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Whenacapillaryishalf-filledwithliquidandturnedtothehorizontal,

theliquidmayflowoutofthecapillaryorremaininit.Forlackofa

bettercriterion,thestandardassumptionisthattheliquidwillremain

inacapillaryofnarrowcross-section,andwillflowoutotherwise.
Here, wepresentaprecisemathematicalcriterionthatdetermines

whichofthetwooutcomesoccursforcapillariesofarbitrarycross-

sectionalshape,andshowthatthestandardassumptionfailsfor

certainsimplegeometries,leadingtoveryrichandcounterintuitive
behavior.Thisopensthepossibilityofcreatingverysensitivemicro-

fluidicdevicesthatrespondreadilytosmallphysicalchanges,for

instance,bytriggeringthesuddendisplacementoffluidalonga
capillarywithouttheneedofanyexternalpumping.

capillarity|surfacetension|contactangle|Young–Laplaceequation

The interaction of liquids with solids has been a fertile topic for 
physicists, chemists, mathematicians, and engineers,

providingfundamentalinsightsintothepropertiesofmatter,
forexample,thenecessityofattractivemolecularforces(1–3),
explainingtherichphenomenologyofwetting(4–7)andsuper-
hydrophobicity(8–11),andleadingtothedevelopmentof
modernmicrofluidicdevices(12–15).Oneoftheprototypical
examplesofthisisthecapillaryriseofaliquidinaverticaltube,
wheretheshapeandlocationofthe meniscus(theinterface
separatingtheliquidfromthegas)aredeterminedbythesurface
tensions,thegeometryofthecapillary,andthestrengthofthe
gravitationalforce,asfirmlyestablishedbycomprehensive
studiesspanningseveralcenturies(16).Itissomehowsurprising
that,incontrast,thesimplestquestionthatmaybeaskedwhena
capillaryisturnedtothehorizontal,namely,“Doestheliquid
spillout?,”hassofarremainedunanswered.Here,weanswer
thisquestionprovidinganappropriatemathematicalcriterion
forspilling,andshowthatthephenomenologyofahorizontally
orientedcapillaryisdistinctivelyricherthanthatofitsvertical
counterpartbecause,inthisconfiguration,the meniscusun-
dergoesanunbounddeformationtriggeredbytheeffectof
gravitythatprecedestheemptyingofthecapillary.Thiseffectis
absentinpreviousstudiesofcapillarityin“horizontal”systems,
likefibers(17)orgrooves(18),wheregravityisneglected.

Emptying

Itiscommonexperiencethatwhenawidecontainer,likea
cylindricalglass,ispartiallyfilledwithliquidandtiltedslowlyto
thehorizontal,theliquidspillsout,andtheglassinevitably
empties.Incontrast,ifthecontainerisnarrowenough,likea
drinkingstraw,theliquidremainsinthecontainereveninthe
horizontalposition.Forlackofabettercriterion,thestandard
assumptionisthattheliquidwillremaininacapillaryofnarrow
cross-sectionandwillflowoutotherwise,butcanoneprovidea
definiteanswerthattakesintoaccountthecross-sectional
shapeofthecapillary?Toanswerthisquestion,weturnto
macroscopicthermodynamics, whichstatesthattheliquid
adoptstheshapethat minimizesthetotalfreeenergy.This
energyhasthreeterms,eachdependentontheshapeℓofthe
meniscus:

E½ℓ=γ=A−cosθ S+Ga2. [1]

Here,γisthesurfacetensionoftheliquid–gasinterfaceandθisthe
contactangle(indicativeoftheaffinityoftheliquidtowardthesolid).
Thecapillarylengtha=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ=Δρ g

