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ABSTRACT 
The procedures for the identification of outlier observations that are most reliable are 
based on the use of a robustified Mahalanobis distance, and have a very high com
putational cost even for small size problems. All these procedures present difficulties 
when applied to the identification of point-mass contaminations, where the outliers 
are grouped into one or more clusters, separated from the sample. 

In this work a specific method for this contamination pattern is described, and shown 
to be able to handle successfully those cases where methods based on robust estimators 
(the Minimum Volume Ellipsiod estimator or the Stahel-Donoho estimator) fail. The 
method is simple, exploratory in nature, and straightforward to apply using any 
standard statistical software package. 

Keywords: Multivariate Outliers; Robust Estimation; Exploratory Data Analysis; 
Q-Q Plots. 

1 Introduction 

Quite often in practice it is necessary to analyze data that includes some outliers. If the mech
anism generating the observations were perfectly well known, it would be possible to detect 
and explain those abnormal observations; for example, an instrument may have been poorly 
calibrated, a measurement has been incorrectly read, an ungovernable event has affected some 
results or some erroneous value may have been taken down for a particular entry. Neverthe
less, very frequently the information available on the mechanism generating the data, and the 
circumstances affecting them, is very limited, and in these cases the only procedures available 
to determine the unusual character of some observations are those based on the analysis of the 
d<tta. 

The need to identify the outliers is an immediate consequence of the distortions that they 
introduce on the results obtained from the application of classical estimation procedures to 
contaminated samples. Except for low-dimension cases (samples in dimensions one, two or at 
most three), where a complete graphical representation of the data may be u's'ed to visually 
identify the potential outliers, the problem of detecting the outliers presents great difficulties. 
The preceding remark is corroborated by the recent literature on this topic, where despite the 
large number of alternatives that have been proposed, some of them of great complexity and 
huge computational cost, there is as yet no satisfactory procedure for the general case. 
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The usual strategy to detect contaminating observations in multivariate samples is based 
on the computation of some Mahalanobis distance for each observation x E ?RP, defined as 

(1) 

where c E ?RP and the p X P matrix V denote respectively the estimators for the cent er and 
covariance matrix obtained from the sample points. 

When some outliers are present, estimators such as the sample mean and sample covariance 
are no longer reliable, and must be replaced with robust estimators. In recent years many alterna
tives for these robust estimators have been proposed in the literature, such as the M-estimators, 
studied by Maronna (1976) for the multivariate case, the estimator based on the minimum vol
ume ellipsoid, Rousseeuw (1985), or the Stahel-Donoho estimator, Stahel (1981) and Donoho 
(1982), to mention some of those considered to be the most relevant from a practical point 
of view. M-estimators have the main disadvantage of presenting a very low breakdown point 
(1j(p+ 1)); this property makes them unsuitable for any problem with either large dimension or a 
high contamination level. The other two estimators have a 50% breakdown point, independently 
of the dimension of the data, but their computational cost is prohibitive. Their computation 
requires solving a global optimization procedure with a nonconvex objetive function, that in gen
eral presents a large number oflocal minimizers. The optimization techniques currently available 
for this problem are too inefficient to be of practical use, even for low dimension problems, As 
a consequence, in practice approximate solutions based on resampling procedures or heuristic 
procedures are used in both cases. Even then, these approximations have a high computational 
cost, increasing exponentially with the dimension of the sample space. Additional disadvantages 
are associated to their large bias and high variability. A detailed description of the advantages 
and limitations of these estimators can be found in Rousseeuw and van Zomeren (1990), Cook 
and Hawkins (1990), Maronna and Yohai (1995) and Juan and Prieto (1997). 

The success in the identification of outliers using robustified distances depends among other 
considerations of the spatial distribution of the contaminating observations. For the three robust 
estimators mentioned above, the most difficult structure to identify, and the one causing the 
largest biases, is the point-mass contamination. In this contamination pattern the outliers are 
closely grouped forming clusters separated from the main sample. 

We will illustrate the most relevant properties of this pattern with a simple model: Assume 
a sample of n observations with dimension p, such that most of these observations follow a 
normal multivariate distribution with mean #Lo and covariance matrix Eo, and the rest, the 
contaminating observations, have been generated from a multivariate normal distribution with 
mean #Lo + TJ and covariance matrix A2 Eo, where #Lo, TJ E ?RP, A E ?R and Eo is a positive definite 
p X P matrix. This contamination model is able to generate several different patterns depending 
on the values of TJ and A. 

