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ise wall temperature profile is numerically investigated using the thermo-diffusive
aracterize the stability behavior of the flame, we construct the stability maps delin-
th different flame dynamics in the inlet mass flow rate m vs. the equivalence ratio /
e flame stability is analyzed for fuels with different diffusivity by changing the Lewis
e 0:3 6 LeF 6 1:4. On the other hand, the Lewis number of the oxidizer is kept con-
ity LeO ¼ 1. Our results show that, for very diffusive fuels, the stability of the flame
ith the equivalence ratio, transitioning from stable flames for lean mixtures to

es when / > 1. As the fuel Lewis number approaches unity, the stability behavior
n and rich mixtures becomes more similar to give, in the equidiffusional case

stability map around the stoichiometric mixture / ¼ 1. In all cases considered,
s are always found around the stoichiometric mixtures / ¼ 1, when the flame insta-

ly suppressed for very diffusive fuels LeF < 1, or are reduced to a narrow range of
fuel Lewis numbers equal or greater than unity.
the size of the channel and the flame thickness d turns out to be of great importance
ior of the flame. Keeping the rest of parameters constant, an increase in d for lean

me considerably more unstable, confirming the findings of previous works. Never-
iometric ratio approaches / ¼ 1, that trend is reversed to give flames that become
ze of the channel is increased.
1. Introduction

The improvement of the fabrication techniques has encouraged
the miniaturization of mechanical and electro-mechanical devices, 
following the trend previously initiated by other technological 
areas, such as electronics or biomechanics [1]. The primary objec-
tive of using fossil fuels to power these system is to leverage the 
high energy density of fuels, specifically liquid hydrocarbon fuels, 
relative to batteries and all other energy storage devices. As such, 
considering 45 MJ/kg as an average liquid fuel energy density, a 
miniaturized device with a power conversion efficiency of around 
2–5% would compete with the energy density of around 2.5 MJ/kg 
found on the top Lithium/thionyl chloride primary batteries 
currently available in the market or the average 0.6 MJ/kg of an 
Alkaline battery [1].
According to Dunn-Rankine et al. [2], to be useful as a portable 
power device, a system needs to achieve power densities between 
10 and 1000 W/kg and working autonomies between 1 and 10 h. 
Among the different technologies capable of achieving such fig-
ures, we find that heat engines and, specially, rotary engines, are 
specially well suited for small-power generation due to its high 
specific power, low cost and minimum number of moving parts [3].

In a small-scale rotary engine, a triangular rotor revolves inside 
the epitrochoidal housing. The rotor admits a combustible mixture, 
with a given equivalence ratio, that is mechanically compressed to 
reach a maximum pressure when the volume of the region be-
tween the rotor and the housing is minimum near the top dead 
center. At that precise instant, the mixture is ignited and the flame 
propagates along a slender volume of width of the order of the 
flame thickness and length around 20 times the chamber width 
[3,6].

The experimental feasibility of these small-scale engines has 
been already proven by Fu and coworkers [4,5]. They built a rotary



engine working with Methanol-Nitromethane mixtures with an 
equivalence ratio / ¼ 0:4; 138 mm3 of average displacement, power 
output around 100 W and thermal efficiency below 0.5%, very far 
from the minimum needed to make the engine an actual 
competitor of batteries. Larger efficiencies could have been ob-
tained with a fuel/air ratio closer to stoichiometry, but unresolved 
combustion-related problems hampered the normal operation of 
the engine [4].

The reduction of the engine size brings new challenges that 
needs to be specifically treated to improve the engine performance, 
such as increasing heat losses, flame instabilities or flame quench-
ing. The resemblance of the geometry of the experiments carried 
out by Tsuji et al. [6] and Sprague et al. [3] with a narrow, straight 
channel of great length, has motivated a great number of theoret-
ical studies based in this simple configuration in which the partic-
ularities of the combustion in the small scale have been analyzed. 
Specifically, Ju and Xu [7] demonstrated that, for flames propagat-
ing in narrow channels, the increasing of the surface-to-volume ra-
tio is associated with a rise in the convective heat losses to the 
walls of the channel proportional to the square of the ratio of flame 
thickness dT to the channel width h. Furthermore, for a constant 
mass flow rate, a reduction in the channel size is inevitably associ-
ated with smaller residence times, what contributes to diminish 
further the Damkhôler number of the combustion reaction and 
makes the flame more prompt to quench and/or develop instabil-
ities that make the system difficult to control [8].

The thermal coupling of methane and propane flames with the 
walls of a straight micro-channel with a step-wise wall tempera-
ture profile revealed a complex flame dynamics [9,10]. These works 
showed that stoichiometric or near-stoichiometric mixtures give 
stable flames in the high and low incoming velocity regions and 
unstable flames in the middle velocity region, with flame 
extinctions and re-ignitions that are repeated periodically in time. 
A similar instability has been observed by Richecoeour and Kyritsis 
[11] and Evans and Kyritsis [12] for rich flames propagating in 
curved ducts and by Pizza et al. [13] and Kurdyumov et al. [14] for 
lean flames propagating in a bidimensional micro-channel.

Some years ago, Lloyd and Weinberg [15] and Jones et al. [16] 
proposed the recirculation of heat as an alternative to extend the 
flammability limits in small-size burners. In this type of burners, 
the burned gas heat is recycled to preheat the unburned mixture, 
reducing the effect of the heat losses through the walls. In order to 
understand the dynamics of a flame with heat recirculation, 
Ronney [17], Ju and Choi [18] and Sánchez-Sanz [19] carried out 
theoretical studies in simplified geometries demonstrating, in par-
ticular, the extension of the flammability limits to leaner flames 
and the reduction of the minimum burner size that allows combus-
tion as a function of the amount of heat recirculated.

