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“What are the base states of the world?”
Richard P. Feynman
The Feynman Lectures on Physics, Volume III, Chapter 8.

Resumen y aportaciones

Esta tesis incluye cinco capitulos, y estda dedicada al estudio de familias de polinomios
ortogonales de tipo estdndar y no estdndar. Este Primer Capitulo contiene una breve
introducciéon histérica e informacién inicial acerca de estos dos tipos de polinomios orto-
gonales mencionados.

En el Capitulo 2 se presentan algunos conceptos preliminares y notacién acerca de las
secuencias de polinomios ortogonales estudiadas. Aqui reunimos varios resultados basicos
que se usan en capitulos posteriores.

En el Capitulo 3 analizamos el comportamiento de las raices (o ceros) de las secuencias
de polinomios moénicos {@n () }n>0, ortogonales con respecto a una medida modificada con
una perturbacién candnica de tipo Uvarov dups(x) = dp(x) + Md(x — ¢), donde du(x) es
una medida de Borel positiva soportada en un conjunto acotado (o no acotado) de la recta
real £ = (a,b), 6(x — ¢) es el funcional delta de Dirac en el punto ¢, con ¢ & (a,b), y M
es un numero real no negativo, es decir, estudiamos polinomios ortogonales con respecto

al producto interno
(o = [ F@gla)duta) + MF(c)g(e) (1)

definido en el espacio vectorial lineal de los polinomios con coeficientes reales P. Aplicamos
éstas técnicas al estudio de las propiedades analiticas de secuencias de polinomios orto-
gonales asociadas con medidas modificadas Jacobi-Koornwinder y Laguerre-Koornwinder.
Seguidamente, cuando la medida p es semiclasica, se proporciona una interpretacion elec-
trostatica de la distribucién de ceros de estas familias. A continuacién, extendemos la
mencionada interpretacién electrostatica considerando secuencias de polinomios ortogona-

les con respecto al producto interno

+oo m
(f. Gy = /0 F(@)g(@)dpa(z) + 3 My f(e))g(cs), (2)

J=1
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donde dpn(x) = x“e~"dx es la medida de Laguerre soportada en Ry, a > —1, ¢; < 0,
M; >0,y f, g son polinomios con coeficientes reales. Obsérvese que este producto interno
es una generalizacién de (1), considerando una cantidad numerable m de iteraciones de
la perturbacién de Uvarov localizadas fuera del soporte de la medida clésica de Laguerre.
Propiedades analiticas de tales secuencias de polinomios cuando E es un intervalo acotado
han sido previamente estudiadas en la literatura (ver [22], [25], [16] y las referencias ahi con-
tenidas). Proporcionamos también una interpretacion electrostatica general de sus ceros
en términos de una interaccién de tipo potencial logaritmico de cargas unidad sometidas a
la accién un campo externo. Esta interpretacion electrostatica ha sido obtenida mediante
técnicas diferentes a las utilizadas para el caso de un solo punto de masa, a partir de
los coeficientes de la ecuacién diferencial holonémica que satisfacen estas familias de poli-
nomios. La mayor parte de los resultados obtenidos en éste capitulo han sido publicados
en [43] , y el resto han sido sometidos para publicacién (ver [44]).

En el Capitulo 4 tratamos en primer lugar con secuencias de polinomios con respecto
a la mismas perturbaciones que las estudiadas en el Capitulo 3, pero centrdandonos en el
caso en el que el soporte es no acotado, y la medida perturbada du(x) es la clisica de
Laguerre, es decir, du(x) = % *dx, a = 0, b = 400, a > —1, M € R, y ¢ € R_.
Analizamos algunas propiedades asintéticas externas de éstas familias de polinomios or-
togonales. También presentamos la representacién de estos polinomios en términos de la
medida estandar de Laguerre, asi como su caracterizaciéon como funciones de tipo hiper-
geométrico. Igualmente, se obtienen los llamados operadores de creacién y destruccion
asociados a estos polinomios. Finalmente, como en el Capitulo 3, extendemos estos re-
sultados considerando las secuencias de polinomios ortogonales con respecto a (2). Aqui
proporcionamos también la asintética externa relativa general. Todos los resultados men-
cionados en este capitulo han sido incluidos en los articulos de investigacién [23] y [44],
éste ultimo actualmente en revisién.

Por dltimo, en el Capitulo 5 consideramos secuencias de polinomios ortogonales con

respecto al producto interno de Sobolev discreto

+o0
(f. g)s = / f(@)g(@)du(z) + Mf(e)g(c) + NF(e)g (c), (3)

donde dpu es una medida de Borel positiva, ¢ < 0, y M, N > 0. Observe que este producto
interno es una extension de los considerados en los Capitulos 3 y 4. Los polinomios or-

togonales con respecto a tales productos internos son llamados de tipo-Sobolev discreto.
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Seguidamente se obtiene la localizacién de los ceros de tales polinomios tipo-Sobolev dis-
creto, ortogonales con respecto a la medida de soporte no acotado p. En particular, para
la medida de Laguerre du(x) = x*e¢™*dx, a > —1, obtenemos algunas propiedades de los
polinomios ortogonales tipo-Sobolev discreto. Por tltimo, presentamos una relacion entre
la matriz pentadiagonal de Jacobi H, asociada a la relacion de recurrencia a cinco términos
que satisfacen los polinomios no estandar de tipo-Sobolev { s} ’N(:c)}nzo, ortonormales con
respecto a (3), y la matriz tridiagonal de Jacobi J g}, asociada a la relacién de recurrencia a
tres términos que satisfacen los polinomios ortogonales estandar 2—iterados {pg ] () }n>0-
La mayoria de los resultados mencionados en este capitulo aparecen publicados en [24] y
[32].

A continuacién resumimos brevemente las conclusiones aportadas por la presente memo-

ria.

e Se realiza por primera vez un estudio completo del comportamiento de los zeros de
familias de polinomios ortogonales con respecto a una medidas modificadas mediante
perturbaciones canénicas de tipo Uvarov y Christoffel . El comportamiento de estos
ceros se da en términos del parametro M, el cual determina como es la intensidad
de la perturbacién sobre la medida clasica. Hasta el momento, se habian realizado
progresos significativos en esta direccién a través de aproximaciones semiclasicas,
como en [3] y solamente tratando el comportamiento de propiedades promedio de

los ceros, usando el método de WKB.

e Se obtienen resultados asintéticos de las secuencias de polinomios ortogonales méni-
cos con respecto a la perturbaciéon de Uvarov de la medida clésica de Laguerre, como
ejemplo canénico de perturbacion fuera del soporte de una medida clasica con so-
porte no acotado. Hasta la fecha, los puntos de masa se localizaban en la frontera

(o fronteras) del soporte de la medida perturbada.

e Se proporciona un modelo electrostatico de los ceros de la familia de polinomios
ortogonales con respecto a una medida de Laguerre perturbada, con una cantidad
numerable m de puntos de masa, fuera del soporte de la medida clésica de Laguerre.
Hasta el momento, el Unico trabajo similar consideraba un solo punto de masa en
el origen. Igualmente, describimos el comportamiento de los ceros de los polinomios

ortogonales tipo-Krall en términos de los ceros de cierto polinomio de grado 2m
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(siendo m el nimero de masas de Dirac que aparecen en la medida), y que son las
fuentes de un potencial logaritmico de corto alcance que afecta a la localizacién de
los ceros de las secuencias de polinomios ortogonales Krall-Laguerre, considerados

como puntos criticos de un problema de equilibio.

Igualmente se obtienen propiedades asintéticas de secuencias de polinomios ortogo-
nales ménicos de tipo Laguerre-Sobolev, cuando los puntos de masa estan situados
fuera del soporte de la medida clasica de Laguerre. Hasta la fecha, los puntos de masa

se localizaban en la frontera (o fronteras) de los soportes de las medidas perturbadas.

Los resultados originales contenidos en el presente trabajo han sido publicados en

distintas revistas de investigacién internacionales, todas ellas incluidas en el Journal of

Citation Reports®, como se detalla a continuacion (el niimero entre corchetes al comienzo

seniala el orden en que aparece en la bibliografia el correspondiente trabajo)
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CHAPTER 1

Introduction

1.1 The standard theory of orthogonal polynomials

After Newton’s work, astronomy became much more precise. It was necessary to take
into account in calculating the earth’s deviation from perfect sphericity and for that, new
mathematical functions were necessary. Thus, in the classical memory by Adrien-Marie
Legendre (1752-1813) on the motion of the planets [61] (1785) the polynomials that now
bear his name were introduced, although previously, Joseph-Louis de Lagrange (1736-
1813) had already used the recurrence relation that defines them [57]. General Jacobi
polynomials, which contain as a particular case those of Legendre, appeared in 1859 in
the work [49] by Carl Gustav Jakob Jacobi (1804-1851).

In the same way, a first reference to Hermite polynomials appears in the celebrated
treatise of celestial mechanics [59] by Pierre-Simon de Laplace (1749-1827), published in 5
volumes for 26 years (1799-1825). These were also studied by the Russian mathematician
Pafnuty Lvovich Chebyshev (1821-1894) [14] before that Charles Hermite (1822-1901)
studied them in [42].

As in the previous cases, the Laguerre polynomials of parameter o« = 0 had already
appeared in works of Niels Henrik Abel (1802-1829), J.L. Lagrange and P.L. Chebyshev [14]
when Edmond Nicolas Laguerre (1834-1886), studied them in 1879 [58]. The generalization

1
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of these Laguerre polynomials was initially made by Yulian Karol Sokhotski (1842-1927)
and later on by Nikolay Yakovlevich Sonin (1849-1915) [93].

Other special classes of orthogonal polynomials (Charlier, Meixner and Pollaczek) were
studied by Carl Vilhelm Ludwig Charlier (1862-1934), Josef Meixner (1908-1994), Ervin
Feldheim (1912-1944), Félixz Pollaczek (1892-1981) and Thomas Joannes Stieltjes (1856-
1894).

Thus, in the mid-nineteenth century, the families of orthogonal polynomials which
belong to the theory of special functions are known as classical orthogonal polynomials, and
they had been very well studied. It was known that they share similar properties. However
there were no comparative studies concerning their similarities that allow us to establish
a general theory to characterize all those properties depending on their orthogonality.

The motivation to study systems of orthogonal functions was started under the influ-
ence of the invention of the steam engine. The aim was to provide a mathematical frame-
work to the heat conductivity, later developed in thermodynamics, the general science
about the laws of thermal motion.

The demands of a mathematical framework in relation to this issue, were highlighted in
the contest organized in 1811 by the Academy of Sciences in Paris: giving a mathematical
theory of the laws of heat distribution and compare the results of this theory with experi-
mental data. The winner turned out to be the Parisian academician Jean Baptiste Joseph
Fourier (1768-1830), who in 1807 had addressed the issue by using the trigonometric sys-
tem of orthogonal functions. In his report of 1811, Fourier developed a powerful method
for solving partial differential equations based on the concept of orthogonality. After 11
years, he published the Analytical Theory of Heat, which exerted an enormous influence
on the development of mathematics in general. As noted earlier, the first classes of or-
thogonal polynomials were studied under the refinement of the mathematical apparatus
of celestial mechanics.

Later, in the second half of the nineteenth century, again under the influence of the
steam engine, were made the first general studies on the subject. Around 1852, P.L.
Chebyshev became interested in the study of various articulated mechanisms which trans-
form, in rectilinear movement, the circular motion of the pistons of a steam engine. In
many of these mechanisms, the point of contact between the piston rod and the rotating
parts is under several forces which modify their rectilinear motion. This causes deviations

which have a negative influence on the machine working and leads to the mathematical



1.1. THE STANDARD THEORY OF ORTHOGONAL POLYNOMIALS 3

problem of determining the motion of a certain point M as a function with a minimal
deviation from zero inside a given range. This issue gave rise Chebyshev’s work on deter-
mining polynomials with minimum deviation from zero and the approximation of functions
by polynomials, and led him to consider the study of special classes of orthogonal poly-
nomials from a general point of view, abstracting from the peculiarities related to their

orthogonality.

About the same time, T. J. Stieltjes, while studying the importance of real numbers,
introduced the first notions of approximation of functions by continued fractions and per-
formed with them several studies about families of orthogonal polynomials, which lead
him to be considered the co-founder of this theory. Together with P.L. Chebyshev, his
student Andréi Andréyevich Mdrkov (1856-1922) and T.J. Stieltjes, the theory of ortho-
gonal polynomials was born as a branch of mathematics, but with a very close link with

the theory of approximation of functions.

A second stage in the development of this theory has to do with the rise of the theory
of approximation of functions and numerical mathematics, which was imposed by the
development of productive forces and world wars of the first half of the 20th century. The
most important figures here were the Hungarian mathematicians Gdbor Szegd (1895-1985)
([99]) and Géza Freud (1922-1979) ([33]), the Russians Sergei Natanovich Bernstein (1880-
1968) and Yakov Lazarevich Geronimus (1898-1984) ([37]), toghether with their students.
Special mention deserves the G. Szegé’s monograph [99], which is considered the bible of
orthogonal polynomials. There, he condense all the algebraic, differential and asymptotic
results of this theory. Since the mid 70’s, with the develop of modern computers and
algorithm theory, the improvement in function approximation addressed to the realm of
quality, i.e. how much approximant simulates the properties of the approximate function?
Can be extracted new information from the approximants?

The answer to the above questions requires a deep knowledge on asymptotic (limit)
behavior of orthogonal polynomials. This led to the third stage of development of the
standard theory, mainly marked by the asymptotic studies, which extends to the present
days. This knowledge has increased considerably the field of extra-mathematical appli-
cations, so for example these results are used in signal transmission, data encoding and
molecular biology among others.

At this stage of development, it is possible to distinguish at first between the work of
rational approximation of Andrei Aleksandrovich Gonchar (1931) together with his stu-
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dents in the mid-seventies (which show the need for refinement of the theory of orthogonal
polynomials) and the appearance of texts such as [94] in 1992, where are systematized the
main results obtained up to date. Nowadays, the location of zeros, recurrence formulas
and analytical properties are the focus of interest. Taking into account the mathematical
advances in recent decades, new techniques based on the theory of logarithmic poten-
tial, geometric theory of functions of complex variables, functional analysis and operator
theory are developped. At this time, several new different families of orthogonal poly-
nomials appear, namely, multi-orthogonal polynomials, orthogonal polynomials in several
variables, matrix orthogonal polynomials and orthogonal polynomials in Sobolev spaces
among others.

In the modern mathematical analysis of abstract spaces are highlighted those linear
spaces with metric structure. A particular importance have the spaces with an inner
product. Among the basic concepts involved on them are inner products, bases, complete
families, best approximation, and so on. They are intrinsically related to the concept of
orthogonality.

One of the most interesting structures in mathematics and physics is the space L?(u),
formed by square integrable functions with respect to a measure p supported on a subset
of the complex plane. In what follows, we assume by measure, a non-negative, finite
Borel measure with support E (bounded or unbounded) on the real line R. L?(u) has

Hilbert-space structure, with the inner product and the norm given by, respectively, by

(900 = [ F(@)g(z)du(x)
fr9 € L*(p) (1.1)
1l = V£ )

Two functions f,g € L?(u) are said to be orthogonal with respect to the measure
(or with respect to the inner product (f, g),) if (f,g), = 0. Complete sets of orthogonal
functions, which span linear spaces, are dense in all L?(z) and then they allow to obtain
approximate representations of the elements (functions) of such space.

We have many different possibilities to choose systems of orthogonal functions from
L?(i). Among the most important, are those formed by algebraic and trigonometric
polynomials. The advantages of working with polynomials are many. Namely: they provide
ease of numerical computation, they are dense in the space of continuous functions on

bounded support with uniform norm, and they constitute Chebyshev systems, so they are
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very good interpolants. Additionally algebraic polynomials have the advantage that, if
changing the scale of the variable, then a change in the polynomial coefficients holds but
not their shape, and their ratios are the more general functions that can be evaluated
by a computer (except possibly those other functions involving logical operations or the
magnitude of numbers, respectively). Throughout this dissertation, a polynomial of degree

n > 0 (in the sequel, deg P denotes the degree of the polynomial P) will mean a function
P,(z) =kpa" 4+ -+ kix+ko€P

with real coefficients k,,, ..., k1, ko and k,, # 0, where [P will denote the linear space of all
polynomials in one real variable and real coefficients. The real number k, will be said to
be the leading coefficient of P,(x). If k, = 1 we say that it is a monic polynomial, and
we write

~

P, (x) := 2" + lower degree terms.

According to (1.1), we define the inner product (-,-), : P x P — R associated with p

(P,Q)y = /EP(:E)Q(x)d,u(a:), for every P, Q € P, (1.2)

and the corresponding norm

1/2
1P, = </ |P(z)|? d,u(a:)) , for every P € P.
E

A sequence (system or family) of polynomials {P,(z)},5q, 7 = 0,1,2,... is said to be
orthogonal with respect to the positive Borel measure p on the interval E C R (which can

be bounded or unbounded) if, for every n

#0, ifn=m

) 1.3
=0, ifn#m (1.3)

<anPm>u{

or, analogously
#0, ifm=n
Py (z)x"dp(z) =
/En() wa) {:0, if m <n.
Such a sequence {P,(z)}n>0 is said to be an orthogonal polynomial sequence (OPS in
short). If the polynomials of the sequence are monic, i.e. {ﬁn(ﬂl)}nzo, then it is customary

to say that they constitute a monic OPS, or MOPS in short. Sometimes we will use a
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notation relative to the norm of the polynomials. If for every n we have || P,||, = 1, then
we say that the system of polynomials is orthonormal, i.e. the norm of P,(x) is equal
to one. In this case we write {p,(z)}n>0 for an orthonormal polynomial sequence, and
these polynomials will be denoted with lower-case letters. Obviously, for an arbitrary

orthonormal polynomial of deg n

P, (x)

and, given an orthonormal polynomial sequence, it holds

<pn($)’pm('r)>u:6nm7 n,m=20,1,2,....

The most classical example of a system of orthogonal polynomials are the Chebyshev

polynomials T, (x) which are orthogonal with respect to the measure du(z) = \/flf?

supported on [—1,1]. More precisely

L ()T () , n=m=0,
n(x) T (x
—dr = 2, n=m>0,
/_1 Vioa? T/2, n=m

0, n # m.

Such polynomials are expressed by

T(ﬂv):%<n>x”_2k(a}2—l)k n=0,1,--- (1.4)
" 2k ' o '

k=0

where [2] denotes the integer part of . For z € [~1,1] one has that

T, (z) = cos(n arccos(x)).

1.2 On Sobolev orthogonality

From the theory of boundary value problems of partial differential equations, it arises the
interest in inner products involving not only functions, but also their derivatives up to
a given order. These inner products are called Sobolev inner products. The definition of
Sobolev spaces where these products make sense is a delicate matter, so in what follows,

we restrict the definition of Sobolev product on the space of polynomials, which allow
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derivatives of any order and are integrable with respect to any finite Borel measure with
finite moments. Let {uk}zzo, d € Z4 be a system of d + 1 positive Borel measures with
support Fp, C R, k = 0,1,---,d, respectively. Assume that at least the support pug
contains an infinite number of points and, to avoid trivial cases, which pg contains an

infinite number of points and which is not negligible. We call

d
(P,Q)s —Z/P“f ()QW (@) duy(x) = S (PP, QW) PQeP,  (15)
k=0
the Sobolev inner product (on the space of polynomials) associated with the vector of
measures {Mk:}z:(y
The superscripts in parentheses denote the order of derivation. The associated standard

norm (1.5) is called the Sobolev norm and is given by the expression

1 1

J 1

HP%—«RPmﬁ—<z}ﬂ“P ) (prwm>. (1.6)
k=0

It is clear that if d = 0 both (1.5) and (1.6) admit extension to the space L%(up).

A system {Qy () }n>0 of polynomials orthogonal with respect to the inner product (1.5)
is said to be a Sobolev OPS. The study of Sobolev orthogonal polynomials is relatively
new (about algebraic properties see [68] and [84], for analytic properties [83]). The work
[62] of 1947 is the first publication where norms like (1.6) are studied in the framework of
approximation theory. They appear in connection with least squares problems. However,
the Sobolev polynomials were first time considered less than forty years ago in [2] and the
largest research has been during last the and present decade (see [77]).

In [2] is noted that, although the study of Sobolev orthogonal polynomials may seem
similar to the standard case, this is not true at all. Immediately, one finds substantial
differences that require other approaches to their study. In the case of orthogonality in
the usual sense, the location of the zeros of the family of orthogonal polynomials in the
convex hull of the support of the measure of orthogonality is an immediate result of the

definition of orthogonality. For a Sobolev product as simple as the case considered by
Althamer in [2]

1 0 1
umyz/gummm+m/guW@m+Afww@m7 (L.7)
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one finds that zeros can be outside the convex hull of the support of the measures involved,
and they may even be complex. Moreover, no one knows even if the set of zeros of poly-
nomials orthogonal with respect to an arbitrary Sobolev inner product, remains bounded
or unbounded in the complex plane. The more general result in this way is the sufficient
condition proved in [64] using techniques of bounded operators. So far, only results about
Sobolev inner products involving classical weights (or close to them) had been obtained.
One of the main tools in the study of monic orthogonal polynomials (1.3) is the three

term recurrence relation which they satisfy
rPp(2) = Ppi1(z) + BuPr(x) + mPr-1(z), n>1, (1.8)

where for every n € N, =, is real and positive, and 3, is real. It is very well known that
(1.8) is a consequence of the symmetry of the usual inner product with respect to x. That

is, for every pair of polynomials P and @),

(xP, Q) = (P, 2Q)p

and they are called standard inner products.
In contrast, this is not true at all for an arbitrary Sobolev inner product, that is, they

verify

<‘TP7 Q>S # <P7 xQ>Sa

for all arbitrary polynomials P and (), and therefore they are an example of non-standard
inner products. Because this fact, they lose the nice properties of polynomials orthogonal
with respect to a standard inner product. For example, their zeros can be complex or,
if real, they can be located outside of the support of the modified measure and they can
satisfy recurrence relations with more than three terms. In [64] were the first time when the
recurrence relation for Sobolev inner products, and its connection with the corresponding
moment matrix and the location of zeros were obtained.

We will split the Sobolev inner products into two different categories. A product like
(1.5) is called:

1. Continuous Sobolev inner product, when the support of the Borel measures involved
in the Sobolev inner product are formed by an infinite number of points. They were

already introduced in (1.5).
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2. Sobolev-type or discrete Sobolev-type inner product, when the support of the measures
{ ,uk}%:l has a finite number of points. The Sobolev-type term is often used, because
sometimes we make considerations that go beyond the framework of inner products.

A general expression for them is

d
()s = [ foduo+ Y- TNy, d€ 2o, (1.9)
k=0
where
flex) g(ck)
F () g (cr)
grk - ) 9]6 — ;
Fm (cr,) g™ (ex)
a1l a2 o Glmy,
a1 G2 vt G2m,
My, = ,
ank,l ank,Q T ank,mk
with pp being a finite positive Borel measure, and for & = 0,1,---,d , d € Z4,

ck € R, a;; € Ry and ng, my > 0. FT denotes the transpose of the vector F. This
kind of families have been considered by several authors (see, for instance, [1], [67],
[76], [79] and the references therein), and they are known in the literature as Sobolev-
type or discrete Sobolev orthogonal polynomials. Analytic properties of these families
of orthogonal polynomials were studied in [76], and some properties concerning the
behavior of their zeros were obtained in [73]. A substantial part of this memoir is
devoted to the study of OPS with respect to inner products which are particular
cases of (1.9).

1.3 Krall-type and Sobolev-type OP: State of the art

Next, we give a brief overview of the state of the art on the two types of polynomials

discussed in this work, namely the Krall-type and Sobolev-type orthogonal polynomials.
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Krall-type orthogonal polynomials

In the seminal papers by H. L. Krall [56] and A. M. Krall [55] devoted to the spectral analy-
sis of fourth order linear differential operators with polynomial coefficients, for the first time
appear some extensions of the classical measures of Laguerre, Legendre and Jacobi. These
new (non-classical) orthogonal polynomials were called Laguerre-type, Legendre-type and
Jacobi-type orthogonal polynomials. They are orthogonal with respect to modified classi-
cal measures by adding one or two Dirac masses, so they are standard inner products.
Nowadays, this kind of polynomials are called Krall-type orthogonal polynomials.

T. H. Koornwinder [54] analyzed a general situation for Jacobi weights when two
masses are added at the end points of the interval [—1,1]. Later on, in [40], Krall-Hermite
and Krall-Bessel polynomials are studied in the framework of Darboux transformations.

In [52] analytic properties of orthogonal polynomials with respect to a perturbation
of the Laguerre weight when a mass is added at © = 0 were considered. Indeed, up to
date this case, or when the Dirac masses are added in the boundary of the support of the
modified measure, have been extensively studied in the literature, mainly in connection
with spectral problems for higher order linear differential operators. In this direction, in
[51] and [50] the authors obtain infinite order differential operators such that the Krall-
Laguerre and Krall-Jacobi are their respective eigenfunctions. In particular, for some
choices of the parameters in Laguerre and Jacobi weights they prove that the differential
operator has a finite order.

In recent years, there has been an increasing interest in the so called spectral transfor-
mations of measures, and the Krall-type orthogonal polynomials have been analyzed from
this particular point of view by several authors. Many studies have been done concerning
the distribution of their zeros in terms of the mass of the Dirac delta, as well as their
interlacing properties, which were analyzed, e.g. in [18]. Moreover, the monotonicity of
their zeros in terms of the mass of the perturbation and their asymptotic behavior have
been established in some recent works, when the support of the modified measure is either
bounded or an unbounded subset of R. (see [18], [19]).

The application of Stieltjes’ ideas (see [39] and [101]) to obtain the electrostatic inter-
pretation of the zeros of the Krall-type polynomials as equilibrium points with respect to
a logarithmic potential (under the action of an external field) has attracted the attention
of the researchers. Pioneer works in this direction are [34], [35], [25], and [26]. The holo-

nomic differential equation that these polynomials satisfy is closely connected with the
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interpretation of their behavior in terms of a problem of electrostatic equilibrium (see [38],
[39], [45], [46] and [47]). In [75], the holonomic equation that these OPS satisfy for such
modified measures (with the mass point located in the negative real semi-axis) is deduced
for the very first time.

It is worth noting that, when the mass points are located outside the support of the
measure, the study of the analytic properties of the Krall-type orthogonal polynomials has
not attracted the interest of researchers, up to in the general framework of semiclassical
functionals [72]. Indeed, one the main goals of this thesis is to consider the perturbations
of the classical measures outside the support of the modified measure. Recent works in
this direction are [31], [23], and [43].

Sobolev-type orthogonal polynomials

Concerning the Sobolev-type orthogonal polynomials, as in the Krall-type case, very little
is done when the Sobolev-type modification is inside or outside of the support of the
modified measure. Nontheless, the case when the Sobolev-type modification is located at
the boundary of the support of the modified measure has been studied extensively (see for
instance [18], [19], [27], and [28]). For example, when the support of the modified measure
is the interval [0, +00) and the perturbation is at x = 0, Meijer [85] analyzed some analytic
properties of the zeros of these Sobolev-type families. Some results of [85] are direct
generalizations of the results of [53], where the weight function is the Laguerre classical
weight. In [53], the authors established different properties of the discrete Laguerre-
Sobolev polynomials such as their representation as a hypergeometric series, an holonomic
second order linear differential equation associated with them, properties of the zeros as
well as a higher order recurrence relation that such polynomials satisfy. Notice that the
asymptotic properties of these discrete Laguerre-Sobolev polynomials have been studied
in [4] and [71], while the analysis of convergence of the Fourier expansions in terms of such

polynomials was done in [30].

1.4 Outline of this thesis

The thesis includes five chapters and it is focused on the so called standard and non-
standard families of orthogonal polynomials. This first Chapter contains a brief historical

introduction and some background information.
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Chapter 2 presents some preliminary concepts and notations about orthogonal poly-
nomial sequences. There we summarize the results that will be useful in later sections.

