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     This paper presents a parallel computation approach for the efficient solution of very
large multistage linear and nonlinear network problems with random parameters. These
problems result from particular instances of models for the robust optimization of network
problems with uncertainty in the values of the right-hand side and the objective function
coefficients. The methodology considered here models the uncertainty using scenarios to
characterize the random parameters. A scenario tree is generated and, through the use of
full-recourse techniques, an implementable solution is obtained for each group of scenarios
at each stage along the planning horizon.
     As a consequence of the size of the resulting problems, and the special structure of their
constraints, these models are particularly well-suited for the application of decomposition
techniques, and the solution of the corresponding subproblems in a parallel computation
environment. An augmented Lagrangian decomposition algorithm has been implemented
on a distributed computation environment, and a static load balancing approach has been
chosen for the parallelization scheme, given the subproblem structure of the model. Large
problems – 9000 scenarios and 14 stages with a deterministic equivalent nonlinear model
having 166000 constraints and 230000 variables – are solved in 45 minutes on a cluster of
four small (11 Mflops) workstations. An extensive set of computational experiments is
reported; the numerical results and running times obtained for our test set, composed of
large-scale real-life problems, confirm the efficiency of this procedure.
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1. Introduction

In this paper, we are concerned with the application of a parallel computation
approach to the solution of multistage stochastic linear and nonlinear network prob-
lems obtained from the formulation of network problems with uncertainty both on the
right-hand side of the constraints and in the objective function coefficients. This class
of problems is among the most intractable in numerical computation. Our methodology
can be extended in a straightforward manner to the case when the uncertainty also
appears in the constraint matrix coefficients.

In contrast to traditional mathematical programming approaches, we have chosen
to model the uncertainty using scenarios to characterize the random parameters in the
objective function and in the right-hand side. A scenario tree is generated and, through
the use of full-recourse techniques, an implementable solution is obtained for each
group of scenarios at each stage along the planning horizon.

When this approach is used, the so-called deterministic equivalent (DE) model
has a huge number of variables and constraints, and very often the network structure
is lost as a consequence of the need to impose additional conditions on the values of
the variables, to ensure the coherence of the decisions taken at different time stages.
Practical problems can easily have in excess of 100,000 variables and constraints;
also, very frequently the function to optimize is a nonlinear function of the variables.

Decomposition techniques are particularly suitable for this class of models, by
careful choice of the approximation scheme, given the very large size of the resulting
problems and their ability to recover the network structure in the subproblems.

Once the problem has been decomposed, a reasonable and efficient procedure to
compute a solution is to treat the different subproblems in parallel, where each sub-
problem is composed of one or more nodes of the scenario tree. We have chosen a
static load balancing scheme, as the subproblem structure is not modified within the
decomposition procedure and the relative effort required to solve the subproblems
remains fairly constant throughout the algorithm.

This approach has been tested, and shown to be very efficient, on a collection of
large test problems obtained from real-life long-term hydropower generation planning
applications. The tests have compared both the sequential and parallel versions of our
implementation of the decomposition algorithm, and this algorithm with other alter-
natives for the direct solution of the DE model.

The paper is organized as follows: in section 2, we present the model of interest
and we comment on its special structure. Section 3 presents the compact representation
of the DE model. Section 4 gives the so-called splitting variable representation of the
same model, and the related augmented Lagrangian decomposition since we consider
it as the most suitable for the parallel solution of the problem. Section 5 presents
the parallelization of the algorithmic framework of choice, and describes the details
involved in this parallelization. Section 6 shows results obtained from the application
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of these techniques to three sets of very large real-world test problems. Finally, in
section 7, we draw some conclusions from our experience on the application of this
approach.

2. Model description

Consider the following deterministic linear problem:

z = minimize cT x

subject to A x = b,

x ≥ 0,

(1)

where c is an n-column vector, A is the m × n constraint matrix, b is an m-column
vector and x is the n-column vector of the nonnegative unknowns. We are particularly
interested in the solution of planning problems where time plays a significant role in
the definition of the variables and the structure of the constraints. If we consider a
planning problem over several time periods, we may partition the variables into sets
corresponding to information concerning just one stage (a period or set of periods to
be treated jointly in the model), and to the information carried over from one stage
to the next. Similarly, we may partition the constraints into subsets related to the
limitations imposed on the operation of the system in each stage.

In our case of interest, we shall assume that the structure of the constraints is
similar for all periods, and that all constraints can be treated as pertaining to a single
stage (and the variables representing the information shared between stages). Under
these assumptions, the structure of the constraints is that of a collection of models for
each stage, linked by terms related to the variables carrying information from each
stage to the next.

In order to illustrate this structure, consider a case with three time stages, where
the variables xr represent the information related to stage r, and the variables xr, r +1

correspond to the information carried over from stage r into stage r + 1. In this case,
the system Ax = b can be written as

There exists a broad range of application fields for stage programs of this form,
such as electricity water gas distribution, financial planning, exchange rate manage-
ment with currency arbitrage, production planning, input–output tables in macro-
economic analysis, design and operation of communications networks, road networks,
etc. See [1,2,6,13,17,18,21,22,24,27,33,34,36,42,47–50], among others. In many

A1x1 + A12
1 x12 = b1,

A12
2 x12 + A2x2 + A23

2 x23 = b2 ,

A23
3 x23 + A3x3 = b3 .

(2)
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such cases, A in (1) is an m × n node–arc incidence matrix for some directed graph
G = (V, E), where V denotes the set of nodes with m ≡ jVj, and E denotes the set of
arcs with n ≡ jEj.

2.1. Uncertainty

The real-life problems that have motivated this work fit models (1) and (2)
introduced above, but in order to obtain a sufficiently accurate representation of the
operation of the real system, we must expand these models by taking into account
explicitly that some elements of the matrix A or the vectors c and b may not be known
with certainty.

In these cases, one needs to consider two additional features. In the first place,
one must model the availability of information over time, and state what sort of deci-
sions can be made at each of the various stages. Secondly, to compute an optimizer,
any proposed solution will have to be compared with other candidate solutions but, in
the stochastic setting, the criteria by which this comparison can be performed are
much less clear. Thus, we need an approach to model the uncertainty in the problem
data. The traditional approach is to make distributional assumptions, estimate the
parameters from historical data and then develop a stochastic model to take the un-
certainty into account. Such an approach may not be appropriate if only limited
information is available. On the other hand, in many applications it is often necessary
and possible to take into account information that is not reflected in the historical
data. In many such cases, we may employ a technique called “scenario analysis”,
where the uncertainty is modelled via a set of scenarios, say S. (See [23] for a de-
scription of a methodology for the estimation of the number of scenarios; see also
[25] for a Monte Carlo importance sampling approach for the generation of the appro-
priate set of scenarios.)

For example, in our model (1) the vectors for the right-hand side and the objective
function coefficients may take different values for different scenarios, say bs and cs

for s ∈S, respectively. We also introduce weights w s representing the likelihood that
the decision maker (modeler) associates with each scenario s ∈S.

