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1 Introduction

In small area estimation, the sample is extracted from a (large) finite population, but estimates

of parameters of small areas contained in the population are required. Direct estimates fail to

*Corresponding author: Isabel Molina, Departamento de Estadistica, Universidad Carlos III de Madrid,
C/Madrid, 126, 28903 Getafe (Madrid), Tf: +34 916249887, Fax: +34 916249849, Email: isabel.molina@uc3m.es



provide reliable values due to the small number of observations within areas. Small-area models
improve the accuracy of direct area estimators by including via the model the information of all
sample observations and not just the ones within the corresponding area, and by making use of
auxiliary information. However, often individual information is not available because of privacy
reasons, but data aggregated to some geographical level can be found in public registers. Fay
and Herriot (1979) proposed a model for data aggregated to area level, in order to estimate

average per-capita income for small areas in U.S.

Multivariate models are useful when the interest is to estimate some descriptive measures
of several correlated variables, or a function of those descriptives. A multivariate Fay-Herriot
model was already used by Fay (1987) and Datta, Fay and Ghosh (1991). They compared
the small area estimators obtained from univariate models for each response variable with the
ones obtained by a multivariate model, showing that the precision was improved by using the
multivariate model. Datta, Ghosh, Nangia and Natarajan (1996) used the same type of model
for calculating hierarchical Bayes estimates of median income of four-person families for U.S.

states.

In the univariate set-up with a scalar parameter, Prasad and Rao (1990) gave an approxi-
mation of the mean squared error of the empirical best linear unbiased predictor (EBLUP) of
the parameter, and proposed an estimator based on the plug-in principle. But estimators of the
mean squared error obtained by resampling techniques are currently competing with analytical
approximations. For instance, Jiang, Lahiri and Wan (2002) provided jacknife estimators with
reduced bias. Butar and Lahiri (2003) used a parametric bootstrap for calculating an estimator
of the mean squared error under a mixed linear model. Pfefferman and Tiller (2002) propose
a similar estimator, but under the set-up of State-Space Models, and they propose a second
estimator based on nonparametric bootstrap. Further references on this topic can be found in

Lahiri (2003).

Here we use a multivariate extension of the Fay-Herriot model to assist the estimation of
the mean vectors of a multidimensional response in small areas (Section 2). In this case the
mean squared error becomes a matrix, referred here as mean crossed product error matrix
(MCPEM). We propose two different estimators of the variance component involved, with spelled
out expressions and good properties (Section 3). We extend the Prasad-Rao results to the
approximation of the MCPEM (Section 4). Further, in Section 5 we propose three different
bootstrap estimators. The first one is obtained applying directly the bootstrap method described
in that section. The second one uses bootstrap to estimate just the term of the MCPEM that
cannot be explicitly calculated in practice. The third estimator is just a bias-correction of the

latter. The consistency of the proposed bootstrap estimators, as the number of areas tends to



infinity, is shown via the consistency of the Prasad-Rao-type estimator (Section 6).

In a simulation study (Section 7) we compare the finite sample properties of the Prasad-Rao
extension and the three bootstrap estimators, checking their robustness to the lack of normality
and the influence of the number of small areas in the inference problem. Finally, the number of

bootstrap iterations needed for the bootstrap estimators to become stable is analyzed.

2 Multivariate Fay-Herriot model

Let P be a finite population of size N, partitioned into D subpopulations called small areas Py
of sizes Ng, d=1,...,D. Let Y = (Y1,...,Y,) be the random vector of interest, whose values

in the population units are

ydj:(ydj17"'7ydj7’)/7 j:17"'7Nd7 dzlvaD

Let pgr = NJI Z?f:‘il Yagjk denote the mean of variable Y}, for area d, k = 1,...,r, and let us
denote the vector of means for the d-th area by puy; = (pai,-- -, par)’, with direct estimator
Yg = War,---»Yar), d = 1,...,D. The model is established by assumptions (M;) and (M>)

below.

(M) The direct estimators g, given p,, are independent, with
Yaltg ~ N(pg, 2a), d=1,...,D,
where the r X r matrices ¥, are known.
Assumption (M) can be restated in the following way,
Yg=HMg+eq, ei~N(0,%;), d=1,...,D,

where the random errors, eq,...,ep, are independent. Furthermore, it is assumed that the
means g are linearly related to p explanatory variables. Let xg, = (Zdk1,...,%akp) be the
vector of values of the explanatory variables associated to the k-th variable Yj, for d-th area.
Let B, be a column vector of size p. Let us define the r x rp matrix X, = diag{xg1, ..., x4 -} and
the rp vector of coefficients B8 = (B1,...,8.)". Let 1, and Ip denote a column vector of ones of
size r and the identity matrix of order D respectively. Finally, let us introduce scalar random

effects uy representing the (random) variations between areas not explained by Xi,..., Xp.

(M) The vectors of area means satisfy

g = XgB+ 1ug, ug~ N(0,02), d=1,...,D, (1)
where 02 € (0,00) is unknown, the random effects uy,...,up are independent, and also
independent of the random errors eq,...,ep.



