
 
 

 

TESIS DOCTORAL 
 

Continuum Models for 
the Dynamic behavior of 1D 
Nonlinear Structured Solids 

 

 

 

Autor: 

Javier Vila Morán 
 

 

Directores: 

José Fernández Sáez y Ramón Zaera Polo 
 

 

 

 

 

DEPARTAMENTO de 
MECÁNICA de MEDIOS CONTINUOS y TEORÍA DE ESTRUCTURAS 

 

Leganés, Julio de 2016 
 



 

 

 

 



 

 

 

TESIS DOCTORAL 
 

Continuum Models for the Dynamic behavior of 1D Nonlinear 
Structured Solids 

 

 

   Autor:   Javier Vila Morán 
 

Director/es: José Fernández Sáez y Ramón Zaera Polo 
     

 

Firma del Tribunal Calificador: 

 

                                                                                                      Firma 

Presidente: Enrique Barbero Pozuelo 

 

 

Vocal: Julián J. Rimoli 

 

 

Secretario: Eugenio Giner Maravilla 

 

 

Calificación: 

   

Leganés, 12 de Julio de 2016 



 



“Le hizo un trato al colchón, con su espuma se forró el corazón.
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Abstract
The main objective of this thesis is to propose and validate generalized contin-
uum models for analyzing and predicting the free vibrations of 1D linear elastic
structured solids subjected to finite deformations.

With this aim, two different generalized continuum models that account for ge-
ometric nonlinearities have been proposed: a nonlocal nonlinear model and a
gradient velocity nonlinear one, here referred to as the inertia gradient nonlinear
model. These models contain one or more microstructural parameters.

The formulation of the cited theories has been devised for general 3D solids, but
in this thesis they have been applied to the study of nonlinear axial and non-
linear axial-transverse coupled vibrations of a kind of 1D structured solids. The
1D structured solids chosen as reference are such that, under certain conditions,
the classical nonlinear continuum model adequately reproduces its main features.
However, it is well known that the classical theory is not able to capture the size
effect presented in this kind of solids.

Moreover, a non-standard continualization technique has been applied to the dis-
crete system in order to get appropriate continuous equations of motion. Unlike the
postulated generalized continuum models, this continualization technique permits
to derive, from the characteristics of the solid structure, the additional parameters
appearing in the formulation.

The results for the two nonlinear analyzed problems (axial vibrations and axial-
transverse coupled vibrations) obtained from the classical, generalized nonlinear
continuum, and continualized models have been compared to those derived from
the discrete solution taken as reference.

From this critical comparison, the advantages and shortcomings of the different
theories have been pointed out clearly showing the ability of the generalized con-
tinuum models to adequately address the size effects in structured solids, observed
in many practical applications.





Resumen
El objetivo principal de esta tesis es proponer y validar modelos del continuo gener-
alizado para analizar y predecir el comportamiento de vibraciones libres de sólidos
estructurados unidimensionales elásticos y lineales sometidos a deformaciones fini-
tas.

Con este objetivo, se han propuesto dos modelos del continuo generalizado difer-
entes que consideran las no linealidades geométricas: un modelo no lineal no local y
otro no lineal de gradiente de la velocidad, aqúı referido como modelo con gradiente
de inercia. Estos modelos contienen uno o más parámetros microestructurales.

Las formulaciones de dichas teoŕıas se han planteado para sólidos tridimensionales,
pero en esta tesis se han aplicado al estudio de las vibraciones no lineales longi-
tudinales y las vibraciones nolineales acopladas axiales-transversales en un tipo
de sólidos 1D estructurados. El sólido 1D estructurado elegido como referencia es
tal que, bajo ciertas condiciones, el modelo continuo no lineal clásico reproduce
adecuadamente sus caracteŕısticas principales. Sin embargo, es bien sabido que la
teoŕıa clásica no es capaz de capturar los efectos de tamaño que presentan este
tipo de sólidos.

Por otra parte, se ha aplicado una técnica de continualización no estándar al sis-
tema discreto con el fin de obtener las ecuaciones continuas del movimiento. A
diferencia de los modelos del continuo generalizado postulados, esta técnica de
continualización permite derivar, a partir de las caracteŕısticas del sólido estruc-
turado, los parámetros adicionales que aparecen en la formulación del problema.

Los resultados para los dos problemas no lineales analizados (vibraciones axiales y
axiales-transversales acopladas) obtenidos mediante los modelos continuo clásico,
continuos no lineales generalizados, y los continualizados se han comparado con
los derivados de la solución discreta que se toma como referencia.

A partir de esta comparación cŕıtica, se han señalado las ventajas y los inconve-
nientes de las diferentes teoŕıas, mostrando claramente la capacidad de los modelos
del continuo generalizado para tratar adecuadamente los efectos de tamaño en los
sólidos estructurados, observados éstos en muchas aplicaciones prácticas.
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linear mode, Ā0 = 0.001. Analytical dispersion in an infinite chain
(blue line). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

7.5 Initial deformation of (a) mode 5 results in no excitation. (b) mode
7 results in the excitation of mode 3. Ā0 = 1. . . . . . . . . . . . . 131

7.6 Oscillation frequency vs. initial amplitude Ā0 from 51 particle dis-
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Ā0 = 0.001, nonlinear regime. The simulation is performed with no
additional hypothesis and non-dimensional slenderness γ = 100 (a)
Vertical dimensionless displacement v̄. (b) Horizontal dimensionless
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1 Introduction and objectives

1.1 Introduction

In the last decades, the scientific community has paid attention to microstructured
and nanostructured materials. It is well known that matter is essentially discrete.
Figure 1.1 shows a STM image of a crystalline material that provides evidence of
the discrete and highly organized nature of crystalline solids.

Figure 1.1: STM image of a metallic material. Source: www.gettyimages.es

Therefore, atomistic and molecular dynamic formulations have been used to un-
derstand solids behavior. Discrete models and molecular dynamics algorithms
constitute a well-known tool to simulate the behavior of microstructured materi-
als and nano-scale elements. The increasing capabilities of computers (number of
cores, RAM capacity, fast access solid state memory), together along with parallel
computation techniques developed in last decade, took discrete simulation codes

1
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to a next level, making their use feasible for larger computations. However, this
calculations consume a lot of time, even for a relatively low number of particles if
the interaction between them is complex. This approach may not be recommended
for an element that must be tested for a large number of loading cases and differ-
ent boundary or initial conditions. In addition, these models need the definition
of the interaction potentials, their shape and constants. These properties would
need to be encountered for the material under study, which adds additional costs
to the designing process.

Due to the high computational cost of solving the discrete formulation in such a big
systems, continuum approaches are widely used to analyze large scale problems.
In particular, classical continuum solid mechanics theories have been considered
to solve fundamental problems in civil, mechanical and materials engineering, as
well as in various fields of physics and life sciences. The origin of its success lies on
the fact that the scale of observation is significantly larger than the characteristic
dimensions of the underlying microstructure.

However, there are engineering problems related to composites, functionally graded
materials, polycrystalline solids, granular materials, etc., in which the characteris-
tic lengths of the studied phenomena (wavelengths, length of variation of applied
external force, etc.) are similar to the size of microstructure.

A kind of systems whose dimensions clearly become comparable to the size of
their material microstructures or molecular distances are the nanostructures used
in technological applications such as micro- or nano-electromechanical (MEMS
or NEMS) devices [10], nanomachines [11 14], as well as in biotechnology and
biomedical fields [15]. Two commonly used MEMS sensors are shown in Fig. 1.2.
There is, therefore, high technological and scientific interest in the development of
a powerful tool for the design of microstructured solids.

In such cases, unrealistic predictions may be reached using classical continuum
models and interesting effects inherent to the microstructure may not be captured
(dispersive propagation of waves, size-dependent structural behavior, beaming ef-
fect, etc.). That is because the classical continuum approach is a scale-free theory
and their constitutive equations lack an internal length.

Another possibility consists in the development of stochastic models. These models
present the advantage of condensing information about the micro-scale phenom-
ena into probabilistic functions. Thus, the model solves a continuum macro-scale
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(a) (b)

Figure 1.2: Two MEMS sensors used in smartphones and robotics. (a)
MEM accelerometer. Source: www.digikey.com. (b) MEM gyroscope. Source:

www.mitpune.com

problem that includes a stochastic part, taking advantage of the computational
efficiency of continuum algorithms. There are some works in the field of stochastic
MEMS/NEMS analysis, e. g. the studies about chaotic movement in nonlinear
resonators of Miandoab et al. [16, 17] or the investigations about mass absorption
measurements in MEMS resonators by Djurić et al. [18].

In contrast, some deterministic generalized continuum models have been devel-
oped by researchers in this field in order to capture the size effects in the dynamic
behavior of microstructured materials. Since the 19th century (works by Cauchy
and Voigt), and in the beginning of the 20th century (works by Cosserat brothers)
it is possible to find some attempts to capture the effects of microstructure us-
ing the continuum equations of elasticity with additional higher-order derivatives.
Moreover, the works of Mindlin and Tiersten [19], Kröner [20], Toupin [21, 22],
Green and Rivlin [23], Mindlin [24, 25] and Mindlin and Eshel [26], dated in the
1960s suppose a great boost of the topic, although these theories were excessively
complex with too many parameters and equations.

On the other hand, Eringen postulated [27, 28] an integral nonlocal constitutive
relation for microstructured materials. From this earlier nonlocal theories, he de-
rived a differential version which contains only one additional length scale param-
eter [29]. This model has been widely used to address different kind of problems,
such as wave propagation, dislocation, and crack singularities.

All the above works assume a linear relation between strains and displacements
(infinitesimal deformations framework), and only a few attempts have been done
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up to date to incorporate large strains and rotations. There exist nonlinear solids
with an inherent microstructure such as live tissues, highly deformable rubber
lattices and other organic compounds that exhibit significant nonlinearities un-
der elastic deformations. In addition, nanomaterials and nanostructures (grafene,
CNTs, etc.) can be manufactured with a very low amount of defects, which pre-
vents their collapse under high loads, allowing high deformations and leading to
remarkable nonlinear behavior.

Nonlinear microstructured materials have a large amount of potential applications
in tunable devices, since the properties of these microstructured solids may be
controlled by the amplitude of the phonons propagating through them. Therefore,
they could be used for manufacturing non-conventional filters and wave selectors.
In addition, depending on their nonlinear nature, they may allow the existence of
solitons.

There is already interest in nonlinear problems. In this respect, Reddy considered
[30] the nonlinear von Kármán strains in the analysis of nonlocal formulation of
bending of beams and plates under the assumptions of small strains and moderate
rotations. Subsequently, this theory has been applied to study the large amplitude
free vibration of nanobeams by Şimşek [31]. Nevertheless, in these works a general
formulation of the Eringen nonlocal theory of elasticity valid for finite deformations
is not given. In addition, these works are based on the application of the differential
version formulation, not the original integral one.

In this thesis we study problems in which geometric nonlinearities are present. To
find continuous equations capable of reproducing the behavior of structured solids,
we postulated, rigorously developed, two generalized continuum models:

• A formal extension of the Eringen non-local elasticity theory to finite defor-
mations.

• A hyperelastic model with gradient enrichment of the kinetic energy.

These formulations are valid to analyze mechanical problems of microstructured
solids in which nonlinear effects are relevant.
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1.2 Objectives

In the general context previously described, the main objective pursued in this
doctoral thesis is to develop continuum models able to accurately reproduce
the essential features of the dynamical behavior of 1D structured solids
undergoing finite deformations.

In order to do so, the subsequent secondary objectives are targeted:

• To formulate generalized continuum models applicable to finite deforma-
tions. Preexisting linear generalized continuum models for microstructured
materials are taken as a base.

• To apply these models to the analysis of nonlinear axial and axial-transverse
coupled vibrations of 1D structured solids. To that aim, a nonlinear discrete
problem, taken as a reference, will be formulated and solved.

• To investigate the possibilities to identify, from the structural characteris-
tic of the solids, the additional scale parameters present in the generalized
continuum models. In this respect, the application of non-standard contin-
ualization techniques will be examined.

• To validate the proposed continuum models, critically comparing their pre-
diction with that derived from the direct solution of the discrete system
taken as a reference. This contrast will permit highlighting the advantages
and shortcomings of the different approaches.

• From the all above analysis, to get new insights on the ability of the general-
ized continuum models to adequately address the size effects in the dynamics
of nonlinear structured solids.
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1.3 Contents

The thesis is organized going from the postulation of some nonlinear generalized
continuum theories to their application over 1D cases. There are 8 chapters orga-
nized as follows:

In the present chapter 1, the context of the challenge was presented. Then, the
main goals of the thesis are stated and the relation of contents is summarized.

In chapter 2, relevant technological applications of structured solids are presented.
A brief explanation on how the classical continuum model fails in reproducing the
behavior of these solids is given.

In chapter 3, the most used existing linear continuum theories are presented. A
concise state of the art is developed.

In chapter 4, we postulate two nonlinear generalized continuum theories, in addi-
tion to the classical nonlinear continuum theory for hyperelastic materials. These
novel models will be used in ulterior chapters for predicting the dynamic behavior
of a 1D microstructured solid.

A 1D nonlinear discrete system is formulated in chapter 5. This model is going to
be solved by explicit integration algorithms and its behavior taken as a reference
for one-dimensional microstructured materials or elements. Postulated nonlinear
continuum models are intended to reproduce the dynamic behavior of the discrete
element.

The next two chapters, 6 and 7, deal with specific dynamic problems and have
a common structure. The nonlinear vibrational behavior of a 1D element is an-
alyzed, under longitudinal oscillations in chapter 6 and axial-transverse coupled
oscillations in chapter 7. The movement is modeled using the discrete model of
chapter 5. This model is then continualized using two different approaches to get
continuous equations of motion. Subsequently, the generalized continuum nonlin-
ear theories proposed in chapter 4 are specialized to this problem.

The predictions of the continuous formulations are contrasted with simulations
of the discrete one. An extended discussion about the size effects and nonlinear
effects is addressed to decided whether the generalized continuum is applicable or
not for modeling microstructured solids.
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The main goals achieved in these research are presented in chapter 8. Next, the
main conclusions extracted from them are summarized. Some future research
topics are outlined, expressing the main ideas for the continuation of the project.

Finally, a detailed list of all the references cited in the thesis is included.





2 Structured solids and Discrete
systems

Nowadays, structured solids play a major role in technology. Structured solids are
those in which density and stiffness are not equal in all the points, but distributed
following a certain periodic pattern. In this chapter, several applications involving
this kind of solids are presented. We then explain how the behavior of these
solids can be successfully formulated through discrete models. In the last part, we
briefly show the scale effects in a one dimensional solid, that is, the influence of
the underlying structure in the behavior of this kind of solids when the wavelength
is of the order of the structure characteristic length. Classical continuum models
fail in capturing the dynamic behavior of structured solids because they do not
predict the scale effects.

9
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2.1 Technological applications involving structured
solids

Structured solids, periodic structures, lattice systems, nanostructures... are present
in a number of different products and systems. Moreover, some of them are of high
scientific and technological importance due to their interesting and rare electro-
mechanical properties.

In the following sections, four main fields in which the scale effects are relevant
will be addressed.

2.1.1 Carbon nanostructures

The keystone of nanostructured materials in the scientific community are graphene
and carbon nanostructures, such as fullerenes, carbon nanotubes (CNTs), graphene
nano-ribbons, carbon nano-torus etc.

Figure 2.1: Artistic representation of a graphene layer. Source:
www.azonano.com

Graphene is a mono-layer material made exclusively of carbon atoms disposed
in an hexagonal lattice. Fig. 2.1 shows a scheme of a graphene layer. The
energy potentials of atomic interactions have been extensively studied, e.g. [32].
The interaction potentials are commonly used for obtaining the macro-mechanical
properties and performing simulations of a wide range of different phenomena, see
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[33 36] among others. An interesting review of graphene, its properties, fabrication
processes and potential applications can be found in [37].

Regarding the nonlinear effects in graphene, several authors have developed molec-
ular dynamics, lattice and discrete FEM models to characterize its behavior under
finite deformations. The study by Georgantzinos et al. [38] uses a discrete ap-
proach similar to the one developed in chapter 5. It shows notable change in stiff-
ness under elastic deformations before failure. In addition, a correlation between
the size of the graphene ribbon and the nonlinear behavior is found, showing that
the smaller the nanoribbon, the higher the admissible finite deformations. This is
a clear manifestation of the aforementioned size effects.

Although is not relevant for this thesis, the electro-magnetic properties of graphene
are also of high interest for the scientific community. Significant nonlinear behavior
has been found also in that aspect, see [39].

Figure 2.2: Schematics of two CNTs. Source: jnm.snmjournals.org

Besides, one of the most relevant aspect of graphene is its ability to fold an conform
regular structures that present completely different electro-mechanical properties.
Graphene can be, for example, rolled up to form a cylinder, what is called a carbon
nanotube (CNT). Fig. 2.2 shows schematics of both a single-walled and a double-
walled CNTs. Fig. 2.3 shows a Scanning Electron Microscope image of a bundle
of CNTs.

CNTs are nowadays widely used for composite material reinforcement. Their high
stiffness in longitudinal direction with such a low diameter makes them ideal as
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Figure 2.3: SEM image of a bundle of CNTs. Source: en.wikipedia.org

fibers. They are used in ceramics and metals [40], organic resin matrices [41],
and other composites reinforcements. In addition, these nanostructures have an
incredibly high specific surface area [42], which leads to high Van der Waals forces
between them. They could be used for adhesives, crack reparations, fiber cohesion
in fabrics, etc. Fig. 2.4 shows a scheme on how to use CNTs for a crack reparation
and crack growth prevention.

Figure 2.4: Schematics of how to bridge a crack using CNTs. Source:
aerospaceengineeringblog.com

For increasing the resistance of CFRP, methods for attaching or dispersing CNTs
onto a carbon fiber cloth have been developed. Fig. 2.5 shows two SEM images
before and after the process of diffusion. The strength of CNTs reinforced CFRP
was encountered significantly higher than normal CFRP. Depending on how the
CNTs are distributed, long nonlinear elastic behavior may be found, see [43].
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(a) (b)

Figure 2.5: SEM images showing the a carbon fiber cloth. (a) Clean (b) After
CNTs diffusion. Source: aerospaceengineeringblog.com

Figure 2.6: Artistic representation of a CNT passing through a carbon nan-
otorus.

A carbon nanotube is the perfect example of a 1D nanostructured solid that may be
subjected to finite deformations. The analysis of CNTs behavior in different linear
scenarios has been performed using Eringen elasticity and other linear nonlocal
theories [44 46]. There exist few research in the application of the Eringen nonlocal
continuum model for large deformation analysis of CNTs.

Linear Mindlin-type strain gradient theories has been also used for reproducing
the behavior of CNTs [47 50]. Nonlinear continuum models derived from discrete
ones after applying continualization techniques have been also used for CNTs and
CNCs (carbon nano-cones) modeling [51, 52].

Nonlinear generalized continuum models constitute a solid alternative to dis-
crete models and continualized ones for analyzing and designing the behavior of
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graphene, nano-ribbons, CNTs and other carbon-based nanostructures.

There are more carbon structures with varied and rare properties. Several scientific
groups around the world are working on the discovery and manufacturing processes
of new carbon nanostructures. For example carbon nano torus (Fig. 2.6).

More possibilities arise with the hybridization of nanostructures. There are several
groups working in the hybridization of graphene and CNTs. This nanostructure
has a huge specific surface, which makes it ideal for energy storage components.
As an example, an optimized growth process was developed in 2014 [1]. Figure
2.7 shows schematics and SEM image of the graphene-CNTs structure.

(a) (b)

Figure 2.7: Images of a hybrid graphene-CNT nanostructure. (a) Schematics
(b) SEM. Source: Ref. [1]
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2.1.2 Nano and micro electro-mechanical systems

Another important group of structures that may be analyzed using generalized
continuum models are nano and micro electro-mechanical systems (NEMS and
MEMS). The critical physical dimensions of NEMS/MEMS devices can vary from
well below one micron on the lower end of the dimensional spectrum, all the way
to several millimeters. These systems are commonly used nowadays in machines
with relevant weight or size issues.

Starting from the lowest size to the highest, NEMS are commonly designed as
sensors. Roukes group is working, at California Institute of Technology, in a
variety of very simple nanostructures for acoustic sensors, among other NEMS. In
Fig. 2.8 there are two images of nanobeams with different boundary conditions.
These structures are used in robotics and biosensors [53], in which the size and
the weight of the introduced device play a major role.

(a) (b)

Figure 2.8: SEM images of a nanobeam. (a) Clamped (b) Cantilever. Source:
nano.caltech.edu

Despite of the apparent simplicity of this nanosensors, the design, fabrication
process and calibration of them can be extremely complex due to the desired
tolerances and measurement errors.

NEMS are used for detecting a wide variety of different phenomena. In a recent pa-
per [2], the group of Lemme demonstrated superior pressure-sensing performance
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of graphene NEMS sensors compared to competing technologies. The graphene
sensor is constructed by first cutting open a trench in a silicon dioxide substrate
and then depositing a graphene sheet over the trench. A SEM image of this device
is depicted in Fig. 2.9.

Figure 2.9: Graphene NEMS pressure sensor, consisting of a single graphene
layer suspended above a trench in the substrate. Source: Ref. [2]

Likewise, the types of MEMS devices can vary from relatively simple structures
having no moving elements, to extremely complex electromechanical systems with
multiple moving elements under the control of integrated microelectronics. While
the functional elements of MEMS are miniaturized structures, sensors, actuators,
and microelectronics, the most notable (and perhaps most interesting) elements
are the microsensors and microactuators.

More recently, the MEMS research and development community has demonstrated
a number of microactuators including: microvalves for control of gas and liquid
flows; optical switches and mirrors to redirect or modulate light beams; indepen-
dently controlled micromirror arrays for displays, microresonators for a number of
different applications, micropumps to develop positive fluid pressures, microflaps
to modulate air streams on airfoils, as well as many others. Surprisingly, even
though these microactuators are extremely small, they frequently can cause ef-
fects at the macro-scale level; that is, these tiny actuators can perform mechanical
feats far larger than their size would imply [54]. For example, researchers have
placed small microactuators on the leading edge of airfoils of an aircraft and have
been able to steer the aircraft using only these microminiaturized devices.