One way to deal with the uncertainty is to obtain the solution x that best tracks
each of the scenarios, while attempting to satisfy the constraints for each scenario.
This can be achieved by obtaining a solution that minimizes the weighted sum or the
largest of the upper differences between the proposed solution value and the optimal
solution value for each scenario, see [1,2,13,26,32]. The resulting model does not
increase the number of variables of the original formulation, but now there are mjSj
constraints. Unfortunately, this representation of the model does not preserve the
structure of the deterministic model (1) (for example, in the case of network models
we have two nonzero constraint entries for each variable, at most, and one of them is
+1), and the objective function is no longer linear; see [1,2] for some procedures to
overcome this difficulty. Models of this form are known as scenario immunization
models, see [13,32], or SI models for short.
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As an alternative goal, we could minimize a composite function including the
expected value of both the objective function of model (1) and the infeasibility penali-
zation function, so that the new model becomes

minimize ws(c s)T x + H(xa
s )

s∈S
∑

subject to A x + xa
s = bs , ∀s ∈ S,

x ≥ 0,

where xa
s is the vector of slack variables for scenario s ∈S, and H(xa

s) is the related
penalization in the objective function. Note that (3) gives an implementable policy
based on the so-called simple recourse, that is, the whole vector of decision variables
is anticipated at stage 1.

2.2. Nonanticipative policies

Scenario immunization models anticipate decisions in x that for multistage appli-
cations may not be needed at stage r = 1. Frequently, the decisions for stage r = 1 are
the only decisions to be made, since at stage r = 2 one may realize that some of the
data has been changed, some scenarios vanish, etc. In this case, the models will usually
be reoptimized in a rolling planning horizon mode. When only spot decisions (i.e.,
decisions for stage r = 1) are to be made, the information about future uncertainty is
only taken into account for a better spot decision making. This type of approach is
termed full recourse.

Let R denote the set of stages, and x s denote the arc flows under scenario s, for
s ∈S. The following nonanticipativity principle has been stated in [37], see also [45].

   “If two different scenarios s and s ′ are identical up to stage r on the basis
of the information available about them at stage r, then the values for the x-
variables must be identical up to stage r for r ∈R”.

This condition guarantees that the solution obtained by the model is not depend-
ent at stage r on information that is not yet available. To illustrate this concept, consider
figure 1: each node in the figure represents a point in time where a decision can be
made. Once a decision is made, contingencies can happen (in this example, the number
of contingencies is three for all nodes), and information related to these contingencies
is available at the beginning of the next stage. This information structure is visualized
in figure 1 as a tree, where each root-to-leaf path represents one specific scenario and
corresponds to one realization of the objective function coefficient vector c and right-
hand side b. In our example, we have three stages; the elements of vectors c1 and b1
can take one value each for all scenarios, but the elements of vectors c2 and b2 can
each take three different values, one for each realization of the uncertainty in stage 2.

(3)
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The elements of vectors c3 and b3 can then each take three different values for each
value of c2 and b2. Note that in this case, we have a total of jSj = 9 different scenarios.

In order to introduce this condition into our model, for each stage r we define a
set of scenario groups Gr such that all scenarios having the same realizations of the
uncertainty up to stage r belong to a given scenario group g, for g ∈Gr . For example,
in figure 1 we have that G1 is composed of a single scenario group (all scenarios are
identical in stage 1, as no realization of the uncertainty has yet taken place), G2 is
composed of three groups of scenarios, with three scenarios belonging to each group,
and G3 is composed of nine groups of scenarios, each one including a single scenario.
For simplicity of notation, let us assume Gr > Gr = ∅, 8r, r ∈Rjr ≠ r. The non-
anticipativity principle then requires a single solution value for each scenario group
in each stage, that is, a single value xr

g for each g ∈Gr . Let Sg denote the set of scenarios
that belong to group g for Sg # S, g ∈Gr  and r ∈R, and N denote the set of solutions
that satisfy the so-called nonanticipativity constraints. That is,

Figure 1. Scenario tree.

  x ∈ N ≡ {x sj xr
s = xr

′s ∀s, ′s ∈ Sg , ∀g ∈ Gr , ∀r ∈ R}. (4)

Note also that the scenario tree is defined by the set of nodes 
S

r∈R Gr and the set of
directed arcs E, where (k, l) ∈E for k ∈Gr, l ∈Gr +1 and Sl # Sk.

These constraints must be added to model (1) to obtain the deterministic equiva-
lent (DE) model

minimize
x

wscsT x s

s∈S
∑

subject to A xs = bs , ∀s ∈ S,

x ∈ N,

x s ≥ 0, ∀s ∈ S.

(5)
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Model (5) has a nice structure that we may exploit. Two approaches can be used
to represent the nonanticipativity constraints (4). One approach is based on a compact
representation, where (4) is used to eliminate variables and to reduce model size, so
that there is a single variable xr

g for each g ∈Gr , but any special structure of the
constraints in (1) (e.g. any network type structure) is destroyed. The other approach is
based on a splitting variable representation. If we denote the variables associated with
each stage as xr

g for g ∈Gr  and r ∈R, and x g
r, r +1 denotes the connecting variables

between stages, then we can use a single variable xr
g for each g ∈Gr , as in the preceding

case, since this reduction does not affect the network structure. On the other hand, we
may introduce more than one variable x s

r, r +1 to represent the connecting variables for
s ∈Sg and a given g ∈Gr ; in this case, the nonanticipativity condition is then enforced
by explicitly including the corresponding constraints from (4) as part of the model,
but the network structure is preserved.

3. Compact representation

The compact representation of the full recourse model (5) requires modifying
the model example (2) by introducing the following variables to take into account the
uncertainty in the data:

x1 and x12 with the same meaning as x1 and x12 in (2), respectively.

x2
k and x k

23 with the same meaning as x2 and x23 in (2), respectively, but now related
to each scenario group k ∈G2.

x3
l with the same meaning as x3 in (2), but now related to each scenario group

l ∈G3.

Let the vectors (c1, c12 , c2
k, c23

k , c3
l )  and (b1, b2

k , b3
l )  denote the objective function

coefficients and right-hand side parameters, partitioned according to the scenario tree
and variable partitioning scheme indicated above.

For the case with three stages, our representation of model (5) is as follows:

(6)

min c1
T x1 + c12

T x12 + (c2
k )T x2

k

k ∈G 2

∑ + (c23
k )T x23

k

k ∈G 2

∑ + (c3
l )T x3

l

i ∈G3

∑

s.t. A1x1 + A12
1 x12 = b1,

A12
2 x12 +     A2 x2

k +  A23
2 x23

k = b2
k , ∀k ∈G2 ,

A23
3 x23

k + A3x3
l = b3

l , ∀(k, l) ∈E , k ∈G2 ,

x1, x12 ,          x2
k , x23

k , x3
l ≥ 0.

Simplex based procedures, with crash ad hoc starting solution techniques, can
be used to solve (6), as well as interior point methods. The first approach gives good
results, provided the number of scenarios is small (say 25–50), and the loss of the
special structure in (1) is not a great inconvenience.
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The disadvantages of using interior point methods are analyzed in [10,29] and
result from the fill-in in the computation of the Choleski factor required for the solution
of a system of linear equations in each iteration.