Now let us define the vectors and matrices

Y X1 uy el

Yp Xp up ep

Then the model described by (Mj) and (Ms) can be rewritten in the general form of a linear

mixed model
y=XpB+Zu+e, u~N(0,%,), e~ N(0X%X.), (2)

where

Z = Zypxp = diag{1,,...,1,}, Sy =o0.lp, 3. =diag{3,...,Sp}.

The mean vector and covariance matrix of y are
Elyl=XB, Varly|=Z2,7' +3. 2V, (3)
where V' is block diagonal; more explicitly,
V =diag{Vi,...,Vp}, Vi=o021,1. 4%y, d=1,...,D.

We are interested in estimating the realized value of the mean g of variable Y in small area
d,forallk=1,...,rand alld =1,...,D, that is, the target parameter is the realized value of

the random vector
p=(u1,....up) = XB+ Zu.

When the covariance matrix V' is completely known, Henderson (1975) calculated the BLUP
of any linear combination of fixed effects 3 and random effects w in a general model of the form

(2). Following his results, the BLUP of p is given by
fp = pon.y) = XBp + Zas, (4)

where

N

~ _ 71 _ N “ _ ~
Bp =By = (XVIX) X'Vly, ap=a(cly) =22V (y-XBp).

But as indicated by the notation, B 5 and @ depend on o2 (through V) that is unknown. If we

calculate an estimator 62 of o2 and we replace it in (4), we get the Empirical BLUP (EBLUP)
fip = (o5, y) = XBp + Zip,

where B85 = B(62,y) and 4r = @(62,y). In the following section we describe two possible

estimators of o2, and we show some asymptotic properties.



3 Estimation of o2

We use two methods for estimating the variance o2, both providing spelled out expressions of

the estimators, something useful for analyzing their order of consistency.

3.1 Method of moments

Let B be the ordinary least squares estimator of 3 in the model obtained by omitting the random
effects, that is, B = (X’X)"' X'y, and let @ be the vector of residuals for the same model, that
is,u =y — XB. Then,

wa=yPy, P =Ip —XXX)'X,
where Pj is symmetric, idempotent and satisfies P4 X = 0. Taking expectation, we get
El@'a) = Ely' Py = o2tr{ P, ZZ'} + tr{P, %, }.

From here, we get the following unbiased estimator of o2,

R R ylply — tr{P12 }
012Ll = Uil(y) = tI‘{P1ZZ/} . )

where tr{ A} denotes the trace of A. A more operative expression is obtained after some algebra,

o A — Y0 (tr{Se} — tr{ X[ ZeXo(X'X)71})

52 = . 5
ul Dr— YD 1 Xy (X'X)-1X/1, 5)

. ~ 2 5 .
The variance of &7, is given by

Var|a'a)
[Dr — 341 1 Xa(X'X) LX), ]2

Var [&31] =
where

D
Var[t/'a) = Z (tr{23} — 2t { X} 23X (X' X) 1} + tr{( X[ ZaXa(X'X) )2}
d=1

D
+202 > (1841, — 21, X4(X'X) 7' X1, + 1, X(X'X) T XS X (X'X) 1 X),)
d=1

D
+2(02)% [r°D —r > (1 Xg(X'X) T X)L, + 11X (X'X) ' X' 22/ X (X' X) 71 X),)
d=1
The following proposition shows the order of consistency of the proposed estimator. We use
the notation f(D) = O(g(D)) for two functions f(D) and g(D) satisfying limp_. | f(D)/g(D)| <
00. The notation f(D) = O(g(D)) is used for the more accurate relation limp_,~ | f(D)/g(D)| €



(0,00), and f(D) = o(g(D)) is used when the same limit is zero. Further, f(D) = O,(g9(D))
and f(D) = op(g(D)) denote respectively boundedness and convergence to zero in probabil-
ity of f(D)/g(D). When f(D) is a m x n matrix whose elements are O(g(D)), we write
f(D) = [0O(g(D))]mxn, and the same brackets notation is used with the rest of symbols of

asymptotic order.

Proposition 1. Under a model defined by (M) and (Ms) satisfying the following assumptions
(Hi) 0<p<ooand0<r< oo,

(Hy) |xgpel <z <00, =1,....p, k=1,....,r,d=1,...,D,

(Hs) the covariance matrices g4, d = 1,...,D, are positive definite and their elements are

uniformly bounded,
(Hy) X'X = [O(D)lprxpr;

it holds
621 — oul = Op(D71/2). (6)

Proof. By studying the order of each term in the expression of Var[62,] when D tends to

infinity, it can be proved that DVar[62;] = O(1), and this result implies (6). [J

3.2 Henderson Method 3

Using Henderson method 3 (see e.g. Section 5.5 in Searle et al., 1992), an unbiased estimator

of 02 is

Y Py — o7 (n —1(X)) (7)
tr{Z' P27} ’

Gy = 0in(y) =
where r(A) denotes the rank of A,
P=x1 -y lx( X'y tx) I x'y !

and it holds P, X = 0. Let us denote Q = (X’%;1X)~!. The variance of 2, is

Var[y' Poy|
D I yv—1 /yv—1 ry—1 27
SP L As, - 18 X,QX)5,; 17«]

