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a b s t r a c t
In the present study, a new correlation for the determination of the minimum ﬂuidization velocity in 2D
ﬂuidized beds was developed. The proposed correlation was based on the experimental results obtained in 2D
ﬂuidized beds with different particle sizes, bed thicknesses and bed heights. Thus, the proposed correlation
depends only on the nondimensional variable t/dp, where t is the bed thickness and dp is the particle size. The
proposed correlation was compared with other experimental results that can be found in the literature, and
two different trends were observed. Namely, one set of experimental results was in accordance with the
proposed correlation, while the other set deviated from the theoretical results. In particular, the minimum
ﬂuidization velocities of the experimental results were greater than the predicted values of the proposed
correlation. In view of the differences in the experimental conditions, the observed discrepancies may be
attributed to the effects of electrostatic charge and particle shape. In addition, the experimental ﬂuidization
deﬂuidization curves were compared to the theoretical results of Jackson's model, and the parameters were
ﬁtted to the experimental data. However, Jackson's model is based on a 1D bed; thus, general parameters
could not be obtained for a bed with a ﬁxed particle size and thickness due to the two dimensional voidage
distribution in the bed and bed cohesion effects, which are a result of electrostatic forces and are not
considered in Jackson's model.

1. Introduction
The study of ﬂuidized beds dynamics is a complex task. Thus,
different experimental techniques have been developed to evaluate
the characteristics of ﬂuidized beds, including pressure, capacitance,
optical and/or heat transfer probes [1 3]. In addition, imaging
techniques have been used to observe the interior of the bed. Simons
[4] reviewed the use of radiation and capacitance imaging, and studies
on the application of magnetic resonance imaging (MRI) for the
determination of the time average particle velocity [5], time average
voidage [6] and/or the mean length of jets in perforated plate
distributors have been conducted [7].
Alternatively, 2D ﬂuidized beds have been used to study ﬂuidized
bed hydrodynamics since the pioneering studies of the early 60's
[8 11]. For example, Trsiakti et al. [12] and Pallarès and Johnsson [13]
monitored the motion of an artiﬁcial fuel particle in a 2D ﬂuidized bed
with a camera to characterize fuel dispersion and fuel motion within
the bed. In addition, Shen et al. [14] and Busciglio et al. [15] measured
the size and velocity of bubbles along the height of the bed, and
Santana et al. [16], Müller et al. [17] and Almendros Ibáñez et al. [18]
applied Particle Image Velocimetry (PIV) to obtain the instantaneous
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particle velocity around erupting bubbles in 2D ﬂuidized beds.
Similarly, Almendros Ibáñez et al. [19] combined PIV techniques
with numerical calculations to characterize particle ﬂuid motion
around bubbles, and Link et al. [20] and Busciglio et al. [21] compared
the experimental results obtained in 2D ﬂuidized beds to those of
numerical simulations.
Thus, 2D ﬂuidized beds have been successfully used to study
particle ﬂuid dynamics in ﬂuidized beds, and important qualitative
information has been obtained. Moreover, high speed video cameras
can be easily employed in 2D ﬂuidized beds [15 19], and higher
spatial and temporal resolution than techniques commonly used in 3D
beds (radiation and capacitance imaging and MRI) can be obtained.
Nevertheless, it is unclear how the results obtained in 2D ﬂuidized
beds can be quantitatively extrapolated to 3D beds [22,23]. For
instance, Geldart [24] and Clift [25] ] observed that the bubble size
distribution in 2D ﬂuidized beds could not be directly applied to 3D
beds due to differences in bubble coalescence and the presence of wall
effects. More recently, the experimental results of Shen et al. [14]
corroborate these wall effects. In a different study, Briongos and
Guardiola [26] proposed a new method based on chaos scale up
techniques to scale 2D hydrodynamics.
The minimum ﬂuidization velocity Umf is an important parameter
of a ﬂuidized bed. Ramos Caicedo et al. [27] ﬂuidized glass ballotoni
(density ρs = 2550 kg/m3 particle size dp = 250 − 400 μm) and
demonstrated that the minimum ﬂuidization velocity in 2D ﬂuidized
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beds was dependent on the thickness and height of the bed. Thus,
signiﬁcant differences in the Umf (up to 500%) were detected when the
bed height was varied from h = 8 cm to h = 60 cm (bed thickness t = 6
mm). Ramos Caicedo et al. [27] proposed a correlation for the
extrapolation of the Umf in 2D ﬂuidized beds to the Umf of a 3D bed;
however, the constant in the proposed correlation was dependent on
the particle size. Thus, the correlation could not be used when
different experimental conditions were applied. Moreover, Geldart
[24] demonstrated that the minimum ﬂuidization velocity increased
with an increase in the ﬁxed bed height; however, only a 43%
increased in the Umf was observed when the bed height was increased
from 5 to 80 cm. In theory, the minimum ﬂuidization velocity does not
depend on the height of the bed; thus, the observed differences in the
Umf were attributed to wall effects.
In the present study, a new correlation was proposed to quantify
the effect of the 2D geometry on the minimum ﬂuidization velocity,
and the results indicated that the minimum ﬂuidization velocity in a
2D bed increases with an increase in the ratio of the particle size to the
bed thickness (dp/t) Alternatively, negligible differences were ob
served when the ﬁxed height of the bed was varied (in contrast to the
results obtained by Ramos Caicedo et al. [27]). In addition, the
proposed model by Jackson [28] was used to characterize wall effects;
however, due to the 1D assumptions of the model (the voidage varies
with the bed height ε(z)) , general conclusions could not be obtained
because the voidage distribution during the ﬂuidization deﬂuidiza
tion process varies with the height and the width (ε(x, z)) of the bed.
In the following sections of the present manuscript, the experi
mental set up and the particles employed in the experiments are
described in detail. In addition, the experimental results are presented
and discussed, and the main conclusions of the investigation are
described in the ﬁnal section.

