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Abstract—This work focuses on the fairness in the distribution
of the achievable rate per user in a cellular environment where
clusters of base stations coordinate their transmissions in the
downlink. Block Diagonalization is employed within the cluster
to remove interference among users while the interference coming
from other clusters remains. The probability distribution of the
achievable rate per user shows a perfect match with a Gamma
distribution so that a characterization in terms of mean and
variance can provide a useful tool for the design of the clusters
and the implementation of fairness strategies in a coordinated
base station network with Block Diagonalization.

Index Terms—Coordinated base stations, clustering, network
MIMO, block diagonalization, fairness.

I. INTRODUCTION

COOPERATIVE communications are receiving a great
attention since they can provide the capacity increase

needed for future wireless applications [1],[2], although recent
investigations show [3] that out-of-cluster interference limits
the advantages that can be obtained and a saturation effect
occurs.

We consider the achievable rate in coordinated base station
downlink with block diagonalization (BD), evaluating quality
of service (QoS) characteristics such as the fairness in the
distribution of the achievable rate among the users. In fact
although the mean value can provide useful information [4]
also the cumulative distribution function (CDF) plays an im-
portant role to design fairness and QoS management strategies
in coordinated downlink networks. In the following we show
that the statistics are almost perfectly represented by a Gamma
distribution. Note that the Gamma distribution arises in several
contexts when considering non-negative random variables
whose value is determined by several joint contributions.
For example in [5] it is used for the success probability
and the average rate in a wireless system, assuming that it
is interference limited, in [6] to describe composite fading
channels, and in [7] it is generalized to a mixture of Gamma
distributions to model the SNR in wireless channels.

The contribution of this work is to provide the CDF charac-
terization (not only the mean value as in [4]) of the achievable
rate in a coordinated base station transmission with BD, where
coordinated cells are grouped in clusters and the interference
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arises from adjacent clusters. Then fairness considerations are
derived for this scenario and we show the dependence of the
CDF and fairness on the cluster size and the power assignment
strategy. Other considerations on the optimal cluster size and
on the power assignment to maximize the achievable rates may
be found in [4] and [8].

II. SYSTEM MODEL

We target the downlink transmission where the coordinated
cells of radius Rcell are grouped into clusters composed of M
base stations (BS), serving N users in each cluster, being the
size of the cluster M one of the parameters in the analysis. We
consider static clusters formed on the basis of a pre-selection
criterion, typically minimizing some average distance between
the cells because of the propagation power path-loss, as it
happens in conventional cellular systems, where the size of
the cluster determines the reuse distance. Each BS is equipped
with t transmit antennas and the user terminals have r receive
antennas. The signals coming from the BSs in a cluster cause
interference to other clusters since there is no coordination
among them. Each BS has a maximum available power Pmax.

A. Channel model and block diagonalization

The propagation channel inside a cluster is modelled by a
Nr×Mt matrix H whose elements represent the fading from
any transmit antenna of each BS to any receive antenna of each
user. If we define Hi with i = 1, . . . ,N as the r×Mt channel
matrix seen by user i, then H=

[
HT

1 HT
2 . . .H

T
N

]T
, whose entries

are iid complex Gaussian with zero mean and variance u−γ,
modelling the path loss by an exponential power decay as a
function of the distance u between transmitter and receiver,
with exponent γ. The received signal is given by

y = Hx+n = HWb+n (1)

where n is the Nr×1 noise vector of i.i.d complex Gaussian
variables with zero-mean and variance σ2

n and the Mt × 1
signal vector x transmitted from all the BSs within a cluster
is obtained by applying a precoding (or beamforming) matrix

x = Wb (2)

where b = [b11, . . . ,b1r, . . . ,bNr]
T with bi j representing the j-

th data symbol for user i transmitted with power Pi j. The
beamforming matrix W = [w11, . . . ,w1r, . . . ,wNr] where each
sub-matrix wi j has size M× t with elements wkl

i j , k = 1, . . . ,M,
l = 1, . . . , t is obtained with Mt ≥ Nr under a BD criteria as
in [1],[8],[9], to guarantee that

Hk [wi1,wi2 . . .wir] =

{
0 : k �= i
UkSk : k = i

, (3)
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where Uk is a unitary matrix and Sk = diag{λ
1
2
k1,λ

1
2
k2, . . . ,λ

1
2
kr}.