p
isdefinedintermsofthemass

densitydifferencebetweentheliquidandthegasΔρ,andthegrav-
itationalaccelerationg;forpure wateratroomtemperature,
a≈2.7 mm.Thefunctionaldependenceofthefreeenergyonthe
meniscusshapeℓentersthroughthreegeometricalquantities:the
areaofthemeniscusA,thesurfaceareaofthecontainerwallsin
contactwiththeliquidS,andthepositionofthecenterofmassof
thefluidmultipliedbyitsvolumeG.Theequilibriumshapeofthe
fluidcanbeobtainedfromminimizationof[1],whichamountsto
balancingthethreecompetingterms,subjecttoaconstantvolume
condition.Thiscanbedoneformallyandleadstotherenowned
Young–Laplaceequationforℓ,whichmustbesolvedrequiringthe
meniscustotouchthecontainerwallsatanangle θ. However,
obtainingtheshapeoftheliquidmeniscusisaverydemandingtask
inpractice.Despiteenormousefforts(16),hardlyanyanalytical
solutionstotheYoung–Laplaceequationareknown,exceptfor
simplecontainerswithoutgravity.Here,weconcentrateontheso-
lutionstothisequationwhenthecontainerisahorizontalcapillaryof
arbitrarycross-section.Theseshowanumberofremarkablefeatures:

i)TheYoung–Laplaceequationmayormaynothaveasolu-
tion.Theabsenceofasolutionindicatesthatnomeniscuscan
holdtheliquidand,therefore,theliquidmustnecessarilyflow
outofthecapillary.Thiscontrastswithvertical(or,ingeneral,
upward-oriented)capillaries,forwhichtheYoung–Laplace
equationalwayshasasolution,exceptinthecompleteab-
senceofgravity(16).Withoutgravity,theorientationisclearly
irrelevantandthereforeboththeverticalandhorizontalcapil-
lariesbehaveidentically.

ii)Foragivencapillarygeometry(cross-sectionalshapeandori-
entation),onemayidentifyanemptyinglineintheðθ,aÞplane
whichcorrespondstothevaluesoftheparametersforwhich
solutionsceasetoexist.Thislineseparatestworegions,which
werefertoas“filled”and“empty.”

iii)Theemptyinglineisacriticalline.Allexistingsolutions
inthefilledregiondisappearwhenthislineiscrossed.

Significance

We present a precise mathematical criterion that determines 

whether the liquid in a capillary of arbitrary cross-section will 

remain in it or will flow out when the capillary is at a horizontal 

position. The rich phenomenology found can be used to con-

struct very sensitive microfluidics devices.
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In general, the meniscus obtained from solving the Young–
Laplace equation spreads out progressively along the cap-
illary as this line is approached and, close to it, small
changes in the parameters produce large changes in the

length of the meniscus, which becomes infinitely (arbi-
trarily) long when the line is reached. See 1–4 in Fig. 1.

iv) Crucially, there are different mechanisms by which the me-
niscus spreads out, arising from the competition between
gravity (that wants the liquid to be at the lowest point of
the capillary) and capillary forces (that prefer the meniscus
to be near the points of highest curvature of the capillary).
As a consequence, the emptying line can have different sec-
tions corresponding to different emptying mechanisms.

Computing the emptying line by the direct numerical determina-
tion of 3D menisci is impracticable due to the critical nature of
capillary emptying. To avoid this, we have devised an exact reduction
of the problem: Instead of minimizing the 3D functional [1] subject
to a constant volume constraint, we minimize a 2D functional de-
fined for the cross-section of the capillary but with variable volume.
Physically, this functional represents the energy cost per unit length
of a translationally invariant meniscus that extends along the hori-
zontal capillary (Supporting Information). The minimizing 2D shape
corresponds to the section of the (arbitrarily long) 3D meniscus that
prompts the emptying of the capillary. Mathematically, this method
represents a physically motivated generalization of the pioneering
work of Finn on capillaries without gravity (16), and is ultimately
based on the recent application of generalized Poincaré inequalities
to functions of bounded variation (19).

