
 

This is a postprint version of the following published document: 

 

 
N’souglo, K.E.; Rodríguez-Martínez, J.A.; Vaz-Romero, A.; Cazacu, O. 
The combined effect of plastic orthotropy and tension-compression 
asymmetry on the development of necking instabilities in flat tensile 
specimens subjected to dynamic loading, in: International Journal of 
Solids and Structures, Vol. 159, March 2019, pp. 272-288 
 
DOI: https://doi.org/10.1016/j.ijsolstr.2018.10.006 
 

 

© 2018 Elsevier Ltd. All rights reserved 

 

 

 

 

 

 

 

This work is licensed under a Creative Commons Attribution-
NonCommercial-NoDerivatives 4.0 International License. 

https://doi.org/10.1016/j.ijsolstr.2018.10.006
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/


The combined effect of plastic orthotropy and tension-compression

asymmetry on the development of necking instabilities in flat tensile

specimens subjected to dynamic loading
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Abstract

In this paper we study, using finite element simulations, the combined effect of plastic orthotropy and

tension-compression asymmmetry on the formation of necking instabilities in high-purity α-titanium flat

tensile specimens subjected to dynamic loading under a wide range of impact velocities. To this end, the

material behaviour is described using the constitutive model developed by Nixon et al. (2010a), which

accounts for these specific features of the plastic response of hexagonal-close-packed materials. While

numerical studies have shown the effect of material properties and loading conditions on the formation

and development of necking instabilities in dynamically loaded tensile specimens, none of them, to the

best of our knowledge, has considered the plastic orthotropy and tension-compression asymmmetry of

the material. The finite element simulations show that the orientation of the specimen with respect to

the in-plane symmetry axes of the material plays a key role in the location and characteristics of the

neck(s) formed in the sample. Moreover, the results indicate that only for three specimen orientations

the main neck formed in the sample contains two localization bands, equally inclined with respect to

the specimen axis, which grow at equal speed. For all other orientations, the localization bands have

different inclinations, and one grows faster than the other one.
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1. Introduction

In his seminal 1948’s paper, Hill stated that ”anisotropy is not to be considered a phenomenon

of rather rare occurrence, it is difficult to avoid in metal working and is invariably developed by any

severe strain” (see Hill (1948)). Due to its versatility and easy identification of its parameters, the

quadratic Hill’s criterion (Hill, 1948) is the most widely used orthotropic yield criterion for describing

the directionality in plastic properties (yield stresses; strains) of metallic sheets and plates. However,

this criterion cannot capture with the same accuracy both the yield stress and Lankford coefficients or

r-values (r is the ratio between in-plane transverse strain rate and through-thickness strain rate under

uniaxial tension). This is a direct consequence of the fact that Hill’s yield function is quadratic in

stresses. Indeed, it was demonstrated that for a three-dimensional quadratic function in stresses to be

orthotropic and pressure-insensitive, it should involve exactly six independent anisotropy coefficients (see

Cazacu and Barlat (2001) and Cazacu et al. (2019)). Because it involves only 6 anisotropy coefficients,

Hill’s yield criterion (Hill, 1948) imposes very specific couplings between the yield stresses and r-values

in the rolling and transverse directions of the sheet (e.g. see the monograph of Banabic (2010)). Thus,

to describe simultaneously the anisotropy in yielding and Lankford coefficients with improved accuracy

non-quadratic formulations need to be considered. Very versatile three-dimensional orthotropic yield

criteria for metallic materials with fcc or bcc crystal structures have been developed (e.g. see Banabic

et al. (2010) and Cazacu et al. (2019)). Nevertheless, most of these orthotropic yield criteria are

represented by even functions in stresses and as such cannot capture the tension-compression asymmetry

in the mechanical response of metallic materials which contain a hcp phase. Very recently, macroscopic

yield criteria that could accurately describe both anisotropy and strength differential effects in such

pressure-insensitive metals have been developed by Cazacu and Barlat (2004), Cazacu et al. (2006),

Nixon et al. (2010a), etc.

Concerning the characterization and modelling of the high strain rate mechanical behavior of hcp

metals and alloys, most attention has been devoted to titanium materials. The strain rates investigated

are usually those that can be achieved using the Split Hopkinson Pressure Bar (SHPB) technique. For

example, Rittel and Wang (2008) reported SHPB shear-compression data with real-time monitoring

of the evolution of the temperature during the tests, thus contributing to a better understanding of
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adiabatic shear banding in Ti6Al4V. Concerning the high strain rate behavior of unalloyed titanium,

results of SHPB and Taylor-impact tests, which consists of launching a solid cylindrical specimen

at an elevated velocity of the order of 100 − 300 m/s against a stationary rigid anvil, have been

reported by Revil-Baudard et al. (2015). The authors also simulated numerically the Taylor-impact

experiments, modelling the material response with the orthotropic yield criterion developed by Cazacu

et al. (2006), and showed that plastic anisotropy can explain and capture the unusual features of the

impact deformation of the specimen, namely the little lateral spread of the sample (as compared to

isotropic materials) and the ellipticity of the footprint (postmortem cross-section of the specimen).

However, most numerical investigations on the impact behaviour of sheet metals do not consider the

(potential) plastic anisotropy of the material. Exceptions to this rule are the works of Grytten et al.

(2009), Seidt et al. (2013), Mars et al. (2015) and Koubaa et al. (2017) who studied the effect of

anisotropy on the perforation of aluminium plates due to impact of projectiles with different nose

shapes.

In this paper we consider a different impact problem for which, to the authors’ knowledge, the

effect of plastic anisotropy has not been investigated before: the impact tension test. The first detailed

experimental investigations on high velocity tensile behaviour, which were carried out in the 30s and

mid 40s of the 20th century –see for instance Mann (1936), Clark and Datwyler (1938), Parker and

Ferguson (1942) and Manjoine (1944)–, revealed that:

• There exists a correlation between the fracture location and the impact velocity. While under

quasi-static tensile loading of a smooth specimen, failure generally occurs in the middle of the

gauge, under impact loading, failure may occur at different locations.

• There exists a material-dependent transition-velocity which defines the maximum energy absorbed

by the sample and the maximum sample ductility in the dynamic tension test. This transition-

velocity showed correlation with the impact-velocity that induces sample failure close to the

impacted end.

These findings were rationalized shortly after by Duwez and Clark (1947), Clark and Wood (1950b)

and Clark and Duwez (1950) using the one-dimensional theory of plastic waves propagation that had
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just been developed by Von Kármán and Duwez (1950). These authors postulated that the processes of

reflection and interaction of strain waves taking place in the sample during impact control the interplay

between fracture location and impact velocity (see also Wood (1965) and Vaz-Romero et al. (2015)).

Years later, with the advent of computational mechanics, this assumption was confirmed. For instance,

during the first decade of the 21st century, Rusinek and Klepaczko (Rusinek and Klepaczko, 2003;

Klepaczko, 2005; Rusinek et al., 2005; Rodŕıguez-Mart́ınez et al., 2009) carried out numerical simulations

of tension impact tests over wide ranges of impact velocities and for different metallic materials. The

roles of inertia, strain hardening, strain rate hardening and thermal softening on necking inception were

successfully captured and the mechanisms which determine the fracture location of the sample were

convincingly addressed. However, in all these works the plastic response of the material was described

with the isotropic Von Mises constitutive model, and the effect of anisotropy on necking inception and

fracture location remains, to the authors’ knowledge, unexplored.

Aiming to fill this gap, in this work we carry out, using ABAQUS/Explicit (2013), finite element

simulations of α-titanium flat tensile specimens (sheets) subjected to dynamic loading under a wide

range of impact velocities. The material behaviour is described with the constitutive model developed

by Nixon et al. (2010a) which allows to account for both, the orthotropy and tension-compression

asymmetry of this material. The outline of the paper is as follows. Section 2 presents the constitutive

model. Section 3 shows the finite element model developed in ABAQUS/Explicit to simulate dynamic

tension tests. In section 4 are presented numerical calculations in which the angle between the loading

axis of the specimen and the orthotropy axes of the material is systematically varied. A wide range

of applied velocities and two different gauge lengths are analyzed. We conclude in section 5 with a

summary of the main findings of this work.

2. Constitutive model

The mechanical behaviour of the material (high purity α-titanium) is described using the orthotropic

and asymmetric pressure-independent elastoplastic model developed by Nixon et al. (2010a). While only

the main features of the model are presented in this section, further details can be found in Nixon et al.