The vector TJ defines the change in the cent er of the contaminating observations. If we 
restrict our interest to those procedures having the property of being affine equivariant, the only 
property relevant for the identification of the outliers would be the distance to the center of 
the regular observations, measured in terms of the covariance matrix Eo, k2 = TJT Eo!TJ. The 
scalar A determines the dispersion of the contaminating observations. Strictly speaking, the 
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term point-mass contaminations should only be used for the case when A = O. The effect of 
this kind of contamination scheme has been analyzed by Maronna and Yohai (1995), and they 
suggest that it is possibly the scheme inducing the largest bias in the estimation of position 
and scale for multivariate samples. Adrover (1993) has shown that this is the case for M
estimators. It is also the most difficult case for algorithms based on the Minimum Volume 
Ellipsoid, see Rocke and Woodruff (1996). For the case A = 0 there are some trivial identification 
procedures, such as examining the distance between pairs of observations. Nevertheless, the 
effect of the contamination is still present when we allow a certain amount of dispersion between 
contaminating observations, that is, when for example 0 < A < 0.1, and no exact duplication 
of observations exists. In this case, the difficulties for the estimation of position and scale are 
basically the same as for the case when A = 0, but now there is no simple procedure to identify 
these outliers. 

In this work a simple graphical procedure to identify this kind of contamination is proposed. 
The procedure is based on the fact that the anomaly in this contamination pattern is due 
mostly to the excessive proximity between the contaminating observations, rather than to the 
large distance of these observations from the cent er of the sample. We will consider the case 
of a single "cluster" of outlier observations, as this is the situation that presents the greatest 
difficulties, see Rocke and Woodruff (1996). 

The theoretical properties of high-breakdown point estimators, such as the Minimum Vol
ume Ellipsoid estimator or the Stahel-Donoho estimator, ensure the identification of this con
tamination scheme when k -+ 00. In the next section we will illustrate through an example 
that the Mahalanobis distance criterion obtained from the Stahel-Donoho estimator may fail to 
identify outliers situated at a "moderate" distance from the regular observations, see also Juan 
and Prieto (1997) for a more detailed analysis. This behavior can also be observed in those 
methods based on the Minimum Volume Ellipsoid, as indicated in Rocke and Woodruff (1996). 

The results published to this date regarding the identification of outlier observations for 
the multivariate case have confirmed in good measure the prediction from Gnanadesikan and 
Kettering (1972), cited in Barnett and Lewis (1994): "The complexity of the multivariate case 
suggests that it would be fruitless to search for a truly omnibus outlier protection procedure. A 
more reasonable approach seems to be to tailor detection procedures to protect against specific 
types of situations." The method proposed in this paper remains in agreement with the preceding 
remark, covering the limitations of those methods based on the use of robust Mahalanobis 
distances when applied to the identification of point-mass contamination schemes. 

The paper is organized as follows: In Section 2 we analyze the characteristics of point-mass 
contamination patterns that will be used to derive the outlier detection procedure described in 
the paper. Section 3 introduces the procedure, and justifies its validity. Finally, in Section 4 the 
practical behavior of this procedure is illustrated on a representative example. 
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Figure L Scatter plots for the first 30 observations in Table 1: (a) Variables 1 and 
2, (b) data standardized and rotated with observation 8 on the x-axis. 

8 . 

4 

2 Motivation 

Before presenting the procedure, we will consider some of the geometric characteristics of the 
spatial distribution of normal multivariate observations. 

Table 1 presents a sample of 30 observations from a multinormal distribution with dimension 
6. To better illustrate the contributions in our work, we have introduced a linear transforma
tion on the data to ensure that the six variables have standardized values, and the correlation 
coefficient for any pair of variables equals -0.2. 

Figure l(a) shows the scatterplot for the first two variables from these 30 observations. 
Given the generating mechanism, this sample contains no outliers and the scatterplots for any 
pair of variables confirm this remark. Using the sample mean and covariance, the observation 
having the largest Mahalanobis distance is observation 8. Figure l(b) provides a more precise 
indication of the position of this observation with respect to the rest; at the same time we obtain 
an exact representation of the Mahalanobis distance. The observations have been transformed to 
eliminate the existing correlation, and rotated to show observation 8 on the x-axis. In this case, 
the first coordinate for this observation (the only nonzero one) coincides with its Mahalanobis 
distance. The slight atipicity of this observation is not real, given the way the figure has been 
constructed. If the sample dimension increases, the first coordinate for this observation will also 
increase while the distribution and dispersion of all other observations around the origin will 
not change significantly, independently of the dimension. 