2. Experimental set-up
The experiments were carried out in a 2D cold ﬂuidized bed with a
width (w) and height (H) of 500 and 2000 mm [29], respectively. The
thickness of the bed (t) was varied by adding or removing columns
along the frame of the bed, and three different bed thickness were
evaluated (5, 10 and 20 mm). The gas ﬂow was introduced through
both sides of the plenum to properly distribute the gas ﬂow. Fig. 1
shows a schematic depiction of the 2D bed.
Three different distributors were employed, and the type of
distributor used in the bed was dependent on the bed thickness. The
distributors consisted of perforated plates with 1mm holes at 1cm
intervals. The ratio between the open area and the total area of the
three distributors in each bed were identical, and the open area of the
beds was set to 1.57% As a result, for all of the beds, the characteristic
curves of the distributors (ΔPdist − U) were identical. Fig. 2(a) shows a
schematic depiction of the distributors, and Fig. 2(b) shows the
characteristic curves of the distributors.
The gas pressure drop was measured with a pressure transmitter
(PTX 1400 model, GE industrial) at an operating pressure of 0 6 atm.
The transmitter was connected to a probe, which was situated in the
plenum (see Fig. 1), and a sample frequency of 100 Hz was applied.
Two types of particles with different sizes were employed in the
present study, spherical glass particles with a density of ρp = 2500 kg/
m3 (type B according to Geldart's classiﬁcation [30]). Both particle size
distributions were normal, and the mean particle size and standard
deviation are shown in Fig. 3.
In addition to the 2D measurements, several measurements
were obtained from a 3D bed that was similar to the one described
in the literature [31]. These data were used to obtain the minimum
ﬂuidization velocity in a 3D bed.

Fig. 1. Schematic depiction of the 2D ﬂuidized bed.
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increased until the bed was freely bubbling.The curve obtained under
a decreasing gas ﬂow was used to obtain Umf, and the ascending curve
was used to observe the hysteresis predicted by Jackson's model [28]
which can be attributed to wall effects.
To measure the minimum ﬂuidization velocity, the procedure
described by Kathuria and Saxena [32] was employed. First, the
pressure drop between the plenum and the outlet of the bed was
measured at different superﬁcial gas velocities to obtain the
characteristic curve of the empty system, as described in the previous
section. Next, the bed was ﬁlled with bed material, and the pressure
was measured at different superﬁcial gas velocities. In this way, the
curve ΔP − U was obtained by subtracting the pressure drop of the
empty system from the pressure drop of the ﬁlled bed, according to
Eq. (1),

1,4
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Superficial gas velocity [m/s]
Fig. 2. (a) Distributor types and (b) characteristic curve of the distributor.