Results

When this method is applied to a capillary with a circular cross-
section of radius R, the simple emptying line of Fig. 1 is obtained.
From this, we see that any circular capillary, made of any material
and containing any liquid, whose radius is larger than

ffiffiffi

3
p

  a, will
empty in the horizontal position. Likewise, any circular capillary
whose radius is smaller than a will remain filled in that position,
irrespective of the contact angle. Only in a narrow range of sizes
a<R<

ffiffiffi

3
p

  a does the contact angle θ (i.e., the choice of liquid and
capillary material) exert an influence on the final outcome. This is
similar to what happens to a liquid confined in a horizontal

Fig. 1. Emptying line for a cylindrical capillary of radius R as a function of the

contact angle θ of the liquid with the walls. The cross-section of a 3D drop of

constant volume is included to illustrate the interaction of the liquid with a flat

wall for different contact angles, from very hydrophilic (θ= 0°) to very hydrophobic

(θ= 180°). The emptying line separates the filled region (where a meniscus exists)

from the empty region (where nomeniscus exists, which prompts the emptying of

the capillary). Plots 1–4 show the deformation of the meniscus for θ= 90° as the

emptying line is approached (by increasing the value of R=a), and the appearance

of a liquid tongue before emptying. Plots A–E illustrate the cross-section of the

(infinitely long) liquid tongue at emptying for five different contact angles.
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Fig. 2. Emptying line as a function of the contact angle θ for a capillary with an elliptical cross-section of semiaxes R and bR in two different orientations:

portrait (Top) and landscape (Bottom). The meniscus cross-section at different points of the emptying line (circles) is shown under each diagram (A–I). In

the portrait orientation, the emptying line lowers as b increases, and touches the line R=0 for b≥b* ≈ 1.635. This creates gaps of width θ*ðbÞ at both ends

of the diagrams (not visible for b= 1.7, but apparent for b= 3) representing values of the contact angle for which the capillary empties for any size R. In

the landscape orientation, gravity and capillary forces compete to place the liquid, respectively, at the lowest position or near the point of highest

curvature of the capillary. This competition causes the emptying line to break into sections, each corresponding to a different emptying mechanism,

including those with unconnected interfaces (red lines). At the common point of two sections (white circles), two different emptying mechanisms coexist

(represented in a common box under the diagrams). The number of sections of the emptying line depends strongly on the geometry, and does not follow

a simple pattern.
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capillary slit made of two parallel walls, which is essentially a 2D
phenomenon (20). Although these results roughly confirm the
intuitive idea that wide capillaries empty and narrow capillaries
remain filled when turned to the horizontal, the reality is very
different for capillaries with noncircular cross-sections. For ex-
ample, Fig. 2 shows the emptying line for capillaries whose cross-
sections are ellipses of semiaxes R and bR. The emptying line is
computed for progressively more eccentric ellipses and for two
different orientations (portrait and landscape-like), which illus-
trate the extremely sensitive interplay between the different
energetic contributions in [1]. Two features emerge that are
worth emphasizing: (i) For sufficiently eccentric capillaries
(b> bp ≈ 1.635), the emptying line touches the line R=a= 0 at
contact angles θpðbÞ and 180°− θpðbÞ. This means that, contrary
to intuition, those capillaries will empty if the contact angle θ is
smaller than θpðbÞ or larger than 180°− θpðbÞ, no matter how
small they are. The line R=a= 0 also represents the limit of
vanishing gravity and, therefore, any result for that line is nec-
essarily independent of the orientation of the capillary. (ii) For
landscape-like elliptical cross-sections (Fig. 2), the emptying line
is divided into sections corresponding to different emptying mech-
anisms with distinct meniscus shapes, including those that spread
along the sides of the capillary rather than its bottom. At the
common point of two adjacent sections, two different (yet equiva-
lent) emptying mechanisms coexist. These common points need to
be the starting points of lines of coexisting solutions in the filled
region, which the present 2D-reduction approach cannot describe.
All these features represent a radical departure from the simple
case of the circular capillary, where emptying is essentially de-
termined by the size R (wide or narrow containers), and there is
only a single emptying mechanism.
Additional features also emerge when capillary cross-sections

with edges are considered. For example, Fig. 3 shows the emp-
tying lines of a horizontal capillary of triangular cross-section.
The presence of an opening angle β in the cross-section of the
capillary gives rise to a distinct emptying mechanism that takes
place close to the corner. Any capillary with such an angle will
empty for θ< ð180°− βÞ=2 and θ> ð180°+ βÞ=2, no matter how
small the cross-section is. Although this phenomenon, closely
related to wedge filling (21), has already been described in the
absence of gravity (22), we see here that, quite unexpectedly, it