In Chapter 3 we analyze the behavior of the zeros of the sequence of monic polynomials
{@n(ﬂv)}nzo orthogonal with respect to a Uvarov-perturbed measure duys(z) = du(z) +
Mo (x—c), where du(z) is a positive Borel measure supported in a finite or infinite interval
of the real line F = (a,b), §(x — ¢) is the Dirac delta functional at ¢, with ¢ € (a,b), and
M is a nonnegative real number. i.e., we study polynomials orthogonal with respect to

the inner product defined in the linear space of polynomials with real coefficients P by

. ghr = /E F(@)g(@)du(z) + MF()g(c). (1.10)

We apply these techniques to the study of analytic properties of orthogonal poly-
nomial sequences associated with the Jacobi and Laguerre-Koornwinder perturbed mea-
sures. Next, when the measure p is semiclassical, an electrostatic interpretation of their
zero distribution is given. Finally, we extend the previous electrostatic interpretation by

considering the sequences of polynomials orthogonal with respect to the inner product

“+00

{(f;9)m = ; F(@)g(@)duale) + ) M;f(ei)g(es), (1.11)
j=1

where dpio(r) = 2%e~"dx is the Laguerre measure supported on Ry, o > —1, ¢; < 0,
M; > 0, and f, g are polynomials with real coefficients. Notice that this inner product
is a generalization of (1.10), by considering m iterations of Uvarov perturbations outside
the support of the Laguerre measure. Notice that analytic properties of such polynomial
sequences when E is a bounded interval have been studied in the literature (see [22], [25]
and the references given therein). We give a general electrostatic interpretation of their
zeros in terms of a logarithmic potential interaction of unit charges under an external
field. This electrostatic interpretation has been reached by different techniques as those
used for just one mass point, from the coefficients of the holonomic equation that these
polynomials satisfy. Most of the results obtained in this chapter have been published in
[43] , and the other ones have been submitted for publication (see [44]).

In Chapter 4 we first deal with sequences of polynomials orthogonal with respect
to the same perturbation as in Chapter 3, but we focus our attention when the sup-
port of the measure is unbounded, and the measure du(z) is the Laguerre measure, i.e.
du(x) = z% *dr,a=0,b=+o00,a« > —1, M € Ry, and ¢ € R_. We analyze some outer
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asymptotic properties of such orthogonal polynomials. We also discuss the representation
of these polynomials in terms of the standard Laguerre polynomials as well as their char-
acterization as hypergeometric functions. The lowering and raising operators associated
with these polynomials are obtained as well. Finally, as in Chapter 3, we extend these
results considering the sequences of polynomials orthogonal with respect to (1.11). Here
we provide the general outer relative asymptotics. All results mentioned in this chapter
yield the paper [23] and the contribution [44], which has been submitted for publication.

Finally, in Chapter 5 we deal with sequences of polynomials orthogonal with respect

to the discrete Sobolev inner product

+oo
(f:9)s = /0 f@)g(x)du(x) + M f(c)g(c) + N f(c)g (c), (1.12)

where dyu is a positive Borel measure, ¢ < 0, and M, N > 0. Notice that this inner
product is an extension of the inner product studied in Chapters 3 and 4. Polynomials
orthogonal with respect to such an inner product are said to be of discrete Sobolev-type.
The location of the zeros of such discrete Sobolev-type orthogonal polynomials is given in
terms of the zeros of standard polynomials orthogonal with respect to the measure p with
unbounded support. In particular for the Laguerre measure du(z) = 2% *dz, o > —1,
we obtain some asymptotics properties for discrete Laguerre Sobolev-type orthogonal po-
lynomials. Finally, we obtain a relation between the pentadiagonal Jacobi matrix H,
associated with the five term recurrence relation satisfied by the non-standard sequence of
Sobolev-type polynomials {sﬁ/l ’N(:c)}nzo, orthonormal with respect to (3), and the tridi-
agonal Jacobi matrix J), associated with the three term recurrence relation satisfied by
the standard 2—iterated sequence of orthonormal polynomials {pg] () }n>0. The results

mentioned in this chapter appear in [24] and [32].
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CHAPTER 2

Orthogonal Polynomials on the Real Line

2.1 Basic facts on OPS

In this chapter we summarize some definitions and basic concepts to be used in the sequel.
Let assume that g is a bounded, and non-decreasing function with an infinite set of

points of increase, such that all the integrals
My, = / 2"du(r), F CR,
E

exist for n =0, 1, 2,.... m, is said to be the moment of order n of the function u(x). A
point xg is said to be of increase of u(x) if in every neighborhood (xg — h, xo + h) of xg
the inequality p(zo + h) — p(zo — h) > 0 holds.

We recall that the mass distribution function (also distribution function or, in short,
m-distribution) of a positive Borel measure p is a non-decreasing, right continuous and

non-negative function defined by

Fuw)i= [ dutt) = (=,

—00

Conversely, any function satisfying these properties is a distribution function for a measure

15
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w and
/ F(@)dF(x) = / F(@)du().
R R

A finite and positive Borel measure u is said to be absolutely continuous with respect to

the Lebesgue measure if there exists a non-negative function w(x) such that
dp(z) = w(z)dx.

The function w(x) is the density function of the mass distribution F),(x) (also called
the weight function) and then sometimes one speaks of orthogonality of a sequence of
polynomials with respect to a weight function w(z).

From the moments, there exists an explicit expression of the MOPS {]Sn(:v)}nzo. In-
deed,

P()(.CC) = 1,
mog My Mo My,
mq mo ms e Mpy1
faN 1 mo ms3 my e Mp42
P,(z) = L >, (2.1)
Anfl
Mp—1 Mp Mpy1 ... M2p—1
1 x z? x™
where
mo mq mo e Mp—1
mi mao ms My,
Ap1=|mg m3 my ... Mpy1|, n>1,
Mp—1 Mp Mpy1 ... TM2p-2

are the so called Gram determinants. Notice that these moment matrices have a Hankel

structure.

2.1.1 The moment functional and orthogonality

Let {mp }n>0 be a sequence of real numbers and £ a linear functional defined on the linear
space P, such that
(L,2"™) =myp, neN.
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L is said to be a moment functional associated with {my}n>0. If ¢(z), P(x) € P, and D

is the usual distributional derivative of £, then we introduce the linear functionals

(p(@)L, P(x)) = (L, ¢(x)P(x)),
(D*L,P(x)) = (=DFL, P®(z)), k>0

Instead of talking about a sequence of polynomials orthogonal with respect to a m-
distribution function, (or with respect to a measure ), in a more general framework one
can speak about sequences of orthogonal polynomials associated with a moment functional.
Given a moment functional £, a sequence of polynomials { P, (z)},>0 is said to be an OPS

with respect to £ if:

1. The degree of P,(z) is n.
2. (L, Py(x)Pp(x)) =0, n < m.

3. (L,P3(x)) #0,n=0,1,2,....

The following theorem, whose proof can be found in [15, Th. 3.1], gives necessary and
sufficient conditions for the existence of a MOPS {ﬁn(x)}nzo orthogonal with respect to

a moment functional £ associated with {my, }n>0.

Theorem 2.1 Let £ be the moment functional associated with {my,}n>0. There ezists a
MOPS {ﬁn(ac)}nzo associated with L if and only if every leading principal submatriz of

the Hankel matriz [miy ;)i jen is nonsingular.

In this case, £ is said to be a regular or quasi-definite moment functional ([15]). If
every leading principal submatrix of the Hankel matrix has positive determinant, then £
is said to be a positive definite moment functional. Given a polynomial P(x) € P and a
positive definite moment functional £ then, from the Riesz representation theorem, £ has

the following integral representation

@.P@) = [ Pain

where 4 is a nontrivial positive Borel measure supported on an infinite subset F of the

real line.
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A remarkable property of any sequence of polynomials {ﬁn(aj)}nzo, orthogonal with
respect to a regular moment functional £ is that any three consecutive polynomials of
the sequence are connected by a simple recurrence relation, known as the Three Term
Recurrence Relation (TTRR in short). Next we show this TTRR and its converse, the
Favard’s Theorem (see [15])

Theorem 2.2 (Three Term Recurrence Relation) Let £ be a quasi-definite moment
functional and let {]3”(:6)}”20 be the corresponding MOPS. Then, there exist sequences of
real numbers {fn}n>1 and {yn}n>1, with v, # 0 for every n € N, such that

2Py (2) = Poy1(z) + BnPo(@) + WPo1(z), n=1,2,... (2.2)
with Py(z) = 1, Pi(z) = z — Bo.

Theorem 2.3 (Favard’s Theorem) Let {8, }n>1 and {vn}n>1 be sequences of real num-

bers, with v, # 0 and {ﬁn(iﬂ)}nzo a sequence of monic polynomials such that

~

2Py (2) = Pos1(2) + BuPu(2) + aPooi1(z),  n=1,2,...
where ]30(96) =1, P () = x — Bo Then, there exists a unique moment functional L, such
that (£,1) = 1 and (£, Py(x) P (x)) = 0 for n # m, n, m € N. Under these conditions,
L is quasi-definite and {ﬁn(x)}nzo is the corresponding sequence of monic orthogonal

polynomials. Moreover, £ is positive definite if and only if B, is real and v, > 0 for every
n>1.

Concerning the zeros of these MOPS, they satisfy (see details in [15] and [99])

Theorem 2.4 Let £ be a positive definite moment functional supported on an infinite set
E C R and let {P\n(az)}nzo be the corresponding MOPS. Then, for n > 2, the zeros of
ﬁn(x) are simple, real, interlace with the zeros of ﬁn,l(x) and they lie in the interior of
the convex hull of E.

2.1.2 Kernels and the Christoffel-Darboux summation formula

Given a MOPS with respect to the linear functional £, we define the n-th reproducing

kernel as
- ﬁk(x)ﬁk(y)
K, (z,y) = —_— (2.3)
V=B
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Theorem 2.5 (Christoffel-Darboux formula) Let {ﬁn(l‘)}nzo be the sequence of po-

lynomials orthogonal with respect to the quasi-definite moment functional L. Then for

everyn € N

Bu(@)Bu(y)  Prir(2)Bu(y) — Bo(@)Bris (y)
Kz, y) = . = )
El kzzo (@, B2) (&, P2)(x — y)

The confluent formula reads as

N B@P 1 s B B
Kolea) = 3 = (Prar@Pul@) = B(a) Pra ()

Concerning the partial derivatives of (2.3) we will use the following notation

VK (2, y))

g~ K@)

Let {ﬁn(l‘)}nzo be a MOPS. From the Christoffel-Darboux formula we have

~

1 ﬁn(x)ﬁn_l(y) — ﬁn—l(x)Pn(y)
<£,ﬁ3_1> (z—y) '

Kn_l(l', y) =

Next, computing the j-th derivative with respect to y we obtain (see [28])

(09) (1 ) — 1 B (x 0 Py1(y) P b Pu(y)
Kn—l( 7y) <L,ﬁ371> <Pn< )8y3 ( T —y > Pn—l( )8y3 (az—y))

Using the Leibnitz’s rule

& [Py _ zj: it PPy
oyl \x—y Nz —y) k7

and replacing in (2.7) we obtain

‘ 1 R i ok N I paxt
Kf&?(l‘,y) = A><Pn(x)2]|($_y)ljk+lpnl(x)zj'($—y)]k+1>

(2.4)

(2.5)

(2.6)

(2.7)
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, 1 . . . .
K09 x,c) = L (P 2)Qi(x,c; Prq) — Po_1(2)Q(,¢; P, ), 2.8
n-1 (2 ¢) P (o oy (@) Q;( n—1) = Pn1(2)Q;( n) ), (2.8)
where Q;(z, c; ﬁn_l) and Q;(x,¢; ]371) denote the Taylor polynomials of degree j, around
the point x = ¢, of the polynomials Zgn_l(ac) and ﬁn(x), respectively.

Next, using the Taylor expansion of P,(z) and P,_1(z) in (2.8), we can compute
K(O’j)(c, ¢). Indeed,

n—1 n
K([);j) x,c) = — J: X
w1 () (L, P2 1) (z —c)itt

1 ()
X (ﬁn(c) P () —c)+ In (©) (z—c)?+-+ P"J, (©) (z— c)j>] : (2.9)

Taking into account the coefficient of (x — ¢)7*! in the right hand side of (2.9), an easy
computation shows that, for z = ¢,
1 ~

K" (e ¢) = — —
(G + )4, P2_))

To find Kff_]l) (c,c), we need to consider the coefficients of (z — ¢)¥*! in the expression

inside the square bracket in (2.9), i.e.

Pus(@) P10 | Pale) PP B PV ()]
o (25 +1)! 1! (24)! il (G +1)!
Pu(o) BV | B B PP P

0 (25 +1)! 1 (29) it G+

1 Po1(c) P B P (21
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Hence,

. i\2
K(]’])(C, C) — (]) _
2j + 1)L, P2_)

»tn—1

(Pa@ P 0@ + P B (1) +

On the other hand, let Q(x) € P be an arbitrary polynomial with degQ(z) < n. It

can be written as a linear combination of orthogonal polynomials { P, (z)}n>0

n

NS R@RW)
Qo) =3 S Ty o)

Therefore,

@) = - LD o),
k=0 ’

and using the fact that
. " P PG)
(6. K0 (2,)Q(a)) = <MW,Q($)>

BB 5100,

NE
=
3

then
(L, K (2,9) Q (2)) = [Q19 (y). (2.10)
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Notice that for j = 0 one has the so called reproducing property of the kernel (2.3), i.e.

(£, Kn (2,9) Q (z)) = Q(y)- (2.11)

2.2 Canonical perturbations of a linear functional

Throughout this dissertation, the notion of quasi-definiteness will be crucial, because this
feature ensures that every quasi-definite linear functional has associated an OPS.
We begin by defining a particular case of linear functional that will appear frequently

in next chapters, which is called the Dirac functional or the Dirac delta functional.

Definition 2.1 (Dirac delta functional) Let ¢ € R. The linear functional é(x — c)

supported at x = ¢, such that
(5(]}—0),])(1‘» :P(C)7 VPE]P):
is called the Dirac functional at c.

Next, let define three basic canonical transformations of a linear functional £ (see [13]
and [103]).

Definition 2.2 Given a quasi-definite moment functional £ and p € P
1. Christoffel transformation of £ (multiplication by a polynomial)
U = (z — o)L, (2.12)

i.€.

(U, p) = (£, (z = c)p).
2. Uvarov transformation of £ (addition of a Dirac mass point)
Upyr = L+ Mo(x — ¢, (2.13)

i.e.
(Unr,p) = (£, p) + Mp(c),
where M € R,
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3. Geronimus transformation of £ (division by a polynomial and addition of a Dirac

mass point)

Ug = (z—c) 'L+ Mé(z — ¢), (2.14)
(te.p) = (£, 222D gy,
where M € R...

We can establish some relationships between them. First, if we make the composition

of the Geronimus and Christoffel transformations, we obtain the identity transformation
J

Ue o Ug = I,

and composing the Christoffel and the Geronimus transformations, we recover the Uvarov

transformation

Ug o Ue = Uy,

Next, we characterize the MOPS {@n(x)}nzo associated with Uy, i.e., the new moment
functional (2.13)

Theorem 2.6 Let {ﬁn(x)}nzo be the MOPS associated with L. If we consider the modified

moment functional Uy, the following statements hold:

1. Uyps is quasi-definite if and only if 1 + MK, (c,c) # 0, for every n € N.

2. In the above conditions, if {@n(x)}nzo is the MOPS associated with Uy, for every
n €N,
M Py(c)
14+ MK,_i(c,c)

(see [3, (8)] and [100]).

3. If L is positive definite, then Uys is positive definite if and only if 1+ MK, (c,c) > 0,

e, —M < m for every n > 0. In other words, it is enough to consider —M

K,—1(x,c). (2.15)

as a lower bound of the sequence {m}”zo because { Ky (c,c)}n>0 is a monotonic

non-decreasing sequence.
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2.2.1 k-Iterated Christoffel orthogonal polynomials

Let pu be a positive Borel measure supported on an infinite subset E of the real line, and
assume ¢ ¢ E. Here and subsequently, {13#“} () }n>0 denotes the MOPS with respect to

the inner product
= [ f@gaan (2.16)

where
dplF! = (z — e)Fdp.

Then, the polynomials {]37[1k] () }n>0 are orthogonal with respect to a k-iterated Chris-
toffel perturbation of the measure u. If £ =1 we have the Christoffel canonical transfor-
mation of the measure (see [103] and [102]). It is well known that pM (x) is the monic
kernel polynomial which can be represented as (see [15, (7.3)])

~

Boi() - g(()>ﬁ< v)

1B
P

LK, (). (2.17)

)

Since P (x) are the polynomials orthogonal with respect to the inner product (2.16) when

k = 2, using (2.17) we can continue in this way to obtain

~ - P (o)
PRz) = G L 3 [Pﬂl(a;) - 5&51(@ )) plu (x)] (2.18)
= @ _1 BE []3”+2(:c) — dp Py (z) + enﬁn(:c)] ,

where

Pusale)  PlL(e)  Priale)+ Pulo)

= 3 + Pl = en
Friale)  Pai(c) Poia(c)

. PL(©) Puale) _ Petllf K (e, 0)

" B R0 [BE Ke(eo)

and similar formulas could be obtained for k£ > 2.
Forn > 1, {]3,[;?] () }n>0 are given by the determinant (2.1) where ¢; is replaced by dgk],
k € N, where

dl¥) :/ ifn(x—c)kd/t:dgﬁf] —cdlf 1, n=0,12 ., (2.19)
E
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and m,, = dyﬂ.

In the sequel, we will denote

~ —~ 2
1281 = [ (PH@) = o

and my[n]f }r, r=1,2,...,n, will denote the zeros of ]3,[Lk] () arranged in an increasing order.

2.3 Semiclassical orthogonal polynomials

Next we introduce the concept of semiclassical moment functional and their correspond-
ing sequences of orthogonal polynomials. They were introduced by J. Shohat in the latest
thirties [92], in connection with weight functions w(z) that satisfy a differential equa-
tion known as Pearson type differential equation (see, for instance [48]). We first give a

definition introduced by Maroni (see [82]).

Definition 2.3 (Admissible pair) Let ¢(z), 1(x) be two polynomials in P such that

degp(z) = r=>0,
degy(z) = [>1.

A pair of polynomials (¢, ) is said to be admissible if it satisfies the following conditions:

(i) deg/ # deg .

(i1) If deg ¢’ = deg, then m% + % #0, m=0,1,...
Definition 2.4 (Semiclassical moment functional) The quasi-definite linear functio-
nal £ is said to be semiclassical if there exists an admissible pair (¢,1) such that L satisfies

the following distributional Pearson equation

D[¢p(z)L] = ¢(z)&, (2.20)

where D denotes the distributional derivative. The corresponding sequence of polynomials

orthogonal with respect to L is said to be semiclassical.
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Definition 2.5 (Class of a linear functional) Let X be the set of admissible pairs (¢, 1))
such that (2.20) holds. We define the class of the semiclassical linear functional £ as the

non-negative integer

s = min {max {deg ¢ — 2,degy — 1} : (¢,¢) € X }.

Moreover, provided that ¢(x) is a monic polynomial, the pair for which the minimum is
attained is unique (see [81] and [82])

Next, we will give some characterizations of semiclassical OPS. They are characterized
from their orthogonality and by some special differential-difference equations, known as

structure relations.

Definition 2.6 (Structure Relation for semi-classical OPS) Let £ be a regular li-
near functional and {ﬁn(ﬁf)}nzo its corresponding MOPS. The following statements are

equivalent:
1. L is semiclassical of class s.

2. There exists a polynomial ¢(x) of degree r, 0 < r < s+ 2, such that

n—+r
@) Py (@)= Y ambi(z), n>s, (2.21)

k=n—s

with any real numbers such that ap,—s #0, n > s+ 1.

Another characterization for the semiclassical OPS (and, in fact, a straightforward
consequence of the structure relation), is that they are the polynomial solutions of a
particular case of second order linear differential equations known as holonomic equations.
These differential equations can be obtained from the structure relation, that is associated
with the so called creation and destruction operators. In physics, these two operators are

known as ladder operators, and have an extensive use in quantum mechanics.

Definition 2.7 (The Holonomic Equation) Let £ be a regular linear functional and
{ﬁn(l')}nzo its corresponding OPS. L is semiclassical of class s if and only if there exist
polynomials A(x;n), B(x;n) and C(x;n), whose degrees are independent of n and such
that

A(z;n)[Po)" (z) + Ba;n) [P (2) 4+ C(z;n)Py(z) =0, n >0, (2.22)
where deg A < 2s+ 2, degB < 2s+ 1 and degC < 2s.
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2.4 Classical orthogonal polynomials

Next, we study a particular case of the semiclassical sequences of orthogonal polynomials
called classical orthogonal polynomials. They constitute the most important sequences of
orthogonal polynomials (see [5], [6] and [9]). They are widely used in the literature due
to their applications in mathematical physics, since they appear when Sturm-Liouville
problems for hypergeometric differential equations are studied.

Based on the aforesaid notion of class of a linear functional, the classical OPS are those
semiclassical of class s = 0. Moreover, depending on the polynomial ¢(x) the canonical

families are known as
Hermite:  ¢(x

Jacobi: o(x) =
Bessel: o(x) =

Throughout this memoir we will use mainly the classical Laguerre and Jacobi OPS.

(z) =1
Laguerre: ¢(x) = x,
(x) =1

For convenience, next, we summarize some properties of them.

2.4.1 Classical Laguerre orthogonal polynomials

Laguerre orthogonal polynomials are defined as the polynomials orthogonal with respect

to the inner product

+oo
(f,9) = /0 f(x)g(x)z%e *dx, o>-1, f,geP. (2.23)

The expression of these polynomials as an 1F; hypergeometric function is very well
known in the literature (see [7], [46], [60], [87], [99], among others). The connection
between these two facts follows from a characterization of such orthogonal polynomials as
eigenfunctions of a second order linear differential operator with polynomial coefficients.
Let {E%(:L‘)}nzo, a > —1, denote the family of monic Laguerre orthogonal polynomials,

defined by the orthogonality relations
+oo
/ LY(x)a*du(z) =0, k=0,1,...,n—1,
0

where E%(m) = 2"+ lower degree terms and du(x) = x%e *dzr, a > —1. We are interested
in the structural properties of Laguerre polynomials which will be useful in the sequel (see
[15] and [9]).
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Proposition 2.1 Let {Eﬁ(x)}nzo be the sequence of monic Laguerre orthogonal polyno-

mials. Then the following statements hold
1. Three term recurrence relation. For every n € N,
2Ly(@) = Ly (0) + Bl (@) + Ly (2), n>1, (2.24)
with Eg‘(x) =1, E‘f‘(m) =z—(a+1), B8, =2n+a+1, andy, =n(n+a), n>1.

2. Structure relation. For every n € N,

Lo(w) = Lo () + Lot (x) . (2.25)
3. For every n € N|
IIL&|2 = niT(n + a + 1). (2.26)

4. Lowering and raising operators (see [99, 5.1, Formula (5.1.14)]). For every n € N,

2[L8) (z) — nL(z) = n(n+a) L& (x) (lowering) (2.27)
and
2[L8 ) (z) + (n+a—z)L  (z) = —L%(z)  (raising). (2.28)

5. For everyn € N, E%(x) is the polynomial eigenfunction of the differential operator
xD? + (a+1—x)D (2.29)
with —n as the corresponding eigenvalue.

When another normalization for the Laguerre polynomials is needed, we list other

interesting properties of this family (see [99, (5.1.13)])

Proposition 2.2 Let {L%a) (x)}n>0 be the sequence of Laguerre orthogonal polynomials
(="
!

n

with leading coefficient , i.e.

L (z) = (= L (z), (2.30)

the following statements hold
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. For an arbitrary real number «, Laguerre polynomials are defined by

" n (6% —T k
LM (z) =) (nJ_r k) ( k_!) : (2.31)

k=0

Generating function

o0
—xt
(1—t) @ lel 0 = "LM(@)", Jt| < 1.
n=0

. Rodrigues formula (see [99, Formula 5.1.5]). For every n € NU {0}

1 1 d"

—x, n+ta
N xae—zmdx”(e ).

. Hahn’s condition (see [99, Formula 5.1.14]). For every n € N,

(L] (2) = —L V(@) (2.32)

Outer strong asymptotics (Perron’s asymptotics formula on C\R_ ). Let o € R.
Then

LT(f) (x) = %71’71/2636/2 (—x)_a/2_1/4 no/?=1/4 exp{2 (—n:c)l/Q} (2.33)

X {pi Cho;x)n*/% 4 O(np/Q)} .
k=0

Here Cy(a; x) is independent of n. This relation holds for x in the complex plane
with a cut along the positive real semiaxis, and it also holds if x is in the cut plane
mentioned. (—m)_a/2_1/4 and (—x)1/2 must be taken real and positive if x < 0.
The bound for the remainder holds uniformly in every compact subset of the complex

plane with empty intersection with Ry (see [99], Theorem 8.22.3).

Mehler-Heine type formula. For a fized j, with j € NU{0}, if J, denotes the Bessel
function of the first kind, then

o L @/ (04 )

n—o00 n

=272 ], (2V7), (2.34)

uniformly on compact subsets of C (see [99], Theorem 8.1.3)
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7. Plancherel-Rotach type formula. Let p(z) = x + Va2 —1, with Va? -1 > 0 if

|x| > 1, be the conformal mapping of C\ [—1,1] onto the exterior of the unit circle.
Then

n—l(nx) o -1

nooo gy e((@—2)/2)

(2.35)

uniformly on compact subsets of C\ [0, 4].

2.4.2 Classical Jacobi orthogonal polynomials

Jacobi orthogonal polynomials are defined as the polynomials orthogonal with respect to

the inner product

1
(. 9)ap = /_lf(x)g(x)(l —2)*(1 +2)Pdx, a,f> -1, f,gcP.

The expression of these polynomials as an oF] hypergeometric function is very well
known in the literature (see [7], [46], [60], [87], [99], among others). They satisfy the Pear-
son equation with ¢(z) = 1—22 and ¢, g(z) = —(a+B+2)z+ (8 —a). Let {Pe’ (2)}n>0,
a, B > —1, denote the family of classical monic Jacobi orthogonal polynomials. Next we

summarize some basic properties of this MOPS.(see [15] and [99]).

Proposition 2.3 Let {]3,?”8(33)}”20 be the sequence of monic Laguerre orthogonal poly-

nomials. Then the following statements hold

1. Three term recurrence relation. For every n € N,

2P (x) = P (x) + BLP PP (2) + 43P PO (x), n > 1,

~

B

with P(?’B(x) =1, Pla’ﬁ(x) =r+ a?_;+2> and
ﬁa”/j ﬁQ _ a2
n C2n+a+B)2n+24+a+p)’
s _ An(n + 0)(n + B)(n +a + B)

Cn+ta+p-1)2n+a+B)?Cn+a+5+1)
2. Structure relation. For every n € N,

(1 - 2?)[PP) (z) = a2 P2} (x) + b3P PP (2) + &P PO (),
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where
a@? = —n,
- 20 —=F)n(n+a+F+1)
" Cn+a+p)(2n+2+a+p)’
of _ Anlnra)ntfnratfntatftl)
" Cn+a+B-102n+a+B)2C2n+a+p+1)

For every n € N,

22 +atBHIP(n + a4+ DI(n+ B+ DI (n+ a+ B+ 1)n!

1541125 = :
’ Cn+a+p+1)IT2n+a+4+1))

. For everyn € N,

[Po5) (z) = n P ().

For every n € N, there exists a sequence {\p}n>0 of real numbers such that ﬁﬁ"ﬁ(x)

satisfies the second order linear differential equation

O(@)y" + Yap(@)y = ArPy
with X" = —n(n+1+a+ B).

For every n € N,

2"+ 1) 11—z
pob — n o= 1: 1:
n ($) <n+04+6+1)n2 1( n7n+@+/8+ ;o + 1 9 ))

where

1 —
o <—n, n+a+p+1La+1; 23:)

_ i (_n)k@z‘f‘a‘f‘ﬁ"‘l)k (1—1‘)]“‘

Py a+ 1) 2k k!
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CHAPTER 3

Krall-type Orthogonal Polynomials: Zeros

3.1 Introduction

In this chapter we study the behavior of the zeros of the MOPS {@n(x)}nzo with respect

to the Uvarov perturbed measure (2.13)
dpn (w5 ¢) = dp(z) + Mo(z — c)

where du(x) is a positive Borel measure supported on a bounded or unbounded interval
E = (a,b) C R, the mass point ¢ ¢ E, and M is a nonnegative real number. In other

words, this sequence of polynomials is orthogonal with respect to the inner product

b
(fr9)m —/ f(@)g(z)dp(z) + M f(c)g(c), M € Ry, ¢ ¢ (a,b). (3.1)

The structure of the chapter is as follows. First, we obtain a new connection formula for
orthogonal polynomials obtained from Uvarov and Christoffel transformations and several
results about their zeros, concerning monotonicity and speed of convergence with respect
to M. These results follow from the Christoffel formula, from a connection formula for
the perturbed polynomials in terms of the initial ones and from the behavior of the zeros

of a linear combination of two polynomials (Lemma B.1 in Appendix B).

33
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In the second part of the chapter, we obtain an electrostatic interpretation of the
zeros of @n(x) as equilibrium points in a logarithmic potential interaction of positive unit
charges under the presence of an external field, following a model by M. E. H. Ismail (see
[45] and [47]). Next, we check these results for the Krall-Jacobi and Krall-Laguerre MOPS
introduced by T. H. Koornwinder [54].

