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Abstract This paper deals with the relation between fuzzy implications and Galois
connections, trying to raise the awareness that the fuzzy implications are indispensable to generalise Formal Concept Analysis. The concrete goal of the paper is to
make evident that Galois connections, which are at the heart of some of the generalizations of Formal Concept Analysis, can be interpreted as fuzzy incidents. Thus
knowledge processing, discovery, exploration and visualization as well as data mining are new research areas for fuzzy implications as they are areas where Formal
Concept Analysis has a niche.
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1 Introduction
Our knowledge of complex systems is usually incomplete and even in the cases when
it is complete, it is difﬁcult to use. Therefore, in both situations, we have to trust in
expert’s statements. Fuzzy Logic is a methodology to model those statements that
usually belong to natural language instead of being made in mathematical language.
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In particular, fuzzy implications were introduced and studied in the literature as a
generalization of classical implications to represent experts knowledge of the type
“If..., then...” and to perform inferences in any rule-based system. In the ample bibliography on the subject (see for example [1–4]) different approaches to the concept
of fuzzy implication can be found. Yet, an implication on a subset E is usually
understood as an application J on the fuzzy set F (E) = [0, 1] E as
J : [0, 1] E × [0, 1] E → [0, 1] E×E
(μ, σ ) → μ → σ

(1)

However, when such an implication μ → σ can be functionally expressed, it is
represented through a two variable function (μ → σ ) (x, y) = J (μ (x) , σ (y)) for
every (x, y) ∈ E × E, where J is a numerical function deﬁned on the square unit
J : [0, 1] × [0, 1] −→ [0, 1]. This function is called an implication operator because
it generates a fuzzy implication. Most of the implication functions used in fuzzy
logic are built from De Morgan triplets based on the formalism of Boolean logic,
intuitionistic logic or quantum logic. See for example the seminal works [5–7] or the
recent and very complete overview on fuzzy implication functions [8].
Implications are crucial to generalize the basic framework of Formal Concept
Analysis (FCA) [9, 10]. Recall that this is a theory of concrete lattices arising from
certain Galois connections [11] between two sets induced by a binary incidence relation. It ﬁnds concrete applications in data mining, exploratory analysis, knowledge
management and information retrieval, among others [12–14].
Perhaps the earliest and more developed generalization is that of Formal Concept
Analysis in a Fuzzy Setting (FCAf), where incidences are allowed to have values
in a fuzzy algebra L which is also a complete lattice [15, 16]. Note that such fuzzy
algebras can alternatively be described as fuzzy semirings [17]. An independently
motivated generalisation of FCA, K -Formal Concept Analysis (KFCA), uses an
idempotent semiﬁeld K —a kind of semiring with a multiplicative group structure—
as the range of the relation [18]. Whereas fuzzy semirings are mostly used to capture
a “degree of truth”, semiﬁelds are used to capture the concept of “cost” or, dually,
“utility”.
It has already been determined that the condition for an algebra to induce a ﬂavour
of FCA is that it be a complete residuated lattice [16]. Indeed, the presence of a
residuated implication is a prerequisite to deﬁne the polars of the Galois connection.
On the other hand, FCA has universal representation capabilities for complete lattices,
which extends to the representation of (boolean) implications between attributes [10,
Sect. 2.3], and this has been extended to FCAf [19], but not to idempotent semiﬁelds.
It is intriguing that these algebras induce Galois Connections and FCA inasmuch
as idempotent semiﬁelds are as different as a naturally-ordered semiring can be from
prototypical fuzzy semirings—like [0, 1], max, min, 0, 1—in a sense made evident
in this paper. In fact, idempotent semiﬁelds do not fulﬁll some of the more restrictive
or technical conditions for an algebra L to deﬁne an L-fuzzy set [20]: in particular, in
an idempotent semiﬁeld the identity is never an inﬁnity element. However, already
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seminal work on fuzzy sets considered the possibility that [0, 1] in (1) be a partially
ordered set [21, footnote 3].
Unsurprisingly, one of the notoriously overlooked abstractions of fuzzy semirings
and idempotent semiﬁelds are dioids, or naturally-ordered semirings whose zero is

Fig. 1 Concept lattice of dioids in the context of commutative semirings. Concept lattice of a
choice of abstract (leading asterisk, white label) and concrete (white label) commutative semirings
and their properties (gray label) mentioned in the text. Each node is a concept of abstract algebra:
its properties are obtained from the gray labels in nodes upwards, and its structures from the white
labels in nodes downwards. The picture is related to the chosen sets of properties and algebras and
does not fully reﬂect the structure of the class of semirings. We have chosen to highlight dioids (a),
and, within them, inclines (b) and complete idempotent semiﬁelds (c)
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the bottom in the order. The naturalness of the order comes from its compatibility
with the multiplication,
∀a, b, c ∈ S, a ≤ b ⇐⇒ c ⊗ a ≤ c ⊗ b .