The two-stage version of (6), the so-called block angular problem, has been
extensively studied in the literature. Several special-purpose algorithms for solving
linear problems with this structure have been developed, including the L-shaped
method described in [44], among others. Interior point methods applied to these prob-
lems have been discussed in [8,9,46], where decomposable algorithms amenable to
parallel computing approaches have been proposed. The basic idea is to decompose
the system of linear equations to solve at each iteration, using versions of the Sherman–
Woodbury–Morrison formula. This procedure takes advantage of the structure in the
two-stage version of (6), and obtains the solution of the system from the solution of
jSj smaller systems.

Instead of using a direct method to solve the DE model (6), the multistage
stochastic program represented in (6) can be solved using a Benders decomposition
[3] approach. It has the property that if the values of the variables x12 and x k

23 are
fixed, then the optimal values for the remaining variables can be obtained from the
solution of separable subproblems.

The L-shaped method given in [44] was extended in [5] to the multistage setting
by nesting several levels inside one another. Other nested Benders decomposition
approaches are described in [14,20,35]; parallelized versions are given in [7,15].
Other parallelizations of the Benders decomposition method for the two-stage stochastic
linear program are given in [11,24]. See our computational experience in section 6.

4. Splitting variable representation

4.1. The model

An alternative to the compact representation of the full-recourse model (5) can
be obtained after splitting the coupling variables between stages, x12 and x k

23 in the
case of our example (6). A new set of variables x k

12 for k ∈G2 are then added and
equated to x12, and also a set of variables x l

23 for l ∈G3 are added and equated to the
corresponding x k

23 for (k, l) ∈E.
The resulting representation takes the form:

min c1
T x1 +c12

T x12 + (c2
k )T x2

k

k

∑ + (c23
k )T x23

k

k

∑ + (c3
l )T x3

l

l

∑
s.t. A1x1 +A12

1 x12 = b1,

x12 − x12
k = 0, ∀k,

A12
2 x12

k + A2x2
k + A23

2 x23
k = b2

k , ∀k,

x23
k − x23

l = 0, ∀k, l,

A23
3 x23

l + A3x3
l = b3

l , ∀l,

x1, x12 , x12
k , x2

k , x23
k , x23

l , x3
l ≥ 0. (7)
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For a circular-link representation of the nonanticipativity constraints, say xr, r+1
k −1  =

x k
r,r +1, see [6,28,39]. The advantages of the splitting variable representation over the

compact representation for solving the full recourse model (5) using interior point
methods have been explored in [29], see also [10]. In [19], a computational comparison
of different strategies for interior point methods and the simplex method with and
without crash procedures can be found. The results of these studies do not all go in the
same direction, but none of them analyze decomposition procedures. A Dantzig–Wolfe
decomposition scheme, and (its dual) a Benders approach to the solution of (7) have
been presented in [2], but no computational results are reported; the authors claim
they are not good enough.

4.2. Augmented Lagrangian decomposition

Augmented Lagrangian methods proceed by moving the nonanticipative con-
straints (4) into the objective function to generate a problem with independent sets of
constraints, one per node in the scenario tree, so that each subset keeps any special
structure that might be present in the original problem (1).

If this procedure is applied to (7), the resulting problem becomes

max
π

Dρ (π ), (8)

where the function Dρ(π) is defined as

  

Dρ (π) = minimize ws(cs )T xs + (π12
k )T (x12 − x12

k ) + (π23
l )T (x23

k − x23
l )

(k, l)
∑

k
∑

s ∈S
∑

+ ρ
2

k x12 − x12
k k2 + k x23

k − x23
l k2

(k,l )
∑

k
∑






subject to x s ∈ X

(9)

and we have used the notation

x s ≡ (x1, x12 , x2
k , x23

k , x3
l ), (10)

the feasible set X is defined as

(11)

π ≡ (π k
12, π l

23) is the vector of dual variables for constraints (4), and ρ > 0 is a penalty
parameter.

A rough algorithm to solve (8) is as follows:

  

X ≡ {x sjA1x1 + A12
1 x12 = b1,

A12
2 x12

k + A2x 2
k + A23

2 x23
k = b2

k , ∀k,

A23
3 x23

l + A3x3
l = b3

l , ∀l,

x1 ,  x12 ,  x12
k ,  x2

k ,  x23
k ,  x23

l ,  x3
l ≥ 0,
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Algorithm A-1.  Augmented Lagrangian decomposition algorithm

Step 1 . For a given multiplier vector π i available at iteration i, solve problem (9).
Let xi

s be the solution of this problem.

Step 2 . If for some tolerance parameter ε > 0,

  k(x12)i − ( x12
k )ik ≤ ε and k(x23

k )i − (x23
l )ik ≤ ε, ∀(k, l) ∈ E, k ∈ G2 ,

holds, then stop; the optimal solution for (8), and for the original problem
(6), has been found.

Step 3 . Otherwise, reduce by an adequate amount the penalty parameter ρ, and update
the dual multipliers π according to

π i +1
k = π i

k − β(x12 − x12
k ), ∀k ∈ G2 ,

π i + 1
l = π i

l − β(x23
k − x23

l ), ∀(k, l) ∈ E,
(12)

where β > 0 is an appropriate step length.

It is well known that if (8) has a solution, then algorithm A-1 converges in a
finite number of iterations – see [4], for example.

In order to obtain decomposable subproblems, we still need to address the fact
that the objective function in (9) is not linear but quasi-separable quadratic. A
description of several frameworks to decompose the objective function in (9) can be
found in [2].

If the quadratic terms of the form kxi – xjk2 in (9) are expanded, and the cross-
product terms xi

Txj are approximated by using a suggestion from [41] – see also [30,31,
38,39] – it results that for the variables xi , xj  and some particular values of these
variables x i , x j , we can write

  

kxi − x jk2 = k xik2 + k x jk2 − 2xi
T x j ,

       xi
T x j = − x i

T x j + x i
T x j + xi

T x j + (xi − x i )T (x j − x j ),

kxi − x jk2 … k xik2 + k x jk2 + 2x i
T x j − 2x i

T x j − 2xi
T x j ,

where we assume that the terms of the form (xi − x i)
T (x j − x j)  are negligible com-

pared to kxik2 and kxjk2.
Using this result, the objective function in (9) can be approximated by

  

F(x, π , ρ) = g1
T x1 + g12

T x12 + (g12
k )T x12

k + ( g2
k )T x2

k + (g23
k )T x23

k( )
k

∑
+ (g23

l )T x23
l + (g3

l )T x3
l( )

l
∑

+ ρ
2
kx12k2 + (kx12

k k2 +k x23
k k2) + kx23

l k2

l
∑

k
∑



 + f , (13)
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where

(14)

Now the problem
minimize

x
F( x,π , ρ)

subject to x ∈ X,
(15)

where X is defined as in (11), can be decomposed into quadratic subproblems with
linear constraints that preserve the original structure, a network structure, for example.
Our rough algorithm for solving (9) via separable quadratic approximations is as
follows:

Let i be a given iteration of algorithm A-1 and π i and xi be the dual multipliers
and current value of the variables, respectively. Replace step 1 of algorithm A-1 with
the following algorithm:

Algorithm A-2. Augmented Lagrangian inner iteration

Step 0 . Let π = πi, x im = xi  and m = 1.

