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The time between consecutive instants can vary from L = 4 s
to L = 15 min [37], and usually, the time between consecutive
regulation instants is kept constant during the period for which
the capacity reserve has been required, which is commonly 1 h.

is used, and the degradation cost for V2G regulation can then
be expressed as

C. Revenue of the PEVs

where the values of Lc , E, and DOD are those used to calculate
the degradation cost for deep cycling in (4). This means that the
battery degradation cost for V2G regulation is one third of the
cost when compared to deep cycling.

There exist different revenue schemes in the related literature
for regulation-up and regulation-down. It may be assumed
that, for regulation-down, a PEV only obtains revenue from
the capacity service as it receives energy (see, for instance,
[30]). Another possibility is to consider that, although the PEV
receives energy while providing regulation-down, it provides a
service that must be paid by allowing to be transferred some
energy (e.g., [29] and [38]). The latter is adopted in this work,
also considering a unique price pel for both regulation-up and
regulation-down. Since there exist two sources of revenue, i.e.,
capacity price and electricity price, the revenue for each PEV n
is defined accordingly as
rn = pc Pcn (l) + pel P n (l).

(2)

D. Cost Model
The cost to produce V2G regulation-up or -down is the
cost associated to each kilowatt times the number of kilowatt
required to a certain PEV n, i.e., P n . The cost to produce
regulation-down is assumed to be zero because regulation-down
is equivalent to charging the vehicle. The total cost in U.S.
dollars per kilowatt-hour for bidirectional frequency regulation
provided by PEV n is denoted by cn and calculated as [9]
cel
cn =
+ cd
(3)
ηconv
where cel is the cost per purchased power in U.S. dollars per
kilowatt-hour, ηconv is the efficiency of the vehicle’s conversion of electricity through batteries back to electricity, and cd
represents the cost of battery degradation due to extra use for
V2G regulation in U.S. dollars per kilowatt-hour. While cel is
simply equal to the electricity price pel , the calculation of the
degradation cost cd involves more details, as we will show next.
The degradation cost cd can be estimated, for deep cycling of
the battery (typically around 90%), as [9]
cd =

cb + c l
Lc E DOD

(4)

where cb is the total cost of the battery in U.S. dollars, cl is
the labor cost of battery replacement in U.S. dollars, Lc is the
battery lifetime for a certain depth of discharge (in number of
cycles), E is the battery capacity (in kilowatt-hour), and DOD is
the depth of discharge with respect to the current state of charge
SOCn for which Lc was determined.
However, for V2G regulation, the battery experiences repeated charging and discharging in fast succession, which can
be viewed as shallow cycling (typically around 3%). In this
case, a scaling factor can be used for the shallow depths of
discharge associated with V2G regulation [9], [29], [30]. To be
consistent with these previous works, a scaling factor of three

cd =

cb + c l
1
·
3 Lc E DOD

(5)

III. AGGREGATOR P ROFIT M AXIMIZATION :
G ENERAL P ROBLEM F ORMULATION
Our objective in this work is to investigate different strategies to allocate power among the PEVs forming part of an
aggregator for frequency regulation service and, at the same
time, to achieve the SOCs of the PEVs globally meeting
a given fairness criterion (e.g., minimum variance from the
average value or proportional fairness). These strategies are
implemented through the optimization of the aggregator profit.
In this section, the general problem of maximizing the total
profit obtained by the aggregator is formulated, where the total
profit is defined as the sum of the PEV profits. Taking into
account the associated cost from Section II-D, the utility (profit)
function of PEV n is expressed as un (l) = rn − cn for both
regulation-up and -down




pel
pc PCn (l)+ pel − ηconv
+cd P n (l), reg. up
n
u (l) =
pc PCn (l)+pel P n (l),
reg. down
(6)
and the resulting total aggregator profit U (l) is
U (l) =

N


un (l).

(7)

n=1

We recall that, as stated in Section II-D, the cost for regulationdown is 0, given that regulation-down is the same as charging
the vehicle; thus, it is “free charging” when the EV provides
regulation-down [9].
The time dependence with l can be removed from the variables to alleviate the notation once it is established that the
problem is solved at each instant l. Hence, the problem is
formulated at any arbitrary instant as
max
n
n

PC ,P

s.t.