(2)

Dioids are already residuated so complete dioids are already complete residuated
lattices (see Fig. 1), hence FCA-inducing. Furthermore, semiring B is embedded in
both fuzzy semirings and idempotent semiﬁelds. Note that [22] already asked for a
revisiting of idempotent semiﬁelds and the investigation of their relationship to fuzzy
algebras.
In this paper we argue that in future research regarding fuzzy implications the
existence of such Galois connections and generalized forms of FCA should be among
the ﬁrst and foremost applications.
For that purpose, we revisit some properties of dioids and their semimodules in
Sect. 2, highlighting the formal similarities of the deﬁnitions of Galois connections
between them. We then present in Sect. 3 some applications of generalized formal
concept analysis to emphasize its importance as an application ﬁeld and last we offer
some conclusions.

2 Preliminaries: Semirings and Semimodules
To make this work self-contained, we introduce basic notations used in the text and
we brieﬂy mention some of the results employed in the rest of the paper. See [17]
for a comprehensive introduction to this subject.
Recall that a semiring is an algebra S = S, ⊕, ⊗, ε, e whose additive structure,
S, ⊕, ε, is a commutative monoid and whose multiplicative structure, S\{ε}, ⊗, e,
is a monoid with multiplication distributing over addition from right and left and with
additive neutral element absorbing for ⊗, i.e. ∀a ∈ S, ε ⊗ a = ε [17]. A semiring
S is:
zerosumfree iff a ⊕ b = ε ⇒ a = ε and b = ε.
entire iff a ⊗ b = ε ⇒ a = ε or b = ε.
positive or an information algebra iff it is both zerosumfree and entire.
partially-ordered iff there is an order S,  compatible with addition and multiplication, such that for all a, b, c ∈ S, if a  b then a ⊕ c  b ⊕ c, a ⊗ c  b ⊗ c
and c ⊗ a  c ⊗ b.


Note that, in partially-ordered semirings, if ai  bi then ai  bi . Furthermore,
if S is a partially-ordered set, then it is positive if ε = ⊥ is the inﬁmum or bottom
for
set ⊥  a for all a ∈ S [23]. If S is positive then also if ai  bi then
 this 
ai  bi [23].
In a semiring, the natural or canonical or difference pre-order is for all a, b ∈ S,
a  b ⇐⇒ a ⊕ c = b for some c ∈ S. A semiring D = D, ⊕, ⊗, ⊥, e
1.
2.
3.
4.
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is a dioid—for double monoid—or naturally—or canonically—[24] or differenceordered [17, 23, 25] if this natural pre-order is actually a partial order.
Example 1 The following are dioids whose relationships can be gleaned from Fig. 1.
B ≡ 2 ≡  {0, 1}, ∨, ∧, 0, 1 , (Boolean algebra)
Imax,min ≡  [0, 1], max, min, 0, 1 , (toll semiring) [26]
Nmin,+ ≡  N ∪ {0, ∞}, min, +, ∞, 0 , (tropical semiring)
Rmax,+ ≡  R∪{ −∞ }, max, +, −∞, 0 , (max-plus, schedule or morphological
algebra) [27]
5. Rmin,+ ≡  R ∪ { ∞ }, min, +, ∞, 0  [27], (optimization algebra)
6. Rmax,× ≡  R+
0 ∪ {∞}, max, ×, 0, 1 , (max-times semiring) [24]
7. Imax,× ≡  [0, 1], max, ×, 0, 1 , (fuzzy max-times algebra) [24]

1.
2.
3.
4.



Note that the product of k dioids is also a dioid.