3. Experimental results
The two types of particles were ﬂuidized in the 2D ﬂuidized bed
with different ﬁxed heights and thicknesses. Bed heights of 0.1, 0.2
and 0.3 m, were employed to obtain bed aspect ratios of h/w = 0.2, 0.4
and 0.6, respectively. Moreover, bed thicknesses of 0.5, 1.0 and 2.0 cm
were evaluated, and the same ﬂuidization deﬂuidization process was
employed during each of the experiments. Namely, the bed was
ﬂuidized at a superﬁcial gas velocity that was 1.2 − 1.5 times greater
than the minimum ﬂuidization velocity, and the gas ﬂow was
progressively reduced until U = 0. The bed was maintained under
these conditions for 20 min. Next, the gas ﬂow was progressively
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where ΔPs is the gas pressure drop of the empty system, which was
assumed to be approximately equal to the gas pressure drop through
the distributor ΔPdist (Fig. 2(b)), and ΔPs + p was the gas pressure drop
of the system when the bed was ﬁlled with particles.
Fig. 4 shows an example of the deﬂuidization ﬂuidization curve,
for dp = 345.7 μm, h = 10 cm and t = 0.5 mm. In the ﬁgure, circles
represent a decrease in the gas velocity, and squares represent a
progressive increase in the gas velocity. The straight lines produced
from the experimental results were used to obtain Umf. The ascending
curve was higher than the descending curve in the vicinity of Umf,
which is in agreement with the results of Jackson's model [28].
Overpressure in the ﬂuidized bed is due to friction between the
particles and the walls. During the ﬂuidization process, the gas
pressure drop must overcome the weight of the particles and particle
wall friction, which results in overpressure. This effect should become
more important as the distance between the walls decreases.
Table 1 shows the minimum ﬂuidization velocities of each
experimental bed, where the ﬁxed bed height, bed thickness and
particle size were varied. The minimum ﬂuidization velocity was not
affected by the ﬁxed bed height because the effect of h on the
experimental results was small and was similar in magnitude to the
uncertainty in the experimental measurements. Thus, a clear trend in
the effect of h on the minimum ﬂuidization velocity was not observed.
Theoretically, the minimum ﬂuidization velocity is dependent on the
properties of the particles and the gas, not the bed height. However, in
previous studies [24,27] noticeable differences in the Umf of 2D
ﬂuidized beds were observed as the height of the ﬁxed bed was
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Fig. 3. Particle size distribution of the two types of particles used in the present study.
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Fig. 4. Deﬂuidzation–ﬂuidization curve for dp = 345.7 μm, h = 10 cm and t = 0.5 mm.
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Table 1
Minimum ﬂuidization velocities in 2D ﬂuidized bed. Units in m/s.

0.45

Thickness t[mm]
5

0.4

10

20

345.7
0.1234
0.1230
0.1366

677.8
0.2688
0.2846
0.2895

345.7
0.1241
0.1165
0.1197

677.8
0.2376
0.2591
0.2573

increased. A possible explanation for this phenomenon will be
discussed in the following section.
The minimum ﬂuidization velocity of the two types of particles
was measured in the 3D bed described in the previous section, and the
same procedure used in the 2D bed was applied to the 3D bed. Table 2
shows the results of the 3D bed, together with the minimum
ﬂuidization velocity of the 2D beds. As shown in the table, the
minimum ﬂuidization velocity increased with a decrease in the
thickness of the bed. This tendency was stronger when the largest
particles were ﬂuidized, which suggests that Umf, 2D may be correlated
to the nondimensional parameter t/dp.
To obtain a general correlation for the ratio of Umf, 2D to Umf, 3D as a
function of the mean particle size and bed thickness, Eq. (2) was
proposed, which fulﬁlls the condition that Umf, 2D tends to Umf, 3Dwhen
t ≫ dp. Eq. (2) was ﬁtted to the data shown in Table 2, and the values
of a and b were 8.5 and 1.6, respectively.
 b !
Umf ;2D
dp
= exp a⋅
Umf ;3D
t

ð2Þ

Fig. 5 shows the experimental data shown in Table 2 (represented by
circles) the ﬁt of the experimental results to Eq. (2), the results of other
studies [15,23,24,32 35], (which are showed in Table 3), and the
corresponding experimental conditions. Two sets of data obtained by
Saxena and Jadav [33], which are represented by empty diamonds, were
in accordance with the results of the proposed equation. The
experimental data were based on spherical glass beds and red silica
sand particles with a mean particle size of dp = 427 μm and 788 μm
respectively, and the thickness of the bed was equal to t = 1.57mm. In
the study of Busciglio et al. [15], differences between the minimum
ﬂuidization velocity in a 2D bed and the results obtained from Ergun's
equation were not observed; thus, a value of Umf, 2D/Umf, 3D = 1 was
assumed. In Fig. 5 the data obtained by Busciglio et al. [15] are
represented by a cross. Alternatively, the data represented by an empty
square (Rowe and Everett [23]) correspond to a bed with a thickness of
14.3 cm, which fulﬁls the condition that limdp/t → 0Umf, 2D = Umf, 3D . An
additional data set obtained by Saxena and Jadav [33], which is
represented by a ﬁlled diamond (silica sand with a mean particle size
of dp = 488 μm) deviated from the trends displayed by the other data
sets. The authors suggested that the aforementioned discrepancy could
be attributed to the fact that the friction between the wall and the sand
particles (due to its non spherical shape) was greater than that of glass

Table 2
Minimum ﬂuidization velocities in a 3D bed and the mean minimum ﬂuidization
velocities obtained in the 2D bed.