U=
N

n=1
N


N


un

(8)

n=1

PCn = PCT

(9)

Pn = PT

(10)

n=1

SOCnmax  SOCn + xν n P n , n = 1, . . . , N
SOCn + xν n P n  SOCnmin , n = 1, . . . , N
SOCnmax  SOCn + xν n PCn , n = 1, . . . , N
SOCn + xν n PCn  SOCnmin , n = 1, . . . , N
P n  0, PCn  0, n = 1, . . . , N
5

(11)
(12)
(13)
(14)
(15)

where ν n is the charging efficiency of PEV n, (9) reflects the
total power capacity constraint for regulation-up and -down,
(10) indicates the total submitted electricity constraint for
regulation-up and -down, and (11)–(14) show the maximum/
minimum achievable SOC constraints for the electricity and
capacity power. Note that SOCn , SOCnmax , and SOCnmin are
expressed as power levels (in kilowatts), considering that the
power is delivered during a period of time equal to the duration
of an interval l. This problem is a linear problem (and, hence,
convex) and can be optimally solved by standard optimization
methods.
IV. P ROFIT O PTIMIZATION W ITH
S TATE -D EPENDENT U TILITY

SOCn (l) − SOCmin
SOCmax − SOCmin
n
n Δ SOCmax − SOC (l)
αd =
.
SOCmax − SOCmin
Δ

(16)
(17)

Let us consider first the case of regulation-up. It can be observed
from (16) that, if a battery is at its lowest level, i.e., SOCn (l) =
n
= 0. On the other hand, if a battery is at
SOCmin , then αup
n
= 1. Thus,
its highest level, i.e., SOCn (l) = SOCmax , then αup
the utility function (6) can be modified for regulation-up such
that the utility un (l) is 0 if the battery level is minimum, and
un (l) rises as the SOCn (l) rises up to the maximum weighted
n
= 1. Again, as it is
contributions P n (l) and PCn (l), for αup
done in the precedent section, the time dependence with l is
removed since the problem is solved at each instant l. Then, for
regulation-up, the utility function is
n
(pc PCn + (pel − cn )P n ) .
unup = αup

(18)

The same reasoning can be done for regulation-down. In this
case, αdn P n and αdn PCn are the power contributions to un , with
the contribution being maximum if SOCn = SOCmin and 0 if
SOCn = SOCmax . In this case, the resulting expression is
und = αdn (pc PCn + pel P n ) .

(19)

Equations (18) and (19) can be written in a more compact
way as
 n
αup (pc PCn + (pel − cn )P n ) , if x = −1
n
(20)
uSD =
if x = 1
αdn (pc PCn + pel P n ) ,
and similarly


n

α =

n
,
αup
αdn ,

if x = −1
if x = 1.

max
n
n

PC ,P

s.t.

U=

N


unSD

(22)

n=1
N


PCn = PCT

(23)

Pn = PT

(24)

n=1
N

n=1

The general problem formulation presented in Section III
does not contemplate fair power allocation among the PEVs.
This means that the PEVs with a low SOC might provide large
power for regulation-up and reach the minimum level, which
is not desirable. Analogously, PEVs with high SOC might be
charged with large power for regulation-down service and reach
the maximum level. Both undesired situations can be avoided
by relating the power contribution to the SOC, and therefore,
the following weighting factors are introduced:
n
=
αup

By replacing un by unSD and PCn and P n by αn PCn and αn P n ,
respectively, in the general problem (8)–(15), we obtain the
aggregator’s profit maximization problem with state-dependent
utility

(21)

SOCnmax  SOCn + xν n P n ,

n = 1, . . . , N

(25)

SOC + xν P  SOCnmin , n = 1, . . . , N
SOCnmax  SOCn + xν n PCn , n = 1, . . . , N
SOCn + xν n PCn  SOCnmin , n = 1, . . . , N
P n  0, PCn  0, n = 1, . . . , N.