As indicated previously, the use of liquid fuels as an alternative 
to batteries to power small-size devices falls on sufficiently high 
thermal efficiencies that have not been achieved yet. At least for 
rotary engines, this is, in part, due to the insufficient understanding 
of the effect of the fuel concentration in the incoming fresh mix-
ture on the combustion process [3–5].
Fig. 1. The figure represents a combustible mixture that flows from left to right in a na
shown with m ¼ 6; LeF ¼ 0:3; d ¼ 20;/ ¼ 1:5;b ¼ 10; c ¼ 0:7. In the figure, the dot-dashed
completely consumed at the flame, while a significant fuel leakage YF1 ¼ ð/� 1Þ=/ can b
Dh ¼ 0:05, the solid-thick curves represent the reaction rate with Dx ¼ 0:05 and the do
The brief review presented above has cited some works dealing 
with different aspects of small-scale combustion but, despite of its 
inherent practical importance, no research article could be found in 
the literature analyzing the effect of the equivalence ratio on the 
combustion of a premixed flame in a narrow channel. The present 
work attempts to cover that gap by undertaking a systematic 
investigation about the effect of the equivalence ratio on the dy-
namic of combustion in a bidimensional, micro-scale channel for 
fuels with different diffusivity.

Concretely, we aim to map the flame dynamics as a function of 
the mass flow rate, the equivalence ratio and the fuel Lewis num-
ber. With this idea in mind, the following section is dedicated to 
formulate the unsteady problem in non-dimensional form. After 
that, we’ll solve numerically the steady version of these equations 
to obtain the steady-state solution in terms of the parameters of the 
problem. This steady solution will be used later to initiate an 
unsteady calculation that will provide the long-time behavior we 
need to catalog the flame dynamics. Simultaneously, we carry out a 
stability analysis in which we solve the linear eigenvalue problem 
obtained by perturbing the steady solution with a small-amplitude, 
time-dependent harmonic term. The appropriate combination of 
the results obtained from the unsteady computa-tion and from the 
stability analysis will be used to plot the stability maps that 
constitute the core of this work.
2. Formulation

We consider here a premixed combustible mixture flowing in a
planar two-dimensional channel of height h with a step-wise wall 
temperature that increases from the inlet value T0 to a higher value 
Tw at x0 ¼ 0, as sketched in Fig. 1. In the thermo-diffusive approx-
imation used here, the mixture density q, fuel DF and oxidizer DO 

molecular diffusivity, heat capacity cp, and thermal diffusivity DT

are defined as constants. The chemical reaction is modeled through 
an irreversible, single-step reaction of the form mF F þ mOO ! P þ Q, 
where F; O; P and Q denote the fuel, the oxidizer, the combustion 
products, and the heat released in the chemical reaction. Hereafter, 
mF and mO are the stoichiometric coefficient of the fuel and oxidizer, 
which have molecular weights WF and WO, respectively. The 
equivalence ratio of the mixture is, therefore, defined as / ¼ 
sYF;0=YO;0 where s ¼ mOWO=ðmFWF Þ is the mass of oxidizer needed to 
burn the unit mass of fuel, and YF;0 and YO;0 represent the mass 
fraction of fuel and oxidizer at x ! �1 .

The molar fuel consumption rate is written in the form of an 
Arrhenius law x ¼ q2A ð WFWOÞ�1Y0F Y

0
O expð�Ea=Rg TÞ, with A the 

pre-exponential factor, Ea the activation energy, Rg the universal gas 
constant, and T is the local temperature of the mixture.

The system of differential equations describing the combustion 
problem introduced above, can be written in non-dimensional form 
by scaling the variables with the appropriate reference values. The 
species mass fractions are scaled using their inlet values YF;0 and 
YO;0, respectively, giving YF ¼ Y0F =YF;0 and YO ¼ Y0O=YO;0. The channel 
width h and the diffusion time h2

=DT are chosen as the reference
rrow, straight channel with a step-wise wall temperature. A sample calculation is
lines are the oxidizer and fuel mass fractions at y ¼ 1=2. Since / > 1, the oxidizer is

e found at x!1. The thin-dotted lines represent the temperature isocontours with
t-dashed curves are the mass fraction of fuel and oxidizer at y ¼ 1=2.
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units of length and time, defining the non-dimensional coordinates
x ¼ x0=h; y ¼ y0=h and time t ¼ t0=ðh2

=DTÞ. The non-dimensional
temperature is defined as h ¼ ðT � T0Þ=ðTs � T0Þ, with T0 the tem-
perature of the incoming mixture and Ts the adiabatic flame
temperature of a mixture with an equivalence ratio /, so that

Ts � T0 ¼

YF;0Q
cpmF WF

/ < 1

YO;0Q
cpmOWO

/ > 1

8>>><
>>>:

ð1Þ

Introducing the non-dimensional variables defined above, the prob-
lem reduces to the integration of

@h
@t
þm

ffiffiffi
d
p

uðyÞ @h
@x
¼ Dhþ dX

Le�1
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/Le�1
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F
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for lean flames and
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O
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@t
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@x
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LeO
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/Le�1
O

/� 1þ 2LeFb
�1 ð6Þ

@YF

@t
þm

ffiffiffi
d
p

uðyÞ @YF

@x
¼ 1

LeF
DYF � dX

Le�1
O

/� 1þ 2LeFb
�1 ; ð7Þ

for rich flames, where m ¼ U0=SL is the incoming mass flow rate, SL

the planar flame speed and U0 the mean flow velocity.
As shown above in Eq. (1), the maximum temperature depends 

on the mass fraction of the deficient species, that is completely 
consumed at the flame. The leakage of the excess reactant through 
the flame can be obtained by combining (3), (4), (6) and (7), to get 
the fuel and oxidizer mass fractions at infinity

YF1 ¼ 0; YO1 ¼ 1� / if / < 1

YF1 ¼
/� 1

/
; YO1 ¼ 0 if / > 1

The system of equations simplifies for lean and rich flames, reduc-
ing the problem to the integration of the equation of energy and the 
equation for the deficient species mass fraction. Indeed, if / ! 0, 
the oxidizer mass fraction remains constant and the problem re-
duces to that solved by Kurdyumov et al. in [14] in the equidiffu-
sional case LeO ¼ LeF ¼ 1.