extends unaltered to appreciable values of the gravitational field
(dashed red lines) that depend on the geometrical details of the
capillary. Approaching these vertical sections of the emptying line,
the meniscus does not develop a tongue. This is consistent with
the vanishing of the meniscus cross-section on approaching the
points “A” in Fig. 3 along the (blue) emptying line. In practice,
upon crossing these vertical sections of the emptying line, the
capillary will simply empty because all of the liquid in the capped
end will flow out along the wedge. This has been observed in ex-
periments at zero gravity (corresponding to R=a= 0) (16). Note
also that, as the cross-section of this triangular capillary lacks
symmetry under 180° rotations, the emptying line is no longer
symmetric about θ= 90°, as it was in the previous examples.
With the exception of the vertical sections of the emptying line

that appear in capillaries with edges, the 3D meniscus develops a
tongue that grows in size whenever an emptying line is approached
from the filled region. This can be achieved in a number of ways:
changing the contact angle [for instance, varying the temperature or
using electrowetting (18, 23)], changing the gravitational accelera-
tion (24), or simply rotating the capillary around its axis. In this way,
a number of microfluidic devices can be constructed (including, for
instance, those with immiscible fluids or other coexisting phases that
could play the role of liquid and gas) that exploit the sharp change
in the meniscus shape in response to very small physical changes, for
instance, by triggering the sudden displacement of fluid along the
capillary without the need of any external pressure, or by increasing
the meniscus area for catalytic purposes. As we focus here only on
equilibrium properties, contact angle hysteresis has not been
addressed. However, earlier experimental studies in zero gravity
indicate that even in the presence of large contact angle hysteresis,
the meniscus behavior is consistent with the discontinuities pre-
dicted by the mathematical solution of the idealized Young–Laplace
theory (24). Regarding the dynamics of capillary emptying, note
that, in the growth of the tongue, the front and rear of the meniscus
will be characterized by the advancing and receding contact angles,
respectively. Further consequences of capillary emptying could also
be envisaged for the localization of fluids in porous media.
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Correction

APPLIED PHYSICAL SCIENCES

Correction for “Geometry-induced capillary emptying,” by Carlos
Rascón, Andrew O. Parry, and Dirk G. A. L. Aarts, which ap-
peared in issue 45, November 8, 2016, of Proc Natl Acad Sci USA

(113:12633–12636; first published October 24, 2016; 10.1073/
pnas.1606217113).
The authors wish to note the following: “After the publication

of our article, we have learned of three papers highly relevant to
our research subject.
“In 1967, Masica studied experimentally the stability of liquid

interfaces in a tube of circular cross-section under weightless
conditions when accelerated transversally (1). This configuration is
physically equivalent to a horizontal capillary. Masica’s findings,
that stability only occurs provided the effective Bond number is
smaller than a critical value, are consistent with our results.
“More recently, Manning, Collicott, and Finn studied theo-

retically the occlusion of a horizontal tube by a liquid plug, and
derived a condition for the nonexistence of the plug (2). This
condition happens to be the same as for the emptying of a
capillary when turned to the horizontal, because both phenom-
ena reduce to the existence of solutions of the same partial
differential equation. Subsequently, Manning and Collicott apply
this condition to a rectangular tube and note that no plug can
exist when the contact angle is less than 45 degrees, irrespective
of the value of the Bond number (3). This is very similar to our
findings for spilling from capillaries of triangular cross-section,
where we show that spilling must occur if the contact angle is less
than 60 degrees for any cross-section size.
“We are very grateful to Profs. Finn, Manning, and Collicott

for alerting us to their important work.”

1. Masica WJ (1967) Experimental investigation of liquid surface motion in response to

lateral acceleration during weightlessness (National Aeronautics and Space Adminis-

tration, Washington, DC). Technical Report NASA TN-D-4066.

2. Manning R, Collicott S, Finn R (2011) Occlusion criteria in tubes under transverse body

forces. J Fluid Mech 682:397–414.