A big class of dioids is that of (additively) idempotent semirings. An idempotent
semiring D is a semiring whose additive structure D, ⊕, ε is an idempotent semigroup, that is, ∀a ∈ D, a ⊕ a = a. Idempotent semirings are all canonically-ordered
and, if commutative, they are already ∨-semilattices (read sup- or join-semilattice),
whose operation is compatible with the canonical order a ⊕ b = a ∨ b and selects
the lowest upper bound, supremum or join [24, Chap. 1, Theorems 1 and 2].
Another class of important dioids are those with a multiplicative group structure
or semiﬁelds. These are all entire, and thence information algebras.
Completeness issues in semirings deserve a lengthier treatment: a complete semiring S [25] is a semiring where for 
every (possibly inﬁnite) family of elements
{ai }i∈I ⊆ S we can deﬁne an element i∈I ai ∈ S such that

1. if I = ∅, then i∈I a
i = ε,
a1 ⊕ · · · ⊕ an , 
2. if I = {1 . . . n}, then

 i∈I ai =

=
a
3. if b ∈ S, then b ⊗
i∈I i
i∈I b ⊗ ai and
i∈I ai ⊗ b =
i∈I ai ⊗ b,
and




4. if {I j } j∈J is a partition of I , then i∈I ai = j∈J
i∈I j ai .
If I is countable in the deﬁnitions above, then S is countably complete and already
zerosumfree [17, Prop. 22.28].
To investigate completion issues, call an element in a semiring a ∈ S inﬁnite iff
a ⊕ b = a for all b ∈ S, and strongly inﬁnite if also a ⊗ b = a = b ⊗ a [17]. If
S is a complete semiring, then it has a (necessarily unique) inﬁnite element [17,
Prop. 22.27].
A dioid D is complete, if it is complete as a semiring, further complete as a
naturally ordered set D,  and left (La ) and right (Ra ) multiplications are lower
semicontinuous, that is, join-preserving. In such cases, the top of the dioid is the
unique inﬁnite element  =  ⊕ a, for all a ∈ D, whence a  .
As a partially-ordered set, a ∨-semilattice is complete when the lowest upper
bound operates on arbitrary subsets of S and likewise for complete ∧-semilattices.
Lattices are complete when both their ∨- and ∧-semilattices are complete, hence they
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have both a top and a bottom. From a well-known order-theory theorem—a complete
∨-semilattice with bottom is also a complete lattice [28, Theorem 2.31, p. 47]—it is
clear that complete idempotent semirings are already complete lattices.
A fortiori, selective semiﬁelds can all be completed, as, for instance, the (initially
incomplete) maxplus and minplus semiﬁelds in Example 1.
Example 2 1. The completed Minplus semiﬁeld, Rmin,+ = R ∪ {−∞, ∞}, min,


+, ∞, 0, −∞ ,
2. the completed Maxplus semiﬁeld, Rmax,+

=

R ∪ {−∞, ∞}, max, +,


−∞, 0, ∞ .
−1

These two completions are actually inverses Rmin,+ = Rmax,+ and order

dual [29]. Indeed they are better jointly called the max-min-plus semiring

min,+
Rmax,+ .




We have −∞ + ∞ = −∞ and −∞ + ∞ = ∞, which solves several issues in




dealing with the separately completed dioids.

Completed idempotent semiﬁelds were ﬁrst recorded as blogs, bounded, latticeordered groups [30, Sect. 4.1], although the name did not catch, and would be called
bounded -groups nowadays. The lattice B can be embedded in any bounded group, by restricting the carrier set to {⊥, }. The boolean operations would then be
implemented as ⊕ and ⊗ restricted to such set.




In this context, a semimodule over a semiring, is the analogue of a module
over a ring [17, 25]: a right S -semimodule is an additive commutative monoid
X =  X, ⊕, εX  endowed with a right action (x, λ) → x  λ such that
∀λ, μ ∈ S, x, x  ∈ X . Following the convention of dropping the symbols for the
scalar action and semiring multiplication we have:
x(λμ) = (xλ)μ
(x ⊕ x  )λ = xλ ⊕ x  λ

xε = εX
xe = x

The deﬁnition of a left S -semimodule Y follows the same pattern with the help
of a left action, (x, λ) → λ  x and similar axioms. A (R, S )-semimodule is a
set M endowed with left R-semimodule and a right S -semimodule structures, and
a (R, S )-bisemimodule a (R, S )-semimodule such that the left and right actions
commute.
For n, p ∈ N, the semimodule of ﬁnite matrices Mn× p (S ) = S n× p , ⊕, E  is
a (Mn (S ), M p (S ))-bisemimodule, with matrix multiplication-like left and right
actions and entry-wise addition. Special cases of it are the bisemimodules of column
vectors M p×1 (S ) and row vectors M1×n (S ). In the following we systematically
equate left (resp. right) S -semimodules and row (resp. column) semimodules over
S . This motivates calling them (semi)vector spaces.
In a semimodule X over a semiﬁeld K one can deﬁne an element-wise inversion
operation ·−1 : X → X, x → x −1 such that (x −1 )i = xi −1 . If the semiﬁeld is also
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a complete dioid, then the inverse semimodule is the order dual X −1 ∼
=  X, ≤d .
Hence, a complete semimodule [17] over an idempotent semiﬁeld is also a complete
lattice, with join and meet operations fulﬁlling v1 ≤ v2 ⇐⇒ v1 ∨ v2 = v2 ⇐⇒