Step 1 . Solve (15) with x = x im , to obtain a new point xim.

Step 2 . If   kxim − x imk ≤ ε ,  then stop. Otherwise, set

x i,m + 1 = x im + γ (xim − x im ),

where γ is an appropriate step length, increase m by one and go to step 1.

In some of the computational experiments to be described in section 6, the value
of the penalty parameter ρ in (13) has been kept constant for all iterations, but in other
cases, the value of ρ has been adjusted in the algorithm according to the following
heuristic rules:

  

g1 = c1,

g12 = c12 − (π12
k + ρx 12

k ),
k

∑
g12

k = π12
k − ρ x 12 , ∀k ∈ G2 ,

g2
k = c2

k , ∀k ∈ G2 ,

g23
k = c23

k −
{lj(k ,l ) ∈E}

∑ (π23
l + ρ x 23

l ), ∀k ∈ G2 ,

g23
l = π23

l − ρx 23
k , ∀(k , l) ∈ E,

g3
l = c3

l , ∀l ∈ G3 ,

f = ρ x 12 x 12
k + x 23

k

{lj(k,l) ∈E}
∑ x 23

l

k
∑

k
∑





.
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Algorithm A-3. Penalty parameter update

Step 0 . At the start of the algorithm define two problem-dependent constants, Cp and
CF, where CF should be a lower bound on the optimal value of the objective
function.
For the test problems in section 6, we have used Cp = 105n, where n denotes
the number of variables in (15), and CF = 0.

Step 1 . In each iteration i of algorithm A-1, compute the values

  

Mi = max(k(x12)i − (x12
k )ik` ,k( x23

k )i − ( x23
l )ik̀ ),

Ni = k(x12)i − (x12
k )ik2 + k(x23

k )i − ( x23
l )ik2 .

(k,l )
∑

k
∑

Step 2 . The new value ρi +1 is obtained from the value ρi  as

ρi + 1 =

1.5ρi if Mi > 1,

Cp N i if Mi < 1 and Cp N i < 102(F(xi ) − CF),

102 (F(xi ) − CF) otherwise.









Note.  Alternatively, a different penalty value may be used for each constraint, to be
updated according to rules similar to the ones presented above.

5. Parallel implementation

From the preceding description of the Augmented Lagrangian algorithm, it
follows that step 1 in algorithm A-2 can be carried out by solving a collection of
quadratic subproblems having very similar structure and complexity. The additional
computational work required in step 3 of algorithm A-1 and step 2 of algorithm A-2 is
a very small fraction of the total computational effort required by the decomposition
algorithm.

Taking advantage of this favorable structure, we have developed a parallel
implementation of the algorithms presented in section 4. In this implementation, the
computations required in step 1 of algorithm A-2 are conducted over a distributed
network of computers (nodes).

For a different approach to the parallelization of the Augmented Lagrangian
decomposition method, see [31,39]. The similarly motivated row-action parallelization
scheme is presented in [34] for the two-stage problem.

The Augmented Lagrangian parallel implementation that we have developed
follows a master slave strategy with static load balancing. Given this structure, the
execution flow of the program can be summarized as follows:
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Algorithm A-4. Distributed code execution flow

Step 1 . The master program is loaded onto a node of the parallel computer, or a distri-
buted network of computers.

Step 2 . The master program loads the data for the problem, determines the subtasks
to be performed by the slaves, and allocates these subtasks to the nodes in
the system, according to the procedure described in section 5.3.

Step 3 . The master program loads the slave programs (where the computationally
intensive part of the algorithm is implemented) onto the remaining nodes of
the computer (or network).

Step 4 . The information required to complete the allocated tasks (step 1 in algorithm
A-2) in a given iteration is sent to the slaves.

Step 5 . The slaves perform the allocated tasks. Once these tasks are complete, the
results are returned to the master program.

Step 6 . The parameters in step 3 of algorithm A-1 and step 2 of algorithm A-2 are
updated by the master program.

Step 7 . With these new values of the parameters, new tasks are generated and
allocated to the slaves by the master program.

Step 8 . Steps 4–7 in this procedure are repeated until the master program determines
that the termination conditions in step 2 of algorithm A-1 have been satisfied.

5.1. Load balancing

In our implementation of the decomposition algorithm, we have chosen to define
each subproblem as corresponding to one stage and one scenario group. This choice
implies that all subproblems are similar in size and structure, and simplifies the alloca-
tion of tasks to processors. Other allocation schemes are possible; for example, if the
efficiency in the solution of the subproblems is an important consideration, it may be
worth assigning to each subproblem the largest number of stages for which the network
structure is preserved.

For this choice, and as the number of subproblems to solve in each iteration is
known and fixed in advance, we have chosen to follow a static load balancing scheme.
As a consequence, the allocation of subproblems to tasks and the assignment of the
individual tasks to the nodes is done once at the beginning of the execution.

If the network connecting the computer nodes is not heavily loaded, then a static
load balancing scheme is the most efficient choice, as for our decomposition approach
the load remains fairly constant throughout the execution and the overheads associated
with dynamic schemes are avoided. Note that the solution times for the different
subproblems in a given iteration, measured as a fraction of the total elapsed time for
the iteration, do not change significantly from iteration to iteration.
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For the tests we have conducted in our computational experiments (see section 6),
we have made use of a homogeneous allocation of subproblems to tasks. In this sense,
all tasks that we generate are in principle equivalent regarding their associated compu-
tational load, a reasonable choice for dedicated machines of roughly similar computing
power. Nevertheless, our implementation is also able to generate non-homogeneous
allocations, based on a priori knowledge of the processing capabilities of the different
nodes in the (nonhomogeneous) network, or on some estimate of the expected load of
the nodes. In these cases, it is assumed that this load will remain sufficiently stable
that our static load allocation does not become too inefficient.

5.2. Communications between processors

Given that the program has two or more separate parts (master and slaves), one
of our main concerns has been to ensure the efficiency of the procedures to com-
municate the information for the variables shared by each part. The specific design of
these communication tasks between programs has a significant impact on the overall
efficiency of the parallel algorithm, and the speedup that can be achieved with regard
to the sequential version.

In our implementation, this communication is performed at different points in
the execution of the program:

• Initially, immediately after the master program loads the slave to each of the
nodes (step 3 in algorithm A-4), all the information that will not change through-
out the execution of the algorithm is sent to each slave.

• Immediately before a slave must begin processing a particular task, the master
sends all information specific to this task (step 4 in algorithm A-4).

• If the “child” of a given subproblem has been allocated to a different node, the
values corresponding to the common variables for the subproblem and its child
are sent to the corresponding node immediately after solving the subproblem.

• The values of the multiplier vectors for the shared variables between subproblems
are updated from the new values for the connecting variables (step 3 in algorithm
A-1) immediately after solving both subproblems. If the “parent” for a given
subproblem has been allocated to a different node, the new values for the multi-
pliers are not sent to the corresponding parent node until the end of the current
iteration, that is, until all the tasks currently allocated to the node have been
completed.

