,
that the oscillation from [21] is observed in the thruster plume
rotating in the opposite direction to what is observed in this
paper.
Another interesting property common to both oscillations is
the nonuniformity, in space and time, of the neutral density
at the anode plane. This seems in contradiction with the
imposed anode boundary conditions that enforce uniform
neutral velocity and mass flow rate. The reason for the neutral
density to be nonuniform at the anode resides in the neutral

where the azimuthal oscillation is compared with the breathing
mode.
From Figs. 2–4, it is possible to compute the approximate
wavelength of the oscillation in the axial direction, k x . This
is estimated to be k x ≈ 1.7 mm−1 , which is consistent with a
wave travelling forward in the axial direction (ωr > 0, k x > 0)
at a fixed azimuth and in the + E × B direction (ωr > 0,
k y < 0) at a fixed axial location as time increases.
However, the tilt angle with respect to the axis of the thruster
(tan β = k x /k y ) is close to 90°, whereas in experiments, the
azimuthal oscillation is normally observed to have a tilt angle
around 15°–20° [10], [19]. The reason for this discrepancy is
believed to be related to the narrow ionization region seen in
the simulation, likely caused by the fact that heat conduction
effects are not considered in the model. The version of the 1-D
model of Ahedo et al. [42] that takes into consideration heat
conduction terms gives smoother temperature profiles, wider
ionization regions, and lower temperatures inside the thruster.
Thus, adding heat conduction effects to the model might
reduce the tilt angle of the azimuthal oscillation considerably.
For completeness, Fig. 5 shows the axial profiles of the
complex coefficients of the Fourier expansion of the perturbation equations defined in (15). These are the variables resulting
from the integration of the linearized equations.
Based on Fig. 5, it is also interesting to point out that
the perturbed electric field has a roughly constant azimuthal
component upstream of the ionization region (see left column
of Fig. 4 and plot of φ1 in Fig. 5). This fact, together with the
plasma density variation, causes an oscillatory axial electron
current to the anode coming from the E × B drift associated
6

recombination at the back wall of the thruster. Indeed this may
be one of the reasons why the breathing mode and the spoke
oscillation are unstable as it is explained next. Part of the ions
generated in the ionization region are attracted to the anode
through the ion-backstreaming region and are recombined into
neutrals. These neutrals travel downstream and are available
for subsequent ionization cycles and, thus, more ions than in
previous ionization cycles are generated and sent back to the
anode. The complete process is repeated again and, hence, the
growing character of this mechanism.
Fig. 7. Axial profiles of the equivalent anomalous diffusion coefficient,
α A (x), as computed from the linear perturbation with a size of 30% of the
zeroth-order solution. Symbols are as in Fig. 4.

IV. A NOMALOUS D IFFUSION AND
A ZIMUTHAL O SCILLATIONS

effect over t and y. This yields


en e1 E y1
∂n e Te
en e0 v ex0 = −μ⊥0 en e E x +
+
∂x
B
0

∂n e Te
en e0 v ey0
−μ H en e E x +
∂x
0

The formulation presented above has mostly focused on the
analysis of the linear stability of the Hall discharge against
azimuthal perturbations. In case a self-excited oscillation
is detected, then unstable oscillations grow and eventually
saturate. The linear growth phase is the only one modeled
with the 2-D model presented here, whereas the saturation is
a nonlinear process. Anomalous diffusion related to saturated
azimuthal oscillations cannot be determined self-consistently
here. Nonetheless, some insight can be obtained if we accept
the following postulate. The shape and relative strength of
the saturated oscillations are those corresponding to the linear
perturbations solution. Of course the postulate is less true the
higher is the strength of the saturated oscillation, a parameter
totally outside of the scope of the linear model used here.
Equation (10) is indeed the Ohm’s law for electrons and
can be expressed as
en e ve = −µ(en e E + ∇(n e Te ))

α A (x) =

μH

1
Bχ

n 1 E y1
n 0 v ey0 B

so that we can rearrange (23) and (24) as
ωce
v ey0 =  v ex0
νe

with νe = νe + α A (x)ωce .