Var [&52] =

6



where

D D
Varly'Pay] = 2(02)? [Z(l'@;lm? —2) 151,18, X,QX)8, ',
d=1 d=1

D D
+ ) 181 XQ <Z XéE;llrl’rEngd> QXC’ZE(;HT]
d=1 d=1
D D D
+ 402 (Z e, =) 1;2;1XdQX32;11r> +2Dr — 2> e { X3 X,Q}.
d=1 d=1 d=1

Proposition 2. Under a model defined by (M) and (M) satisfying assumptions (Hy)-(Hs)

and
(Hs) X'S.'X = [O(D)]prxprs

(Hs) Y40 11551, = O(D),
it holds

(672 — ol = Op(D7172).
Proof. It follows the same steps of the proof of Proposition 1. []

An estimator 6 = é(y) of a parameter 0 is called translation invariant when for any a € IRP,
O(y + Xa) = 6(y).

Proposition 3. The estimators 62, and 62, are translation invariant.

Proof. The proof is direct by observing that X =0 and X'P; =0,i=1,2. O

4 Analytic approximation of the mean crossed product error

The mean crossed product error matrix of fi is defined as MCPE(fap) = E[(fip—p)(ip—p)'],

and can be written in the form

MCPE(pg) = MCPE(pg)+ E[(fp — fp)(Ag B)]

— i
+ Ellap—pp) g —w)]+ El(pg — ) (bp — itp)].

In this relation, MCPE(fig) accounts for the error in predicting u when o2 is known, and the
following term accounts for the increase in error due to estimating o2. Further, following Kackar
and Harville (1984), it can be proved (using the normality assumption) that for any unbiased

and translation invariant estimator of o2, the elements of the matrices corresponding to the last



two terms are equal to zero. The mean crossed product error of iz can be obtained from the

results of Henderson (1975), and it can be expressed in the form
MCPE(fip) = Gi(0}) + G2(03),
where
Gi(o) =2TZ', Ga(ol) = (X - ZTZ'S]' X)P(X' — X'S;1Z2T7"), (8)
and
P=XV1ix)! 1T=%,-%,2V71z%,

Prasad and Rao (1990) obtained an approximation of E[(fip — fig)(fip — ftp)’] for univariate
models (r = 1) when predicting a single area mean, but their results are easily generalizable to
the multivariate case for the parameter vector p. For this, let fip ¢; = figi(02,y) and .4 =
f14i(62,y) be the di-th components of vectors fig = fi(c2,y) and fip = f1(62,y) respectively.
The approximation is obtained by a first order Taylor expansion of the function fig;(w,¥y), being

w an admissible value of 02, around the true value o2 at point w = 62, that is,

fgdi — B = s4i(65, — 0n) + 0p(|67 — o3]),  where 54 = Ofiai(w, y)/0w|,_ 2 -

It is easy to see that sq; = Op(1), i =1,...,7,d=1,...,D. Applying the Taylor formula to the

£j-th element, and multiplying both expressions, we get

(ip.di — fiB.ai) (e — fiBe) = Saise; (67 — ou) + op (67 — 02)?) -

Defining the vector s = (s11,...,$p,), we can write
(bp — fp)(pp — fp) = ss'(6, —00) + [Op ((55 - 05)2)]DMDT- (9)
The following theorem provides an approximation of order o(D~!) of the right-hand side

term in expression (9). It is a slight modification of Theorem A.1 of Prasad and Rao (1990).
The details of the proof can be found in Appendix.

Theorem 1. Suppose that model (M;)-(Msz) satisfies (Hy)-(Hs) along with

(Hz) (X'VX)"H = [O(D™Y)]prspr,

(Hg) 62 = k+y'Cy is an unbiased, consistent and translation invariant estimator of o2, where
k=0(1) and C = diag{[O(D™rxr,- -, [OD s} + [0OD7)] -

Then, for L = (Z%,Z'V~Y) /002, it holds

E[ss’'(62 — 02)?] = LVL'Var[6%] + [o(D™Y)] prx Dr-



Remark 1. Under the conditions of Proposition 1 (Proposition 2), the estimator 62, (62,)

satisfies assumption (Hg).

From (9) and Theorem 1, the Prasad-Rao approximation of MCPE(f1f) is
MCPE" (i) = Gi(07,) + Ga(07) + Gs(03), (10)
where G1(02) and G1(02) are given by (8), and
Gs(0?) = LVL'Var[52].
By extension of Prasad and Rao (1990), an estimator of MCPE"!(juy,) is given by

mepe” (i) = G1(67) + Ga(62) + 2G3(62),

2

where 62 is an estimator of o2, for instance 62, or 62,.

5 Bootstrap approximations of the mean crossed product error

In this section we introduce three alternative ways of approximating MCPE(f1y) by a simple
bootstrap procedure. Although the normality assumption is needed in order to prove the consis-
tency of the approximations, the application of the method does not require an imposed prob-
ability distribution. In Steps 1-5 we describe the procedure for computing the direct bootstrap

estimator of MCPE(f1f;), and later we describe how to obtain the other two approximations.

Step 1. Calculate estimates 62 = 62(y) and )¢ 5= B(&Z,y) of 02 and B respectively; for

u u

example, using the method of moments or the Henderson method 3.