−1
à la Boole.
v1 ∧ v2 = v2 . v1 ∧ v2 = v1−1 ∨ v2−1
Example 3 Semimodules over Rmax,+ have inverses over Rmin,+ and vice versa. In

−1

particular Rmax,+
= Rmin,+ , and dually. For Rmax,+ , it is v1 ∧ v2 = v1 ⊕ v2 =
(v1−1 ⊕ v1−1 )−1 = min(v1 , v2 ) .





Note that elements of a semimodule over a semiring receive different names in
different traditions: for the boolean semiring, they are called characteristic vectors;
over a fuzzy algebra L they are L-fuzzy sets; for ﬁelds or semiﬁelds they are simply
vectors.

3 Galois Connections over Semimodules
and their Applications
In this section we try to motivate why the study of Galois connections in general—and
FCA in particular—should stand foremost among the applications of implications.

3.1 Galois Connections and their Ubiquity
A Galois connection is a pair of maps φ : X → Y and ψ : Y → X between two
ordered sets X, ≤ and Y, ≤ such that:
1. x1 ≤ x2 ⇒ φ(x1 ) ≥ φ(x2 )
2. y1 ≤ y2 ⇒ ψ(y1 ) ≥ ψ(y2 )
3. x ≤ ψ(φ(x)) and y ≤ φ(ψ(y))
See [11] for a summary of mathematical applications of Galois connections, and
[31] for a historical review—and proof of their ubiquity. For our present interests,
the composition of the maps γ X = ψ ◦ φ and γY = φ ◦ ψ are closure maps, that is
monotone, expansive and idempotent maps. Illustrating for γ X ,
monotonicity: x1 ≤ x2 ⇒ γ X (x1 ) ≤ γ X (x2 )
expansiveness: x ≤ γ X (x)
idempotency: γ X (γ X (x)) = γ X (x) .
A well-known order-theorem states that the set of closed elements of a closure map—
called a closure system—γ X (X ) = {x ∈ X | γ X (x) = x}, is a complete lattice [32,
33], a ubiquitous structure in algebra, morphological processing, rough set and fuzzy
set theory, among others.
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3.2 Activating Galois Connections and Lattices: Formal
Concept Analysis
Formal concept analysis [10] is a procedure to render lattice theory more concrete
and manipulative. FCA stems from the realization that a binary relation between two
sets I ∈ 2G×M —where G and M are conventionally called the set of objects and
attributes, respectively—deﬁnes a Galois connection between the powersets X ≡ 2G
and Y ≡ 2 M endowed with the inclusion order. The triple (G, M, I ) is called a formal
context and the pair of maps that build the connection are called the polars (of the
context):
∀A ∈ 2G , A↑ = {m ∈ M | ∀g ∈ A, g I m}
∀B ∈ 2 M , B ↓ = {g ∈ G | ∀m ∈ B, g I m}.

(3)

The closure maps are γG (A) = (A↑ )↓ and γ M (B) = (B ↓ )↑ . The closed sets of
objects and attributes are called extents and intents, respectively, and their closure
systems the lattice of extents and the lattice of intents.
The main theorem of formal context analysis gathers several propositions: that the
lattices of extents and intents are (order-dually) isomorphic complete lattices, how
the joins and meets of elements can be calculated, and, perhaps more importantly,
that any complete lattice emerges in this way up to isomorphism. In this manner, any
lattice can be studied by means of the lattices associated to a formal context.
The isomorphic pairs of extents and intents are called formal concepts, and model
precisely the dually of extent and intent in traditional formal semantics, whence the
name of the whole theory. The lattice of such pairs is called the concept lattice of
the formal context (G, M, I ).
The existence of the Galois connection induced by a formal context gives rise to
a number of information processing devices, among them the concept lattice and the
bases of implications [10]. This is a ﬂourishing ﬁeld of mathematical applications
with a number of conferences and special sessions dedicated to it.