In non-dimensional form, the combustion rate is written as

X ¼ kðhÞYFYO and kðhÞ ¼ b2

2u2
p

exp
bðh� 1Þ

1þ cðh� 1Þ

� �
; ð8Þ

2
T

with the value of the heat release parameter c ¼ ðTs � T0Þ=Ts ¼ 0:7, 
the Zeld’ovich number b ¼ EðTs � T0Þ=Rg Ts

2 ¼ 10 and the Damköler 
number d ¼ h2

=d ¼ 20 kept fixed hereafter, with dT ¼ DT =SL repre-
senting the thermal flame thickness. In Eqs. (2)–(4), D ¼ @2=@xx þ 
@2=@yy is the Laplacian operator and uðyÞ ¼ 6yð1 � yÞ is the Poiseuille 
velocity profile.

Above equations are integrated by imposing boundary condi-
tions upstream x! �1 for both temperature and mass fractions

h ¼ YF � 1 ¼ YO � 1 ¼ 0; ð9Þ

while far downstream x!1 we impose

@h
@x
¼ @YF

@x
¼ @YO

@x
¼ 0: ð10Þ
The physical domain is truncated to a finite computational domain
x 2 ½xmin xmax�, where xmin and xmax must be carefully chosen in order
to assure the fulfillment of the boundary conditions. Typically
xmin ¼ �10 and xmax ¼ 10 represent a sufficiently long computational
domain even for very diffusive fuels and large mass flow rates.

The boundary conditions at the non-porous walls are given by

h� hwHðxÞ ¼ @YF

@y
¼ @YO

@y
¼ 0 at y ¼ 0 and y ¼ 1 ð11Þ

where HðxÞ is the Heaviside step function and hw ¼ 0:6 the wall
temperature.

The factor up ¼ SL=UL introduced above in Eq. (8), represents the 
ratio between the planar flame speed SL obtained with finite 
Z’eldovich number b and the planar flame speed UL obtained with 
infinite Z’eldovich number b !1  for a mixture with equivalence 
ratio / [20],

U2
L ¼ 2A qDT sYF;0

mF LeF

WOb2 /�1 � 1þ 2
LeO

b

� �
exp � Ea

RgTs

� �
/ 6 1 ð12Þ

U2
L ¼ 2A qDT s�1YO;0

mOLeO

WFb
2 /� 1þ 2

LeF

b

� �
exp � Ea

RgTs

� �
/ P 1 ð13Þ

The factor up ensures that, for given b and /, the non-dimensional
flame speed for a planar adiabatic flame equals one. The adequate
calculation of the factor up requires the resolution of the following
one-dimensional eigenvalue problem

/ 6 1

dh
dn
¼ d2h

dn2 þX
Le�1

F

1þ /½�1þ 2LeOb�1�
dYO

dn
¼ Le�1

O
d2YO

dn2 �X
/Le�1

F

1þ /½�1þ 2LeOb�1�
dYF

dn
¼ Le�1

F
d2YF

dn2 �X
Le�1

F

1þ /½�1þ 2LeOb�1�

8>>>>>>>>><
>>>>>>>>>:

ð14Þ

/ P 1

dh
dn
¼ d2h

dn2 þX
/Le�1

O

/� 1þ 2LeFb
�1

dYO

dn
¼ Le�1

O
d2YO

dn2 �X
/Le�1

O

/� 1þ 2LeFb
�1

dYF

dn
¼ Le�1

F
d2YF

dn2 �X
Le�1

O

/� 1þ 2LeFb
�1

8>>>>>>>>><
>>>>>>>>>:

ð15Þ

where n ¼ x0=ðDT =SLÞ. A standard shooting method has been used to 
solve the above system of equations with boundary conditions 
h ¼ YF � 1 ¼ YO � 1 ¼ 0 at  n ! �1  and h � 1 ¼ dYF =dn ¼ dYO=dn ¼
0 a t n !1 , giving the evolution of up with the fuel Lewis 
number that has been plotted in Fig. 2 for different equivalence 
ratios.

3. The stationary solution

To analyze the effect of the stoichiometry on the stability of a 
premixed flames, we need first to compute the base flow by inte-
grating the steady version of Eqs. (2)–(7). To do so, we used a third-
order, four-point finite difference scheme in both x and y direction 
with Dx ¼ Dy ¼ 1 � 10�2. A Gauss–Seidel method with over 
relaxation was used to solve the system in a finite domain �xmax < x 
< xmax; 0 < y < 1, where it is required sufficiently large values of xmax

to make the solution independent of the computa-tional domain. 
The iteration procedure continues until the differ-ence between the 
solutions in two consecutive iterations was below 1 � 10�4.

Following [14], we characterize the solution by calculating the 
position xf and the symmetry of the flame by means of the 
parameter S, defined below in Eq. (16). The location of the flame is 
unequivocally determined by looking for the axial location at which 
the reaction attains its maximum value at y ¼ 1=2; Xðxf Þ
3



Fig. 2. Numerical values of factor up ¼ SL=UL obtained from the integration of (15) 
or (14) with LeO ¼ 1; b ¼ 10 and c ¼ 0:7.
¼maxðXðx; y ¼ 0:5ÞÞ. As anticipated above, we evaluate the flame
symmetry by means of the symmetry parameter S, defined as:

S ¼
Z 1

�1

Z 1=2

0
hðx; yÞ � hðx;1� yÞf gdy

� �
dx ð16Þ

Since this parameter is equal to zero if the flame remains symmet-
rical and becomes non-zero when the symmetry of the flame is bro-
ken, we use S to quantify the level of symmetry of the flame.

To check the accuracy of the numerical scheme, we have com-
pared the evolution of the flame location xf for different mass flow 
rates m in the limit of very lean mixtures / ¼ 0 for LeF ¼ 1, with the 
results obtained by Kurdyumov et al. [14]. The match between the 
results is almost perfect except for small values of the mass flow 
rate m where small discrepancies in the flame location xf were ob-
served, probably due to a excessively short computational domain 
in the Kurdyumov et al.’s computations: they fixed the upstream 
border at x ¼ �3 instead of at x ¼ �10, as we did in this work.