(26)

n

n

n

(27)
(28)
(29)

The solution to this problem provides a power allocation with a
certain degree of fairness in the distribution of the total profit
among the PEVs to the extent that power is proportionally
allocated according to the previous SOC of the PEV.
V. O PTIMIZATION C ONSIDERING C HARGING DYNAMICS
The scheme of Section IV is useful in assigning power according to the SOC of the PEVs. However, as it was previously
mentioned, proportional fair power allocation is also of interest
in this study. With this objective in mind, this and the following
section are developed.
Let us now consider the criterion of maximizing the difference between the SOC of the PEV n at the present time l,
which is represented by SOCn (l), and the SOC of that PEV
at the previous regulation instant, which is represented by
SOCn (l − 1), since the higher this difference is, the higher the
amount of required energy, and the higher the profit for user n.
The charging dynamics can be described by the following
equation:
SOCn (l) = SOCn (l − 1) + x(l)ν n P n (l)

(30)

where x(l) is the regulation signal.
In this case, the optimization problem is formulated in terms
of the capacity power PCn (l), instead of both PCn (l) and electricity power P n (l), given that the latter can be obtained from the
former, as will be shown later in this section. Indeed, P n (l)
is usually as large as about 10% of the capacity PCn (l) [9];
thus, the problem is solved in PCn (l), and after that, capacity
power is proportionally allocated to each PEV n with respect
to the calculated P n (l). Thus, more conservative constraints
are applied to this problem since SOCnmax  SOCn (l) + PCn (l)
is used instead of SOCnmax  SOCn (l) + P n (l). Equivalent
consideration is taken for the SOCnmin constraint. Nevertheless,
SOCn (l) is updated with P n once the problem has been solved
at instant l, as given by (30).
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If the problem is formulated the other way around, i.e.,
in terms of P n (l) and calculating PCn (l) afterward, a result
that violates the maximum SOC constraint, i.e., SOCnmax 
SOCn (l) + PCn (l), may be obtained by proceeding in such
manner since PCn (l) is usually several times larger than P n (l).
Note that x ∈ {−1, 1}, and therefore, the difference
SOCn (l) − SOCn (l − 1) can be positive or negative. Then, the
optimization problem is expressed as
max
n

PC (l)

s.t.

N


|SOCn (l) − SOCn (l − 1)| =

n=1
N


N


ν n PCn (l)


n
However, the maximization of N
n=1 uch may lead to unfair
n
allocation of P . A widely adopted solution is the use of
the logarithmic function, which is concave, and therefore, the
resulting solution has the property of proportional fairness in
P n (l) [39]. Thus, if the design criterion for the aggregator is
proportional fairness, the problem can be reformulated as

N
N


P n (l)
n
n
(39)
log
u
=
log
1
+
ν
max
ch
SOCn (l − 1)
P n (l)
n=1
n=1

(31)
s.t.

n=1

N


P n (l) = P T

(40)

n=1

PCn (l) = PCT

(32)

SOCnmax  SOCn (l) + ν n P n (l)

n = 1, . . . , N (41)

SOC (l) + ν P (l) 

n = 1, . . . , N (42)

n

n=1

SOCnmax

 SOC (l) + x(l)ν
n

n

PCn (l),

n = 1, . . . , N
(33)

SOCn (l) + x(l)ν n PCn (l)  SOCnmin ,

n = 1, . . . , N
(34)

PCn  0,

n = 1, . . . , N

(35)

which is a linear problem. Then, P n (l) is now calculated as
P n (l) = kPCn (l)

(36)

where k = (P T /PCT )  1 is a constant that scales the electricity power to the required capacity power and that allows
calculating the individual P n (l) from PCn (l), as both values
PT and PCT are given by the ISO to the aggregator through
signaling. Once the total power assignment is obtained, the
aggregator profit at l is calculated as
U (l) =

N


n

P n (l)  0,

n

SOCnmin

n = 1, . . . , N.

It can be seen that there exists a great similarity between
the problem of allocating power for V2G regulation to PEVs
and a very well studied problem in both wireless and wireline
communication systems: power allocation among parallel channels [40]. The power allocation problem is given as follows:
For a given set of N parallel channels, the total transmit
power P must be allocated among them to maximize the total
transmission rate. The transmission rate per channel is equal to
log (1 + (Pi /Ni )), where Pi is the power allocated to channel
i and Ni is the Gaussian noise power associated with channel i.
This problem is formulated as

N

Pi
(44)
log 1 +
max
Ni
i=1
s.t.