As an example, in Figs. 2.10 and 2.11 two actuators and two micro electro-
mechanical machines are shown.
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(a) (b)

Figure 2.10: MEMS: (a) thermal actuator (b) torsional actuator. Source:
www.memx.com

(a) (b)

Figure 2.11: MEMS: (a) micro-ratchet (b) micro-turbine. Source:
www.memx.com

The average global size of MEMS is large enough to consider valid the hypotheses
of classical continuum theories. However, some parts, usually the most critical, are
very small or thin and close to the grain-size scale. Generalize continuum theories
could provide an accurate tool for their mechanical design.
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2.1.3 Macro-scale structured materials

In addition to all the materials, structures and devices whose size is in the molecu-
lar or grain-size scale order, there exists materials and structures in the macro-scale
subjected to scale effects. This is the case of some composites, functionally graded
materials, polycrystalline solids, granular materials, etc.

Figure 2.12: A functionally graded beam 3D printed at MIT. Source: mat-
ter.media.mit.edu

Figure 2.12 shows a functionally graded beam. Functionally graded materials,
materials with spatially varying composition or microstructure, are omnipresent
in nature. From palm trees with radial density gradients, to the spongy trabeculae
structure of bone, to the hardness gradient found in many types of beaks, graded
materials offer material and structural efficiency. In man-made structures such as
concrete pillars, materials are typically volumetrically homogeneous. While using
homogeneous materials allows for ease of production, improvements in strength,
weight, and material usage can be obtained by designing with functionally graded
materials. Li et al. [55] used a mixed linear nonlocal and linear strain gradient
theory for analyzing the free vibration behavior of Timoshenko beams made of
functionally graded material.

There also exists live tissues with an important underlying macro-structure, such
as bones. Fig. 2.13 shows a longitudinal cut of a bone hinge union. The internal
structure is appreciable at plain sight.
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Figure 2.13: Human bone is a structured live tissue. Source:
depts.washington.edu

It is difficult to construct a discrete model for the behavior of these materials,
since mass is not concentrated in points but distributed following certain patters.
Besides, any model coming from a discretization would be extremely complex. It
is possible to develop classical continuum models with the specific geometry and
mechanical properties of macro-scale structured solids. Fig. 2.14 illustrates the
process of FEM modeling a trabecular bone structure followed by Mart́ı et al. [3].
However, this is a long, time-consuming process.

Figure 2.14: Left, 3D reconstruction of trabecular bone extracted from high
spatial resolution MR images. Center, conversion of the trabecular bone geom-
etry into a finite element model based on small hexahedron elements. Right,
parametric map shows nodal strain caused by simulated compression. Source:

Ref. [3]

An alternative is to use generalized continuum models. In this regard, Madeo et
al. [56] used a second gradient model to reproduce the micro-inertia effects over
the dynamic behavior of healing bones. Gitman [57] and Gitman et al. [58] used
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an anisotropic gradient elasticity theory for modelling bone tissue around a crack
tip. Hosseini et al. [59] developed a nonlocal gradient-enhanced damage-plastic
model for bone plastic deformation analysis.

Moreover, there are other live tissues that remain elastic even under higher defor-
mations. Some micro-structured soft tissues are prone to undergo high stretches.
Arteries are a very good example. Gasser, Ogden and Holzapfel developed a gen-
eralized continuum hyperelastic theory for arterial layers modeling [4], see Fig.
2.15.

Figure 2.15: Diagrammatic model of a healthy elastic astery composed of
three layers. Source: Ref. [4].
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2.1.4 Periodic structures: lattices

Apart from naturally structured materials, artificial periodic structures are stud-
ied and designed for different scientific and technological purposes. These very
regular periodic structures are called lattices. Lattices originally occurred in the
context of condensed matter physics, where the atoms of a crystal automatically
form a lattice. In mineralogy and crystallography, a crystal structure is a unique
arrangement of atoms, ions or molecules in a crystalline liquid or solid. It describes
a highly ordered structure, occurring due to the intrinsic nature of its constituents
to form symmetric patterns.

Figure 2.16: Schematics of a cubic crystallographic structure and its unit cell.
Source: study.com

The element can be thought of as an array of small boxes or cells infinitely re-
peating in all three spatial directions. Such a unit cell is the smallest unit of
volume that contains all of the structural and symmetry information to build up
the macroscopic structure of the lattice by translation. Fig. 2.16 shows schematics
of a cubic crystallographic structure. Its unit cell is boxed in blue lines.

The lengths of the edges of a unit cell and the angles between them are called the
lattice parameters. The symmetry properties of the crystal are embodied in its
space group. Graphene structure is a classical atomic bi-dimensional hexagonal
lattice.

Different macro-scale lattices are constructed and investigated nowadays. They
provide a full insight into acoustic and thermal propagation phenomena.

They also have rare and interesting mechanical properties. Different dispersion
diagrams, and band-gaps are encountered depending on the type of the lattice
and given values to lattice parameters. Some lattices have several parameters that
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Figure 2.17: Schematics of three different lattices. The unit cell is boxed and
their elements are depicted in red. Source: [5, 6]

can be designed to accomplish specific functionality requirements. For example,
if a filter is being designed, the desired cutoff frequency and attenuation rate can
be satisfied by playing with the lattice parameters. Figure 2.17 shows schematics
for three different bi-dimensional lattices and their basic unit cell.

(a) (b)

Figure 2.18: A highly tunable 3D printed Kagome lattice. (a) Expanded. (b)
Compressed. Source: Ref. [7]

In addition, some structures are flexible enough to accommodate significant geo-
metrical changes under relatively low external forces. These geometrical changes
will imply a change in the dynamic behavior, making the lattice structure highly
tunable. This is the case of the Kagome lattice [7], which is show in Fig. 2.18.

At the same time, some scientific groups are working in lattices that display neg-
ative macro-scale Poisson ratio, reproducing the behavior of what is called an
auxetic solid [60]. Two popular examples are re-entrant lattices and chiral ones.
These structured solids show the rare and interesting property of transversally
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Figure 2.19: An reentrant lattice subjected to finite stretch. The lattice was
3D printed in hyperelastic material. Left, relaxed. Right, stretched. Source:

Ref. [8]

deforming in the same direction (shrinking or stretching) in which the main defor-
mation is externally imposed, in contrast with typical solids. Figure 2.19 shows a
real fabricated auxetic reentrant lattice before and after being stretched.

A considerable number of structured solids applications has been shown. Although
some of them are related to other fields, in this thesis we will stick to the mechanical
response of one dimensional structured solids.
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2.2 Discrete models for structured solids

Several kinds of discrete models have been used in mechanical and engineering
fields to reproduce static and dynamic elastic behavior, plasticity, damage evo-
lution and failure of materials. Despite their computational cost, the discrete
models can be used to represent some of the phenomena that take place in the
aforementioned solids in this section.

Lattice models are commonly used. They consist in a system of masses interacting
through springs of different types, organized in a periodic manner. Although it
is not relevant for this thesis, viscous behavior can be also introduced by using
dashpots. A variety of phenomena can be reproduced by adjusting the springs
and dashpots behavior.

Currently, lattice models are quite popular in theoretical physics, for many reasons.
Some models are exactly solvable, and thus offer great insight into the physics of
the solid. Lattice models are also ideal for studies carried out by the methods of
computational physics, as the discretization of any continuum model automatically
turns it into a lattice model [61].

One very interesting feature about lattice models is their capability to capture the
scale effects inherent to structured solids. This scale effects are not only visible
in experiments, but can be observed in numerical solutions of discrete models.
Moreover, they can be analytically proven, see [62].

The well-known Born-Kármán discrete model is now briefly analyzed as an easy
but clarifying example of a 1D lattice. This lattice consists in an infinite chain
of identical and equally spaced concentrated masses, interacting through linear
springs. Since the model is linear, it suffices studying the propagation of a plane
wave through the lattice. Any other mechanical perturbation (or phonon) can be
decomposed as a sum of plane waves. Then, the temporal frequency ω of a wave
can be analytically expressed as a function of its spatial frequency κ, i. e., the
dispersion relation can be derived as [62]

ω2 = 4G
m

sin2
(
κd

2

)
(2.1)
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2.3 Inability of classical continuum to capture
scale effects

Continuum mechanics deals with the analysis of the kinematics and the mechanical
behavior of solids modeled as a continuous mass rather than as discrete particles.
Modeling an object as a continuum assumes that the substance of the object com-
pletely fills the space it occupies. Modeling objects in this way ignores the fact that
matter is made of atoms, and so is not continuous; however, when the wavelength
of the problem is much greater than inter-atomic distances, such models are highly
accurate. Figure 2.21 shows a continuum tube as a continuum representation of a
CNT.

Figure 2.21: A continuous model for a CNT [9].

Continuum mechanics models have a computational advantage over the underlying
discrete model. Another advantage of continuum models is the wide range of
analytical and numerical methods that are available.

Unfortunately, disregarding the underlying discrete nature has its counterpart.
When the scale of observation approaches the scale of the solid structure, the
continuum model can predict inaccurate or unreal behavior. In fact, classical con-
tinuum mechanics models are unable to capture the aforementioned scale effects.

Following the example of the Born-Kármán chain, a continuum rod model can be
formulated as a feasible alternative, see Fig. 2.22. The dimensions, density and
other mechanical properties of the continuum rod are related to the properties of
the discrete model. Making use of the linear continuum elasticity theory and the
conservation of momentum law, the governing equation of the rod is found.
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3 Brief overview on some generalized
continuum linear theories and

continualization methods

Microstructured solids present characteristic scale effects, such as the existence
of band-gaps or forbidden frequencies, a cutoff frequency and highly dispersive
dynamic behavior.

The classical continuum models do not depend on any size nor micro-structure
parameter. These models are consequently not able to predict any size effect.
Therefore, a broad number of different generalized continuum models have been
postulated in order to have a versatile analytic tool for the study and resolution
of problems involving structured solids.

There are two kinds of generalized continuum models widely used nowadays:

• Nonlocal continuum models.

• Gradient continuum models.

In the subsequent sections one nonlocal and two gradient preexisting models are
presented. These elasticity theories were developed for infinitesimal deformations
problems. In chapter 4, we propose original extensions of these generalized con-
tinuum models to finite deformations formulation.

29
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3.1 Nonlocal linear Eringen elasticity theory

Eringen derived [27, 28, 63, 64] an integral constitutive formulation which contains
only one additional length scale parameter. The Eringen formulation states that
the nonlocal stress-tensor σ(x, t) at any point x in a body can be expressed as

σ(x, t) =
∫

B
α (|x′ − x|, ke) σ̃(x, t)dB(x′) (3.1)

where σ̃(x, t) is the classical local stress tensor at point x, which is related to the
infinitesimal strain tensor e(x, t) by the conventional constitutive relations for a
Hookean material

σ̃(x, t) = C : e(x, t) (3.2)

where C is the fourth-order elasticity tensor and e(x, t) is given by

e(x, t) = 1
2 (∇u(x, t) + u(x, t)∇) (3.3)

where u is the displacement and ∇ is the gradient operator.

According to the nonlocal theory, the stress tensor in a point is function not only
of the strain tensor in that point, but of the strains in the whole solid. Eq. (3.1)
states the contribution to the stress field at the point x of the strain field in all the
points of the body, weighted through the nonlocal modulus α (|x′ − x|, ke). Here,
|x′ − x| is the Euclidean distance and ke is a material constant given by ke = e0d,
that depends on the microstructure characteristic length d trough an adjusting
constant of the material e0.

The kernel should meet the following main properties [65 67]:

1. It acquires a maximum at x′ = x and has to decay to zero at large distances
(i.e., satisfies the Saint-Venant principle).

2. When k tends to zero, it must revert to the Dirac delta and classical elasticity
is recovered in the limit of vanishing internal characteristic lengths.

3. It has to satisfy the normalization condition.
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4. It is a Green function of a linear differential operator L with constant or
variable coefficients of any order, thus Lk(|x− x′|, k) = δ(|x− x′|).

5. It has dimensions of [length]-n, n being the spatial dimensions of the problem
at hand.

Both Eqs. (3.1) and (3.2) define the considered nonlocal constitutive behavior of
a Hookean solid.

The equation of motion is obtained by applying momentum conservation

∇x · σ(x, t) + f(x, t) = ρ(x)∂
2u(x, t)
∂t2

(3.4)

σ(x, t) = σ(x, t)T . (3.5)

This model has been hardly used in its original integral formulation, since its
application leads to integro-differential equations of motion, whose analytical so-
lution is not straightforward. Therefore, there are some works in which FE based
solutions are proposed [68, 69].

In addition, since the kernel is normalized for an infinite domain, there are issues
associated to the application of this model to finite domains. To solve them and
based on the original theory, Altan [70] and Eringen [64] postulated, separately,
a mixed local-nonlocal elasticity theory. This theory defines the stress as a com-
bination of a local part and a nonlocal one. The local and nonlocal stress parts
are weighted to obtain the total stress. The mixed local-nonlocal theory has been
used by several authors [71 74].

In practice, the integral definition of the Eringen nonlocal constitutive model rep-
resents a difficult hurdle to save when solving any real or theoretical problem.

For a class of physically admissible kernel α (|x’− x|, ke), Eringen showed [75]
that the nonlocal constitutive equations given by the integral formulation could
be replaced by gradients. So, for the case of the following kernel

α (|x′ − x|, ke) = 1
2ke

e−
|x′−x|
ke , (3.6)
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the constitutive equation Eq. (3.1) can be written its equivalent differential form
using the Helmholtz operator H

H =
(

1− k2
e∇2

x

)
(3.7)

Then, in some cases,

σ(x, t) =
∫

B
α (|x′ − x|, ke) σ̃(x, t)dB(x′) (3.8)

is equivalent to
Hσ(x, t) = σ̃(x, t) (3.9)

Where applicable, the Eringen constitutive relation is then equivalent to

σ(x, t)− k2
e∇2

xσ(x, t) = Λtre(x, t)I + 2µe(x, t) (3.10)

The balance of linear momentum results in the following equation of motion

∇ · σ(x, t) + f(x, t) = ρü(x, t) (3.11)

where f represents the external body forces vector. After using Eq. (3.9), the
governing equation is obtained as

∇ · σ̃(x, t) +
(

1− k2
e∇2

x

)
f(x, t) =

(
1− k2

e∇2
x

)
ρü(x, t) (3.12)

Note that the displacement field of a nonlocal solid subject to an external body
force field f(x, t) and an inertial body force −ρü(x, t) is the same as that of

a classical solid subject to the external force
(

1− k2
e∇2

x

)
f(x, t) and an inertial

body force −
(

1− k2
e∇2

x

)
ρü(x, t).

Considering that the material is isotropic, the equations of motion can be obtained
in terms of the displacements as

(
1− k2

e∇2
x

)
ρü(x, t) = (Λ + µ)∇x

(
∇xu(x, t)

)
+ µ∇2

xu(x, t)

+
(

1− k2
e∇2

x

)
f(x, t)

(3.13)
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Peddieson et al. [76] applied this formulation to illustrate, for the first time,
the nonlocal effects in a Euler-Bernouilli nanobeam statically loaded. From this
work, the differential formulation of Eringen nonlocal elasticity theory has been
used to analyze the mechanical behavior of multiple nanostructures: rods [77
84], beams [85 91], beams under rotation [92 95], plates [96 98], graphene sheets
[99], cylindrical shells [100 102], spherical shells [103 105], conical shells [106 108],
rings [109, 110] and particles [111], as well as CNTs [112 119].

Several authors have pointed out the inconsistent results obtained from the Eringen
differential model regarding both the static [76, 120 123] and dynamic behavior of
a cantilever beam when compared to other boundary conditions. For all boundary
conditions except the cantilever, the model predicts softening effect as the nonlo-
cal parameter is increased. Moreover, in the dynamic behavior of free cantilever
beams, Real values of the eigenvalues are not found when the nonlocal parameter
is high [124]. The physical meaning of non-real eigenvalues is temporal attenuation
of the movement. This is paradoxical, because the model is conservative.

Almost all the authors that claim to use Eringen theory do not apply the original
formulation. In general, they have made the transformation into the differential
formulation without taking into account the limits of its applicability. There are
many publications that use this formulation and claim to use the nonlocal Eringen
elasticity, whether the mathematical equivalence can be proven or not.

Recently, Fernández-Sáez et al. [125] showed that, in general, the results obtained
with the differential formulation are not equivalent to those obtained with the
integral one for a bounded Bernoulli-Euler beam. This impediment has been
highlighted in a bending problem, but it also applies to other solid mechanics
problems when dealing with bounded domains.

The transformation of the integral form of the constitutive equation into the dif-
ferential form is valid only under certain circumstances. The validity of this trans-
formation is, in fact, very reduced, and its requirements are difficult to accomplish
in real cases.

In conclusion, the applicability of the differential formulation is reduced and should
be avoided in general.
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3.2 Mindlin gradient models

The Mindlin model is very interesting for its completeness and physical sense. In
his seminal paper in 1964 [126], a general theory of elasticity with microstructure
was presented. This theory leads to general continuous equations of motion that
include the size effects of the microstructure, conditioning the behavior of the
material.

Mindlin postulated a general elasticity theory based in the existence of a micro
and a macro-structure, both with different densities, mechanical properties and
a mechanical interaction between them. This general theory includes the dis-
placements and rotations of both the micro and the macro-structure, involves six
constitutive tensors and contain 1764 coefficients in total (903 independent). For
homogeneous, centrosymmetric and isotropic materials, the number of indepen-
dent constants can be reduced to 18. The equations of motion are obtained by
applying the Hamilton’s principle for independent variations of the micro and
macrostructure displacements. In practice, the original Mindlin model is not im-
plementable for real calculations due to the outrageous amount of parameters in
it.

In the same paper [126], three alternative mathematical ways of expressing the
constitutive equations in terms of the macro-structure displacement exclusively
(and its derivatives) were also presented. These specializations of the general
theory were called Forms I, II, and III. The derivation shows that all the three
forms conduce to the same governing equations in the microstructured solid. These
equations contain only three independent parameters, in addition to the Lamé
constants.

In that work, the kinetic energy density was eventually formulated only in terms
of the macro-velocities and their gradients

T = 1
2ρu̇ju̇j + 1

6 l
2
pkmnρ

′u̇p,ku̇m,n (3.14)

where ρ and ρ′ are the densities of the macro and the micro-structure respectively,
and l2pkmn is a fourth order tensor that contains the scale parameters. The first
subscript of the displacements indicates the direction of the considered displace-
ment and the ones following the comma indicate derivation with respect to spatial
coordinates.
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The linear relation between the micro-velocity and the macro-velocity gradients
established by Mindlin is the following

ψ̇ij = hijklu̇l,k (3.15)

where ψ are the displacements and rotations of the microstructure and hijkl the
relations of them to the macro-displacement velocities u̇l,k. The application of
kinematic relations leads to an expression of the parameters fourth-order tensor
hijkl as a function of two parameters α and β exclusively (δij is the Kronecker
delta function)

hijkl = 1
2 (δikδjl − δilδjk) + αδijδkl + 1

2β (δikδjl + δilδjk) (3.16)

This leads to the following value of l2pkmn tensor

l2pkmn = 1
2d1

2
[
δpmδkn − δpnδkm + 2α (3α + 2β) δpkδmn + β2 (δpmδkn + δpnδkm)

]
(3.17)

Without loss of generality, we denominate k1
2 = α (3α + 2β) and k2

2 = β2. The
kinetic energy is then expressed in terms of the macro-structure velocity u̇, the
macro-structure velocity gradients u̇′ and three microstructure parameters d1, k1

and k2.

In a paper released the year after [127], Mindlin postulated a strain and kinetic
energy densities only in terms of the macro-displacements and their derivatives,
that lead to the same governing equation of his previous work. This was accom-
plished adding higher-order derivatives of the displacements in the strain energy.
The strain energy-density W was assumed to be a function of three polyadics

W = W (ε1, ε2, ε3) (3.18)

where
ε1 = 1

2 (∇u+ u∇) , ε2 = ∇∇u, ε3 = ∇∇∇u (3.19)

The symmetric dyadic ε1 is the classical infinitesimal strain tensor, which con-
tains six independent components. The triadic ε2, symmetric in the first two
positions, has eighteen independent components which could be replaced by the
strain-gradient ∇ε1 [126], with eighteen independent components. Similarly, ε3,
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symmetric in the first three positions, has thirty independent components which
could be replaced by the second gradient of strain ε2 or by a variety of combina-
tions of other polyadics. Thus, the energy-density could be expressed as any one
of a large number of functions of fifty-four independent variables. For homoge-
neous, centrosymmetric, isotropic materials, only 18 parameters remain indepen-
dent (consistent with the previous theory in [126]). The strain energy density of
this case was postulated as

W =1
2Λεiiεjj + µεijεij + a1εijjεikk + a2εiikεkjj + a3εiikεjjk + a4εijkεijk + a5εijkεkji

+ b1εiijjεkkll + b2εijkkεijll + b3εiijkεjkll + b4εiijkεllkj + b5εiijkεlljk + b6εijklεijkl

+ b7εijklεjkli + c1εiiεjjkk + c2εijεijkk + c3εijεkkij + b0εiijj.

(3.20)

where Λ and µ are the usual Lamé constants, and a1−a5, b0−b7 and c1−c3 are the
additional scale parameters. A considerable amount of independent parameters
is present. Making the simplifications and hypotheses of Forms I, II or III, the
number of microstructure parameters can be drastically reduced to three, leading
to a more tractable model.

Once the kinetic and strain energies are defined, the Lagrangian L of the solid, in
absence of external forces, reads

L =
∫

B
TdB−

∫
B
WdB. (3.21)

Applying the Hamilton’s principle

δ

t2∫
t1

Ldt = 0, (3.22)

where δ is the first variation of the functional I =
t2∫
t1
Ldt.