In Fig. 3 we plot the flame location xf , the flame temperature at 
the mid-plane T f ¼ hðxf ; y ¼ 1=2Þ and the symmetry parameter S as 
a function of the incoming mass flow rate m for a very diffusive fuel 
with Lewis numbers LeF ¼ 0:3, such as hydrogen. In this case, the 
solution remains unique and symmetric only for small values of 
m, bifurcating at m ¼ mc ¼ ð1:05; 1:15; 3:25Þ for / ¼ ð0; 0:5; 1:5Þ. 
For m > mc three different solutions are found: one symmetric 
S ¼ 0 and two asymmetric (S > 0 or  S < 0). Notice that the multi-
plicity of solutions disappears completely in near-stoichiometric 
mixtures / ’ 1, when only a symmetric solution S ¼ 0 could be 
found. The stability of the solution branches found above will be 
studied in the following sections by means of both a stability anal-
ysis and an unsteady computation.

The picture depicted above changes when less diffusive fuels are 
considered, as can be seen in Fig. 4 where the flame temperature Tf 

and location xf are plotted for fuels with Lewis number LeF ¼ 1 and 
LeF ¼ 1:4, such as, for example, methane and propane respectively. 
In both cases, the steady-state solution remains unique and sym-
metric S ¼ 0 for all the mass fractions considered. A similar behav-
ior has been reported before by Kurdyumov in [21], where very 
lean flames propagating in an adiabatic channel were studied.

4. The unsteady calculations

To study the flame dynamics for t ! 1, we have integrated
numerically the system of Eqs. (2)–(7). in the entire domain
0 6 y 6 1; xmin < x < xmax by using a second order numerical
scheme in both time and space with time step Dt ¼ 10�5 and grid
spacing Dx ¼ Dy ¼ 10�2. To initiate the unsteady computation, we 
have used two different initial conditions to test its impact on the 
final solution. In first place, we used the stationary solution com-
puted before in Section 3. During the first time-steps of the compu-
tation, we introduced a small perturbation in the mass fraction to 
trigger the instability in the form
~m ¼ mþ dm; ð17Þ
to later impose m~ ¼ m. If, for a given set of parameters, the steady 
solution turned out to be stable, the perturbation smooths out after 
a short period of time and the stationary solution is recovered. 
Otherwise, the perturbation grows and develops the corresponding 
oscillatory behavior, as depicted in Fig. 7. As indicated in the follow-
ing sections, we have varied the amplitude of the perturbation in 
the range dm=m ¼ ½0 � 0:5� to check that the solution does not de-
pend on the perturbation amplitude dm.

Alternatively, we used an initial condition in which we set a
uniform distribution for the mass fraction of fuel and oxidizer
YD ¼ YE ¼ 1, and a hot-spot temperature distribution in the form

h ¼ hs exp �½ðx� xsÞ2 þ ðy� ysÞ
2�=r2

s

n o
ð18Þ

where the location of the hot spot ðxs; ysÞ, its radius rs and its max-
imum temperature hs were varied to check the sensitivity of the fi-
nal solution with respect to their value. Representative values of
theses parameters are xs ¼ 0:5; ys ¼ 0:2; rs ¼ 0:5 and hs ¼ 0:95. An 
example of the evolution of the isocontours of temperature and 
reaction rate using the initial condition (18) can be seen in Fig. 5.

5. Stability analysis

In parallel to the unsteady calculation described above, we have 
carried out a linear stability analysis of the stationary flames com-
puted above in Section 3. To do so, we have introduced a small har-
monic perturbation on the form

hðx; y; tÞ ¼ h0ðx; yÞ þ eh1ðx; yÞekt

YFðx; y; tÞ ¼ Y0
Fðx; yÞ þ eY1

F ðx; yÞekt

YOðx; y; tÞ ¼ Y0
Oðx; yÞ þ eY1

Oðx; yÞekt

where k ¼ kr þ iki; kr ¼ Refkg; ki ¼ Imfkg; i ¼
ffiffiffiffiffiffiffi
�1
p

and the superin-
dex 0 is used to denote the stationary solution obtained above. 
The substitution of these expressions into (2)–(7) leads to the line-
arized problem

/61
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Fig. 3. Flame location xf , flame temperature Tf ¼ hðxf ; y ¼ 1=2Þ and symmetry parameter S for a very diffusive fuel LeF ¼ 0:3 and different equivalence ratios /. In the figure,
the solution bifurcates at m ¼ ð1:05;1:15;3:25Þ for / ¼ ð0;0:5;1:5Þ to give a symmetric solution (solid lines), and two asymmetric solutions S – 0 (dotted lines S > 0 and dot-
dashed lines S < 0). For stoichiometric mixtures / ¼ 1, the solution is unique and symmetric.

Fig. 4. In the plot, the left figures depict the flame location xf (solid lines) and symmetry parameter S (dashed lines), while the flame temperature Tf ¼ hðxf ; y ¼ 1=2Þ is
depicted in the right plots for LeF ¼ 1 (lower plots) and LeF ¼ 1:4 (upper plots) and different equivalence ratios /. For every value of /, the solution remains symmetric S ¼ 0
and unique.
where A ¼ b

½1þ cðh0 � 1Þ�2
Y0

OY0
F . The solution of the above system

determines, in particular, the value of the eigenvalue k whose real
part kr represents the growth rate of the perturbation, initially of or-
der OðeÞ � 1.

The multi-dimensional structure of the steady states makes the
calculation of the whole spectrum of eigenvalues very expensive
from a computational point of view. Nevertheless, to determine
the linear stability of a steady-state, we only need information
about the eigenvalue with the largest real part kr , so that kr > 0
and kr < 0 would indicate unstable and stable solutions, respec-
tively. Notice, anyway, that this analysis does not provide any
information about the time evolution of the flame once the insta-
bility has emerged.
For the reasons exposed above, we used the method developed 
by Kurdyumov in [21] to compute the eigenvalue with the largest 
real part. To study the emergence of the symmetric and asymmet-
ric modes, we solved the above set of equations in the half-height
domain 0 6 y 6 1=2 with boundary conditions