To gain a better understanding of the preceding observation, consider that, if the sample is 
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Table 1: Synthetic Data. Sample composed of: (1) 30 normal observations in dimension 6 with 
mean zero and variance one for each variable, with correlation coefficient between each pair of 
variables equal to -0.2; and (2) 4 outlying observations (31-34) forming a cluster 

Obs. 1 2 3 4 5 6 
1 0.5660 0.1708 -0.8221 1.0516 -0.9072 -0.0517 
2 -0.7211 0.2588 0.0349 -1.1671 1.6750 -0.0671 
3 0.2375 -1.6133 0.6226 1.4924 -0.1242 -0.6190 
4 -0.0486 -1.0425 1.7339 0.5029 -1.4117 0.2557 
5 2.3605 -0.3152 0.9253 -0.2424 -0.1521 -2.5534 
6 0.8224 -0.2628 -1.0692 -0.7052 0.0582 1.1479 
7 -0.8564 -0.7813 0.9975 1.1708 -0.1654 -0.3813 
8 0.8465 -2.2301 0.1737 -1.7610 0.8309 2.1014 
9 -0.5069 0.2105 -0.7049 -0.1603 -0.3923 1.5804 

10 1.0878 0.5846 0.2820 -1.4957 0.1554 -0.6184 
11 -0.5303 -0.4595 0.1855 0.2010 0.7323 -0.0668 
12 -0.8336 -1.3123 -0.6697 1.3448 1.5473 -0.0939 
13 0.3628 -0.4173 -1.8508 2.1883 0.8639 -1.1318 
14 0.5483 0.9079 0.4319 -1.1458 1.0299 -1.7769 
15 0.6145 1.3657 -1.9590 0.0042 0.2772 -0.3196 
16 1.5908 -1.1193 -1.2451 0.9089 -1.4445 1.2837 
17 1.0245 0.7429 -1.3179 0.7380 -0.7212 -0.4409 
18 -1.6087 0.5439 0.3561 0.9203 -1.2665 1.0318 
19 0.7556 1.3133 -1.2645 -1.8050 -0.1707 1.1643 
20 -1.6005 1.2746 0.1574 0.3631 -0.8270 0.6665 
21 -0.4603 -0.5847 0.2430 -0.6050 1.0445 0.3520 
22 -1.4756 1.0009 -1.4152 0.9221 1.3141 -0.3776 
23 -0.7563 0.8905 0.9900 -0.9413 -0.6669 0.5070 
24 0.6052 -1.6960 0.6268 -0.2364 -0.2021 0.9704 
25 -0.5600 0.9912 0.6727 0.0229 -1.4803 0.3656 
26 0.7906 0.0717 1.0949 -0.2297 -0.5260 -1.2280 
27 -1.1858 1.0016 0.5913 -0.4592 0.4826 -0.4266 
28 -0.2890 -0.3888 -0.0358 -0.8731 1.6772 -0.0884 
29 -1.3428 -0.3515 1.5780 0.0939 0.6354 -0.6451 
30 0.5627 1.2453 0.6564 -0.0979 -1.8658 -0.5403 
31 0.0353 0.0363 0.0350 0.0350 0.0360 0.0357 
32 0.0351 0.0355 0.0351 0.0355 0.0358 0.0351 
33 0.0360 0.0357 0.0357 0.0351 0.0363 0.0359 
34 0.0360 0.0362 0.0359 0.0356 0.0362 0.0356 
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composed of independent observations obtained from a normal distribution with zero mean and 
covariance matrix the identity, their projection on any given direction, chosen independently of 
the sample, will follow a N(O, 1) distribution, and consequently their squares would have a xi 
distribution. If the chosen direction corresponds to a sample point (by this we mean the direction 
from the origin to the observation), the preceding remark is still valid for all points, except for 
the one defining the direction. For this point, the squared projection follows a X; distribution. If 
the sample space dimension is sufficiently large, the projection of the sample onto the direction 
defined by each observation would transform this observation into a univariate outlier. This 
remark corresponds to the situation shown in Figure 1 (b). The large distance from the center 
to observation 8 should not be surprising, as this is exactly what should be expected from the 
preceding remarks. This situation will not only take place for the most distant observation, but 
on problems with high dimension this would happen to each and all observations. In summary, 
on high dimensions a certain isolation of each observation with respect to the rest is something 
that should be expected. As a consequence, it would be highly unusual that, for example in 
Figure l(b), other observations would be shown close to observation 8. This is one of the main 
properties on which the procedure to identify point-mass contaminations presented in this paper 
is based. 