N


Pi  P

(37)

n=1

This approach is also the starting point in developing an
algorithm based on communications concepts that achieves
proportional fairness, as detailed in the next section.

(45)

i=1

Pi  0 for all i = 1, . . . , N.
un .

(43)

(46)

Using the Lagrangian multipliers method to solve the problem
[41], the Lagrangian function to be maximized is

N
N


Pi
+μ
log 1 +
Pi − P
(47)
Ni
i=1
i=1
and differentiating with respect to Pi

VI. WATER -F ILLING A PPROACH
Now, let us consider the case of frequency regulation-down
for the sake of developing the fundamental aspects of the waterfilling approach, which are extended to regulation-up later in
this section. The charging dynamics (30) can be rewritten as
unch =

SOCn (l)
P n (l)
= 1 + νn
n
SOC (l − 1)
SOCn (l − 1)

(38)

which expresses the ratio of the new SOCn (l) with respect to
the previous one SOCn (l − 1). Then, by maximizing (38), the
power for regulation of PEV n is maximized, and consequently,
the aggregator profit is also maximized.

1
+ μ = 0.
P i + Ni

(48)

The solution to this problem is
Pi = (λ − Ni )+

(49)

where (x)+ = max{0, x}. The solution is graphically illustrated in Fig. 4. Vertical levels Ni indicate the noise levels
in the channels. As power level λ is increased from zero,
power Pi is allocated to the channels with the lowest noise.
In our example, the first channel to be allocated some power
is Channel 2. When the available power λ is increased still
further, some of the power is distributed into noisier 7channels.

values, the higher the achieved accuracy in distributing the total
power among the PEVs.
This algorithm could similarly be applied to the power capacity distribution to obtain PCn .
VII. FAIRNESS I NDEX M AXIMIZATION P ROBLEM

Fig. 4. Water filling for three parallel channels, where Channel 3 is unable to
allocate any power.

This process is identical to the way in which water distributes
itself in a container. Hence, it is commonly referred to as
“water filling.”
Now, the similarities between the two problems can be
perceived. The parallel channels can be identified with the
PEVs, the power allocated to a channel for transmission Pi with
the power drawn/charged by a PEV for frequency regulation
P n , the inverse of the power noise (1/Ni ) with the factor
ν n (1/SOCn (l − 1)), and the total transmit power with the total
power required for V2G regulation. Given that water-filling
algorithms have proved to be very effective in practical systems
[42], they can be used for the problem of power distribution
among PEVs for frequency regulation.
The following algorithm, inspired by the water-filling solution, is proposed for both regulation-up and regulation-down for
power electricity assignment (see Fig. 5). Since the algorithm
is solved at each instant l, the time dependence with l is again
removed for clarity. It can be distinguished between the two
cases regulation-up and -down, to make the PEVs with the
highest SOC first participate in regulation-up and similarly
PEVs with the lowest SOC first participate in regulation-down.
Therefore, the algorithm is slightly different for regulationdown (x = 1) and regulation-up (x = −1), as explained next.
If, for instance, regulation-down with an initial water level
(which is denoted by W ) of 0 is considered to be updated in
ascending direction, the batteries with low power level (low
SOC) are charged first, which is more convenient to avoid
PEVs with higher SOC from exceeding the maximum level
of charge SOCmax . Similarly, for regulation-up, an initial high
value of water level is set (for instance, P T ) and is updated in
descending direction. In this case, power is first extracted from
the batteries with higher SOC, thus avoiding batteries with low
power level to reach the minimum level of charge SOCmin .
The algorithm works as follows: Once the type of regulation
according to the value of x is decided, it is verified if the total
available
power P T has been distributed among the batteries
N
( n=1 P n − P T > ε). If yes, the algorithm ends. If not, the
algorithm updates the SOC and ends if none of the batteries
can provide additional power for regulation (SOCn < SOCmin
or SOCn > SOCmax ). Otherwise, the water level is updated
(W = W + Δ or W = W − Δ), and the process returns to the
total available power condition. Parameters ε  0 and Δ > 0
are set up according to the desired accuracy: The lower their

One more possibility is to use the FI definition from [43] as a
measure of the fairness accomplished among the PEVs in terms
of their SOCs.
For a general case, it departs from a given solution {s∗n } to
a general problem that is assumed to be the fairest one, where
the variables represent the SOC of each PEV SOCn . Now, a
new solution {sn } is defined, which is a function of both the
solution to be tested {sn } and the fairest solution {s∗n }, that is
sn =

sn
for all n = 1, . . . , N
s∗n

(50)

and the FI is defined as

FI =

N

N
n=1 si

N

2

2
n=1 si

.