@h1

@y
¼ @Y1

F

@y
¼ @Y1

O

@y
¼ 0 at y ¼ 1=2 and h1 ¼ @Y1

F

@y
¼ @Y1

O

@y
¼ 0 at y ¼ 0

for the symmetric modes. Alternatively, for the non-symmetric
modes, we impose the boundary conditions

h1 ¼ Y1
F ¼ Y1

O ¼ 0 at y ¼ 1=2 and h1 ¼ @Y1
F

@y
¼ @Y1

O

@y
¼ 0 at y ¼ 0:
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Fig. 5. Temperature (thin-dotted lines, Dh ¼ 0:05) and reaction rate (thick-solid lines, DX=Xmax ¼ 0:01) isocontours for / ¼ 0:5; LeF ¼ 1 and m ¼ 5 at different times t1 < � � �  < t6 

spanning along several flame oscillation cycles. The top figure shows the ignition with the hot-spot initial condition given in Eq .  (18) with rs ¼ 0:5; hs ¼ 0:95; ðxs; ysÞ ¼ ð 0:5; 
0:2Þ. The subsequent panels represent the first instants of the flame propagation at t1 ; t2 and t3, the symmetric oscillation t4 and the transition to an asymmetric flame t5 and t6. 
In the figure, Xmax ¼ ½ 38:499; 3:354; 0:224; 23:025; 16:966; 16:671� for t ¼ ½ 0:004; 0:048; 0:144; 0:504; 4:008; 4:128�, respectively.

Fig. 6. Stability map delineating the regions with different flame behavior in the m 
vs. / space for LeF ¼ 0:3. Each region is labeled with initials whose meaning is 
described in the main text. The symbols �, located at / ¼ 0:5, indicate a set of 
representative mass fractions whose evolution with time has been plotted in Fig. 7
5.1. Very diffusive fuels LeF ¼ 0:3

For very diffusive fuels, the existence of multiple steady-state 
solutions, shown above in Section 3, anticipates the great variety of 
stability behaviors depicted in the stability map that constitutes 
Fig. 6. In this plot, we analyze the behavior for t !1 of each of the 
steady solutions in the incoming mass flow rate m vs. the equiva-
lence ratio / parametric space, indicating the regions in which the 
response of the steady solution to a small perturbation is coinci-
dent. To build this figure, we have carried out a series of unsteady 
calculations using, as initial condition, all the possible stationary 
solutions reported above in Section 3 for each value of m and /. 
For instance, to determine the flame behavior for t !1 in the case 
/ ¼ 0:5; m ¼ 4, we initiated the computation by using the symmet-
ric stationary solution first S ¼ 0 and we waited a sufficiently long 
time to determine the final flame behavior. The same calculation 
was repeated later but using the asymmetric solutions S > 0 and 
S < 0 as the initial condition of the successive calculations. The 
respective long-time flame behaviors were later compared to ana-
lyzed possible coincidences.

Also, in Fig. 7 we depicted the evolution with time of the flame 
position xf and of the symmetry parameter S, for / ¼ 0:5 and a set of 
representative mass fractions (indicated with symbols in Fig. 6). 
Each region of the stability map is identified with initials that dis-
tinguish the behavior of the solution at t !1 . Their meaning is ex-
plained next:
Sta, S st ? A steady, symmetric or asymmetric flame is 
achieved when the initial condition is symmetric or asym-
metric respectively. Both solutions can coexist (Fig. 7d). 
Sta, U s ? The asymmetric solutions remain stable with the 
value of the symmetry parameter S equal to that of the initial 
solution. On the other hand, a pulsating mode develops when 
the symmetric solution losses its stability and initiates a 
symmetric S ¼ 0, periodical oscillating. Both solutions can 
coexist (Fig. 7c).
Sta ? The solution evolves towards a steady asymmetric 
solution independently of the initial condition used to start 
the unsteady calculation (Fig. 7b).
Sts ? The solution evolves towards a steady symmetric solu-
tion independently of the initial condition used to start the 
unsteady calculation.
Ua ? The flame oscillates periodically with S – 0 indepen-
dently of the initial condition used (Fig. 7a).
Us ? The flame oscillates periodically with S ¼ 0 indepen-
dently of the initial condition used.
Additionally, in a thin region located around the dashed lines in-
cluded in Fig. 6, the flame always oscillates periodically but the
shape of the flame remains symmetric S ¼ 0 only if the initial con-
dition is symmetrical while becomes asymmetric S– 0 when a
non-symmetric initial condition is used. A similar behavior was re-
ported by [14], where two oscillatory solutions are found to coexist.

The map plotted in Fig. 6 distinguishes, clearly, between the
behavior of rich and lean premixed flames, as expected due to
6



(a) (c)

(b) (d)
Fig. 7. Evolution with time of the flame position xf and of the symmetry parameter S (lines with the symbol �) for LeF ¼ 0:3 and / ¼ 0:5. Solid, dashed and dot-dashed lines
designate the evolution with time of the unsteady calculations that use, as initial condition, the symmetric S ¼ 0 and non-symmetric S – 0 stationary solutions computed
previously.

Fig. 8. Real eigenvalues kr for the symmetric and non-symmetric modes vs. m for
LeF ¼ 0:3 and / ¼ 0:5. The curve is plotted with solid line when ki – 0 while dashed
lines are used when ki ¼ 0.
the strong difference between the Lewis numbers of fuel and
2oxidizer. Very lean flames / < 0:6 are stable for most of the mass
flow rates considered, leaving apart the interval m 2 ½11:5�, when
the flame oscillates asymmetrically independently of the initial
condition used to start the computation, and m 2 ½1:54�, when
the flame behavior depends on the initial condition. In the range
0:6 < / < 1 the flame oscillates for every mass flow rate above
m J 1 while, remarkably, around / ¼ 1 the stationary solution
is stable for every m.

The behavior for rich flames / > 1 is markedly different. The re-
gion of instability extends to occupy the whole region m > 2 for
/ > 1:05, approximately. The flame symmetry changes with the
mass flow rate m and the stoichiometric ratio /. Even though the
solution is unsteady in both cases, the asymmetric oscillation, with
alternative changes in the sign of S, is confined to values of / < 1:6
and increasing mass flow rates. Contrarily, symmetric oscillations
S ¼ 0 are expected to emerge for larger / and mass flow rates in
the intervals m 2 ½0:21� and m 2 ½21�.