3*dp = 345.7μm

3*dp = 677.8μm

t = 5mm
t = 10mm
t = 20mm
t = 5mm
t = 10mm
t = 20mm
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0.1

Umf, 2D

Umf, 3D

0.1392m/s
0.1277m/s
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Fig. 5. Plots of ln(Umf, 2D/Umf, 3D) vs. dp/t for the experimental results of different studies.
The solid line represents the ﬁt of Eq. (2) to the experimental data obtained in the
present study, the circles represent the experimental data of the current investigation
and the dashed line represents the results obtained by Geldart [24] who varied the bed
height h at a constant dp/t. ○ = data obtained in the present study (Table 2), × = data
obtained by Busciglio et al. [15], ◊ = data obtained by Saxena and Jadav [33], □ = data
obtained by Rowe and Everett [23], ▼ = data obtained by Kathuria and Saxena [32], ♦
data obtained by Saxena and Jadav [33], ▲ = data obtained by Glicksman and
McAndrews [34], ◄ = data obtained by Mudde et al. [35], ► = data obtained by
Geldart [24], ■ = data obtained by Rowe and Everett [23].

beds with a similar size. Finally, the dashed line represents the data
obtained by Geldart [24] who studied the variation in Umf, 2D at ﬁxed bed
heights of 5 80cm, and maintained a constant particle size and bed
thickness. The other data [23,32,34,35] shown in Fig. 5 were not in
agreement with the results of the proposed equation.
As shown in Fig. 5 a group of experimental data sets (represented
by ﬁlled symbols) were not in agreement with the experimental
results of the present study (represented with circles) and those of
previous investigations (represented by empty symbols and a cross).
Some of the deviations in the experimental results were unexpected.
For instance, in the results obtained by Rowe and Everett [23], which
are represented by ﬁlled squares and corresponded to ﬂuidized
particles with a dp of 210 μm and beds with a thickness of 1.4, 2.6, 5.0
and 10.2cm , respectively, deviations were not observed until the bed
thickness reached 14.3cm At this point, which is represented by an
empty square, wall effects did not inﬂuence the minimum ﬂuidization
velocity. An explanation for these discrepancies will be discussed in
the following section.
4. Discussion
4.1. Wall effects during the deﬂuidization ﬂuidization process
Wall effects on the deﬂuidization ﬂuidization curves, including
friction between the particles and the walls of the bed, have been
modeled by Jackson [28,37]. A complete description of the model can
be found in the literature [28,37], and the model can be summarized
as follows.
The general momentum equation of a group of static particles
conﬁned by walls in the presence of a gas percolating can be reduced to:
ρs gug
dσs
ϕ
4
=−

μjσs + ϕρs g:
dz
vt ð1−ϕÞn Dh

ð3Þ

where σs is the compressive yield stress of the particles, z is the
vertical coordinate of the surface of the bed, g is the gravity, ug is the
interstitial gas velocity, vt is the terminal velocity of the particles, ϕ is
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Table 3
Experimental conditions of the data shown in Fig. 5. The density data of Kathuria and Saxena [32] and Geldart [24] are marked with an asterisk because these data were not provided
by the authors. The particles were categorized according to the classiﬁcation system proposed by Grace [36].
h

kg
m3

i

Data

Authors

Particles

dp [μm]

ρs

○

This work

Glass spheres

345.7

2500

B

Type

677.8

×
◊

Busciglio et al. [15]
Saxena and Jadav [33]
Rowe and Everett [23]
Saxena and Jadav [33]
Rowe and Everett [23]

Glass ballotoni
Glass spheres
Sand
Alumina
Sand
Alumina

215
427
788
210
488
210

2500
2490
2670
–
2670
–

B
B
B
–
B
–

□
♦
■

▲
▼

Glicksman and McAndrews [34]
Kathuria and Saxena [32]

Sand
Sand

1040
774

2640
2650

D
B

◄

Mudde et al. [35]
Geldart [24]

Polystyrene spheres
Sand

560
128

1102
2650

B
B

the particle concentration, Dh is the hydraulic diameter, μ is the
friction coefﬁcient and j is the Janssen's coefﬁcient. In Eq. (3) the
second term on the right side of the equation is positive when the
particles are being ﬂuidized.
The compressive yield stress σs, is expected to increase monoton
ically with an increase in the particle concentration, ϕ. Thus, Jackson
[28,37] proposed the following expression:
8
>
< F ϕ−ϕmin if
ϕmax −ϕ
σs =
>
:
0
if