(2010a,b) and Knezevic et al. (2013).
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2.1. Formulation

To account for strength differential effects in isotropic metals, Cazacu and Barlat (2004) developed

a yield criterion expressed as:

g (s) ≡ J
3/2
2 − cJ3 = τ 3

y , (1)

where J2, J3 are the second and third invariants of the deviatoric part of the Cauchy stress tensor

s, and τy is the yield stress in pure shear; c being a material parameter. For c different from zero, the

isotropic yield function given by Eq. (1) is not even. Due to the fact that it involves J3 to the power one,

the predicted yielding response in tension and compression are different, and in the octahedral plane

the corresponding yield surface has only three-fold symmetry (for more details and full mathematical

proofs the reader is referred to Cazacu and Barlat (2004)). To describe both the anisotropy and tension-

compression asymmetry of hcp metals, these authors extended to orthotropy this criterion using the

generalized invariants approach (see Cazacu and Barlat (2001)). Using this procedure, 17 independent

anisotropy coefficients are involved in the formulation, the resulting criterion being able to account for

the particularities of the mechanical behavior for complex loadings involving tension-shear couplings

and compression-shear couplings (see also Cazacu et al. (2019)).

However, if fewer experimental data are available, the extension of the same isotropic criterion based

on one-linear transformation applied to the Cauchy stress tensor may be used. This methodology was

used by Nixon et al. (2010a), the expression of this orthotropic and asymmetric yield criterion being:

φ (Σ) = (J◦2 ) (3/2) − cJ◦3 , (2)

where J◦2 =
1

2
tr (Σ2) and J◦3 =

1

3
tr (Σ3) are the second and third invariants of the transformed

stress tensor Σ = Lσ = Ls, with L being an orthotropic, deviatoric, and symmetric fourth-order

tensor, and σ being the Cauchy stress tensor (recall that s is its deviatoric part). If in the Cartesian

coordinate system (x, y, z) associated with the orthotropy axes, the stress tensor is represented by the 6-
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dimensional vector σ = (σxx, σyy, σzz, σxy, σxz, σyz), the fourth-order orthotropic tensor L is represented

by the 6× 6 matrix:

L =



(a2 + a3)

3
−a3

3
−a2

3
0 0 0

−a3

3

(a1 + a3)

3
−a1

3
0 0 0

−a2

3
−a1

3

(a1 + a2)

3
0 0 0

0 0 0 a4 0 0

0 0 0 0 a5 0

0 0 0 0 0 a6


(3)

with ai (i = 1, ..., 6) being anisotropy parameters.

The equivalent stress σ̄ associated to the yield criterion described by Eq. (2) is:

σ̄ = m̃φ1/3 (4)

where the constant m̃ is defined such that σ̄ reduces to the tensile yield stress in the rolling direction:

m̃ = 3
[(
a2

2 + a3a2 + a2
3

)
3/2 − c (a2 + a3) a2a3

]−1/3
(5)

The effective stress σ̄ is homogeneous of degree one in its arguments. Thus, if we replace ai by γai,

with γ being any positive number, the expression for the effective stress remains unchanged. Hence, we

can scale the anisotropy coefficients by ai, or equivalently, set a1 = 1. The anisotropy coefficients aj,

with j = 2...4, and the parameter c associated with the tension-compression asymmetry of the material

can be determined using the experimentally determined uniaxial tensile and compressive flow stresses

along the axes of orthotropy of the material and Lankford coefficients (or r-values).

The yield function is defined as:
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f = σ̄ − Y (ε̄p) (6)

where σ̄ is given by Eq. (4) and Y models the hardening of the material, which is considered to be

isotropic and governed by the equivalent plastic strain ε̄p. The hardening law is considered to be of the

form:

Y = σ0 (ε0 + ε̄p)n , (7)

where σ0, ε0 and n are material parameters. Moreover, ε̄p is the equivalent plastic strain that

relates to the equivalent plastic strain rate as ε̄p =
∫ t

0
˙̄εp (τ) dτ , with ˙̄εp being the work-conjugate of the

effective stress given by Eq. (4) (see also Eq. (15)). Following Nixon et al. (2010a), for the sake of

simplicity, thermal and viscous effects are not considered in the formulation of the constitutive model.

Note that, based on metallographic observations of post-test specimens, Gray (1997) concluded that for

high-purity Ti the relative activity of the plastic deformation mechanisms that are operational is very

little affected by the change in strain rate. Therefore, the values of the anisotropy coefficients Lij and

strength differential parameter (the parameter c) can be considered to be the same for dynamic and

quasi-static conditions.

However, even for monotonic loadings the tension-compression asymmetry and the texture evolve

with accumulated plastic deformation, as shown in the experiments performed by Nixon et al. (2010a) on

high-purity α-titanium. To model the evolution of the anisotropy and tension-compression asymmetry of

this material, Nixon et al. (2010a) used the methodology proposed by Plunkett et al. (2006). Specifically,

the tension-compression parameter c (see Eq. (2)) and the anisotropy coefficients ai (see Eqs. (3) and

(5)) were identified for the initial yielding and several individual levels of equivalent plastic strain ε̄p,1 <

ε̄p,2 < ... < ε̄p,m. Next, to obtain the tension-compression parameter and the anisotropy coefficients

corresponding to any given level of equivalent plastic strain ε̄p,j < ε̄p < ε̄p,j+1, with j = 1, ...,m − 1, a

linear interpolation was used:
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c (ε̄p) = α (ε̄p) c
(
ε̄p,j
)

+ (1− α (ε̄p)) c
(
ε̄p,j+1

)
ai (ε̄

p) = α (ε̄p) ai
(
ε̄p,j
)

+ (1− α (ε̄p)) ai
(
ε̄p,j+1

) (8)

where the interpolation parameter α is defined by:

α (ε̄p) =
ε̄p,j+1 − ε̄p

ε̄p,j+1 − ε̄p,j
(9)

such that α (ε̄p,j) = 1 and α (ε̄p,j+1) = 0. The dependence of c and ai on the plastic strain allows to

describe the yield surface changes and distortions (without translation or rotation) which are induced

by the evolution of texture observed in this material.

We consider the additive decomposition of the total rate of deformation tensor d into an elastic part

de and a plastic part dp:

d = de + dp (10)

where the elastic part of the rate of deformation tensor is related to the rate of the stress by the

following linear elastic law:

σ̇ = C : de = C : (d− dp) (11)

where σ̇ is an objective derivative of the Cauchy stress tensor and C is the isotropic elastic tensor

given by:
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C = 2GI′ +K1⊗ 1 (12)

where G is the elastic shear modulus, K is the bulk modulus, 1 is the unit second order tensor

and I′ is the unit deviatoric fourth order tensor. In ABAQUS/Explicit (2013), the objective rate is the

Green-Naghdi derivative (Green and Naghdi, 1965), and the constitutive equations are written in an

appropriate orthogonal rotating frame. This allows the description of large deformations and transfor-

mations, in a form identical to their simpler small strains counterpart while verifying the objectivity

principle (Hughes, 1984).

Moreover, assuming an associated plastic flow rule, the plastic part of the rate of deformation tensor

is:

dp = λ̇
∂σ̄

∂σ
(13)

where λ̇ is the rate of the plastic multiplier.

Since the equivalent stress is a first-order homogeneous function in stress (as mentioned before), we

have from Euler’s homogeneous function theorem that:

σ̄ = σ :
∂σ̄

∂σ
(14)

Therefore, the work conjugacy relation:

σ : dp = σ̄ ˙̄εp (15)
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yields:

˙̄εp = λ̇ (16)

The formulation of the constitutive model is completed with the Kuhn–Tucker loading–unloading

conditions:

λ̇ > 0, f 6 0, λ̇f = 0 (17)

and the consistency condition during plastic loading:

ḟ = 0 (18)

2.2. Model parameters

The values of the parameters used in this paper correspond to high-purity α-titanium for which data

were reported in Nixon et al. (2010a,b). Namely, Table 1 shows the initial density, the elastic constants,

and the hardening parameters, and Table 2 shows the parameters which describe the anisotropy and the

tension-compression asymmetry of the material. Nixon et al. (2010a) reported basal plane (0001) pole

figures measured by X-ray diffraction which showed that the as-received material exhibits orthotropic

texture. The basal plane aligns maximally in the normal-transverse plane at 30◦ − 40◦ from the plate

normal direction towards the transverse direction. Quasi-static uniaxial tension and compression along

the rolling, transverse and through-thickness directions were reported in Nixon et al. (2010a,b). No me-

chanical data were available for the determination of the shear coefficients a4, a5, a6. These coefficients

were estimated based on crystal plasticity calculations (see Knezevic et al. (2013)). The coefficient a1

was set equal to unity (as anticipated in section 2.1), as well as the coefficients a5 and a6. The numer-
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ical values of the in-plane (i.e. the plane formed by the rolling and transverse directions) anisotropy

coefficients a2, a3 and a4 corresponding to fixed levels of the equivalent plastic strain are given in Table

2.