The flame behavior described above in Fig. 6 is backed up by the 
analysis of the eigenvalues plotted in Fig. 8, obtained from the lin-
ear stability analysis described above in Section 5 in the case / ¼ 
0:5 using the symmetric stationary solution as the base profile. 
According to that figure, approximately for m 2 ½ 1:13 :3� the real 
part of the eigenvalues of the non-symmetric modes are positive kr 

> 0 with ki ¼ 0 while for m 2 ½ 1:353:2� the real part of the eigen-
value kr > 0 with ki – 0, suggesting the onset of an instability that 
evolves the solution towards an oscillatory, symmetric behavior or 
towards an asymmetric S – 0, stationary solution. Below and above 
the interval mass flow rates indicated above, kr < 0 and both the 
symmetric and non-symmetric modes are stable. Notice that the 
linear stability analysis does not predict which of these two 
possibles solutions will end up developing. In this and other similar 
cases treated in this work, we have solved the uncertainty by 
means of a time dependent calculation, as that shown in Fig. 7, that
settles which solution will prevail over the other at t !1 for a gi-
ven initial condition.

Notice that a similar stability analysis could have been carried
out by using the non-symmetric stationary solution as the base
profile. Similar results are expected to be obtained, with the real
part of the eigenvalue becoming positive kr > 0 with ki – 0 approx-
imately in the range m 2 ½11:6� for / ¼ 0:5.

The flame dynamics, even in the simplified problem considered 
here, is rich and complex, as can be seen in Fig. 9. Specifically, in 
this figure we plot the time evolution of the temperature and reac-
tion rate isocontours obtained from the integration of Eqs. (2)–(4)
7



for / ¼ 0:5; LeF ¼ 0:3 and m ¼ 1:5, using the symmetric steady
solution as initial condition. Notice that, in this case, the three sta-
tionary solutions obtained from the integration of the steady ver-
sion of the conservation equations are unstable, and they all
present similar long-time evolutions of flame location xf and sym-
metry parameter S, as was anticipated above in Fig. 7a). The se-
quence of solutions starts at t ¼ t1 ¼ 13:4, when the flame is
almost symmetrical and the maximum temperature is achieved
at the center of the channel y ¼ 1=2. At t ¼ t2, the symmetry of
the flame is progressively lost, with the parameter S > 0 achieving
a local maximum at t ¼ t3 ¼ 14:1, when the flame is partially
extinguished in the upper part of the channel y > 1=2 and the
flame temperature at y ¼ 1=2 is well above unity Tf ¼ 1:219. At
t ¼ t4, the flame reignites and almost reaches both walls of the
channel, where the heat losses are sufficiently large to locally
quench the flame. Finally, at t ¼ t5 the flame acquires a form that
is almost the specular reflection of that shown in previous panels,
with the symmetry parameter S moving towards a local minimum
and a reaction rate in the lower part of the channel so small that
the flame can be considered quenched.

Notice that the flame behavior described here using the ther-
mo-diffusive approximation reproduces qualitatively well the re-
sults reported by Pizza et al. in [13] in their full-chemistry, direct
numerical simulation of lean / ¼ 0:5 hydrogen premixed flames
propagating in a microchannel.

5.2. The equidiffusional case LeF ¼ 1

In the equidiffusional case, both fuel and oxidizer have the same
Lewis number LeO ¼ LeF ¼ 1. In this case, the governing equations
are symmetrical with respect to / ¼ 1, as can be easily checked
by looking at Eqs. (2)–(7). Correspondingly, we expect the same re-
sponse to a perturbation for lean / < 1 and rich mixtures / > 1.
This point is confirmed in Fig. 10, where we depict, in a m vs. /
plot, the stability behavior of the stationary solutions calculated
above in Section 3.

As before, the stationary solution obtained for very small and
very large mass flow rates m remains stable and symmetric (recall
Fig. 9. Temperature (thin, dotted lines, Dh ¼ 0:05) and reaction rate (solid thick lines,
t1 < � � � < t5 spanning along a flame oscillation cycle. The sequence of images shows an ex
to a partially-quenched, asymmetric flame at t ¼ t5. In the figure, Xmax ¼ ½1:7636;1:331
inset, the flame location xf (black, solid curve) and the symmetry parameter S (dashe
isocontours are plotted in the main figure.

that, according to Fig. 4, the steady solution is always unique and
symmetric for LeF ¼ 1). Also, as we approach stoichiometric mix-
tures / ’ 1, the flame becomes more stable and the instability re-
gion gets confined to an interval of mass flow ratesm 2 ½0:61:15� at
which a symmetric, oscillatory instability emerges. To strengthen
this result, we have plotted in Fig. 16 the real part of the eigenvalue
kr as a function of m for / ¼ 1. As expected, kr > 0 only in a narrow
gap of mass flow rates m that coincides with the values obtained
above from the unsteady calculation. A similar result was reported
by Maruta et al. [9] in their experiments in a narrow duct with
methane/air mixtures near / ¼ 1.

At moderately large mass flow rate, the unsteady computations
shows an unexpected behavior. Shortly after the beginning of the
calculation, the flame initiates a symmetric oscillation that seems
to saturate at a constant amplitude. After a relatively long time, a
new transition is observed in the solution, that evolves towards
an oscillation with lower amplitude and significantly higher fre-
quency. The symmetry of the flame is then broken, evolving peri-
odically between positive and negative values of the symmetry
parameter S. An example of this behavior can be seen in Fig. 10
for / ¼ 0:5 and m ¼ 5. This transition is not observed for smaller
mass flow rates, when the symmetric oscillation persists, at least,
up to t ¼ 100 when the unsteady computation was stopped.

The analysis of the eigenvalues in this case does not anticipate
the emergence of the asymmetric oscillations. In Fig. 11 we plot the
real part of the eigenvalue kr for the symmetric and asymmetric
modes as a function of the mass flow rate m for / ¼ 0:5. As can
be seen in this figure, both symmetric and asymmetric modes be-
come unstable almost at the same mass flow rate, and their evolu-
tion with m is almost identical. As we indicated above, the simple
stability analysis carried out here cannot anticipate the final flame
behavior and it is the unsteady calculation what will reveal the ac-
tual behavior.