Finally, we deal with a natural generalization of the above problem. We consider se-
quences of Krall-Laguerre polynomials {@%m}nzo, orthogonal with respect to the iterated

Uvarov perturbed measure

m

d:um(x) = d#m(xa C) = XR+dMa(fU) + ZMjé(l‘ - Cj)ﬂ C= {CbCQa . '7cm} C R\R+>
j=1

In other words, we study iterated-Uvarov perturbed MOPS with respect to the inner

product
+o00 m
(foghm= | F@)g@)dpalx) + > M; f(ej)gle;), f,g€P, (3.2)
j=1
where duq(x) = 2%e~*dx is the Laguerre measure on Ry, o > —1, ¢ = {c1,¢2,..., ¢} C

R\ R4, such that if ¢ < j then ¢; < ¢;, M; > 0, and m is a positive integer. We give the
representation of these polynomials in terms of the standard Laguerre polynomials. Next,
from the holonomic equation that such polynomials satisfy, we obtain an electrostatic
model for their zeros in terms of a logarithmic potential. Here, we use different techniques
from those analyzed in the previous section to show some of the different approaches that
can be used in order to formulate electrostatic interpretations of zeros of MOPS.
Obviously, for m = 1 and ¢; = ¢ we have Qg{l’l)(az) = Q%a) (z) and, then, we recover

the results analyzed for one mass point.

3.2 New connection formula

There is a well known connection formula for the MOPS {@n(x)}nzo taking into account
the standard MOPS {ﬁn(ﬂﬁ)}nzo and the reproducing kernel (2.15), but in [41] another
connection formula was obtained. Using a similar idea as in [41, Proposition 4] we de-
duce another connection formula for the MOPS {@n(ﬂv)}nzo using the standard MOPS
{ﬁn(w)}nz[) and the 2-Tterated-Christoffel’s MOPS {137[1211(@}”20.
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Theorem 3.1 (Connection Formula) The polynomials @n(:x), with the normalization

Qn(x) = £, Qn(x), can be represented as

Qn(x) = Po(z) + MBy(z — ¢) P2 | (2), (3.3)
where R
—Pn c

and kp =1+ MK, (c,c).

Proof. In order to prove the orthogonality of the polynomials given in (3.3), we deal with
the basis 1, (z — ¢), (z — ¢)?,..., (x — ¢)" of the linear space P, of polynomials of degree

at most n. Then,

1,Qu)n = (1, P, +MB( 1,(z — )PP ), + MP,(c) =0,
((x—¢),Quisr = ((x—¢), Pl + MB,(1, PP )y =0,
(x =" Qv = ((@— )"\ B+ MBy{(z— )" %, P2 )y = 0,

and, finally,

(=)™ Qs = ((&—0)" B+ MBy((w—o)" ", P2 )y
= 1Pl + MB, | P2, |13 > 0.

It remains to prove (3.4). From (2.17) and (2.18) we get

(=, P, = /E<:c—c>ﬁ” (2)dpu(z)

1 R =n
- [0 [PM)—JSM (C)Pn_lcc)] dulz)

. pll (. ~
~ [ Pwidnte) - S [E B (2)du(z)

_ 1A ||H/K

||P 12 Kn(c,e) Pa_i(c) llﬁn
P,(c) Kn-1(c,c) || P,_ 112 P

1“” (z,c
. /K Jdju(z)
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1Pallh IPallh Kan(e,c)
P,(¢c)  Pu(c) Kn-1(c;c)

| Bali2 <1  Kule,o) > |

P,(c) Kn-1(c,c)
Thus
Bn _ _Pn/(\[cg] — _ (Pn(c>)2 — anl(c, C) > 0.
(x—c, P20y Il [Kn(e )/ Knoi(c, e) — 1]
[}

We also derive a representation of the monic polynomial @n(x) as a linear combination
of two perturbed Christoffel polynomials that will be useful later on this chapter, assuming

that ¢ does not belong to the interior of the convex hull of the support of u.

Corollary 3.1 The monic polynomial @n(:c) can be also represented as

Qu(@) = PI(2) + ca B, (@), (3.5)
where R PO
1+ MK,(c,c) Pn,—1(c) 1Pl
Cp = ~ nand v, = ———. 3.6
1+ MK,_1i(c,c) P,(c) K K \|Pn_1||ﬁ (3.6)
Proof. Using (2.3), we obtain
5 Pl
P,(x) = = [Kn(c,x) — Kp—1(c,x)] . (3.7)
Py(c)
From (2.17) and (3.7), we have
I Boie) ~
Py(z) = P(z) - %%@Pﬂl(x). (3.8)

P,(c)
Therefore, replacing (2.17) and (3.8) in (2.15) we get (3.5). ®

3.3 Zeros of Krall-type MOPS

The behavior of the zeros of orthogonal polynomials has been extensively studied because
of their applications in many areas of physics and engineering. First, the zeros of orthogo-

nal polynomials are the nodes of the Gaussian quadrature rules and also play an important
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role in some of their extensions like Gauss-Radau, Gauss- Lobatto, and Gauss-Kronrod
rules, among others (see [15], [36] [88]). Second, the zeros of classical orthogonal polyno-
mials are the electrostatic equilibrium points of positive unit charges interacting according
to a logarithmic potential under the action of an external field, see Stieltjes’ papers ([95],
[96], [97] and [98]), Szegd’s book ([99, Section 6.7]), and some recent works by D. K. Dimi-
trov and W. Van Assche ([17]), A. Griinbaum ([38] and [39]), M. E. H. Ismail ([45]), and
F. Marcellan, A. Martinez-Finkelshtein and P. Martinez-Gonzalez ([70]) among others.
Third, in a more general framework, the counting measure of zeros weakly converges to
the equilibrium measure associated with a logarithmic potential (see [94]). Fourth, zeros
of orthogonal polynomials are used in collocation methods for boundary value problems
of second order linear differential operators (see [8]). Fifth, global properties of zeros of
orthogonal polynomials can be analyzed when they satisfy second order linear differential
equations with polynomial coefficients using the WKB method (see [3]). Finally, zeros of
orthogonal polynomials are eigenvalues of Jacobi matrices and its role in Numerical Linear
Algebra is very well known.

Now, for polynomials orthogonal with respect to (3.1), some natural questions arise:
Are there values of the parameter M for which the zeros of @n(x) interlace with the zeros
of P,(z)? Are the zeros of @n(x) monotonic functions in terms of the parameter M7 Do
these zeros converge when M tends to infinity? If so, what the speed of convergence is?

One of our main contributions in this chapter concerns the questions posed above. We
provide an interlacing property as well as the monotonicity and asymptotic behavior of
the zeros of the polynomial @n (z) with respect to M. All the above questions related to
the behavior of the zeros of the polynomials @n(x) were answered for two important and
particular cases in [18] and [19]. The authors considered the cases when du(z) = 2% *dx
with (a,b) = (0,00) and ¢ = 0, and du(z) = (1 — )%(1 + x)dx with (a,b) = (—1,1) and

c =1, respectively.

3.3.1 A description of zero distribution

Theorem 3.2 Let {x,;}}_, and {335]3}2:1 be the zeros of P,(x) and p (x) respectively.

Then, the inequalities

2 2 2
Tn41,1 < .%'L}l < Tp41,2 < :L',EL7]2 < < Zpgin < HJL}n < Tptln+l (3.9)

hold for every n € N.
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Proof. Let {xg]k _, be the zeros of the monic polynomial ]3,[11} (z) of degree n, orthogonal

with respect to the inner product (2.16) when k& = 1. In Chihara’s book [15, Th. 7.2] the

following interlacing property involving the zeros of ]3#} (x), ]3n+1(:v), and ﬁn(x) is given.
o If c <a, then

1 1
Tp4+1,1 < Tp,1 < erl}l < Tpt12 < < ZTpp < 36%7]” < Tnp+1,n+1;

e If ¢ > b, then

[

1] 1
Tnt1l < Ty < Tt < < Tppig < T < Tn < Tngd ol

Since P () are the MOPS with respect to the inner product (2.16) when k = 2 it is

straightforward to prove that ﬁ?] (¢) # 0. Then, using the three term recurrence relation

ﬁn+1($) = (z— ﬂn)ﬁn(x) - 'Vnﬁnfl(x)a

where R P
P, P, P,
Bn:w, n >0, and fyn:‘An”g>0,n21,
1Pl [P ]I
from (2.17) and (2.18) we obtain
On the other hand,
1Pt |12 <Kn+1(67 c) )
en — = —= —-1)>0. 3.11
n '7n+1 ”PTLH/% Kn(c, C) ( )
Thus, evaluating p (x) at the zeros xp41k, from (3.10) and (3.11),
sign P (Tpt1,k) = sign ﬁn(xn+1,k), E=1,...,n+ 1.

Since the zeros of P,,1(z) and P,(z) interlace, the proof is concluded. m

Let {x%k}}}::l be the zeros of Qn(z). If M is a nonnegative real number then dyy; (; c)
is a positive measure, and, as a consequence, the zeros of @n(x) are real, simple, and lie
in (¢,b) (resp. in (a,c)) if ¢ < a (resp. if ¢ > b), that is,

min{a, c} < x%l <-- < x,]yn < max{b, c}.
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As a consequence of the following theorem, when M tends to infinity notice that the mass
point ¢ attracts one zero of @n(x), that is, it captures either the least or the largest zero,
according to the location of the point ¢ with respect to the interval (a,b). In addition,

when either ¢ < a or ¢ > b, at most one of the zeros of @n(x) is located outside (a, b).

Theorem 3.3 Let M > 0 and {xf}k}zzl be the zeros of the polynomial p? () orthogonal
with respect to the inner product (2.16) when k = 2.

(1) If ¢ < a, then

2]

n—

2]

c< m%l <Tpa <Tp_q, < xﬂfQ <po <o <Tplg, g < xﬂfn < Tnp- (3.12)

Moreover, each x%k is a decreasing function of M and, for each k = 1,...,n — 1,

(see the comment in the last sentence 3.5.2)

. 3 2
dm sii=e hm oo =ali
as well as
lim M[zM, —¢] = _Pn(i) )
M—o0 1 2]
anl(ca C)Pn—l(c)
= (3.13)
i MM, — 2 ] —Po(z," 1 1)
n, n-1, 2 502 2 ’
M—00 K, 1(c, c)(xglllk —c) [PJL_]J/(:ULLM)

(ii) If ¢ > b, then

M 2 M 2 M
Tp1 < Ty < xL]_Ll << Tpp—1 < Ty g < J:L]_Ln_l < Tpp < T, <o (3.14)
Moreover, each :L'f‘fk s an increasing function of M and, for each k=1,...,n—1,
. M _ - M o_ 12
dm = lim ol =al
and R
. P,(c
lim M[c—azM ] = n( ,)\ )
M—o0 ’ K P[2
n-1(¢,¢) P74 ()
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Proof. Using the interlacing property (3.9) and the connection formula (3.3), we get

sign @n(:cnk) = sign (M(xnk - 0)137[?_}1(:6» , kE=1,...,n,

sign @n(azf}_lk) = sign ﬁn(xg}_lk), k=1,...,n—1,

which yield the inequalities stated in (3.12) and (3.14). It remains to show the monotoni-
city, asymptotics, and the speed of the convergence of the zeros azrj‘fk with respect to M.
Indeed, it follows from Lemma B.1 concerning the zeros of a linear combination of two
polynomials with interlacing zeros. m

We point out that Theorem 3.3 is general in two aspects and uses new approaches to
the analysis of zeros: du(z) is any positive Borel measure and c¢ is outside (a, b).

Next, we deduce the value My of the mass such that for M > M, one of the zeros of
@n(ac) is located outside (a, b).

Corollary 3.2 Let M > 0.

M
n,l1

(i) If ¢ < a, then the least zero x,", satisfies

x%l > a, for M < My,
x%l = a, for M = My,
:B,Afl < a, for M > My,

where

—P,(a)

5] > 0.
Kn_i(c,c)(a—c)P. " (a)

My = My(n,a,c) =

(1) If ¢ > b, then the largest zero acf\{[n satisfies
a:%n < b, for M < My,
mﬁ/{n = b, for M = My,
:E,].\fn > b, for M > M,

where My = My(n, b, c).

The proofs are a direct consequence of the connection formula (3.3).
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3.3.2 Convergence of the zeros
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We can study to where the zeros of @n(a}) converge as M — oo, from another point of

view. For this purpose, we express @n(x) in terms of the generalized moments using the

Gram-Schmidt orthonormalization process for the family of polynomials {(x — c)k}’,gzo.

Indeed, if {(z — ¢)¥, (x — ¢)) = ¢x4; and denoting

co 1 Cn
C1 C9 Cn+1
Qy, (du) = )
Cn—1 Cn Con—1
Cn, Cn+1 Con
we get
&) C1 Cn,
] C1 C2 Cn+1
P(r)= —— 3.15
Cn—1 Cn Con—1
1 z-—c (x —¢e)"
If dpps(x;¢) = dp(z) + Mé(x — ¢), then
co+ M Cc1 Cn
1 C1 C2 Cn+1
) =
Qn() Q1 (dpnr)
Cnfl Cn CQTL*].
1 T —c (x —¢e)"
Since
co+M c Cn—1
Ccl C2 oo Cn, 9
Goa ) = | = Qe i)+ M (@ o) dp)
Cn—1 Cp -+ Cop—2

we conclude

Qn(z) =

Q1 (dp) Pal) + M (2 = ) Qs (2 = ) dyr) P (@)

Q1 (dp) + MQy—o ((:U —¢)? du)
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From the above expression we can easily see that when M — oo, the mass point ¢ attracts

only one zero of Qy(z), and each zero of ﬁﬁl(x) attracts one of the remainder n — 1 zeros
of @n(m)
3.4 Application to classical measures

3.4.1 Krall-Jacobi (Jacobi-Koornwinder) MOPS

Let {P5? (x)}n>0 be the monic Jacobi polynomial sequence which is orthogonal with

respect to the measure dp, g(7) = (1 — )*(1 + x)?dz, o, 8 > —1, supported on (-1, 1).

We consider the following Uvarov perturbations of djiq,g(x) where either ¢ = —1 or ¢ =1,
and M > 0.

dpn(z; —1) = dpe () + Mé(x + 1), (3.16)

dun(z;1) = dpag(x) + No(z — 1). (3.17)

Such orthogonal polynomials were first studied in 1984 by T. H. Koornwinder (see [54]), in
1984. There, he adds simultaneously two Dirac delta functions at the end points z = —1
and x = 1, that is,

dpunv,n(x) = dpag(x) + Mo(z+1) + Né(x — 1).

Let denote by {@%’B(x;—l)}nzo and {@%’B(m; 1)}n>0 the OPS with respect (3.16) and
(3.17), with the normalization introduced in Theorem 3.1, respectively. Then, the connec-

tion formulas are
QP (x;—1) = PYP(2) + MK, _1(—1,—1)(x + 1)P*?(2)

and
QP (z;1) = PYP(2) + NK,_1(1,1)(z — 1) P2T 2P ().

It is straightforward to see that

B 1 T(n+p+DI(n+a+p+1)

Kna(=1,-1) = 2081 P(n)T(B+ T(B+2)T(n+ )’
Kot(L1) 1 Thh+a+D)l(n+a+p+1)
n—1(1, 208+ P(n)T(a + DI (a + 2)T(n + B)
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Recently, several authors ([3], [19], [25]) have contributed to the analysis of the behavior
of the zeros of Q3" (2;—1) and Q%P (z;1).
Let us denote by xf\{[k(a,ﬁ) and z, (o, B), k =1,...,n, the zeros of @%"B(az; —1) and

ﬁﬁ“ P (x), respectively, in an increasing order. Then, applying Theorem 3.3 we obtain
Theorem 3.4 ([19]) The inequalities
-1< x%l(OZ?B) < xn,l(aﬂﬁ) < "L'n_171(04,6 =+ 2) < x%?(aaﬁ) < ‘rm?(awg) <
< CCn,Ln,l(Oé,,B + 2) < x,ﬂfn(a, 5) < xn,n(aaﬁ)

hold for every a, 3 > —1. Moreover, each xﬁ/fk(a,,@) is a decreasing function of M and,
forechk=1,....,n—1,

A}i_r)noox%(a,ﬂ) =1, A}i_r)noox%kﬂ(a,ﬁ) = Tp_1k(a, B +2),
and
A}ig})oM[x%l(a, B) + 1] = hn(o, B),
. 1- n— ) + 2 hn )
i ML 8) = ool 4+ )] = - male I DI (00),
where
o) — 2B + P34+ 3T + )
L T+ B+2)T(n+a+B8+2)
Proof. From (3.13)
. ~PrY(-1)
lim Mz = = :
Mlinoo [-’Ifn,l(a,ﬁ) +1] Kn1(~1,-1) Psiﬁ1+2(_1)
Since
ﬁa’ﬂ(—l) _ (=1)"2"T'(n+ B+ 1)I’'(n+a+F+1)
" rg+nr@2n+a+p+1)
and
Ky y(-1 1) = I Tl+B+)I(n+a+p5+1)
nT T T e BT ()N (B + DE(B + 2)T(n + a)
we obtain
—PP(-1) _29TPR()T(5 + 2)0(6 + 3)1(n + o)

= h(aB)
Knoa(=1,-1) B (-1) T(n+B8+2)0(n+a+f+2) (o, B)



44 CHAPTER 3. KRALL-TYPE ORTHOGONAL POLYNOMIALS: ZEROS

It also follows from (3.13) that

lim Mz)) (o, B) = zno1k(e, B+ 2)]

M—o0
—P (w1 p(, B+2)) _
Kn—l(_la _1)($n—l,k(aa 6 + 2) + 1)[P7?’_51+2]/($n—l,k(a7 B + 2))

On the other hand, from
n(n+a)(1+a) P (@) = n(n +a + B+ )PP (@) + (B+ 1)(1 — ) [P ()
we get

7’L(7’L +a+ P+ 1) ﬁgﬂ(l‘n—l,k(aa B+ 2))
= —(B+ DA =21, B+ 2) PP (2n1 (e, B+ 2))

as well as

n(n + a)(1+ 21 p(a, B+ 2))[PSP) (2n1(, B+ 2))
= [n(n+a+B+1)—(B+ VPP (@p1p(e, 8 +2))
+(B+ 1)1 = 211, B+ 2P (2 11(cr, B+ 2)).

Using the last two equalities and the second order linear differential equation for the Jacobi

polynomials

(1= 2) [P (@) + (8 — a = (a+ B+ Da][B3F) (@) + n(n+ a+ B+ )PP (2) = 0

we obtain
(1 + zp_1x( B+ 2) PO (21 i (a, B+ 2))
—(n+B+1)(n+a+B+1) 5.4
B Do an(@Br2) " (Tn-14(cx, B+2)).
Therefore,

lim M[x%k—i-l(a’ B) - a:'nfl,k(ch B + 2)]

M—oc0
— PP (20 1k (e, B+ 2))
Koot (=1, =) (@1 p(a, B+ 2) + D[PSS2) (201 1, B+ 2))
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1 —zp_1k(a, B+ 2)] hn(a, B)
2(8+2)

]
Let «;.(a, B) be the zeros of Q%P (2;1). Then

Theorem 3.5 ([19]) The inequalities

mn,l(aaﬁ) < $7]1V,1(Oé,6) < xnfl,l(a_‘_ 27ﬁ) <<
Tnn—1(, B) < x%n_l(a,ﬁ) < Tp_ip-1(a+2,0) < zpp(a,fB) < xfxn(a,ﬁ) <1

hold for every a, 8 > —1. Moreover, each xivk(a,ﬁ) 18 an increasing function of N and,
forechk=1,....,n—1,

lim xﬁn(a,ﬁ) =1, lim J;ka(a,ﬁ) = zpk(a+2,06),

N—oo N—o0
and
J\}EnooN[l - anm(a, B)] = gnla, B),
. 14+ z,_ +2, (a,
A}gnooN[xnfl,k(a +2,48) — ﬂenj\{k(a7 8)] = 1+ 1,k2(((1a A 2)5)] gn(a 5)’
where

ZQMﬂ”HMHa+@Ha+$Hn+m'

a?
gnl B Tn+a+2)T(n+tatph+?2)
Proof. We can proceed as in the proof of Theorem 3.4. We only observe that

a+1
nn+a+p+1)

n+ 3
2n

(x — )PP (x) = P2P(x) — (1 +2)[P2F) (2).

|

To illustrate the results of Theorem 3.5, the graphs of @?’B (x;1), for = f =0 and
N + ¢, for some values of € > 0 appear in Figure 3.1 where the monotonicity of the zeros
of @gﬂ (z;1) as a function of the mass N is shown.

In Table 3.1 we describe the zeros of @gﬁ (x;1), with a = 8 = 0, for several choices of
N.

Notice that the largest zero converges to 1 and the other two zeros converge to the
zeros of the Jacobi polynomial ]32(2’0) (x), that is, they converge to xg1(2,0) = —0.75497
and z22(4) = 0.0883037. Also note that all the zeros increase when N increase.
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-1t

Figure 3.1: The graphs of @g’ﬁ(:n; 1) with N + €, for some values of .

Table 3.1: Zeros of @g’ﬁ(:c; 1) for some values of N.
A 1‘3’1(070;)\) 1‘32(0,0; /\) .%‘373(070;)\)

0 —0.774597 0 0.774597
1 —0.757872  0.0753429 0.955257
10 —0.755305  0.0868168 0.994575

100 —0.755004  0.0881528 0.999446
1000 —0.754974  0.0882886 0.999944

3.4.2 Krall-Laguerre (Laguerre-Koornwinder) MOPS

Let {L%(2)}n>0 be the monic Laguerre polynomials which are orthogonal with respect to
the classical Laguerre measure dpuq(z) = x%e *dx, a > —1, supported on [0, 4+00). Let us

denote by {@% () }n>0 the sequence of polynomials orthogonal with respect to
dun(z;¢) = dpe(z) + M(z — ¢, M > 0. (3.18)

When ¢ = 0, this family was also obtained by T. H. Koornwinder [54] as a special limit
case of the Jacobi-Koornwinder (Jacobi type) orthogonal polynomial. Analytic properties
of these polynomials have been studied in the last years (see [3], [18], [26], [52], among
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others). The connection formula (3.3) reads
Qnlx) = L5() + MK, 1(0,0) 2 L3 (x),
where

F'n+a+1)
F(n)I'(a+ 1) (a+2)

K,-1(0,0) =

Now, we will analyze the behavior of their zeros. Let denote by z, (a) and z,, x(c),
k=1,...,n, the zeros of the Krall-Laguerre polynomial @?{ (z) and the classical Laguerre

orthogonal polynomial Eg (x), respectively. Applying the results of Theorem 1 we obtain

Theorem 3.6 ([18]) The inequalities

0< xﬁ/{l(a) <xpi(a) < zp—1a(a+2) < xﬁ/{z(a) <

Ta(@) < - < anorae1(a2) < 2 (@) < 2o (@)

hold for every a > —1. Moreover, each xﬁ/[k(a) is a decreasing function of M and, for
eachk=1,...,n—1,

lim x%l(a) =0, lim m%kﬂ(a) = Zp_1 k(a0 +2),

M—oo0 M— o0
as well as
lim Mz}, (o) = gn(a),
M —oc0 ) ( )
i gn\X
A/}l_rfloo M[$%k+1(a) —Zpp(a+2)] = et
" I'(n)I' (o + 2)I (v + 3)
)« o
gn(Oé)_ F(n+a+2) .
Proof. From (3.13)
_Ja
lim foyl (a) — n(g) ; .
M—o0 ’ K,-1(0,0) Lgi'l (0)
Since
- (-)"T'(n+a+1) Pintatl)
L2(0) = 4 Ko 1(0,0) = |
n(0) [(a+1) an 1(0,0) I'(n)l(a+ 1)C(a+2)
we obtain R
—Li(0) I'(n)T(a + 2)T(a + 3)

K000 Tmra+y
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From (3.13)

Jim Mz (@) = 1o +2)]

— L (w1 (a + 2))
Kn1(0,0)zn—1k(c + 2) L] (21 1 (0r + 2))

On the other hand, it is easy to verify that

~ ~ 1 ~
sTe2 () = 12(2) + 2 [T0] (w).
Thus,
L5) (earlor 4 2) = = L (@n1k(e + 2))
and

a1 k(0 +2)[L0) (n-14(a +2))

= [E5) (140 +2) + TG (w1 e+ 2).

Using the last two equalities and the second order linear differential equation for the

Laguerre polynomials

2[L) () + (o + 1 — 2)[L8]) (z) + nLS(x) = 0

we obtain
-~ —(n+a+1)~
Tn-1k(a+ 2)[Ly] (zp-1k(e +2) = (OH_l)Lﬁ(xn_Lk(a +2)).
Therefore,
Jim Mz (@) = @i+ 2)]
_ —Ly(zn_1 k(0 +2))
Kn1(0,0)@n—1 k(e + 2) L) (21 0(a + 2))
_T(Ma+2)l(a+2)  gu(a)
B Fn+a+2) Cat2
]

To illustrate the results of Theorem 3.6 we enclose the graphs of Q\g‘(:n) for « = 2 and
M + g, for some values of € > 0. Figure 3.2 shows the monotonicity of the zeros of @g‘(a:)

as a function of the mass M.
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30

ol f

Figure 3.2: The graphs of @g‘(x) for ¢ = 0 and M + ¢, for some values of ¢.

Table 3.2: Zeros of @g(x) for ¢ = 0 and some values of M.
A x3,1(2; )\) Z3,2 (2; )\) {E3’3(2; )\)
0 1.51739 4.31158 9.17103
1 0.321731 3.64053 8.53774
10 0.0390611 3.5604 8.45936
100 0.00399042  3.55151 8.45049
1000  0.00039990  3.55061 8.44959

Table 3.2 describes the zeros of @g(x), with o = 2, for several choices of M. Observe
that the least zero converges to 0 and the other two zeros converge to the zeros of the
Laguerre polynomial E%(a:), that is, they converge to x21(4) = 3.55051 and w22(4) =
8.44949. Note that all the zeros decrease when M increases

3.5 Electrostatic model for one mass point

3.5.1 Ismail’s electrostatic model for semiclassical measures

We assume that du(r) = w(z)dr, where w(z) is a weight function supported on the

real line. We can associate with w (x) an external potential v (z) such that w(z) =
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exp (—v (x)). Notice that if v(z) is assumed to be differentiable on the support of du(z) =
w (z) dz then

If v/(x) is a rational function on (a,b), then the weight function w(z) is said to be

semiclassical (see [82], [92]). The linear functional £ associated with w(z),

b

(&, f(x)) = / f(@)w (2) de,

a

satisfies the Pearson’s equation
Dlo(x)L] = 7(z)L,

where D is the distributional derivative of £ introduced in Section 2.1.1, and o(x), 7(x)

are non-zero polynomials such that o(x) is monic and deg(7(x)) > 1. Notice that, in terms

of the weight function, the above relation reads
W(x)  T(x)—o'(x)

(D) = ) , or, equivalently v/(x) = —

7(x) — o'(x)

o(x)

Let consider the linear functional U¢ associated with the measure dull(c, z) = (z—c)du(x)
(see (2.12)). In order to find the Pearson equation that Uc satisfies, we analyze two

situations:
(1) If o(c) # 0, then

D — o(@ie] = Dl - ePo@)f] = 2z — o(@)E + (z — ¢)*Dl(o(x)L]
= 20(x)Uc + (z — ¢)*7(x)L = [20(z) + (z — ¢)7(2)] Uc.
Thus,
Dg(z)Uc] = ¢ (x)Ue,
where

(3.19)
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(i) If o(c) =0, i.e., o(z) = (x — ¢)a(x), then

Dlo(z)Uc] = Dl(x —c)a(z)Uc] = D(z — ¢)3(2)L] = D[(z — c)o(2)L]
= o(@)L+ (x—c¢)Djo(x)L] =o(x)L + (v — c)1(x)L = (a(z) + 7(z)) Uc.