Consider now the effect of adding to the preceding sample the observations labelled as 
31-34 in Table 1. All these observations have components that are very similar in magnitude 
(close to 0.036). These observations will appear to be close to the origin (the mean of all 30 
normal observations). The example has been constructed in such a way that neither the 15 
scatter plots, nor the 20 three-dimensional plots, would reveal this group of observations as 
outliers. Nevertheless, the Mahalanobis distances to the origin for these observations, computed 
using the covariance matrix for the first 30 observations, are very different from the values for 
the remaining observations, as shown in Figure 2(a), where these distances have been plotted 
using an asterisk, "*". If the Mahalanobis distances were computed using the sample with all 
34 observations (using the sample mean and variance for the full sample), the result is markedly 
different, and is shown by circles, "0", in Figure 2 (a). This result indicates the large influence 
that the four last observations have on these estimators. In our case, this last distance would 
not have been able to detect the new observations as anomalous. Finally, the distances based 
on the Stahel-Donoho estimator have also been computed, and represented with a plus, "+", 
sign. According to this method, the outlier observations are not the ones located furthest away 
from the sample center. The only observation showing an anomalous value is observation 8. In 
this case, the estimator both masks the outlier observations, and shows acceptable observations 
(according to their generation mechanism) as outliers. 

Figure 2(b) shows a projection of the observations, after rotating them to have the outliers 
lying on the x-axis. This projection shows clearly the anomalous character of these observations 
not so much due to their distance to the center of the remaining observations, but rather due 
to their excessive relative concentration. 
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Figure 3. Geometric representation of the probability distribution associated with 
the angle between observations for an ellipsoidal distribution. 

3 Projections onto the unit hypersphere 

Let X denote a random vector in ~p with distribution function F. Assume that F is ellipsoidal, 
that is, F is the distribution function of X = PY + jL, where P is a nonsingular p X P matrix 
and Y has spherical (isotropic) distribution. A random vector has a spherical distribution if for 
any orthogonal p X P matrix r, both Y and ry have the same distribution. A multivariate 
normal would be an example of an ellipsoidal distribution. Let Sp = {x E ~p : Ilxll = I} denote 
the unit hypersphere in ~p. The vector U = Y /IIYII will have a uniform distribution on Sp, 
Eaton (1992). 

The test that X follows an ellipsoidal distribution can be conducted by checking that U is 
uniform on Sp. To do this, we will derive from the preceding distribution a simpler univariate 
distribution. For a given reference vector Uo, the distribution of the angle W between this vector 
and U (see Figure 3) is the normalized surface measure for the spherical patch corresponding 
to the angle, 

(2) 

where J{ is the normalizing constant. Using the change of variables u = sin2 t, the preceding 
equation can be written as 

Pr{W < w} = { 1/2 I(sin2~; (p - 1 )/2,1/2), 0 ~ <P ~ 7r /2 
- 1 - 1/2 I(sm2 w; (p - 1)/2,1/2), 7r /2 ~ <P ~ 7r 

(3) 

where J( z; a, b) corresponds to the Beta distribution with parameters a, b. 

The procedure proposed in this paper starts by transforming the initial sample points into 
observations on the unit sphere, through the application of the preceding scheme. Then, the 
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angles between the projected observations and a given reference direction are tested to see if 
they follow the univariate distribution indicated above. 

For a given sample {Xl, X2,"" xn} of n observations in RP from an ellipsoidal distribution, 
the values Yi = S-I/2( Xi - x), where x and S are the sample mean and covariance matrix, 
follow an spherical distribution, and as a consequence Ui = yJllyll have a uniform distribution 
on the sphere Sp. Let Uo be the reference vector, then the angle between this vector and the 
normalized observation Ui is given by 

-l( T ) Wi = cos UoUi. 

The values Wi form a univariate sample with distribution defined by (3). 

The wf3 quantile of the distribution (3) can be obtained from 

W = { sin-
l 

v'Z2f3' ° ~ f3 ~ 1/2 
f3 7r - sin- l v'Z2(1-f3) , 1/2 ~ f3 ~ 1 

(4) 

where Za is the et quantile of the Beta distribution with parameters (p - 1)/2 and 1/2. 

The goodness of fit test can be conducted using several methods. In this paper we propose 
the use of the Q-Q graph as, if there is a lack of fit, this graph allows the identification of the 
defective observations. If W(i), i = 1, ... ,m is the ordered sample of dimension m and Ji the 
quantile obtained for f3 = i/(m + 1), the Q-Q graph is given by the plot of the values (fi, w(i)). 

The choice of a reference direction is of great importance for the detection of any lack of 
uniformity. A simple strategy is to consider as a reference each one of the sample points in turn, 
performing the analysis and generating the Q-Q plot with the m = n -1 remaining observations. 
Whenever one of the outliers is taken as a reference, the angle formed by this observation with 
the remaining outliers is particularly small compared to the expected values, and this property 
would permit its identification. On the other hand, if the outliers are removed from the regular 
observations, the angle between the observations belonging to each group will be large, forcing 
the appearance of a noticeable "gap" in the graph. The larger the distance between both groups 
of observations, the larger the gap will be. 