(51)

The FI can also be geometrically specified, assuming that
s is the vector of dimension N composed by {si } and that
this vector is compared with the N all-ones reference vector
e = (1, . . . , 1)T using the scalar product. Therefore, (51) can
be rewritten as
FI =

(se cos θ)2
(eT s)2
=
= cos2 θ
Ss2
e2 s2

(52)

where θ is the angle formed between vectors e and s.
Note that, according to (52), the higher the value of FI,
the closer the tested solution s to the fairest solution. In
other words, if θ = 0, the fairness achieved with s is the best
possible, so s is the fairest solution and FI = 1. On the contrary,
if FI = 0, the solution is totally unfair.
Applied to our problem, the FI must then be maximized
to achieve an assignment as fair as possible. If sl and sl−1
represent the SOC vector at regulation instants l and l − 1,
respectively, the resulting problem is
(eT sl )2
Ssl 2

(53)

s.t. eT (sl − sl−1 ) = xPCtot

(54)

max FI =
sl

smin  sl

(55)

sl  smax .

(56)

However, this problem is not convex, given that the optimization function is not concave, and therefore, the FI is used only
for comparison purposes in the results section, and the problem
is formulated as the variance minimization problem, as will be
shown next.
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Fig. 5. Algorithm 1. Frequency regulation water filling for power electricity assignment.

VIII. VARIANCE M INIMIZATION P ROBLEM
In this section, the problem of power allocation to the PEVs
through the variance minimization problem in vectorial notation is formulated, where the objective is to minimize the
SOC sample variance, which is denoted by σ 2s . Here, for the

sake of simplicity, sn represents the SOC associated with PEV
n SOCn , and the problem is formulated as
1 
(sn − s)2
N − 1 i=1
N

min σ 2s =

(57)
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TABLE IV
PROFIT VALUES AFTER 24-h REGULATION SERVICE

The FI average values over the period of 24 h in Table III
show the perform in average for both cases. The water-filling
and variance minimization approaches exhibit quite larger values with respect to the state-dependent utility and the charging
dynamics, as expected. The even power distribution approach
provides a poor value in average.
Table IV shows the total profit obtained for each approach
after the observed period of 24 h. The total profit is calculated
as the sum of the individual profits. The state-dependent utility
obtains the highest value
since the objective in this case is to
n
maximize the sum profit N
n=1 uSD . With charging dynamics,
N
n
which maximizes n=1 |SOC (l) − SOCn (l − 1)|, the profit
is also larger than that with variance minimization. The waterfilling approach experiences a slight loss due to the quantization of the step of the algorithm with respect to variance
minimization. Nevertheless, the even power distribution gives
a significant lower profit due to the fact that it is not always
possible to allocate the power in the vehicles without violating
the SOC limit constraints. Therefore, the total power provided
by the PEVs is less than the requested power; thus, the profit
is lower. The maximum profit in 1 year of frequency regulation
can also be estimated and can be as high as $491 if the daily
results are extrapolated to an annual forecast.
Fairness expressed in profit per PEV is also evaluated
through the variance of the profit per vehicle shown in Table IV.
The lowest variance is observed for state-dependent utility
derived from the weighting factors αn applied to each EV profit
function unSD . The highest value corresponds to the charging
dynamics approach since the objective is to achieve a difference |SOCn (l) − SOCn (l − 1)| as high as possible. With even
power distribution, the variance is obviously 0. Low variance
is also observed for variance minimization in accordance with
the objective of minimizing the SOC variance. An intermediate
value is obtained for water filling since the objective is to
achieve the same final SOC for all EVs, irrespective of their
initial SOCs.
The effect of costs in the profit is evaluated for the case of
state-dependent utility and shown in Fig. 10. Since the total
profit obtained without costs is $2071, the profit loss in this
case due to the costs is only 2.7%.
X. C ONCLUSION
In this paper, a set of schemes to distribute the power for
V2G regulation service when this service is provided by EVs
managed by an aggregator has been presented. In contrast with
the works in recent literature, the focus has been on the fair
distribution of power among the EVs, instead of merely trying
to optimize the aggregator profit.