(18)

(25)

(26)
(27)

The last expression for νe resembles the definition of the
Bohm-diffusion frequency (ν B = α B ωce ) highlighting the
relation between the anomalous transport and the oscillationbased transport. If this additional transport were all the anomalous contribution, then α B = α A (x), however, there may be
other contributors to the anomalous diffusion. From a practical
point of view, given the perturbations of plasma density and
azimuthal electric field, (25) allows obtaining the equivalent
anomalous diffusion coefficient associated to the perturbations.
Note in any case that term is a nonlinear effect and thus it
is not accounted for in the formulation used in the previous
sections, where the zeroth- and first-order problems are solved.
In order to close the loop and have a self-consistent linear
model of the oscillation-based transport it would be necessary
to impose α B = α A (x) and iterate until the same profile used
in the zeroth-order solution results from the corresponding
linear perturbation problem.
One of the consequences of the azimuthal oscillation may
thus be enhanced electron conductivity inside the channel.
In order to evaluate the net effect on the electron current,
it is convenient to compute the equivalent anomalous diffusion
coefficient, α A (x), associated to the perturbations computed
with the linear model. Fig. 7 shows the axial variation of
α A (x) based on (25). It is possible to observe that the net effect
of the oscillation on the electron conductivity is concentrated

where the components of the mobility tensor are defined as
e
νe
2 + ν2
m e ωce
e
1
.
= χμ⊥
B

(24)

where z (x) is the temporal-azimuthal average of a
function z(t, x, y).
The strength of the oscillation-based transport, measured as
the azimuthal force relative to the axial one, is expressed as

where µ is the electron mobility tensor and the rest of symbols
as above. In the directions x and y, we have




∂n e Te
∂n e Te
en e v ex = −μ⊥ en e E x +
+ μ H en e E y +
∂x
∂y
(19)




∂n e Te
∂n e Te
en e v ey = −μ⊥ en e E y +
− μ H en e E x +
∂y
∂x
(20)

μ⊥ =

(23)

(21)
(22)

For an axisymmetric solution, the last term of (19) and (20)
is zero. However, if small azimuthal oscillations are present,
and because of μ H  μ⊥ , the last term in (19) may
be important, thus providing an extra contribution to axial
(i.e., perpendicular) transport. The azimuthal oscillations are
not expected to modify significantly the rest of equations.
Next, the effect of that oscillation-based transport on the
1-D steady-state solution will come out from averaging its
7

in the rear part of the thruster, more precisely, in the ionbackstreaming region. The values reached by α A (x) in this
region are of the same order of magnitude to that used for α B
in the simulation of the background solution of the reference
case (Table I). In fact, for the case under analysis the average
value of α A (x) in the rear part of the thruster is α A,ave ≈ 0.01,
a value very similar to the one used in the zeroth-order
solution. However, this is only true for the selected size of
linear oscillations that, as mentioned above, is such that the
maximum temperature perturbation is 30% of the background
temperature.
Another relevant aspect is the fact that α A (x) reaches
negative values in some regions of the channel. This negative
value of α A (x) is linked to the tilt angle close to 90° of
the plasma density perturbation, which causes a change of
phase between the perturbations of the plasma density and
the azimuthal electric field. Moreover, the large variations
of α A (x) anticipate important changes in the background
solution, where so far α B has been considered constant, in case
the profile of α A (x) is used in the resolution of the zeroth-order
problem. Anyway, no contribution to electron conductivity is
seen downstream of the ionization region, where experiments
also show a higher than expected electron mobility. Nonlinear
effects affecting the low-frequency azimuthal oscillation might
resolve this contradiction. Another possible explanation is that
high-frequency oscillations (1–10 MHz) [50]–[54] might play
a role in that region.

comparing the results against the global ones presented here.
This should allow us to identify the local stability analysis
that best matches the global one, if any. Second, we intend to
extend the linearized time-dependent 2-D model to high frequency (1–10 MHz) so that electron drift oscillations [50]–[53]
in the azimuthal direction can be analyzed numerically. This
paper would continue the theoretical work already carried out
in previous studies [36], [39]. Finally, the introduction of heat
conduction effects should be considered to analyze its impact
on the azimuthal oscillation simulated here. A further step
on the analysis of the spoke would consist in considering
nonlinear effects in order to model properly the saturation of
the oscillations and reproduce consistently real-size spokes.
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