ð4Þ

ϕbϕmin

where F is a constant that can be adjusted experimentally and ϕmin
and ϕmax are the minimum and maximum particle concentration,
respectively. For the deﬂuidization branch, Eq. (3) can be restructured
as follows
−
∂ϕ
=
∂z

ρs gug
ϕ
vt ð1 ϕÞn

− D4 μjσs + ϕρs g
h

∂σs
∂ϕ

;

ð5Þ

where ∂ σs/∂ ϕ can be obtained from Eq. (4). Eq. (5) can be integrated
numerically to obtain the voidage distribution along the height of the
bed. The integration starts at z = 0 (free surface of the bed), where
σs = 0 (ϕ = ϕmin) and ﬁnishes at z = h (the bottom of the bed), where
the following condition must be fulﬁlled:
h

Aρs ∫0 ϕðzÞdz = m;

ð6Þ

where m is the mass of particles in the bed.
Table 4
The parameters of Jackson's model for the data shown in Fig. 6.
Parameters

Values

F
ϕmin
ϕmax
ρs
n
Jdf
Jf

2500N/m2
0.54
0.56
2500kg/m3
2
1000m 1
800m 1

Umf ;2D
Umf ;3D

Walls material

5.0
10.0
20.0
5.0
10.0
20.0
15.0
15.7

Glass

143.0
15.7
14.0
26.0
50.0
102.0
76.0
31.7
44.4
50.4
63.5
30.0
12.7

–
Glass
–

1.12
1.03
1.00
1.41
1.15
1.03
1.00
1.02
1.08
1.00
1.29
1.48
1.40
1.32
1.20
1.13
1.44
1.34
1.28
1.21
1.50
1.07–1.45

Glass
Glass

Plexiglass
Plexiglass

Perspex
Perspex

Once the voidage distribution along the bed is known, the gas
pressure drop along the height of the bed can be obtained from Eq. (7)
Δpg =

ug ρs g h
ϕ
∫0
dz
vt
ð1−ϕÞn

ð7Þ

For the ﬂuidization process, Eq. (3) can be rewritten as:
h

ϕmin ≤ϕ≤ϕmax

t ½mm

Jz

∫0 ϕe dz
uc
=
:
vt
∫h0 ð1 ϕϕÞn e Jz dz

ð8Þ

where J = (4/Dh)μj, and uc is the critical gas velocity (maximum
interstitial gas velocity of undisturbed particles) The particle
concentration (or voidage) was assumed to be equal to the particle
concentration at the end of the deﬂuidization process
ϕðzÞ = ϕðzÞj ug = 0 .
Eqs. (4) (8) suggest that hysteresis and overpressure will be
observed due to wall effects in ﬂuidized beds with small diameters, as
observed in previous studies [38 40]. For instance, wall effects were
observed by Srivastava and Sundaresan [38] and Loezos et al. [39], who
studied ﬂuidized particles in cylindrical beds with internal diameters of
10 and 50 mm. In addition, wall effects were also observed by Liu et al.
[40] , who used microﬂuidized beds with internal diameters ranging
from 12 and 32 mm. Alternatively, in the present study, Jackson's model
was adjusted to the experimental data obtained in a 2D bed.
In this way, the value of the coefﬁcient n was ﬁtted to the experi
mental data using the methodology of Srivastava and Sundaresan [38]
and Loezos et al. [39]. The value of ϕmin was assumed to be equal to the
average particle concentration under minimum ﬂuidization condi
tions, ϕmf, which was estimated by measuring the mass of the particles
in the bed and the ﬁxed bed height. According to the work of
Srivastava and Sundaresan [38] and Loezos et al. [39], two different J
values were used in the present study. Namely, Jdf, was used for the
deﬂuidizaton curve, and Jf was used for the ﬂuidization process. The
value of Jf was obtained was obtained from Eq. (8), where uc is known,
and Jdf and ϕmax were optimized to ﬁt the experimental data. Table 4
summarizes the values of the parameters for each experiment, and
Fig. 6 shows the experimental data and the theoretical results of
Jackson's model. As shown in the ﬁgure, hysteresis was observed
during the ﬂuidization process.
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Fig. 6. Fluidization–deﬂuidization curve for dp = 345.7μm, h = 10cm and t = 0.5mm. The
solid and dashed lines represent the theoretical results of Jackson's model for the
deﬂuidization and ﬂuidization processes, respectively.