By the fundamental lemma of variational calculus, the following equation of motion
is obtained

(Λ + µ)
(

1− l22
∂2

∂x2
k

)
uj,ij + µ

(
1− l23

∂2

∂x2
k

)
ui,jj = ρ0

(
1− l21

∂2

∂x2
j

)
üi (3.23)
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As it is mentioned above, this equation contain the two classical Lamé constants, Λ
and µ, and three additional scale parameters l1, l2, l3 which have the dimension of
length. The first two, l1 and l2, are included in the strain energy density definition,
while the third one, l3, affects the kinetic energy and takes into account the micro-
inertia effect. For a complete derivation of these equations, the interested reader is
referred to the original paper of Mindlin [127] and the review of Askes and Aifantis
[128].

Several studies have been developed in recent years by making use of strain gradi-
ent models, applying its formulation to solve the behavior of nano-shells [129, 130],
micro and nanoplates [131 134], CNT reinforced elements [49, 135], CNTs [136],
nano and micro-beams [137 140], micro-structured beams [141 144], multi-cracked
beams [145] and fracture mechanics [146] among others.

Moreover, Polyzos and Fotiadis [147]recovered the one-dimensional form of the
Mindlin model from a continuous model with micro and macro-structure (similar
to the Mindlin’s derivation in 1965) and also from the continualization of a 1D
discrete lattice.
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3.3 Continualization techniques

Continuous models are inherently efficient since all the information about the
system’s behavior is condensed in only one or few equations. On the contrary,
to solve the discrete model, a (large) system of equations needs to be addressed.
Therefore, developments that consist in reaching a continualization of the discrete
equations are common in the literature.

In this section, two different continualization techniques are presented:

• A Taylor series based method.

• A shift operator expansion method.

Both procedures lead to equations that are comparable to the classical continuum
model, but, as it will be shown in subsequent chapters, the one made by using the
shift operators method will include an additional term that takes into account the
effect of the discreteness, that is, the size effects, through the appropriate scale
parameters.

The continuous equations that arise from continualizing the discrete model are
going to be compared with those obtained by applying the axiomatic generalized
continuum models to the 1D problems addressed in Chapters 6 and 7. The com-
parison will establish a bridge between the discrete and the continuum models,
enabling to relate their constants.

3.3.1 Taylor series method

One possible manner to continualize discrete equations consists in developing Tay-
lor series expansion of the displacements of the particles n + 1 and n − 1 as a
function of the displacement of particle n and its derivatives. In the case in which
the displacement u depends only on one spatial variable

un±1 = un ±
u′nd

1 + u′′nd
2

2! ±
u′′′n d

3

3! + ... (3.24)

where d is the distance between particles in the considered lattice. The series is
truncated at the desired order, compromising an equilibrium between the com-
plexity of the obtained equation and the loss of information in the truncation.
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3.3.2 Shift operator method

Another way to continualize the lattice model equations is following a non-standard
approach based in pseudo-differential operators. This method was used before by
Rosenau [148, 149] to continualize linear lattices. The main idea is to obtain
a continuous expression for the Lagrangian of the model, and then apply the
Hamilton’s principle to get continuous equation(s) of motion.

The following shift operator

ed∂x = 1 + d ∂x + d2

2 ∂
2
x + d3

6 ∂
3
x + · · · (3.25)

permits to relate displacements between neighbor particles as

un+1 = ed∂xun. (3.26)

Defining a continuum displacement variable u via

∂u

∂x
= un+1 − un

d
, (3.27)

and considering the pseudo-operator Q

Q = d∂x
ed∂x − 1 (3.28)

un is described in terms of u as

un = Q u =
(

1− d∂x
2 + d2∂2

x

12 +O(d4)
)
u. (3.29)

Therefore, the kinetic energy term u̇n in terms of u is given by [149]

u̇2
n = (Qu̇,Qu̇) = u̇2 + d2

12 (u̇′)2 +O(d4) (3.30)

Using these relations in the definition of strain and kinetic energies of the model,
the Lagrangian of the system is formulated in continuous variables.





4 Formulation of two nonlinear
generalized continuum models

In the last chapter, we presented a brief review of the most used linear generalized
continuum models. Those models have been widely used to predict the static and
dynamic behavior of structured solids under the assumptions of linearity, that is,
whenever the deformations are infinitesimal.

As stated before, there are a considerable amount of problems of technological
interest and applications in which structured solids are subjected to nonlinear
elastic deformations.

With the aim of deriving continuum models which capture scale effects in nonlinear
structured solids, we propose two axiomatic generalized continuum models, based
in the aforementioned linear theories. These novel models constitute an alternative
to nonlinear discrete models and address the deficiencies of the classical continuum
ones.

The models are used afterwards for the analysis and resolution of two nonlinear
mechanical problems in chapters 6 and 7, which represent two nonlinear discrete
solids described in chapter 5.

41
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4.1 Classical nonlinear model

First, we explain a well-known classical nonlinear continuum model and its par-
ticularization for infinitesimal deformations. This model will constitute a special
case of the nonlinear generalized continuum ones, as it is are recovered if the
microstructure is disregarded and therefore will be only valid for non structured
solids.

4.1.1 Nonlinear St. Venant-Kirchhoff model

The classical St. Venant-Kirchhoff continuum model is briefly presented in this
section. In the following formulations, capital letter variables are referred to ini-
tial configuration (Lagrangian formulation) and lower case indicate the actual
deformed one.

The displacement vector of a material (Lagrangian) point P is given by

u(X, t) = x−X, (4.1)

where X are the coordinates of the point P in the initial undeformed configuration
and x the coordinates in the current configuration.

The movement of a body with initial or undeformed configuration given by B0 ⊂
R3 is described by the function χ : B0 → Bt ⊂ R3. The displacement function
χ maps the material point X into the spatial (Eulerian) point x = χ(X, t). The
deformation gradient tensor F (X, t) is defined by

F (X, t) = ∇X χ(X, t) (4.2)

A solid is defined as hyperelastic if a stored energy density function W (F (X, t), X)
exists, so that the First Piola-Kirchhoff Stress Tensor P̃ (X, t) can be derived as
[150]

P̃ (X, t) =
∂W (F (X, t), X)

∂F (X, t) (4.3)
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Due to objectivity reasons, the general constitutive Equation (4.3) can be ex-
pressed in terms of the second Piola-Kirchhoff stress tensor, S̃(X, t), as [151]

S̃(X, t) =
∂W (εGL(X, t), X)

∂εGL(X, t) (4.4)

where εGL(X, t) is the Green-Lagrange strain tensor, defined as [152]

εGL(X, t) = 1
2

(
F T (X, t)F (X, t)− I

)
(4.5)

where I is the identity tensor.

For the case of the classical Saint Venant-Kirchhoff model (SVK), the energy stored
in the solid is expressed as

W = 1
2Λ

(
trεGL(X, t)

)2
I + µεGL(X, t) : εGL(X, t), (4.6)

Therefore the following relation holds [151] between the second Piola-Kirchhoff
stress tensor S̃(X, t) and its energetically conjugated pair, εGL(X, t)

S̃(X, t) = ΛtrεGL(X, t)I + 2µεGL(X, t) (4.7)

The second Piola-Kirchhoff stress tensor S̃(X, t) and the first Piola-Kirchhoff stress
tensor P̃ (X, t) are related by [151]

P̃ (X, t) = F (X, t)S̃(X, t). (4.8)

To formulate the equation of motion of the nonlinear elastic problem, it is necessary
to add, to the above constitutive equations, the corresponding balance laws (linear
and angular momentum), i.e. [150]

∇X · P̃ (X, t) + f(X, t) = ρ0(X)∂
2u(X, t)
∂t2

(4.9)

P̃ (X, t)F (X, t)T = F (X, t)P̃ T (X, t) (4.10)

where f(X, t) are the body forces, ρ0(X) is the mass density referred to the initial
(Lagrangian) configuration and ∂(•)

∂(t) is the material time derivative.
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The problem formulation should be completed with the appropriate initial and
boundary conditions.

4.1.1.1 Recovery of the linear elasticity continuum model

For the case of infinitesimal deformations, the following relations hold

εGL(X, t) ≈ e(x, t), S̃(X, t) ≈ P̃ (X, t) ≈ σ̃(x, t) (4.11)

where σ̃(x, t) is the Cauchy stress tensor. Thus, the classical linear equations for
the elasticity theory in infinitesimal deformations are recovered

σ̃(x, t) = Λtre(x, t)I + 2µe(x, t) (4.12)

e(x, t) = 1
2
(
∇u(x, t) +∇u(x, t)T

)
(4.13)

where e(x, t) is the infinitesimal strain tensor. The linear and angular momentum
balance equations of the classical linear model read

∇x · σ̃(x, t) + f(x, t) = ρ(x)∂
2u(x, t)
∂t2

(4.14)

σ̃(x, t) = σ̃(x, t)T (4.15)
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4.2 Nonlinear nonlocal model

The Eringen nonlocal elasticity theory is widely used in infinitesimal deformation
problems, and only a few attempts have been done up to date to incorporate large
strains and rotations. However, those works used the differential formulation of
the Eringen elasticity. In this respect, Reddy [30] considered the nonlinear von
Kármán strains in the analysis of nonlocal formulation of bending of beams and
plates under the assumptions of small strains and moderate rotations. Subse-
quently, this theory has been applied to study the large amplitude free vibration
of nanobeams by Şimşek [31]. In addition, the work of Li [153] studies the buckling
of nonlinear beams based on a nonlocal continuum theory. Nevertheless, in these
works a general formulation of the Eringen nonlocal theory of elasticity valid for
finite deformations is not given. In this section we postulate a general extension of
this theory to finite deformations in integral form, and we call it nonlinear nonlocal
model (NNL).

We consider a nonlocal hyperelastic material as follows

P (X, t) =
∫

B0
α (|X ′ −X|, ke)

∂W (F (X ′, t), X ′)
∂F (X ′, t) dB0(X ′) (4.16)

From the previous definition, we stated that P (X, t), the nonlocal first Piola-
Kirchhoff stress tensor in a point, is defined as the integral of local first Piola-
Kirchhoff stress tensor, P̃ (X), weighted by a kernel function α

P (X, t) =
∫

B0
α (|X ′ −X|, ke) P̃ (X ′, t)dB0(X ′) (4.17)

The kernel function α (|X ′ −X|, ke) in Eqs. (4.16) and (4.17) characterizes the
nonlocal modulus. Euclidean Lagrangian distance is expressed by |X ′ −X| and
the constant ke = e0d is a scale factor that takes into account scale effects in
microstructured solid modelling.

Using the definition of local first Piola-Kirchhoff stress tensor P̃ (X) from Eqs. (4.7)
and (4.8), the constitutive equation corresponding to nonlocal elasticity valid for
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finite deformations can be written in integral form as

P (X, t) =
∫

B0
α (|X ′ −X|, ke)F (X ′, t)

(
Λtr εGL(X ′, t)I + 2µεGL(X ′, t)

)
dB0(X ′)

(4.18)

Thus, an elastic nonlocal problem is formulated using constitutive Eq. (4.18)
and momentum conservation Eqs. (4.9) and (4.10), which do not change in the
nonlocal formulation

∇X · P (X, t) + f(X, t) = ρ0(X)∂
2u(X, t)
∂t2

(4.19)

P (X, t)F (X, t)T = F (X, t)P T (X, t) (4.20)

The integro-differential problem should be completed with appropriate boundary
and initial conditions. Due to the definition of the stresses in the model, the essen-
tial boundary conditions may differ from those of the classical model formulation.

For the case of infinitesimal deformations, the following relations hold

εGL(X, t) ≈ e(x, t), S̃(X, t) ≈ P̃ (X, t) ≈ σ̃(x, t) (4.21)

where σ(x, t) is the nonlocal Cauchy stress tensor. Thus, the original equations
for the linear nonlocal elasticity theory are recovered

σ(x, t) =
∫

B
α (|x′ − x|, ke) σ̃(x′, t)dB(x′) (4.22)

σ̃(x, t) = Λtre(x, t)I + 2µe(x, t) (4.23)

e(x, t) = 1
2
(
∇u(x, t) +∇u(x, t)T

)
(4.24)

The proposed formulation constitutes a generalization of the Eringen nonlocal
elasticity theory that is applicable in finite deformation problems.
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4.3 Inertia gradient nonlinear models

Part of the scientific community focused its research in nonlinear microstruc-
tured elements, studying their behavior with strain gradient based models. Thus,
Vatankhah et al. [154] presented a study of nonlinear vibrations in micro-beams.
Lazopoulos et al. [155] formulated the nonlinear bending and buckling of beams
by using a model with higher-order derivatives of the displacements.

Other authors are more interested in wave propagation in nonlinear microstruc-
tured media. In this sense, several works have been done regarding the existence,
interaction and nature of solitons within nonlinear microstructured longitudinal
elements [156 159]. These works consider the existence of a micro and a macro-
structure and, analogously to Mindlin’s treatment, end up with a equation of
motion that includes higher-order derivative terms.

4.3.0.2 The IGN model

In this thesis, we propose to use the formulation of the kinetic energy by Mindlin
stated in Eq. (3.14) to account for the size-effects present in micro-structured
elements. In order to capture the nonlinear behavior of the material, we use the
strain energy density associated to classical hyperelastic materials. Specifically,
we use the St. Venant-Kirchhoff constitutive equation, but any other hyperelastic
model may be used to represent the proper nonlinear behavior of the considered
material.

Therefore, in the proposed gradient nonlinear model, the following energy densities
are considered

Strain : W = 1
2Λ

(
trεGL(X, t)

)2
I + µεGL(X, t) : εGL(X, t), (4.25)

Kinetic : T = 1
2ρ0

(
u̇ju̇j + 1

3 l
2
pkmnu̇p,ku̇m,n

)
, (4.26)

where we took the densities of the micro and macro-structures to be identical.
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Following the relation between the micro-velocity and the macro-velocity gradients
established by Mindlin [126], the scale parameters tensor l2pkmn is expressed as

l2pkmn = 1
2d1

2
[
δpmδkn − δpnδkm + 2k1

2δpkδmn + k2
2 (δpmδkn + δpnδkm)

]
(4.27)

The kinetic energy is then expressed in terms of the macro-structure velocity u̇,
the macro-structure velocity gradients u̇′ and three scale parameters d1, k1 and
k2. As the kinetic energy has to be positive definite and polyconvex to accomplish
thermodynamic principle’s requirements, we found that the following relations
must be satisfied by the model constants

d1
2 > 0

k2
2 > 0

3k1
2 + 2k2

2 > 0

(4.28)

From now on, this model is referred as the ”inertia gradient nonlinear model” or
IGN.

4.3.0.3 The IGN1 model

Moreover, a simpler model can be defined by reducing the number of constants
or microstructure parameters. From Mindlin’s strain gradient theory in 1965 [25],
the kinetic energy may be postulated with only one additional scale parameter
accounting for the microstructure. In that case, the scale parameters tensor l2pkmn
is equal to a parameter 3k2 times the fourth order identity matrix with major
symmetry (l2pkmn = 3k2δpmδkn). Recall that this simplification leads to the Form
I, II or III of the original theory in the linear case, Eq. (3.23), see [128].

The simplified kinetic energy density is then formulated as follows

T (X, t) = 1
2ρ0

[
∂u(X, t)

∂t

∂u(X, t)
∂t

+ k2∂ (∇u(X, t))
∂t

: ∂ (∇u(X, t))
∂t

]
. (4.29)

Then, this model has only 3 independent constitutive parameters, the two classical
Lamé constants Λ and µ, and the additional microstructure parameter k. As it
has only 1 additional parameter, we call this model the ”One parameter inertia
gradient nonlinear model” or IGN1.
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Once the kinetic and strain energies are defined, the Lagrangian of the solids reads

L = T −W. (4.30)

By applying the Hamilton’s principle

δ

t2∫
t1

Ldt = 0. (4.31)

and the fundamental lemma of variational calculus the governing equation and the
BCs are obtained.

In infinitesimal deformation problems, the Green-Lagrange strain tensor is iden-
tical to the infinitesimal deformation tensor and the original form (linear) of the
Mindlin theory is recovered.





5 Discrete modelization of a kind of
1D structured solids

In this chapter, a discrete model of a one dimensional chain (a monodimensional
lattice) is presented. This model is used for analyzing the nonlinear oscillations of a
structured 1D solid in axial and coupled bending-axial oscillations respectively. To
that extent, we particularize this 1D discrete model into two simpler formulations
of the problems under study in Sections 5.2 and 5.3. The mechanical behavior of
this model when the 1D element is subjected to infinitesimal deformations (linear
behavior) is well know, but its analysis in Sections 5.2.3 and 5.3.3 will be very
useful to understand the behavior of structured solids.

In the subsequent two chapters, 6 and 7, the performance of generalized continuum
models in predicting the dynamic behavior of a structured 1D nonlinear solid is
analyzed. This discrete model is taken as a reference to compare the predictions
of the continuous formulations. Specific solutions obtained by both discrete and
continuum models are shown and compared.
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The second is linked to the vertical direction

Nn sin Θn −Nn−1 sin Θn−1 −Qn cos Θn +Qn−1 cos Θn−1 + Fvi = m
d2vn
dt2

(5.7)

where Fvi is vertical component of external force.

These two differential system of equations, (5.6) and (5.7), govern the mechanical
behavior of the 1D lattice. The reader should notice their high nonlinear character.
Adding some assumptions on the nature of displacements (u, v) and generalized
elongations (∆d, ∆Θ), the equations shall be simplified and eventually linearized.
In this chapter, the general lattice model will be specialized to axial behavior
and to coupled bending-axial behavior under small deformations and moderate
rotations.
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5.2.2 Numerical solution of the discrete problem

Evaluating existing internal forces at each time interval and applying Newton’s
second law , it is possible to compute the acceleration of each particle any partic-
ular configuration.

Given initial and boundary conditions it is possible to calculate the evolution of
a finite chain using an integration algorithm. To do so, the Verlet algorithm [160]
is proposed, which consists in expressing ∆un as a Taylor series of utn(t)

ut+1
n = utn + dutn

dt
∆t+ 1

2
d2utn
dt2

∆t2 +O(∆t3) (5.9)

Higher order terms are dismissed and a uniformly accelerated motion is assumed
in each time step. The first derivative is the actual velocity and the second one
is the calculated acceleration. Using finite difference formula for the velocity,
dutn
dt

= utn−u
t−1
n

∆t + O(∆t2), the explicit algorithm to calculate the next position
knowing the previous two positions and acceleration is the following

ut+1
n = 2utn − ut−1

n + 1
2
F t
n

m
∆t2 +O(∆t3) (5.10)

where F t
n is the total force over n particle at instant t, m is the mass particle, ∆t

is the time increment of numerical integration and the truncation error is of the
order of (∆t)3.

Forces are evaluated from particle distances using Eq. (5.1)

Fn =G(un+1 − 2un + un−1)

+A
[
(un+1 − un)2 − (un − un−1)2

]
+B

[
(un+1 − un)3 − (un − un−1)3

] (5.11)

If boundary conditions are free ends, the two particles in left and right boundaries
are only subjected to their right and left spring respectively. On the contrary, if
BC is fixed end, the displacement of the first or/and the last particle is prevented.

If the chain is initially at rest, this means that the initial condition is nil velocity
for every particle. The initial condition is needed to calculate the second step
position of particles. For the calculation of the second time position it is not
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possible to use Verlet algorithm as it needs the two previous positions. Then, Eq.
(5.9) is used directly instead, taking the velocity to be the first derivative of the
displacement respect to time u̇t=1

n = vt=1.

ut=2
n = uInitialn + vInitial ·∆t+ 1

2
F Initial
n

m
∆t2 +O(∆t3) (5.12)

Given initial and boundary conditions, the dynamic behavior of the chain is cal-
culated step by step. A simple program has been developed and used to obtain
numerical solutions from the discrete model.

Although we will study the free motion problem, it is possible to obtain the solution
to a forced motion one. By introducing the external actions F t

n,Ext(n, t) in the sum
of forces over each particle,

F t
n =

∑
F t
n,int(utn−1, u

t
n, u

t
n+1) + F t

n,Ext(n, t), (5.13)

the solution to a forced motion problem will be encountered.

Once the simulation is performed, the FFT algorithm is applied over any par-
ticle horizontal displacement -except the ones at the boundaries in no free-ends
problems- to reveal normal frequencies of vibration for any specific excited normal
mode.
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5.2.3 Linearized longitudinal vibration problem

From Eq. (5.8), let us consider a problem in which the deformations are small,
∆d� d, un+1−un � 1. The nonlinear terms will be neglected because (un+1 − un)2 �
(un+1 − un). The following linear equation for free vibrations is reached.

mün = G (un+1 + un−1 − 2un) . (5.14)

As the governing equation of the problem is linear, the principle of superposition
holds. Then, any solution can be decompose in a sum of plane waves.

Introducing the general problem solution of a longitudinal wave

un(X, t) = Ûei(ωt−κX) X = nd (5.15)

The dispersion equation is obtained as

un±1 = Ûei(ωt−κ(n±1)d) = un · e∓iκd

−mω2 = G
(
·e−iκd + ·eiκd − 2

) (5.16)

Euler sine formula is then used

sin κd = eiκd − e−iκd

2i

sin2 κd = 2− e2iκd − e−2iκd

4

(5.17)

The dispersion relation of a discrete linear unidimensional chain vibrating in the
axial direction is obtained

ω2 = 4G
m

sin2
(
κd

2

)
(5.18)

This is the dispersion relation of Born-Kármán model [62] where, using the wave
velocity definition of classical continuum model c0 = d

√
G
m

, we get

ω2 = 4
d2 c

2
0 sin2

(
κd

2

)
(5.19)
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5.3 Specialization of the discrete model for the
axial-transverse coupled vibrations under small
deformations and moderate rotations

It is recalled that the full discrete model behavior is described by Eqs. (5.1) to
(5.7), repeated here for convenience.