3. Manning RE, Collicott SH (2015) Existence of static capillary plugs in horizontal rect-

angular cylinders. Microfluidics Nanofluidics 19:1159–1168.
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EquationfortheEmptyingLine
TheYoung–LaplaceEquation.Thefreeenergyofaliquiddropletin
acapillarycanbewrittenasthefollowingfunctionalofthe
meniscusshapeℓ :

E½ℓ=γ=A−cosθ S+Ga2. [S1]

Here,γistheliquid–gassurfacetension,θisthecontactangleof
theliquidwiththecapillarymaterial,anda=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ=Δρ g
p

isthe
capillarylength,definedintermsofthemassdensitydifference
betweentheliquidandthegasΔρ,andthegravitationalaccel-
erationg.Thefunctionaldependenceofthefreeenergyonthe
meniscusshapeℓentersthroughthreegeometricalquantities:the
areaofthemeniscusA ,thesurfaceareaofthecontainerwallsin
contactwiththeliquidS,andthepositionofthecenterofmass
ofthefluidmultipliedbyitsvolumeG.
Inturn,theequilibriumshapeoftheliquiddropisobtained
fromminimizationofE½ℓ,subjecttotheconditionthattheliquid
volumeVisfixed.Therefore,thefunctionaltobeminimizedis

F½ℓ=A−cosθ S+Ga2+λV, [S2]

whereλistheLagrangemultiplier.Withanappropriatechoiceof
coordinates(Fig.S1),themeniscuscanberepresentedasafunction
ℓðx,yÞandtheabovetermscanbewrittenforahorizontalcapillary:

A=

Z

Ω

dx dy 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1+ð∇ℓÞ2
q

,

S=

I

∂Ω

ds ℓ,

G=

Z

Ω

dx dy ðxsinϕ+ycosϕÞ ℓ,

V=

Z

Ω

dx dy ℓ,

[S3]

whereΩrepresentsthecross-sectionofthecapillary,and∂Ωits
perimeter.Aformalminimizationof[S2]producestheYoung–
Laplaceequation:

∇·

0

B
@

∇ℓ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1+ð∇ℓÞ2
q

1

C
A=

1

a2
ðxsinϕ+ycosϕÞ+λ, [S4]

togetherwiththeboundaryconditionthattheangleformedbythe
meniscuswiththecapillarywalls mustbe θatallpoints.In
physicalterms,theleftsideofthisequationis(twice)themean
curvatureofthemeniscusateachpointwhich,intheabsenceof
gravity(a→∞),needstobeaconstant.
TheLagrangemultiplierλisitselfdeterminedbytheconstant
volumecondition.However,forcapillaries(containerswitha
constantcross-section),λisindependentofthevolumeofliquid,
providedthemeniscusdoesnottouchtheendcap.Thisfollows
immediatelyfromintegrationof[S4]overΩ,yielding

λ=
∂Ω0cosθ

Ω0
, [S5]

whereΩ0istheareaofthecapillarycross-section,and∂Ω0the
lengthofitsperimeter.Inwriting[S5],wehaveassumedthatthe

originofthecoordinatesxandyliesalongthelineofthecenter
ofmassofΩ;thischoicemeansthatλdoesnotdependonthe
turningangleϕ.TheindependenceoftheLagrangemultiplier
onvolumeimpliesthatthemeniscusshapeisalsoindependent
ofthevolumeofliquid,whichisinaccordwithexperience.Inthe
following,weassumethatthelengthofthecapillaryandvolume
ofliquidareeffectivelyinfinite,whichpreventstheuninteresting
influenceoffinitesizeeffectsinourresults.

EmptyingTongue.Uponapproachinganypointontheemptying
linefromthefilledregion,themeniscuswill,ingeneral,developa
tongueoflengthLwhichdivergeswhentheemptyinglineis
reached(Fig.S2).Notethat,becausethetotalenergyofthe
meniscus,givenby[S1],isfinite,theenergycostperunitlength
ofthis(inthatlimit,infinitelylong)tonguemustnecessarilybe
zero.Inotherwords,theemptyinglinemustcorrespondtothe
conditionthatthereisatranslationallyinvariantsolutionto[S4]
withzeroenergy.Notethatthisconditionappliesevenifno
tonguedevelops:ifthereexistsanytranslationallyinvariant
solutionto[S4]withnegativeenergy,thetotalenergyofthe
system,whichmustattaintheminimumpossiblevalue,would
decreaseunboundedlybysimplymakingameniscustonguewith
theshapeofthatsolutionprogressivelylonger;ifthetotalenergy
isnegativelyunbound,nomeniscusshapeexiststhatcanholdthe
liquidinthecapillary,andthismustempty.