In this case,

with
(3.20)
It is well known that the sequence of monic polynomials {13#] () }n>0, orthogonal with
respect to dul(z) = (x — ¢)dp, satisfies the structure relation (see [20] and [82])
o(2) [P (@) = Ala,m) P () + Ble.m) B, (@), (321)

where A(x,n) and B(x,n) are polynomials of a fixed degree, and the three term recurrence
relation (see [13] )

z ﬁ,[ﬁ (x) = ﬁﬂrl(m) + 8, /P:[Il] () + An ﬁg_]l(a:), n >0, (3.22)

with initial conditions ﬁél] () =1 and ﬁ[ﬂ (x) =0, and

1
Brn = Bnt1 + Ble) Bue) | n >0, (3.23)
and R R
- Pn-l—l(C)Pn—l(c) 4
T Eer T A o
Lemma 3.1 [45] We have, for n > 2
A(x,n) + A(z,n —1) + (SU;MB(x, n—1)=¢(z) — (). (3.25)
n—1

Proof. According to a result by Ismail ([45], (1.12)) which must be adapted to our

situation since we use monic polynomials, we get

(-T - anl)

A(z,n) + A(z,n — 1) + ——
Yn—1

B(x,n —1)
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[wpj ()]
Wi (7)

U(z) — ¢/ (x)

Sy ¢ @) — v,

= —o(z) — ¢(x)

where wpjj(7) = (7 — c)w(z). =
Next, in order to find the holonomic equation that @n satisfy (following the Ismail’s

model). Applying the derivative operator in (3.5) and multiplying it by ¢(x), we obtain
D)@l () = 6(@) [P (2) + cad(@) B (). (3.26)

Thus, substituting (3.21) in (3.26), yields

~

$(@)[@Qn)'(z) = A(z,n)P[(z)
+ [B(z,n) + crA(z,n — 1)] ﬁr[Ll_]l(x) + ¢, B(z,n — 1)]37[01_]2(35)

Using (3.22) in the above expression, we obtain

0(@)[Qn) (@) = Alw, ) B[N (a) + Ba,m) B, (a), (3.27)
where
A(z,n) = A(z,n)— :y::B(x,n —1) and (3.28)
B(z,n) = B(z,n)+caA(z,n—1)+ &z: (z — Bo_1)Blz,n—1).  (3.29)
Therefore, from (3.5) and (3.27), it follows that
1 Cn 13#](9@) ] _ [ @n(x ]
A(w,n) Bla,n) || BL@) | [ 6@)@Qa'(@) |
that is,
Bl () — B(ﬁlfa”)~ O (2) — - Cn¢(9'7>~ A1z
n (@) B(:L‘,n)—an(:E,n)Q (=) B(z,n) — c,A(x,n) (@l ()
" Atz.n) @
P ()= — — BT On(z = oz - 0, ().
n-1(2) B(z,n) — an($,n)Q (@) + B(z,n) — c,A(x,n) (@l ()
Substituting the above two expressions in (3.21), we deduce
o) | - B@n@n@) _ cnd@)(@ul (@)
B(z,n) — ¢, A(z,n) B(z,n) — c,A(z,n)
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=A(z,n) | = - - = (
’ B(z,n) — c,A(x,n) B(z,n)— c,A(

ooy [ A Q) 6(2)[On] (2
e <B(x,n) - CnA(I,n) " B(x,n) — anzl(x,n)> '

Then the following statement follows

Theorem 3.7 (Holonomic eq. for one mass point) The MOPS {@n(ﬂc)}nzo satisfies

the holonomic equation (second order linear differential equation)

Al n)[Qn) (@) + B(a:n)[Qn) () + €(x;7)Qu(x) = 0, (3.30)
where

Ay a0

7 B(x,n) — caA(z,n)’
s () [B(az, n) — B(z,n) + ea(d(z) — Alz, n))}

(in) = B(:c, n) — an(Nx,n) N
ndla[Blan) ey Als )}
< B(x,n) — cnA(x, n))

. B A(z,n)B(z,n) — B(x,n)A(z,n) ol B(z,n) ,

G(ﬂ:,n) = B(%,Tl —cn[l(ac,n) ¢( ) B(:c,n)—cn[l(x?n)] .

If we denote u(z;n) := B(zx,n) — c,A(z,n) and using (3.25), (3.28), and (3.29), then

u(z;n) = B(z,n) + ¢, |:—2A(IL‘,TL) + ¢/ (x) —(x) + ;n B(x,n — 1)} . (3.31)
n—1
Notice that, according to the fact that the zeros of @n are simple, then wu(x, y;n) # 0.
On the other hand, from (3.31) and (3.28), we obtain

B(z,n) — B(z,n) + cpA(z,n) — cnd'(2) = —cpip(x).

If we evaluate this second order linear differential equation (3.30) at xfyk, k=1,2,...n,

then we obtain
A@%m n) [Qn]//(xi\z/,[k) + B(x%k; n) [Qn]/@%k) =0.
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Hence,
O] (zM, B(zM . n
[Ci](j\‘f):— (}f ), k=1,2,...n. (3.32)
[Qnl' (2 Al i)
Substituting A(a:nM7k; n) and fB(a:%k; n) in the right hand side of (3.32), we get
[@Qnl"(23%)  [Blaph,n) — cad(zpfyn))
[Qn]’(mrj‘fk) B(x%k, n) — an($%k, n)
B(x%k, n)— B(xﬁ/{k? n) + CnA(x%k’ n) — Cn¢,($%k)
Thus

[Qn])" ()
Q] (})

We consider two external fields

: ¥l
= b Galf) = S5

k=1,2,...n.

— M:Uan nulr,n

In this model, the (double) total external potential V(x) is given by

= — V() r + Inu(x;n
V(z) = /gzﬁ(ac)d + Inu(z;n). (3.33)

Let us consider a system of n movable positive unit charges in (¢, b) or (a, ¢), depending
on the location of the point ¢ with respect to (a, b), in the presence of the external potential
V(z) given in (3.33). Let x := (z1,...,2,), where xy,...,xz, denote the location of the
charges. Following Ismail ([46, Ch. 3], [45] and [47]), in this model the potential energy

at = of a point charge e located at certain arbitrary point ¢ is —2eln |z — ¢|. Thus,

S(X):ZV(xk)—2 Z In|z; — x4

n
k=1 1<j<k<n
can be interpreted as the (double, see [80, Ch. 3]) total energy of the system.

To standardize all the electrostatic interpretations provided in this memoir, we will
consider that the total electrostatic energy stored because the position of the charges
in the global system is actually given by the half of that considered in Ismail’s model.
Therefore, the actual total electrostatic potential considered is

V() = %V(ﬂfk)
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and the total electrostatic energy is

3

1
E(x) = 58(}() = V(zg) — E In|z; — xgl.
k=1 1<j<k<n

In order to find the critical points of F(x) we set

0 P(z;)  w(zj5n)
8.21?]'

Oaj)  ulzn) o T Tk

or, equivalently,

P+ ) =0,y =
Therefore B(y:n) e(y:n)
1 Ysmn) . ysn _ _

1
Ex)=0< — +2 ) =0, j=1,...,n.

95

(3.34)

(3.35)

(3.36)

On the other hand, from (3.36) we obtain f(y) = Qn(y), which means that the zeros of

@n (z) satisfy (3.35).

3.5.2 Example with the zeros of Krall-Laguerre MOPS

We give an electrostatic interpretation for the zeros of Krall-Laguerre polynomials @% (z)

orthogonal with respect to the measure (3.18).

We analyze two cases:

1. First, we consider ¢ = 0. Thus, the polynomials @%(:{:,0) are orthogonal with

respect to
dun(z;0) = 2% *de + M(z), o> —1,

The measure
dpM(z) = 22 e 2 dx

satisfies a Pearson equation with (see (3.20))
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On the other hand, the structure relation (3.21) reads (see [99])
@)L+ (@) = Aw,n) L5 (@) + B, ) L (2),

where
¢(x) ==z, A(z,n)=n, B(x,n)=n+a+1.

The coefficients (3.6) and (3.22) are

Y = nn+a+l),
1+ MK,(0,0) L5 ,(0)
Cp = — = nn +«a
14+ MK,—1(0,0) La(0) ( )
nl'(a+ DN a+2)+ MT'(n+ o+ 2)
(n—1DT(a+1D)'a+2)+ MI'(n+a+1)

As a conclusion, u(z;n) in (3.31) becomes
u(z;n)=nn+a+1)—c, 2n+1+a—c,) +cpx

with a zero at
Zn = (2n+1+a—cn)—n(n+cj+1).
It is easy to see that 0 < ¢, < n+ a+ 1. Thus, u(0,n) < 0 and it implies that z, > 0.
The electrostatic interpretation of the distribution of zeros means that we have an

equilibrium position under the presence of a total external field
1 1 a+2 —x
V(z) = §lnu(:c;n) - §1nx e,

where the first term represents a short range potential corresponding to a unit charge
located at z, and the second one is a long range potential associated with the weight
function (see also [47] and [46]).

Next we show in (3.5.2) the position of the least two zeros of the Krall-Laguerre
polynomial @g(x) (at x51 = 0.0892553 and x52 = 1.27635) and the unique zero z, =
—0.0357143 of u (x,n). Parameters considered were n =5, a = 0, and M = 0.5.

2. Now, we take ¢ < 0. In this case dul(z) = (z — ¢)z®e "dx. Thus, the structure
relation (3.21) for dul™(z) is

S Ly () = A, m) Ly (2) + Bl ) L1 (),

n
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Figure 3.3: The least two zeros of @?(:):) and the polynomial u(z;n) (dashed line).

where
¢(z) = (z—o,
n+ o
A(z,n) = n x—(n+1+an)<l+an_l>],
B(z,n) = n(;L:a)[anzv—(n+1+an)(n—|—l—|—an—|—a)].

Proof. From (2.17) we obtain

Folt] gy _ o Lya(0) 7
(.’IJ - C) Ln7 (.CIZ‘) = Ln+1(x) = Ln(x)
L3 (c)
Taking derivatives with respect to x in both hand sides of the above expression, and
multiplying the resulting expression by z, we derive
Ta,[1] Ta,[1]y/ Ta Eg—i-l(C) Tay
wLyt i (z) + o (z— o) [LyH ] (z) = oLy (2) — —=———x[L3] (2).
Li(c)
Using the structure relation and the three term recurrence relation for Laguerre polyno-

mials we obtain
wLyW(z) + @ (@ — o) [Ly M) (2) =
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(n+1)Ley () + (n+1) (n+1+a) L(z) - L%ZES) nLo(z) +n(n+a) Eg_l(m)] ,
wLyW(@) + 2 (@ — o) (Lo (z) =
—n—MAax—nn n+a)+nn QMAQHT
(n+1)(z—n) Za (o) ]Ln() < (n+1)(n+a)+n(n+a) fa () )Ln—1< )-
Let

_ E%—i—l (c)
L2 (c)
and, from (3.8),
Lo(@) = To(@) — Lo (@),

n—1
ap—1

we have

eLOW(z) + z (x — ¢) [LoW) (2) =

((z —n) (n+1) — nay) LM (x)

+ Ta
— | ((n+1) (x —n) —nay) nin+oa) +nn+a)(n+1+a,) Ln’_lll(il?)
n—1
Tos[1]
L
e (n = 1) (n+) (n = 1+ 0) (n-+1 +a,) =2,
n—2
Using (3.22) and (3.23)
Suct_ L3(0) I8 5(0)
Tn—1 Ly_y(c) Ly_y(c)
we obtain ~ -
Ap—1 _ Yn—1 (Tl — 1) (TL -1+ a) _ Tn—1
an—2 (n—1)(n-1+a) an—2 n—1
and, then,

eLyM(z) + 2 (@ — o) [Ly) (2) =

n(n+ao)(n+1+ay)

an—1

(1) =) = ) - | Zate)

+n(n+ a) [ (n+1+ay) (:L‘—Bn,l)

Gn—1
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L ) @—n) —na) - 1+ an) | T (@)

An—1 n—1
Therefore,
$(@) L3N] (@) = A(e,n) LM (2) + Bla,n) L0 (),
where
P(x) = z(z—0,
Awn) = ((n+1)(@—n) - nay) - MnFVnFITa)

(n—1

(n+1+ay,) (:c — Bn_1>

B(z,n) = n(n+a) {

an—1

— ((n+1)(x —n) —na,) — (n+1+an)] .

Simplifying these expressions we get

A(z,n) = n{x—(n—i—l—i—an) <1+n+a>}’

an—1
+1+a =
B(z,n) = n(n+a) [aanlm—{—n P n(n—ﬁnl)—(n—l—l—{—an)}
n— n—

In the last expression, using again (3.23)
Bn :/Bn+1 +apnt1 —ap =2n+a+ 3+ ani1 — ay

we obtain
B(a:,n):M[anm’—(n+1+an)(n+1+an+a)].

an—1

This is an alternative approach to the method described in [75]. Notice that the
Pearson equation for the linear functional associated with the measure dull = (z — ¢)dp

becomes
DlpUc] = YU,
where (see (3.19))

¢(z) = (z-c)o(z) = (z -,
P(z) = 20(@)+(x—c)r(z) =20+ (x—c)(a+1—2x).
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According to (3.23) and (3.24),

> ~ an—1
/Bn—l = Bn +ap — ap—1, and Yn—1 = o Tn—1-

n—2

This means that u(x;n) in (3.31) is the following quadratic polynomial

u(z,n) = Cn®> + Thx + Sp

with
rn = n(n+a)aan +c2 —cp(c+a+1+2n)
n—1
= (en+an)(cn—an)—(cn—an)c—(cn+an) (2n+a+1)
and

sn=Mm+1+a,)[(n+1+a,+a)2n+1+a,+a—c—2¢,)+ 2cc,)

+ cacy, + 2 (an —an_1+1—c).

The zeros of this polynomial are

1

Znm = e, (Tn +\/r2 — 4sncn> ,
1 2

Zop = “oe (rn — T — 4sncn) .

Taking into account
Y(xr) 2 n a+1

o) = —c x

the electrostatic interpretation means the equilibrium position for the zeros under the

1

)

presence of a total external field
1 1 2 _atl —=x
Vix) = B Inu(z,n) — B In(x—c)" % e, (3.37)

where the first one is a short range potential corresponding to two unit charges located at
z1,n, and 2o, and the second one is a long range potential associated with a polynomial
perturbation of the weight function.

In figure 3.4 we show the position of the least two zeros of the Krall-Laguerre polyno-
mial @g‘(m) (at 261 = —0.145632 and x¢2 = 0.714756) and the two zeros of u(x;n) (at
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Figure 3.4: The least two zeros of @g‘(:c) and polynomial u(z;n) (dashed line).

216 = —0.82332 and 236 = —0.0530003). The parameters are considered when n = 6,
a=0,c=-1and M =5.0-1073.

Next we also show some numerical experiments dealing with the least zero of Krall-

Laguerre orthogonal polynomial @\%(:c) We are interested to analyze when such a zero

is negative as well as how fast converges to the point c. To obtain these results we have

implemented a Matlab® software using the classical Chebyshev algorithm, since these

polynomials satisfy a three term recurrence relation and therefore, this technique can be

used.

In the first two tables, for M = 0 obviously we recover the least zero and the second
zero of the classical Laguerre polynomials (in bold). The following table shows this effect

for the first and second zeros of Krall-Laguerre polynomial of degree n = 15 and o = 0,

for some choices of the mass M, when ¢ = —10
2 (0) M=0 M=50-10"7 M=50-10° M=50-10" M=50-10"
k=1 0.0933078 —9.9962381 —9.9999996 —10.0 —10.0
k=2 0.4926917 0.1117925 0.1117908 0.1117908 0.1117908
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as well as when the masspoint is located at ¢ = —1

213 4(0) M=0 M=50-10""2 M=50-10% M=50-100"* M =5.0-10"2
k=1 0.0933078 0.0933077 0.09307224 —0.9279098 —0.9992515
k=2 0.4926917 0.4926916 0.4917823 0.1649767 0.1632534

In the next table we give the least zero for polynomials of degree n = 7, = 0, as well
as we point out the fact that there exists M = My such that this zero is negative. In
this particular example, with the mass point located at ¢ = —10, this value is roughly
1,0-107% < My < 2-107

¥ (0) M =0 M=10-10" M=20-100° M=50-100" M=50-10"°
k=1 0.193044 0.048634 —0.775950 —3.598918 —9.998880

and with the mass point located at ¢ = —1, we need larger values of My to get the least
zero as a negative real number. Now the estimate is 1.0- 1073 < My < 2-1073.

2.(0) M =0 M=50-10"9 M=10-10"% M=20-10"° M =50-10"2
k=1 0.193044 0.193043 0.059013 —0.094368 —0.915571

Another interesting question is to analyze, for a fixed value M, the behavior of zeros
of Krall-Laguerre polynomials in terms of the parameter . Notice that, for a fixed value
of o we can lose its negative zero. Again we show the behavior of the first two zeros to
give more information about their relative spacing.

For instance, let us show the first two zeros of the Krall-Laguerre polynomials of degree
n =6, when M = 5.0-10~8 and the mass point is located at ¢ = —10,

xé”"[(a) a=0 a=0.5 a=1 a=3 a=10
k=1 —3.498898 —1.606946 —0.173020 1.271640 4.890738
k=2 0.333321 0.592795 1.031807 3.044173  8.143534

and again, the first two zeros when M = 5.0-1073 and ¢ = —1.

S

() a=0 a=0.5 a=1 a=3 a=10
k=1 —0.145632 —0.146124 —0.083058 0.835712 4.890712
k=2 0.714756 0.982986 1.270833 2.677161 8.143506

8
o
e

3

Finally, another interesting numerical approach is to consider a different choice of the fixed
parameters. For instance, for a fixed M we would find values of the degree n for which
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@%(m) has a negative zero. Locating the mass point at ¢ = —10, we have
M=5.0-10"% n>mng M=50-1006 n>ng M=50-10"%* n>ng
a=-0.99 n>>5 a=-0.99 n >4 a=-0.99 n>3
a=20 n>6 a=20 n >4 a=0 n>3
a=1 n>06 a=1 n>>5 a=1 n>3
a=2.5 n>"7 a=25 n>>5 a=2.5 n >4
a=2>5 n > 10 a=25 n>"7 a=2>5 n>>5
a =38 n>14 a=28 n>11 a =38 n>8

3.5.3 Example with the zeros of Krall-Jacobi MOPS

We give an electrostatic interpretation for the zeros of Krall-Jacobi polynomials @%B (z;¢)

which are orthogonal with respect to the measure
dup(z5¢) = (1 — 2)°(1 4 2)Pde + Mé(x — ¢),

with ¢ € (—1,1) and M > 0.
We analyze two cases:
1. First, we consider ¢ = —1. Thus, the polynomials @%”3 (z;—1) are orthogonal with
respect to
dppr(z; —1) = (1 — 2)*(1 + z)Pdx + Mé(z 4 1).

The measure
dul(z) = (2 — (~1))du(z) = (1 - 2)2(1 +2)*+dz

satisfies a Pearson equation with (see (3.20))

¢(z) =o(x)=1-2, ()=o) +7()=(B-a+l)—(a+pf+3)r
On the other hand, the structure relation (3.21) reads

$(@)[Pe ) (x) = A(w,n) Pe Pt () + Bw,n) P (),
where
—nf—a+1+2n+a+ L+ 1)x]

A =
(,n) Mmtat B+l ’
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dn(n+a)(n+B+1)(n+a+pB+1)
Cn4+a+B+1)22n+a+pB)

B(z,n)

The coefficient 4, in (3.22) when ¢ = —1 and poe (x) = ﬁﬁ"gﬂ(az) is

B 0Bl nn+a)n+B+1)(n+a+8+1)
fyn:’}/n’ = 2
Cn+a+p)2n+a+8+1)22n+a+L+2)
and
. 1+ MK,(-1,-1) 2n(n + «) -0
"I+ ME, (-1, -1)2n+a+B2n+ta+p+1) "
Thus,

u(z;n) = B(z,n)

(a+B84+1)(—-a+1)
2n+a+p+1

+cn [(2n+a+ﬁ)cn - ] +2n+a+ B+ 1)cyz.

Observe that the zero of u(z,n) belongs to (—1,1). In fact, after some tedious calculations
we see that
u(l;n) = B(1,n)

+cp [(2n+a+ﬁ)cn+2(2n(n+a+6+1)+a(a+5+1))} >0,

n+a+pf+1
and
u(_lv n)

—20HB3(3 + D(n)T(n+ a)I(B+2)T(n+ B+ DI(n+a+ B+ 1)M
2n+a+p
1

. 2080 ()T (n+ ) T(B+ DT(B+2) + MT(n+ B+ 1) (n+a+ B+ 1)
< 0.

Using some known properties of the Jacobi polynomials we conclude that

nin+a) (B27(-1))" [1B27)2
@ntat B 121+ MK, (—1,-1)
(B2 (-0)” /1B |12
anl (_17 _1) (1 + Manl (_17 _1)) .

Zn = —1+4+2M

X
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The electrostatic interpretation means that the equilibrium position for the zeros under

the presence of a total external field

1 1
V(z) = 3 Inu(x,n) — 5111(1 — x)aﬂ(l + x)5+2,

where the first one is a short range potential corresponding to a unit charge located at
the zero of u(xz,n) and the other one is a long range potential associated with the weight
function.

2. We take ¢ < —1. Then,

dpl' (@) = (z — o)(1 — 2)*(1 + 2) dx
and the structure relation (3.21) for the above measure is

()PP () = A(z,n) PO W (2) + B(a, n) PG (),

n—1

where
o) = (z—c)(1—-2?),
1
A(a;, n) = an—l—l(x - 571) + bn-‘rl — Anay — (an-i-l’)/n + )‘nbn))\i -1+ 1'27
n—1
B(CE, n) = (an+1(35 - ﬁn) + bn+1 - )\nan) )\77” + apt1vn + Anbn,
n—1
—(@n1yn + )\nbn)x;jﬂn_l-
n—1
Let s
P
M:ﬁﬂ@:fﬁ@. (3.38)
P (c)

From (2.17) we obtain
(¢ — ) By Pl(@) = P (2) = M B ().

Taking derivatives with respect to x in both hand sides of the above expression, and

multiplying them by (1 — 2?), we see that

(1= 2B @) + (2 — ) (1 = ) [P 1] ()

= (1—29)[Pe) (=) = A1 = 2?)[PEP) (2).
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Since
(1= 2) [P (2) = an P3P () + b P2 (2),
where
0, — aﬁ’ﬁ(x) _ —n[f—a+ (2n+a+ﬂ)x]’
2n+a+p
ag _ Mn+a)(n+B)(n+a+p)
by = b= . ,
(2n+a+B)22n+a+B-1)
we obtain

(1= )P (a) + (2 — o) (1 = ) (PR (a)
= a1 P (@) + (bnr — Anan) PSP (2) — Aabn P ().

The three term recurrence relation of monic Jacobi polynomials yields

(1 —2?)PeP (@) + (x — ) (1 — 2®) PO W) ()
= [an1(z = B) + bg1 — Anan] PP (x) — (ang19m + Anbn) P27 ().

From (3.8) and (3.38),

n—1
n—1

SaB SaB Tn = ’37 1
]n’ (1) 177,7 ’[1}(x) )\ ] [ ](x)
Then

(1 — 22 PP () 4 (x — ¢) (1 — 22)[POA 1) (z)
- [an—i-l(x - Bn) + bn+1 — )\nan} ﬁg’&[l] (;(;)

- (an—l-l(w - 571) +bnt1 — )\nan) )\Lnl + 10 + Anbn ﬁr?iﬁl’[l] (.1')
n—
TYn—1 Ba,b,[1
(@nt1Yn + Anbn) Ao Pn—Q[ ](x)

From (3.22) for monic kernels,

(1 — ;[;2)?7?767[1] (.fL') + (l’ _ C) (1 _ 51;2)[?7?767[1]]/(13)
= [an+1(£17 - Bn) + bn+1 — )\nan} ﬁf:’ﬁ’[l] (l‘)

Tn

\ + Un+17n + )\nbn ﬁ:;iﬂl’[l] (J?)
n—1

- (anJrl(l' - Bn) + bn+1 - )\nan)
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3 pa,B,[1] pasB[1]
Vo1 (@ = Bn—1) P72 () — P (o)
(an-l-l’)/n + Anbn> )\n_2 :Yn—l .

According to (3.23) and (3.38), we obtain

:Vn—l _ )\n—l
Yn—1 An—2
Therefore
(1 =) B () + (2 — ) (1 — 2?) [P 1) (z)
1 ~
= [an—i-l(x - 5n) + bn—i—l — A\pGy, — (an+17n + )\nbn) \ Pﬁw&m (x>
n—1
- |:(an+1($ - Bn) + bn+1 - )\nan) )\L’"‘l + any1yn + Anbn
€T — /371—1 Sa,B,[1]
_(an—I—l'Vn + )\nbn))\il Pn—l (.’L‘)
Thus
(@) [P (2) = Az, n) PP () + B, n) Pry M (),
where

¢(x) = (z—c)(1—2?),
A(x, n) = an+1($ - Bn) + bn-l-l — Anlp — (an+17n + /\nbn) b\ 1_1

B(l‘, n) = (an+1($ - /BTL) + bn+1 - Ana’n) )\Lnl + Apt1Yn + )\nbn

— 1+

_(aTLJrl'Yn + )\nbn)xgiﬁni1
n—1

Simplifying these expressions we have

A(.%', n) = ATL,O + A’n,lm + An,2x27
3(1’7 77,) = Bn,O + Bml:L' + Bn72$2.

Notice that the Pearson equation for the linear functional associated with the measure

dul(w) = (2 = &) (1 —2)*(1 + 2) dz
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becomes

D[gUc] = ¢Uc,
with (see (3.19))

¢(z) = (z—c)o(z)=(z—c)(1-a?),
Y(z) = 20(2)+ (@ —o)r(2) =201 - 2%) + (2 = ) (B~ a — (a+ S+ 2)z),

which means that u (x;n) is the following quadratic polynomial

u(z;n) = Bl(x,n)+c, [—2A(:p, n) + ¢'(x) — Y(x) + :yz:B(:U, n— 1)]

cnBp—
= |:Bn,2+ <a+5+1—2An,z+W> cn} 2?2
n—1

2

o Bp—

4 {n:ynllvl +Bn1— [a(c—1)+ B(c+ 1)+ 2An71]cn} T
n—

aBn-10

+Bn,(] - [2An,0 + 1 + C(Oﬁ - 6)]Cn + -
Tn—1

Taking into account
Y(x) 2 _at+l  B+1
pz) w—c 1—2 142’

the electrostatic interpretation means that the equilibrium position for the zeros under

the presence of a total external field
1 1
V(z) = 3 Inu(z;n) — 3 In (z — ) (1 — ) (1 4 z)P+,

where the first one is a short range potential corresponding to two unit charges located
at the zeros of u(z;n) and the second one is a long range potential associated with a

polynomial perturbation of the weight function.

3.6 General electrostatic model for Krall-Laguerre OPS

In this section, we apply again the Stieltjes’ ideas (see [39] and [101]) to study the elec-
trostatic interpretation of zeros of perturbed MOPS from an alternative point of view to
that followed in the preceding sections. We consider only the case of orthogonality with

respect to a standard Laguerre weight, perturbed with a finite number m of positive mass
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points on the negative real axis. Note that this is a generalization of the problem discussed
in the preceding sections, but taking into account only a canonical example of a measure
with an unbounded support.

Next, we provide the holonomic equation that the family {@%’m}nzo satisfy. This
differential equation will be useful to get a new electrostatic model in this Section. We

begin by proving a lemma, concerning two connection formulas that will be needed later.

Lemma 3.2 For the sequences of polynomials {@%’m}nzo and {E%}nzo we get

Rn(2)Q™(x) = Ay(a;n)L3(x) + Bi(x;n)L
2[R (2)Q™(2)] = Ci(w;n)LE(z) + Di(w;n)L

where

M) = Rule) -3 (Mif ) o),

j=1
i~ £ ()

Rpi(x) = [J[@—c),

Sl
I
ESuN

Ci(z;n) = nAi(x;n) — Bi(z;n) + 2 Al (2;n),
Di(z;n) = n(n+a)Ai(zin) + (@ — (n+a))Bi(z;n) + 2By (z;n).
Proof. Since K,_1(z,y) is a polynomial of degree n — 1 in the variable y, we have
(Kn1(2,), Q3™ () m = 0,

(Ko (2, ), 0™ (y R (@,e) Q5 (ey). (3.42)

Using in (3.42) the Christoffel-Darboux formula, we have

M; Ly () Q™ (¢)

(n—DI'(n+ a)(xz —¢j) L)

(K1 (2,), Q3™ (1)) -2

Jj=1

M; La (cj) ng(cy)

n

(n—1DIT(n+ a)(z — ¢j)

Lo (@), (343)

Ms

J=1
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Replacing (3.43) in (3.42) and multiplying by R,,(x), we deduce (3.39) for z € C\
{Ry U{e1,...,em}}. To prove (3.40), we can take derivatives in both hand sides of (3.39)

~ ~

[Ron(2)Qn(z)) = Aj(z;n)L(2) + Ar(z;n)[LS) () +
+B}(z;n) L, (z) + By (z:n) [LY_ ] (2). (3.44)

n

Now, multiplying (3.44) by x and using (2.27)-(2.28), we obtain (3.40). m

Lemma 3.3 The sequences of monic orthogonal polynomials {@%’m}nzo and {Ef{}nzo are

also related by

~

R (2)Q%™ (2) = Ag(z;n)L(x) + Baa;n)LS_(x), (3.45)
2[Ron(2)Qp (@) = Calwsn)Ly(x) + Dalain) Ly (), (3.46)
where
Ay (; ! Bi(z;n—1
2(xim) (n—1+a)(n—1) izin—1),
. B . (z+1-2n—a) _
By(x;n) = Aj(z;n—1)+ (n—l—i—a)(n—l)Bl(x’n_l)’ (3.47)
-1
Cy(xz;n) (n—1+a)(n—1)D1(x;n_1>’
Dy(z;n) = Ci(zsn—1)+ (z+1-2n—-aq) Dy(z;mn —1).