Symbol Property and units Value
ρ0 Initial density (kg/m3) 4500
G Elastic shear modulus (GPa), Eq. (12) 42.3
K Bulk modulus (GPa), Eq. (12) 91.6
σ0 Material parameter (MPa), Eq. (7) 377.8
ε0 Material parameter (MPa), Eq. (7) 0.00039
n Material parameter, Eq. (7) 0.170

Table 1: Initial density, elastic constants and strain hardening parameters for high-purity α-titanium. Data after Nixon
et al. (2010a,b) and Knezevic et al. (2013).

ε̄p a2 a3 a4 c
0.000 0.9186 1.9985 1.3286 -0.3975
0.025 0.9071 1.7270 1.3972 -0.4202
0.050 0.8343 1.6477 1.3651 -0.3422
0.075 0.8576 1.6193 1.4135 -0.3746
0.100 0.8902 1.6062 1.4490 -0.5142
0.200 0.9443 1.4246 1.4262 -0.9685

Table 2: Anisotropy and tension-compression asymmetry parameters for high-purity α-titanium. Data after Nixon et al.
(2010a,b) and Knezevic et al. (2013).

Note that the values of ai and c reported correspond to the initial yielding and five other individual

levels of equivalent plastic strain (up to a value ε̄p = 0.2). Recall from section 2.1 that we use a linear

interpolation to obtain the anisotropy and tension-compression asymmetry coefficients corresponding

to any other level of equivalent plastic strain ranging between 0 and 0.2. Moreover, in the absence of

additional data, we assume that the values of ai and c do not further evolve for equivalent plastic strains

greater than 0.2.

Fig. 1 shows the plane-stress theoretical yield loci (σxy = 0) for different levels of equivalent plastic

strain. The orthotropic yield criterion given by Eq. (2) describes both the asymmetry and anisotropy
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in yielding exhibited by this high-purity hcp-Ti material. Note that below 10% strain, the predicted

yield loci have an elliptical type shape, which is typical for slip dominated plastic deformation. Beyond

this strain level, the criterion predicts that the yield loci have a triangular shape and that the tension-

compression asymmetry is very pronounced. It is worth noting that this change in shape occurs at

the strain level associated with twin-activation in the rolling direction; for comparison between the

theoretical yield surfaces and available experimental data the reader is referred to Nixon et al. (2010a).

Although for this material data was acquired only for the rolling and transverse directions, in Fig. 2

is shown the theoretical variation of the uniaxial yield stress in tension σuθ with the loading orientation in

the plane of the plate θ for different fixed levels of equivalent plastic strain (available data represented

by symbols). In this plot, the stresses are normalized by the yield stress in tension in the rolling

direction (θ = 0◦), which is denoted as σurd. Note that the dependence of the uniaxial yield stress on

the loading orientation is a function of the level of accumulated plastic strain. This is due to texture

changes which are modeled through the evolution of the anisotropy coefficients ai and the strength-

differential parameter c (see Table 2). The variation of
σuθ
σurd

with θ shows an extremum for θ ≈ 45◦ for

all levels of ε̄p shown in Fig. 2. We have also calculated that for plastic strains below ≈ 0.057, θ ≈ 45◦

corresponds to the maximum uniaxial yield stress, while for plastic strains above ≈ 0.072 it corresponds

to the minimum uniaxial yield stress. Since the parameters ai and c are considered constant for values

of ε̄p greater than 0.2, the same variation of
σuθ
σurd

vs. θ is predicted. We have also checked that for

0.057 . ε̄p . 0.072 there is no maximum/minimum within the interval 0◦ < θ < 90◦. In this case, the

maximum of the
σuθ
σurd

vs. θ curve occurs for θ = 0◦ and the minimum for θ = 90◦. The results shown in

Fig. 2 are essential to explain the trends revealed by the finite element results presented in section 4.

3. Finite element model

Finite element simulations were conducted in ABAQUS/Explicit (2013) to evaluate the combined

effect of plastic orthotropy and tension-compression asymetry on necking formation in flat tensile spec-

imens subjected to dynamic loading. The simulations were carried out for impact velocities ranging

between 20 and 60 m/s. While this range of velocities exceeds the regular experimental capabilities

(e.g. servo-hydraulic dynamic tensile machines and Split Hopkinson Tensile Bars can rarely go beyond
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25 m/s), we should note that most of the classical high-velocity tension tests conducted in the 30s, 40s

and 50s of the 20th century to study the dynamic response of metallic specimens were carried out for

similar velocities using machines specifically designed for that purpose, see for instance Mann (1936)

and other papers cited in the introduction.

The geometry of the flat tensile specimens used in the simulations is shown in Fig. 3, while the

dimensions are given in Table 3. The thickness of the samples is e = 1 mm. Two different specimen

gauge lengths are used in the calculations: 40 mm and 60 mm. Note that these gauge lengths are larger

than in most of the specimen designs used for the characterization of metallic materials under dynamic

tension (see for example Rusinek et al. (2005)). However, as shown in the experiments of Vaz-Romero

et al. (2015), a large gauge allows for the formation of necks in different parts of the gauge, depending

on the applied velocity.

The initial and boundary conditions applied in the simulations (see also Fig. 3) are:

• Initial conditions: the specimen is initially undeformed, unstressed and at rest.

Vi(X1, X2, X3, 0) = 0

σ̄(X1, X2, X3, 0) = 0; ε̄(X1, X2, X3, 0) = 0

where Vi, with i = 1, 2, 3, are the material particle velocities along the X1, X2 and X3 directions,

respectively, σ̄ is the equivalent stress given by Eq. (4), and ε̄ denotes the equivalent strain.

• Boundary conditions: one end of the specimen is clamped while the other is subjected to a

Heaviside step velocity boundary condition.

V1(L2 + 2L1, X2, X3, t) = V ; Ui(0, X2, X3, t) = 0

where Ui, with i = 1, 2, 3, are the material particle displacements along the X1, X2 and X3
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directions, respectively.

While a Heaviside step velocity boundary condition is an idealization of the actual loading con-

dition in a dynamic tensile test in which the applied velocity rises from 0 to V within a finite

interval of time, such boundary conditions are generally used in finite element simulations for

the sake of simplicity (e.g. Rusinek et al. (2005), Vaz-Romero et al. (2015) and N’souglo and

Rodŕıguez-Mart́ınez (2018)). Moreover, note that, if the specimen deformation occurs (only) in-

side the gauge length, the applied velocity can be expressed as V ≈ ε̇0L0, where ε̇0 is the nominal

strain rate. Based on this estimate, for the range of impact velocities considered, the strain rates

investigated in the simulations range from 333.3 s−1 to 1500 s−1.

Figure 3: Finite element model. Mesh, dimensions and boundary conditions.

Symbol Value
L0 40 mm and 60 mm
L1 10 mm
L2 57.32 mm and 77.32 mm
W0 10 mm
W1 20 mm
R 10 mm
e 1 mm

Table 3: Dimensions of the specimens used in the numerical simulations.
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The specimens are meshed with 106224 and 131824 elements in the case of L0 = 40 mm and L0 =

60 mm, respectively. The elements used are eight-node tri-linear brick elements with reduced integra-

tion (C3D8R in ABAQUS notation). The integral viscoelastic approach available in ABAQUS/Explicit

(2013) has been used to prevent hourglass deformation modes, with the scale factor used for all hour-

glass stiffnesses being equal to one. Four elements are placed along the thickness of the sample. The

gauge of the specimen has been meshed using elements whose aspect ratio was close to 1
2

: 1 : 1

(0.125× 0.25× 0.25 mm3). Elements which are initially shorter in the loading direction show an as-

pect ratio closer to 1 : 1 : 1 when the plastic localization occurs, which allows to capture the large

gradients of strain and stress that occur in the localization zone.

For the implementation of the orthotropic and asymmetric elastic/plastic model presented in section

2 in ABAQUS/Explicit (2013) a user material subroutine VUMAT was developed. The integration

algorithm is presented in Appendix A.

4. Analysis and results

In this section we present numerical calculations for a wide range of applied velocities and two

different gauge lengths. The goal is to assess the combined effect of plastic orthotropy and tension-

compression asymmetry on: (1) the location where plastic flow localizes in the specimen, (2) the time

at which plastic localization occurs and (3) the instability modes which trigger the plastic localization

process. Note that, as mentioned in section 1, localization of plastic deformation may occur away from

the center of the specimen due to the intervention of stress waves within the sample (Wood, 1965;

Rusinek et al., 2005).