• Once a slave finishes a given task, the results generated are sent to the master
program, in order to check the optimality conditions and to decide on the need to
conduct a new iteration.

Note that the amount of information to be sent to a slave depends on the structure
of the subproblems assigned to it. For example, in order to solve a subproblem whose
“parent” has been allocated to the same node, no additional information is required.
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The most likely cause for a node having to wait to start solving a given sub-
problem is the need to receive information from another node (the results from solving
the parent of the current subproblem), and the waiting for the master to send the
information to process a task to a given slave. As a consequence, in order to attain a
high speedup, it is necessary that the task allocation algorithm both balances the load
between processors, and minimizes the total time a slave must wait for information
from another slave.

5.3. Task allocation

As we mentioned above, the allocation of subproblems to tasks has been per-
formed so that all tasks require a similar computational effort, and the information
exchange required between slaves is limited. This allocation is performed by the master
program immediately after reading all input data and starting the slaves in all available
nodes.

Task allocation is conducted according to the following algorithm:

Algorithm A-5. Task allocation to processors

Step 1 . Once the input data has been loaded, the scenario tree is analyzed.
Let n r  denote the number of different scenario groups associated with stage
r, that is, n r  = jGrj, and let N be the number of nodes available in the parallel
computer, or the network. Find an r  such that N … 4n r .
This last value has been chosen to ensure that a sufficiently well-balanced
first assignment can be made for the subproblems corresponding to that stage,
without having to consider any later stages.

Step 2 . All subproblems in stage r  are assigned to one of the nodes.
Let sg, g = 1,…, n r , denote each of the subproblems in stage r . We define
one subproblem for each scenario group at each stage. Also, let nsg denote
the total number of subproblems in later stages associated with subproblem
sg , then nsg denotes the total number of nodes in the scenario tree from node
g to the leafs for g ∈Gr.
A given set of ratios for each computer node, uk, k = 1,…, N, satisfying
∑k uk = 1,  and representing a measure of the availability of each processor,
or the speed of the processor, is specified in advance.
Each subproblem sg  together with its associated subproblems is assigned to
one of the computer nodes. If Vk denotes the set of subproblems in stage r 
assigned to node k, the assignment is conducted so that ka – tk is minimized,
where

  
ak =

i :si ∈Vk

∑ nsi , tk = uk
sg jg∈Gr

∑ ns g ,

that is, a denotes the vector of assigned loads to each computer node, and t
denotes the vector of desired loads for each computer node, obtained from
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the prespecified ratios uk and the total number of subproblems to be allo-
cated. We attempt to minimize the distance between the actual and the desired
assignments. In our case, we have used uk = 1 N.

Step 3 . The subproblems corresponding to stages 1, 2,…, r  – 1 are sequentially
assigned to one of the nodes, according to the following rules:

3.1. Rank the unassigned subproblems starting with stage r  – 1 and proceed-
ing to stage 1. Within each stage, use any ordering for the subproblems.
Make the first subproblem in this list the current one.

3.2. For the current subproblem, the number of children already assigned to
each node, hk for node k, are determined and ranked. Let k1 denote the
node having the largest number of children, k2 the second largest, etc.
Let l denote the number of nodes having a number of children assigned
equal to hk1

, that is, let

l = max{i ≥ 1 : hk1 = hk i }.

3.3. If l = 1, then the current subproblem is assigned to node k1.

3.4. If l > 1, then the current subproblem is assigned to node kj, where j is
taken from

j ∈ a rgmax
i ≤ l

(tk i − aki ),

that is, the node having the greatest difference between the required
and actual load is selected from all nodes having the largest number of
children.

3.5. Make the next subproblem the current one, and go to step 3.2.

This scheme has the advantages of being fairly simple to implement, and
producing a reasonably well-balanced assignment, while reducing the amount of infor-
mation to be exchanged between slaves (see section 5.2). Note that the exact amount
of effort to solve a given subproblem will vary during the solution process, and cannot
be known in advance; so it does not seem efficient to try to compute an “optimal”
allocation scheme.

Figure 2 shows an illustration of the behavior of algorithm A-5. In this figure,
we indicate the partitioning of the subproblems generated by this algorithm for the
case of having 4 stages and 27 scenarios. We also show the communications that need
to be established between slaves to interchange information in each iteration, and the
connections between subproblems that require these interchanges. Note that there are
two different types of communication involved in the solution process. The continuous
arrows denote the communication between slaves, taking place in one direction as the
values for the common variables for the subproblems are sent from parent to child
during the iteration. The broken arrows denote the (bidirectional) communications
between master and slaves, involving the slaves sending to the master information on
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Figure 2. Task allocation and processor communications.

Stage r = 1

the values of the variables and multipliers at the end of the iteration (in order to
evaluate the satisfaction of the termination conditions), and the master sending to the
slaves the new values for the multipliers of the complicating constraints at the
beginning of the new iteration.

In tables 1 and 2, we present results of the application of these procedures to
some of the test problems described in section 6. In table 1, we indicate the number of
subproblems assigned to each slave, and also the total number of data interchanges
that must be conducted between slaves in each major iteration.

These values should give an indication of the performance of algorithm A-5,
that is, if the algorithm behaves as expected, then the number of subproblems allocated
to each processor, a measure of the load balancing between processors, should be
roughly equal for all processors. Also, the number of data interchanges should be
small (it has to be at least N – 1) in order to minimize delays for processors waiting to
receive information before being able to start solving their assigned subproblems.

Note that a smaller number of data interchanges is closely related to a less homo-
geneous assignment. It should also be noted that the structure of the scenario tree for
all these problems is highly nonhomogeneous, with parts of the tree having a signifi-
cantly larger number of scenarios than others, and very different numbers of outcomes
(children) for different stages and scenarios.

In order to evaluate the practical behavior of algorithm A-5, it is important to
also consider the practical results of the allocation since, in addition to the factors
included in table 1, the final speedup achieved by the algorithm will also be affected
by the total waiting time in each of the slaves. Table 2 shows the time the slaves wait
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to receive information from the master at the beginning of each iteration, plus the
time spent waiting for information from other slaves, accumulated for all iterations in
the algorithm.

It is remarkable to note how small the total waiting time is compared to the total
(sequential) execution time. It is clear from these results that the communication delays
are not very significant, and the load assigned to each slave is fairly well balanced.
Also, the assumption that the solution times for the different subproblems are very
similar is clearly supported by these results.

Table 1

Full recourse. Augmented Lagrangian decomposition.
Subproblem allocation between processors.

Problem  Total 2 WS 3 WS 4 WS

net10-9-30   3848 1892 1298   940
  1956 1312   872

1238 1008
1028

Data int.       3       4       7

net10-15-14 18448 9147 5618 4222
9301 6402 4850

6428 4681
4695

Data int.       3       5       6

net35-60-7     385   188   128     96
  197   129    98

  128    95
   96

Data int.       2       9       8

net35-60-10   4586 2269 1403 1051
2317 1594 1165

1589 1194
1176

Data int.       4       6     10

Legend: Total : total number of subproblems (cardinality of the
scenario tree).

x WS : number of subproblems allocated to each node
for x nodes.