(mn—1+a)(n—-1)

Proof. The proof of (3.45)-(3.46) is a straightforward consequence of (3.39)—(3.41) and
the three term recurrence relation (2.24) for monic Laguerre polynomials. m

The following lemma shows the converse relation of (3.39)—(3.45) for the polynomials
L3 (x) and L, (x)

Lemma 3.4

L) = f&(;”;)) (Balas )@ (@) = Bi(w;m) @571 () ) (3.48)
L) = o (Mm@ @ + A @). G

where
A(xzyn) = A1(z;n)Ba(x;n) — Bi(z;n)As(z;n), deg A(x;n) = 2m.
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Proof. Note that (3.39)—(3.45) is a system of two linear equations with two unknowns

L(z) and E%fl(x) and from the Cramer’s rule the lemma follows. m

Lemma 3.5

G(z;n)Qe™ (@) + F(zsn)[Qe™)' () = H(z;n)Qw" (v), (3.50)
J(z;n)Q™ (x) + F(z;n)[Q%™) (x) = K(x;n)Q0™ (x), (3.51)

where

F(z;n) = zA(z;n)Rp(z),

G(z;n) = zA(z;n)R,,(z) + Ry(x) [Di(z;n)Az(z;n)
—Ci(z;n)By(z;n)]

H(zin) = Rp(x)[Di(z;n)Ar(z;n) — Ci(x;n)Bi(z;n)), (3.52)

J(x;n) = zA(z;n)R,,(x) + Ry(x) [Ca(x;n)Bi(z;n)
—Da(w;n)Ar(z;n)],

K(zin) = Rp(z)[Co(x;n)Ba(z;n) — Da(x;n) Az (23 n)).

Proof. Replacing (3.48)-(3.49) in (3.40) and (3.46), (3.50) and (3.51), holds. m
From (3.50)

040 = gy (Clasm)@™ (@) + Flasn) Q3™ ().

Q

and replacing this polynomial in (3.51), after some cumbersome computations, we obtain

Theorem 3.8 (Holonomic Equation) The n—th monic orthogonal polynomial with res-
pect to the inner product (3.2) is a polynomial solution of the second order linear differential

equation with rational functions as coefficients

[Q5™] (x) + Ry (23 ) [Q4™] () + Ro(; n) Q™ () = 0, (3.53)
where
' B ub,, (x;n) R () a+1
Talwn) = @) T R T e T

Ro(x;n) =
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J(x;n)G(x;n) — K(x;n)H (z;n)
F2(z;n) ’
uom(z;n) = Di(x;n)Ai(z;n) — Cr(z;n)Bi(z;n). (3.54)

_l’_

Note that ugp(z;n) is a polynomial of degree 2m.

Remark 3.1 Notice that the polynomial uam, (x;n) plays the same role that the polynomial
u(x;n) (see (3.81)), In the Ismail’s model for just one mass point. Notice that degu(x;n) =
1ifc=0 and degu(x;n) =2 if ¢ < 0.

Next, we apply again the Stieltjes’ ideas (see [39] and [101]) to study the electrostatic
interpretation of zeros of perturbed MOPS from an alternative point of view to that
followed in the preceding sections, for the specific case of the Laguerre measure. This result
generalizes that of (3.37) for an iterated Uvarov perturbation on the Laguerre measure
dpie(z) = % dx, a > —1.

Let @%m(x) be the n-th monic orthogonal polynomial with respect to the inner product
(3.2), i.e

(@™ (@), @) =

/ Qo™ () ¥ dyug (2 +ZMQ (cj)ch =0, k=0,1,2,....n—1.  (3.55)

m
HZ_CJ

then is straightforward to see that Q%™ (z) is quasi-orthogonal of order m (see [11, Defi-
nition 1]) with respect to Ry, (z)dpqa(z), i.e.

+00 R
/ 2" QU™ (x) Ry (x)dpe(2) =0, k=0,1,2,...,n—m — 1. (3.56)
0

As a well known consequence (see [99, §3.3]), the polynomial @%m(:c) has at least n — m
changes of sign on [0,400). Hence, Q3™ () has at least n — m zeros of odd multiplicity
on [0, 4+00).

Furthermore, there is at most one zero of @n in each gap between c;’s, assuming ¢y = 0.

This can be proved by contradiction. Suppose that the polynomial @n (x), orthogonal with
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respect to the inner product (3.2), has two simple zeros 21 and z2 both inside the interval

(¢k,ck—1). We can write Q,,(z) in the form

Qn(@) = (z — 21)(z — 2)d4n—2(2), (3.57)

where g,—2(x) is certain polynomial of degree n—2. Obviously, if du,, (v) = xr, x%e” “dx+
> ity Mjo(z — ¢j), then

I = / Qn()tn—2(x)dpim () = 0 (3.58)
R

because the orthogonality of @n(a:) to polynomials of lower degree.
On the other hand, (r — z1)(z — z2) > 0 whenever = ¢ (c, cx—1), hence from (3.57)

L - /R (& — 21)(x — 22)¢2_ () dpim ()
-/ (2 — 1) (& — 22)% (@)t () > 0,
R\(¢k,Cr—1)

contrary to (3.58). This implies that @n(w) cannot have two zeros in (cg, cx_1).

From the Fourier expansion of the polynomials {Q\%’m(z)}nzo in terms of the monic
polynomials {E%(:c)}nzo and the definition (2.3) of kernel polynomial associated with
Laguerre polynomials, it is straightforward to prove that {@%’m}nzo and {Zf{}nzo are
related by

m
o) = Lo(x) = > MQn™(ej) Kn1(x, ¢5). (3.59)
j=1
Evaluating (3.59) in « = ¢, with & = 1,2, ..., m, we obtain the following system of m

linear equations (1 < k < m) with m unknowns Q5™ (¢;) (1 < j < m)

m
Lo (cx) = (1 + ap K- 1(cp ) Q0™ () + Y MK, 1(cj, cr) Q3™ (c;)-

j=1

ik
Next, we present the electrostatic interpretation of the distribution of the zeros of
{Q\S’m(x)}nzo as the logarithmic potential interaction of positive unit charges in the pre-
sence of an external field, for {ci,ca,...,cnm} € [0,+00). We use the fact that this family
of monic polynomials satisfies the second order linear differential equation (3.53). Notice

that the zeros of @%m(m) are real, simple and belong to the interior of the convex hull of
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Ry U{cy,co, ..., em}, because duy, is a positive Borel measure. Now we evaluate (3.53) at

", where {:1; 7k}k:1 are the zeros of Qn (z) arranged in an increasing order, yielding

Q™" ()

(Qn™) (@)

Using the explicit expressions Ry (:U?k, n) we get, for 1 < k <mn,

= _:Rl( nk;n)'

n (e U (T 51 Rl (2™ 1
Q5" a1 _ onlaiin) | Faleih) okl o
Qn""] (x1") uQm(xn,k;n) R (z7) Ty ke

s )

Taking into account the fact that the zeros of @%m(x) are simple, then

@ =3 T @-am). @ =203 T] -

i=17=L i=1 j=1, I=1,
i G i

n
@V = LG —amy. @) =23 T e —ap
=1, b b
=1 R

Consequently, (3.60) reads as the “electrostatic equilibrium condition” (see [39] and [47]
for other examples). Indeed, with 1 < k < n,

Z 1 luém(xf:kvn) B Rin(fﬂflfk) ot n 1 0 (3.61)
= Ty — x;”k 2 uQm(fok; n) Rm(x;”k) 2z 2
J#k

We should notice that according to the Lemma 3.2 and the fact that the zeros of
Q%™ (x) are simple, then usm (z7'y;n) # 0. The above equation means that have an
unstable (at least in principle) equilibrium on the zeros of the family {Qn""(x)},>1, that
is, the gradient of the total energy is zero at the points {xf{fk}lgkgn. In other words, the
energy functional has a critical point (either a relative extreme or a saddle point) therein.

We now consider n unit positive charges located in the real line, with a logarithmic

interaction under an external field V' (z). For x € R\{c;} the total potential is

1 1
a ;r ln+ Sa. (3.62)

Vx) = %ln Ugm(z;n) — In Ry () —
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The term — In R,,,(z) is the potential field due to the mass points of our measure. Thus,
we have in (3.62)

1 1
V(z) = 3 In ugy, (z;n) — 5 In (R, (z)z*te™™) .

Following [45], the term
1 B
Vlong (T) = 5 In (an(q;)ma“e w) )

is said to be a long range potential, which is associated with a polynomial perturbation of

the Laguerre weight function. Similarly,

Ushort (LU) = 5 In U2m(35; n)

represents a short range potential (or varying external potential) corresponding to 2m unit
charges located at the zeros of ug,(x;n).

Next we give some numerical experiments using Mathematica® software, dealing with
the least zeros of Krall-Laguerre polynomials. We are interested to show the location
of their zeros outside the interval [0, +00) and the position of the source-charges of the
short range potential vgper(2), which are the roots of the polynomial ug(x;n). In these
experiments we consider in the inner product (3.2) two fixed mass points (that is, m = 2) at
points ¢; = —1 and ¢; = —2. The parameter o = 0 and the masses are always a1 = a9 = 1.
Notice that in the examples shown, the zeros of the Krall-Laguerre polynomials never
match with the zeros of uy given in (3.54), i.e. the polynomial u4 never vanishes at the
zeros of any Krall-Laguerre polynomial. The negative zeros appear in bold.

Next, we show the position of the zeros of the Krall-Laguerre polynomial of degree
n = 4 and the four real zeros of the polynomial us(xz;n). Notice that the polynomial
ug(x;n) have four negative real roots, but there is only one zero of the Krall-Laguerre

polynomial on R_.

2€70 1st 2nd 3rd 4th
@4(1:) —1.84565 0.0122706  2.65152 7.49184
ug(z;4) —1.93302 —1.48646 —0.60338 —0.000119291

As n increases, the situation changes as expected according to the Hurwitz’s Theorem,
and the mass points attract exactly one zero of the Krall-Laguerre polynomial in each gap

between them
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Z€ero 1st 2nd 3rd 4th 5th
@5(30) —1.9219 —0.439622 1.73422 5.20588 10.7544
ug(z;5) —1.96394 —1.56249 —0.767607 —0.11943 -

Next two tables show the behavior of the zeros of Krall-Laguerre polynomials and u4
for degrees n = 6 and n = 10 respectively. Notice that the two negative zeros of @n(x)

and the four zeros of us become more negative approaching to the position of the mass

points
zero 1st 2nd 3rd 4th 5th 6th
@6(90) —1.96485 —0.711952 1.23489 3.98228 8.03313 14.1729
ug(z;6) —1.9831 —1.61526 —0.871511 -0.275212 -— -

2€70 1st 2nd 3rd 4th 5th oth
@10(:5) —1.99898 —0.979076 0.515223 2.00183 4.11731 6.87812
ug(z;10)  —1.99949 —1.69674 —0.989683 —0.54116 — —

In Figure 3.5 we present an example of the electrostatic behavior of the zeros of

~
a,m

3
The dotted line shows the monic standard Laguerre polynomial of degree n = 3 with pa-

rameter o = 0, Eg(w) and the thick black line shows the graph of @g’m(x) in the particular

(x), the perturbed Laguerre polynomial of degree n = 3 with parameter o« = 0.

case of two mass points a1 and a9 located at © = ¢; and = = cg, respectively. The thick
blue line shows the total potential V(x) that rules the behavior of the zeros of @g‘m (x),
and the green and orange thin lines show the short range vgpor¢(2) and long range vjong(x)
potentials, respectively. Notice that vgpet(x) has its source points in the four zeros of the

polynomial ug,, (z;n) (thick red line).
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_1.0: [ ‘\

L3(x) monicstandard Laguerre OP of degree3
— Q3(x) monic perturbed Laguerre OP of degree3
— U, n(X;n) polynomial with 4 zeros (Vg potential sources)
— Vgort(X) Short range potential
Viong(X) Long range potential
— V(x) Total Potential

Figure 3.5: Potential graphs for two mass points.



78 CHAPTER 3. KRALL-TYPE ORTHOGONAL POLYNOMIALS: ZEROS



CHAPTER 4

Krall-Laguerre OPS: Asymptotics

4.1 Introduction

In this chapter we consider the MOPS {@f{(m)}nzo with respect to the inner product

o= [ " He)g(e) duia(x) + MF@g(), g€ P, (4.1)

where dpo(z) = 2% *dz, « > —1, M € R*, and ¢ € R_. This is the Uvarov canonical
transformation of the measure dj,, introduced in (2.13). The polynomials {@% () }n>0 are
said to be either Laguerre-type or Krall-Laguerre OPS.

In [52] analytic properties of orthogonal polynomials with respect to a perturbation
of the Laguerre weight when a mass is added at x = 0 are considered. When the mass
point is located at ¢ = 0 in (4.1), an electrostatic interpretation of the zeros as equilibrium
points with respect to a logarithmic potential, under the action of an external field, has
been done in [26].

First, we consider some algebraic and analytic properties of such polynomials and to
present a comparison with those of Laguerre polynomials. We obtain the representation of
these polynomials in terms of the standard Laguerre polynomials as well as hypergeometric

functions. The lowering and raising operators associated with these polynomials are also

79
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obtained . Second, we analyze the outer relative asymptotics as well as the Mehler-Heine
formula for these polynomials.

Finally, we consider again Laguerre-type MOPS {@%’m}nzo with respect to the inner
product (3.2) in order to generalize the previour results for m mass points. We find the
explicit formula for their outer relative asymptotics that such polynomials satisfy. Of
course, for m = 1 and ¢; = ¢ we recover the same results for only one mass point.

From now on, the notation u,, = v,, means that the sequence u,, / Up,, converges to 1 as

n — oQ.

4.2 Analytic properties of Krall-Laguerre OPS

4.2.1 The connection formula

Applying Theorem 2.6 to the sequence of monic Laguerre-type orthogonal polynomials
{@5(2) In>0, we get
@Qn(z) = Ly(z) = MQy (¢) Ky (,¢). (4.2)

In order to find @ﬁ (c), we evaluate (4.2) in « = c¢. Thus

5 L3 (<)
“(c) = - 4.3
Q?’L (C) 1 _|_ Manl (C, C) ( )
and replacing this value in (4.2), we have
- ~ M L%(c)
Qn(x) = LY (x) K,_1(x,c). (4.4)

14+ MK,_i(c,c)
On the other hand, from (2.4)
1 Ta(, \Ta Ta Ta
(@ = Koma(0:0) = o (Za@Ioalo) - Lo @)I5(0).
n—1lla

and (4.4) becomes

. ME%(C) Ta T To c) — Ta T Ta c
T e (@)~ I @)

= L2 (z) + A,LS(z) + B,LS_ (x),
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where

M L8(c) L8 (c)

A, = Bn_c_ = ,
IZo 2 (1 + MEo1(crc))
o 2
B - n M(Ln(c)) B < 14+ MK,(cc) >
CT T B B MEaa(e) "\ ME,(e0))

Introducing the notation

anzw bn: 1+MKn(C,C)
Ly (c) 1+ MK, 1(c,c)
we get
- 2
A, = Bn—c—M Tn g 1(c) (Ln(c)>
HL‘”H2 La(e) (1+ MK, 1(c,c))
= Bn_C—M’)/n — ()((1+K( ))_Kn—l(C7C)—1)
La(e)  ILgl2 (1 + MEKyoa(e,c))
Ly 1(c) ( 1+ MKq(c,c) >
e Lg(e) \1+ MK, 1(C ¢)
C (Ba— ) L8(0) + Ly () _7 1(6) 14+ MK (c,c)
Lg(c) (c) 1+ MEKn_i(c,c)
— M_7 L2 1(¢) 14 MK,(c,c)
La) " Lgle) 1+ MEna(cc)
by B,
= “an—"7n = —a, —
Ap—1 Ap—1
and

Notice that from (4.5)

(z— ) Q3(x),La 4(2))a
15,112
(Qs(@), (x — ) L& (7))
15,112

81

(4.5)
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NQalla, 11Q%13,

= 2L
125113 L5113

This yields an expression for the ratio of the energy of polynomials (in the sense of signal
theory) @% and Eg with respect to the norms associated with their corresponding inner

products.

Proposition 4.1 Let H@;’{H?w be the norm of Laguerre-type monic polynomials with res-
pect to (4.1). Then

1Qal3; 14+ MK, (c.c)

IZglz 1+ MEnoa(ec)

Proof. Taking in account

Q0113 = (@ax),a™)u

and using (4.3), we get

~ 2
o ()
I8+ TR e

Qa3 =
/\a 2
(1 4+ MK (e,0)) + L)
1+ MK, (cc)
9 1+ MK, (crc)
M+ MK, (c,c)

= IL3113

Ta
= |3l

Remark. From the expressions (4.6) and (4.7) we observe that two basic parameters
(an,by) are needed in the connection formula.

As a conclusion,

Theorem 4.1 Let {@g(x)}nzo be the sequence of monic Laguerre-type polynomials or-
thogonal with respect to (4.1). Then

(z — )Q%(x) = LG4 () + AnLS () + B Ly (2), (4.8)
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where

ME& C Ea_ C b
= 5 n() nl() = —an — n : (49)
||Ln71||a (1 +MKn—1(C, C)) Ap—1
14+ MK,(c,c)

= b
1+ MK, 1(c,c) non>

A, = Cn+14+a—c)—

B, = n(n+a) (4.10)
with R

Ipn(©) |, _ 1+ MK o

La(c) "1+ MK, 1(cc)

ayn —

4.2.2 Hypergeometric representation

Next we will focus our attention in the representation of this new family of orthogonal po-
lynomials as hypergeometric functions. From (4.8) and the hypergeometric representation

of the classical Laguerre polynomials

(-1)"T(n+a+1)
I'a+1)

1F1 (—n;a—i— 1;1‘),

we can write

~

S —n — -n xk
@=9@@) = —(1"@+tn+Da+1),y D <<( ! >

k:O(—n—l—i—k) a+1), k!
Y bn 1" (« G (_n)k ‘Tik
<n+fynan—1>( D™ +1)nkzo((a+1)k k:!)
(04 Do

- o\ n (_n"i'k) (_n)k ik
Ynbn (=1) (a+n) k:Z:O (—n) ((04+1)/<; k!)
. 00 (—77,) l‘k
= (-1 m+1%2§<m+fﬂm>
—(a+n+1)(—n—1)
damemt

bn>_(%m Pn+@}

— | an +
<n %an_l a+n) (—n)

Now let’s write the expression in brackets as a rational function in the variable k. A careful

computation of the elements of the sum inside these brackets, yields

bn>_(%% Gn+@]

a+n) (-n)

T{a+n+1ﬂ—n—n

Cn—1+h) _<““+%

n—1
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, Ue—en) (k= e3)
"(k—(n+1)
where
e1 = an_ai : (1 + V& = 4dobuan)
ey — 2bnai : (dn — /&~ Adobain 1)
do = (n+ 1) (Ybn + anor (an + 1+ a +n(1+by)),
di = —nbn — an1 (bn 20+ 1) + ay) .
Thus
w-a@m =3 (CEE )« et e

Notice that although the sum is up to infinity, this is a terminating hypergeometric
series, because the Pochhammer symbol (—n), becomes zero if & > n + 1. Now, using

some properties of the Pochhammer symbol, we can write

(k—e)(k—e) _ (ze)) (1 —er), (—e2) (1 —ea), ( —(=n—1), >
(k= (n+1)) (—en)y (—e2) (n+1) (=n)y
< e1es ) (1—e1), (1 —e2), (= —1),
(

n+ 1) (—6’1);C (—62)k (_n)k

and, therefore,

—c N ) = (=1)" €1€2 - (1*61)k(1*€2)k(*”*1>k
(z —c) Qn(7) (1) b"< ) "kzo (—e1) (—e2)y, (—n),,

B . e1e9 ad 1—62) (—n —1), 2*

= (= b”( +1> ”;‘) )]Za+1) T

= CmagFg (1—61,1— €9, —1;— 62,@4—1;1’).

Finally, the hypergeometric representation is

~ C,
Qg({L‘) = <W> 3F3 (1 — €1, 1-— €2, —N — 1; —€1, —€2, + 1;.1‘) . (4.12)
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4.2.3 The three term recurrence formula

Taking into account

2Q%(z) = Q%1 (x) + BnQ2(x) + Fn Q0 () (4.13)
we get
7 - <x@z<xg,©z<x>>M:C+<<x—c>©g<x>;©z<x>m
Q2113 Q2113
_ oy -0 08(@), Qa@))a
1Qx13,

But, from the connection formula, and after some tedious computations, the previous

expression becomes

_ (L@ = (@0 + 072 ) L3@) +9mba Lo (). Qi)

Bn = c+ =
1Qn113s
_ . (an Tn ) M Ly(e)Lf ()
bn ap—1 ||L${_1||gé 1+ MK, (Ca C)

1 1
— n n 1—— - n— 1-—- .
Pnra < bn> ¢ 1< bn—1>

On the other hand

Thus, as a conclusion

Proposition 4.2 The coefficients of the three term recurrence relation for the sequence

of monic orthogonal polynomials {Q\%(x)}nzo are

~ 1 1
Bn = Bntap(l———)—ap1(1- , (4.14)
bn bnfl
~ bn,
Tn = b Tn- (4.15)
n—1

Indeed,

/En o CLin _i _an—l o 1
ERES L () R ol ()
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86
- (Ez0)° N (51()*
— 1 Lia (o) ILg]12 1 Ly (o) e 12
Bu Io(c) |\ 1+MEu(co) | Bulo (o) | 1+MEK,a(cc)
But
ME%—H (c) E% (c)
Loti () Lyt (C)>

~ ~ 2
IZ511% + M (n+ Dint (287 (c)) ( -

(1 L <c>> (1 LA <c>>
_ Ly (o) L5+ (o) (16)
L5113 . <1 L@ Ih <c>) | |
Ly (o) L™ (o)

M (n+1)n! (E%H (c))2

According to Perron’s formula (see also Appendix C)
Ea—l—l
$1@ g VI g

the expression (4.16) becomes

(o) (o)

() ()

Vnyvn +1 — —2/]cn'? + 0 (n71/2> '

Thus
~ 1 (_2\/Hn1/2 +0 (n—1/2>>

.
g~ "tarita
1 —

s (VI = DY 40 (- 1))

1— 2\Cn—:s/Q L0 (n_5/2> ‘
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On the other hand, from (4.14) and (4.5)

B _ b
Tn bn—l ’
again we take into account
1+ MK,(c,c)

1+ MK,_1(c,c)

M(Z3(0)”
IL212
= 1
* 1+ MK,_i(c,c)
~ 2
(Za@)
- [EHIR St N Fatl o Fatl
gyl (B @) - I @I o

T CAY
Lyti(e)

R ot () 574 (0
~ 2 + (n + a) 1 - Ta+1 Aa+?
M (n))? (Lgﬂ(c)) Ly* (o) Lyt ()
14 4o (n-ar2)
- a NE
C C
1— | +Y—+1 -1 — 1+0
(n+a) <ﬁ+ +0(n ))( m-ﬁ- +
)
= 1+ :1+2\/]c|n_1/2+0(n_1).
(n+ ) Vel
2n3/2

As a conclusion, we have
Proposition 4.3

g” = 1—V2|c’n_3/2+(‘)(n_5/2),

no— 142 leln™Y2 + 0(n7h).

In
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4.2.4 Lowering and raising operators

From the connection formula (4.8) we get

~ ~

(z— )Q(x) = (v + Ap — Bn) L3(x) + (Bn — ) LG (2). (4.17)
Notice that for x = ¢

(¢4 An = Ba) Lix(e) = (v — Ba) L ().

Thus .
C+An_/8n:<'7n_Bn)7
an—1
and (4.17) becomes
N 1\ ~ .
(@0 = (o= et (=B ) T+ (B = 20) B a0

_ (x_c_an_l (1— ! ))Eﬂx)w(bn—lm1<:c>.<4.18>

bn—l

On the other hand, introducing the shift n — n — 1 , the above expression becomes

(z —e)Q%_,(z) = (x —C— s (1 — >> L 1 (2) + Y1 (bp1 — 1) L& o(x)

bn—2

and, using the three term recurrence relation, we get

(z—0)Q5_(z) =

(x —C—ap_o (1 - b;) + (bp1 — 1) (z — Bn_1)> Lo (2) = (by_y — 1) L(z). (4.19)

Thus, taking = = ¢, we obtain

(can-a (1= 5 )+ Gus = e 5un)) B a(0) = G - D RO

n—2

i.e.

<—an_2 <1 _ > + (bpo1 — 1) (c — Bn_1)> = (by_1 — 1) an_1.

bn—2

Replacing it in (4.19) we get

(2 = Qo1 (z) = (bp—1 (& = ) + an—1 (bp1 — 1)) Loy (x) + (1 = by 1) Ly (2).  (4.20)
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As a conclusion, from (4.18) and (4.20) deduce the representation of Laguerre polyno-

mials in terms of Laguerre-type polynomials which will be very useful in the sequel.

Eg(a:) =
(z— C)Aég(x) Yn(bn — 1)
(=) Qn_1(®) bn1(z—c)+ap-1(bp—1—1)
T c—an 1 (1- bnl_l) b — 1)
1—by bn—l(m - C) + an—1 (bn—l - 1)
—c a _ 1 o ) — azb—l - 1 Aa -
o=t (1- )@ - 22 (1- .1 ) @ .
(z —c)
n—1(2) =
T—C— ap_1 <1 - bn11> Q% ()
(1=bn1) 1 ()
bp—1 (z —c)
! 0% (x ! xT—c)—a ! 0% (x
= <1_ bn1> AT {( ) (1 bn1>] il ). (4.22)

(z —c)

Next, taking derivatives in (4.18) and multiplying by x

oQia) + (o - Q@) = ai@)+ (2 e (1- 5 ) ) alfal@)
Pt~ )2 [ (@),

but, according to the lowering operator for Laguerre polynomials (2.27) and the three term

recurrence relation that they satisfy, the above expression becomes

2Qp () + @ (x - ) [Qn) (@)

= xfg(ac) + (a: —c—ap—1 <1 -
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Flba = 1) [0 = D) L1 @) + 31 Lo (o)
_ eL%@) + (x Ce—an (1 - n11>> [nE3(@) + 3 L3 ()]
b = 1) [(n =1+ 7 = Bom1) gy (@) — L5 ()]

1 ) —n(n+a)(by — 1)] LY()

bnfl

= [(n+1)x—nc—nan1 (1—

9 [bnx —e—an (1 - ) — (n+a) (ba — 1)] e (2).

bn—l

Multiplying both hand sides by (z — ¢) and using (4.21) and (4.22) we get

~

z(x—0)Qnla) +z (- 0)? Q) (2) =

[(n—i—l)x—nc—nan_l (1_ ! ) —n(n+a)(bn—1)} (x — ) I°(x)

bn—l

! >—(n+a)(bn—1)} (x—0)T° , (2).

+n [bnx —C—Qp—1 (1 —
bn—l

Introducing the parameter

Cn=CH an_1 (1—

the above expression reads as

~

z(x—0)Qnla) +z (- 0)? Q) (2) =

(0 +1) 2 — ney] { [(:c — )+ an_y <1 _ bn11>] 0% (x) — ‘Zi—l (1 - 17 @3_1(:,;)}
v [t — ] {(1 _ > G(x) + bnl_l {(g; — ) —ans (1 - bnl_l ] @gl(x)} .

bn—l

As a conclusion,

[x(x—c)zdi+a:(a:—0)—[(n+1):c—ncn] <$—C+an_1 (1_ 1 >>
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= |=In+1)z—ne,) bnj <1 N b:l)

+b3f1 [bnz — cn] <m —c—ap1 <1 - bn1_1>)] 0% ().

Thus, we get the expression for the lowering operator £,

£,Q%(x) = up (2) Q2_, (x)

where J
L, :x(x—c)z——nazz—Fan—FEn
dx
and
1
D, = b ) (an—l + ’ann) + Y — Gp—1 — 2 (’ann - cn) 5
—

1
E, = c, ((nan_l + Yn) (1 ~3 > — cn> .
n—1

Notice that u,(z) is a quadratic polynomial

Uy (z) = Fpa? + Gpa + Hy,

with
bn
Fn = n )
7 bnfl
1 a2—1 In 1
n -1 z 1) - n bn - -1 n— )
G (bn—l ) bn—l (n+ ) bn—l (C + <C <bn—1 )a 1))

1
c—(b - —1>an_1 1 a2
H = n- _ o 1 n—1 .
" i bn—l Hen (bn—l > bn—l

Taking into account the three term recurrence relation (4.13)
Tnln @i (@) = un (2) | (2= B ) Qi)

Thus, we get the raising operator

~

(@)

R = A + (2 = Ba) un (2)
ie

R Q5 () = un (2) Q44 ().
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Notice that, combining the former raising and lowering operators, we can obtain the

holonomic equation (3.36) from a different point of view. Let

1 . ~
mRan($) = Q%H(x).