3.3 Conditional Implications and Galois Connections
In the historical development of FCA the question soon arised whether this construction is generalizable to multi-valued relations. That is whether there is another
diagram similar to Fig. 2 where characteristic vectors are substituted by vectors with
entries in a semiring belonging to a semimodule. This was soon answered in the
afﬁrmative and in this construction, conditional implications are crucial.
In fact, we can prove the formal equality of Galois connections over different
dioids: Given two semimodules X ≡ S G and Y ≡ S M over a semiring and a
S-valued relation between them I ∈ S G×M consider vectors x ∈ S G and y ∈ S M as
S-sets.
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(a)

(b)

Fig. 2 The Galois connection arising in FCA or B-FCA and an analogue over a semiring. a The
Galois connection in FCA, b A Galois connection between semimodules over a semiring S

First, recall that when S is a residuated lattice L = L , ∨, ∧, ⊗, →, 0, 1 the
polars of an L-fuzzy Galois connection between two sets of objects G and attributes
M mediated by the fuzzy incidence I (g, m) ∈ L G×M are [16, p.219]:
∀A ∈ L G , A↑ (m) =
∀B ∈ L M , B ↓ (g) =



A(g) → I (g, m)

g∈G

(4)

B(m) → I (g, m).
m∈M

On idempotent semiﬁelds, however, [18] have proven that the four different types
of Galois connection emerge from variations of the following construction: Given a
scalar product x, y = x t ⊗ R ⊗ y , and a ϕ ∈ K , let the ϕ-polars be:


x↑ =



{y ∈ K M | x, y ≤ ϕ}

y↓ =

{x ∈ K G | x, y ≤ ϕ}.

This is the deﬁnition of the residuals with respect to the scalar product which turn
out to be


x ↑ = ϕ/(x t ⊗ R) = ϕ ⊗ R  ⊗ x −1






y ↓ = (R ⊗ y) \ ϕ = y  ⊗ R  ⊗ ϕ. (5)




whereby the polars are written as linear operations on a semimodule of the dual
idempotent semiﬁeld. As a result, we may operate in the familiar realm of linear
algebra, but maintaining our intuitions about the behavior of K -valued sets.
An apparent discrepancy is that the implications are not always evident, but in
fact all of them follow from the residuation equation:
a ⊗ b ≤ ϕ ⇔ a ≤ ϕ/b = b → ϕ ⇔ b ≤ a\ϕ = a → ϕ.
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Equation (5) might look different to (4), but it is not: recall that


R⊗y=

•



R(g, m) ⊗ y(m)

m∈M

and since the addition in idempotent semiﬁelds is the join, in the case of the inverse
semiﬁeld it is actually the meet, whence we may write for ϕ = e,

x −1 (g) ⊗ R (g, m) =

∀x ∈ K G , x ↑ (m) =
g∈G

x t (g) → R (g, m)
g∈G


y (m) ⊗ R (g, m) =

∀y ∈ K M , y ↓ (g) =
m∈M

y(m) → R (g, m)
m∈M

where, in the last step, we have recalled that residuum is just alternate notation for
the implication arrow. Note that this is formally identical to (4), mutatis mutandis.

3.4 Applications
Some examples of applications that can be explored under this new perspective are
the visualization and analysis of contingency tables for artiﬁcial as well as human
classiﬁcation error assessment [34–36], analysis of Gene Expression Data [37, 38],
data mining by using K –FCA [39] or fuzzy–FCA as in [40] for tag mining, [41] for
the discovery of semantic web services, [42] for constructing user proﬁles from web
usage logs, [43] for supporting the user in the discovery of semantic web services.
The new point of view introduced in this paper widens the scope of real-life
applications of fuzzy implications since fuzzy Galois connections are at the heart of
some of the generalizations of FCA. Knowledge processing, discovery, exploration
and visualization as well as data mining are research areas were FCA has a niche.

4 Conclusions
The aim of this paper was to study the application of Galois connections in general—and formal concept analysis in particular—to conditional implication. We believe
that FCA provides an extended view into fuzzy implications beyond that provided
by previous works widening even more their range of real-life applications.
The main scope of this special volume of Studies in Fuzziness and Soft Computing
is to pay homage to Prof. Enric Trillas, who among his many achievements in the
ﬁeld of fuzzy sets and systems has, without any doubt, expanded the knowledge
on fuzzy implications, inspiring many of us to try to do likewise. With this paper
we hope to contribute to that homage opening a new area of applications for fuzzy
implications.
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