Data int. : information interchanges between nodes at each
Lagrangian iteration.
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6. Computational results

In this section, we present the results obtained from the implementation of the
algorithm described in the preceding sections. Our test set (see below) is composed of
real-life problems with network structure in the constraints. We have written a C code,
SPNET, implementing the Augmented Lagrangian algorithm A-1 A-2, to run on a
distributed computation environment. In order to solve the quadratic network sub-
problems generated in algorithm A-2, we have also developed a C code, QPNET, based
on the preconditioned variable reduction truncated Newton approach described in
[12,16], see also [40,42], where the search direction is obtained from an approxi-
mate solution of the Newton equations by using a preconditioned conjugate gradient
algorithm whose preconditioner has been obtained from the diagonal of the reduced
Hessian matrix. The C codes use the HP-UX “cc” compiler, and the parallel code was
prepared using PVM version 3.3.7.

The instances in the problem set are taken from the hydropower generation
management field (see for example [2]). In this case the matrices Ak correspond to the

Table 2

Total processor waiting time (seconds).

Problem      m      n   jSj # Subp  Total 2 WS 3 WS 4 WS

net10-9-30   38480   71572   154   3848   691    13    13    50
     1    10    16

     4    12
     2

net10-15-14 184480 368850 9235 18448 2477    24    52    47
     2    36    43

     4    12
     2

net35-60-7   13475   28420   233     385   267      6      6      5
     1      3      5

     2      7
     3

net35-60-10   39585   87705   564   1131 1130    39    69    76
     5    45    54

     4    53
     7

Legend: Total : total sequential solution time for the problem.
x WS : waiting time for each node, x nodes.
m : number of constraints.
n : number of variables.
jSj : number of scenarios.
# Subp : total number of subproblems.
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Table 3

Problem specifications. Deterministic version.

BN RN         

Problem m n T m n  

Set 1. Linear programs

red4-3-7 4 3 7 28 45
red4-3-10 4 3 10 40 66
red4-3-30 4 3 30 120 206
red10-9-6 10 9 6 60 104
red10-9-7 10 9 7 70 123
red10-9-14 10 9 14 140 256
red10-9-30 10 9 30 300 560
red10-9-50 10 9 50 500 940
red10-15-14 10 15 14 140 340
red25-35-12 25 35 12 300 695
red25-41-5 25 41 5 125 305
red25-41-6 25 41 6 150 371
red25-41-7 25 41 7 175 437
red25-41-10 25 41 10 250 635
red25-41-12 25 41 12 300 767
red35-52-12 35 52 12 420 1009
red35-60-5 35 60 5 175 440
red35-60-6 35 60 6 210 535
red35-60-7 35 60 7 245 630
red35-60-10 35 60 10 350 915
red35-60-12 35 60 12 420 1105

Set 2. Linear programs

net10-9-6 10 9 6 60 104
net10-9-7 10 9 7 70 123
net10-9-30 10 9 30 300 560
net10-9-50 10 9 50 500 940
net10-15-14 10 15 14 140 340
net10-9-14 10 9 14 140 256
net35-60-5 35 60 5 175 440
net35-60-6 35 60 6 210 535
net35-60-7 35 60 7 245 630
net35-60-10 35 60 10 350 915
net35-60-12 35 60 12 420 1105
net35-52-12 35 52 12 420 1009

continues . . .
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node–arc incidence matrix of a given basic network (representing the reservoir net-
work of a river basin), that is replicated for a certain number of time periods, and the
coefficients c and b are random parameters. The sizes of the basic and replicated
networks for the test problems are shown in table 3. There are three sets of problems,
two sets corresponding to linear problems, and one set of nonlinear problems whose
objective function is a polynomial function of degree 12 or higher. The parameter
values that we have used throughout our computational experiments (except where
we indicate otherwise) are as follows: ε = 10 –5, β = 1, γ = 1 and ρ = 1.

The number of scenarios, the number of subproblems (i.e. the cardinality of the
scenario tree) and the size of the compact representation for model (5) (see an instance
in model (6)) corresponding to each test problem are shown in table 4. All subproblems
in the decomposition scheme have been defined so that each stage corresponds to a
single time period. Given the interdependencies between the values of the uncertain
parameters related to consecutive periods for the problem that motivates this work,
the resulting scenario trees are highly asymmetric. Nevertheless, this property of the
problem we have used to obtain our computational results does not impact our algo-
rithm approaches.

Set 3. Nonlinear programs

nl9-8-10 9 8 10 80 162
nl9-8-11 9 8 11 88 179
nl9-8-1 9 8 12 96 196
nl9-8-13 9 8 13 104 213
nl9-8-14 9 8 14 112  230
nl9-13-11 9 13 11 143 229
nl9-13-12 9 13 12 156 251
nl9-13-13 9 13 13 169 273
nl9-13-14 9 13 14 182  295
nl9-13-15 9 13 15 195 317
nl9-13-16 9 13 16 208 339

Legend: BN : basic network.
RN : replicated network.
m : number of constraints (nodes).
n : number of variables (arcs)
T : number of periods (stages).

Table 3 (continued)

BN RN         

Problem m n T m n  
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Table 4

DE model specifications. Full recourse version (compact representation).

Problem jSj # Subp m   n   nel  

Set 1. Linear programs

red4-3-7 233 385 1540 1765 4454
red4-3-10 3625 6027 24108 27689 69874
red4-3-30 154 3848 15392 26320 53252
red10-9-6 96 152 1520 1928 4806
red10-9-7 233 385 3850 4985 12290
red10-9-14 9235 18448 184480 258162 608664
red10-9-30 154 3848 38480 71572 144674
red10-9-50 154 6928 69280 130092 261714
red10-15-14 9235 18448 184480 368850 830040
red25-35-12 2301 4586 114650 217635 492770
red25-41-5 34 56 1400 2846 6517
red25-41-6 96 152 3800 7632 17639
red25-41-7 233 385 9625 19585 44970
red25-41-10 564 1131 28275 60546 135167
red25-41-12 2301 4586 114650 217635 457802
red35-52-12 2301 4586 160510 318447 717394
red35-60-5 15 32 1120 2515 5520
red35-60-6 96 152 5320 11080 25485
red35-60-7 233 385 13475 28420 64960
red35-60-10 564 1131 39585 87705 195115
red35-60-12 2301 4586 160510 355135 790770

Set 2. Linear programs

net10-9-6 96 152 1520 1928 4806
net10-9-7 233 385 3850 4985 12290
net10-9-30 154 3848 38480 71572 144674
net10-9-50 154 6928 69280 130092 261714
net10-15-14 9235 18448 184480 368850 830040
net10-9-14 9235 18448 184480 258162 608664
net35-60-5 15 32 1120 2515 5520
net35-60-6 96 152 5320 11080 25485
net35-60-7 233 385 13475 28420 64960
net35-60-10 564 1131 39585 87705 195115
net35-60-12 2301 4586 160510 355135 790770
net35-52-12 2301 4586 160510 318447 717394

continues . . .
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Table 4 (continued)

Problem jSj # Subp m   n   nel  

Set 3. Nonlinear programs

nl9-8-10 564 1131 10179 14151 33369
nl9-8-11 1154 2285 20565 28459 67295
nl9-8-12 2301 4586 41274 57253 135206
nl9-8-13 4627 9213 82917 114978 271590
nl9-8-14 9235 18448 166032 230501 544108
nl9-13-11 311 751 6759 13723 30236
nl9-13-12 569 1320 11880 23919 52950
nl9-13-13 997 2317 20853 42001 92966
nl9-13-14 1729 4046 36414 73451 162454
nl9-13-15 3036 7082 63738 128480 284275
nl9-13-16 5296 12378 111402 224652 496959

Legend: jSj : number of scenarios.
# Subp : total number of subproblems.
m : number of constraints.
n : number of variables.
nel : number of nonzero entries in the constraint matrix.