Applying the lowering operator in the above expression yields

L

and thus, the holonomic equation satisfied by the Krall-Laguerre OPS follows directly.

tant | 7% (@) = o () Q30

4.3 Krall-Laguerre OPS: Asymptotics for one mass point

4.3.1 Outer relative asymptotics

In this section, we will obtain some results concerning the asymptotic behavior of Laguerre-
type orthogonal polynomials in the exterior of the positive real semi axis. Taking into
account (4.4), R

MLy (c)

@n(@) = Inl@) = 753k e )

anl(x’ C)a

by using the standard normalization for Laguerre polynomials (2.30), and dividing by

S (x) in both hand sides of the above expression, we get

lea) (.CC) _1_ ML%O[) (C) K, (x7 c)
L,(la) (:U) 1+ MKn_l(C, C) Lq(@a) (:E)

Using the Christoffel-Darboux formula, this expression becomes

Qi (x)

:1—
LM ()

ML (e)
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- 14+

R aslC L&‘i)l(c)_LS‘_%(:c)) 1
= 1+ L@ \ L) L ) o - (4.23)
[ e e GO EC L,(f“)@)]
nn-0 (L) B e e

Next, applying Lemmas C.1 and C.2 in (4.23) we get

EAY E N=ANE
(2 (1280 )

L @) N
M(—l—\/ﬁ+1+ nl)
Vi (V=) = Vid)
= 142 p—
1
_ V= —+/lc|
V=2 +/]c|

and the convergence is locally uniformly on C\IR, . Notice that, according to the Hurwitz’s
theorem, the above result shows that the point x = c attracts one zero of Q%a) (x) for n

large enough.

4.3.2 Mehler-Heine type formula

Concerning the Mehler-Heine formula, notice that from (4.23)

W (/)

A S — 1+
LM (@ /n)
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L;Ot-‘rl) (C)
L(Oé-‘rl) (C)

n—1

M |1-

X

Lie)  Li(e/n) ) =

Ly () [Lfit%) - L;C"*U(c)] |
L) L)

n

2<L§f“_’1(c) LY, <w/n>> 1

—C

L3112 n
2 «
nn- (L00) LY

Proceeding as above

Qi (w/n) o L (e/n)
ne - ne
w9y (n3/2)
n
1222 L% (0) [ Lt (e) LW”(C)]
2 a+1
nt(n— 11 (L3 (0)) L V(e [ L

L) L)
X <_1> (Lff‘)(x/n) L(a) (c) L;a 1 x/n

n—

c ne (a)
Ml (@) . x/n \/ﬂ L( ) ;(;/n )
-~ L2“>(x/n>_M”CL”()< Hﬁ) "
n 1 1
M/lel (ﬁ Vi
o L) LG o)

Notice that the addition of a mass point changes the sign in the Mehler-Heine formula
that the standard Laguerre polynomials satisfy.

In Figure 4.1 we present the convergence predicted by the above Mehler-Heine type
formulas. The first one shows the ratio L) (x/n),/n® for three increasing values of n:
n = 60 (red solid), n = 100 (red dashed), and n = 170 (red dotted), with parameter o = 1.
The convergence is towards the thick black graph of the function z~%/2J, (2\/z). The
second one shows the ratio Q,(f‘) (z/n),/n* for « = 1 and other three different increasing
values of n: n = 50 (blue solid), n = 100 (red dashed), and n = 150 (red dotted).

Notice that, in this case, the convergence is towards the thick black graph of the
function —z~*/2.J, (2\/), showing how the addition of a mass point changes the sign in

the Mehler-Heine formula.
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006 | |

0.04

002+

~0.02 -

~0.06 |

0.06 -

0.02}-

-0.02}-

-0.04

~0.06 -

Figure 4.1: Comparison between Mehler-Heine type formulas

4.4 Asymptotics for Krall-Laguerre OPS with m mass points

4.4.1 Outer relative asymptotics

In this section we need two useful lemmas concerning the rate of convergence of the ratio

of two classical Laguerre polynomials of different parameter and degree (see Appendix C)
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outside the support of the measure. Using these two lemmas, we deduce

L) L) el = Vial el = o] a
+ + O(n3/?)
2@ (e ’

) L) Ve 2n
o (4.24)
Ln—l ( 2) _ Lv(za)(ci) _ i +0 (TL*S/Q) _
L) Lhe) 2
On the other hand, from (3.59) we have
QW™ () = LM (x) = > M;Q\™ (¢j) Kn-1(cj, ), (4.25)

=1

where Q{™ (x) = CLE Qawm (x). Dividing by Ll (x) in both hand sides of (4.25), we get

n!

o () (cj, )
7_1— M;Q() ”177’. (4.26)
L@ Z L' ()
Next, we will analyze
()
lim @n_ (%) (4.27)

n—00 L7(106) ( x)
when z € C\R. In order to prove the existence of such a limit, we will find the solutions

of the following linear system

[1+ arp K1 (ck, cx)] Q™ (cn +ZM Kn1(cj, ) Q5™ (cj) = L (er)  (4.28)

7
with & = 1,2,...,m, obtained from (4.25) where z is evaluated at c1,co,...,¢p. Let us
define
P () = —M Qe (¢ Hnctl0:2) (4.2
Ly (z)
and
lim P® )(cj,x) = pl®) (¢j, ). (4.30)

n—oo
From (4.26) and (4.27) we need to figure out the values of p(®)(c1,z),...,5Y (¢, z) to
obtain the outer relative asymptotic for Q,(la’m) (). From Cramer’s rule, we see that

Q%a’m) ci) ", are affected by the location of all the m mass points. From (4.29) we have
7)55=1

— LI ()P (¢), x)
Man,1 (Cj, {L‘)

Qe (e)) =
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and then we replace for all j = 1,...,m, these expressions in (4.28) to obtain the next
linear system in the unknowns P,§“>(c1, x),... ,PT(la) (cm,x)
@n(l,x)P,(La)(cl,x) + -+ \I/n(l,m,a:)P,(La)(cm,x) = -1
: oo : Do ; (4.31)
U, (m, 1,$)P7Ea)(cl,x) + -+ q)n(m,x)P,(La)(cm,x) = -1
where
(o)
L 1 1 Kn 1y~
O,(i,1) = (z) 1/ai + Kn-a(ci, ) (4.32)
(a) (Cz) anl(c’tv -T)
()
Ly, n—1(Ci;
(i, j,x) = <$) e C])' (4.33)

L (cj) Knalein @)
No matter the number of equations of the previous system, in each of the m previous
equations we will have always only two different quantities. Only one (in each equation)
of the type ®,,(i,z) and m — 1 of the type ¥, (i, j, x).
Next we estimate the rate of convergence of (4.32) and (4.33) as n — oo. Taking into

account

w—v= (Pl + VDol - VIul), Vv e R,

in (4.33) we obtain for z € C\ R4

L(‘”l(cz) LY ()
\/—:B—i—\/\ci\) (V—x —/]al) L("‘> L (¢)

, L# ]
&1+ via) (Vg - vial ( © Lif_)l(x)) 7

L#’(e» L (2)

W (i, j, ) =

(V=2 + /]ai]) + 0(n~1/?)
lcj] + /les]) + O(n=1/2

lim U, (i, j,a) = vz + e

n—00 |Cj‘ + |CZ‘

From (4.24) we deduce ¥,,(i, j,x) =

, and, as a consequence,

(4.34)

On the other hand,

[ARIE LtV ) L () (L85 ()
n-a; <L;a)(ci))2 L(a)( i) L(a)(cz) 5171;1)((:1-) L(a 1(ci)
L(a> (C L(a>l($
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and using (4.24) we get
(V= VI W = VIl g + 0 7)
(V5 Vlel) + O(n172) |

b, (i,z) =

Thus,
lim @, (i, 2) = Y2 Vel
n—00 2 /‘Cz
Next, from (4.30), (4.34), and (4.35), and taking limits, when n — oo, in both hand sides
of (4.31)

(4.35)

\/TH Yoyl (e, z) 4+ Yortylenl Pl

Cm,T) = —1
1] ler|+4/|em] m )

VEzeVlal e

- + m
lem|+4/le1] )Cl,$)+-- +\/7 © |p(a)(

Cm,r) = —1
lem ]

It is not difficult to prove that the m solutions of the above linear system are

(@) (.. ‘Cl |Cl + |C] ) -
p (C’va) VZ—I,...,m.
V= ++/|cl H <\/|Cl vare

J#z
Now, from (4.29) and (4.30) we conclude that, if x € C\ R, then

(a;m) '
hmw = 1+th —a; Q™) (¢ )M
n—00 L(a) (z) “— n—oo L%Oé) (z)
= 1+ Zﬁ(o‘)(q, x)
i=1

m m
_2 . |4 .
1 2 : \Y% |ci] |ci] |C]|

From the expression above, we obtain

Theorem 4.2 ()
i @0 @) (Vo= Vel (4.36)
n—oo L”(Ia)(x) Pt} N —T + ‘Cl{,‘|

uniformly on compact subsets of C\R.
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Proof. The proof is based on the decomposition in partial fractions and the Residue
Theorem. To simplify the notation, we write t; = \/|ci|, 2z = +/—=z. Thus (4.36) becomes
a rational function (am)
a,m
im QTL (:1;) — T(z) — qm(z)’
n—00 Lgl) (.%') pm(z>

where ¢,,(z) and p,,(z) are monic polynomials of degree m, i.e.

m m
Hzft Hz+t

Notice that
am(z) _ . | [am(z) — pm(2)]

pm(2) a pm(2)

and the numerator in the above expression is a polynomial of degree at most m — 1. In

(4.37)

these conditions, r(z) —1 is a proper rational function, i.e. a ratio between two polynomials
such that the degree of the numerator is less than the degree of the denominator. Under
the above assumptions, when —t; are simple zeros of the polynomial p,,(z), it is well known

that always exists a decomposition in partial fractions of (4.37) as

(9m(2) = P (2)] = Zm: i, where A; = lim (z + ;) lgm(2) = pm(z)]'

P (2) 2ot 0, P(2)

Applying I’Hopital’s rule we have

It =t =TI —t) .

A; = [Qm(_ti/) - pm(_ti)] _ j=1 _ j=1 — ot H ti + tj,
P (=13) ot
[1¢ - i#i
i=1
J#i
for all ¢ = 1,...,m. Thus, the proof is completed. m

Remark 4.1 Notice that outer relative asymptotics for orthogonal polynomials with res-
pect to perturbations of measures supported on Ry or R (non-rescale case) have been
studied in connection with rational approximation. In [65], for orthogonal polynomials
normalized with the non-standard condition Qn(—1) = L,(—1) = (=1)", the author finds

the relative asymptotic behavior, that is an analog of our Theorem 4.2. Notwithstanding



100 CHAPTER 4. KRALL-LAGUERRE OPS: ASYMPTOTICS

that the conditions on the measures are general, we infer the relative asymptotic behavior
for either monic orthogonal polynomials or orthonormal from [65, Th. 1] is an unsolved
problem. The same problem is studied in [66, Th. 3 and Th. 4], but under more restrictive

conditions on the modified weight functions. These conditions are not satisfied in our case

Remark 4.2 Notice that that according to Hurwitz’s theorem, each cj, attracts exactly one
zero of the polynomial Q,(la) (x) for n large enough. In other words, we have exactly one

zero in each gap.



CHAPTER b

Discrete Sobolev Orthogonal Polynomials

5.1 Introduction

In this chapter we deal with sequences of polynomials orthogonal with respect to the

discrete Sobolev inner product

(fr9)s = /Ooo f(@)g(@)dp(z) + Mf(c)g(c) + Nf'(c)g'(c), (5.1)

where p(z) is a general positive Borel measure supported on E = [0,400), ¢ € R_, and
M,N € R,. Let {gé\/[’N(:n)}nzo denote the MOPS with respect to (5.1). They are known
in the literature as Sobolev-type or discrete Sobolev orthogonal polynomials. It is worth to
point out that many properties of the standard orthogonal polynomials are lost when an
inner product (5.1) is considered. In a more general framework, for measures supported
on the interval [0, +00) the zeros can be complex or, if real, they can be located outside
¢, +00).

First, we obtain the representation of these polynomials in terms of the MOPS with
respect to du(z) and (z — ¢)*du(x) (when k = 2, 4), and we analyze the distribution of
the zeros of the MOPS with respect to (5.1). Second, we study the asymptotic properties
and the zeros of the MOPS {gfl\/[’N(aﬁ)}nzo, when dpu(x) is the standard Laguerre measure.

101
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Third, we provide a matrix interpretation of the Sobolev-type orthonormal polynomial
sequence.

In the second half of this chapter, we find several results when the modified measure is
the Laguerre classical measure. We obtain some asymptotic results and the zero behavior
for the Laguerre Sobolev-type OPS. Moreover, we consider an extremal characterization
of certain interesting polynomials which arise from the computations, and that it is quasi-
orthogonal of order 2 with respect to the modified Laguerre measure (z — c)?z%e *dz.
The zeros of this polynomial are the limit of the zeros of {55’ ’N(x)}nzo, when M = 0 and
N — oo in (5.1).

5.1.1 Auxiliary results

Next, we prove some useful results concerning k-iterated orthogonal polynomials to be

used in the sequel. We remind that these polynomials were introduced in Section 2.2.1.

Proposition 5.1 Let Dq[lkll = det[ay;}]ogdgn_l, where a%] = dyﬂj, k € N. Then, the
following relation holds
D, = (—1y"DE NPk (), (5.2)
with DI | = A, ;.
Proof. For n > 1 and k € N,
=l g1 gl
1 d[lkq] d[2k71] dgtll]
P?Qkiu (x) = D k—1] : : ) (5 3)
n—1 dgc_—ll] dq[—ic_l] o d[2k7:l—_11]
1 x R

with P, = P The determinant in (5.3) becomes (see [99, formula (2.2.9)])

dy = ay e df T —d ey —d e
Blk—1 (-1 d[Qk_l] — d[lk_l]a: dgg_l} - d[gk_l]x e d%ﬂ” —di e
PF ) = oy : :
Dn—l : : - |
B dﬁf@” —dy e d - dg

Now, by using (2.19), (5.2) follows. m

Next we will compute some integrals involving ]3,[1k]
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Proposition 5.2 The following relations hold

(i)
[k—1]
o P,
/ PH()(x — &) Ldp(x) ="kwm”
0 P! }(C)
D12
Iy
= { Pl 5li—1]
k=1 k1 P ()
i LA
()z’:lP c
(i)

k k
mhﬁ<ﬂw[”mw2

Amﬂqu—@“%mm =

PP (o)
[nﬂuﬂwu{ ,

_ ) PRl N
<>[HH1<>HFﬂ¥$@m@m,kza

Yo P 2e) T B e

Proof. (i) Using (2.19) in a recursive way, as well as some properties of determinants,

we have
dF gl gk gl
k k k k
. aft dt g,
A R (O B
k k k k
dyly o dy e dy
d[[)k—l] d[lk—u d[Qk—l] gk
k—1 k—1 k—1 k—1
I B S o
- -1 -1 -
d,, ds dy dn+2
=| : : C | = (=)D
k=1 k=1 k-1 k—1
dy oy ay e dy
dgc—u d[lk—l} d[Qk—l] RO )
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On the other hand,

Blk—1]12 Pkt k—1 Dy
IPEUE Ly = [ e Bl e — o o) = ey
0 anl
and by using (5.2)
= 0Dy IRE R ey IR
PM()(x — &) Ldp(x) = - wlidl - 27 L (54
/0 Dy, P (o)
On the other hand, we get (see [99, Theorem 2.5])
S[k—1]
- i P (c) ~
k—1 n _
(= PM@) = B @) - 2y P ). (5.5)
n ()
Therefore,
plk—1]
~ P (¢), ~
K2 it k—1]|(2
P2 = —ﬁ[k_l](c)Hpr[L N2 ey (5.6)
By using the above relation in a recursive way we obtain
N k f)[zfll}(c) o
1B gy = (-0} ] 2 B2, k> 2 (57)
i1 Pa ' (c)
Combining (5.4) and (5.7), our statement follows.
(77) We have
k=2 k=2 k=2 k—2
o G G
1 dy dy dy g
Slk—2 :
[P7£+1 V(@)= =l : : : : |sn=>0 (5.8)
n k=2 k=2 k-2 k—2
dL ] d£z+1] dL-s—Q} d[2n+l]
0 1 2¢ - na™!
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Now, adding to the last column the n-th and (n — 1)-th columns multiplied by —2x and

z? | respectively, and repeating this operation for each of the preceding columns, we obtain

By () = —

n+1 —WX
dy™3 gt gl ol p2al L g ol g2l
A2l dl T ol g g2dl L g gt Ry 2l
de ™ dy ) dy - 2wdy T a2 dy ) - 20dy Y 4 a%dy,
0 1 0 0
1
~ oA
Ay 22l p2dl T AT oadi T 4 p2al A D 22dl Y 4 2l
dF 2 2zdlf T p2dl R G ol g g2l A A 9pa ) 4 2l
Aot =20 4 2d T = ed Y a2 = 2edy, Y
k=2 qi=2 . [k—2]
0 1 n
(5.9)
On the other hand,
k k k
T
oo dy dy e gy
A IO R I |
k k k
o,
di=2 gk gk

and by using (5.2), (5.7), and (5.9) we get

(k=2] [ plk—2]y/
~ : DI [Py )
(k] o N\k—2 _ n+1
| PH@E =0 o) = St s

n—

o~ k?— ~ k_
P () 11PE2 oy




106 CHAPTER 5. DISCRETE SOBOLEV ORTHOGONAL POLYNOMIALS

|| Pl [

_ (VMR ’ﬁﬁ#’;f%c)
BB i B )

[¥]

Finally, we state some results concerning the zeros xpn, r =1,...,n of 13,[116] ().

Proposition 5.3 (i) The zeros of Y (z) interlace with both the zeros of ]331711] (z) and
ple=1l (2)

), i.e.

[k U< :B[ } < $1[f+11}r+17 r=12..,n

(7i) Between two consecutive zeros of P, 7[11112], k > 2, there is exactly one zero of ﬁ[lk]

(7i1) It holds

sign PF=2] (xlf]_”) =(—1)""" = —sign ]37[1]32} (x[k] ) r=12,...,n—1.

n—1,r

Proof. (i) Here we will use the same argument as in [15, p. 65] (see also Appendix B).
It is well known that the zeros of 137[111_11} (x) interlace with the zeros of pl1 (x), ie.

0<x£l+1]1<x[k ! <$[k 1] <x[k 1 <:L'£H_11]n+1<00

Slk—1]
From (5.2) 27[:!»_11]20;

< 0 and taking into account (5.5)

Cc

sign PIF }(:c[rf:llL) = sign PPl (x ZCJF l]r) = (=) =12, 041,
sign FifIlly 1) = sign B Gl ) = (-1 e =12, m

[]

Thus, there exist zeros ., 7 = 2,3, ..., n, of IS,W (x) satisfying

[k—1]

[k < SU[k] <Tpyirt1r T = 1,2,...n

(77) Notice that this result was proved in Theorem 3.2 for k = 2. By using (5.5) and the

recurrence relation, we obtain
(2= 0P (2) = (i + don) Py () + dsn P2 ().

Since PT[ZJrl

way as in [85, Lemma 6.1] (see also [86, Lemma 4.1]).

(¢) # 0 we have d3,, # 0. Now, the rest of the proof can be done in a similar
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(7i7) From (i7)
a:Lff;?] < :vgf]_l’r < ka,;—i]h r=1,2,...,n—1.
Therefore,
. ST k
sign P2l )

)

I
—~
|
—
~—
i
<

Again, according to (i7)

xff;],,,l < 1‘1[517177, < x,[fj;]r, r=12,...,n—2,
k+2 k
x'Ez—Z]n—Q < x7[1]—17n—1‘
Therefore,
. sk, [k e

sign P50 (@, ,) = (~1m

and
. Slk+2 k
sign P£—2 }(x7[z]—1,n—1) =1
As a conclusion,
sign ﬁr[lk_ﬂ (asgc}_l’r) = —sign ﬁT[Lk_—EZ] (mgg]_l’r), r=1,2,..,n—1

5.2 Sobolev-type orthogonal polynomials

In this section we deal with general measures with unbounded support [0, +00). The
Laguerre measure is a particular case of this type of measures, and later on, we will get

some results when p is the Laguerre measure.

5.2.1 Some connection formulas

As we have seen in previous chapters, the connection formulas are the main tool to study
the analytical properties of new families of OPS, in terms of other families of OPS with
well-known analytical properties. Indeed, the problem of finding such expressions is called
“the connection problem”; and it is of great importance in this context.

In this subsection we will give three connection formulas which will be useful later.
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Connection formula (I)

The most common way to represent the Sobolev-type orthogonal polynomials is using the

kernel and its derivatives. We will prove the following

Theorem 5.1 (Connection formula (I)) Let {§£/[’N(a:)}nzo be the MOPS with respect
to (5.1). Then the polynomials Sa"™ (z) can be represented by

(z — a)2SMN(z) = A(z;n) Py () + B(x;n)Po(z),

where
Awn) = (o) - N{Sw" ] (€)[Pa-a]'(€) + M 82" () P s () e
| Bl
NS (@ Paoa ()
1BaallZ
Blen) = MS@PO NS V@R (), NS (OPu(e)
| Pl | Pl
and
Pu(e)  NEPV(c,0)
GMN () [P)(c) 1+N 7(;,1’11)( c)
" 1+ MK,_i(c,c) NK;«L 1)(0,0)

MKS_%) (c,e) 1+ NK,(LI_’II) (c,c)
1+ MK, 1(c,c)  Pa(c)
ME " (ec) [P ()
1+ MK, _1(c,c) NKéO_’ll)(c, c)
MK(LO) (1,1)
n—1 (C, c) 1+ Nanl (Cv C)

[SATNY (c)

Proof. Let {§£J’N(x)}n20 denote the SMOP with respect to the discrete Sobolev inner
product (5.1), then we can expand the polynomial S N (z) as follows

n—1

SMN(z) = Po(z) + > aniPi(w), (5.10)

1=0
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where R N
(Pj(x), S (%))

anj = ~ , 0<j<n-—1 (5.11)
|1P5112
Thus, using (2.3) and (2.9), (5.10) becomes
SMN(z) = B, (z) = MSMN(¢)Kp_y(z, ¢) — N[SMN) () K"V (2, c). (5.12)

Next, we need to find expressions for Sp” (¢) and [SAV])'(¢). We first derive (5.12) with

respect to x
[SMNY (2) = [Po ()] = MSMN () KD (2,¢) = NISMN () KWV (2,0)  (5.13)

and z = ¢ in (5.12) and (5.13) a linear system

1+ MK, _i(c,c) NK}f Ve o) [ SN (e Py(e)
MEN (o) 14 NES o] [T 1P
in the unknowns SA"" (¢) and [SA"](c), whose solutions are
Pule)  NE(c o
1+ MK,—i(c,c) NK(Oll)(c c) ’
MEM(e.0) 14 NE (o)
1+ MK, _1(c;c) Py(c)
SN MEM(e,e)  [P)(e)
" 14+ MK,_i(c.c)  NEY(c,c)
MKS,’?(C, c) 1+NK KU ’11)(0 c)

On the other hand, we multiply both sides of (5.13) by (z — c)?
(¢ — a)?S)N(z) =
(z — ¢)2P,(z) — MSMN(¢)(z — )2 K1 (x,c) — NSV (e)(z — ¢)2 K (x, ).

Since (2.4) and (2.7), we have
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~

Py(2)Paci(c)  Paci(z)Palc)
[ P13 | P12

ﬁn(g;ﬁﬁn_l]'(c)
[ Po-1ll2

+(z—¢) —(x—c¢)

and R R R R
P,(x)P,_ P, P,

(l'—C)anl(ﬂi‘,C) _ (3:‘)/\ 21(6) o 1(/\1') ; (C)
[Pl I [Pl 7

Hence
(z — a)2SMN(2) = A(z;n) Py () + B(x;n)Po_y (),

where A(z;n) and B(x;n) are the following two polynomials

NS () [Paca) (¢) + M Sy () i (o)

Alz;n) = (z—c)? — (x —¢)

1Bl 12
N[Sa"" T (©)Pra(e)
1Bacalll
Blem) = MSUTQPO £ NST@IPLQ) NS TOP(),
1Bl 1Bl 2

of degree 2 and 1 respectively. m

Connection formula (IT)

Next we prove that the Sobolev-type orthogonal polynomials {§¢]Lw ’N(ZL‘)}nzo can be ex-
pressed in terms of polynomials orthogonal with respect to the measures du(x) and
(x — ¢)*du(z). Moreover, the behavior of the coefficients A, 1 and A, is studied with
more detail.

Theorem 5.2 (Connection Formula (II)) Let M > 0 and N > 0. There are real cons-
tants Ap1 and Ay o such that

SMN(2) = Py(x) + Ana(z — ¢) P2 () + Anp(a — )2 Py (2), (5.14)
where
A - NIy p(c)[Po](¢) = MIs(c) Pa(c)
’ Ln(0)T5.0(c) — NI () P2 ()
. MNPU(P(0) = NIa(e) [P (c)
n,2 —

Ln(0)T5.0(c) = NI, () P2 ()
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finle) = —KP(<)>
P, <> D@PP e -
La(e) = — [
’ B <> 1P, ()P
<> l<c>”l1<> .
Lin(e) = —— 1Byl
’ B 2<> ()P (PP, "

Proof. We will prove that
(SN (@ = e)f)s =0

fork=0,1,...,n—1For k> 2 and n > k,

BN -5 = [ T M () — o)Fdu(a)

0
= [ Put@lle = P duta) + Ans [ (o= PP (@) — ) o)
e [ o= P @) o — 0 2o
= 0.
Now, let us consider £ = 0 and n > 1. We have
BV 1) = [T BN (@)duto) + MM (o
= Ans Ooo(x — )PP (z)du(x) + Aps Ooo(x — 2P (2)dp(z) + MP,(c).
On the other hand, by using Proposition 5.2(7)
() = [P a)o — ) = _ﬁn_li );f” Rl 619

taking derivatives in (5.5) and then substitute z = ¢, we get

5[] Slk—1]y/ PY(0) sy,
P2y (o) = [Py (e) = =g~ [Pasy (). (5.16)
[k—1]
Pnfl (C)
Combining (2.5), (5.15), and (5.16), we get
P,(c)

Il,n(c) =
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Using Proposition 5.2(ii)

< [PET@IB,I2,
Bafe) = [P - ordute) = o e
_ _P0RLOBLIO 5
- Pn_2(c) Anlfz(c)ﬁﬁQ N AEQ ¢ e

Therefore,
(SN 1)s = AniLin(€) + Anpon(c) + MPBy(c).

In the same way, for k = 1 and n > 2, we have

(SN (@ —e)s = /OOO Syt (@) (2 — e)dp(w) + NSy ()

= Apolsn(c) + NAn P2 (0) + N [P (0),

where

=S
[3]()

| Paczll}

Iyn(c) = /0 (- PPy (@)du(z) =

 Pa@PY (0P (o)
Poa(e)PY ()PP (e) PPy )

Finally, using the expressions of A, ; and A, 2, our statement follows. m

Next, we will study the behavior of the coefficients A, 1 and A, 2.
Proposition 5.4 (i)

I () I3.0(¢) = NInn ()P | (¢) = —Iou(c) P (€) (N + anfn)

(3] _ ]3[2] /
here0 <y = 1@y ) BRV©) B0 1 n
nfl(c) dO nfl(c) 13’n(c) ’Bn ¢
(i)
NI, (0)[Pn) (¢) = MI5,(c)Pu(c) = Ian(c)[Po) (¢) (N + MBpyn) ,
(1] IR
where -2 < [Pa]'(€) — i _n
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(iii)

MNPB,(c)P? (¢) = NI1n(c)[Po) (c) = NPu(c) PP (c) (M + ‘;‘:) .

Proof. (i) From Christoffel-Darboux formula for polynomials {ﬁ?} }n>0 we have

n 521, \ B2 n B2
(x_c)zw _ ZM@_C)E?]@) (5.18)

eS|V ]||i,[2} = IIP; }||,2L7[2]
1 =72 = 5 Hl2
= e (B @P) - PP )
o, [2]

If we multiply (5.18) by (y — ¢) and integrate on (0, co) with respect to dpu, the evaluation

at x = c yields

n A[Q] c SIS
v B© | B - rauty)
0

= 1P
_ 1 502 _ Pl
T OIEPIR, (B @) = B N012(0))
H,

Since

[T AW oPauw) =0, k=123, m

and ﬁ(gﬂ = 1, the left hand side is negative. Therefore,

PP ()11 i1 (€) = PA() 1 pya(c) < 0.