4.1. Salient features

Firstly, let us discuss the results obtained for the specimen with gauge length L0 = 60 mm and

subjected to an impact velocity of V = 20 m/s. Fig. 4 shows contours of equivalent plastic strain ε̄p

for nine different specimen orientations ranging from θ = 0◦ (rolling direction) to θ = 90◦ (transverse

direction). If isotropic Von Mises plasticity is used (i.e. the coefficients ai = 1 and c = 0), the results
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obtained for all the specimen orientations are identical. Note that, due to the orthotropy of the material,

the results are mirror-symmetric with respect to the rolling and transverse directions. In Fig. 4 the

dashed black semicircunference indicates the median X2X3-plane of the specimens (see Fig. 3). All

the isocontours have the same colour coding such that equivalent plastic strains ranging from 0 to 1.2

correlate with a colour scale that goes from blue to red. For all the cases the loading time is such that

the maximum plastic strain is ε̄p ≈ 1.2. This value was chosen such as to allow for flow localization,

yet the strains are not so large that the finite element grid becomes significantly deformed. Thus, in

the following, the loading time for which the equivalent plastic strain reaches 1.2 is referred to as the

(full) localization time. A similar criterion was used, for example, by Needleman (2018) to determine

when a neck is fully developed in numerical simulations of metallic bars subjected to dynamic tension.

This is a local criterion that we assume suitable for dynamic problems in which the specimen is not

equilibrated during loading. Note that a rapid variation of colours in nearby points of the specimen

indicates the existence of important plastic deformation gradients, i.e., indicates the localization of

plastic deformation. Next we discuss the results obtained for each of the nine specimen orientations

considered:

• Specimen oriented at θ = 0◦ (loading axis along the rolling direction): the contour plot shown

corresponds to a loading time t = 849 µs. The main zone of plastic localization (i.e. where ε̄p

reaches 1.2) occurs close to the impacted side of the specimen. The localization zone takes the

form of a neck in the X1X2-plane (first instability mode) which includes two necking bands that

cross the width of the sample (second instability mode). The first instability mode leads to a

reduction of the width of the gauge (X2 direction), while the second instability mode leads to a

reduction of the thickness of the gauge (X3 direction), i.e. the planes which contain the first and

second instability modes are perpendicular. In order to illustrate the two bands which form the

second instability mode, Fig. 5 shows the through thickness displacement of the edge of the gauge

U3 (see Fig. 3) versus the normalized gauge length X̄1 = 2X1−2L1−L2+L0

2L0
(see Fig. 3). Note that

X̄1 = 0 and X̄1 = 1 correspond to the ends of the gauge, i.e. the one near the clamped side and

the one near the impacted side, respectively (see also Fig. 3). The results for θ = 0◦ shown in

Fig. 5(a) indicate that the two necking bands are virtually equal (they develop at virtually equal
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speed). The angle(s) formed by the loading direction with the necking bands will be denoted by

β. Hence, β > 0 for the case when the necking band forms an acute counter-clockwise angle with

the loading direction and β < 0 for the case when the necking band forms an acute clockwise angle

with the loading direction, see also Fig. 4(a). Moreover, the specimen shows a secondary zone

of plastic localization (secondary neck) near the clamped side which, in Fig. 4(a), is illustrated

by a light-blue area. This secondary localization zone, which is not fully developed, forms later

and grows slower than the main one. Note that numerical results in which two localization zones

are developed in tensile specimens subjected to dynamic loading have been reported previously,

for instance, by Rodŕıguez-Mart́ınez et al. (2013) using Von Mises plasticity (ai = 1, c = 0 in the

present model).

• Specimen oriented at θ = 11.25◦: the contour plot corresponds to t = 775 µs. The time required

for the equivalent plastic strain to reach the threshold ε̄p = 1.2 is smaller than in the case of the

specimen oriented along the rolling direction (θ = 0◦). This suggests that, for this combination

of gauge length and applied velocity, when the orientation is 11.25◦ (or −11.25◦, 168.75◦ and

−168.75◦ because of orthotropic symmetries) the specimen is more prone to localize, and thus

more prone to fail, than when the orientation is 0◦. The main localization zone is located close

to the impacted side and the secondary one near the clamped side, as in the case of the specimen

oriented along the rolling direction (θ = 0◦). An important difference between the cases θ = 0◦

and θ = 11.25◦ is that for 11.25◦ the two necking bands which define the second instability mode

develop at very different speeds. In fact, in the contours of Fig. 4(b) only one necking band can

be observed. This necking band forms a acute clockwise angle β with the loading direction, i.e.

β < 0. In section 4.1.1 we will provide further insights into the interplay between the specimen

orientation and the directions of the necking bands which form the second instability mode (see

Fig. 7).

• Specimen oriented at θ = 22.5◦: the contour plot corresponds to t = 693 µs. The time required

for the equivalent plastic strain to reach ε̄p = 1.2 is smaller than in the cases of specimens with

orientations θ = 0◦ and θ = 11.25◦, i.e. the specimen is more prone to neck. There is only one

localization zone which develops closer to the impacted side of the sample. As in the case of
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θ = 11.25◦, the two necking bands which define the second instability mode grow at very different

speeds such that in the contours shown in Fig. 4(c) only one necking band can be clearly observed.

The fact that one necking band develops much faster than the other is also seen in Fig. 5(b) which

shows U3 versus X̄1 for θ = 22.5◦. Of the two excursions of U3, the one which is more developed

corresponds to the necking band that grows faster (the one observed in Fig. 4(c)). This necking

band forms an acute clockwise angle with the loading direction, i.e. β < 0.

• Specimen oriented at θ = 33.75◦: the contour plot corresponds to t = 674 µs. Thus, the time

required for the equivalent plastic strain to reach 1.2 is smaller than the time required in the case

θ = 22.5◦. There is only one localization zone located slightly closer to the clamped side, see

Fig. 4(d). It becomes apparent that the location of flow localization depends on the specimen

orientation. In section 4.2 we will provide further insights into the interplay between the specimen

orientation and the location of the main localization zone for various gauge lengths and applied

velocities (see Fig. 11). One of the necking bands that define the second instability mode grows

faster than the other, the band that grows faster, as in the cases of θ = 11.25◦ and θ = 22.5◦,

being the one that forms an acute clockwise angle with the loading direction, i.e. β < 0.

• Specimen oriented at θ = 45◦: the contour plot corresponds to t = 679 µs. Note that the loading

time required to reach ε̄p = 1.2 is slightly greater than the time required in the case of θ = 33.75◦.

Contrary to what happens for θ = 0◦, 11.25◦ and 22.5◦, the main localization zone is located closer

to the clamped side than to the impacted side, see Fig. 4(e). Moreover, the secondary localization

zone is located near the impacted side. As illustrated in Fig. 5(a), which shows U3 versus X̄1 for

θ = 45◦, the two necking bands which form the second instability mode develop at similar speed.

Hence, these two necking bands can be observed in the contours shown in Fig. 4(e).

• Specimen oriented at θ = 56.25◦: the contour plot corresponds to t = 693 µs. The time required

for the equivalent plastic strain to reach ε̄p = 1.2 is greater than that for the specimen orienta-

tions corresponding to θ = 33.75◦ and 45◦, and smaller than that for the specimen orientations

corresponding to θ = 0◦ and θ = 11.25◦. It becomes apparent that the specimen is more prone to

neck for some orientations than for others. As in the case of the specimen oriented at θ = 33.75◦,
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there is only one localization zone located slightly closer to the clamped side than to the impacted

side. One of the necking bands which form the second instability mode develops much faster than

the other, such that only one necking band can be observed in the contours of Fig. 4(f). However,

in contrast with the behavior of the specimens with θ = 11.25◦, 22.5◦ and 33.75◦, this necking

band forms an acute counter-clockwise angle with the loading direction, i.e. β > 0.

• Specimen oriented at θ = 67.5◦: the contour plot corresponds to t = 741 µs. The time required

for the equivalent plastic strain to reach ε̄p = 1.2 is greater, only, in the cases of θ = 0◦ and

11.25◦. The main localization zone is close to the impacted side and the secondary one is near the

clamped end of the specimen, see Fig. 4(g). As shown in Fig. 5(b), the second instability mode is

formed by a pattern of two necking bands, one of them developing much faster than the other. As

in the case of θ = 56.25◦, the necking band which develops faster forms an acute counter-clockwise

angle with the loading direction, i.e. β > 0.

• Specimen oriented at θ = 78.75◦: the contour plot corresponds to t = 873 µs. The time required

for the equivalent plastic strain to reach ε̄p = 1.2 is greater than for any other specimen orientation

analysed so far. The main (and only) localization zone is near the impacted side, see Fig. 4(h).

As in the cases of the specimens at 56.25◦ and 67.5◦ (and contrary to the cases of the specimens

at 11.25◦, 22.5◦ and 33.75◦) the necking band of the second instability mode that grows faster is

the one which forms an acute counter-clockwise angle with the loading direction, i.e. β > 0.