Nn = G∆dn + A∆d2
n +B∆d3

n (5.22)

Mn = C ∆Θn (5.23)

sin Θn = vn+1 − vn
d+ ∆dn

(5.24)

(d+ ∆dn)2 = (un+1 − un + d)2 + (vn+1 − vn)2 (5.25)

Qn = Mn+1 −Mn

d+ ∆dn
(5.26)

Nn cos Θn −Nn−1 cos Θn−1 +Qn sin Θn −Qn−1 sin Θn−1 + Fui = m
d2un
dt2

(5.27)

Nn sin Θn −Nn−1 sin Θn−1 −Qn cos Θn +Qn−1 cos Θn−1 + Fvi = m
d2vn
dt2

(5.28)

This formulation is going to be specialized for small deformations (∆d � 1) and
moderate rotations (∆Θ < 1).

5.3.1 Discrete formulation of the problem

Considering that the displacements are small and rotations are moderate, Eqs.
(5.24) and (5.25) can be approximated by

sin Θn = Θn +O
[
Θn

3
]

(5.29)

(
1 + ∆dn

d

)2

= 1 + 2∆dn
d

+
(

∆dn
d

)2

= 1 + 2∆dn
d

+O

(∆dn
d

)2
 (5.30)
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Considering these approximations and the fact that ∆d � d, Eqs. (5.24) and
(5.25) lead to

Θn = vn+1 − vn
d

(5.31)

∆dn = un+1 − un + 1
2

(
vn+1 − vn

d

)2
d (5.32)

Then, making cos Θn ≈ 1 and sin Θn ≈ Θn, and considering that the axial stiffness
is significantly higher than the flexural one in slender beams, Qn sin Θn � Nn, the
governing equations read

Nn −Nn−1 + Fui = m
d2un
dt2

(5.33)

NnΘn −Nn−1Θn−1 −Qn +Qn−1 + Fvi = m
d2vn
dt2

(5.34)

This equation shall be expressed in terms of springs forces (longitudinal force and
couple)

NnΘn −Nn−1Θn−1 −
(
Mn+1 − 2Mn +Mn−1

d

)
+ Fvi = m

d2vn
dt2

(5.35)

with
Nn = G

(
un+1 − un + 1

2

(
vn+1 − vn

d

)2
d

)
(5.36)

Mn = C
(
vn+1 − 2vn + vn−1

d

)
(5.37)

where ∆d2 � ∆d has been assumed. Eqs. (5.33) and (5.35), together with
the springs forces definitions in terms of displacements -Eqs. (5.36) and (5.37)-,
constitute the governing equations of motion in this case.
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5.3.2 Numerical solution of the discrete problem

The Verlet algorithm [160] has also been used to solve this problem numerically.
The reader may recall that the algorithm integrates explicitly the governing equa-
tions step by step at each particle, based on time series expansion of the displace-
ment vector δn(un, vn)

t+∆tδn = 2 tδn − t−∆tδn + 1
2

tF n

m
∆t2 +O(∆t3) (5.38)

where tF n is total force over nth particle at instant t, ∆t is the time increment of
numerical integration where the truncation error is of order (∆t)3. The forces are
evaluated from particles location using Eqs. (5.22) and (5.23). Given initial and
boundary conditions, the dynamic behavior of the chain is calculated iteratively.
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5.3.3 Linearized bending vibration problem

On the other hand, we may consider the case in which the horizontal displacement
is zero (u = 0). In this case, if the vertical displacements are small, a linear system
of equations govern the movement of the chain. From Eq. (5.4), and considering
v � d,

(vn+1 − vn)� d, tan Θn = vn+1 − vn
d

� 1, Θn '
vn+1 − vn

d
, ∆d = Θ2

2 d.

(5.39)
The elongation of the chain is, therefore, negligible. Then, from Eqs. (5.1) and
(5.5) we have the following values of forces over particles

Nn = 0,

Qn = C
vn+2 − 3vn+1 + 3vn − vn−1

d2 .
(5.40)

From Eq. (5.35) and taking into account that sin Θn ≈ 0, we get

−Qn +Qn−1 + Fvi = m
d2vn
dt2

. (5.41)

For the case of free vibrations, the subsequent linear system of equations predicts
the behavior of the chain.

C
−vn+2 + 4vn+1 − 6vn + 4vn−1 − vn−2

d2 = m
d2vn
dt2

. (5.42)

Analogously to the previous section, a wave solution is imposed

vn(X, t) = V̂ ei(ωt−κX) X = nd (5.43)

−mω2 = C

d2

(
−e2iκd + 4eiκd − 6 + 4e−iκd − e−2iκd

)
(5.44)

Applying Euler formula the dispersion relation of pure bending is obtained as

ω2 = 16C
md2 sin4

(
κd

2

)
(5.45)





6 Generalized continuum models for
nonlinear longitudinal vibrations of

the 1D structured solid

In this chapter, we analyze the free longitudinal vibrations of a finite structured
1D element subjected to large deformations. This solid may be formulated as
a discrete 1D lattice of length L, particles of mass m and distance d between
particles. However, the problem can be also formulated from the continuum point
of view as a uniform elastic finite rod with length L, density ρ0, and microstructure
parameter k or ke, vibrating longitudinally undergoing large deformations. The
discrete system has been continualized following two different techniques, enabling
to establish relations between both models parameters.

For the validation of the generalized continuum formulations, solutions will be
obtained by making use of both discrete and continuum models in a problem with
specific initial and boundary conditions. The objective is to compare, under dif-
ferent conditions, the predicted behavior of the generalized continuum microstruc-
tured rod model to what is observed in the discrete model simulations.

65
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6.1 Axiomatic continuum models

Continuum models are inherently efficient since all the degrees of freedom are
condensed into one or few through continuous spatial variables. Then, only one
or few equations are needed to express the behavior of the solid under study.

In this section, three axiomatic continuum models are considered. First, the clas-
sical St. Venant-Kirchhoff (SVK) nonlinear continuum model (Section 4.1) is ap-
plied to the problem under study. Then, the NNL (Section 4.2) and IGN (Section
4.3) generalized continuum models are also applied. Subsequently, all the formu-
lations are compared between them and with the non-standard continualization of
the discrete model.

We later evince the analogies and discrepancies between the governing equation
of the rod using either the NNL model, the IGN one and the non-standard con-
tinualization of the discrete model.

6.1.1 Nonlinear St. Venant-Kirchhoff model

In this subsection, the problem of a continuous finite nonlinear rod is formulated,
from an axiomatic point of view, using a classical nonlinear model.

For linear homogeneous hyperelastic materials, the following relation between
the second Piola-Kirchhoff stress tensor S(X, t) and its energetically conjugated
pair, the Green-Lagrange strain tensor εGL(X, t), is established for a St. Venant-
Kirchhoff solid [151]

S(X, t) = Λ trεGL(X, t)I + 2µ εGL(X, t) (6.1)

where Λ and µ are the Lamé constants. This definition of the linear hyperelastic
material comes from the following value of the strain energy density function

W (X, t) = 1
2Λ

(
trεGL(X, t)

)2
+ µ εGL(X, t) : εGL(X, t) (6.2)

The kinetic energy density is classically stated as

T (X, t) = 1
2ρ0

∂u(X, t)
∂t

∂u(X, t)
∂t

(6.3)
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where u(X, t) = x(X, t)−X is the displacement vector and ∂(•)
∂(t) represents the ma-

terial time derivative. The application of Eqs. (6.2) and (6.3) to a one-dimensional
element axially vibrating reduces to

W = 1
2E

(
u′ + 1

2 (u′)2
)2

(6.4)

T = 1
2ρ0 (u̇)2 (6.5)

In behalf of notation simplicity, from now on spatial derivatives ∂(•)
∂X

will be ex-
pressed by (•)′ and material time derivatives ∂(•)

∂t
will be expressed by ˙(•). Also,

temporal and spatial functional dependence of problem variables is no longer spec-
ified.

In absence of external loads, the Lagrangian L of the solid is formulated as

L = T −W. (6.6)

Applying the Hamilton’s principle

δ

t2∫
t1

Ldt = 0. (6.7)

From the fundamental lemma of variational calculus [161], the following expression
in terms of the Lagrangian is reached [162]

−
(
∂L

∂u′

)′
− ∂

∂t

(
∂L

∂u̇

)
= 0 (6.8)

and either one of the following boundary conditions (at X = 0 and X = L) must
be satisfied [162]

u = 0 (6.9)
∂L

∂u′
= 0 (6.10)

The governing equation (Euler-Lagrange) is then expressed by

ü = c2
0

[3
2 (u′)2 + 1

2 (u′)3
]′

+ c2
0u
′′ (6.11)
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6.1.2 Nonlinear nonlocal model (NNL)

In this section, we derive the equation of motion following the postulated NNL
model.

The specialization to one dimension of Eqs. (4.7), (4.8), (4.5), (4.9) and (4.16) is
stated by

S̃(X, t) = EεGL(X, t) (6.13)

P̃ (X, t) =
(

1 + ∂u(X, t)
∂X

)
S̃(X, t) (6.14)

εGL(X, t) = ∂u(X, t)
∂X

+ 1
2

(
∂u(X, t)
∂X

)2

(6.15)

∂P (X, t)
∂X

+ f(X, t) = ρ0
∂2u(X, t)

∂t2
(6.16)

P (X, t) =
∫
L
α (|X ′ −X|, ke) P̃ (X ′, t)dX ′ (6.17)

where S̃(X, t) is the (1,1) component of local second Piola-Kirchhoff stress tensor,
εGL(X, t) is the (1,1) component of εGL(X, t) and f(X, t) are the external forces.
For the nonlocal kernel α (|X ′ −X|, ke), the Helmholtz kernel function

α (|X ′ −X|, ke) = 1
2ke

e−
|X′−X|
ke (6.18)

is chosen.

By combination of Eqs. (6.16) to (6.18), the following is obtained

ρ0
∂2u(X, t)

∂t2
= ∂

∂X

∫
L

1
2ke

e−
|X′−X|
ke P̃ (X, t)dX ′ + f(X, t) (6.19)

In absence of external loads, the governing equation is then expressed by

ü = c2
0

∫
L

e−
|X′−X|
ke

2ke

(
u′ + u′2

2

)
(1 + u′) dX ′


′

(6.20)

where c0 =
√

E
ρ0

is the classical sound velocity.

This relation constitutes the movement equation for nonlinear nonlocal one-dimensional
solids subjected to finite deformations, which must be solved with appropriate ini-
tial and boundary conditions. The boundary conditions are, at X = 0 and X = L,
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either prevented motion
u = 0 (6.21)

or free ends
P = 0 (6.22)

where the nonlocal stress P is related to displacement u by

P =
∫
L

e−
|X′−X|
ke

2ke
E

(
u′ + u′2

2

)
(1 + u′) dX ′ (6.23)
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6.1.3 Inertia gradient nonlinear model

The dynamic problem of a uniform linear elastic finite rod with length L and
density ρ0, as undergoing large deformations, is now formulated by making use of
the IGN model, presented in section 4.3.

The application of Eqs. (4.25) and (4.26) to a one-dimensional solid reduces to

W = 1
2E

(
u′ + 1

2 (u′)2
)2

(6.24)

T = 1
2ρ0

(
(u̇)2 + 1

3 l
2
1111 (u̇′)2

)
(6.25)

From the simplification of parameters in Eq. (3.17), l21111 = d1
2
(
k1

2 + k2
2

2

)
. How-

ever, we can express the coefficient of u̇′ with only one parameter k without loss
of generality

1
3 l

2
1111 = d1

2

3

(
k1

2 + k2
2

2

)
= k2 (6.26)

Note that, from all the values of the scale parameters tensor l2pkmn, only l1111 plays
a role in this problem. We recall that in the IGN1 model, the microstructure
parameters are l2pkmn = 3k2δpmδkn. Therefore, the IGN1 model and the IGN one
lead to the same equation of motion in this case.

In absence of external loads, applying the Hamilton’s principle and the fundamen-
tal principle of variational calculus as above

−
(
∂L

∂u′

)′
− ∂

∂t

(
∂L

∂u̇

)
+ ∂

∂t

(
∂L

∂u̇′

)′
= 0 (6.27)

and either one of the following boundary conditions (at X = 0 and X = L) must
be satisfied

u = 0 (6.28)

∂L

∂u′
− ∂

∂t

(
∂L

∂u̇′

)
= 0 (6.29)

The governing equation is then expressed by

ü = c2
0

[3
2 (u′)2 + 1

2 (u′)3
]′

+ c2
0u
′′ + k2 (ü)′′ (6.30)
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where c0 =
√

E
ρ0

is the classical sound velocity.

This relation constitutes the movement equation for this Mindlin-type one-dimensional
solids subjected to finite deformations, which must be solved for appropriate initial
and boundary conditions.

From Eqs. (6.28) and (6.29), either one of the subsequent boundary conditions
must be satisfied at each end

u = 0 (6.31)

c2
0
2
(
2u′ + 3 (u′)2 + (u′)3)+ k2ü′ = 0 (6.32)

Comparing the equation of motion of the classical SVK model with the IGN and
the IGN1 ones, it is seen that the latter has one more term, k2ü′′. We will show
the influence of this term in the dynamic behavior and how it accounts for the
microstructured nature of the solid.
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6.2 Continuous equations formulation from con-
tinualization techniques

There are different procedures to get a continuous equation from the discrete model
formulated above. Here we apply the two continualization procedures that were
presented in section 3.3, the Taylor series and the shift operators method.

6.2.1 Taylor series method

A possible way to continualize discrete equations consists in developing Taylor
series expansion of displacements of particles n + 1 and n − 1 as a function of n
particle displacement and its derivatives. From Eq. (3.24),

un±1 = un ±
∂u

∂X
d+ 1

2
∂2u

∂X2d
2 ±O(d3) (6.33)

where X is the Lagrangian coordinate all along the chain, implying that particle
n is placed at position X = nd. The series is truncated at the desired order,
compromising an equilibrium between the complexity of the obtained equation
and the loss of information in the truncation.

Then, the series expansion is introduced in Eq. (5.8) and terms of higher order
than O(d3) are assumed to be negligible

m
∂2u

∂t2
=G

(
∂2u

∂X2d
2 + 1

12
∂4u

∂X4d
4
)

+A
( ∂u

∂X
d+ 1

2
∂2u

∂X2d
2
)2

−
(
∂u

∂X
d− 1

2
∂2u

∂X2d
2
)2


+B
( ∂u

∂X
d+ 1

2
∂2u

∂X2d
2
)3

−
(
∂u

∂X
d− 1

2
∂2u

∂X2d
2
)3


(6.34)
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analogous)
u1 − u0 = 2u′01

d

2 +O
(
d3
)

(6.39)

Considering the same truncation order, the free end boundary condition is stated
in the continualized model by

u′01 = 0, u′NN = 0 (6.40)
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6.2.2 Shift operator method

The continualization of the lattice model will be now developed following a non-
standard approach based in pseudo-differential operators. This method was used
before by Rosenau [148, 149] to continualize linear lattices. In this case, the key
point is encountering a continuous expression of the kinetic energy density that
takes into account the discreteness of the lattice.

The Lagrangian of the discrete model can be written as

LD =
∑
n

1
2m u̇2

n −
∑
n

[1
2G (un+1 − un)2 + 1

3A (un+1 − un)3 + 1
4B (un+1 − un)4

]
(6.41)

The shift operator expressed in Eq. (3.25)

ed∂X = 1 + d ∂X + d2

2 ∂
2
X + d3

6 ∂
3
X + · · · (6.42)

permits to relate displacements between neighbor particles as un+1 = ed∂Xun. Now,
recalling the definition a continuum displacement variable u in Eq. (3.27)

∂u

∂X
= un+1 − un

d
, (6.43)

and considering pseudo-operator Q = d∂X
ed∂X−1 , un is described in terms of u

un = Q u =
(

1− d∂X
2 + d2∂2

X

12 +O(d4)
)
u. (6.44)

Therefore, the kinetic energy in terms of u is now given by [149]

u̇2
n = (Qu̇,Qu̇) = u̇2 + d2

12 (u̇′)2 +O(d4) (6.45)

In absence of body forces nor external loads, the Lagrangian is expressed as

L(t) =
∫

B0
(W (X, t)− T (X, t)) dX (6.46)
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Taking advantage of Eq. (6.43) and of Eq. (6.45) up to O(d4) we obtain the
approximate continuum Lagrangian

LC =
∫
L

1
2
m

d

[
u̇2 + d2

12 (u̇′)2
]

dx−
∫
L

[1
2Gd (u′)2 + 1

3Ad
2 (u′)3 + 1

4Bd
3 (u′)4

]
dx

(6.47)

Applying the Hamilton’s principle,

δ
∫ t1

t0
L(t)dt = 0 (6.48)

where δ is the first variation of the Lagrangian functional L(t).

Then, applying the fundamental Lemma of Variational Calculus [162], we get the
subsequent Euler-Lagrange equation of motion

ü = d2G

m
u′′ + 2d3A

m
u′u′′ + 3d4B

m
(u′)2

u′′ + d2

12 ü
′′, (6.49)

and boundary conditions as
u = 0 (6.50)

or
Gu′ + Ad (u′)2 +Bd2 (u′)3 + m

12 ü
′ = 0. (6.51)

Once a continuous equation of the problem and its corresponding BCs are avail-
able either via Taylor series (6.36) or shift operators (6.49), differential calculus
tools can be applied to get the solution. The advantage of much computationally
efficient numerical methods arise, but the accuracy of the results shall be proven.

The continualization process itself will distort the behavior of the model due to
chopping at O(d4). Adding higher order terms leads to a continuum model with
higher fidelity respect to the discrete one, but also more complex, which would
result in a loss of computational advantage.

The comparison between both the discrete and continuum models is addressed in
Section 6.5.
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6.3 Comparison between models and brief dis-
cussion

In this section we summarize and discuss the different strategies, models and
equations for the structured rod motion formulation.

We used two assumptions in the different formulations: considering the solid as
a discrete system or as a continuous one. Then, we achieved six formulations by
addressing the problem with three particular strategies:

1. Formulating the reference discrete model.

2. Formulating the problem using axiomatic continuum models.

(a) With the classical SVK continuum theory.

(b) With the postulated nonlinear nonlocal model (NNL).

(c) With the postulated inertia gradient nonlinear model (IGN).

3. Continualizing the discrete model formulation.

(a) With a Taylor series approach.

(b) With shift operators.

Table (6.1) summarizes all the formulations and their characteristics.
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We ended up with a system of second order ODEs for the discrete formulation,
4 different continuous formulations expressed by a nonlinear PDE and the non-
linear Eringen formulation, which is expressed by a nonlinear integro-differential
equation.

Let us compare the 4 PDE formulations. First, it is seen that the equation derived
from Taylor continualization (6.36) is formally equivalent to that obtained with
the axiomatic nonlinear SVK classical continuum model, Eq. (6.11). In particular,
they match term by term if the continuous and discrete material properties are
related adequately

A = 3
2
c2

0m

d3 = 3
2
G

d
; B = c2

0m

2d4 = G

2d2 (6.52)

Compatible values of the continuum model constants E and ρ0 with the last rela-
tion are

E = G

d
; ρ0 = m

d3 (6.53)

These relations enable to establish the conditions to compare continuum models
with the equivalent discrete one, taken as reference.

Now, we take a further step by comparing the equation from the non-standard con-
tinualization based on shift operators (6.49) with the equation of the microstruc-
tured continuous rod formulated by the generalized continuum IGN model (6.30).
Both equations have an additional term that takes into account the size effects.
These equations are shown below for a better comparison

ü = d2G

m
u′′ + 2d3A

m
u′u′′ + 3d4B

m
(u′)2

u′′ + d2

12 ü
′′

ü = c2
0u
′′ + 3c2

0u
′u′′ + 3

2c
2
0 (u′)2

u′′ + k2ü′′
(6.54)

We conclude that they will be totally equivalent if, in addition to the fitting of the
nonlinear potential constants at Eq. (6.52), the microstructure parameter k is set
to k = d√

12 .

On the other hand, we also obtained the governing equation (6.20) following the
nonlinear nonlocal model, which is difficult to compare to the other continuous
formulations due to its integro-differential nature. This model takes into account
scale effects through the additional microstructure parameter ke.
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To have a better understanding of the governing equations of motion, Eqs. (6.20)
and (6.30) shall be non-dimensionalized in space and time variables using

ū = u

L
; s = X

L
; τ = tω0; ω0 = c0

L
; h = k

L
; he = ke

L
; (6.55)

where ω0 is the characteristic frequency of the problem under study.

Please note that, in non-dimensional equations, partial derivatives are done respect
to dimensionless spatial variable s and dimensionless time τ : ū′ = ∂ū

∂s
and ˙̄u = ∂ū

∂τ
,

meanwhile in dimensional equations derivatives are still done respect to X and t:
u′ = ∂u

∂X
and u̇ = ∂u

∂t
.

The reader may notice that in those problems in which the total length is much
greater than the microstructural one, the length-scale parameters he and h be-
come negligible (ke � L, k � L ⇒ he, h → 0). Thus, the classical nonlinear
formulation is recovered [164, 165]

¨̄u =
[3
2 (ū′)2 + 1

2 (ū′)3
]′

+ ū′′ (6.56)

On the other hand, when deformations are infinitesimal (u′ � 1), quadratic and
cubic terms are assumed to be negligible, and Eqs. (??) to (??) lead to known
linear classical, linear Eringen and linearized IGN formulations respectively. Ta-
ble 6.2 shows a resume of the continuous governing equations for the different
hypotheses.