Table 5 shows the comparison for problem set 1 (linear problems) between an
interior point code (OB1 [28]) for the solution of the full recourse version (splitting
variable representation), our Benders decomposition algorithm and our Augmented
Lagrangian algorithm. The comparison has been conducted running OB1 on an HP
730 with 32 Mb of internal memory, and running the two decomposition implementa-
tions on an HP 720 (16 Mb of internal memory). These workstations have theoretical
ratings of 23 and 17 Mflops respectively; for the C complier used, their effective
LINPACK 100 × 100 ratings were 11 and 8.5 Mflops, respectively. The results show
the superiority of the Augmented Lagrangian approach, and the good properties of
this approach as the dimension of the problem increases, both in terms of the storage
space required, and the running time to compute a solution. We should also note the
remarkable performance of OB1 while the dimensions of the problems are sufficiently
small. For this table, the solution was computed to an accuracy of 5 correct decimal
places. Results from a parallel implementation of the code on a network of 3 work-
stations (two HP 720’s and one HP 730) are also included.

Table 6 shows additional experiments along the lines of comparing different
procedures for solving in a sequential environment the full recourse model (5) with a
splitting variable representation for problem set 2 (linear programs). This comparison
has been conducted to provide a reference for both the sequential and parallel versions
of our Augmented Lagrangian decomposition algorithm, regarding the behavior of
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Table 5

Set 1. Full recourse, splitting variable representation. Computational results.

     OB1      SBD        SLD PLD

Problem  nit time nit time  nit time time

red4-3-7  21 0:07 11 1:30 1010 2:14 1:48
red4-3-10   906 30:49 13:00
red4-3-30  29 1:51   122 3:12 1:31
red10-9-6  22 0:09 22 2:45   910 2:42 1:54
red10-9-7  25 0:19   726 5:42 2:58
red10-9-14 1430 8:49:23 4:54:38
red10-9-30   322 24:08 12:17
red10-9-50   337 45:08 22:34
red10-15-14   254 1:33:16 45:48
red25-35-12   871 4:14:59 2:13:05
red25-41-5  27 0:18 69 13:42   214 0:46 0:29
red25-41-6  28 0:57   468 4:02 1:57
red25-41-7  33 3:22   266 6:21 3:08
red25-41-10   321 22:15 12:44
red25-41-12   443 2:03:23 1:14:23
red35-52-12   610 4:31:57 2:32:32
red35-60-5  28 0:25 > 80 > 1:00:00   167 0:52 0:39
red35-60-6  31 1:41   407 5:47 2:34
red35-60-7  36 6:31   319 11:21 5:18
red35-60-10   463 47:39 26:15
red35-60-12   408 2:51:24 1:31:31

Legend: SBD : Benders decomposition.
SLD : Sequential Augmented Lagrangian decomposition.
PLD : Parallel Augmented Lagrangian decomposition.
nit : number of iterations.
time : running time.

efficient codes for the sequential solution of our problems of interest. The sequential
codes used were LoQo (see [43]) and OB1, two efficient interior point codes. Simplex
type algorithms seem to behave poorly on problems with the structure described in
this work. The termination conditions for all three codes were to stop when five
significant digits in the objective function had been correctly determined. The com-
parison was conducted on an HP 735 125 workstation (rated at 65 Mflops) with 90
Mb of internal memory. From the results in the table, it should be noted that, while the
running times (as given in seconds) for the decomposition algorithm are in general
larger than those for the interior point methods, they are within the same order of
magnitude, and the differences tend to decrease with problem size. The missing entries
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Table 6

Set 2. Full recourse, splitting variable representation.
Sequential comparison, running times.

Problem SLD LoQo OB1

net10-9-6 22.5 2.8 1.4
net10-9-7 49.8 9.1 4.7
net10-9-30 264.2 129.9 82.8
net10-9-50 490.0 –  –  
net10-15-14 1319.2 –  –  
net10-9-14 5009.5 –  –  
net35-60-5 8.3 4.3 2.4
net35-60-6 48.7 48.8 32.3
net35-60-7 102.8 274.0 125.8
net35-60-10 436.6 –  –  
net35-60-12 1590.2 –  –  
net35-52-12 2608.8 –  –  

correspond to those cases that exceeded the resources (internal memory) available in
the workstation. In this sense, the decomposition code is far more parsimonious in the
use of computational resources than both interior point codes. Note that problem net10-
15-14 (compact dimensions m = 184480 and n = 368850) was solved in less than 22
minutes by using our SLD approach.

Tables 7 and 8 show the computational running times for both the sequential
and parallel versions of the Augmented Lagrangian code, on problem set 2 (linear
programs). The sequential results were obtained on an HP 720 workstation, while the
parallel version uses three HP 720’s and one HP730 (this last workstation was used
only for the results in the Par. 4 WS column). The two tables correspond to different
strategies for the updating of the parameters, and the termination tolerance. In table 7,
the value of ρ has been kept constant throughout the algorithm, and the solution was
computed to a relative precision of 5 decimal places in the objective function. In
table 8, the strategy to modify the penalty parameter described in section 4.2 has
been used, and the solution process was terminated after two correct digits had been
identified for the objective function.

We note the satisfactory results that have been obtained by using the sequential
versions of the algorithm. Also, the closeness of the speedup ratios for the large
problems to the theoretical maximum, proves that a parallel implementation can be
very efficient for using Augmented Lagrangian decomposition approaches to solve
large stochastic network problems. Note that a comparison of the times in tables 7 and 8
implies a clear advantage for the parallel code over any sequential alternative,
particularly for large problems, even when just two processors are used. Finally, it is
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Table 7

Set 2. Augmented Lagrangian code. Fixed ρ =  1. Sequential vs. parallel computation.