The λ
1
2
i j are obtained from a singular value decomposition of

the interfering channels in the cluster according to the proce-
dure explained in [8]. Then, the received signal is expressed
by the block-diagonal matrix

y = diag [U1S1,U2S2, . . . ,UNSN ]b+n. (4)

Each user independently rotates the received signal and de-
couples the different streams

ỹ= diag
[
UH

1 ,U
H
2 , . . . ,U

H
N

]
y=

[
λ

1
2
11b11, . . . ,λ

1
2
NrbNr

]T

+ ñ (5)

where the noise ñ remains white with the same covariance
because of the unitary transformation. BD is possible in this
scenario if Mt ≥ Nr in each cluster and the transmission
within each cluster becomes a set of parallel non-interfering
channels, since BD removes the interference inside the cluster.
We account for the effect of the noise by defining a signal to
noise ratio (SNR) ρ at the cell border, as done also in [10],

ρ =
PmaxR−γ

cell

σ2
n

. (6)

B. Achievable rate

In order to account for the effects of the fading and of
the out-of-cluster interference it is convenient to condition the
achievable rate on the distance ui of user i from the center of
its cell. The achievable rate for a user i at the distance ui is

Ri(ui) =
r

∑
j=1

log2

(
1+λi j

Pi j

σ2
n + Ii(ui)

)
(7)

and its mean value becomes

Ri =

∫ Rcell

0
R(ui) fui(ui)dui . (8)

Assuming a uniform distribution of the users over each cell,
the distance ui has probability density function

fui(ui) = 2ui/R2
cell , (9)

which approximates the hexagonal cell by a circular one with
the same radius. Note that the values λi j in (7), which are
related to the actual channel, depend on the distance ui of
the user i, and their characterization is detailed in [4]. The
interference power is modelled as in [4] and turns out to be

Ii(ui) =
Minterf

∑
m=1

Pmax (dim)
−γ , (10)

with Minterf the number of interfering BSs and dim the distance
between user i and BS m (belonging to the external clusters).

C. Power allocation

The power may be allocated so that it maximizes some
parameters linked to the QoS, such as the sum rate (or a
weighted sum of the rates), for the set of users served in each
cluster. This objective is subject to a maximum transmission
power available at each base station Pmax, namely

t

∑
l=1

N

∑
i=1

r

∑
j=1

Pi j

∣∣∣wkl
i j

∣∣∣2 ≤ Pmax , (11)

for each BS k = 1, . . . ,M. The problem of maximizing the
sum-rate with constrained power turns out to be convex and
has been tackled in several works, e.g. [8],[9] with solutions
ranging from the simplest uniform power approach to optimal
allocation with a cumbersome numerical convex optimization.
A power allocation solution, which resembles the well known
waterfilling scheme and performs very close to the optimum,
has been presented in [8]. If we consider a uniform power
allocation scheme among the users, a common average value
P0 replaces Pi j in (7) and represents the average transmitted
power from the BSs to each receive antenna of user i.
Its characterization can be obtained as in [4], where the
evaluation of the integral (8) has been carried out. Also a
waterfilling scheme [8] and a numerically optimized power
assignment scheme (convex optimization) will be considered
in the numerical results for a comparison. Note that if we
neglect the interference from other clusters it can be shown
that the optimal power allocation to the multi-cell BD can be
obtained by using a water-filling approach [11].

III. RATE STATISTICS

A. Cumulative distribution function

The derivation of the complete statistical characterization
of the achievable rate per user is an almost intractable task
due to the combination of many effects, such as the power
assignment, the interference from outside the cluster, the
channel characteristics, etc. Even the evaluation of the mean
value requires to resort to several approximations although the
final result is quite accurate [4]. If we consider the Probability
Density Function (PDF) of the achievable rate per user, a
suitable analytical model is provided by the Gamma PDF

fR(x) = 1
Γ(k)θk xk−1e−

x
θ (12)

with mean and variance kθ and kθ2, respectively, related to the
system parameters as discussed in Sections III-C, III-D. This is
justified by the application of the central limit theorem, when
the PDFs of the variables that are summed are defined only
for R+. In this case, what is called the central limit theorem
for causal functions [12] states that the convolution of an
unbounded number of causal functions (functions not defined
for negative values) can be approximated using a Gamma
distribution. The Gamma distribution has been introduced also
in [13] to describe the SIR in a simpler environment, without
noise and without any kind of coordination. In fact, by a
comparison of the CDF obtained by simulation and a Gamma
CDF, with the same mean and variance, it is interesting to
note a perfect fitting. The results shown in the following
are obtained assuming a number of active users equal to the
number of coordinated base stations M = N. In Fig. 1 we
compare the experimental CDF with a Gamma CDF for the
uniform power assignment and different system parameters.
Then in Fig. 2 we see the effect of increasing the size of the
cluster on the CDF of the rate. As it will be shown also in the
following, we can see an increase of the rate with the cluster
size just up to a point; then the rate starts to decrease. This
gives rise to a specific value of the cluster size maximizing
the average rate per user. Moreover, we can see a decreasing
variability of the rate around the mean, i.e. a smaller variance,
as the cluster size increases. 2



Fig. 1. CDF of the achievable rate per user with t = 2, r = 2 and SNR=15 dB.
Comparison with the Gamma distribution with the same mean and variance.