Step 2. Generate D independent copies of a variable Wi with E[W;] = 0 and E[W?] = 1.
Construct the vector w* = (uf,...,u},)’, with elements v} = ,W;. The mean vector and

covariance matrix of u* are respectively 0p and X, = &3[ D.

Step 3. Generate r x D independent copies of a random variable Wa with E[Ws] = 0 and

E[WZ] = 1, independent of W;. Construct e* = S PWy with Wy = (Wh, .. ., Whp)
and Wy = (Wagy,...,Wag)' for all d = 1,..., D. The mean vector of e* is Op, and its
covariance matrix is ¥, = diag{¥1,...,Xp}.

Step 4. Construct the bootstrap model yy = p; +ej, d=1,...,D, with p} = XuBp + 1,ub,

which can be rewritten in general form as

y*:X,[:}E—i—Zu*—i—e*. (11)



The remaining step requires further notation. Let us denote by E,, Var,, Cov, and MCPE,
the expectation, variance, covariance and mean crossed product error matrix under the proba-
bility distribution supplied by bootstrap model (11), given the initial sample.

We define the bootstrap parameter p* = X ,B g + Zu* by analogy with the parameter p =
XB + Zu. Under bootstrap model (11), the BLUP of pu* is

(62, y%) = XBy + Zuj, (12)

Iy
where 85 = 8(62,y*) and @’ = @(62,y*) = (%, ..., 0% ) are the bootstrap versions of 3
-2

and @p. Now let 62* = 62(y*) be the bootstrap estimator of 2, obtained from model (11).

Replacing such estimator in (12) we get the bootstrap EBLUP

b= 62, y") = XBy + Zaj, (13)

=

where ,B*E = B(6%,y*) and W} = w(62,y*) = (U, ..., U%p) . In the same way, the bootstrap
MCPEM of i} is given by

MCPE,(jv;) = Eu[(fuy — ") (b — 1")']-
The direct bootstrap estimator of M C PE(fuj;) proposed here is MCPE*!(ji};) = MCPE,(ji1};).

In practice, this estimator is approximated via Monte Carlo as described in Step 5:

Step 5. Calculate p*®) and ﬂ*E(b), b=1,...,B. The Monte Carlo approximation of the matrix
MCPE* (i) is

B
mepe () = BT (" — @)y — w®y. (14)
b=1

Remark 2. Observe that as B tends to infinity, mecpe*!(ft};) is a consistent estimator of
MCPE., (ji}).

The bootstrap method is specially useful for approximating unknown quantities. Thus, it
is reasonable to apply this method for estimating only the term of MCPE(fij) that cannot
be calculated in practice, namely E[(fip — fip)(ftp — fr5)']. Thus, the term-to-term bootstrap

estimator is defined as
MCPE™(ji) = G1(63) + G2(63) + E.[(k — fp) (i — 1))
It is known that the quantity G'1(62) + G2(62) is a biased estimator of G (02) + Ga(c2). Thus,

we define the bias-corrected bootstrap estimator as

MCPE"(jip) = 2[G1(63) + Ga2(67)] — EL[G1(63") + Ga(67")] + Bul(fry — i) (g — Aip)']-

The Monte Carlo approximations mepe*? (i) and mepe™(fil) of the bootstrap quantities

MCPE*(ji};) and MCPE*(ji};) respectively are obtained in a similar way as (14).

10



6 Consistency of the Bootstrap Estimators

In this section we show that if the extension (10) of the Prasad-Rao approximation is consistent,
then the bootstrap estimators 2 and 3 proposed in Section 5 are also consistent. More concretely,
following the arguments of Section 5, the analogue Prasad-Rao approximation MCPE?Y R(ﬂE)
of the matrix MCPE,(j1};) can be obtained. Here we prove that MCPEL(1};) is a consis-
tent estimator of MCPE" (f1;) by the method of imitation (see Shao and Tu, 1995, p.76),
where the consistency property is defined with respect to the probability distribution provided by
bootstrap model (11). Thus, if MCPE""(f1y;) is a consistent estimator of MCPE(fi), anal-
ogously MCPEL (%) is consistent for MCPE,(f1;), and this implies that MCPE., (j1})
is consistent for MCPE (fip).

The consistency is provided by the good properties of the bootstrap model (11). Observe
that the vectors u* and e* generated in Steps 2 and 3 are independent. Furthermore, the
expectation and the covariance matrix of y* imitate those of y,

Ely") = BXBp+ Zu’ + &' = XBp,

Var,y*] = ZE [u'v*|Z' + E,[e*e”| = 6227 + X, =V = diag{Vy;d = 1,...,D}.
Proposition 4. Under assumptions (M), (Ms) and (Hy)-(Hg), it holds that

(15)

EJy"] = Ely] = lop(D]pr<1  and  Var.[y*] = Var[y] = [op(1)]prxDr-

2
uls

62,, the result follows from (3), (15) and Proposition 2. [J

Proof. For 67, the result is immediate by applying (3), (15) and Proposition 1. In the case of

Proposition 5 establishes the results needed for obtaining the approximation of the mean
crossed product error matrix (Theorem 2), following the arguments of Prasad and Rao (1990).
Its proof is analogous to Proposition 1 or Proposition 2 depending on the considered estimator
of o2, but taking into account that the probability distribution is conditional on the initial
sample. Thus, symbols Oy« and o)+ indicate respectively boundedness and convergence to zero

in probability, under the probability distribution given by model (11).