Fig. 10. Profit comparison between optimization with and without costs after
24-h regulation: state-dependent utility case.

Simulations have shown that, depending on the selected
scheme, differences in the variance of the SOC of the EVs
and the degree of fairness can be achieved, whereas all the
schemes provide positive profit even after considering degradation costs. The water-filling approach, which was derived
from an algorithm widely used in communications, can also
achieve zero variance and, moreover, perfect fairness, even
though water filling is not generally fair in communications.
The variance minimization approach can also achieve very
low variance in SOC and very good fairness in terms of FI.
On the other hand, if the focus is on fair profit, the statedependent utility approach provides the fairest distribution of
profit among the EVs participating in V2G regulation, and the
charging dynamics approach provides the highest total profit
and reasonable good values of variance and fairness.
It can also be highlighted that, for any of the schemes considered, an annual maximum profit per PEV of several hundred
dollars can be raised.
R EFERENCES
[1] Nat. Inst. Stand. Technol., Gaithersburg, MD, NIST Framework
and Roadmap for Smart Grid Interoperability Standards, Rel. 1.0, 2010.
[Online]. Available: http://nist.gov/smartgrid/
[2] M. Koot, J. T. B. A. Kessels, B. de Jager, W. P. M. H. Heemels,
P. P. J. van den Bosch, and M. Steinbuch, “Energy management strategies
for vehicular electric power systems,” IEEE Trans. Veh. Technol., vol. 54,
no. 3, pp. 771–782, May 2005.
[3] B. K. Sovacool and R. F. Hirsh, “Beyond batteries: An examination of
the benefits and barriers to plug-in hybrid electric vehicles (PHEVs) and a
vehicle-to-grid (V2G) transition,” Energy Policy, vol. 37, no. 3, pp. 1095–
1103, Mar. 2009.
12

13

Ana García-Armada (S’96–A’98–M’00–SM’08)
received the Ph.D. degree in electrical engineering
from the Polytechnic University of Madrid, Madrid,
Spain, in February 1998.
She is currently Professor with the Department
of Signal Theory and Communications, University
Carlos III de Madrid, where she has occupied a
variety of management positions. She leads the Communications Research Group and the Laboratory of
Communication Systems for Security and Space in
the Scientific Park of the same university. She has
participated in several national and international research projects related to
wireless communications. She is the coauthor of eight book chapters on
wireless communications and signal processing. She has authored more than 35
papers in international journals and more than 50 contributions to international
conference proceedings. She has contributed to international organizations such
as the International Telecommunication Union and European Telecommunications Standards Institute. Her research interests are orthogonal frequencydivision multiplexing and multiple-input–multiple-output techniques and signal
processing applied to wireless communications.

Gonzalo Seco-Granados (S’97–M’02–SM’08) received the Ph.D. degree in telecommunication
engineering from the Universitat Politècnica de
Catalunya, Barcelona, Spain, in 2000 and the M.B.A.
degree from IESE-University of Navarra, Barcelona,
in 2002.
During 2002–2005, he was a Member of Technical
Staff with the RF Payload Division, European Space
Research and Technology Center, European Space
Agency, Noordwijk, The Netherlands, where he was
involved in the Galileo Project. He led activities concerning navigation receivers and indoor positioning for the Global Positioning
System and Galileo. Since 2006, he has been an Associate Professor with
the Department of Telecommunications and Systems Engineering, Universitat
Autònoma de Barcelona (UAB), Barcelona. From March 2007 to April 2011,
he was the Coordinator of the Telecommunications Engineering degree. Since
May 2011, he has been the Vice Director of the UAB Engineering School. In
March 2008, he was appointed as Director of one of the six Chairs of Technology and Knowledge Transfer “UAB Research Park-Santander.” He has been
the principal investigator of more than 12 national and international research
projects and often acts as an adviser of the European Commission on topics
related to communications and navigation. He has authored 20 journal papers
and more than 80 conference contributions. His research interests include
signal processing for wireless communications and navigation, location-based
communications, optimization, and resource allocation.

14