• Specimen oriented at θ = 90◦ (loading axis along the transverse direction): the contour plot

corresponds to t = 933 µs. Among all possible specimen orientations, and this combination of

gauge length and impact velocity, for the θ = 90◦ specimen the time required for the equivalent

plastic strain to reach ε̄p = 1.2 is the greatest. The main localization zone is located, roughly, at

the median X2X3-plane of the sample, see Fig. 4(i). There is a secondary localization zone, which

is only slightly developed, close to the clamped end. As in the case of the specimen oriented along

the rolling direction (θ = 0), the second instability mode is formed by two necking bands which

practically develop at the same speed. This is clearly seen in Fig. 5(a), which shows that the two

excursions in U3 corresponding to θ = 90◦ are almost identically developed.
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Figure 4: Contours of equivalent plastic strain ε̄p for different specimen orientations: (a) θ = 0◦, (b) θ = 11.25◦, (c)
θ = 22.5◦, (d) θ = 33.75◦ (e) θ = 45◦, (f) θ = 56.25◦, (g) θ = 67.5◦, (h) θ = 78.75◦ and (i) θ = 90◦. Irrespective of the
specimen orientation, the loading time is such that the maximum plastic strain is ε̄p ≈ 1.2. The specimen gauge length
is L0 = 60 mm. The applied velocity is V = 20 m/s. Note that the results are mirror-symmetric with respect to the
rolling and transverse directions. (For interpretation of the references to colour in the text, the reader is referred to the
web version of this article.)
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Figure 5: Through thickness displacement U3 of the edge of the gauge (see also Fig. 3) as a function of the normalized
gauge length, X̄1 = 2X1−2L1−L2+L0

2L0
for different specimen orientations. (a) θ = 0◦, θ = 45◦ and θ = 90◦. (b) θ = 22.5◦

and θ = 67.5◦. Irrespective of the specimen orientation, the loading time is such that the maximum plastic strain is
ε̄p ≈ 1.2. The specimen gauge length is L0 = 60 mm. The applied velocity is V = 20 m/s.
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In summary, the finite element results show that, due to the plastic orthotropy and tension-

compression asymmetry of the material:

1. The location(s) of the neck(s) which form the first instability mode in the X1X2-plane (i.e. the

main and secondary localization zones) and the localization time (i.e. the time required to reach

ε̄p = 1.2) depend on the specimen orientation.

2. Of the two necking bands which form the second instability mode in the X1X3-plane, the incli-

nation of the one that grows faster depends on the specimen orientation θ. Specifically, if the

specimen orientation is such that 0◦ < θ . 45◦ we have that β < 0, otherwise we have that β > 0.

4.1.1. Orientation of the necking bands which form the second instability mode

Hill (1952) hypothesized that the two necking bands which form the second instability mode are

aligned with the directions of zero extension. For the case of model of plastic behavior considered in this

work, in the following we present how these directions of zero extension can be obtained by elementary

methods (numerical solution of an algebraic equation). Furthermore, the solution thus obtained will be

compared with the finite element results.

For the case of a thin plate, the plane stress assumption applies, so using the flow rule given by Eq.

(13) we obtain that in the Cartesian frame formed by the orthotropy axes (x, y, z), see Fig. 6, the only

non-zero plastic strain rates are dxx, dyy and dxy, with dzz = − (dxx + dyy), i.e.:

dxx = λ̇
∂σ̄

∂σxx

dyy = λ̇
∂σ̄

∂σyy

dxy = λ̇
1

2

∂σ̄

∂σxy

(19)

with the equivalent stress σ̄ being given by Eq. (4). Note that in Eq. (19)3 the 1
2

coefficient is

related to the convention used to represent the stress tensor by a 6-dimensional vector (see section 2.1).

Let (x
′
, y

′
, z

′
) be the Cartesian frame associated to the applied uniaxial tensile loading, x

′
being the

loading axis at an angle θ with respect to the rolling direction (or x-axis, see also Fig. 6). Transformation
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of coordinates leads to:

d
′

xx = dxx cos2 θ + dyy sin2 θ + 2dxy sin θ cos θ

d
′

yy = dxx sin2 θ + dyy cos2 θ − 2dxy sin θ cos θ

d
′

xy = −(dxx − dyy) sin θ cos θ + dxy(cos2 θ − sin2 θ)

(20)

and

σxx = σ
′

xx cos2 θ, σyy = σ
′

xx sin2 θ, σxy = σ
′

xx cos θ sin θ (21)

Let us consider another Cartesian frame (x
′′
, y

′′
, z

′′
) such that the direction y

′′
which defines an angle

ψ with respect to the direction y
′

corresponds to the direction of zero extension, see Fig. 6. Thus, we

obtain:

d
′′

xx = d
′

xx cos2 ψ + d
′

yy sin2 ψ + 2d
′

xy sinψ cosψ

d
′′

yy = d
′

xx sin2 ψ + d
′

yy cos2 ψ − 2d
′

xy sinψ cosψ

d
′′

xy = −(d
′

xx − d
′

yy) sinψ cosψ + d
′

xy(cos2 ψ − sin2 ψ)

(22)

Further substitution of Eq. (21) into Eq. (22) using the flow rule defined in the (x
′
, y

′
, z

′
) frame,

and imposing d
′′
yy = 0, leads to two possible solutions for the orientation ψ. Recall that β was defined

as the angle formed by the loading direction x′ and the direction of the necking band. Thus, according

to Hill’s hypothesis:

1. To the solution ψ < 0, corresponds a necking band of orientation β = 90◦ + ψ > 0 (see also Fig.

6(a)).

2. To the solution ψ > 0, corresponds a necking band of orientation β = ψ − 90◦ < 0 (see also Fig.

6(b)).
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Figure 6: Schematic representation of the Cartesian frames associated with the axes of orthotropy (x, y, z), the loading
frame (x

′
, y

′
, z

′
), with x

′
being the uniaxial tensile loading direction, and the (x

′′
, y

′′
, z

′′
) frame, with y

′′
being the

direction of zero-extension. (a) For the solutions of Eq. (22) corresponding to ψ < 0, the direction y
′′

defines an acute
counter-clockwise angle with the loading direction x

′
, i.e. β > 0. (b) For the solutions of Eq. (22) corresponding to

ψ > 0, the direction y
′′

defines an acute clockwise angle with the loading direction x
′
, i.e. β < 0.

For a Von Mises material (ai = 1, c = 0 in the present model), the two solutions ψ have the

same absolute value, and the two directions β correspond to: ±54.74◦ (i.e. equally inclined directions

with respect to the loading axis). However, for the plastic orthotropic material described in section

2.1, the two directions of zero extension depend on the specimen orientation θ and may not have the

same absolute value. Obviously, the values of β depend on the anisotropy and tension-compression

asymmetry parameters (ai and c, see Table 2). As an example, in Table 4 are given the values of β,

obtained imposing d
′′
yy = 0 in Eq. (22), for several specimen orientations within the range 0◦ ≤ θ ≤ 90◦.

These values of β are calculated for the values of the parameters ai and c corresponding to ε̄p ≥ 0.2 (see

Table 2) because the strains for which plastic flow localizes in the finite element simulations were always

greater than 0.2 (see also Fig. 7(c) for a comparison between the predictions based on Hill’s hypothesis

and the finite element results). Note that for θ = 0◦ and θ = 90◦ the two values of β corresponding to

the directions of zero extension take the same absolute value. However, it is worth pointing out that the

absolute value of β for the rolling direction specimen (θ = 0◦) is not the same as that for the transverse

direction specimen (θ = 90◦), and none of them is equal to 54.74◦ (i.e. the value corresponding to ai = 1

and c = 0 in the present model). For all the other specimen orientations given in Table 4, the bands
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are not equally inclined (i.e. the value of β > 0 does not match with the value of β < 0). For the given

set of parameters in the model, the largest difference between the inclinations of the bands is found for

θ = 22.5◦, and the smallest for θ = 45◦. It is also worth noting that for the given set of values of the

material parameters ai and c, there exists an off-axis orientation, corresponding to θ = 46.68◦ for which

the two solutions according to Hill’s hypothesis have the same absolute value ‖β‖ = 51.14◦.

Specimen orientation θ Direction of zero extension β > 0 Direction of zero extension β < 0
0 51.82 -51.82

11.25 54.31 -49.01
22.5 54.86 -47.86
33.75 53.59 -48.72

45 51.47 -50.79
56.25 49.51 -53.07
67.5 48.69 -54.54
78.75 49.72 -54.30

90 52.20 -52.20

Table 4: Directions of zero extension β for various specimen orientations within the range 0◦ ≤ θ ≤ 90◦.

The finite element results presented in Fig. 4 have shown that in the cases for which β > 0 and

β < 0 do not have the same absolute value, the band that develops faster is the one which corresponds

to the smaller absolute value of β. Moreover, it appears that there is a correlation between the sign of

β corresponding to the necking band that grows faster and the specimen orientation θ, see Fig. 7(a).