From (5.2)
; ﬁp] _ -1 n+1
sign n+1(c) - ( ) )
sign PPl(c) = (1)
Thus, ﬁﬁll(c)ﬁ,[f}(c) is negative and, as a consequence,
Lingo(c) _ Tinsa(c)
52 52 :
PR B
By using the above relation in a recursive way, we get

Il’n(C)

1327]1(0)

< Il’l(C) = dgﬂ
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On the other hand, from (5.2) and (5.15)

sign Iy ,(c) = (—=1)"1.

Therefore,
0< AE‘(C) < d
Pnfl(c)
From (5.18)
" (PP(e)? 1 512 0Bl S[2017( . B2
<3 - (BEL)(0PP(e) - PR (P2 ().
k=0 ”Pk H#,m [P Hp,[Z}

Since ]37[311(0)]37?] (c) is negative this yields

Pl _ PPV ()
Plie) P

By using the above relation in a recursive way, we have

P ) PP d

52 512 - 2] "
Pl PP dp
Let 0 < xf’]l < 33[3}2 << xg}n denote the zeros of ]37[3]. Then
e _ v o1 1 m
ﬁ?](c) xf}l —c azf’]z —c £C[n2,]n —c ¢

Statements (ii) and (iii) can be proved in the similar way as we did in (¢). ®
Proposition 5.5 Let M, N > 0 and not both zero. Then,

sign A1 = —1,
sign Apo = —1.

Proof. From (5.2) and Proposition 5.4

sign Ap 1 = —sign M = sign (— [1/311]/(6)> Signm = 1.

Aﬂl c
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In a similar way,

Va)
~.
<)
3
s
3
[}
1
|
»
~.
<)
S
VR
< )
=
1
Va)
~.
<)
3
//
)
22
—
=
~

Connection formula (III)

Next, let us obtain a third representation for the discrete Sobolev OPS in terms of the
polynomials orthonormal with respect to (z —c)2du(x). This expression will be very useful
to find a connection of these polynomials with the matrix orthogonal polynomials. Let
us denote {sﬁ/l ’N}nzo, {Pn}n>0 the sequences of polynomials orthonormal with respect to
(5.1) and (1.2) respectively. Throughout the proof

AN — 2™+ lower degree terms, t, > 0,
pn = rpx’t 4+ lower degree terms, 1, >0,
p%ﬂ — 7"7[{6]:6" + lower degree terms, TLk] > 0.

We first prove a couple of auxiliary results

Proposition 5.6 The sequence of discrete Sobolev orthonormal polynomials {s%N(m)}nzo

can be expressed as

SMN(@) = mi(e,n)pari (@) + ma(e, n)pa(e
~ MMV () Ky (x,¢) — N[sMN) () K (, ) (5.19)
where
mlen) = N[MN()pasa] (¢) + MY ()pasa (),

mlen) = 4+ MM (Epn(e) + NEN (@) o] (€)

n
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Proof. Using orthonormal polynomials, the formula (5.12) reads

sMW@ﬂ:E%M@—Ah%wwﬂgqmmﬁ—NbMWH@Kﬁ?@m) (5.20)

n
Tn

and from the orthonormal version of the kernel (2.3), we have

Kn—1(~7370) = Kn+1<377c)_pn—i-l(x)pn—i—l(C)_pn(l')pn(C):
E" @) = K%Y (@, ¢) = puss (@) pnsa] () — pu(@)pal ().

Replacing in (5.20), we get

SN = (NN (O] (0) + MY (@prn () prsa (2)
n (t M Opa(e) + N[sMYT (0 [pn]'<c>) pu(2)

—MsMN () Ky (2, ¢) — N2V () K%Y (2, 0),

which proves our statement. m

Proposition 5.7 The sequence of polynomials {py(z)}n>0, orthonormal with respect to

du(x), can be expressed in terms of the 2—iterated orthonormal polynomials {pgl () }n>0

as follows
Pa(@) = ¢1(e, P () + dale, M)l (@) + @3, m)ph 5 (@), (5.21)
where
(1] [1]
p1(c,n) = Tﬁ n pTl[-lﬁ-}l(c)pn—i-l(C)’
Tnt1 Tn+1 Pn (C) pn(C)
_p 1]
" pali(c) T 1 Pa(c)
T[l}_QT -1
¢3(C?n) N 7”[1}_1 Tn

Proof. Using orthonormal polynomials, the Christoffel-Darboux formula (2.4) reads

Koz, y) = kz_opk(x)pk(y) _ r:il pn+1($)pn(l(/i :Iy%;(x)pnﬂ(y)_ (5.22)
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Hence, taking into account (2.17), it follows that, for £ = 1,2 we get

pl(z) = (mic) [Pn(x)—p]:z(lc()c)pn+1(x)}, (5.23)
Wi = Pﬁkww—;iit;pﬁﬂcw]. (5:24)
Next, from (5.22)
pole) = s (Kul0) = K (2.0)
= Pl o) - Ll ), (5.25)

Therefore, from (5.25) we get

_ T'n—1 [1] o
b (x) Tn pnil(m) Tn+1 DPn (C)
_ 7"17,1] Tn pq[’Lllrl(C) pn—i—l(C) 2] ($)

TLIJ]rl T'n+1 le](c) pn(c) "

T'n pn+1(c) [1](1‘)

1 1
TLL (pL”(c) o1, T pn+1(0)> 2] ( )+TL12 Tn—1 [2] (2)

A\ () e a1 palc) n-l

which is our statement. m
Proposition 5.8 Let {snM’N(x)}nzo be the sequence Sobolev-type polynomials orthonormal

with respect to (5.1), and let {pg] () }n>0 be the sequence of polynomials orthonormal with
respect to the inner product (2.16) with k = 2. Then, the following expression holds

shN (@) = a(n, pf (@) + B(n, )p 4 (2) + (0, )pl 5(x), (5.26)
where
a(n,c) = %,
T'n
ﬂ(na C) - nl(C,nWS(Can‘f‘ 1) +’I72(C,n>¢2(0, TL),
e = 2
r

n—2
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and
771(07 n) - N[STZ%N]I(C) [pn-‘rl]/(c) + MSQ/[’N(C)pn-H(C)?
n2(c,n) = i: + My N (e)pa(e) + Nlsp NV () lpa) (0,

[1] [1]
—Tra C) Tp— Tn DPn c
solen) — ml<m<> L, pH())?
T'n

Ppoq(c) ™ Tni1 Pn(C)

A
en+1) = = )
¢3( ) TLH Fral

Tn

2]

Proof. For a(n,c), matching the leading coefficients of sh "™ (z) and py (x), it is trivial

to see that .
a(n,c) = <S%’N($),pg}(l‘)>[2] = %
Tn

For B(n,c) we need some more work. From (5.19)we have

Bln.e) = (sMN(@),p (x))p
= mi(e,n)(ps (@), pf} L (@)
(e, n) (pn (), p2 | (2 T))2)
~M AN (&) (K (2, ¢), pEL (2))

N [MNT (K (2, ¢), P2 (@),

where, taking into account the reproductive property of the kernel

(Knii(2,¢), 2 (@) = O,
(KO (z,e), 0P (2)) = O,

and using (5.21), we get

B(n,c) =m(e,n)ps(c,n+ 1) + na(e,n)pa(c,n).

For the last coefficient, as a straigtforward consequence of (5.1), we have

y(nye) = (s8N (@), p,(2))y
ty

_ @%N@%@—d%gﬂ)ﬁzrm2
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Finally, for 0 < j <n — 3, we have

(3N (@), (@) = (52 (@), (@ = )l @)

which vahishses for 7 < n — 3. Hence, there is no more coefficients in (5.26), and it

completes the proof. m

5.2.2 The five term recurrence relation

In this section, we will obtain the five term recurrence relation that the sequence of Sobolev-
type orthonormal polynomials {sﬁ/l N(x) }n>0 satisfies. We are interested in using orthonor-
mal polynomials because with this normalization, all the matrices that we next obtain are
symmetric. Later on, we will derive an interesting relation between the pentadiagonal ma-
trix H associated with the multiplication operator by (z — ¢)?, and the tridiagonal Jacobi
matrix Jpg), associated with the three term recurrence relation satisfied by the 2—iterated
orthonormal polynomials {pg] () }n>0-

To do that, we will use the remarkable fact, which is a straightforward consequence of
(5.1), that the multiplication operator by (x — ¢)? is a symmetric operator with respect to

the discrete Sobolev inner product (5.1). In other words, if p, ¢ € P

(= ¢)*p,q)s = (p, (x — ¢)*q)s. (5.27)

First we will obtain the aforementioned five term recurrence relation. Let consider the

2

Fourier expansion of (z — ¢)2s5""" (z) in terms of {s%’N(w)}nzg

n-+2
(@ =)y (@) =D pusy ™ (), (5.28)
k=0
where
o = (@ =)V @), 5"V (@) . k=0, n2.
From (5.27)

prge = (53N (), (& 0)2324»N(x)>8, k=0,....,n+2.

Hence, p,x = 0 for k = 0,...,n — 3. Taking into account that

(= )2V (@)] lome = [(2 — )22V ()] [o=c = 0,
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and using theorem (5.2) we get

<(a: — )%y (@), SkM’N(f”)>s - <57]1V[ H@), SQM(MM

Next, using connection formula (5.26) we have

Pn,n—1

prnsz = (@ =iV @), 5113 @) = (V@) 52" @)

= a(n,c)y(n+2,c¢) <p[n2} (x),pg] (:L')>[2]

— a(n,c)y(n+2,0),

prnit = (@ =PV @), s @) = (1 V@) i @),
= (B +1,0) () @)

#8m0v(n+1,0) (L @), pl (@)

= a(n,c)fn+1,¢)+ B(n,c)y(n+1,¢),

Pnn = <(fU — )5, (), Srjy’N(l"»s = <S%’N($)v Sr]‘z/I’N(x)>[2]
= @m0 (@) @), + B ) (s @)piha @),
+770,0) (Lo (0),piL5 (@)

= a2(n7 C) + 62(’”’0) + ’72(’”’0)7

(= ePsiN @), s @) = (V@) s @),

a(n = 1,¢)8(n,¢) (Pl 1(2). o1 () |+ 80— Le)y(m.0) (phLa(o). piLo (@)
a(n - 17 C)B(TL, C) + 6(” - 1a C)’Y(”a C)v

prn-z = ((@= sV @), 5 @) = (o1 V@) Y @),
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Rearranging index, we can rewrite the above coefficients as

Pnn—2 = Gn, Pnnt+2 = Gnt2,
Pnn—-1 = bn, Pnn+l = bn+17
Pnn = Cn-

Hence, (5.28) becomes
(5 — 0)?shV (2) =

M,N M,N M,N M,N
Ant28pys (T) 4+ bpgasny () + cnshiN (2) + bps,o) (2) + ansys

where, by convention
M,N M,N
SN (2) = MV (2) = 0.

The matrix representation of (5.29) is
(:E o C)2§M’N — H§M’N,

where H is the pentadiagonal semi-infinite symmetric matrix

Co b1 a9 0
b1 C1 b2 as
H=|ax by ¢ by |,

0 as b3 C3

and .
=M,N __ M,N M,N M,N
SN = [N @) V@) s @) ]

On the other hand, the matrix analog to (5.26) can be stated as

SMN — 75l

where T is the lower tridiagonal, semi-infinite, and invertible matrix

a(0,¢) 0 0 0
B(1,¢) a(l,c)
T=1120 s8R0 a2 o

121

(5.29)

(5.30)

(5.31)

(5.32)
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and

T
p = [p@) @) @) ]

Next, we show that the pentadiagonal matrix H associated with the five term re-
currence relation (5.29) can be given in terms of the pentadiagonal matrix Jjg — cI. The
matrix Jpg is the tridiagonal Jacobi matrix associated with the three term recurrence rela-
tion which verify the family of 2—iterated OPS {pq[f] () }n>0. Note that this is a standard
OPS, so therefore

zp? = Iy p,

which in turn implies

(& —¢)?p? = (Jpg — 1) p2. (5.33)

Combining (5.30) with (5.32), we get
T(x —¢)’p = HT p2l. (5.34)
Substituting (5.33) into (5.34)
T (Jpy — 1)’ p2 = HT pZ.
Hence,

Proposition 5.9 The semi-infinite pentadiagonal matriz H, associated with the operator

(x — ¢)? can be obtained from the matriz (J[Q] — cI)2 as follows
H=T(Jy—c)’T L (5.35)

5.2.3 Zeros of Sobolev-type orthogonal polynomials

In this subsection, we will analyze the zeros of the polynomials §£/[ N The techniques are
the same as those used by Meijer in [85] and [86].

Theorem 5.3 The discrete Sobolev orthogonal polynomial SMN has n real simple zeros

and at most one of them is outside [c,0).

Proof. For N = 0, SMN s a standard orthogonal polynomial. In the sequel we will
consider the cases when N > 0 and M > 0. Let denote by v, ,, r = 1,2, ...,n, the zeros
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of S () on (¢, 00) with odd multiplicity in an increasing order. Let us introduce the
polynomial

¢(x) = (& = vn1)( = V) -+ (T = V).
Notice that ¢(c) and ¢/(c) have opposite sign and ¢(z)Sn"" (z) does not change sign on
[c,00). If deg¢p < n — 2, then

0= (¢, 5Ny = / " o) M (@)dpu(x) + M S)SHN () + N ¢(c) BT (o),

0= ((z )¢, 5y"N)s = /000(93 = )(2) SN (@) dplx) + N ¢(e)[SpN] (¢)-

This means that ¢ (¢)[Sa"" ) (c) and ¢(c)[Sa"V]'(c) have the same sign, and therefore ¢/(c)
and ¢(c) have the same sign. This yields a contradiction.
As a conclusion, either deg ¢ = n — 1 or deg ¢ = n, which proves our statement. m
Next, we prove that the zeros of SA"" (z) interlace with the zeros of ﬁf_]l(x) it SYN ()
has a zero outside [c, 00). Notice that, by Theorem 5.2, SAV (c) # 0.

Theorem 5.4 Let denote by vy, 1 = 1,2,...,n, the zeros of S'\%’N(x) in an increasing

order. Suppose that v, 1 < c. Then, 2¢ — xg]_l’l <vp1 <cand

2 2
c<Vp2< 331[1]—1,1 << Upn < x,[i]_lm_l.

Proof. From Theorem 5.2

n—1,r n—1,r n—1,r

. ~ 2
S?Q/I’N(w[z] ) :Pn(xg]_lm)_'_An,Z (37[2] —C> P7[14—]2<$[2] ), r=1,2,...,n—1.
Then from Proposition 5.3(ii7) and Proposition 5.5 we get

sign §£/I’N(x§11’r) =", r=1,2,...,n-1,

On the other hand, from (5.2) and Theorem 5.2

sign §TJZ\/[’N(C) = sign P,(c) = (—1)".

Therefore, every interval (c, xf}_l ,) and (a:f]_l . xf}_l r+1) ,r=1,..., n—2, contains an

odd number of zeros of §T]LM N(x) Since §7]«L\/I N has n real zeros and at most one of them is

outside of (¢, 00), then

2 2
c<vpo< xL]_Ll << pp < xL]_Ln_l.
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2]

Now, we will prove that 2¢ —x,”; . ; <wvp1 <c. Let
SN (@) = (x = vpa) (@ = vn2) - (@ = Vo),

By Theorem 5.2 and Proposition 5.4

YN (0) = (B (0) & Ay B (o) = TEROUTH5))

Therefore,
sign [3\1]1\/[,1\/]/(@) = sign ﬁn(c) = sign §TJLVI’N(C)
and -
[Sn ’ ]/(C) 1 1 1
0< SM,N = — . — )
Sn (c) C—VUnp1 Up2—C Vnm — C
Hence
L L 2 )
> = Tp11 — € >Vp2 —C>C—Vpl = 2c — Ty < Uni.

C—Vn1 Un2 —C

Our statement follows. m

5.3 Connection with Matrix Orthogonality

Next, we will establish a connection between the Sobolev-type orthonormal polynomials
{sﬁ/l ’N}nzo and orthogonal matrix and vector polynomials. Concerning the matrix or-
thogonality, we will show that the five term recurrence relation (5.29) can be expressed
in terms of orthonormal matrix polynomials for which the coefficients are 2 x 2 matrices.
This construction is due to A. Duran and W. Van Assche and is a nice picture of the
Sobolev-type orthogonality from a different point of view. Here we only apply this theory
to our particular case of Sobolev-type polynomials. For a treatment of a more general case
we refer to the reader to [21].

Set h(z) = (x — ¢)?2. We will use the following basis in the linear space of polynomials
P

{1,2,(z - c)? x(x— ), (xz— o)t z(x — ), .. 3.

Let ¥ = {0,1}. The polynomial s € P of degree 2k+1, 0 < I < 2 can then be expanded

in this basis as

k
s () = Z Z Ao mx’h"™(x).

oeX m=0
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Next, let
k
Rh,U(p>(x) - Z aa,mxmy peP oeX,
m=0

such that it takes from p those terms of the form a, ,,, 27 h™ and then it removes the common
factor % and changes h(z) to . With {S%’N}nzo satisfying the five term recurrence
relation (5.29), the polynomial sy’ is equivalent (and we will write sp’"" (z) = sh"™),

modulo h(z), with the vector polynomial given by
St = [Rao(sMN) () Ry (M) ()|

Furthermore, under these assumptions, we can write the polynomials sé\iﬁ (z), of degree
2k +1,0<1< 2 as

SSEN () = Ruo(soe N (h(x))) + xR (s (h(2))).

The main Theorem in [21, Section 2] states that the inner product (5.1) can be easily

rewritten as

e Rp0(g)(h(z))
(fLr)s = /0 [th(f)(h(x)) Rh,l(g)(h(m))] dM(z) Rh,l(g)(h(w))]
Rp0(9)(0)
+ [th( £)(0) Rh,l(g)(0>] L RZ,?(Q)(O)] ’

where M is the 2 x 2 matrix of measures

M(z) = [du(x) xdu(w)] |

rdu(z) a2dp(z)

and L is the 2 x 2 matrix

L

1 1
| [y
c 1
M+N Mc+N
Mc+ N McE+N

1 +n

Under the conditions stated above, the Sobolev-type polynomials s%’N@) orthogonal

with respect to (5.1) yield the matrix polynomials

Rio(shy™)(x) Rh@(s%’N)(x)]

S%’N(JT) = M,N M,N
Rpo(sy,01) () Rpa(sy, o))
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orthonormal with respect to the matrix of measures M(h~!), perturbed with a “matrix
mass point” given by the matrix L at x = 0.

The matrix of measures satisfies

/ F(x)dM(h~(x)) = / F(h(x))dM(z),

where F : R — R? is a vector function such that F(h(z)) € Li(M).
Moreover, the matrix orthogonal polynomials sM N(x) satisfy the three term recurrence

relation

YN (2) = Dot SN (@) + BuSYN () + D8 (),

where D,, and F, are the 2 x 2 matrices (D,, being a lower triangular matrix different

from the zero matrix Ozx2)

Dn = [CL?n 0 En =

b2n a2n+1

Con b2n+1]
b

bont1  Cony1

whose entries are in terms of the coeffients a,,, b,, and ¢,, in the five term recurrence relation
(5.29) for the Sobolev-type OPS {s™N(z)},>0.
5.4 Laguerre Sobolev-type orthogonal polynomials

5.4.1 k-iterated Laguerre polynomials

Let {L%a)’[k]}nzg, k € N, denote the OPS with respect to the modified Laguerre measure

(x — ¢)*du(x), ¢ < 0, normalized by the condition that L™ has the same leading
coefficient % as the classical Laguerre orthogonal polynomial L,(f’) = L%a)’[o}. With the

notation {Eﬁ’[k] }n>0 we have the same monic modified Laguerre orthogonal polynomials,
ie. .
k (=D)" =
LV () = TLg,[ l(z).
Next we summarize some asymptotic properties of polynomials L%a)’[k] (), which will

be used in the sequel.

Proposition 5.10 (/29])
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1. Normalization "
L@ () = ED pau ).

" n!

2. (Outer relative asymptotics) From the Perron’s formula (2.33), we get

(cv),[K]
Ly, 1
lim ( ga:) = : (5.36)
n=oo pk/2pt) (1) (V=z + /|c])F
uniformly on compact subsets of C\[0,00).
3. (Mehler-Heine type formula) Uniformly on compact subsets of C
(c),[K] :
o Ln 7 (x/(n4g) 1 g
T}l)ngo natk/2 - ( |c|)kw Ja(2\/5) (5.37)
where j € NUO and J, is the Bessel function of the first kind.
4. Plancherel-Rotach type outer asymptotics for Lﬁf“)’““]
(a),[k] : k
Ly —2)/2 1
i L)) _ (o622 1) 59
"0 Ly ((n+ j)x) o

holds uniformly on compact subsets of C\[0,4] and uniformly on j € NU{0}, where
¢ is the conformal mapping of C\[—1, 1] onto the exterior of the unit circle

qb(.f) =T+ xQ_]-) xE(C\[—l,l],
with V2 —1 >0 when x > 1.
Proposition 5.11 It holds

LB () = = LD (e).

n
4"
Proof. Using integration by parts we have

0, itk<n-3,

/ [nga),[2]]/($)L§€a+1),[3] (2)(x — )32 e "dy = o
’ n(n = DIIZEP2 g, ik =n-2.

Therefore,
(L)) (2) = _Lnglx[?)] (z) + HnL(oz_—gl),[S] (),

n
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where

n(n —M@M%P

Using (5.5), (2.33) and (5.36)
H.:<n+n<n+a»U“”[R@fﬁL&E”“W@LﬁW‘W@
" (n— 1) L(a+1) 2] c) bl ;01_411)7[@—1](0) Lgla)v[l—l} (c)
L(a+1 C /LZl Ot_-‘rl) [’L 1] (C) Lgla),[z—l}(c)
On the other hand, from [29, Proposition 2.2]
LY (@) = ~L2 @) + R ), (5:39)
where
3 a+1 (a Ji—1]
(C n (c)
Fn - Hn o H « [i— «),li—
(n—13 L( +1 1( IR 1[ 1](c)

ey L(OL+1 1—1 (C)

Again, from [29, Proposition 2.2]

L }@><M$A>LQJW@__L9RQL$”%@L$“”@>
[ (

D O Al N AN (O VARl (O B APl ()

= +
L @ue)  EOnMe e

L%a)(C)L;a) [1}( )Lgla),m (C) _ L%a)(C)L;a)’m (c)Lﬁf‘*l)’m (C)
RN OV A (o) A (O B N OV Al Rl (Y Al
(a—1) (a—1),1
S @I ) gy,
L V(e Ll e)

and

PR ORI AR OV AWRALI

L Ve e on e
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Lz’ | L @uin?Me L g
1@=D T D) @Dy~ e, o)
n+1 (C) Ly (c)Ln, (c) Ln+1 (c)
I8 oMo e .
- 7l <a (e, e, TO ()
n+1 (C) (C)LTL (C) Ln—l—l (C)

Therefore, by (2.33) and (5.36)

and, taking into account, (5.39) the result follows. m

5.4.2 Laguerre Sobolev-type OPS: Asymptotics

Let {S aM.N) ( ) }n>0 denote the sequence of polynomials orthogonal with respect to the
discrete Sobolev inner product (5.1), where du(x) = z%e~*dz and ¢ < 0, normalized by the

condition that Sy, (oM, )( ) has the same leading coefficient (= ) as the classical Laguerre

orthogonal polynomial Lgl )( ). With this normalization we get

Theorem 5.5 Let M >0 and N > 0. There are real constants B, o, By 1, and By, o such
that

S@MN) 2y = B, oL (2) + B (z — ) L2 (2) + Buao(x — 2L % @), (5.40)
]. An71 ATL,2

where By, g = ,Bp1=—  Bpo= .
T A+ A T a4 Ay Ane) T an— 1)1+ Ay + Ang)
Moreover,
(¢) If M >0 and N > 0, then
8en® 32¢+/|c| n®1/? 1
Bpo™ ————5, Bni1 2 —%, Bua® —. (5.41)
M (L)) M (L))
(ii) If M =0 and N > 0, then
1 1 1
B,o , Bp1=——, Bpao™
0Ty e ! n T gn2 leln
(¢97) If M >0 and N =0, then
c 1
Bn,O = | ’ ) Bn,l = _E’ Bn,2 =0

Mni2e (L0 (0))°
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Proof. From Theorem 5.2

S(a’M’N)(.%'): (_1)n§g7M7N(37)
" n'(l + An,l + An,Z)

and, as a consequence,

ST(f"M’N) (x) = BMOL%O‘) () + Bpa(z —c¢)L a)’lm () + Bpa(z — C)QL(O‘)’M (x),

n— n—2

1 B _ An,l B _ An,2
1+An,1+An,2’ ’I’L,l - 7'74(1“1‘1471,1‘i‘An,2)7 n’2 - n(n_l)(1+An,l+An,2) :

Now, from Proposition 5.4 we can obtain the behavior of the coefficients B, o, By 1

where B, o =

and B, » for n large enough. In order to estimate A,,; and A, o, first we compute o, [3,,
an/Vn, Bnyn and I p(c). From (5.15) and Proposition 5.10

Lin(c) L3(c) ~0 2
anﬁn = - =21, = = ~a,[1] ~a,12]7, HLn—chx
[Lnfl] (c) Lnfl(C)Lnfl (c) [Lnfl] (c)
T(n+a) nL{®(c) _ 8(—c)¥/2pa1/2

Fe) - L8 @) (B2) (@) L @Li (e

an _ La(9[L5]'(0)
T La(e) Lyt (o)
R
Ly (Lo
 T(n+a) anf‘fll)(c) N 8(—0)3/2n0‘*1/2L§f+1)(c)
COTe P ererPe o)’

«) 2
n A~ Ly (c ~ C
BrnYn = anﬁnl = < a+1() ) ) = -

n

8c(—1)""L(n — 2)I nat?
L(e) |
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Next, we will analyze the following three situations.
(i) Let M >0 and N > 0. Then,

E2)(e)  nlLV(e)  nLiiY(e)
At & e = e T T L |c|n,
L~ (c) L, (c) L3 (c)

n—

A o o
2 I, 2(c) 8cn®
Therefore,
8cn® 32¢+/ || n*—1/2 1
Bmo = ) Bn,l = %, n, = ﬁ
M (L,@ (c)) M (Lq(;“)(c))

(73) Let M =0 and N > 0. Then,

Ap1 =2 —44/|cn,

L2(c) o,
A = N LYV
2 In,Z(c) Tn

Therefore,

1 1 1

Bpo™—————, By1=——, Bpo~———.
0 4y/|c|n ! n T gn2 leln
(731) Let M > 0 and N = 0. Then,
ML3() _ MLy (9Ly(e) | Mnl2 ) 2
Apg = == (a) = (Ln—l(c)> )
Ina(e) 1L, 4112 g
Apo = 0.
Therefore,
1
Bn,(] = - |C‘ 2 Bn,l = 7 Bn,2 =0
Mnl/2= (ani)l(c)) "
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Outer relative asymptotics

Finally, we deduce several asymptotic properties for discrete Laguerre-Sobolev polynomials
when M, N > 0.

Theorem 5.6 Uniformly on compact subsets of C\[0,00) we get

(a) If M >0 and N > 0, then

lim Sgla’M’N) . B <\/:E ; \/H>2
V= + /]

n— 00 L7(104) (x)

Notice that, according to the Hurwitz’s theorem, the point ¢ attracts two negative

zeros of Sq(@a’M’N) (z) for n large enough.

(b) If M =0 and N >0 or M >0 and N =0, then

e O N VA
lim = .
n—o0 L’s’ba)(a?) 4/_.%-_’_ \ /’C|

Notice that, according to the Hurwitz’s theorem, the point c attracts one negative

zero of Sl M) () for n large enough.

Proof. We will prove the theorem when M > 0 and N > 0. The proofs of the other cases

can be done in a similar way.

From (5.40)
(a=M7N) L(a)7[2} L(a)’[zq
> @ %) Bg+nBusle— o) — 2 9 2B, a0 - )= >($)'
Ly () nLy” (x) n2Ly" (x)

Now, (5.36) and (5.41) yield

(a,M,N) 7,014 — 7\
lim S (@) = (z —¢)? lim —=2 (@) = ’ ! :
n—oo )4 n—00 2 1@ () V—z+ /||
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Mehler-Heine type formula

Theorem 5.7 Mehler-Heine formula

(a) If M >0 and N >0

(a,M,N)
lim Sn " (z/n) =272 J,(2v7),

n—o0 n
(b) If M =0and N >0 orM >0 and N =0

a,M,N
lim —57(1 )(x/n)

n—oo n

= 272 ], (2V7),

uniformly on compact subsets of C.

Proof. We will prove the theorem when M > 0 and N > 0. The proofs of the other cases
can be done in a similar way.