EmptyingLine.Theexistenceofatranslationallyinvariantsolution
to[S4]withzeroenergymaybeformulatedas

min
η
E2D½η=0, [S6]

whereE 2Disa2DreductionofthefunctionalS2:

E 2D½η=A 2D−cosθ S 2D+G 2Da2+λV 2D. [S7]

Thisfunctionalrepresentstheenergyofa2Ddropofliquidηplaced
insidethecross-sectionΩ,inthegrandcanonicalensemble.The2D
dropηcorrespondstothecross-sectionofthetranslationallyin-
variantmeniscustongue,whichisassumedtobeofinfinitelength.
InexpressionS7,λisstillgivenbyEq.S5andthereforedoesnot
imposeaconstraintonthevolumeV 2D.Infact,inthisinterpre-
tation,[S5]isageneralizedKelvinequation(25),andthevalueofλ
isessentiallythepressureatwhichthereisthermodynamiccoexis-
tencebetweentwophases:capillaryliquid(acompletelyfullcap-
illary)andcapillarygas(acompletelyemptycapillary).
Theabovephysicalargumentimpliesthatthereisnoabsolute
minimumofthefunctional[S2]whenthefunctional[S7]attains
negativevalues.Itis,therefore,sufficientconditionforthenon-
existenceofequilibriumsolutions.Thefactthatitisindeeda
necessaryandsufficientconditionforthenonexistenceofanyso-
lutionofEq.S4hasbeenprovedrecentlyinthemoremathe-
maticalcontextoffunctionsofboundedvariationbyObersneletal.
(19).Inconsequence,Eq.S6correspondstothelinethatseparates
theregionsofexistenceandnonexistenceofsolutionstothe
Young–Laplaceequation[S4]andis,therefore,themathematical
expressionoftheemptyinglineforallcapillarieswitharbitrary
cross-sections.Notethat,infact,cross-sectionsarerequiredtobe
Lipschitz(19).Broadlyspeaking,thismeansthattheboundaryΩ
needstobepiecewisesmooth,andisallowedtohavekinksbutnot
cusps;thisincludesmost,ifnotall,physicallyrelevantgeometries.
Notethat,owingtothesymmetriesofEq.S1,theemptyinglineis
alwayssymmetricaboutθ=

6

90°forcapillarycross-sectionsinvariant



undera180°rotation(e.g.,ellipses,rectangles,...),andforanyup–
downsymmetricconfiguration(e.g.,anequilateraltrianglewitha
verticalside).

NumericalMethod

Toobtaintheemptyinglineforagivencapillarygeometry(Ωand
ϕ),wemustsolveEq.S6foreachvalueofthecontactangleθ.
Todothis,wefindfirsttheminimumof[S7]foragivenvalueof
thecapillarylengtha,andcomputeitsenergy.Theemptyingline
correspondstothevalueofaforwhichthisenergyiszero.Thisis
adeceptivelydifficulttaskfortwomainreasons:

i) Aformalminimizationofthefunctional[S7]yieldsthedif-
ferentialequationofa2Ddropinsidethecapillarycross-
sectionundergravity,withtheanticipatedboundarycondi-
tionthatthedropmusttouchthecapillarywallswiththe
contactangleθ.InCartesiancoordinates,thisequationreads

η″ðxÞ

1+η′ðxÞ2
3=2
= ±

1

a2
ðxsinϕ+ηcosϕÞ+λ, [S8]

wherethesignreferstotheliquidbeingbelow(+)orabove(−)
thegasatthepointðx,ηðxÞÞ.Ingeneral,thepresenceofgravity
precludesanyanalyticalsolution,andnumericalmethodsmust
beadopted.Additionally,thisequationisknowntoexhibitmul-
tiplesolutions(26).Theemptyinglinecorrespondstothesmall-
estvalueofthegravityacceleration(thelargestvalueofa)for
whichEq.S6isverified.Iftheenergiesoftwodifferentsolutions
vanishforthesamevalueofa,thismeansthatthereexisttwo
equivalent(yetdifferent)emptyingmechanismsforthecapillary.

ii)Inadditiontotheirshape,thelocationofthedrops(the
startingpointofintegration)isnotknownapriori,which
increasesthecomplexityoftheproblem.