Problem nit Seq    Par.2WS SpUp Par.3WS SpUp Par.4WS SpUp

net10-9-6 910 0:01:04 0:00:45 1.42 0:00:37 1.73 0:00:32 2.00
net10-9-7 726 0:02:17 0:01:20 1.71 0:01:01 2.25 0:00:48 2.85
net10-9-30 322 0:11:32 0:06:20 1.82 0:04:20 2.66 0:03:24 3.39
net10-9-50 337 0:21:35 0:11:52 1.82 0:08:03 2.68 0:06:19 3.42
net10-15-14 255 0:41:42 0:22:39 1.84 0:15:43 2.65 0:11:33 3.61
net10-9-14 1430 3:41:53 1:58:21 1.87 1:22:11 2.70 1:00:10 3.69
net35-60-5 265  0:00:20  0:00:16 1.25 0:00:13 1.54 0:00:10 2.00
net35-60-6 407  0:02:08 0:01:14 1.73 0:00:53 2.42 0:00:41 3.12
net35-60-7 319 0:04:28 0:02:26 1.84 0:01:41 2.65 0:01:17 3.48
net35-60-10 463 0:18:53 0:10:05 1.87 0:07:01 2.69 0:05:13 3.62
net35-60-12 408 1:09:00 0:35:37 1.94  0:24:53 2.77 0:18:45 3.68
net35-52-12 610 1:51:09 0:56:23 1.97  0:39:01 2.85 0:29:26 3.78

Legend: nit : number of major (Lagrangian) iterations.
Seq : running time for the sequential code.
Par.x WS : running time for the parallel code on x workstations.
SpUp : speedup factor for the corresponding number of workstations.

Table 8

Set 2. Augmented Lagrangian code. Variable ρ. Sequential vs. parallel computation.

Problem nit Seq    Par.2WS SpUp Par.3WS SpUp Par.4WS SpUp

net10-9-6 44 0:00:06 0:00:05 1.20 0:00:04 1.50 0:00:04 1.50
net10-9-7 62 0:00:21 0:00:12 1.75 0:00:09 2.33 0:00:07 3.00
net10-9-30 35 0:03:26 0:01:55 1.79 0:01:23 2.48 0:01:02 3.32
net10-9-50 33 0:06:01 0:03:20 1.81 0:02:22 2.54 0:01:50 3.28
net10-15-14 25 0:09:36 0:05:52 1.64 0:04:02 2.38 0:03:02 3.16
net10-9-14 96 0:25:34 0:13:48 1.85 0:09:42 2.64 0:07:15 3.53
net35-60-5 24 0:00:08 0:00:07 1.14 0:00:05 1.60 0:00:04 2.00
net35-60-6 42 0:00:38 0:00:22 1.73 0:00:17 2.24 0:00:13 2.92
net35-60-7 53 0:01:49 0:01:00 1.82 0:00:43 2.53 0:00:33 3.30
net35-60-10 41 0:05:24 0:02:57 1.83 0:02:05 2.59 0:01:36 3.38
net35-60-12 50 0:23:37 0:12:31 1.89 0:08:54 2.65 0:06:43 3.52
net35-52-12 79 0:35:57 0:18:07 1.98 0:12:28 2.88 0:11:38 3.09

Legend: nit : number of major (Lagrangian) iterations.
Seq : running time for the sequential code.
Par.x WS : running time for the parallel code on x workstations.
SpUp : speedup factor for the corresponding number of workstations.
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important to consider that the sequential nature of the interior point codes offers far
less scope for their efficient parallel implementation than the decomposition codes
that we have described in the paper. Nevertheless, a computational comparison between
our Augmented Lagrangian decomposition (LD) approach and recent approaches for
the two-stage stochastic problem [8,9,46] based on decomposing the system of linear
equations to be solved at each interior point iteration would be useful for a compre-
hensive assessment of the LD performance.

Finally, table 9 shows the computational running times for both the sequential
and parallel versions of the Augmented Lagrangian code for problem set 3 (nonlinear
problems) described in table 4. The computer environment for tables 7 and 8 is used
again for this table. Here, the value of ρ has been kept constant, and the convergence

Table 9

Set 3. Augmented Lagrangian code. Fixed ρ = 1. Sequential vs. parallel computation.

Problem nit Seq    Par.2WS SpUp Par.3WS SpUp Par.4WS SpUp

nl9-8-10 88 0:05:56 0:03:01 1.97 0:02:07 2.80 0:01:34 3.79
nl9-8-11 86 0:10:50 0:05:41 1.91 0:04:01 2.70 0:02:59 3.63
nl9-8-12 113 0:28:49 0:14:13 2.03 0:09:58 2.89 0:07:23 3.90
nl9-8-13 121 0:58:18 0:35:54 1.62 0:20:50 2.80 0:15:48 3.69
nl9-8-14 179 2:49:18 1:25:57 1.97 1:00:02 2.82 0:45:09 3.75
nl9-13-11 47 0:10:20 0:05:42 1.81 0:04:11 2.47 0:03:12 3.23
nl9-13-12 54 0:20:42 0:11:30 1.80 0:08:02 2.58 0:06:22 3.25
nl9-13-13 59 0:37:24 0:19:37 1.91 0:14:24 2.60 0:10:36 3.53
nl9-13-14 68 1:06:27 0:35:53 1.85 0:25:14 2.63 0:19:27 3.42
nl9-13-15 80 2:04:48 1:06:38 1.87 0:47:08 2.65 0:35:52 3.48
nl9-13-16 71 3:46:36 1:49:29 2.07 1:17:17 2.93 0:57:28 3.94

Legend: nit : number of major (Lagrangian) iterations.
Seq : running time for the sequential code.
Par.x WS : running time for the parallel code on x workstations.
SpUp : speedup factor for the corresponding number of workstations.

criterion has been to stop when two significant digits in the objective function have
been computed. Again, the sequential results are quite satisfactory, and the speedup
ratio is very close to the theoretical maximum for the whole set of problems. (Note:
the reported speedups 2.03 and 2.07 exceed the theoretical maximum due to system
overheads and roundings.

7. Conclusions

In this paper, we have presented a procedure for the solution of linear and non-
linear problems under uncertainty, where this uncertainty is treated via scenario

         

27



analysis and a splitting variable representation of the model. This methodology results
in a huge deterministic equivalent (DE) model (with hundreds of thousands of vari-
ables and constraints) where the constraint structure has been lost. Nevertheless, some
blocks of constraints still retain this structure.

A decomposition framework is considered for the solution of these models, based
on an Augmented Lagrangian decomposition approach, allowing the solution of the
model via separable quadratic (or general nonlinear) approximations of the subprob-
lems (of small to moderate size) that retain the original structure in the constraints.

The separability of the subproblems, and the reduced overhead required for the
parameter updating, have motivated the development of a parallel version of the de-
composition code. This code (and its sequential version) has been tested on a collection
of large problems obtained from the hydropower management field, and compared to
efficient alternatives for the solution of the DE model.

The results show the sequential version of the decomposition approach to be
comparable to the LP codes that solve the DE model, and the parallel version to be
significantly superior. Also, we show that the efficiency of the parallelization is very
high, as measured by its speedup factor, particularly for very large problems.

In summary, we have shown that for a family of problems (linear and nonlinear
networks under uncertainty) a solution method of choice seems to be the application
of an Augmented Lagrangian decomposition approach on a distributed environment.

Some issues still remain to be studied in greater detail, such as the improvement
of certain aspects of our Augmented Lagrangian algorithm (updates of parameters),
and the development of alternatives for the static load balancing scheme for heavily
loaded networks or shared (nondedicated) computers.
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