Linearized problem Nonlinear problem

SVK model ¨̄u = ū′′ ¨̄u =
[

3
2 (ū′)2 + 1

2 (ū′)3
]′

+ ū′′

NNL model ¨̄u =
(∫ 1

0
e
−|s
′−s|
he

2he ū′ds′
)′

¨̄u =
(∫ 1

0
e
−|s
′−s|
he

2he

(
ū′ + ū′2

2

)
(1 + ū′) ds′

)′

IGN model ¨̄u = ū′′ + h2
(

¨̄u
)′′ ¨̄u =

[
3
2 (ū′)2 + 1

2 (ū′)3
]′

+ ū′′ + h2
(

¨̄u
)′′

Table 6.2: Momentum balance equation for different formulations

For a deeper understanding of the influence of the scale parameters, let us compare
the dispersion relation of an infinite discrete chain oscillating longitudinally in
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linear regime with the dispersion of an infinite rod formulated with the linear
Eringen nonlocal elasticity theory and with the linearized IGN theory. Imposing a
plane wave solution to the equation of motion, the dispersion relation is obtained.

For the discrete chain, the dispersion relation, stated in Eq. (5.19), reads

ω2 = 4G
m

sin2
(
κd

2

)

The dispersion relation of the linearized IGN rod obtained by imposing a wave
solution reads

ω2 = c2
0

κ2

1 + k2κ2 (6.57)

In addition, obtaining the dispersion relation of the linear Eringen nonlocal rod
is feasible. It follows that the mathematical transformation of the Eringen con-
stitutive relation into a differential equation through the Helmholtz operator (see
Section 3.1) is applicable for infinite solids. Applying the transformation and
imposing a plane wave solution, the following dispersion relation is obtained

ω2 = c2
0

κ2

1 + ke
2κ2 (6.58)

Interestingly, they are identical.

We develop a Maclaurin series expansion of both dispersion equations (discrete and
continuum based) and make the first two terms coincide. A surprisingly optimal
value for the microstructure parameter is found, he = h = d√

12L . This value of
h2 is in full agreement with the non-standard continualization approach and so
we use it when comparing specific solutions of discrete and generalized continuum
models.

It is interesting how the natural value of the microstructure parameter in the gra-
dient theory can be obtained from a non-standard continualization of the discrete
model, superseding the need of calibration. This value, not only coincides with the
adjustment of the parameter to the linear dispersion diagram, but also has been
proposed and used by other authors in several publications [29, 166 168]. Note
that in those publications this value of the microstructure parameter is found by
calibrating in a phenomenological manner, in contrast with our theoretical devel-
opment.
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6.4 Solution of the continuous equations

The problem of the microstructured rod was formulated as a uniform linear elas-
tic one dimensional element with finite length L, density ρ0 and microstructure
parameter k, vibrating longitudinally undergoing large deformations.

To solve the nonlinear PDEs of the continuous governing equations in Table 6.2,
the Galerkin method is used. According to the method, an approximate solution
Ū is assumed as

ū(s, τ) ≈ Ū(s, τ) = Φ(s)q(τ) (6.59)

where Φ(s) is the shape function that must satisfy at least the essential boundary
conditions and q(τ) is the unknown time-dependent function to be determined.

The continuous formulation is expressed in a differential or an integro-differential
equation, which can be conceptually symbolized as £(ū) = 0, where £ is a differ-
ential or integro-differential operator. See Table 6.2 to recall the different formu-
lations.

When the solution function Ū is introduced in last equation, we get

£(Ū) = r(s, τ) , 0 (6.60)

where r(s, τ) is the residual term.

Applying the Galerkin method
∫ 1

0
Φ£(Ū)ds = 0 (6.61)

Then, q(τ) and its derivatives are extracted to get

q̈(τ) +D1q(τ) +D2q
2(τ) +D3q

3(τ) = 0 (6.62)

Let us condense last Eq. (6.62) in

q̈(τ) = −g(q(τ)) (6.63)

with
g(q(τ)) = D1q(τ) +D2q

2(τ) +D3q
3(τ) (6.64)
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Applying the following identity,

1
2
∂ (q̇2)
∂q

= q̈(τ) = −g(q(τ)) (6.65)

Eq. (6.63) can be solved by quadrature

q̇2 − q̇0
2 = −2

∫ q

q0
g(ξ)dξ (6.66)

where q0 and q̇0 are known initial conditions.

Then, q̇(τ) and q(τ) can be obtained as follows

q̇ = ±
√
−2

∫ q

q0
g(ξ)dξ + q̇0

2 (6.67)

τ = ±
∫ q

q0

dη√
−2

∫ η
q0
g(ξ)dξ + q̇0

2
. (6.68)
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6.5 Results and Discussion

Taking the discrete description of the solid as a reference, the results of the de-
veloped generalized continuum models will be contrasted paying attention to the
specific features resulting from the nonlinear behavior.

Since the parameters E and ρ0 of the continuum model have been related to the
parameters G, A, B and m of the discrete counterpart through Eqs. (6.52) and
(6.53), by stating the equivalence between the governing equations of NNL, IGN
and continualized discrete models, the comparison of results is feasible. Regarding
the third parameter present in the continuum models, k and ke, we will discuss if
their value determined from the continualization of the discrete model permits the
continuum models to properly capture the size effects in both linear and nonlinear
regimes.

In the subsequent sections, the features of the nonlinear behavior and the size
effects are both discussed.

6.5.1 Definition of a baseline problem

In the study of this problem, free ends are considered as boundary conditions. As
initial condition, the rod is at rest and deformed following a sinusoidal shape. In
the discrete system this means

τ=0ūn = Ā0 cos
(
π
(
n− 1

2

)
d

L

)
; τ=0 ˙̄un = 0 (6.69)

as the position of particles in equilibrium is

X(n) =
(
n− 1

2

)
d (6.70)

where Ā0 = A0
L

is a free parameter of the problem that will be used to modulate the
amplitude of deformations in the rod, thus enabling to study the induced vibrations
under different regimes. Note that this initial condition impose a deformation with
a wavelength of λ = 2L.
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6.5.3 Predictions of the nonlinear generalized continuum
models

The solution of the nonlinear continualized models is given by Eq. (6.59), where
Φ(s) has to be chosen in accordance with boundary conditions and q(τ) is solved
by Eq. (6.68). The shape function Φ = cos (πs) is chosen.

In order to meet the initial conditions stated in Eq. (6.71), following values of
time-dependent function have been set: q̇(0) = 0 and q(0) = Ā0.

Then, from the application of Eqs. (6.66) to (6.68), q̇(τ) and q(τ) can be obtained
as follows

q̇2 = −2
∫ q

Ā0
g(ξ)dξ (6.72)

q̇ = ±
√
−2

∫ q

Ā0
g(ξ)dξ (6.73)

τ = ± 1√
2

∫ q

Ā0

dη√
−
∫ η
Ā0
g(ξ)dξ

. (6.74)

where
g(q(τ)) = D1q(τ) +D2q

2(τ) +D3q
3(τ) (6.75)

The coefficients D1, D2 and D3, obtained by the Galerkin method, are expressed
in Table 6.3.

Coefficients
Model

NNL IGN

D1
π2e−1/he(e1/he(π2he2−2he+1)−2he)

(π2he2+1)2
π2

1+h2π2

D2 −2π
2e−1/he(3π2he2+e1/he(5π2he2+2))

4π4he4+5π2he2+1 −4 π2

1+h2π2

D3
3π4e−1/he(e1/he(9π4he4−16π2he3+10π2he2+1)−16π2he3)

8(π2he2+1)2(9π2he2+1)
3
8

π4

1+h2π2

Table 6.3: Coefficients D1, D2 and D3 for the NNL and the IGN models,
obtained by the Galerkin method.
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It is relevant to point out that the solution predicted by the classical nonlinear
model is recovered [164, 165] for he = 0, h = 0, as the influence of the micro-inertia
is neglected. That model is, however, unable to capture the size effects.

The continuum models are also able to capture the transient from linear to non-
linear behavior of the solid as the amplitude of the oscillation increases. When the
initial amplitude is small (Ā0 = 0.01), the continuum models recover the harmonic
trajectory of the particles, see Figs. 6.10 and 6.12. However, at higher amplitudes
(Ā0 = 0.1, Ā0 = 0.2) the oscillations become nonlinear with shorter semiperiod
and smaller amplitude in tension, in full accordance with the results of the discrete
model.

So far, the comparison between discrete and continuum models has been strictly
qualitative. The trends predicted by both models are all consistent, but a quan-
titative validation is still required. To that aim, the relation between amplitude
and frequency has been further developed, as it was done with the discrete model.
The non-dimensional angular frequency has been determined with the aid of Eq.
(6.68), where the period T has been calculated as twice the difference between the
times corresponding to two consecutive extrema of the function q

T = 1
ω0

2|τq,min − τq,max| (6.76)

thus leading to
ω̄ = π

|τq,min − τq,max|
(6.77)

The main outcomes of the quantitative comparative analysis are discussed below.
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6.5.4 Quantitative comparison. Accuracy of the general-
ized continuum models

The results of the discrete model highlighted the nonlinear and scale effects present
in the axil vibratory behavior of the 1D media. The first is triggered by increasing
values in the first derivative of the displacements, which are proportional to Ā0,
while the second is related to changes in the microstructural ratio d

L
.

On the other side, the nonlinear generalized continuum models presented herein
are able to capture both effects. The trends observed with the discrete model in the
angular frequencies ω̄, as well as the features related with the distinctive behavior
in tension and compression, are properly captured by the continuum models.

Fig. 6.13 shows the dimensionless angular frequency ω̄ for different values of the
initial amplitude Ā0. The length scale parameters he, h were suitably adjusted to

1√
12

d
L

. The curves are replicated in each of these sub-figures in order to compare
them with the results of the discrete model for N = {20, 15, 8, 4} particles, corre-
sponding to d

L
= { 1

20 ,
1
15 ,

1
8 ,

1
4}. Fig. 6.14 shows the predictions of NNL model for

the dimensionless angular frequency ω̄. Note that Eringen model predictions are
not shown in subfigures (c) and (d) because they are out of the scale.

The curve corresponding to h = 0, which represents the classical case, is obviously
the same for all sub-figures. As shown in Fig. 6.13(a), the results obtained with
the classical nonlinear model are close to those of the discrete model if the number
of particles is large, i. e. d � L. In such a case, the wave number is small
compared to the limit of first Brillouin zone, and the hypotheses of the classical
continuum are still valid.

On the contrary, as L and d become comparable in a discrete media with a lower d
L

ratio, the oscillation frequencies predicted by the classical continuum differ signif-
icantly from those predicted by the discrete model. Since the classical continuum
is independent of the ratio d

L
, it is unable to properly capture size effects.

It is seen that the predictions of the IGN continuum model are much more accurate
than the classical model ones. In addition, calibration of micro-inertia parameter
was not needed, but the value of h was naturally determined by a non-standard
analysis of the discrete model formulation.
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The comparison shows that the proposed IGN model provides a continuum tool for
the study of nonlinear 1D structured solids. This generalized continuum model is
able to predict scale effects that occur in microstructured solids and nanostructures
undergoing finite deformations.
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6.6 Remarks

From the previous results and their discussion, the following remarks are summa-
rized:

• Both the NNL and the IGN continuum models lead to different governing
equations for a structured rod which contains one microstructure parameter.

• The non-standard continualization of the discrete model leads to the same
equation of motion as the IGN model. In this case, the scale parameter is
directly related to the microstructure characteristics.

• The classical continuum model for large deformations reproduce adequately
the nonlinear effects but it is unable to capture the scale effects.

• For validation purposes, the behavior of the lattice model is taken as refer-
ence. The predictions of the generalized continuum IGN model match the
behavior observed in the discrete one for a value of h = d√

12L . On the con-
trary, nonlinear nonlocal model predictions are not so close to discrete model
results.

• Therefore, the IGN continuum model adequately captures nonlinear and
scale effects.



7 Generalized continuum models for
nonlinear transverse vibrations of the

1D structured solid

In this chapter, the coupled axial-transverse oscillations of the 1D lattice formu-
lated in chapter 5 (full model) are calculated considering the hypotheses of small
displacements and moderate rotations. These hypotheses may lead to the so-called
von Kármán beam in the classical continuous models. Several works considered
this simplification of the full nonlinear coupled axial and bending motion as a
first approximation. Among others, the paper of J. G. Eisley [169] gives a full
insight into the classical continuum model that results from making von Kármán
geometric nonlinearity assumptions.

The discrete counterpart of the von Kármán bending model was also studied in
previous works, e.g. the paper by K. Manktelow et al. [170]. Nevertheless, these
two papers considered an additional hypotheses of constant axial force along the
beam/chain to avoid solving the complete coupled problem in vertical and hori-
zontal displacements.

Here we formulate the complete dynamic problem of the 1D lattice model oscil-
lating under small displacements and moderate rotations, as well as its standard
and non-standard continualization. Then, we also derive the problem equations
of a continuous Euler-Bernoulli beam under moderate rotations following the ax-
iomatic classical and generalized continuum models formulated in chapter 4.

101
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7.1 Axiomatic continuum models

The problem of the nonlinear axial-transverse coupled vibrations in a uniform
finite beam of length L, cross-sectional area Ω, inertia I and density ρ0 is now
addressed with the aforementioned classical and generalized continuum models for
microstructured solids.

7.1.1 Kinematic assumptions of the von Kármán beam

Firstly, the kinematic hypotheses and relations are derived. Then, the different
continuum hyperelastic models are used to obtain the governing equation of mo-
tion.

Let us call (X, Y, Z) to the Lagrangian coordinates of the material point vector X,
(x, y, z) to the Eulerian coordinates of the position vector x(t), (x0, y0, z0) to the
components of medium line position vector x0(t), and (u, v, w) to the components
of displacement u(x(t), t) = x(t)−X.

According to the Euler-Bernoulli beam theory, perpendicular planes to the medium
line of the undeformed beam remain plane and perpendicular in the deformed
shape. Therefore, the position of any point x can be related to the position of the
medium line points x0

x(X, Y, t) = x0(X, t)− Y sinϕ(X, t) (7.1)

y(X, Y, t) = y0(X, t) + Y cosϕ(X, t) (7.2)

z(X, Y, t) = 0 (7.3)

where ϕ(X, t) is the rotation of the considered section X at time t.

The rotation ϕ(X, t) is related to the slope of the neutral axis as

tanϕ(X, t) = ∂y0

∂x0
= ∂y0

∂X

∂X

∂x0
= ∂y0

∂X

(
1 + ∂u0

∂X

)−1

= ∂v0

∂X

(
1 + ∂u0

∂X

)−1

(7.4)



Chapter 7. Continuum models for nonlinear transverse vibrations 103

As small displacements are considered (|u| � 1), subsequent approximations are
commonly applied

cosϕ(X, t) ≈ 1

tanϕ(X, t) ≈ sinϕ(X, t) ≈ ϕ(X, t)
(7.5)

Small strain in the horizontal direction ∂u0
∂X
� 1 is also considered

(
1 + ∂u0

∂X

)−1

≈ 1 (7.6)

thus leading to the following displacement field in the beam

u(X, Y, t) = u0(X, t)− Y ∂v0

∂X
(7.7)

v(X, Y, t) = v0(X, t) (7.8)

w(X, Y, t) = w0(X, t) = 0 (7.9)

The general expression for the component (1, 1) of the Green-Lagrange strain
tensor is

εGLXX(X, t) = ∂u

∂X
+ 1

2

( ∂u
∂X

)2

+
(
∂v

∂X

)2

+
(
∂w

∂X

)2
 (7.10)

The nonlinear strain-displacement relationship based on assumptions of finite
transverse displacements is then given by

εGLXX(X, t) = ∂u

∂X
+ 1

2

(
∂u

∂X

)2

+ 1
2

(
∂v

∂X

)2

' ∂u0

∂X
+ 1

2

(
∂v0

∂X

)2

− Y ∂
2v0

∂X2 (7.11)

where
(
∂u
∂X

)2
has been neglected

((
∂u
∂X

)2
� ∂u

∂X
and

(
∂u
∂X

)2
�
(
∂v
∂X

)2
)

.
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7.1.2 Nonlinear St. Venant-Kirchhoff model

According to the Euler-Bernoulli theory of bending of straight beams, the normal
stress in longitudinal direction P̃XX(X, t) is given by

P̃XX(X, t) = FXX(X, t)S̃XX(X, t) =
(

1 + ∂u

∂X

)
EεGLXX(X, t) (7.12)

where E is the Young modulus of the considered material, PXX(X, t), FXX and
S̃XX are the (1, 1) components of the first Piola-Kirchhoff stress tensor, the defor-
mation gradient and the second Piola-Kirchhoff stress tensor respectively.

The stress resultants Ñ(X, t) and M̃(X, t) are defined as follows

Ñ(X, t) =
∫

Ω
P̃XX(X, t)dΩ =

EΩ
∂u0

∂X
+ 1

2

(
∂v0

∂X

)2

+
(
∂u0

∂X

)2

+ 1
2
∂u0

∂X

(
∂v0

∂X

)2
− EI (∂2v0

∂X2

)2 (7.13)

M̃(X, t) = −
∫

Ω
Y P̃XX(X, t)dΩ = EI

∂2v0

∂X2

1 + 2∂u0

∂X
+ 1

2

(
∂v0

∂X

)2
 (7.14)

where Ñ(X, t) is the normal force, M̃(X, t) is the bending moment, Ω is the area
of the cross-section and IZZ ≡ I is the moment of inertia of the cross-section with
respect to the Z axis. These are the rigorously developed stress resultants in finite
deformations.

According to the von Kármán geometrically nonlinear beam theory, it is addition-
ally assumed that longitudinal strains are small (∂u0

∂X
� 1) meanwhile rotations are

moderate (∂u0
∂X

and
(
∂v0
∂X

)2
of the same order), thus leading to von Kármán beam

stress resultants [30]

Ñ(X, t) = EΩ
∂u0

∂X
+ 1

2

(
∂v0

∂X

)2
 (7.15)

M̃(X, t) = EI
∂2v0

∂X2 (7.16)
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From now on spatial and material time derivatives will be expressed by (•)′ and
˙(•) respectively.

Applying momentum balance to a differential slice and neglecting rotary inertia,
the governing equations of motion are obtained in terms of stress resultants

Ñ ′ + fu = ρ0Ωü0 (7.17)

− M̃ ′′ +
[
Ñv′0

]′
+ fv = ρ0Ωv̈0 (7.18)

where fu and fv are, respectively, the horizontal and vertical components of the
external force per unit length.

The nonlinear governing equations of free vibrations (fu = fv = 0) in terms of the
displacements can be obtained by substituting Eqs. (7.15) and (7.16) into Eqs.
(7.17) and (7.18) as follows

EΩ
[
u′0 + 1

2 (v′0)2
]′

= ρ0Ωü0 (7.19)

− EIv′′′′0 + EΩ
(
u′′0v

′
0 + u′0v

′′
0 + 3

2v
′′
0v
′2
0

)
= ρ0Ωv̈0 (7.20)

In addition to the governing equation, the initial condition and three boundary
conditions at each end of the beam (X = 0 and X = L) are needed. The boundary
conditions may be constrained movement or free movement along the three degrees
of freedom in the problem: horizontal movement, vertical movement and rotation.

u = 0 or Ñ = 0 (7.21)

v = 0 or − M̃ ′ + Ñv′ = 0 (7.22)

v′ = 0 or M̃ = 0 (7.23)

It is important to remark that, in the followed procedure, the constitutive equa-
tion of an hyperelastic material has been strictly applied to energy conjugate
Green-Lagrange strain and second Piola-Kirchhoff stress tensors. Then, a series of
simplifications led to the governing equations of motion (7.19) and (7.20). These
equations were directly achieved by other authors without following a meticulous
derivation and without clearly stating the required additional simplifications.
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7.1.3 Inertia gradient models

All the generalized continuum models presented in the overview (chapter 3) are
available to represent the behavior of a microstructured nonlinear beam. In this
section, we derive the equation of motion only following the postulated IGN and
IGN1 models. Subsequently, both problem formulations are compared between
them and with the non-standard continualization of the discrete model. An inter-
esting discussion arises from the comparison in section 7.3.

7.1.3.1 Inertia gradient nonlinear models

According to Eqs. (6.2) and (7.11), the strain energy density of a slice of the
presented beam reads

WΩ =
∫

Ω

1
2E

(
εGL

)2
dΩ =

∫
Ω

1
2E

(
u′0 + 1

2v
′2
0 − Y v′′0

)2
dΩ (7.24)

From Eqs. (4.26), and (7.7) to (7.9), the kinetic energy density of a slice is

T =
∫

Ω

1
2ρ0

[(
u̇2

0 + v̇2
0

)
− 2Y u̇0v̇

′
0 + d1

2

3

(
k1

2 + k2
2

2

)
u̇′20 +

(
Y 2 + 2d1

2

3

)
v̇′20

− 2Y d1
2

3

(
k1

2 + k2
2

2

)
u̇′0v̇

′′
0 + Y 2d1

2

3

(
k1

2 + k2
2

2

)
v̇′′20

]
dΩ

(7.25)

where d1, k1 and k2 are the three different coefficients from the scale parameters
tensor l2pkmn. Additionally, let us use the relation stated in Eq. (6.26) to reduce the
number of parameters, k2 = d1

2

3

(
k1

2 + k2
2

2

)
. We obtain the following expressions

WΩ = EΩ
2

(
u′20 + v′40

4 + u′0v
′2
0

)
+ EI

2 v′′20 (7.26)

TΩ = 1
2Ωρ0

[(
u̇2

0 + v̇2
0 + I

Ω v̇
′2
0

)
+ k2u̇′20 + 2

3d1
2v̇′20 + 2 IΩk

2v̇′′20

]
(7.27)

As in the continuum classical derivation, the moment of inertia of the cross section
is much smaller than the area I

ΩL2 � 1. The rotary inertia of the beam may then
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be disregarded, leading to

TΩ = 1
2Ωρ0

[(
u̇2

0 + v̇2
0

)
+ k2u̇′20 + 2d1

2

3 v̇′20

]
(7.28)

The total kinetic and strain energies of the beam are obtained by integration along
its axis

W =
∫
L
WΩdX T =

∫
L
TΩdX (7.29)

In absence of external loads, the Lagrangian reads

L = W − L (7.30)

Applying the Hamilton’s principle and the fundamental lemma of variational cal-
culus, the following expression in terms of the Lagrangian is reached

−
(
∂L

∂u′0

)′
− ∂

∂t

(
∂L

∂u̇0

)
+ ∂

∂t

(
∂L

∂u̇0
′

)′
−
(
∂L

∂v′0

)′
+
(
∂L

∂v′′0

)′′
− ∂

∂t

(
∂L

∂v̇0

)
+ ∂

∂t

(
∂L

∂v̇0
′

)′
= 0

(7.31)

Three boundary conditions (at X = 0 and X = L) must be satisfied [162]

u = 0 or ∂L

∂u′
− ∂

∂t

(
∂L

∂u̇′

)
= 0 (7.32)

v = 0 or ∂L

∂v′
− ∂

∂t

(
∂L

∂v̇′

)
= 0 (7.33)

v′ = 0 or ∂2L

∂v′′2
= 0 (7.34)

The governing equation is then expressed by

ΩEu′′0 + ΩEv′0v′′0 = Ωρ0ü0 − Ωρ0k
2ü′′0 (7.35)

− IEv′′′′0 + ΩE
(
u′′0v

′
0 + u′0v

′′
0 + 3

2v
′2
0 v
′′
0

)
= Ωρ0

(
v̈0 −

2
3d1

2v̈′′0

)
(7.36)
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and the boundary conditions are

u = 0 or Ωρ0k
2ü′0 + ΩE

(
u′0 + v′20

2

)
= 0 (7.37)

v = 0 or Ωρ0
2
3d1

2v̈′0 + ΩE
(
u′0v

′
0 + v′30

2

)
− EIv′′′ = 0 (7.38)

v′ = 0 or EIv′′0 = 0 (7.39)

The IGN applied herein contains a fourth order scale parameters tensor, l2pkmn,
see Eq. (3.14), whose values may be expressed by Eq. (3.17). This formulation,
which has three independent microstructural parameters, led to the governing
Eqs. (7.35) and (7.36) for a 1D element oscillations, in which 2 independent
micro-inertia parameters are involved, k and d1.