Proposition 5. Let model (11) satisfies assumptions (M), (Ms) and (Hy)-(Hy). Then
(i) 1633 = 672l = Op(D™?);
(i) assuming additionally (Hs) and (Hg), it holds |6%3 — 624 = Op-(D71/2);

(iii) the estimators 632 (i = 1,2) are unbiased, consistent and translation invariant for o2, and

can be expressed as &;ZZ =k + y*'Cy*, where

k=0(1) and C = diag{[O(D™rxr,..-,[OD ]rxr } + [O(D7)] ., -

11



Proof. The proofs of (i) and (i7) follow the same steps of that of Propositions 1 and 2 re-
spectively. Note that the normality assumption is required. Finally, (éi7) follows from the

construction of both estimators. OJ

Theorem 2. Let us suppose that model (11) has been generated as described in Steps 1—4 with
W; ~ N(0,1) (i = 1,2) and with an estimator 62 € (0,00) satisfying (Hg). Assume further
assumptions (Hy)-(Hg), and (Hz7) for the matriz V evaluated at any admissible value of o2.
Then,

Bls*s™(672 — 62)] = LVE'Var.632] + op(DH]prenr,

(8115---55p,)" with components s, = Ofigi(w,y*)/0w|, 52, 0= L., d =

S =
1,...,D, V =V ) L = 0(Z2,2'V1 /062, and where Var,[6:2] is the bootstrap version

u

Proof. Under the imposed conditions, taking into account the normality of W; and the fact that

A2

632 = 62(y*) satisfies (Hg), the proof follows similar steps to that of Theorem 1 (Appendix),

but now under bootstrap model (11). O

By Theorem 2, the quantity MCPE.,(fi};) can be approximated in the same sense as in
Prasad and Rao (1990), by

MCPER (i) = G1(62) + G(62) + G3(52),
where
G1(62) =217, Go(62) = (X —ZTZ'S;'X)P(X — X321 2T7"), Gs(6%) = LVL'Var,[6:2.
and where T and P are the empirical versions of T' and P, that is,
T=%,-%2V1zy, P=(XV1x)!

In the following theorems we use notation MCPELT (i) and MCPELE (i};) for the (¢,m)-th

wem \H

element of the matrices MCPE"(fu) and MCPELR(1},) respectively.

2

Theorem 3. Under the assumptions of Theorem 2 with 62 = 62, or 62 = 62,, it holds that

|MCPE[ (i) — MCPE[ (jug)| = Op(D™?), £im=1,...,r

Proof. By (10) and Theorem 2, we know that

MCPE Z Grem(os) and MCPELT (j Z Ghom (6

12



where Gy (02) denote the (£, m)-th element of Gi(c2), k = 1,2,3. Taking into account Propo-

~2

sition 1 if 62 = 62, and Proposition 2 if 62 = 62,, and then subtracting term to term we get,

for any pair (¢, m),
|Gk€m(&3) - Gkﬁm(aiﬂ = Op(Dil/z), k=1,23 01

Remark 3. Under normality, the consistency of MCPE**(j};) and MCPE*3(ji};) are clear
because the term E.[(ftf; — i) (ftf; — p’)'] is consistently approximated by G3(62).

7 Simulation Study

In this section we describe a simulation study designed for analyzing the accuracy of the four
presented estimators of the mean crossed product error matrix, namely the extension of the
Prasad-Rao estimator and the three bootstrap-based estimators, when the number of areas D
is finite.

We start describing how the data were simulated. The sample vectors y; = (ya1,Ya2),
d =1,...,D were generated following a bivariate normal mixed model with random effects
associated to areas. Two covariates were considered, each one affecting one of the dependent
variables. The values (241, x42)" of the two covariates in the areas were generated from a bivariate
normal distribution, with means p; = po = 10, variances 0,911 = 1+ 9,(d — 1)/(D — 1) and
Ozd22 = 2+ 20,(d — 1)/(D — 1) for 6, = 0,1, and covariance 0,412 = Pa/Tzd110zd22, for
pz = 0,1/2. Random effects associated to areas uy were generated independently from a normal
distribution with zero mean and variance o2 = 2. The vector of values of the random errors
(€41, €q2)’ was simulated from a bivariate normal distribution with zero mean vector, and in a
multivariate heteroskedastic framework, where the variances and the covariance are proportional
to the values of the two covariates. More explicitly, we define weights wy = (CC?” + x32)—£/ 2,
¢ =0,1/2, and then the elements of the covariance matrices ¥, are 04;; = agmj Jwg (1,5 = 1,2),
for Jg =1,r1 =1, r90 =2, 112 = pe/T11722 and p. = 1/2. Finally, the vector of values of the

two response variables were generated, taking 01 = 2 = 1, from the model
Yak = PrTak + ud + €, k=12 d=1,...,D. (16)

For the sake of brevity, we only present the numerical results obtained with constant variances
(0; = 0), dependent covariates (p; = 0.5) and in the heteroskedastic framework (¢ = 0.5).