Specifically, for the set of anisotropy parameters considered, if θ < 46.68◦ we have that β < 0, and if

θ > 46.68◦ we have that β > 0 (see Fig. 7(b)). Recall that θ = 46.68◦ is the intermediate specimen

orientation for which the two necking bands are equally inclined with respect to the loading direction

and, as in the case of the specimens oriented with the rolling and transverse directions, the bands grow

almost at the same speed. Further theoretical and experimental studies are needed to explain and

elucidate the reason for this difference in the rate at which bands develop that was put into evidence

here. In Fig. 7(c) are shown the predictions based on Hill’s hypothesis and the finite element predictions

for the absolute value of the orientation of the necking band which grows faster as a function of the

specimen orientation θ. The ranges of θ for which β is positive/negative are also indicated in this figure.

The values of β obtained from the finite element simulations shown in Fig. 4, are measured, in the

deformed configuration, at two different loading times: the time required for the equivalent plastic strain
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to reach 0.7, and the time required for the equivalent plastic strain to reach 1.2 (for the latter case, see

also the loading time corresponding to each specimen orientation reported in Fig. 4). Obviously, the

orientation of the localization band varies with loading time as shown by the finite element results, hence

the finite element predictions of the band orientation are different for the two loading times considered.

Nevertheless, the trends are those predicted using Hill’s assumption, namely that there are only three

orientations for which the two bands are equally inclined, and the correlation between the sign of β and

the specimen orientation θ. In fact, Fig. 7(c) shows good qualitative agreement between theoretical and

finite element results. The quantitative differences could be attributed to the uncertainty in the loading

time that has to be selected to measure the necking band orientation in the numerical simulations. It

can be argued that for the comparison with the values obtained using Hill’s hypothesis of zero extension,

the band orientation should be measured right after the band is formed, which may explain why the

finite element results corresponding to the time required for the equivalent plastic strain to reach 0.7

are closer to the predictions based on Hill’s assumption. However, for values of equivalent plastic strain

lower than 0.7, the localization is not sufficiently well developed and numerically it is rather difficult

to assess with precision the bands orientations. Nevertheless, these theoretical and numerical trends

deserve to be further investigated experimentally.

The results presented in this section make apparent the influence of plastic anisotropy and tension-

compression asymmetry on the characteristics (orientation, speed of growth,...) of the necking bands

which form the second instability mode for dynamic tensile loadings. To the authors’ knowledge, this is

an original outcome of this paper. To be noted that our results are consistent with the trends reported

by Lee et al. (1995) for quasi-static loadings. Indeed, on the basis of finite element simulations conducted

for quasi-static loadings, these authors showed the influence of plastic orthotropy on the formation of

shear bands in plane strain specimens subjected to uniaxial loading (tension and compression). Note

also that in the finite element simulations conducted by Lee et al. (1995) inertia effects were negligible,

unlike in the computations presented in this paper.

4.2. Influence of specimen gauge length and applied velocity

With the aim of providing further insight into the influence of the anisotropy and tension-compression

asymmetry of the material in the specimen response, we have also carried out finite element simulations
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Figure 7: (a) Graphical representation of the necking band orientation with respect to the loading direction. Definition
of the sign criterion used for β. (b) Schematic representation of the plane defined by the rolling and transverse directions
which illustrates whether the necking band that grows faster corresponds to β > 0 or β < 0, as a function of the specimen
orientation θ. (c) Absolute value of the orientation of the necking band which grows faster ‖β◦‖ versus specimen orientation
θ. Comparison between numerical results and theoretical predictions based on the direction of zero extension calculated
in Eq. (22). The numerical results correspond to simulations performed with specimens with gauge length L0 = 60 mm
and applied velocity V = 20 m/s.
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in which the specimen gauge length and the applied velocity were varied. Specifically, finite element

simulations were also conducted for higher impact velocities V = 40 m/s and V = 60 m/s, and a

shorter gauge length L0 = 40 mm.

We begin by discussing the results (see Fig. 8) obtained for the case of the same gauge length

L0 = 60 mm, but an impact velocity double than that considered in the simulations presented in Fig. 4.

To allow meaningful comparisons the same nine specimen orientations were considered, and for all cases

the loading time was such as to ensure that the maximum ε̄p is also 1.2. We observe that, as in the case

of an impact velocity of V = 20 m/s, the main localization zone occurs at different locations depending

on the specimen orientation θ. However, the locations of the main localization zone for the cases of

V = 20 m/s and V = 40 m/s do not coincide (compare results in Fig. 4 and Fig. 8, respectively).

In other words, the location of the main localization zone strongly depends on the applied velocity

(such a strong effect of the impact velocity has been reported for metallic sheets, mainly steels, e.g.

Rusinek et al. (2005) and Vaz-Romero et al. (2015)). Moreover, let us note that for an impact velocity

V = 40 m/s the specimens corresponding to θ = 22.5◦, θ = 33.75◦ and θ = 56.25◦ show a secondary

localization zone, while the specimen corresponding to θ = 67.5◦ shows two secondary localization zones.

It is hypothesized that the formation of multiple localization zones (or necks) in a given specimen is

due to the increasing role played by inertia effects in the specimen deformation behaviour as the strain

rate increases, see for instance the works of Molinari and co-workers (Fressengeas and Molinari, 1994;

Mercier and Molinari, 2003; Mercier et al., 2010). The time required for the equivalent plastic strain to

reach ε̄p = 1.2 (i.e. the full localization time) depends on the specimen orientation, as in the simulations

presented in Fig. 4. However, the functional dependence of this time on the specimen orientation θ

depends on the impact velocity (compare Fig. 4 and Fig. 8). On the other hand, the influence of θ

on the second instability mode in the cases of L0 = 60 mm and V = 40 m/s, and L0 = 60 mm and

V = 20 m/s, is similar. Fig. 8 shows that the orientation of the necking band that develops faster

depends on θ as in Fig. 7(b).

Fig. 9 shows the finite element results for a gauge length L0 = 40 mm, and the same impact velocity

V = 40 m/s considered in Fig. 8. To allow comparison with the results corresponding to L0 = 60 mm
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Figure 8: Contours of equivalent plastic strain ε̄p for different specimen orientations: (a) θ = 0◦, (b) θ = 11.25◦, (c)
θ = 22.5◦, (d) θ = 33.75◦ (e) θ = 45◦, (f) θ = 56.25◦, (g) θ = 67.5◦, (h) θ = 78.75◦ and (i) θ = 90◦. Irrespective of the
specimen orientation, the loading time is such that the maximum plastic strain is ε̄p ≈ 1.2. The specimen gauge length
is L0 = 60 mm. The applied velocity is V = 40 m/s. Note that the results are mirror-symmetric with respect to the
rolling and transverse directions. (For interpretation of the references to colour in the text, the reader is referred to the
web version of this article.)
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(Figs. 4 and 8), for each specimen orientation considered the loading time was such that the maximum

plastic strain was ≈ 1.2. Comparison between the isocontours of equivalent plastic strain presented

in Figs. 4, 8 and 9 shows that the sign of β neither depends on the gauge length nor on the applied

velocity (at least for the specimen gauge lengths and the applied velocities investigated so far).

Fig. 10 shows the finite element results for an impact velocity V = 60 m/s, and the same gauge

length L0 = 40 mm considered in Fig. 9. The inclination of the bands depends on the specimen

orientation θ as in Figs. 4, 8 and 9. The time required to reach an equivalent plastic strain of 1.2 also

depends on θ. However, the main localization zone is always located closer to the impacted side (see Fig.

10). This is, most likely, because the critical impact velocity has been exceeded. Note that the concept

of critical impact velocity was introduced by Clark and Wood (1950a), and years later put into evidence

and further used, for instance, by Klepaczko (2005), to denote the threshold velocity above which the

wave generated by the impact is sufficiently intense to serve as the trigger for inducing the localization

(directly on the impacted side, as mentioned in the introduction). To verify it, we have performed

additional simulations which all indicate that for velocities higher than 60 m/s the main localization

zone is always close to the impacted side. The same conclusions concerning the existence of a critical

impact velocity can be drawn from simulations for specimens with a gauge length L0 = 60 mm.

To summarize, in Figs. 11 and 12 are presented quantitative comparisons for the different combi-

nations of gauge lengths and impact velocities.

Fig. 11 shows the normalized location of the main localization zone X̄neck
1 =

2Xneck
1 −2L1−L2+L0

2L0
versus

the specimen orientation θ. Recall that X̄neck
1 = 0 and X̄neck

1 = 1 correspond to both ends of the gauge,

the one near the clamped side and the one near the impacted side, respectively (see also Fig. 3). The

location of the localization zone is normalized in order to compare simulations performed for specimens

with different gauge lengths. Note that the X̄neck
1 − θ curve in the case of isotropic Von Mises plasticity

(ai = 1 and c = 0 in the present model) is a horizontal line.