7.1.3.2 Inertia gradient model with one microstructure parameter

The special case of IGN1 deserves some attention. It is recalled that, from
Mindlin’s strain gradient theory in 1965 [25], the kinetic energy may be postu-
lated with only one parameter accounting for the microstructure. This simplifi-
cation leads to the Form I, II or III of the original theory in the linear case, Eq.
(3.23), see [128].

In the axial oscillation problem, there is only one degree of freedom. Therefore,
there is no difference whether the problem is formulated with the complete IGN
model or with the simplified IGN1 one. On the contrary, using this simplified
model may lead to a different equation in this problem.

Recalling the simplified kinetic energy density formulation,

T (X, t) = 1
2ρ0

[
∂u(X, t)

∂t

∂u(X, t)
∂t

+ k2∂ (∇u(X, t))
∂t

: ∂ (∇u(X, t))
∂t

]
. (7.40)

Applying the kinematic relations from Eqs. (7.7) to (7.8), the kinetic energy
density of a slice is

TΩ =
∫

Ω

1
2ρ0

[(
u̇2 + v̇2

)
+ k2

(
u̇′2 + ∂u̇

∂Y

2
+ v̇′2

)]
dΩ (7.41)
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TΩ = 1
2Ωρ0

[(
u̇2

0 + I

Ω v̇
′2
0 + v̇2

0

)
+ k2

(
u̇′20 + I

Ω v̇
′′2
0 + v̇′20 + v̇′20

)]
(7.42)

The rotary inertia of the beam shall be disregarded again,

TΩ = 1
2Ωρ0

[(
u̇2

0 + v̇2
0

)
+ k2

(
u̇′20 + 2v̇′20

)]
. (7.43)

The last equation is identical to (7.28) if
(
k1

2 + k2
2

2

)
= 1, that is, if d1

2

3 = k2.

Applying the Hamilton’s principle to this formulation, the following governing
equation is obtained

ΩE (u′′0 + v′0v
′′
0) = Ωρ0

(
ü0 − k2ü′′0

)
(7.44)

− IEv′′′′0 + ΩE
(
u′′0v

′
0 + u′0v

′′
0 + 3

2v
′2
0 v
′′
0

)
= Ωρ0

(
v̈0 − 2k2v̈′′0

)
(7.45)

and the boundary conditions are

u = 0 or Ωρ0k
2ü′0 + ΩE

(
u′0 + v′20

2

)
= 0 (7.46)

v = 0 or Ωρ02k2v̈′0 + ΩE
(
u′0v

′
0 + v′30

2

)
− EIv′′′ = 0 (7.47)

v′ = 0 or EIv′′0 = 0 (7.48)

The importance of this simplified formulation will be discussed in section 7.5, after
comparing the results of the discrete chain with those derived from continuum
models.
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7.2 Continuous formulation from continualiza-
tion techniques

There are different procedures to get a continuous equation from the discrete model
formulated above. Here we apply the two continualization procedures that were
used also in the axial oscillations problem, both the Taylor series and the shift
operators method.

7.2.1 Taylor series approach

Following the method presented in section 3.3.1, the axial displacement is contin-
ualized using a Taylor series expansion of the displacements of particles (n+ 1)
and (n− 1) as a function of the displacement of nth particle and its derivatives

un±1 = un ±
u′nd

1 + u′′nd
2

2! ±
u′′′n d

3

3! + ... (7.49)

The same power series expansion is performed for vertical displacement v, lon-
gitudinal force N and moment M . Taylor expansion is truncated at third order
and introduced in Eqs. (5.33) and (5.35). The continualization of Eq. (5.33) is
straightforward. The other equation is continualized as follows

NnΘn −Nn−1Θn−1 −
(
Mn+1 − 2Mn +Mn−1

d

)
+ Fvn = mv̈ (7.50)



Chapter 7. Continuum models for nonlinear transverse vibrations 111

Developing the first two terms of the equation

NnΘn −Nn−1Θn−1 = Nn
vn+1 − vn

d
−Nn−1

vn − vn−1

d
=

Nn (2vn+1 − 2vn)−Nn−1 (2vn − 2vn−1)
2d =

Nn (2vn+1 − 2vn + vn−1 − vn−1)−Nn−1 (2vn − 2vn−1 + vn+1 − vn+1)
2d =

Nn (vn+1 − vn−1 + vn+1 − 2vn + vn−1)−Nn−1 (vn+1 − vn−1 − vn+1 + 2vn − vn−1)
2d =

(Nn −Nn−1) (vn+1 − vn−1) + (Nn +Nn−1) (vn+1 − 2vn + vn−1)
2d =

d
[(
Nn −Nn−1

d

)(
vn+1 − vn−1

2d

)
+
(
Nn +Nn−1

2

)(
vn+1 − 2vn + vn−1

d2

)]
(7.51)

we reach an expression whose continualization is feasible.

Introducing Taylor series expansion in the last equation,

NnΘn −Nn−1Θn−1 = d [N ′v′ +Nv′′] = d [Nv′]′ (7.52)

and we get the following continuous equations

N ′ + fu = m

d
ü (7.53)

[Nv′]′ −M ′′ + fv = m

d
v̈ (7.54)

where fu and fv are horizontal and vertical components of external force per unit
length.

fu(X(n)) = Fui
d

(7.55)

fv(X(n)) = Fvi
d

(7.56)

Continualizing Eqs. (5.36) and (5.37), longitudinal force and couple (N , M) are
related to displacements by

N = Gd
(
u′ + 1

2 (v′)2
)

(7.57)

M = Cd (v′′) (7.58)
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Then, in absence of external forces, the governing equations are expressed by

Gd2u′′ +Gd2v′v′′ = mü (7.59)

− Cd2v′′′′ +Gd2v′u′′ +Gd2u′v′′ + 3
2Gd

2v′2v′′ = mv̈ (7.60)

The boundary conditions are, for axial displacements

u = 0 or Gdu′ +Gd
v′2

2 = 0 (7.61)

and, for transverse displacements

v = 0 or − Cdv′′′ +Gdu′v′ +Gd
v′3

2 = 0 (7.62)

v′ = 0 or Cdv′′ = 0 (7.63)
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7.2.2 Shift operators approach

For this model, the Lagrangian of the complete lattice is expressed by

LD = TD −WD =

LD =
∑
n

1
2m

(
u̇2
n + v̇2

n

)
−
∑
n

1
2C

(
vn+1 − 2vn + vn−1

d

)2

−
∑
n

1
2G

(
un+1 − un + 1

2
(vn+1 − vn)2

d

)2

.

(7.64)

where WD and TD are the total strain and kinetic energy in the lattice.

From the previously developed mathematical approach with shift operators, we
recall the following applicable relations between the continuous and the discrete
definitions of a generic discrete variable ζn

ζn+1 = ed∂xζn (7.65)

where
ed∂x = 1 + d ∂x + d2

2 ∂2
x +O(d3). (7.66)

Defining the continuous variable ζ as

∂ζ

∂x
= ζn+1 − ζn

d
, (7.67)

the following relations are encountered

ζn = Qζ =
(

1− d

2 ∂x + d2

12 ∂2
x +O(d3)

)
ζ (7.68)

Remember that Q = d∂x
ed∂x−1 . Then,

ζn+1 − 2ζn + ζn−1

d2 = ed∂x − 2 + e−d∂x

d2 ζn = 2
d2 (cosh (d∂x)− 1) ζn (7.69)

ζn+1 − 2ζn + ζn−1

d2 = 2
d2 (cosh (d∂x)− 1) d∂x

ed∂x − 1ζ =
(
∂2
x +O(d3)

)
ζ (7.70)
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7.2.2.1 Potential energy

The potential energy in the discrete chain is stated as

WD =
∑
n

1
2C

(
vn+1 − 2vn + vn−1

d

)2
+
∑
n

1
2G

(
un+1 − un + 1

2
(vn+1 − vn)2

d

)2

(7.71)

Applying relations (7.67) and (7.69),

∑
n

1
2C

(
vn+1 − 2vn + vn−1

d

)2
=
∑
n

1
2Cv

′′2d2 (7.72)

∑
n

1
2G

(
un+1 − un + 1

2
(vn+1 − vn)2

d

)2

=
∑
n

1
2G

(
u′d+ 1

2v
′2d
)2

(7.73)

Therefore, the potential elastic energy is continualized as

W =
∫
L

(
1
2
C

d
v′′2d2 + 1

2
G

d

(
u′d+ 1

2v
′2d
)2)

dx =∫
L

1
2

(
Cd v′′2 +Gd

(
u′2 + 1

4v
′4 + u′v′2

))
dx

(7.74)

7.2.2.2 Kinetic energy

The kinetic energy is continualized by making use of relation (7.68).

TD =
∑
n

1
2m

(
u̇2
n + v̇2

n

)
(7.75)

Taking advantage of the pseudo-operator Q, the square of the velocities can be
transformed into a continuous variable description

(u̇n)2 = (Qu̇,Qu̇) = u̇2 + d2

12 u̇
′2 +O(d4) (7.76)

(v̇n)2 = v̇2 + d2

12 v̇
′2 +O(d4) (7.77)

Therefore,

T =
∑
n

1
2m

(
u̇2 + v̇2 + d2

12
(
u̇′2 + v̇′2

))
(7.78)
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The kinetic energy is eventually continualized as

T =
∫
L

m

2d

(
u̇2 + v̇2 + d2

12
(
u̇′2 + v̇′2

))
dx (7.79)

7.2.2.3 Governing equation

Applying the Hamilton’s principle, the following expression in terms of the La-
grangian is reached [162]

−
(
∂L

∂u′

)′
− ∂

∂t

(
∂L

∂u̇

)
+ ∂

∂t

(
∂L

∂u̇′

)′
−
(
∂L

∂v′

)′
+
(
∂L

∂v′′

)′′
− ∂

∂t

(
∂L

∂v̇

)
+ ∂

∂t

(
∂L

∂v̇′

)′
= 0

(7.80)
and three boundary conditions (at X = 0 and X = L) must be satisfied

u = 0 or ∂L

∂u′
− ∂

∂t

(
∂L

∂u̇′

)
= 0 (7.81)

v = 0 or ∂L

∂v′
− ∂

∂t

(
∂L

∂v̇′

)
= 0 (7.82)

v′ = 0 or ∂2L

∂v′′2
= 0 (7.83)

The governing equations in terms of the displacements are expressed by

Gd2u′′ +Gd2v′v′′ = mü− d2

12mü
′′ (7.84)

− Cd2v′′′′ +Gd2v′u′′ +Gd2u′v′′ + 3
2Gd

2v′2v′′ = mv̈ − d2

12mv̈
′′ (7.85)

and the boundary conditions are

u = 0 or Gdu′ +Gd
v′2

2 + d

12mü
′ = 0 (7.86)

v = 0 or − Cdv′′′ +Gdu′v′ +Gd
v′3

2 + d

12mv̈
′ = 0 (7.87)

v′ = 0 or Cdv′′ = 0 (7.88)

Following the method based on shift-operators that was presented in section 3.3.2,
a continuum equation that withholds the discrete effects was reached.
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7.3 Comparison between models and brief dis-
cussion

With the main objective of finding continuous equations for structured solids,
we formulated the nonlinear axial-transverse coupled vibrations problem following
several approaches.

We used models that are based on two different axioms: matter as a discrete system
or matter as a continuum. Then, we achieved six formulations by addressing the
problem with three particular strategies:

1. Using the axiomatic discrete model.

2. Formulating the problem using axiomatic continuum models.

(a) With the classical continuum theory.

(b) With the postulated inertia gradient nonlinear model (IGN).

(c) With the postulated one parameter inertia gradient nonlinear model
(IGN1).

3. Continualizing the discrete model formulation.

(a) With a Taylor series approach.

(b) With pseudo-differential operators.

Table (7.1) summarizes all the formulations and their characteristics.



Chapter 7. Continuum models for nonlinear transverse vibrations 117

M
od

el
A

pp
ro

ac
h

G
ov

er
ni

ng
Eq

.
Sc

al
e

N
am

e
eq

ua
tio

n
eff

ec
ts

?

R
ef

er
en

ce

D
isc

re
te

G
( u

n
+

1
−

2u
n

+
u
n
−

1
+

1 2

( v n+
1
−
v
n

d

) 2 d
−

1 2

( v n−
v
n
−

1
d

) 2 d
) =

m
ü
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We ended up with a system of second order ODEs for the discrete formulation, and
5 different continuous formulations. These continuous formulations are expressed
by a couple of nonlinear PDEs.

Let us compare these 5 continuous formulations. First, it is seen that Eqs. (7.59)
and (7.60) from Taylor continualization are formally equivalent to those obtained
with the axiomatic nonlinear St. Venant-Kirchhoff continuous model, Eqs. (7.19)
and (7.20). In particular, they match term by term if the continuous and discrete
material properties are related adequately

C = EI

d
; G = C

r2 (7.89)

where r = I
Ω is the radius of gyration of the section. Compatible values of the

continuum model constants E and ρ0 with the last relation are

E = G

d
; ρ0 = m

d3 (7.90)

These relations enable to establish the conditions to compare continuum models
with an equivalent discrete one, taken as reference.

Now we compare the IGN with the non-standard continualization and IGN1 for-
mulations. By using the last two relations, the equations of the IGN model
(7.35,7.36) will completely match the equations of the non-standard continual-
ization (7.84,7.85) if and only if microstructure parameters are set in a proper
way

k2 = d1
2

3

(
k1

2 + k2
2

2

)
= d2

12 and 2d1
2

3 = d2

12 . (7.91)

The value obtained for k2 is consistent with the previous reasoning in the nonlinear
axial problem.

On the other hand, we also obtained, following the IGN1 model, the governing
Eqs. (7.44) and (7.45) in which a single microstructure parameter k is considered
(instead of a fourth order tensor of scale parameters). It can be seen that IGN1
formulation is the special case of IGN in which

d1
2

3 = k2 (7.92)

Therefore, IGN1 governing equations will not match the non-standard continual-
ized discrete for any value of microstructure parameter k2. It is inferred that the
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non-standard continualization is incompatible with the IGN1 generalized contin-
uum model.

In addition, the classic continuum model is recovered if the microstructure is disre-
garded. When the microstructural length d is much smaller than the total length
of the solid L, the microstructure parameters k, d1 tend to zero, leading to the
classical nonlinear model equations.

Moreover, the linear generalized continuum formulation can be also recovered. By
considering small displacements and rotations, v′0 � 1 and v′′0 � 1, nonlinear
terms become much smaller than the others and may be neglected. The Eqs.
(7.36) and (7.20) get transformed into the linear nonlocal [123] and linear local
governing equations respectively.

In order to identify the minimum number of parameters that influence the non-
linear bending behavior, the different continuum models formulated above are
expressed in a non-dimensional form by making use of the following variables

ū = u0

L
; v̄ =v0

L
; s = X

L
; τ = tω1; ω1 = 1

γL

√
E

ρ0
;

γ = L

r
; r =

√
I

Ω; h = k

L
; h2 =

√
2
3
d1

L
;

(7.93)

where r is the cross-section’s radius of gyration and ω1 is the characteristic angular
frequency of the linear bending problem. Table 7.2 shows a resume of the governing
equations for the different models and hypotheses.

Summarizing the comparison of IGN model to the other continuous formulation
in non-dimensional terms:

• h2 = h2
2 = d2

12L2 ⇒ IGN matches Non-standard continualization

• 2h2 = h2
2 ⇒ IGN matches IGN1

• h2 = h2
2 = 0 ⇒ IGN matches Classical nonlinear SVK

Now, let us compare the dispersion relation of an infinite discrete chain oscillating
under pure bending (linear regime) with the dispersion in an infinite beam formu-
lated with the linearized IGN theory. For the discrete chain, the dispersion was
stated in Eq. (5.46)

ω2 = 16c0
2r2

d4 sin4
(
κd

2

)
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Non-dimensional Governing Equations

Axial direction Transverse direction

C γ2ū′′ = ¨̄u −v̄′′′′ = ¨̄v

L-IGN γ2ū′′ = ¨̄u− h2 ¨̄u′′ −v̄′′′′ = ¨̄v − h2
2 ¨̄v′′

SVK γ2 (ū′′ + v̄′v̄′′) = ¨̄u −v̄′′′′ + γ2
(
v̄′ū′′ + ū′v̄′′ + 3

2 v̄
′2v̄′′

)
= ¨̄v

IGN γ2 (ū′′ + v̄′v̄′′) = ¨̄u− h2 ¨̄u′′ −v̄′′′′ + γ2
(
v̄′ū′′ + ū′v̄′′ + 3

2 v̄
′2v̄′′

)
= ¨̄v − h2

2 ¨̄v′′

IGN1 γ2 (ū′′ + v̄′v̄′′) = ¨̄u− h2 ¨̄u′′ −v̄′′′′ + γ2
(
v̄′ū′′ + ū′v̄′′ + 3

2 v̄
′2v̄′′

)
= ¨̄v − 2h2 ¨̄v′′

Table 7.2: Governing equations for different hypotheses and formulations.
C≡classical, L≡linearized.

The dispersion relation of the linearized IGN beam, obtained by imposing a wave
solution, reads

ω2 = c2
0r

2 κ4

1 + 2
3d1

2κ2 (7.94)

We develop the Maclaurin series expansion of both dispersion equations and, mak-
ing the first two terms coincide, we get the following value for the scale parameter,
h2

2 = d2

6L2 . Interestingly, this value of h2
2 is incompatible with the non-standard

continualization, but matches with the IGN1 model, since the optimum value of
h2 is h2 = d2

12L2 , see Chapter 6.

It is worth to highlight that the dispersion relation in an infinite beam formulated
with the original Eringen nonlocal elasticity theory is exactly the same

ω2 = c2
0r

2 κ4

1 + ke
2κ2 (7.95)

and its adjustment to the discrete chain dispersion leads to the same value of
the microstructure parameter he2 = ke

2

L2 = d2

6L2 . Note that the coefficient of the
term that accounts for size effects is higher in the transverse motion than in the
longitudinal one, and that this adjustment conflicts with the calibration of the
nonlocal rod dispersion, in which ke

2 = d2

12 .

This duality in the calibration of the Eringen nonlocal parameter k2
e has been

broach by the scientific community prior to this work. The works of Challamel



Chapter 7. Continuum models for nonlinear transverse vibrations 121

et al. [123, 166, 167] show an explain this duality from the point of view of
different problems. In particular, a specific algorithm is presented in [171] to
obtain the optimal value for k2

e in an uncoupled axial-bending problem. However,
that algorithm requires to know, a priori, the ratio between axial and bending
deformation.

The dependence of the microstructure parameter value with the character of the
addressed problem is unnatural and leads to additional complications in the res-
olution process. On the contrary, in the simplified Mindlin model (IGN1) the
optimal value of the cale parameter is the same for both problems. The inability
of the continualization based on the shift operators method to achieve this differ-
entiation between the longitudinal and transverse effects of discreteness may not
condition the good performance of the IGN1 model.

An eventual possibility is considering the one parameter IGN1 model and ignor-
ing the non-standard continualization with shift operators. In this case, and in
complete concordance with the longitudinal oscillations behavior, the value of k2

should be suitably adjusted to d2

12 . These considerations lead naturally to an ad-
justment of the microstructural inertia coefficient linked to axial motion as d2

12 , and
d2

6 for the bending behavior (transverse micro-inertia).

In addition, there could be better or more complete continualization methods that
lead to the proper dispersion relation in the bending behavior. There could be
also other discrete models that continualize into the proper values of axial and
transverse microstructure parameters. This point deserves further research.

Following the discussion herein, the microstructure parameters of the general IGN
theory should be adjusted to match the non-standard continualization of the dis-
crete model, h2 = h = k

L
= d√

12L , which is also consistent with the value of k
found for the axial problem. The one parameter IGN1 theory will consequently
lead to different results.
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7.3.1 Additional hypotheses leading to uncoupled equa-
tions

It is seen that the equations of motion for the nonlinear case are coupled in dis-
placements ū and v̄. In order to get uncoupled governing equations, additional
assumptions could be taken into account. It is commonly assumed that the ac-
celeration in the longitudinal direction is negligible compared to the acceleration
in the transverse direction [172]. Then, two different additional hypotheses can
be applied: to neglect horizontal displacement ū = 0, or to assume constant axial
force along the beam N̄ ′ = 0. These hypotheses lead to the well-known formula-
tions of the nonlinear beam, see [170, 173] and [31] respectively.