Fig. 2. CDF of the achievable rate per user with t = 2, r = 2 and SNR=15 dB
for different values of the cluster size.

B. Effect of the power allocation

In order to show the effect of different power allocation
schemes, Fig. 3 presents the CDF of the achievable rate
per user comparing the uniform power allocation with the
waterfilling scheme described in [8], which is very close to
the optimum for a single cluster, and a numerical optimization
performed by a convex optimization tool. The results refer
to r = t = 3 and SNR=15 dB and two different cluster sizes,
namely M = 5 and M = 8. Note that the waterfilling schemes
of [8] have not been adapted to a multi-cluster environment to
account for an additional noise level representing the amount
of out-of-cluster interference, since this adaptation would
require some kind of coordination among different clusters.

C. Mean value

The derivation of the mean value has been obtained in [4]
resorting to some approximations, which allow one to evaluate
the integral (8), in particular to a model for the interference
coming from outside the cluster. The value of the mean is
rather accurate in a wide range of the scenario parameters as
shown in detail in [4].

Fig. 3. CDF of the achievable rate per user with t = 3, r = 3 and SNR=15 dB.
Comparison between different power allocation schemes.

Fig. 4. Variance of the achievable rate per user with different values of SNR
and of t, r as a function of the cluster size M.

D. Variance

The variance of the achievable rate cannot be obtained
without too many simplifying approximations so, instead, an
accurate value is obtained by simulations. In Fig. 4 we show
the variance of the achievable rate per user as a function of
the cluster size M for different values of SNR and number
of antennas, with a path loss coefficient γ = 3.8, which is
rather typical for an urban environment, also used in [1].
A uniform power assignment is considered. It can be seen
that increasing the degrees of freedom by a larger number of
antennas increases the variance of the rate, but a minimum
value appears when the SNR increases. Then, in order to
increase the fairness and to limit the differences among the
users a limited cluster size is better.

IV. FAIRNESS AND QOS CONSIDERATIONS

If we consider the fairness of the coordination schemes
derived by their statistics, it is interesting to evaluate the
minimum rate guaranteed to a percentage X of the users, thus
the value of the CDF at 1−X which gives the rate guaranteed
to X% users. In Fig. 5 the rate achieved by 90% of the users is
shown as a function of the cluster size M for different antenna
configurations and different values of SNR, considering a3



Fig. 5. Rate achieved by 90% of the users with different antenna configu-
rations and different values of SNR.

Fig. 6. Rate achieved by 90% of the users with different power assignment
schemes, r = t = 3 and SNR= 15 dB.

uniform power assignment. It can be seen that although there
is a maximum value of this rate that increases with the number
of antennas, also the variability increases so that a high rate
cannot be guaranteed to almost all the users, especially when
increasing the cluster size and a lower complexity scheme with
fewer antennas can achieve a higher common rate. In particular
for large cluster size, a configuration with r = t = 4 antennas
performs worse than r = t = 3 since it decreases faster with
M. Therefore a limited size of the cluster is advisable in order
to provide the advantages of MIMO to all the users. Note
however that the power assignment method plays an important
role, as seen in the slope of the CDF. The effect of the power
assignment scheme on the fairness is shown in Fig. 6. We
can clearly see that optimal power assignment schemes show
worst fairness conditions, although achieving higher average
rates, while waterfilling and uniform assignment schemes are
better in this regard and show a similar behavior. For a
reduced cluster size a uniform assignment performs better than
waterfilling in terms of fairness, but the rate guaranteed to 90%
of the users decreases faster with the cluster size M, while
waterfilling maintains an almost constant value.

V. CONCLUSIONS

We have provided fairness considerations in a coordinated
base station environment with BD, resorting to a statistical
characterization of the achievable rate per user described by a
Gamma probability distribution, whose accuracy is very good
for several channel and system conditions. We can see that
together with the cluster size, which can be limited to values
not very large due to a saturation effect and to an increase
of the rate variance, also the power assignment affects the
fairness conditions. In particular although the optimization of
the assigned power, by means of heavy numerical procedures,
can provide a significant enhancement in the mean value, the
side effect is also a dramatic increase in the variance, which
gives rise to an unfair distribution of the rates among the users.
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