In [14], Kurdyumov et al. gave account of a similar behavior. In
this case, the asymmetric oscillation arises, in the limit / ! 0, only
for certain initial conditions. To check the influence of the initial
condition on the transition from symmetric to asymmetric flames
we have tested several initial conditions to start the unsteady com-
putation. In the first place, we initiated the calculation using the
DX=Xmax ¼ 0:01) isocontours for / ¼ 0:5; LeF ¼ 0:3 and m ¼ 1:5 at different times
tinction-reignition behavior and a transition from nearly symmetric flames at t ¼ t1

4;11:6947;2:7800;9:3878� for t ¼ ½13:4;13:8;14:1;14:7;15:24�, respectively. In the
d curve) are plotted vs. time. The symbols indicate the times t1 � � � t5 where the

stationary solution obtained in Section 3 but imposing different
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Fig. 10. (a) Stability map in them vs. / space, (b) time evolution of the flame position xf and (c) time evolution of the symmetry parameter S for LeF ¼ 1 and / ¼ 0:5. In the left
plot we indicate, with symbols �, the mass fractions m ¼ 1:8 (black), m ¼ 4 (red) and m ¼ 5 (blue) at which the time evolution of xf and S are represented in the right plots.
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 11. Real eigenvalue kr for the symmetric (solid lines) and non-symmetric
modes (dashed line) vs. m for LeF ¼ 1 and / ¼ 0:5. In the whole range of mass flow
rates, ki – 0.

Fig. 12. The flame location xf and the symmetry parameter S for m ¼ 3 (black) and
m ¼ 5 (gray) vs. time obtained with the hot-spot initial condition given in Eq. (18)
for / ¼ 0:5; LeF ¼ 1. The symbols � indicate the time instants t1 � � � t6 where the
isocontours are plotted in Fig. 5 in the case m ¼ 5.
perturbation amplitudes dm=m ¼ ð0;0:1;0:2;0:5Þ in Eq. (17). In th
second place, we have used the hot-spot initial condition given i
Eq. (18), with rs ¼ 0:5; hs ¼ 0:95 and ðxs; ysÞ ¼ ð0:5;0:2Þ an
ðxs; ysÞ ¼ ð0:5;0:5Þ. In the third place, we followed Kurdyumo
et al. [14] using a slow-transition law to take the solution from
the initial mass flow rate ~m to the actual mass flow ratem in whic
we would like to study the flame stability
Þ
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m ¼ m~ þ Dm tanhðt=sÞ; ð21
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where the parameter s controls the transition time from ~m tom an
is arbitrarily chosen to analyze it impact in the final solution. Con
cretely, in Fig. 13 we plot the evolution with time of xf ; S for m ¼
and m ¼ 5 and different values of s.

After analyzing the results, we can conclude that for all th
mass flow rates tested, the flame behavior at t ! 1 obtained fo
different initial conditions are the same and the only differenc
is the time at which the transition from symmetric S ¼ 0 to asym
metric S– 0 flames occurs, as can be seen by comparing Figs. 10
12 and 13. The above-described phenomena seems to be indepen
dent of the initial condition, at least for / ¼ 0:5, but the underlyin
physical reasons that explain this transition and the factors tha
determine the time at which it occurs are still to be understood.

5.3. Case LeF ¼ 1:4

For a moderately large Lewis number LeF ¼ 1:4, representativ
of fuels such as propane, the m vs. / stability map plotted i
Fig. 14 reveals a flame that remains stable for a much wider rang
of mass flow rates in lean or slightly rich flames than that obtaine
for LeF ¼ 1 or LeF ¼ 0:3. A similar result was obtained by Norto
and Vlachos [22] in their 2D computations of premixed propan
flames. In his work, they claimed that this enhanced stability i
caused by the lower propane’s ignition temperature, which cause
the reaction front to stabilize further upstream than for methane
Nevertheless, and since all the parameters but the Lewis numbe
remain unmodified in our calculations, the lower propane’s diffu
sivity must be the only responsible of the increasing flame stabilit
for lean and stoichiometric mixtures.

As happened in the equidiffusional case, the stationary solutio
becomes unstable for every value of the equivalence ratio / in th
range of mass flow rates m 2 ½0:351:55�, showing an oscillatory
9



Fig. 13. Flame location xf , symmetry parameter S (dashed curve) and mass flow ratem vs. time. In the calculations shown above, we have used the slow-varying mass flow rate
condition given in (21) with Dm¼ 1,m~¼ 2 (black curves), ~m¼ 4 (gray curves), s ¼ 10 (left plot) and s ¼ 50 (right plot).

Fig. 14. (a) Stability map in them vs. / space, (b) time evolution of the flame position xf and (c) time evolution of the symmetry parameter S for LeF ¼ 1:4 and / ¼ 1:35. In the
left plot we indicate, with symbols �, the mass fractions m ¼ 1:25 (red), m ¼ 2:75 (black) and m ¼ 3:07 (blue) at which the time evolution of xf and S are represented in the
right plots. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
symmetric displacement than has been represented in Fig. 14 for
m ¼ 1:25. The stability behavior in rich mixtures is seen to be sim-
ilar to that of LeF ¼ 1 with only quantitative difference in the
threshold values of the mass flow rate separating stable from
unstable flames.

As reported above for LeF ¼ 1, there is a region of the stability
map where the stationary solution losses its stability and initiate
a symmetric, periodic oscillation that, after a relatively long period
of time, becomes asymmetric reducing significantly the amplitude
and increasing the frequency of the oscillation. An example of this
behavior has been included in Fig. 14 for m ¼ 3:07 and / ¼ 1:35.

The analysis of the eigenvalues obtained with the linear stabil-
ity analysis, shown in Fig. 15, determines very accurately the
regions of stability and instability delimited by the values of the
mass flow rate m at which kr < 0 or kr > 0, respectively. Neverthe-
less, and similarly to the case LeF ¼ 1, the prevalence of the
symmetric or asymmetric modes at t ! 1 can only be determined
by the unsteady computations, as shown in Fig. 14 for
m ¼ 1:25;m ¼ 2:75 and m ¼ 3:07 and / ¼ 1:35.
Fig. 15. Real eigenvalue kr for the symmetric and non-symmetric modes vs. m for
/ ¼ 1:35. In this case, the imaginary part of the eigenvalues is always positive
ki > 0, explaining why the curves are solid for the whole range of mass flow rates
considered.
6. The size matters: the effect of the Damkhôler number d

The channel height is known to affect the stability of the flame.
According to Pizza et al. [13] and Kurdyumov et al. [14], the flame
10



(a) (b)
Fig. 16. Evolution of the real part of the eigenvalue kr with the mass fraction m and different Damkhôler numbers in the case LeF ¼ 1 and a) / ¼ 0:1 and b) / ¼ 1. The solid
and dashed curves indicate symmetric and asymmetric modes, respectively.