Neglecting horizontal displacement, the following equations are obtained

ū = 0 (7.96)

N̄ = v̄′2

2 (7.97)

where the non-dimensional axial force is defined as N̄ = N
EΩ .

On the other hand, assuming constant axial force N̄ , and taking into account
fixed-end boundary conditions u(0, τ) = u(1, τ) = 0, the following expression for
the axial force is obtained

N̄ =
∫ 1

0

[
ū′ + 1

2 (v̄′)2
]
ds = 1

2

∫ 1

0
(v̄′)2

ds (7.98)

as acceleration at boundaries is also zero ¨̄u(0, τ) = ¨̄u(1, τ) = 0, see Eq.

Note that this hypothesis is a bit controversial in terms of displacements, be-
cause constant axial force would imply nil horizontal displacements. The physical
meaning behind this hypothesis is very small horizontal displacements compared
to vertical ones, and therefore negligible horizontal acceleration. But indeed some
small horizontal displacement (compared to the vertical) is needed to get constant
axial force N̄ .

Table 7.3 shows a resume of the governing equations using the classical and the
different additional hypotheses, whose suitability will be discussed in subsection
7.5.6.
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Non-dimensional Governing Equations

Model
Additional Axial Transverse

hypothesis direction direction

SVK ū = 0 ū = 0 −v̄′′′′ + 3
2γ

2v̄′2v̄′′ = ¨̄v

SVK N̄ ′ = 0 ¨̄u = 0 −v̄′′′′ + γ2

2

(∫ 1

0
v̄′2ds

)
v̄′′ = ¨̄v

IGN ū = 0 ū = 0 −v̄′′′′ + 3
2γ

2v̄′2v̄′′ = ¨̄v − h2
2 ¨̄v′′

IGN N̄ ′ = 0 ¨̄u = 0 −v̄′′′′ + γ2

2

(∫ 1

0
v̄′2ds

)
v̄′′ = ¨̄v − h2

2 ¨̄v′′

IGN1 ū = 0 ū = 0 −v̄′′′′ + 3
2γ

2v̄′2v̄′′ = ¨̄v − 2h2 ¨̄v′′

IGN1 N̄ ′ = 0 ¨̄u = 0 −v̄′′′′ + γ2

2

(∫ 1

0
v̄′2ds

)
v̄′′ = ¨̄v − 2h2 ¨̄v′′

Table 7.3: Governing equations for different hypotheses and formulations.

7.4 Solution of the continuous equations

The problem of a simply supported beam is going to be solved for validation
purposes. Its behavior is characterized by a system of two coupled nonlinear
PDEs. To obtain an accurate solution, the Galerkin method is used. The resulting
nonlinear system of ODEs is integrated with a fourth order explicit Runge-Kutta
method.

An approximate solution V̄ , Ū is assumed as

v̄(s, τ) ≈ V̄ (s, τ) =
p∑
i=1

Φi(s)qi(τ) (7.99)

ū(s, τ) ≈ Ū(s, τ) =
2p∑

i=p+1
Φi(s)qi(τ) (7.100)

where Φi(s) are the shape functions that must satisfy essential boundary conditions
and qi(τ) are the unknown time-dependent functions to be determined.
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Applying the Galerkin method, the system of two coupled nonlinear PDE’s is
reduced to a system of 2m nonlinear second order EDO’s

∫ 1

0
Φi

[
£v(Ū , V̄ )

]
ds = 0, i = 1, 2, ..., p∫ 1

0
Φi

[
£h(Ū , V̄ )

]
ds = 0, i = p+ 1, ..., 2p

(7.101)

where £v,£h are the differential operators associated to the selected nonlinear
governing equations of the beam. In the IGN continuum model formulation these
operators are

£v(ū, v̄) = −v̄′′′′ + γ2
(
v̄′ū′′ + ū′v̄′′ + 3

2 v̄
′2v̄′′

)
−¨̄v + h2

2 ¨̄v′′

£h(ū, v̄) = γ2 (ū′′ + v̄′v̄′′)− ¨̄u+ h2 ¨̄u′′
(7.102)

For the operators £v and £h corresponding to other continuum formulations,
please refer to Table 7.2. The resulting system of nonlinear ODE’s is solved by
making use of a numerical fourth order Runge-Kutta method.

To achieve a deeper understanding of the solutions we are seeking for, let us briefly
introduce here several concepts of nonlinear oscillations. The explanations herein
are applicable to both discrete and continuous systems.

Whenever a problem is governed by a linear equation, the principle of superposi-
tion holds. Therefore, every solution can be expressed as a combination of other
solutions. There are solutions of motion for which all parts of the system move
harmonically with the same frequency and with a fixed phase relation, that is,
solutions in separated variables. These spatial solutions are called normal modes.
Then, every motion can be expressed as the superposition of normal modes. One
interesting characteristic of normal modes is that free motion described by the
normal modes takes place at fixed frequencies, independent of the amplitude of
the motion, called natural frequencies. Then, in the frequency domain spectrum
of any free motion, only the natural frequencies have non nil amplitude.

On the contrary, the principle of superposition does not hold in systems governed
by non-linear equations. However, non-linear normal modes may exist, in which all
parts of the system move with the same frequency and with a fixed phase relation,
although the movement will be no longer sinusoidal and the frequency of motion
will depend on its amplitude. Shaw and Pierre [174] demonstrated the existence
of normal modes in nonlinear second-order continuous systems.
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Likewise, they formulated the normal modes problem, and reached a system of
two semi-linear, hyperbolic partial differential equations, which allow for solutions
to be obtained in the form of power series [174]. Therefore, the solution procedure
restricts to considering nonlinear effects up to some order in an asymptotic sense.
Orthogonality holds in nonlinear normal modes, meaning that any initial condition
which belongs to a normal mode will excite only that normal mode and no other
additional motion.

In the considered beam problem formulations, the nonlinear normal modes are not
known a priori, and there is no intention to obtain them. However, it is known that
nonlinear normal modes are almost identical to linear modes in the cuasi-linear
regime. Therefore, an initial deformation of the mth linear normal mode with finite
but small amplitude will excite not only the mth nonlinear normal mode, but also
slightly additional modes whose superposition can be asymptotically assumed as
linear. So, by imposing an initial deformation close to the the mth nonlinear
normal mode, we mainly excite the mth nonlinear normal mode. In addition, the
nonlinear normal mode shape can be decompose as a sum of linear normal modes
shapes.

After the numerical integration, a Fourier transform is performed over the time-
domain numerical solution, allowing to obtain the main oscillation frequency of
the considered normal mode.

We focus the attention in the vertical frequencies because we are dealing with a
bending problem and, as we will show, the displacements take place mainly in the
transverse direction for the initial conditions stated above.
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7.5 Results and Discussion

In this section, the performance features of the different continuum models are
contrasted by solving the same baseline problem and comparing the predictions
with the discrete model solutions.

Several results obtained from the discrete and the continuum models are presented
and discussed herein. The discussion is focused in investigating the influence of
the dimensionless parameters that control the response of the beam and 1D lattice
over the main characteristics of the oscillations. The dimensionless parameters
that play a role are:

• the amplitude of oscillations Ā0,

• the microstructure parameter(s) h, h2,

• the area-inertia ratio γ.

The main aspects investigated in the response are:

• the frequency shift due to the nonlinear behavior,

• the frequency shift due to the discreteness or patterned microstructure,

• the existence of band-gaps and cutoff frequencies.

The organization of contents in the section is the following: first, the discrete model
results are presented and discussed. Second, the same is done for the IGN and
IGN1 continuum models. In the third part, an exhaustive quantitative comparison
is performed to contrast the predictions from generalized continuum models and
discover their validity and limitations. The effects of the area-inertia ratio γ on
the dynamic response are subsequently studied. Finally, the applicability of the
additional hypothesis is investigated.
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7.5.1 Definition of a baseline problem

In the study of this problem, simply supported ends are considered as boundary
conditions. We intend to excite the nonlinear normal modes and compute their
main frequency of oscillation.

As initial condition, the rod is at rest and deformed following a sinusoidal shape,
which is compatible with the essential BCs. In the discrete system this means

τ=0ūn = Ā0 sin
(
mπ

n− 1
N − 1

)
; τ=0 ˙̄un = 0 (7.103)

where n is the number of the particle, n = 1, ..., N . The position of particles in
equilibrium is

X(n) = (n− 1) d (7.104)

To excite the nonlinear normal mode m, we use the initial condition of the m

linear normal mode.

Initial conditions in the continuum model are expressed by

ū(X, 0) = Ā0 sin
(
m
πX

L

)
; ˙̄u(X, 0) = 0 (7.105)

where Ā0 is a free parameter of the problem that will be used to modulate the
amplitude of deformations in the beam, Ā0 = A0

r
.

Since a simply supported beam is considered, essential and natural boundary con-
ditions are

ū(0, τ) = ū(1, τ) = v̄(0, τ) = v̄(1, τ) = 0 (7.106)

v̄′′(0, τ) = v̄′′(1, τ) = 0 (7.107)

Therefore, taking into account how the solution of the continuum models is ex-
pressed as a combination of shape functions in Eqs. (7.99) and (7.100)

v̄(s, τ) ≈ V̄ (s, τ) =
p∑
i=1

Φi(s)qi(τ); ū(s, τ) ≈ Ū(s, τ) =
2p∑

i=p+1
Φi(s)qi(τ)

(7.108)
and with the objective of meeting BCs, we choose a family of harmonic shape
functions Φi(s)

Φi(s) = sin (iπs) , i ⊂ N (7.109)
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infinite one, those whose associated shape function (wavenumber in the dispersion
diagram) meet the boundary conditions.

7.5.3 Predictions of the nonlinear generalized continuum
models

Oscillation frequencies of the classical and the inertia gradient continuum models
are shown in Figs. 7.6 to 7.10. Recall that the angular frequency is normalized
with the characteristic linear bending frequency ω1. From the solutions of the
continuum models, the following conclusions arise:

7.5.3.1 Nonlinear classical model

• If the characteristic length d of the microstructured solid is negligible when
compared to the beam characteristic length L (ratio d

L
� 1), the microstruc-

ture parameters h and h2 tend to zero. The classical nonlinear model is then
recovered. Fig. 7.6 shows the oscillation frequencies predicted by continuum
model vs. those observed in the simulations of the discrete model for a high
enough number of particles ( d

L
= 1

50). Notice that oscillation frequencies are
pretty similar even in the 4th mode of vibration. Recall that the effects of
microstructured nature arises for higher modes, as the wavelength becomes
comparable to microstructure length d.

• Normal frequencies of vibration are higher for increasing initial amplitude
Ā0. This is in complete agreement with discrete model results, see Fig. 7.6.

When amplitudes are small, nonlinear forces can be neglected. It is seen that
oscillation frequencies for small initial amplitudes are coincident with those
predicted by the linear model: ω̄ = nj

2π
2 , where nj is the excited vertical

mode.

As initial amplitudes are increased, it can be observed from the continuum
model that the normal oscillation frequencies tend to increase. As stated
above, the increase in frequency is due to the stiffening experimented by
the beam as the flexural deflection induces not only bending moments, but
significant axial forces too. Additionally, their vertical component over the
different beam sections rises as slopes are also increased. The combination of





Chapter 7. Continuum models for nonlinear transverse vibrations 134

7.5.3.2 Nonlinear generalized continuum models

From the results quoted at Figs. 7.7 to 7.10, the following conclusions are ex-
tracted:

• The classical local model is not able to capture size effects, so predicted
oscillation frequency is independent of microstructure characteristic length
d. Nevertheless it is seen from Fig. 7.7 that the developed IGN and IGN1
models take into account the size effects, showing a good agreement with
the discrete model frequencies in linear regime. It can be observed from the
figure that the main discrete effect is to decrease oscillation frequency as mi-
crostructure parameter(s) h, h2 are augmented. This descent is exacerbated
as the mode of vibration is increased. This effect is consistent with observed
behavior of the discrete model.

• To adequately capture the size effect that takes place in the discrete model
when the ratio d

L
is augmented, the value of microstructure parameter h has

to be suitably adjusted. It has been seen that a good agreement between
frequencies in the IGN1 continuum model and the discrete one is achieved
by analytically adjusting the microstructure parameter to h = 1√

6
d
L

.

• If initial amplitude is small enough, nonlinear forces can be neglected. The
linear oscillation regime is a specific case of the complete model. Fig. 7.7
shows that the linear generalized continuum solution [124] is recovered. In
nonlinear regime, normal frequencies of vibration are higher for increasing
initial amplitude Ā0, as in the local case.

• Frequencies are higher for higher modes of vibration as in the local model.
Moreover, the size effects also increase in higher modes, showing a higher
discrepancy in frequency with the local model for the same value of mi-
crostructure parameter h.

However, the generalized continuum model doesn’t show a frequency limit
nor a band gap for any value of h and/or oscillation mode in flexural ele-
ments (beams). Although IGN model predicts a frequency limit in axially
oscillating elements (rods), it is not able to show a band gap in the prob-
lem under study. This indicates that this generalized continuum elasticity
theory in finite deformations has a certainly wide range of application for
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the microstructure characteristic length d is much smaller than the wavelength, e.
g. the L

d
= 20 discrete chain oscillating in the first normal mode.

7.5.5 Influence of area-inertia ratio

As it has been defined, the dimensionless area-inertia parameter γ is intimately
related to the slenderness of the beam. For the results showed above, the value
of γ = 100 was chosen. To contextualize the order of magnitude of γ, notice that
for a square beam with a height to length ratio of c = L

25 (c being the height),
γ ' 86.6.

Conceptually, the ratio between bending and axial displacements is conditioned
by the slenderness. In fact, it is shown in Table 7.2 that the terms related to axial
stresses are enlarged by γ2.

The nonlinear effects in the von Kármán beam are due to the geometric elonga-
tion of the neutral fiber when the element is bent. Therefore, the nonlinearity is
produced by axial stresses. As the slenderness γ2 indicates the ratio between axial
and bending stiffness, it is also the ratio between nonlinear and linear effects in
the bending behavior, see vertical balance Eq. C-NL in Table 7.2, repeated here
for convenience

− v̄′′′′ + γ2
(
v̄′ū′′ + ū′v̄′′ + 3

2 v̄
′2v̄′′

)
= ¨̄v (7.111)

Let us analyze the order of magnitude analysis of the different forces acting in the
vertical equation of the IGN1 model.

− v̄′′′′ + γ2
(
v̄′ū′′ + ū′v̄′′ + 3

2 v̄
′2v̄′′

)
= ¨̄v − 2h2 ¨̄v′′ (7.112)

In this equation there are four terms that represent four types of forces:

• v̄′′′′ is the variation of shear force, which is related to the bending stiffness,
as it comes from angular momentum equilibrium in the section

• γ2
(
v̄′ū′′ + ū′v̄′′ + 3

2 v̄
′2v̄′′

)
is the axial force projected in transverse direction

• ¨̄v are macro-inertia forces

• 2h2 ¨̄v′′ is the non-standard micro-inertia force
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Taking into account that displacements in v̄ (and its derivatives) are of the order
of Ā0, it can be observed in the last Eq. (7.112) that the bending related forces
are of the order of Ā0, that the projected axial forces order is γ2Ā3

0 and that
horizontal displacements are in the order of Ā2

0. Axial and bending forces will
be then of the same order if Ā0 and 1

γ
are too. The value of Ā0 = 1

γ
constitutes

a transition region between linear and nonlinear behavior. Indeed, pure linear
bending is encountered for Ā0γ � 1 and oscillations completely driven by axial
forces occur when Ā0γ � 1. Then, low amplitudes Ā0 may trigger nonlinear effects
when the slenderness is high and vice versa.

From the axial direction governing equation in Table 7.2,

γ2 (ū′′ + v̄′v̄′′) = ¨̄u− h2 ¨̄u′′ (7.113)

it is found that the axial forces are of the order of γ2Ā2
0.

Let us also analyze the order of magnitude of oscillation frequencies. From the
classical linear equations

γ2ū′′ = ¨̄u and − v̄′′′′ = ¨̄v

the following frequencies of oscillation of a simply supported beam are derived

ω̄a = γπm (7.114)

ω̄t = π2m2 (7.115)

where ω̄a and ω̄t are the dimensionless angular frequencies of oscillation in the
axial and transverse motions respectively, and m is the normal mode of vibration.

It is seen that the order of the axial and the transverse motion dimensionless
frequencies are in a ratio of γ

πn
. In fact, looking at the characteristic frequencies

in Eqs. (6.55) and (7.93), the relation ω0 = γω1 is found (ω0 is the characteristic
frequency of the axial oscillations and ω1 is the characteristic frequency of bending
oscillations). This is sound since the stiffness is in the ratio of γ2. This phenomenon
holds for nonlinear oscillations.

From all this concerns, we want to remark that a high value of slenderness is
required for the validity of the hypotheses of the von Kármán beam. We considered
that the axial stresses are not negligible even though the displacements are small,
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7.6 Remarks

From the above results and their discussion, the following remarks ca be summa-
rized:

• First, it is important to remark that Eqs. (7.57) and (7.58) from Taylor
continualization are formally equivalent to those obtained with the axiomatic
nonlinear St. Venant-Kirchhoff continuum model, Eqs. (7.19) and (7.20).
This model reproduces the nonlinear effects with high accuracy. However,
its weakness is the inability to predict scale effects.

• The inertia gradient model may conduces to different governing equations
depending whether the additional simplifications of Mindlin [25] are applied
or not. While the complete formulation [126] of the enriched kinetic energy
leads to a governing equation with 2 scale parameters, the simplified one [25]
conduces to a governing equation with one scale parameter.

• Therefore, we derived 2 different governing equations using generalized con-
tinuum models (IGN and IGN1).

• The governing equations of the complete IGN model are formally equivalent
to the non-standard continualization of the discrete one. From the compar-
ison, the values of the two microstructure parameter are found.

• The governing equations of the simplified IGN1 model are slightly differ-
ent to the non-standard continualization of the discrete one. Therefore, the
value of the one microstructure parameter k cannot be found by this proce-
dure. Instead, we can use the value of the parameter taken from the axial
oscillations case.

• From the comparison of the predictions of generalized continuum models
with the discrete system simulations, it is found that the IGN1 model is
more accurate than the complete one. The predictions of IGN1 model match
the behavior of the discrete model, capturing nonlinear and scale effects
adequately.
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• In the derivation of the nonlinear beam governing equation, we used the
hypotheses of small displacements and moderate rotations. In order to ap-
preciate the nonlinear behavior and fulfill these kinematic assumptions, the
dimensionless slenderness γ should be high (γ � 1).

• Due to the complexity of the governing equations, some authors apply addi-
tional hypotheses so that these equations are simplified. It was found that
the hypothesis of constant axial force along the beam N ′ = 0 leads to good
results in the vertical motion prediction. On the contrary, the assumption
of nil horizontal displacement u = 0 leads to results that differ significantly
from the behavior observed with the complete formulation.

• The generalized continuum model doesn’t show a frequency limit nor a band
gap for any value of h and/or oscillation mode in flexural elements (beams).
Although IGN model predicts a frequency limit in axially oscillating ele-
ments (rods), it is not able to show a band gap in the transverse oscillations
problem.



8 Conclusions

In view of the results obtained from the different models, the comparison with
the discrete system taken as reference and the outcomes drawn from them, sev-
eral conclusions arose. They may be synthesized and highlighted for the sake of
expressing all the original work and scientific value of the thesis.

In this chapter, the main achievements and conclusions are fist summarized. Once
the most important information of this work is expressed, new improvements and
implementations may be thought, indicating future lines of investigation.

8.1 Achievements

At the beginning of the document, several objectives were formulated with a com-
mon target. Pursuing that goal, we achieved the following:

• Two linear generalized continuum models have been extended for solids sub-
jected to finite deformations. Specifically, we formulated a nonlocal
nonlinear model (NNL) and a gradient velocity nonlinear model here
referred to as the inertia gradient nonlinear model (IGN). These are
extensions of the linear nonlocal Eringen elasticity theory and of the Form I
of the Mindlin strain gradient model, respectively.

• The continuum equations of two dynamic problems of a 1D solid vibrat-
ing in nonlinear regime have been obtained by using these models: the
axial vibrations of a rod under finite deformations, and the axial-
transverse coupled vibrations of a beam under small deformations
and moderate rotations.
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• The discrete system solution for the mentioned problems has been obtained.
For the nonlinear axial-transverse coupled oscillation problem, we did
not found solutions available in the literature. Instead, researchers
normally apply additional hypotheses to get uncoupled equations that can
be solved with easier methods. Nevertheless, we solved the complete prob-
lem. This allowed us to justify some simplifications of the continuum models
and the validity of the additional hypotheses commonly adopted in their ap-
plication.

• We successfully applied a non-standard continualization method to the
aforementioned nonlinear 1D discrete systems. Unlike with the postulated
generalized continuum models, this continualization technique permits
to derive, from the characteristics of the solid structure, the additional
parameters appearing in the model.

• Although different generalized continuum formulations can be found in lit-
erature, mainly for linear problems, comparison with experimental results
or numerical simulations is not usual. Thus, in those cases the accuracy of
the published models cannot be assessed. Here, for validations purposes, the
results obtained from the proposed nonlinear models have been
compared to those derived from discrete solution taken as refer-
ence. In this respect, the advantages and shortcomings of the different
models have been pointed out.

• We devised the procedure for: i)modeling a discrete system ii) continualizing
it following non-standard procedures and iii)comparing the results of novel
generalized continuum models with the results of this one. This innovative
methodology has proved to be fruitful, becoming a valuable tool that can be
used by other researchers whenever experimental results are not available.