A preliminary simulation study was carried out in order to analyze the precision of model pa-
rameter estimates, with I = 1000 simulations of samples with sizes D = 50, 100, 200, 500, 1000.

The Monte Carlo approximations of the mean squared errors of the estimators of model param-
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eters 31, B2 and o2, calculated using both the method of moments (62;) and Henderson method

3 (62,), are listed respectively in Tables 1 and 2 below.

D 20 100 200

500 1000

EMSE(BEl) 0.001395 0.000706 0.000366 0.000151 0.000076
EMSE(Bg2) | 0.002249 0.001018 0.000507 0.000211 0.000112

EMSE(62)) | 2.960361 1.469272 0.723034 0.297036 0.155238

Table 1. Mean squared errors of model parameter estimators using the

method of moments, with §, =0, p, = 0.5 and £ = 0.5.

D 20 100 200 500 1000

MSE(Bg1) | 0.001396 0.000706 0.000366 0.000151 0.000076
MSE(Bgs) | 0.002249 0.001018 0.000507 0.000211  0.000112
MSE(52,) | 2971057 1.435667 0.689207 0.291275 0.152444

Table 2. Mean squared errors of model parameter estimators using

Henderson method 3, with §, =0, p, = 0.5 and ¢ = 0.5.

It can be seen within both tables that the estimates of model coefficients (i, 32 are much

more precise that the estimate of the variance o2. But as it has been theoretically shown, the

precision of the variance estimator improves when the number of areas D increases. The two

estimation methods present almost the same results, but 62, is slightly better for moderate
number of areas (D = 100, 200).

The main simulation study, designed for comparing the proposed estimators of the mean

crossed product error matrix, followed the scheme described by items 1-5 below.

1.

the beginning of current section, and calculate mean vectors p(?) = (1

i=1,...,1.

. Fori=1,...

PR(5)
mcepe,

. From estimators &y,

Generate independently I = 1000 samples y(i) = ( ﬁ),yg, .. ,yg)l,yg)z

(@)

(@) _ (p@)  ~(0)
mcpeéDR(ﬂ%) ), d=1,...,D.

2(i)

)/

as described at

() @ @) )

. Calculate estimators &?fi) = 62(y®W) and Bg) = B(&Z(i),y(i)) i=1,...,1.

110 H125 -5 B p1> B po

.1, compute predictors fiz; = (figy;» fgge) » and Prasad-Rao-type estimators

and B%), generate B bootstrap samples as described in Section 5

with Wp and Wy generated from standard normal distributions (see Step 2-3 in Section

*a(1)

14

5), and compute the bootstrap approximations mcpe,; "’ = mcpejﬂ(ﬂ(i)

E

), for a =1,2,3.



5. For each area d, calculate the Monte Carlo approximations of theoretical mean crossed

product error matrix M CPE; and of the four matrix estimators, by formulas

~

MCPE; =~ (%) — i) (i, — uY,

N~ =

i=1
1< : 1< :
mcpedPR =7 Z mcpeCIlDR(Z), mcpe)’ = 7 Z mcpeza(l), a=1,2,3.
1=1 1=1
Calculate also the mean squared error over simulations of each element (¢,m) of the four
matrices; that is, calculate for each ¢,m = 1,2 and for a = 1,2, 3,
1< : 1< :
Eﬂf; == Z(mcpef;%z) — MCPEy,,)?%, Ey., == Z(mcpexﬁ) — MCPE,,)>.

14 I+
i=1 i=1

In small area estimation problems, the number of areas may differ considerably from one
application to another. In order to compare the estimators for different number of areas, the
algorithm described above has been run for all D € D, where D = {50, 100, 200, 300, 400, 500}.

In Figure 1, the line with label MCPEy;; represents the median of {MCPEs;,, d =
1,...,D} for each D € D, being MCPEg; the element (1,1) of the MCPE,; matrix. The
remaining lines correspond to the medians over areas of the Prasad-Rao estimators mcpeéjllf, and
of the three bootstrap estimators mcpef&l, mcpeiﬁl and mcpefgl. Figures 2 and 3 represent the
same quantities for the elements (1,2) and (2, 2) respectively of the same matrices. The results
were obtained by fitting the model using the method of moments estimator of o2. The results
for Henderson method 3 are omitted due to the great similarity.

Relative patterns are similar in the three pictures. The medians over areas of the Prasad-
Rao estimator mcpefﬁ and the direct bootstrap estimator mcpe’:ﬁl show a negative bias for all
D. The other two estimators behave almost the same for D > 100, but it is observed that the
bias-uncorrected bootstrap estimator works better that the bias-corrected estimator in median

for D = 50.
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Figure 1. Medians over areas of MCPFE 1, mcpeéjllf, and mepey],, a =1,2,3, versus D.
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Figure 2. Medians over areas of MCPFE; o, mcpeflg, and mcepelf,, a = 1,2,3 versus D.
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Figure 3. Medians over areas of MCPFE;y9, mcpefzg and mcpejs,, a =1,2,3, versus D.