The optimal values of Jf, Jdf and ϕmax are different for each
experiment. For example, Fig. 7 displays the experimental results
shown in 6; however, in Fig. 7, the ﬁxed bed height was varied from
h = 10 cm to h = 30 cm. Using the values shown in Table 4, the results
of Jackson's model were plotted in Fig. 7. As shown in the ﬁgure,
Jackson's model does not properly represent the experimental results;
thus, general values for a ﬁxed particle size and bed thickness could
not be obtained.
The discrepancies between the experimental and theoretical
results could be attributed to the application of a 1D model (ϕ = ϕ
(z)) in a 2D bed, where the voidage distribution is clearly bidimen
sional (ϕ = ϕ(z, x) where x the horizontal coordinate). In a two
dimensional bed, if the distributor pressure drop is high enough,
bubbles appear along the length of the distributor. However,
coalescence along the height of the bed forces the bubbles to move
toward the center of the bed. Thus, the sides of the bed are completely
free of bubbles, as shown in Fig. 8.1 Due to the continuous bubble path
in the central region of the bed, when the gas ﬂow is reduced under
minimum ﬂuidization conditions, the local porosity of this region is
greater than that of the sides of the bed. As a result, when the ﬁxed
bed is ﬂuidized (when U progressively increases from zero to Umf), the
voidage distribution along the bed is not uniform, and the gas
preferably percolates through the central region of the bed, where the
particle density is low. Fig. 8(B) shows a schematic depiction of the
voidage proﬁle and the preferential gas ﬂow during ﬂuidization,
which was perpendicular to the constant voidage proﬁle. As shown in
the ﬁgure, the voidage was higher in the center and top of the bed.
The aforementioned effects were observed when the particles
were ﬂuidized in a bed with a large ﬁxed height, as shown in the series
of photographs displayed in Fig. 9 shows. For instance, as shown in
Fig. 9(A) small bubbles were observed in the upper middle region of
the bed, which was less compacted than the sides of the bed;
however, the rest of the bed remained undisturbed. A slight increase
in the gas velocity caused the bubbles to grow in size and appear from
deeper regions of the bed (see Fig. 9(B)). Finally, bubbles were
observed between the distributor and the surface of the bed.
However, the bubbles only appeared in the central region of the bed
(see Fig. 9(C)) because the central region was more permeable to gas
ﬂow. Alternatively, as shown in Fig. 9(C), the sides of the bed were
free of bubbles. Nevertheless, if the gas ﬂow is further increased,
bubbles will appear along the width of the bed. However, for a gas
1

Depending on the ratio between the height and width of the bed, different bubble
paths were observed [41].
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U/Umf
Fig. 7. Fluidization–deﬂuidization curve for dp = 345.7μm, h = 30cm and t = 0.5mm. The
solid and dashed lines represent the theoretical results of Jackson's model for the
deﬂuidization and ﬂuidization process, which were obtained with the values shown in
Table 4, respectively.

velocity close to Umf, gas tends to percolate through the central region
of the bed due to the lower resistance of the central region to gas ﬂow.
The one dimensional assumption of Jackson's model implies that U
is uniform throughout the bed and ϕ = ϕ(z). The experimental
observations of the present study revealed that these assumptions
limit the applicability of the model in 2D beds. Nevertheless, wall
effects and hysteresis were observed in some experiments (Fig. 6).
Moreover, wall effects on the minimum ﬂuidization velocity were
clearly observed in Fig. 5, due to the nondimensional variable dp/t.
Namely, as the ratio between the particle size and the thickness of the
bed decreased, the minimum ﬂuidization velocity increased.
4.2. Discussion of the results shown in Fig. 5
As shown in Fig. 5, the minimum ﬂuidization velocities obtained in
different studies were not in agreement. For instance, the experi
mental results of the present study, along with the data marked by an
empty symbol or a cross, were in accordance with the proposed
exponential relationship between Umf, 2D and Umf, 3D (Eq. (2)). Alter
natively, results marked with ﬁlled symbols clearly departed from the

Fig. 8. (A) Schematic depiction of the movement of bubbles during free bubbling. The
arrows indicate the direction of movement. (B) Schematic depiction of the constant
voidage proﬁles and the gas path in the bed during the ﬂuidization process.
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Fig. 9. Photographs captured during ﬂuidization in a bed with dp = 345.7 μm, h = 30 cm,
t = 5 mm.