• All in all, we derived a generalized continuum model (IGN1) that adequately
captures the nonlinear and scale effects in 1D structured solids vibrating in
axial and axial-transverse coupled motion subjected to finite deformations.
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8.2 Conclusions

In this research two novel generalized continuum models were formulated: the
nonlinear nonlocal model (NNL) and the inertia gradient nonlinear one (IGN).
The application of the NNL model leads to equations of motion in which an ad-
ditional scale parameter is present. On the other hand, the IGN model leads to
equations of motion in which three scale parameters are present. The latter can
be specialized into a one scale parameter model, the so called IGN1 model. In
general, these extensions to finite deformations enable to study and predict the
behavior of structured solids in nonlinear regime within the general framework of
continuum mechanics.

Although the formulations of the aforementioned models have been devised for
general three-dimensional solids, in this thesis they have been applied for the study
of nonlinear axial and nonlinear axial-transverse coupled vibrations of a kind of
1D structured solids. For validation purposes a nonlinear discrete problem, taken
as a reference, has been formulated and solved.

Moreover, a non-standard continualization technique has been applied to the dis-
crete system in order to get appropriate continuous equations of motion, permit-
ting to derive the values of the scale parameters present in the new continuous
model.

Regarding the results obtained from the discrete model, the following ideas
arose:

• In the axial vibrations problem, it is observed that, for the adjustment of the
stiffness parameters matching the St. Venant-Kirchhoff constitutive model,
higher amplitudes of vibration lead to lower frequencies. However, higher
amplitudes led to higher frequencies in the transverse motion.

• In general, for the axial and the axial-transverse coupled vibrations, it is
observed that the higher the characteristic size of the underlying structure,
the lower the frequencies of oscillation (scale effects).

• Regarding the axial-transverse coupled vibrations problem, researchers usu-
ally make additional hypotheses to get uncoupled equations. Here the com-
plete coupled problem has been solved. The deep study of the dynamics in
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the coupled problem permitted to understand and justify the validity of the
hypothesis of constant longitudinal force along the 1D solid.

Regarding the continuum models applied to the nonlinear axial vibration
problem, the following main ideas could be drawn:

• Both generalized continuum models (NNL and IGN) are sensitive to the
scale effects and capture the nonlinear effects.

• The standard Taylor series continualization of the discrete formulation leads
to an equation that is formally equivalent to the nonlinear classical model
(SVK).

• The continuum equations from IGN and the non-standard continualized one
are identical, but the latter permits to obtain the scale parameter from the
solid characteristics.

• Although the NNL model is sensitive to nonlinear and scale effects, it does
not properly reproduce the results of the discrete model.

• The IGN model, with the scale parameters derived from the non-standard
continualization, shows the better performance in capturing both scale and
nonlinear effects.

Regarding the continuum models applied to the nonlinear axial-transverse
coupled vibration problem, the following conclusions arose:

• The IGN model, specialized to this problem, contains two scale parame-
ters. These parameters can be reduced to one if specific values are adopted
(leading to the IGN1 model).

• The standard Taylor series continualization of the discrete formulation leads
to an equation that is formally equivalent to the nonlinear classical model
(SVK).

• From the non-standard continualization, equations of motion formally iden-
tical to that of the IGN model are obtained.

• Although the IGN model captures the scale effects, the results of the dicrete
model are not faithfully reproduced from a quantitative point of view.
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• However, the IGN1 model accurately reproduces the discrete results when
using the value of the scale parameter that was found in the continualization
of the discrete model for the axial vibrations problem.

• Although the IGN model predicts a cutoff frequency in axially oscillating
solids, it is not able to show a proper one in the problem under study. This
indicates that this generalized continuum elasticity theory in finite deforma-
tions has a certainly wide range of application for flexural problems, but its
use is not appropriate to model those involving wavelengths shorter than
twice the microstructural distance d.

Summarizing, in this thesis we have derived an original inertia gradient contin-
uum model and applied it to predict the dynamic behavior of a kind of nonlinear
one-dimensional solids. We compared the predictions with simulations of a ref-
erence discrete system, finding satisfactory results. As a final conclusion: the
computationally efficient generalized continuum model (IGN1) is able to accu-
rately reproduce the essential features of the dynamical behavior of 1D structured
solids undergoing finite deformations.
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8.3 Future works

This research about generalized continuum models for structured solids under fi-
nite deformations may open the door to further research opportunities and new
lines of investigation. In addition, a scientific collaboration with the Wave Prop-
agation Lab (Aerospace Department) at Georgia Institute of Technology was es-
tablished during the PhD research, and a wide range of possibilities in lattices
and structured solids has been opened too. Among all the different directions for
future works, the following are the most immediate:

Regarding 1D structured solids

• Extension to nonlinear 1D solid, considering all the possible independent
DOFs, other elastic constitutive equations (Mooney-Rivlin, Ogden or Neo-
Hookean, among others). This would permit to analyze problems involving
torsion and shear deformation, and other kind of material response.

• Experimental validation using appropriate 1D lattice. The validation with
the numerical results of discrete models is highly valuable, but experimental
testing cannot be disregarded in order to more faithfully capture the real
behavior of the structured solid.

Regarding 2D and 3D structured solids

• Extension of the developed generalized continuum models, and non-standard
continualization techniques, to both two- and three-dimensional nonlinear
lattices and structured solids. These structures exhibit richer and more com-
plex dynamical features: group velocities, band-gaps and cutoff frequencies
are highly dependent on directionality, and new effects, such as beaming, are
found.

• Experimental validation would be suitable to complete the theoretical analy-
ses. With the help of advanced 3D-printers, lattices of a variety of topologies
can be constructed and tested. Figure 8.1 shows examples of 3D-printing
possibilities.

Cooperation with Georgia Institute of Technology
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Figure 8.1: 3D lattices printed in PLA.

• In collaboration with the Georgia Institute of Technology, we are working in
stiffness tunable lattices that achieve time reversal symmetry. The scientific
community is focusing in this field since it would permits to design and
manufacture mechanical diodes, selectors, circulators, new generation filters
and other mechanical devices which may be critical for new developments in
telecommunications industry.

More lines of research are in the mind of the author and directors of this project
that could become to a tangible end. Now it is the time to continue exploring.

We hope that this document encouraged the reader to increase the existing knowl-
edge about structured solids behavior and possibilities, and to contribute to the
scientific community with novel and high value investigations.

“God does not play dice with the universe.”

A. Einstein





8 Conclusiones

En vista de los resultados obtenidos de los diferentes modelos continuos, la com-
paración con el modelo discreto de referencia y las ideas que se derivan de todo
ello, se pueden extraer varias conclusiones. Estas se han sintetizado con el objetivo
de poner en valor toda la información cient́ıfica original de la tesis.

Tras las conclusiones, se han expresado las futuras ĺıneas de investigación que
surgen a ráız de los resultados de esta investigación. En este caṕıtulo primero
se resumen los principales logros del trabajo realizado, después se presentan las
conclusiones más importantes extráıdas y finalmente se proponen algunas de las
ideas que se pretenden abordar en futuras investigaciones.

8.1 Logros

Al principio del documento, se formularon varios objetivos con una finalidad
común. Persiguiendo éstos, se han alcanzado los siguientes logros:

• Se ha extendido la formulación de dos modelos lineales del continuo general-
izado para sólidos sometidos a deformaciones finitas. En concreto, se ha
formulado un modelo no lineal no local (NNL) y un modelo no lineal
enriquecido con el gradiente de la velocidad, aqúı denominado el modelo
no lineal de gradiente de inercia (IGN). Éstos son extensiones de la
teoŕıa lineal no local de Eringen y de la Forma I del modelo de gradiente de
deformación de Mindlin, respectivamente.
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• Los modelos desarrollados se han aplicado espećıficamente a dos problemas
relativos a las vibraciones no lineales de un sólido 1D: las vibraciones
longitudinales de una barra bajo deformaciones finitas, y las vi-
braciones axiales-transversales acopladas de una viga sometida a
pequeñas deformaciones y rotaciones moderadas.

• Se ha obtenido la solución del modelo discreto para los problemas menciona-
dos. Para el problema de la oscilación no lineal axial-transversal acoplada,
no se han encontrado soluciones disponibles en la literatura. En
su lugar, los investigadores normalmente aplican hipótesis adicionales para
obtener ecuaciones desacopladas, que se pueden resolver con métodos más
sencillos. Sin embargo, en esta tesis se ha resuelto el problema completo.
Esto nos ha permitido justificar algunas simplificaciones de los modelos con-
tinuos y la validez de las hipótesis adicionales comúnmente adoptadas en su
aplicación.

• Se aplicó con éxito un método de continualización no estándar para
los sistemas discretos no lineales 1D antes mencionados. A diferencia de los
modelos continuos generalizadas postulados, esta técnica de continualización
permitió derivar, a partir de las caracteŕısticas estructurales del sólido, el
valor de los parámetros adicionales que aparecen en el modelo.

• A pesar de la gran cantidad de diferentes formulaciones del continuo gener-
alizado que se puede encontrar en la literatura, principalmente para prob-
lemas lineales, la comparación con resultados experimentales o simulaciones
numéricas no es habitual. Por lo tanto, en estos casos no se puede evaluar
la exactitud de los modelos publicados. En este caso, para los propósitos de
validación, los resultados obtenidos a partir de los modelos no lin-
eales propuestos han sido comparados con los obtenidos del modelo
discreto, los cuales se han tomado como referencia. A este respecto,
las ventajas y las limitaciones de los diferentes modelos han sido señalados.

• Hemos llevado a cabo un procedimiento para: i) modelar un sistema dis-
creto, ii) continualizarlo siguiendo técnicas no estándar y iii) comparar los
resultados de nuevos modelos del continuo generalizado con los resultados
de éste. Esta metodoloǵıa ha demostrado ser fruct́ıfera, convirtiéndose aśı
en una buena herramienta que puede ser utilizada por otros investigadores
para validar modelos novedosos cuando no existan resultados experimentales
al efecto.
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• En definitiva, se ha derivado un modelo del continuo generalizado (IGN1)
que captura adecuadamente los efectos no lineales y de escala en sólidos
estructurados 1D vibrando axialmente y en movimiento axial y transversal
acoplados sometidos a deformaciones finitas.

8.2 Conclusiones

En esta investigación se han formulado dos nuevos modelos del continuo general-
izado: el modelo no lineal no local (NNL) y el modelo no lineal de gradiente de
inercia (IGN). La aplicación del modelo NNL conduce a ecuaciones de gobierno
integro-diferenciales, en las que está presente un parámetro de escala adicional.
Por otro lado, el modelo IGN conduce a una formulación del movimiento en el
que están presentes tres parámetros de escala. Estas extensiones a deformaciones
finitas permiten estudiar y predecir el comportamiento de los sólidos estructurados
en régimen no lineal desde el punto de vista de la mecánica de medios continuos.

Las formulaciones de los modelos antes mencionados se han planteado para sólidos
tridimensionales. En esta tesis se han aplicado para el estudio de las vibraciones
no lineales axiales y axiales-transversales acopladas en un tipo de sólidos 1D es-
tructurados. Con el fin de validar los modelos, estos problemas se han planteado y
resuelto también mediante un modelo discreto no lineal, tomado como referencia.

Por otra parte, se ha aplicado al sistema discreto una técnica de continualización
no estándar con el fin de obtener las ecuaciones continuas del movimiento. A
diferencia de los modelos del continuo generalizado postulados, esta técnica de
continualización permitió derivar, a partir de las caracteŕısticas del sólido estruc-
turado, el valor de los parámetros adicionales que aparecen en el modelo.

A partir de los resultados obtenidos a partir de la resolución del modelo discreto,
se extraen las siguientes conclusiones:

• En el problema de vibraciones longitudinales se observa que, al ajustar las
constantes al modelo constitutivo de St. Venant-Kirchhoff, mayores am-
plitudes de vibración conducen a frecuencias más bajas. Sin embargo, en
el movimiento transversal, mayores amplitudes resultan en frecuencias más
altas.
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• Se ha observado que, por efecto tamaño, cuanto mayor es la longitud car-
acteŕıstica de la estructura subyacente, menor es la frecuencia de oscilación
son en el sólido.

• En cuanto al problema de las vibraciones axiales y transversales acopladas,
los investigadores generalmente hacen hipótesis adicionales para obtener las
ecuaciones desacopladas. Aqúı se ha resuelto el problema acoplado completo.
El estudio detallado del comportamiento dinámico del sólido ha permitido
entender y justificar la validez de la hipótesis de esfuerzo axil constante a lo
largo del sólido 1D.

En cuanto a los resultados correspondientes a los modelos continuos aplica-
dos al problema de vibración axial no lineal, se extraen las siguientes ideas
principales:

• Los dos modelos continuos generalizados son sensibles a los efectos de escala
y recogen los efectos no lineales.

• La continualización estándar con el desarrollo en serie de Taylor de la for-
mulación discreta conduce a una ecuación que es formalmente equivalente a
la del modelo clásico no lineal (SVK).

• La ecuaciones continuas del modelo IGN y las obtenidos con la técnica de
continualización no estándar son idénticas, pero con ésta última se obtiene
el valor del parámetro de escala directamente a partir de las caracteŕısticas
del sólido.

• El modelo NNL, si bien es sensible a los efectos de escala y a los no lineales,
no reproduce adecuadamente los resultados del discreto.

• De la comparación con los resultados del discreto se observa que el modelo
que mejor se adecúa a estos resultados es el IGN usando el parámetro de
escala obtenido de la continualización no estándar.

Del estudio de los resultados de los modelos continuos aplicados al problema de
vibración acoplada axial y transversal no lineal se puede concluir:

• El modelo IGN aplicado a este problema contiene dos parámetros de escala
que se pueden reducir a uno (el modelo IGN1) adoptando valores pariculares
de estos parámetros.
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• La continualización estándar del modelo discreto conduce a una ecuación
que es formalmente equivalente a la del modelo clásico no lineal (SVK).

• De la continualización no estándar se obtienen ecuaciones que son formal-
mente idénticas al modelo IGN.

• De la comparación con los resultados del modelo discreto se observa que el
modelo que mejor se adecúa a estos resultados es el IGN.

• Sin embargo, usando el valor del parámetro de escala derivado de la contin-
ualización del problema axial, los resultados del modelo IGN1 concuerdan
adecuadamente con los del discreto.

• Aunque el modelo IGN predice una frecuencia de corte en los sólidos que
oscilan axialmente, no es capaz de capturar este fenómeno en el problema
de vibraciones transversales. Por ello, esta teoŕıa del continuo generalizado
en deformaciones finitas tiene una ciertamente amplia gama de aplicaciones
para los problemas de flexión, pero su uso no es apropiado para modelar los
problemas que implican longitudes de onda más cortas que el doble de la
distancia estructural d.

En resumen, en esta tesis se ha derivado un modelo original continuo con gradiente
de la inercia (IGN) y se ha aplicado para predecir el comportamiento dinámico de
un tipo de sólidos unidimensionales no lineales. Se han comparado las predicciones
con resultados numéricos de un sistema discreto de referencia encontrándose que
el modelo continuo los reproduce satisfactoriamente. Como conclusión final: el
modelo del continuo generalizado IGN1 es capaz de reproducir con precisión las
caracteŕısticas esenciales del comportamiento dinámico de sólidos estructurados
1D sometidos a deformaciones finitas.
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8.3 Trabajos futuros

Esta investigación sobre modelos del continuo generalizado para sólidos estruc-
turados bajo deformaciones finitas puede abrir la puerta a nuevas oportunidades
y ĺıneas de investigación. Además, se ha establecido, durante la realización de la
tesis doctoral, una colaboración cient́ıfica con el ”Vibration and Wave propagation
Lab (Aerospace Department)” del Instituto de Tecnoloǵıa de Georgia (EEUU). De
entre las diferentes direcciones para futuros trabajos, las siguientes son las más in-
mediatas:

Respecto a los sólidos 1D estructurados

• Extensión a sólidos 1D no lineales, teniendo en cuenta todos los posibles
grados de libertad independientes, otras ecuaciones constitutivas elásticas
(Mooney-Rivlin, Ogden o Neo-Hookean, entre otros). Esto permitiŕıa analizar
los problemas relacionados con la torsión y la deformación por cortante, aśı
como otro tipo de respuesta material.

• Validación experimental utilizando redes “lattice” 1D apropiadas. La vali-
dación con los resultados numéricos de modelos discretos es muy valiosa, pero
los ensayos experimentales no pueden ser obviados con el fin de capturar más
fielmente el comportamiento real del sólido estructurado.

Respecto a los sólidos estructurados 2D y 3D

• Extensión de los modelos de medios continuos generalizados desarrollados
y las técnicas continualization no estándar a sólidos estructurados en dos y
tres dimensiones. Estas estructuras presentan caracteŕısticas dinámicas más
ricas y complejas: velocidades de grupo, bandas de frecuencia prohibida y
frecuencias de corte con alta dependencia de la direccionalidad, y nuevos
efectos, como el efecto ”beaming”.

• La validación experimental seŕıa adecuada para completar los análisis teóricos.
Con la ayuda de impresoras 3D avanzadas, se pueden fabricar y ensayar
sólidos estructurados con una amplia variedad de topoloǵıas. En la Fig. 8.1
se muestran varios ejemplos de posibilidades de impresión 3D.
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Figure 8.1: Celośıas 3D impresas en PLA.

Cooperación con el Instituto de Tecnoloǵıa de Georgia

• En colaboración con el Instituto de Tecnoloǵıa de Georgia se está traba-
jando en estructuras periódicas de rigidez modulable, que logran romper la
simetŕıa de inversión del tiempo. La comunidad cient́ıfica está centrando
muchos esfuerzos en este campo, ya que permitiŕıa diseñar y fabricar diodos
mecánicos, selectores, circuladores, filtros de nueva generación y otros dis-
positivos mecánicos que pueden ser cŕıticos para los nuevos desarrollos en la
industria de las telecomunicaciones.

Otras ĺıneas de investigación que podŕıan llegar a buen puerto están en la mente del
autor y directores de este proyecto. Ahora es el momento de continuar explorando.

Esperamos que esta tesis anime al lector a trabajar para aumentar el conocimiento
existente sobre el comportamiento y las posibilidades de los sólidos estructurados,
y a contribuir con investigaciones novedosas y de alto valor.

“El azar no existe; Dios no juega a los dados.”

A. Einstein
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[20] E. Kröner. On the physical reality of torque stresses in continuum mechanics.
International Journal of Engineering Science, 1:261 278, 1963.

[21] R. A. Toupin. Elastic materials with couple-stresses. Archive for Rational
Mechanics and Analysis, 11:385 414, 1963.

[22] R. A. Toupin. Theories of elasticity with couple-stress. Archive for Rational
Mechanics and Analysis, 17:85 112, 1964.

[23] A. E. Green and R. S. Rivlin. Multipolar continuum mechanics. Archive for
Rational Mechanics and Analysis, 17:113 147, 1964.

[24] R. D. Mindlin. Micro-structure in linear elasticity. Archive for Rational
Mechanics and Analysis, 16:51 78, 1964.

[25] R. D. Mindlin. Second gradient of strain and surface-tension in linear elas-
ticity. International Journal of Solids and Structures, 1:417 438, 1965.

[26] R. D. Mindlin and N. Eshel. On first strain-gradient theories in linear elas-
ticity. International Journal of Solids and Structures, 4:109 124, 1968.

[27] A. C. Eringen. Linear theory of nonlocal elasticity and dispersion of plane-
waves. International Journal of Engineering Science, 10:425 435, 1972.

[28] A. C. Eringen. Nonlocal polar elastic continua. International Journal of
Engineering Science, 10:1 16, 1972.

[29] A. C. Eringen. On differential-equations of nonlocal elasticity and solutions
of screw dislocation and surface-waves. Journal of Applied Physics, 54:4703
4710, 1983.

[30] J. N. Reddy. Nonlocal nonlinear formulations for bending of classical and
shear deformation theories of beams and plates. International Journal of
Engineering Science, 48:1507 1518, 2010.
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[125] J. Fernández-Sáez, R. Zaera, J.A. Loya, and J.N. Reddy. Bending of Euler-
Bernoulli beams using Eringen’s integral formulation: A paradox resolved.
International Journal of Engineering Science, 99:107 116, 2016.

[126] R. D. Mindlin. Micro-structure in linear elasticity. Archive for Rational
Mechanics and Analysis, 16:51 78, 1964.

[127] R. D. Mindlin. Second gradient of strain and surface-tension in linear elas-
ticity. International Journal of Solids and Structures, 1:417 438, 1965.



Bibliography 175

[128] H. Askes and E. C. Aifantis. Gradient elasticity in statics and dynamics:
An overview of formulations, length scale identification procedures, finite
element implementations and new results. International Journal of Solids
and Structures, 48(13):1962 1990, 2011.

[129] R. Gholami, A. Darvizeh, R. Ansari, and F. Sadeghi. Vibration and buck-
ling of first-order shear deformable circular cylindrical micro-/nano-shells
based on Mindlin’s strain gradient elasticity theory. European Journal of
Mechanics - A/Solids, 58:76 88, 2016. ISSN 0997-7538.

[130] H. Zeighampour and Y. T. Beni. Cylindrical thin-shell model based on mod-
ified strain gradient theory. International Journal of Engineering Science, 78:
27 47, 2014.

[131] M. R. Nami and M. Janghorban. Resonance behavior of {FG} rectangular
micro/nano plate based on nonlocal elasticity theory and strain gradient
theory with one gradient constant. Composite Structures, 111:349 353,
2014.

[132] A. Li, S. Zhou, S. Zhou, and B. Wang. A size-dependent model for bi-layered
kirchhoff micro-plate based on strain gradient elasticity theory. Composite
Structures, 113:272 280, 2014.

[133] M. Mohammadimehr, B. R. Navi, and A. G. Arani. Modified strain gradient
Reddy rectangular plate model for biaxial buckling and bending analysis
of double-coupled piezoelectric polymeric nanocomposite reinforced by FG-
SWNT. Composites Part B: Engineering, 87:132 148, 2016.
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