In order to get more insight into the behavior of the estimators along iterations, we have
calculated, for each pair (¢/,m) and for each D € D, the medians over the D areas of the mean
squared errors Eﬂﬁb, E;l}m, E;?m and E;g’m of the estimators mcpefﬁb, mcpe:ﬁm, mcpeﬁm and
mcpef[}m respectively. The results are listed in Table 3. In this table we can see how for D = 50,
the Prasad-Rao-type estimator and the term-to-term bootstrap estimators have similar result,
while for D > 50 the bootstrap estimators mcpezﬁm and mcpefl‘?m present slightly lower mean

squared error.

PR *1 *2 *3 PR *1 *2 *3 PR *1 *2 *3
D Edll Edll Edll Edll Ed12 Ed12 Ed12 Ed12 Ed22 Ed22 Ed22 Ed22

50 10.176 0.198 0.173 0.218 | 0.176 0.198 0.173 0.217 | 0.183 0.206 0.180 0.225
100 | 0.087 0.095 0.082 0.086 | 0.087 0.095 0.082 0.085 | 0.090 0.098 0.085 0.088
200 | 0.041 0.048 0.039 0.039 | 0.041 0.048 0.039 0.039 | 0.042 0.049 0.041 0.041
300 | 0.028 0.035 0.028 0.028 | 0.028 0.035 0.028 0.028 | 0.029 0.036 0.028 0.028

400 | 0.023 0.030 0.023 0.023 | 0.023 0.030 0.023 0.023 | 0.024 0.031 0.023 0.023

500 | 0.019 0.026 0.019 0.019 | 0.019 0.027 0.019 0.019 | 0.020 0.027 0.020 0.020

1 PR *1 *2 *3
Table 3. Medians over areas of mean squared errors B, EY, . E%  and Ej; .
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A further analysis has been done attending to the percentage of areas where the Prasad-Rao-
type estimator presents smaller mean squared error than each bootstrap estimator. Thus, for
each D, we define the quantities Pg*nll, PZ% and Pz*ri as the percentage of the D areas where the
respective differences Efgﬁb — Eﬁm, Efgﬁb — E;?m and Efgfi — E;?m are negative. The results are
listed in Table 4. We can see how the Prasad-Rao-type estimator gains in all areas to the direct
bootstrap estimator for any value of D, and for D = 50 it gains in all areas to the bias-corrected
estimator mcpef[}m. However, for D > 100, the latter estimator presents less mean squared error
in most of the areas. The best results are for the term-to-term bootstrap estimator mcpeﬁm,
since even for D = 50 it has lower MSE for the most of areas. For D large all estimators become
very close, and the given percentages are not as representative. It is important to mention that,
as already observed in Table 3, the differences in the mean squared errors of the estimators are

small.

*1 *2 *3 *1 *2 *3 *1 *2 *3
D Pll Pll Pll P12 P12 P12 P22 P22 P22

50 | 1.00 0.22 1.00|1.00 0.20 1.00 | 1.00 0.18 1.00
100 | 1.00 0.02 0.11 | 1.00 0.01 0.09 | 1.00 0.01 0.09
200 | 1.00 0.06 0.07 | 1.00 0.07 0.07 | 1.00 0.07 0.08
300 | 1.00 0.23 0.29 | 1.00 0.24 0.29 | 1.00 0.24 0.29
400 | 1.00 0.20 0.20 | 1.00 0.20 0.19 | 1.00 0.21 0.19

500 | 1.00 0.40 0.42 | 1.00 0.40 0.42]1.00 0.39 0.42

Table 4. Percentage of areas Pz*r}w PZ*% and Pg;f:’b where the mean squared

errors of mcpez%m, mcpeﬁm and mcpefl%m are greater than that of mcpeféfl.

The normality assumption is essential for deriving the Prasad-Rao approximation, and thus
for applying the arguments given in Section 6 about the consistency of the bootstrap estimators.
However, the bootstrap procedure described in Section 5 does not require normality, and can be
used in practice even with unknown probability distribution. In this sense, it can be regarded as a
nonparametric bootstrap. In order to study the robustness of the estimators in a nonparametric
setting with absence of normality, a second simulation study was carried out. In this simulation,
the initial random effects uy were generated from a Gumbel distribution with zero mean and
variance o2 = 2, and the vector of random errors e4 from a bivariate Logistic with mean vector
equal to zero, and covariance matrix equal to ¥q = (04;j)i j=1,2, With o4;; = Ugrij/wd, where
1 =1, 1o = 2, 112 = pey/T11722, for pe = 1/2 and 02 = 1. The bootstrap random effects uy

and the random errors e} where generated as in Step 2-3 of Section 5 with W7 and W5 simulated
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from a standard normal distribution.

In the obtained results, the direct bootstrap estimator mcpe(’ﬁ1 presented uniformly greater
mean squared errors for all areas. Thus, in Figure 4 we plotted the mean squared errors over
simulations of the remaining three estimators mcpedpﬁ, mcpe:ﬁ1 and mcpe:ﬁl. It can be appre-
ciated that in the most of areas, the two bootstrap estimators get very similar results, and both
are more accurate than the Prasad-Rao extension. For the components (1,2) and (2,2) of the

matrices, the figures show similar results.