proposed equation, and the values of Umf, 2D were signiﬁcantly higher
when the particle size to thickness ratio was between 0 and 0.04.
The discrepancies between the experimental data and the
theoretical results are too high to be attributed to uncertainties in
the experimental measurements or to the variety of experimental
techniques used in the studies. Nevertheless, as shown in Table 3, all
of the experimental data that were in accordance with the proposed
correlation (Eq. (2)) were obtained in 2D beds with walls made of
glass. An exception to the aforementioned observation is the data
obtained by Rowe and Everett [23],which is marked with an empty
square. However, based on the thickness of the bed, the study
conducted by Rowe and Everett can be considered a 3D experiment. In
addition, although Busciglio et al. [15] used a bed made from perspex,
the walls of the bed were in direct contact with ﬂuidized particles,

which were made of glass to avoid electrostatic charge interactions. As
a result, the particles were deposited on the surface of the walls,
which precluded the proper observation of the interior of the bed.
Alternatively, Saxena and Jadov [33] ground the walls of the bed to
ensure that static charge did not accumulate on the surface of the
walls. In the present study, problems associated with electrostatic
charge were not observed during the experiments.
In contrast, the rest of data were obtained in 2D beds made of
plastic materials (either perspex or plexiglass). Under these condi
tions, electrostatic charge could have a signiﬁcant effect on the
ﬂuidization velocity. Moreover, Mudde et al. [35] ﬂuidized plastic
particles, and obtained the highest velocity ratio (Umf, 2D/Umf, 3D = 1.5)
of all of the data shown in Table 3, for the bed thickness of t = 30mm.
The exception to the aforementioned observations is marked with a
ﬁlled diamond. However, this data set departs from the other data
obtained by the same authors. As previously mentioned, Saxena and
Jadav [33] attributed the discrepancies in this data set to differences in
particle geometry.
Electrostatic charge in ﬂuidized beds is a complex phenomenon
and is dependent on a number of variables [42 46], including the
bed height, particle size, ﬂuidization velocity, relative humidity of
the ﬂuidizing air, etc. The results of Rojo et al. [42] revealed that the
electrostatic charge increases with an increase in the height of the
ﬁxed bed under bubbling conditions, which may explain the fact
that an increase in the minimum ﬂuidization velocity with an
increase in bed height was observed by Ramos et al. [27] and Geldart
[24]. Moreover, Guardiola et al. [43] observed that electriﬁcation
increased with an increase in particle size and air velocity and
suggested that the relative humidity of the air was an important
parameter. Similarly, in a study conducted by Park et al. [44],the
electrostatic charge of glass and polyethylene particles was reduced
when the humidity of the ﬂuidizing air was between 40 and 80%
Alternatively, Mehrani et al. [45] concluded that most of the
electrostatic charge in a ﬂuidized bed was related to the charges
entrained by the ﬁnest particles. More recently, Moughrabiah et al.
[46] studied the effect of pressure, temperature and gas velocity on
the electrostatics of a 3D column with a diameter of 15cm, and
evaluated the same particles ﬂuidized by Park et al. [44](glass and
polyethylene). The results obtained from both types of particles
were compared, and the authors demonstrated that the glass
particles accumulated more electrostatic charge than the plastic
particles. Moughrabiah et al. [46] suggested that electrostatic
charges can modify interparticle forces, which could have a
signiﬁcant effect on the properties of the bed, such as the effective
viscosity. In 2D beds, walls particle interactions could inﬂuence the
electrostatic charge; however, these effects are usually neglected in
3D beds[42]. Thus, electrostatic charge could be considered in the
momentum equation (Eq. (3)), but the multitude of variables and
the experimental conditions of the data summarized in Table 3
preclude the quantiﬁcation of this force. Kashyap et al. [47] studied
the effect of an electric ﬁeld on the hydrodynamics of particles in a
rectangular ﬂuidized bed. Thus, if the electrostatic forces can be
quantiﬁed, the effects of an electric ﬁeld could be included in the
correlation as a term that increases the gas pressure drop along the
bed.
According to criteria proposed by Grace, most of the data shown in
Fig. 5 correspond with type B particles [36]. Alternatively, Glicksman
and McAndrews [34] used type D particles, and the polystyrene
spheres ﬂuidized by Mudde et al. [35] are similar to type A particles.
However, the particles used by Mudde et al. are considered type B.
Rowe and Everett [23] did not indicate the density of the alumina
particles used in their study; thus, the particle type could not be
determined.
Based on the experimental conditions shown in Table 3, another
parameter that may affect the bed dynamics is the sphericity ϕp of the
particles [24]. The particle sphericity is directly related to the particle
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shape; thus, because internal friction can alter ﬂuidized bed behavior,
the effect of particle shape on the angle of internal friction of ﬁne
particles must be considered if the experiments are based on different
types of particles [48]. Most of the results that are in accordance with
Eq. (5) were based on spherical particles (ϕp = 1). In contrast, most of
the experiments represented by ﬁlled symbols were based on non
spherical particles (ϕp ≠ 1). Only the data obtained by Mudde et al.
[35] were based on spheres; however, these particles were made of
plastic material, and electrostatic charge had a signiﬁcant impact on
the results. The particle sphericity is difﬁcult to measure, and most of
the experimental results in the literature are based on indirect
measurements from the Ergun equation [49], thus, the uncertainty of
the results is high. As a result, Eq. (2) should be used cautiously when
non spherical particles and/or particles that do not belong to group B
are ﬂuidized because the values of a and b (a = 8.5 and b = 1.6,
respectively) are based on spherical type B particles.