Tosolvetheseproblems,weparametrizetheperimeterofthe
capillarycross-section∂Ωwithavariablet.Eachvalueofthe
parametert∈½−π,πÞreferstoauniquepointintheperimeter
ðx∂ΩðtÞ,y∂ΩðtÞÞ.Next,wedefineafunctionΨðtÞasthevalueof
[S7]thatisobtainedfromintegrationofthedropequation
startingatthepointðx∂ΩðtÞ,y∂ΩðtÞÞmakingthecorrectangleθ
withthecapillarywall.Astheinitialpointofintegrationandthe
derivativeareknown,theintegrationcanbeperformed,akintoa
shootingmethod,endingwhenthedropreachesanotherpoint
onthewall.Ingeneral,thecontactangleconditionisnotverified
atthissecondpointofcontact.However,becausetheparameter
tspanstheentireperimeter,alldropssatisfyingthecontactangle
conditionatbothpointsofcontactarenecessarilyincluded,and
occuratspecificvaluesoft.Thesedropscorrespondtothe
stationarypointsofthefunctionalE 2D½η,andappearasextrema
ofthefunctionΨðtÞ.Note,however,thatnoteveryextremumof
ΨðtÞcorrespondsnecessarilytoastationarypointofE 2D½η,with
theexceptionoftheglobalminimumofΨðtÞ,whichisaguar-
anteedminimizerofE 2D½ηand,indeed,itsglobalminimum.
Whatmakesthephenomenaofcapillaryemptyingsorichis
thatsolutionstotheYoung–Laplaceequationmaydisappear
abruptly,aspointedoutbyFinn(26).Thismeansthatthe
functionΨðtÞisdiscontinuous,anddisplaysanextraordinary
sensitivitytothecapillarygeometryandtochangesofthevar-
iablesθanda.ThisisillustratedinFig.S3,wherethetwoglobal
minimaofΨðtÞrepresentdifferentemptyingmechanisms.
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Fig.S1. Schematicdrawingofacapillaryanditscross-section,indicatingthechoiceofcoordinates.Thevariableϕrepresentstherotationangleofthe

capillaryarounditslongitudinalaxis.

Fig.S2. Schematicdrawingofmenisciinahorizontalcapillaryapproachingtheemptyinglineasthecapillarylengthaisdecreasedprogressively(fromleftto

right).Whentheemptyinglineisreached(foraparticularvalueofa),thelengthL
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diverges.Althoughtheliquidvolumeisconserved,themeniscihavebeen

shiftedalongthecapillarytofacilitaterepresentation.



Fig. S3. Blue line: Function ΨðtÞ for the point (θ= 90°, R= 1.72611a) on the emptying line of a horizontal capillary with an elliptical cross-section

(x2
∂Ω

+ ð1=4Þy2
∂Ω

=R2) oriented at an angle ϕ= 90°. Red line: Relative error in the contact angle condition Δθ at the second point of contact [check the definition

of ΨðtÞ in the main text]. This error vanishes at all stationary points of the functional [S7]. Blowups: Details of ΨðtÞ and Δθ for all minima of the function ΨðtÞ.
A–L: Drop shapes corresponding to each of the minima of ΨðtÞ. Drops C and J correspond to the absolute minima of ΨðtÞ and, hence, of the functional [S7]; as

ΨðtÞ vanishes at these two minima, they verify Eq. S6 and, therefore, represent equivalent (yet different) cross-sections of the (infinitely long) meniscus at

capillary emptying. Drops A, B, D, I, K, and L are stationary points of the functional [S7]; they do not represent emptying mechanisms, as their value of Ψ is

positive. Drops E–H are minima of ΨðtÞ but not stationary points of [S7], because the second point of contact of these drops with the capillary walls (red crosses)

does not display the correct contact angle.
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