Fig. 17. Growth rate of the perturbation kr vs. m calculated with d ¼ 20,
b ¼ 10;/ ¼ 0:1 and three values of c for symmetric (solid lines) and non-symmetric
(dashed lines) perturbation modes.
becomes more unstable in a wider range of mass flow rates as the 
height of the channel is increased in lean / ¼ 0:5 and very lean 
flames / ! 0, respectively. The same results have been obtained 
here by means of the stability analysis explained above. As can be 
seen in Fig. 16 for LeF ¼ 1 and / ¼ 0:1, the range of mass flow rates 
at which the real part of the eigenvalue kr is positive becomes wider 
as the channel width is increased, with larger maximum val-ues of 
kr as d increases. The eigenvalue kr is almost identical for both 
asymmetric and symmetric modes and, therefore, from Fig. 16 we 
cannot anticipate the symmetric or asymmetric charac-ter of the 
flame oscillation that results from the development of the 
instability. As indicated in previous sections, only the unsteady cal-
culation would determine if S ¼ 0 or S – 0 as  t !1.

The same calculation has been repeated in the case LeF ¼ 1 and 
/ ¼ 1 to get a completely different result. Unexpectedly, the flame 
becomes more stable for larger Damkhôler numbers d, being stable 
for all mass flow rates m if d is larger than approximately d ’ 22 for 
both the symmetric and asymmetric modes, as can be checked in 
Fig. 16b). The eigenvalue kr is, in this case, much smaller in the 
asymmetric than in the symmetric mode, explaining why perfectly
symmetrical flame oscillations where obtained in previous section 
(see Fig. 10).

7. The effect of the heat release c

Keeping constant the rest of the parameters of the problem, a
change on the heat release parameter c can be understood as a var-
iation of the dilution of the incoming fresh mixture. Even though 
the definition of c ¼ ðTs � T0Þ=Ts anticipates relatively small varia-
tions of this parameter, its effect on the stability of the flame can-
not be neglected. For instance, for hydrogen, methane and propane 
flames, the parameter c oscillates between c ¼ 0:7 for a stoichiom-
etric ratio near the flammability limit / ! 0 and c ¼ 0:87 near stoi-
chiometric conditions / ¼ 1. In our calculations above, we chose 
c ¼ 0:7 to reproduce the results obtained by previous works, most 
of them conceived within the frame of the lean mixtures approxi-
mation / ! 0, when the consumption of oxygen can be neglected 
and the conditions are close to the lean flammability limit. To mea-
sure the influence of this parameter in the stability of the flame, we 
have computed the variation of the eigenvalue kr with m for differ-
ent values of the heat release parameter in the case / ¼ 0:1 to build 
Fig. 17. From that figure it is clear that the curves remain qualita-
tively similar, even though moderate quantitative changes were 
observed showing an increase of the unstable regions with increas-
ing values of c. Presumably this tendency is caused by the increase 
of the effective Zeldôvich number and the enhancement of the heat 
losses through the channel walls.

8. Conclusions

The effect of the equivalence ratio on the dynamics of a pre-
mixed flame propagating in a narrow channel with a step-wise
wall temperature profile was investigated. A three-parameter
study has been performed, where we have varied the incoming
mass flow rate, the equivalence ratio and the fuel Lewis number
in order to analyze their impact on the stability of the flame.

To delineate the stability map in a m vs. / parameter space, we
have used two different strategies. Firstly, we have used a unsteady
numerical computation initiated using two different initial condi-
tions to assess its influence on the posterior evolution of the flame:
a previously calculated steady solution and an artificial, hot-spot
ignition. In second place, we carried out a classical eigenvalue
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analysis in which the steady symmetric base flow is slightly altered
with a small-amplitude, harmonic perturbation.

These two strategies gave, as a result, the figures where we de-
picted, in a m vs. / parametric space, the flame dynamics identified
for different fuel concentrations in the incoming, fresh mixture.
According to these plots, very diffusive fuels LeF ¼ 0:3 are unstable
for both lean / < 1 and rich flames / > 1 in a large interval of
incoming mass flow rates. The flame develops a periodical oscilla-
tion in which the symmetry of the flame depends on the initial
condition of the computation. Near-stoichiometric mixtures, nev-
ertheless, are seen to be stable for every m.

In the equidiffusional case LeF ¼ LeO ¼ 1, the equations are sym-
metrical with respect to the equivalence ratio / ¼ 1 and, therefore,
the stability behavior of rich and lean flames is coincident. Stoichi-
ometric mixtures are more stable than richer or leaner mixtures,
but it remains a range of mass flow rates in which an oscillatory
instability develops.

For less diffusive fuels LeF ¼ 1:4, the range of stability is much
wider for lean and near-stoichiometric flames than for more diffu-
sive fuels. For / > 1, the stability behavior is similar to that de-
scribed above for LeF ¼ 1.

The last two sections of this work evidenced the importance of 
the channel size d and the heat release parameter c in the stability 
behavior of the flame. While keeping the rest of parameters con-
stant, an increase in d for lean flames makes the flame considerably 
more unstable, confirming the findings of previous works. Never-
theless, as the stoichiometric ratio approaches / ¼ 1, that trend 
is completely reversed to give flames that become much more sta-
ble as the size of the channel is reduced. In the specific case shown 
in Fig. 16 where / ¼ 1; LeF ¼ LeO ¼ 1, the flame becomes stable for 
every mass flow rate m for a channel size below d ’ 22:5.

On the other hand, as the heat release parameter c increases,
the qualitative behavior of the flame remains equal, only with
quantitative changes that show an increase of the unstable regions,
presumably due to a larger effective Zeldôvich number and an in-
crease of the heat losses through the channel walls.
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