(between 10 and 30 cm). The results indicated that wall effects on the
minimum ﬂuidization velocity can be neglected when the bed
thickness to particle size ratio is t/dpN 100. Nevertheless, when the
proposed correlation was applied to the results of other studies, the
correlation properly predicted the minimum ﬂuidization velocity of
spherical particles in a 2D bed made of glass walls. Alternatively, when
the bed is made of plastic walls, electrostatic charge can have a
signiﬁcant effect on Umf and the experimental results were not in
agreement with the proposed correlation. In addition, Jackson's model
for wall effects was ﬁtted to the experimental ﬂuidization deﬂuidiza
tion curves. Although the parameters of the model can be adjusted to
a speciﬁc experiment, due to the one dimensional assumptions of the
model, general conclusions on the determination of the minimum
ﬂuidization in 2D ﬂuidized beds cannot be made.
Notation

4.3. Critical bed thickness
Eq. (2) suggests that the minimum ﬂuidization velocity in a 2D
ﬂuidized bed and the minimum ﬂuidization velocity in a 3D bed are
related when electrostatic forces are not present in the ﬂuidization
process and atmospheric air is used as a ﬂuidizing agent. Under these
conditions, the proposed correlation can be used to estimate the
critical bed thickness t *, which is deﬁned as the minimum bed
thickness that results in negligible wall effects on the minimum
ﬂuidization velocity of a 2D bed. Thus, t * can be obtained from Eq. (2)
with Umf, 2D/Umf, 3D = 1.01. Fig. 10 shows the variation in the critical
bed thickness as a function of the particle size of type B particles,
according to Geldart's classiﬁcation [30]. Namely, if the value of t * is
two orders of magnitude greater than the particle size (t/dp ∼ 100),
wall effects can be neglected.
Nevertheless, t * only considers the effect of the walls on the
minimum ﬂuidization velocity. Other parameters typically measured
in a 2D bed (pressure ﬂuctuations, bubble distribution, bubble size
and velocity, gas and particle motion, etc.) may differ from those
obtained in a 3D bed for values of t ∼
N t* [22 25].
5. Conclusions
A correlation for the prediction of the minimum ﬂuidization
velocity in 2D ﬂuidized beds was proposed. The equation was
obtained by ﬂuidizing spherical particles in a 2D bed and varying
the bed thickness (between 0.5 and 2.0 cm) and the ﬁxed bed height
70
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Latin letters
 
A
Section of the bed perpendicular to the gas ﬂow m2
Hydraulic diameter ½m
Dh
Particle size ½m
dp
F
Constant in Eq. (4) ½Pa
H
Bed height ½m
h
Fixed bed height ½m


J
Constant deﬁned in Eq. (8) m 1
j
Janssen coefﬁcient ½−
t
Bed thickness ½m
t*
Critical bed thickness ½m


g
Gravity constant 9:81m = s2
U
Superﬁcial gas velocity ½m = s
Minimum superﬁcial gas velocity ½m = s
Umf
Critical gas velocity ½m = s
uc
Interstitial gas velocity ½m = s
ug
Particle terminal velocity ½m = s
υt
w
Width of the bed ½m
x
Horizontal coordinate
z
Vertical coordinate, measured from the top of the bed

Greeks letters
ΔP
Gas pressure drop due to the particles ΔP = ΔPs + p − ΔPs
½Pa
Gas pressure drop in the distributor ½Pa
ΔPdist
Gas pressure drop including wall effects (Eq. (7)) ½Pa
ΔPg
Gas pressure drop in the empty system ½Pa
ΔPs
Gas pressure drop in the system ﬁlled with particles ½Pa
ΔPs + p
ε
Voidage in the bed ½−
μ
Friction coefﬁcient ½−


Solid density kg = m3
ρs
Compressive yield stress of the particles ½Pa
σs
ϕ
Particle concentration ϕ = 1 − ε ½−
Particle sphericity ½−
ϕp
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Fig. 10. Variation of the critical bed thickness t * with the particle size dp.

Subscripts
( )2D
Magnitude refereed to the 2D bed
Magnitude refereed to the 3D bed
( )3D
Deﬂuidization curve
( )df
Fluidization curve
( )f
Minimum
( )min
Maximum
( )max
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