In the case of L0 = 60 mm and V = 20 m/s, the X̄neck
1 − θ curve has two maxima corresponding

to the specimen orientations θ ≈ 12◦ and θ ≈ 70◦ (main localization zone close to the impacted side)
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Figure 9: Contours of equivalent plastic strain ε̄p for different specimen orientations: (a) θ = 0◦, (b) θ = 11.25◦, (c)
θ = 22.5◦, (d) θ = 33.75◦ (e) θ = 45◦, (f) θ = 56.25◦, (g) θ = 67.5◦, (h) θ = 78.75◦ and (i) θ = 90◦. Irrespective of the
specimen orientation, the loading time is such that the maximum plastic strain is ε̄p ≈ 1.2. The specimen gauge length
is L0 = 40 mm. The applied velocity is V = 40 m/s. Note that the results are mirror-symmetric with respect to the
rolling and transverse directions. (For interpretation of the references to colour in the text, the reader is referred to the
web version of this article.)
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Figure 10: Contours of equivalent plastic strain ε̄p for different specimen orientations: (a) θ = 0◦, (b) θ = 11.25◦, (c)
θ = 22.5◦, (d) θ = 33.75◦ (e) θ = 45◦, (f) θ = 56.25◦, (g) θ = 67.5◦, (h) θ = 78.75◦ and (i) θ = 90◦. Irrespective of the
specimen orientation, the loading time is such that the maximum plastic strain is ε̄p ≈ 1.2. The specimen gauge length
is L0 = 40 mm. The applied velocity is V = 60 m/s. Note that the results are mirror-symmetric with respect to the
rolling and transverse directions. (For interpretation of the references to colour in the text, the reader is referred to the
web version of this article.)
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and a minimum for θ ≈ 45◦ (main localization zone close to the clamped side). For the same gauge

length L0 = 60 mm and an impact velocity which is double V = 40 m/s, the X̄neck
1 − θ curve is very

different. As already mentioned, the applied velocity has a strong influence on the location of the

main localization zone. Indeed, for L0 = 60 mm and V = 40 m/s the minima of the X̄neck
1 − θ curve

correspond to the rolling and transverse directions, θ = 0◦ and 90◦, and the maximum for θ ≈ 45◦.

Moreover, note that the X̄neck
1 − θ curve corresponding to L0 = 60 mm and V = 40 m/s is very similar

to the curve corresponding to L0 = 40 mm and V = 40 m/s. In other words, the location of the

main localization zone hardly depends on the specimen gauge length for the combinations of L0 and V

investigated in this paper. For L0 = 40 mm and V = 60 m/s the main localization zone is close to the

impacted side for all the specimen orientations, the maximum of the X̄neck
1 − θ curve corresponding to

θ = 45◦ (see also Fig. 10).

It is also worth pointing out that, irrespective of the values of L0 and V considered, θ = 45◦ defines

a maximum/minimum in the X̄neck
1 −θ curve. Note also that the maximum discrepancy from the results

obtained for θ = 0◦ and θ = 90◦ always occurs for θ = 45◦.
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Figure 11: Normalized location of the main neck X̄neck
1 =

2Xneck
1 −2L1−L2+L0

2L0
(see Fig. 3) versus specimen orientation θ.

Four different combinations of sample gauge length and applied velocity are considered: L0 = 60 mm and V = 20 m/s,
L0 = 60 mm and V = 40 m/s, L0 = 40 mm and V = 40 m/s, and L0 = 40 mm and V = 60 m/s.

Fig. 12 shows the normalized loading time for which the equivalent plastic strain reaches 1.2 in
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any point of the specimen t̄|ε̄p=1.2 = t|ε̄p=1.2

t|min
ε̄p=1.2

(the normalized full localization time) versus the specimen

orientation θ. The time is normalized in order to compare numerical results corresponding to different

applied velocities. Hereafter, for the sake of simplicity, t̄|ε̄p=1.2 will be simply referred to as t̄. Note

that the gradients of the t̄− θ curve illustrate the variations in the time required to reach the condition

ε̄p = 1.2 for specimens with orientations that are close (variations in the full localization time). In other

words, the greater the gradients of the t̄ − θ curve, the greater the influence of the plastic anisotropy

and tension-compression asymmetry on the full localization time. If Von Mises plasticity (ai = 1 and

c = 0 in the present model) is used to model the material behaviour, the t̄− θ curve is a horizontal line.

In the case of L0 = 60 mm and V = 20 m/s, the t̄ − θ curve has two maxima corresponding to

the specimens aligned with the rolling and transverse directions, and a minimum for a specimen with

θ ≈ 30◦. This minimum is rather flat (weak) and extends, approximately, until θ ≈ 45◦. In the case of

L0 = 60 mm and V = 40 m/s the maxima of the t̄ − θ curve correspond to θ ≈ 22◦ and θ ≈ 65◦, and

the minimum to θ ≈ 45◦. This is a strong minimum, i.e., the time required to reach ε̄p = 1.2 by the

specimen with orientation θ = 45◦ is markedly smaller than the time required for any other specimen

orientation. In the case of L0 = 40 mm and V = 40 m/s, the shape of the t̄ − θ curve is similar to

the one obtained for L0 = 60 mm and V = 40 m/s. The difference is that the curve for L0 = 40 mm

and V = 40 m/s runs below the curve for L0 = 60 mm and V = 40 m/s for all specimen orientations.

In the case of L0 = 40 mm and V = 60 m/s, the t̄ − θ curve displays a U-shape (parabolic shape)

such that t̄ monotonically decreases until θ ≈ 45◦, where it reaches a (strong) minimum, and then it

monotonically increases until θ ≈ 90◦.

To be noted that the minimum of the t̄ − θ curve always occurs for θ ≈ 45◦, i.e., the specimen

corresponding to θ ≈ 45◦ is more prone to localize than any other specimen.

In order to provide further insights into the reasons why some specimen orientations are more prone

to localize than others, Fig. 13 shows the axial force measured in the clamped side of the specimen

F opposite (see Fig. 3) versus the loading time t, for the same nine different specimen orientations.

The case L0 = 40 mm and V = 60 m/s is discussed in detail. We have chosen to further analyze

this combination of L0 and V because, as previously illustrated in Fig. 12, there are very significant
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Figure 12: Normalized loading time for which the equivalent plastic strain reaches 1.2 in any point of the specimen
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versus specimen orientation θ. Four different combinations of sample gauge length and applied velocity

are considered: L0 = 60 mm and V = 20 m/s, L0 = 60 mm and V = 40 m/s, L0 = 40 mm and V = 40 m/s, and
L0 = 40 mm and V = 60 m/s.

differences between specimen orientations in terms of the time at which the equivalent plastic strain

reaches ε̄p = 1.2 (the full localization time). In addition, for this combination of L0 and V the main

localization zone is, approximately, in the same location for all the specimen orientations (see Figs. 10

and 11). If the location of the main localization zone has an effect on the specimen ductility, this effect

is virtually the same for all specimen orientations. Therefore, the variation in the specimen ductility

with the orientation θ is mostly caused by the plastic anisotropy and tension-compression asymmetry

of the material.

Note that the short period of time at the beginning of the loading process for which F opposite = 0

corresponds to the time required for the wave triggered by the impact to reach the clamped side of the

specimen. Note also that, irrespective of the specimen orientation, the force versus time curve features

a concave-downward shape: it increases, reaches a maximum and then decreases gently to finally drop

suddenly to zero. The maximum of the F opposite − t curve roughly defines the onset of the necking

localization. The part of the F opposite − t curve that extends from the maximum until the sudden

drop of the force defines the post-critical deformation regime. This regime is characteristic of dynamic
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deformation processes in which inertia retards plastic localization, see for instance Xue et al. (2008) and

Vaz-Romero et al. (2017). The yellow markers in the figure indicate the loading time corresponding to

the contour plots presented in Fig. 10, i.e. what we have called the full localization time. Note that,

for this combination of gauge length and applied velocity, the yellow markers are located just before

the sudden drop of the force.

Fig. 13(a) shows the axial force in the clamped side versus the loading time for the specimen

orientations θ = 0◦, 11.25◦ and 22.5◦. For short loading times, the curve for the specimen with θ = 0◦

is below the curve for the specimen with θ = 11.25◦, and the latter, in turn, is below the curve for

the specimen with θ = 22.5◦. Nevertheless, the three F opposite − t curves intersect at t ≈ 90 µs such

that, for greater loading times, their order is reversed. Note that these curves intersect because of the

evolution of the anisotropy of the material with plastic strain (and therefore with loading time). The

derivative of the F opposite− t curves show significant differences. Before the maximum of the curves, the

derivative for 0◦ is greater than the derivative for 11.25◦ and 22.5◦. Indeed, these results are consistent

with the anisotropy in uniaxial yield stresses reported for different fixed levels of accumulated plastic

strains in Fig. 2. For small plastic strains (and therefore for small loading times) the uniaxial flow stress

is greater along the θ = 22.5◦ direction than along the θ = 11.25◦ and θ = 0◦ directions. However, for

larger plastic strains (and therefore for longer loading times) the uniaxial flow stress in the material

(and therefore the force) is smaller for 22.5◦ than for 11.25◦ and 0◦. The smaller the derivative of the

F opposite− t curve, the earlier the condition of maximum force is reached and thus the specimen is more

prone to localize, which leads to earlier drop of the force.