Scaling the variable as x — x/n in (5.40) then dividing by n® we get

SV @/n) L L (/) L a/m)
na «

L3 x/m)
na+1 :

:BnO na+2

) +nBy 1 (x/n—c —|—TL2.Bn72(l'/TL—C)2

Now, (5.37) and (5.41) yield

(a,M,N) L(a)7[4]
i S (2 i P < 0o (2,

Plancherel-Rotach type outer asymptotics

Theorem 5.8 e If M >0 and N > 0, then

(a,M,N)
lim 21 __(n2) = () _ 4,
n—00 Lna (nw)

uniformly on compact subsets of C\[0,4].
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Proof. Dividing (5.40) by L' () and scaling the variable as © — nx we get

a ),[2 “
SEM ) _ g g, 2l (na) L ()
L) (na) n L) L ()

()[4 (a)

2 (nz — ¢)® L, 7y (nw) Ly, Zy(na)
+n"By2 2 1@
From (2.35), (5.38) and (5.41)

I () <¢<<x—2>/2>+1>4 i
(o

n— 00 Lgla) (nx>

Now, using the fact that
(0(2) + 1) = 2(z + 1)g(2), |2 > 1,

we get our result. m

5.4.3 Laguerre Sobolev-type OPS: Zeros

In this subsection, we analyze the behavior of the zeros of the discrete Laguerre-Sobolev

polynomials SN (x) when M =0, i.e. S0 (x) = SeeN) (x). We are interested to

find results concerning the monotonicity and speed of convergence of the zeros of Sff"N) (x)
in terms of their dependence on N. We also get the interesting fact that the mass point
¢ does not attract any zero of S5V (z) when N — oo and the exact value for which the
least zero of S (x) is located outside [0, +00).

For this purpose we will need the useful Lemma B.1 (see Appendix B) concerning the
behavior and the asymptotics of the zeros of a polynomial that is a linear combination of
two polynomials of the same degree with interlacing zeros. Let us introduce the nth-degree

monic polynomial,

Talr
& (¢) = lim (Lfi(fv)N Ll Ki“?(a:,@)
N—oo 1+ NK,”/(cc)
Tals
Do) @ pon o) (5.42)

o 1,1
K, (ere)
To characterize these polynomials, first we will observe that they are quasi-orthogonal of

order 2 (see [11, Definition 1]) with respect to the modified measure (x—c)?2%e~*dz, which
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is the 2-iterated Christoffel perturbation of the Laguerre measure. It means that @%c(:z:)
is a linear combination of three consecutive polynomials of the sequence {Ef{’m () }n>0 of

monic polynomials orthogonal with respect to (z — ¢)22%e~*. Indeed, for n > 2,
G (@) = Ly P(w) + Bu Ly (@) + CuLy (@),
where B,, and C},, # 0 are real numbers. Since

o2 G ()L (1) (@ — )20 da

C, = 5
||Ln_2||a,[2]

we have
Proposition 5.12 If ¢ is a real negative number, then C, is positive for every n > 2.

Proof. We only need to study the sign of the numerator. According to (5.42)

/ G [2]( )(z — ¢)*x%e Cdx =

> Ta Ta a_—x E% '(c a_—x
/ Lo (@)L (@) (@ — ) 2a%e " da — [(11])()/ K% (2, ) LB (@) (x — ¢)?ae " da
0 K,/ (c,c)Jo

071 a2 a, —x
= |IL nua—K(U / D) (2, )22 () — )2 e d.

From (2.3) and (2.6) it follows immediately that

To Talr
KO (2,6) = KOV, ¢) - P22 L) (‘T%[L‘];] “

)

hence

/0 K?SO—JI) (z, 0)52_@ (z)(z — )2z dx =

Tay o0 -
/ KOV (z ¢)L [2]( )z — c)?z% “dx — W/ Lﬁ(:c)Li_Qz}(a:)(x — o) z%e %du.

The second integral in the right-hand side is

| B - ofve mdo = L,
0



136 CHAPTER 5. DISCRETE SOBOLEV ORTHOGONAL POLYNOMIALS

while the first one vanishes because deg Kq(zo’l)(:v,c) = deg L o[2 ]( Y(x — ¢)? = n, and
therefore we can apply the property (2.10)

/ KO (2,¢) ¢ (x) djto = ¢ ().

If we denote ¢ (z) = a[ ]( )(z — )2, then ¢/(z) = [L n [22}] (z) (x —c)? + 2(x — C)EZ_%] ()
and consequently ¢’ (¢ ) = 0. Therefore

. 2
0o R _ [L3])' ()
/ Go (@) LoB (@) (x — )220 dx = ||L3 ()2 + (11)>
0 ’ Kn_71 (C7 C)
Thus,
fo L, [22] (z)(z — ¢)?x%e %dx

a,(2]})2
HL 2

Cp = > 0, for every n > 2.

On the other hand, let {nnx};_; = M1 < Mn2 < ... < N be the zeros of SN (z)
and {xmk}zzl =Tp1 < Tp2 < ... < Ty be the zeros of Ef{(x) Notice that these zeros
are real and simple (see [73], Proposition 3.2). Thus

Proposition 5.13 (/73], Proposition 6.2) The polynomial 6%70(33) has n real and simple
2108 {Yn i} pey = Yn1 < Yn2 < ... < Ynm- The inequalities

Yn1 << Tpl <Yn2 < Tp2<- - <Ynn < Tnn (5.43)
hold for everyn > 2, n € N.

Notice that S\?N(l') = L%(x).
Next, we express §3N($) in a proper way, in order to use Lemma B.1 to study the

behavior of their zeros in terms of the mass V.

Proposition 5.14 The polynomials {Sa™™ () }n>0 , with S@™ (z) = Ay_152°™ (z), can be
represented as

92N () = Le(x) + NKY (¢,0) G2 (), (5.44)
where

Anor =1+ NKH! )(c,c).

n—
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Proof. First, we express the Laguerre Sobolev-type polynomials in terms of the standard
Laguerre orthogonal polynomials E%(x) and the Kernel polynomial (2.8). Taking into

account the Fourier expansion
n—1
SN (@) = Ly(@) + ) anaLf (@),
k=0
we obtain, for k=0,1,2,....n — 1,

an | =

~N SR (@ILE) (o)

L2112
Thus 1
n— Aa ! AO&
5 (@) = Bite) - MBSV (o) 3 L)
— Ly
and, from (2.6),
SaN (@) = Ly(w) = N [S2 N () K™Y (3, 0). (5.45)

Our next step is to find [S"])'(¢). In order to do that, we take the derivative in the former

expression and evaluate it at z = ¢, so

S5 () = —

and therefore

Tair
SN () = L%(z) — N [L”](l f) KO (2, ¢). (5.46)
14+ NK (e o)

Next, Replacing (5.42) in (5.44)
Talr
A8V (@) = T+ N KO (60 (L%(az) I gon, c>> |

(1+NK§};? (c, c)) SN (z) = (1+NK

which is the connection formula (5.46). =
We point out the fact the Laguerre Sobolev-type polynomial §S’N(m) appears as a
linear combination of two polynomials of degree n. Thus, from (5.44), (5.43), and Lemma

B.1, we immediately conclude
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Theorem 5.9 Ifc e R_, then
Un,l < Mp,l < Tl <Yn2 <Mn2 < ZTnp2 < < Ynn < Mpn < Tpn-
Moreover, each 1, is a decreasing function of N and, for each k =1,...,n,
lim =
N Mn,k = Ynk»

as well as

_E%(?/n,k)

i N [k = ynik] = = :
Novoo TR T (G ) ()

Notice that the mass point ¢ does not attract any zero of §7°: AV (), when N — oo, as in
the standard case (i.e. when M = N = 0, see [43]). The least zero of S3*" (z) is attracted
by the least zero of the polynomial G%C(LE) Next, we are going to look closely at this
polynomial. Notice that [@Z‘C]’ (¢) = 0. We are interested to give an interesting enough
extremal characterization of @;‘{C(m)

Let

R, (z) = 2™ + lower degree terms

be a monic polynomial and consider the optimization problem with constrains

~

|Rall2 = J5° R (z) 22 *dx
with Ry (z )—x + lower degree terms (5.47)

~

and  [Rn]'(c) = 0.

minimize

It can be solved in the following way. Let

Ro(x) = L§(2)+ Y ank l(x)
n—1

[Ra)(z) = [L5)(2) + > ani[R) (2), (5.48)
k=0

where {(¢(x)}1>0 is the orthonormal Laguerre polynomial sequence. Then,

n—1

[1Ralla = ILG1IZ + D lan il (5.49)
k=0
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On the other hand, taking = = ¢ in (5.48),
N N n—1
(R (c) = [Lp(0)+ > ang (3] (c) =0,
k=0
N n—1
—[L51(e) = D ank [ (0).
k=0
Next, using the Cauchy-Schwarz inequality we get

n—1 n—1
E @[ < X lans? Y 1 @)
k=0 k=0

or, equivalently,

that is attained by the polynomial @%’C(ZE)

The Minimum Mass

139

When ¢ € R_, at most one of the zeros of §SN(JU) is located outside [0, +00). Next we

provide the explicit value Ny of the mass such that for N > Ny this situation appears, i.e,

one of the zeros is located outside [0, +00).

Corollary 5.1 If c € R_, then the least zero nn,1 = nn1(c) satisfies

Mn,1 >0, for N < Ny,
77n,1:0: f07" N:N()a
M <0, for N > Ny,

where

[Lo]'(e)

-1
No = No(n,a,¢) = ( S R0V (0,0) - KUY (e, c>> > 0.

a0) "

(5.50)
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Proof. It suffices to use (5.46) together with the fact that SV (0) = 0 if and only if

N = Ny
Tay
SoN) = Lo - N O g g
14+ NoK, "7 (¢, c)
N Tay
fa) = Ne—ED o)
14+ NoK, 27 (e, c)
~ —1
LCV /
No = No(n,a,c) = [A”] (©) K7(10_,11) (0,¢) — Kfll’l) (c,c)
L5(0)
|

Notice that, according to the Hurwitz’s theorem, for n large enough, only one zero of
SN is located outside of [0, 4+00) and it is attracted by c.

Next we show some numerical experiments using Mathematica® software, dealing with
the least zero of Laguerre Sobolev-type polynomials. We are interested to show the location
and behavior of this least zero. In the first two tables we recover the results in [89] when
the mass point is located at © = 0, for n =2, 3 and a = —1/2, 1, 5. (Notice that in this
work the authors label the zeros in a reverse order).

N n21(=1/2) N 12,1 (1) N 12,1(5)

1/2 0.115964 3/2 0.271499 710 0.0419159
No = /7/2 0 No =2 0 No = 720 0

1 —0.0313955 5/2 —0.230139 730 —0.0414199

N n3,1(—1/2) N n3,1(1) N 13,1(5)

1/4 0.00211646 1/5 0.407703 79 0.0251697
No = /T 0 No = 2/5 0 No = 80 0

1/2 —0.133233 3/2 —0.275762 81 —0.0248324

In the next two tables, we show the position for the first and second zeros of Laguerre
Sobolev-type polynomial of degree n = 15 and « = 0, for some choices of the mass N. For
N = 0 obviously we recover the least zero and the second zero of the classical Laguerre
polynomials (in bold). When the mass point is located at ¢ = 0 we get

msx N=0 N=50-10"2 N=50-108 N=50-10"% N=50-10"2
k=1 0.0933078 0.0933078 0.0933046 0.0620821 —0.146205
k=2 0492692  0.492602 0.492682 0.417657 0.263754
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as well as when the mass point is located at ¢ = —1.
Mmsr N=0 N=50-100"2 N=50-100® N=50-100* N=5.0-10"2
k=1 0.0933078 0.0933076 0.0915341 —1.35377 —1.36544
k=2 0.492692 0.492691 0.485200 0.148587 0.148434

In the next two tables we provide numerical evidences in support of Corollary 5.1,
where the exact values of Ny are calculated for two specific cases. For this purpose we
begin by analyzing the least zero of the Laguerre Sobolev-type polynomials of degree n = 7,
o = 2 and with the mass point located at ¢ = —2. Calculations show that for the values
of Ny given by (5.50), we have Ny = 3.21582-10"% € (3.0-1074,4.0 - 107%).

mr: N=0 N=50-10"" N=30-10"* N=40-107% N=50-10"3
k=1 0.783096 0.705892 0.0636699 —0.775950 —2.70450
The table below shows that, with the mass point located at ¢ = —1, we need larger

values of Ny to get the least zero as a negative real number. Now the estimate is 1.0-1073 <
Np < 2.0-1073, according to the exact value Np(7,2, —1) = 1.88442 - 1073,

mr: N=0 N=50-10% N=10-103 N=20-10 N=5.0-10"2
k=1 0.783096 0.603763 0.384610 —0.0452617  —1.81059

Another interesting question is to study, for a fixed value N, the behavior of zeros
of Laguerre Sobolev-type polynomials in terms of the parameter a. Notice that, for a
fixed value of a we can loose its negative zero, as it occurs in the standard case (see
[23]). We show the behavior of the first two zeros to give more information about their
relative spacing. For instance, let us show the first two zeros of the Laguerre Sobolev-type
polynomials of degree n = 12, when N = 1.5-10~" and the mass point is located at ¢ = —3

Mog: | a=—1/2 a=0 a=2 a=3 a=>5
k=1 —2.81937 | —2.52014 | —0.0397219 | 0.625246 | 1.29029
k=2 10.0716143 | 0.164964 0.855437 1.54668 2.57453

and again, the first two zeros when N = 5.0-107° and ¢ = —1.

Mok : | a=—1/2 a=0 a=2 a=3 a=25
k=11] —0.16977 | —0.185167 | 0.242738 | 0.600667 | 1.27787
k=2 0.137987 0.272018 1.0244 1.53932 2.55799
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Finally, we show the graph of the Laguerre Sobolev-type polynomial of degree 3,
Si(,)O’N) (x) for several values of the mass N, located at ¢ = —3. Obviously, when N = 0
we recover the standard Laguerre polynomial of degree 3, L:(),O) (z), showed in the picture
with black graph. Using the formula (5.50) we get the value Ny(3,0,—3) = 0.0136986.
For N < Ny, the least zero of S:,()O’N) (z) is still positive (red graph). For the exact value
N = Ny(3,0,—3), we have Z3 1 = 0 (blue graph) and with slightly higher values of N > Nj,
we get Z31 < 0 (green graph). Further increasing the value of N we get Z3; out of the

interval [c, 4+00) (yellow graph).

4
: —N=0
| —N=0.008
; —N=0.0136986
ol —N=0.04
: N=0.15




APPENDIX A

Conclusions and Future Research

A.1 Main contributions

Here we summarize the contributions of this dissertation.

e For the first time a comprehensive study of the behavior of zeros of polynomials
orthogonal with respect to Uvarov and Christoffel perturbed measures is done. The
behavior of the zeros is given in terms of the parameter M, which determines how
important the perturbation on the classical measure is. So far, significant progress
in this direction have been done through semiclassical approximations, as in [3] and
only concerning the behavior of the mean average properties of zeros using the WKB
method.

e Asymptotic results for the MOPS with respect to the Uvarov transformation of
the Laguerre measure, as a canonical example of unbounded supported measure, are
deduced when the mass point is located outside the support of the Laguerre measure.
Up to date, the mass points were located at the boundary/boundaries of the support

of the measure.

e In case of a finitely many mass points outside the support of the Laguerre measure,
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an electrostatic model is provided. To date, the only similar work is considering a
single mass point at the origin. We describe the behavior of zeros of Krall-Laguerre
polynomials in terms of the zeros of a polynomial of degree 2m (being m the num-
ber of Dirac masses on the measure), which are sources of a short range potential
field in the location of the zeros of the Krall-Laguerre OPS as critical points in the

equilibrium problem.

Asymptotic properties of Laguerre Sobolev-type MOPS, when the mass point is
located outside the support of the Laguerre measure are deduced. Up to date, the

mass points were located at the boundary /boundaries of the support of the measure.

The original results contained in this memoir have been published in several inter-

national research Journals, all of them indexed in the Journal of Citation Reports®, as

follows (the numbers in square brackets means the order in which the corresponding work

appear in the bibliography)

[23]

[24]

[44]

H. Duenas, E. J. Huertas, and F. Marcellan, Analytic properties of Laguerre-type
orthogonal polynomials, Integral Transforms Spec. Funct. 22 (2011), 107-122.

H. Duenas, E. J. Huertas, and F. Marcellan, Asymptotic properties of Laguerre-
Sobolev type orthogonal polynomials, Numer. Algorithms 60 (1), (2012), 51-73.

F. Marcellan, R. Xh. Zejnullahu, B. Xh. Fejzullahu, and E. J. Huertas, On ortho-
gonal polynomials with respect to certain discrete Sobolev inner product, Pacific J.

Math. 257 (1), (2012), 167-188.

E. J. Huertas, F. Marcellan and F. R. Rafaeli, Zeros of Orthogonal Polynomials
Generated by Canonical Perturbations of Measures, Appl. Math. Comput. 218,
(2012), 7109-7127.

E. J. Huertas, F. Marcellan, and H. Pijeira, An FElectrostatic Model for Zeros of
Laguerre Polynomials. Submitted to Proceedings of the American Mathematical

Society, December 2011. Under review.
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A.2 Open problems

Finally, we discuss some related work as well as we propose a set of open problems for a

future research.

P1. Infinitely many mass points

Let {lea,m) () }n>0 be the sequence of Krall-Laguerre orthogonal polynomials considered
in Chapter 3. The problem is to describe the behavior of lea’m) (z), relative to the Laguerre
OPS {L%O‘) () }n>0, when an infinite number of mass points is added in the negative real
semiaxis R_, i.e. m — +oo. Namely, we would like to evaluate the limit as m — oo in
(4.36)

(a m) =/
lim @ H x k| (A1)
n—oo () () Vx4 /o]

Notice that we deal with a nonincreasing sequence {cx}}", as k=1,...,m.

P2. Mass points inside the support of the Laguerre measure

The results of Chapters 4 and 5 for Krall-Laguerre and Laguerre-Sobolev-type orthogonal
polynomials were obtained when the mass points are located outside the support of the
Laguerre measure. It will be of interest to study the zeros and the asymptotic behavior
for this measure when the mass points belong to (0, +00).

P3. Electrostatic model in more general Sobolev cases

Find electrostatic models for the zeros of polynomials orthogonal with respect to the

following discrete Sobolev inner products

(f.9 S—/ f@)g(@)dp + MO (gD (), c¢[0,400), MRy, jEN, (A2)

and

—/Ooof(a: du—l—ZMka)(ck) D), {extito ¢ [0,400), My € R,
k=0
(A.3)
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P4. General positive Borel measures with unbounded support

Let study the above questions for general positive Borel measures p supported on R.

P5. Geronimus transformation of measures

Given the Geronimus canonical transformation of a positive Borel measure (2.14), it would
be interesting to explore the behavior of the zeros of polynomials orthogonal with respect

to the inner product

1

r —cC

(f,9)¢ = [Ef(x)g(x) du+ Mf(c)gle), c¢ E, M eRy

in terms of M.

P6. Connection with vector orthogonality

Motivated by the recent work [10], the analysis of the matrix orthogonality provided
in section (5.3) would be a nice approach to study analytic properties of such matrix
orthogonal polynomials generated from the Sobolev type orthogonality. In particular, an
interesting problem would be to analyze if they satisfy ordinary linear differential equations

with matrix polynomials as coefficients.



APPENDIX B

Interlacing Lemma

The following Lemma deals with the behavior of the zeros of a linear combination of two
polynomials with interlacing zeros. For the convenience of the reader, since this is central
to understand some results of this thesis, we reproduce here the complete proof. The best
general references here are [90, p. 31-33], [12, Lemma 1] or [19, Lemma 3|. This proof is
due to C. Bracciali, D. Dimitrov and S. Ranga.

Lemma B.1 Let hy(z) =a(z —x1) -+ (x — xy,) and gp(x) =b(x —y1) -+ (x — yp) be two

polynomials with real zeros, where a and b are positive constants.
(1) If
Y1 <1 < < Yp < T,

then, for any real constant ¢ > 0, the polynomial

f(x) = hn(2) + cgn(z)

has n real zeros ny < --- < nn which interlace with the zeros of hy(x) and gn(x) as

follows

Y1 <M<xy << Yp < Np<Tp.
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Moreover, each ni, = ni(c) is a decreasing function of ¢, and for every k =1,...,n,

lim ng = yk and

CcC—> 00 h ( )
. —Nn\Yk

lim clnp — yp] = ———=

c—00 [ ] g%(yk)

(ii) If

T <Yy < - < Ty < Yn,

then, for any real constant ¢ > 0, the polynomial

f(@) = (@) + cgn(x)

has n real zeros m < --- < n, which interlace with the zeros of hy(z) and gn(x) as
follows
T <m<yr < - < Ty <np < Yn. (B.1)

Moreover, each i, = ni(c) is an increasing function of ¢, and for every k =1,...,n,

lim 7, = yi and

c— 00

lim clyr —m] = ) 2

c—00 9n ()

Proof. It is enough to prove (ii) because the case (i) is similar. Since h,(z) and g, (z)

are monic polynomials with

T <y < - < ZTp < Yn,

we have
sign f(z) = sign ga(wx) = (~1)" 51, k=1,...,n.
Hence, there exist n — 1 zeros ny,...,n,—1 of f(z) such that
<M< area<... <xp_1<Np—1 < Tp.

The existence of n, > wz, follows from f(z,) < 0 and the fact that f(z) — +oo as

r — +00. Since similar arguments apply to the case

m <y <---<Mnp <Yn,
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we conclude that (B.1) is true.

To prove the monotonicity of zeros of in terms of ¢, we define the polynomial

fe(x) = hn(z) + (¢ + €)gn(2),

with € > 0, and let denote its zeros by ni(g) < -+ < n,(g). It is easy to check that
e = ni(0) and
fe(@) = f(x) + egn(z).

Therefore, f-(nr) = €gn(nk) and then, for e > 0,

sign fe(nk) = sign gn () = (1)
because the interlacing property (B.1). Thus, nx < nr(¢), i.e. every zero 7y, is an increasing
function of c.

For the proof of the limits (B.2), we define the polynomial ¢(x) by

() = () + gu(0).

Notice that the zeros of f(z) and ¢(x) coincide for each c. Since

lim ¢(z) = gn(z),

Cc— 00

by the Hurwitz’s theorem (see [99]), the zeros ny of f(z) converge to the zeros yi of g, (x)
when ¢ tends to infinity.
Next, by the Mean Value Theorem, there exist real real numbers 0y € (ng,yr), k =
1,...,n, such that
cgn(Yr) — cgn (k)
Yk — Nk

= cg,,(0r)

or, equivalently,

On the other hand, h,(z) and g, (z) are polynomials with simple zeros. Since ¢'(yx) # 0,
then there exists ; > 0 such that

my, = min{|g, (z)] : @ € [yx — 1, yx]} # 0.
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Let € > 0. Hence, there exists do > 0, with do < 61, such that
em;

2‘hn(yk)”

when = € [y — d2,yk]. Since ng, O — yr as ¢ — oo, then there exists ¢y > 0 such that,

EMmy

|hn($) - hn(yk)| < T? |gn($) - gn(yk:)‘ <

for all ¢ > co, nk, Ok € [y — 2, yx). Thus, for ¢ > ¢y

B (1) 9 (k) — P (Y1) 91 (O)

9n(Ok)  gn(yk) 91, (0r) g7, (yr:)
e )]
< Dhal) = )l -+ 1 00) = ) 2

< e

Hence,
lim cly; — = lim = ,
g o= = 000 00 = )

and the proof is complete. m
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Rate of Convergence

In this appendix, from the Perron’s formula (2.33) we prove two lemmas concerning the rate
of convergence of the ratio of two standard Laguerre polynomials as n — oco. Throughout
this dissertation, we have needed to compute several ratios of Laguerre polynomials with
different parameters and degrees, and this is the reason why these Lemmas will be useful.
Taking p = 3 in (2.33) we have

@ (r) = }W—1/26x/2 (_x)fa/271/4 na/2—1/462(—nx)1/2
) N —1/2 R ~3/2
X {C’o(a,x) + Ci(a;z)n + Cy(asz)n™ + 0 (n )} ,

where every C,(«; z) is independent of n, but depends on «. Thus,

L(Cﬁ () (n+ -)04/2—1/4 N N1/2 1/2
Do\ a2 |\ (—(n+5)2)' 2= (2(~(n+k)z)!/
i = o [ oo
L Colesz) + Ci(asa)(n + )7 + Colos ) (n + )" + 0 ((n+4)~*)
Co(B;) + Cr(B; ) (n+ k) =12+ Co(Biw) (n+ k)~ + 0 ((n + k)=3/2)

[N]])
=

=
[N]})

First, we study the term inside the square brackets. From (n + j) 2

%

=n
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@

1
and (n + k) “i=pkd (14 Ey27a

, we obtain

(n+j)a/2—1/4] - ns-i (1 + 2)3—1 3_§W (C2)

[(n+kz)ﬁ/“/‘l b (g k) (1+5)

Next, using the expansion

(142 =1+yz+0(2%), |z| <1,

n 4 n’

s 5 o ()] LA (o)

The product of the last two square brackets yields

jfa 1\ k(B 1 1
1+n<2‘4>‘n<2‘4>+0(m>‘

As a conclusion, (C.2) becomes

e (e ) (Do) e

On the other hand, in (C.1)

forbothy:%—iwithzziandyz—(%—% with z = £, we obtain

N[

@

[N]])

2(=4D)2) 2= (2= (ntk)2)/?)] _ 2w ((n4d) 2= (k) V/?) (C.4)

But

~1/2 1/2 1/2 i\ k\'?
(n+7)7"*—=(n+k) = n 1—|—n - 1+E

Therefore, (C.4) becomes

o2V =a((n+)"/?~(n+k)"/?)

—exp [V - 1)+ 0
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and using

expz:1+z+%z2—l—0(z3),

we can write

2V=z((n+)V2=(m+k)2) _ L VT sy g2 ~3/2
e + \/ﬁ(] k) 2n(‘7 k)" + O(n™°/%). (C.5)

Multiplying (C.3) and (C.5) we can rewrite (C.1) as

(1 + {/? (G—Fk)+ [<3‘ - i) j— <§ —~ i) k— g (j — k)Q] % + (‘)(n_3/2)>C.6)

Co(a; ) + Cr(e; ) (n + )" V2 + Colas ) (n + 5) 7 + O ((n + 5)73/?)

" ColBi) + CrlBia)(n+ ) Coliw) () O (k) P2)

Next we will state two useful lemmas considering some particular values of the parameters
a, B, j and k.

Lemma C.1 Given two standard Laguerre polynomials of the same parameter « and dif-

ferent degree, the following statement holds. For x € C\R

(o)
L, . (x) V- a 1 T 1
n+j _ . [ T 2 —3/2
L%a)(m) 1+\/ﬁj+[<2 4>] 2j]n+(‘)(n )

where /—x must be taken real and positive if x < 0.

Proof. Letting o = f and k =0 in (C.6) yields

S0 L[ e

Co(as ) + Cr(a ) (n + )% + Colas ) (n + 5) " + 0 (n + 5)7%/?)
Co(a;z) + Ci(a; z)n=1/2 4+ Co(a; z)n~1 + O (n=3/2) '

In the numerator of (C.7) we have

Co(a;z) + Cr(es@)(n+5) 2+ Coas ) (n+5) " + O((n +5) /2
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~1/2
+ Cy(o; z)n ™t <1 + J) +0 (n_3/2)

n

= Colazo) + Ci(az )1/ (1 + i)

Thus
Co(a;2) + Ci(ez ) (n + )"/ + Co(az ) (n +5) "' + 0 ((n+4)~*?)
Co(a;z) + Ci(a; z)n=1/2 4+ Cy(a; z)n~! + O (n=3/2)
=1+ 0(n"%?) (C.8)

Under these conditions, this shows that there are no terms of order either O (n_l/ 2)

or O (n~!) in the expansion (C.8). Thus, we can rewrite (C.7) as

L) <1+ﬁj+{<a—1>j—xj2“+0(n3/2>)><(1+O(”3/2)>

L%a)(x) Vn 2 4 2
= 1+7\/ﬁj+ E—Z ]—5] %—FO(TL )

Lemma C.2 Given two standard Laguerre polynomials of equal degree n and different

parameter, the following statements hold. For x € C\R

(a) S
Lp'(z) _V—=x a 1 z)1 —3/2
L) vn i [(2 i 4) i 2] p O
L(O‘)(m‘) -z 3
Lgba+2)(x) n +0(n™%),

where /—x must be taken real and positive if x < 0.

Proof. Using (2.25) and proceeding by induction, it is easy to see that

and therefore
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Next we can use Lemma C.1 with parameter a + ¢ and j = —v in order to evaluate the
last ratios as follows

m =1- \/\/?,,_ [(G;E _ i) y+;y2:| %Jro(n—:a/z)'
Hence L%a)(x)
L) (C.9)
B () o (25237 2) e

Taking ¢ = 1 in (C.9)

If ¢ = 2 we have
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