—e—EPR d11 —=E*2_d11 —% E*3_d11

0.065

0.06 -

0.055 - | |

0.05

1 8 15 22 29 36 43 50 57 64 71 78 85 92 99 106 113 120 127 134 141 148 155 162 169 176 183 190 197

Figure 4. Mean squared errors of mcpedpﬁ, mcpeﬁ1 and mcpe:ﬁ1 by areas.

Practitioners may have the reasonable interest in knowing which number of bootstrap iter-
ations B is enough in order to get a desired precision of bootstrap estimators. Of course, the
answer to this question depends on the particular data set at hand, but in order to put some
light to this point, simulations have been repeated for increasing values of B, for D = 200 areas,
and two arbitrary areas have been selected, concretely areas with d = 60 and d = 180. The
mean squared error over simulations of the three proposed bootstrap estimators of the element
(1,1) of MCPE,(fip,) are shown in Figure 5 for d = 60. In Figure 6, the same results are
shown for d = 180.
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Figure 5. Mean squared errors of mcpef&l, mcpefﬁ1 and mcpez?l’1 for d = 60 versus B.
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Figure 6. Mean squared errors of mcpe:ﬁl, mcpe:ﬁl and mcpezﬁ’l for d = 180 versus B.
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We observe in both figures that the mean squared error of the bootstrap estimators mcpe:ﬁl
and mcpejl‘r{’l may be considered acceptably stable for B = 200 bootstrap replications, while
the estimator mcpef&l becomes stable for B > 600. The graphics for the rest of elements of
the matrix estimators present similar shape and not much variation has been observed when
analyzing other arbitrary areas.

In conclusion, in these simulations the Prasad-Rao type estimator performs acceptably well
even under non normality of the model. The direct bootstrap estimator works a little worse (see
Figures 1-3) but is easy to implement, being enough B = 600 replications. As alternatives to
both estimators, we have the term-to-term and the bias-corrected bootstrap estimators, which
work well in all situations, including the absence of normality of the model (see Figure 4), and

do not need many bootstrap replications (B = 200) to be precise enough.

Appendix
Using similar arguments as those in Prasad and Rao (1990), the following lemmas can be proved.

Lemma 1. Let us define the vector containing the random part of model (M )—(Mz), v = Zu+e.
Then

s=(F+L)v, (17)
where the matrices F' and L are such that
(i) L = diag{Ly,...,Lp}, with Ly = [O()]yxr, d=1,...,D.
(ii) F =[O(D™Y)]prxpr-

Lemma 2. Let z be a random vector with z ~ N(0,V), let s1 = Nz and sy = Ayz be two

linear combinations of z, and let ¢ = 2'Cz be a quadratic form. Then,
E[s182(q — E|q])?] = Cov(s1,s2)Varlg] + 8A'VCVCOV Xs.
Lemma 3. Under the conditions of Theorem 1, the variance of vector s (cf. 17) satisfies
Var[s]| = LVL + [O(D™Y]prxDr-

Proof of Theorem 1. By Lemma 1, the components of s are linear transformations of v =
Zu+e =1y — X, that is, if f; and Ly; are the di-th rows of matrices F' and L respectively,
then

sai = (fgi + Lai)v, i=1,....r, d=1,...,D.
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By assumption (Hg), 62(y) = 62(v) = k + y'Cy is unbiased and translation invariant, so that
62(y) = 62(v) = k +v'Cv and o2 = k + E[v'Cv]. Subtracting both equations, we get

u
~2 2 .
62 — o0, =v'Cv— EvCvl.
From Lemma 2 with Ay = fg; + Lai, A2 = fy; + Lyj, 51 = 845, 52 = s¢j and ¢ = v'Cv, we get

Elsqisej (67 — 02)?] = Cov(sai, sej)Varon] + 8(F g + Lai) VCVCV (f4; + Lyj).

Applying the same formula for all pairs i,5 € {1,...,7} and all pairs d,¢ € {1,...,D}, and

writing the result in matrix form we get
E[ss'(62 — 02)? = Var[s|Var[62] + 8(F + L)VCVCV(F + L)'.
From Lemma A.3(g) of Prasad and Rao (1990) with r» = f_;, s = Lg; and ¥ =V, we get
(fgi + L)) VCVCV(fy + Lg;) =0(D7?), i=1,...,r, d=1,...,D.

But in the mentioned lemma, the particular values of f; and Lg; are not important, just their
asymptotic orders. Thus, it holds for any element f; and Ly with the required asymptotic
order, even when on the right of matrix VCVCV they have different index ¢j. Therefore

(F+ L)VCVCV(F + L) = [0(D™ )] prxdry

and then

E[ss'(&i - O’Z)] = Var[s]Var[&Z] + [O(D_l)]DrXDT.

Furthermore, from Lemma 3, we have

Var[s] = LVL + [O(Dfl)]DTXpr.

2

2 is unbiased and consistent, Var[62] = o(1), then

Since & o

E[ss' (6% — 02)% = LVL'Var[62] + [o(D™ Y] prxpr. O

u " Oy
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