Fig. 13(b) shows the axial force in the clamped side versus the loading time for the specimen

orientations θ = 33.75◦, 45◦ and 56.25◦. Note that, irrespective of the specimen orientation, the curves

are similar. Nevertheless, we have checked numerically that for short loading times the curve for the

specimen θ = 45◦ is above the curve for the specimen θ = 33.75◦, and this, in turn, is above the curve

for the specimen θ = 56.25◦. However, at t ≈ 60 µs the curve for the specimen at 33.75◦ overtakes

to the one for the specimen at θ = 45◦, and at t ≈ 165 µs the curve for the sample with θ = 56.25◦

overtakes the curve for the sample at θ = 45◦. Thus, the earliest drop of the force (smaller sample

ductility) corresponds to θ = 45◦ and the latest (greater sample ductility) to θ = 56.25◦.
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Fig. 13(c) shows the axial force in the clamped side versus the loading time for θ = 67.5◦, 78.75◦

and 90◦. Note the significant differences between the three curves. For short loading times the curve

for the specimen corresponding to θ = 67.5◦ is above the curve for the specimen with 78.75◦ and this,

in turn, above the curve for θ = 90◦. However, at t ≈ 125 µs the three curves intersect and their order

is reversed. Thus, the earliest drop of the force occurs for the specimen with θ = 67.5◦ and the latest

for the transverse direction specimen θ = 90◦.

These results make apparent the key role played by the evolution of the plastic anisotropy and

tension-compression asymmetry on the specimen ductility.

5. Summary and concluding remarks

In this paper we have investigated using finite element calculations performed in ABAQUS/Explicit

(2013) the formation of necking instabilities in strongly textured α-titanium flat tensile specimens

subjected to dynamic tension. The mechanical behaviour of the material, for which the effects of the

tension-compression asymmetry cannot be decoupled, was described using the elasto-plastic orthotropic

constitutive model developed by Nixon et al. (2010a). This model includes specific features to capture

the evolution of anisotropy and tension-compression asymmetry with plastic strain which are observed

in hcp metals. Specimens with two different gauge lengths, L0 = 40 mm and L0 = 60 mm, have been

considered for impact velocities which range between V = 20 m/s and V = 60 m/s. Dynamic tension

simulations were conducted for different specimen orientations with respect to the rolling direction.

The results show the effect of plastic orthotropy and its evolution on: (1) the instability modes which

trigger the plastic localization process, (2) the location where plastic flow localizes in the specimen and

(3) the time from impact at which plastic flow localizes. These key findings are summarized below:

1. The localization takes the form of a neck in the plane of the sample (first instability mode) which

includes two necking bands that cross the width of the specimen (second instability mode). While

the first instability mode leads to a reduction of the width of the gauge, the second instability

mode leads to a reduction of the thickness of the gauge, i.e. the planes which contain the first and

second instability modes are perpendicular. Unlike the case of isotropic plasticity, the orientations

of the two bands which form the second instability mode depend on the specimen orientation θ.
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Figure 13: Axial force in the clamped side F opposite (see Fig. 3) as a function of the loading time t for different specimen
orientations. (a) θ = 0◦, θ = 11.25◦ and θ = 22.5◦. (b) θ = 33.75◦, θ = 45◦ and θ = 56.25◦. (c) θ = 67.5◦, θ = 78.75◦

and θ = 90◦. The specimen gauge length is L0 = 40 mm. The applied velocity is V = 60 m/s.
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In addition, if the specimen orientation θ is different from 0◦, 46.60◦ or 90◦, the two necking bands

have different inclinations with respect to the loading direction. In such cases, the necking band

that forms a smaller angle with the loading direction grows faster.

2. The plastic flow localization occurs away from the center of the specimen due to the propagation

and interaction of the stress waves generated by the application of a sudden velocity to a specimen

initially at rest. In addition, the high strain rates attained in the simulations boost the role

of inertia in the specimen response, which leads, in several cases, to the formation of multiple

localization zones. The specific location of the main localization zone, which is the one that

forms earlier and grows faster, has been measured for various loading scenarios and specimen

orientations, and it has been found that it is dependent on the specimen orientation θ, irrespective

of the applied velocities and gauge lengths investigated. For the specimens oriented with the rolling

and transverse directions, the main localization always takes place in the same part of the gauge,

either close to the impacted side or to the clamped side. The maximum discrepancy with the

results obtained for 0◦ and 90◦ –in terms of main localization position– is always obtained for

≈ 45◦.

3. The full localization time, computed as the time required for the equivalent plastic strain to

reach ε̄p = 1.2, has been determined from the finite element calculations, in order to asses the

dependence of the specimen ductility on the orientation θ. For all the gauge lengths and applied

velocities considered, the minimum localization time, i.e. the specimen which is most prone to

localize and has the lowest ductility, is the one corresponding to θ ≈ 45◦. This was explained

based on the yield stress anisotropy of the material. This is also consistent with the analysis of

the axial force in the samples during loading (for the case of V = 60 m/s and L0 = 40 mm),

which reveals that the condition of maximum force, i.e. the onset of flow localization, is reached

earlier for θ ≈ 45◦ than for any other specimen orientation.

These findings deserve to be fully investigated experimentally for Ti and/or other materials with

hexagonal crystal structure. The study of necking instabilities for textured face-centered cubic materials

for which the tension-compression asymmetry is less pronounced may provide additional insights.
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Appendix A. Integration of the constitutive equations

The set of constitutive equations given in section 2.1 is implemented in ABAQUS/Explicit through

a user subroutine VUMAT. In this work, we have used the classical return mapping algorithm (Simó

and Taylor, 1985; Simó and Hughes, 1998) to integrate the constitutive equations presented in section

2.1. In what follows, subscripts n and n + 1 denote the previous and current time steps, respectively.

The return is performed at time n+ 1 with the corresponding updated stress:

σn+1 = σtrialn+1 +4σret (A.1)

where σtrialn+1 is the trial stress defined as:

σtrialn+1 = σn +C : ∆ε (A.2)

where 4ε is the increment of the total strain tensor.

A fully implicit Backward-Euler scheme is used to obtain correction to the trial stress:

4σret = −4ε̄pC :
∂σ̄n+1

∂σn+1

(A.3)
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where 4ε̄p is the increment of equivalent plastic deformation.

Therefore, the terms in Eq. (A.1) are known once 4ε̄p is obtained. For that task, according to

Zaera and Fernández-Sáez (2006), we rewrite the consistency condition as follows:

fn+1 = f
(
σn+1, ε̄

p
n+1

)
= 0 (A.4)

which can be expressed in terms of 4ε̄p as follows:

f

(
σtrialn+1 −4ε̄pC :

∂σ̄n+1

∂σn+1

, ε̄pn +4ε̄p
)

= 0 (A.5)

The preceding relation is a non-linear algebraic equation in 4ε̄p which can be solved using an

iterative Newton-Raphson procedure. For that purpose, the previous expression is linearized as follows:

f
(k+1)
n+1 ≈ f

(k)
n+1 +

(
∂f

∂σn+1

∂σn+1

∂4ε̄p

)(k)

δε̄p(k) +

(
∂f

∂ε̄pn+1

∂ε̄pn+1

∂4ε̄p

)(k)

δε̄p(k) = 0 (A.6)

where k stands for the iterative index and:

∂f

∂σn+1

=
∂σ̄

∂σn+1

,
∂σn+1

∂4ε̄p
= −C :

∂σ̄n+1

∂σn+1

∂f

∂ε̄pn+1

=
∂σ̄

∂ε̄pn+1

− ∂Y

∂ε̄pn+1

,
∂ε̄pn+1

∂4ε̄p
= 1

(A.7)

From Eq. (A.6), δε̄p(k) is calculated as:

δε̄p(k) =
f

∂σ̄

∂σ
: C :

∂σ̄

∂σ
− ∂σ̄

∂ε̄p
+
∂Y

∂ε̄p

∣∣∣∣∣∣∣
•(k)
n+1

(A.8)



43

where •(k)
n+1 denotes that δε̄p(k) is computed at the current time step n+ 1 for a given iteration k.

The plastic strain increment is updated after every iteration as follows:

4ε̄p(k+1) = 4ε̄p(k) + δε̄p(k) (A.9)

The iterative procedure is performed until f (k+1) is lower than a user-defined tolerance. Then, the

corresponding stress state is accepted as the current stress state. The state variables of the problem

can be readily computed once 4ε̄p is known.
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Simó, J. C., Taylor, R. L., 1985. Consistent tangent operators for rate-independent elastoplasticity.

Computer Methods in Applied Mechanics and Engineering 48, 101–118.
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