In order to verify the preceding statement, we will analyze the case with an exact point
mass contamination. The effect of interest would be similar if the outliers were slightly scattered 
around their center. As the proposed procedure is affine equivariant, we may consider without 
loss of generality that the set of regular observations have zero mean and covariance matrix the 
identity, and that the outliers are concentrated at the point kel, where el = (1,0, ... ,of. Let 
f denote the proportion of outliers in the sample. It can be verified that for the whole set of 
observations the sample covariance matrix S satisfies 

where Jp denotes the identity matrix of dimension p X P and 

1 
8 = (1 + c l k2)1/2' 
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If x = (x}, X2, ,.., xpf is a regular observation, the components of the transformed observation 
y = S-1/2( X - x) are given by: 

> _ { (1- f)-1/2(Xl - fk)/(l + c l k2 )1/2, j = 1 
YJ - (1 - f)-1/2 Xj , j i= 1 (5) 

As a consequence, when k -+ 00 the angle between this observation and the outliers lying 
on the direction et is given by 

-1 
cosw= ~----~~--~~ 

(1 + Cl Ej=2 X])1/2' 

implying w > 11'/2. This result shows that, as the group of outliers goes to infinity (k increases)5 
the distance between the projections of both groups on the sphere also grows, as measured by 
the angles between the projections. 

Additionally, it is easy to verify that the angle between pairs of regular observations con
verges to zero. If k is large enough, a gap will appear between both groups of observations, and 
this gap will eventually become larger than 11'/2; the projection of the outliers will then lie on 
a semisphere different from the projections for the rest of the regular observations. This gap 
causes a lack of uniformity readily observed in the Q-Q graph, as will be shown in the next 
section. 

The distance k from the cluster of outliers to the sample cent er that ensures the correct 
identification of the outliers using a robustified distance, is an increasing function of the sample 
dimension and its contamination level, see Juan and Prieto (1997). The method described in 
this paper does not present these disadvantages, that may be of consequence for large-dimension 
problems or high contamination levels. In fact the opposite is true, as the distortion associated 
with the presence of outliers, and detected in the Q-Q plots, increases with the dimension of 
the problem for a given value of k, and increases in the contamination level also improve the 
sensitivity of these tests, see equation (5). This effect is in fact detectable for very small values of 
the distance k, significantly smaller than the values required by any of the previously mentioned 
al ternati ve procedures. 

This behavior of the method makes the proposed procedure particularly useful for those 
cases when either p or f are large, corresponding to situations where the procedures based on 
high breakdown point estimators are less effective. 

4 Examples 

Figure 4(a) shows the Q-Q graph for a sample with 34 normal observations in dimension 6, using 
one of them as the reference. This reference observation is removed from the sample, resulting 
in the 33 data points shown in the graph. 

The fit between the points and a straight line representing the expected values is reason
ably good, A remarkable aspect is the very high value for the angle between the reference 
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observation and the one closest to it, approximately equal to 7r /4. This result emphasizes the 
remark regarding the expected isolation of the individual observations in high dimension. This 
observation-free zone is large even if the total number of observations is high. For example, for 
100 observations the expected angle is equal to 0.59, and this value goes down to just 0.36 for 
1000 observations. For a given number of observations, this value increases with the dimension 
of the sample space; thus, for 34 observations in dimension 10 we have a value for the expected 
angle between an observation and its closest one equal to 0.95; when the number of observations 
increases to 100, this value decreases to 0.81, and for 1000 observations it equals 0.6096. 

From the symmetry of function (3), these values also appear to the right of the distribution, 
corresponding to the opposite pole of the sphere. As a consequence, for any reference direction 
the projected observations should lie along the central part of the sphere, and should be found 
away from the poles defined by the intersection of the line given by the direction and the cent er 
of the sphere. As the dimension grows, the area of the central zone where the projections should 
cluster shrinks, becoming degenerate when p -+ 00. 

The plot for the data in Table 1, including the four last observations (31-34), is shown in 
Figure 4(b). The reference observation is 31. The lack of fit is clearly visible in this graph: 
three observations, 32, 33 and 34 are too close to observation 31 and, on the other hand, a large 
gap separates this group from the remaining observations, that are further removed from the 
reference observation than expected, most of them lying at a distance larger than 7r /2. This 
plot shows clearly the lack of uniformity of the projections on the sphere. As it was mentioned 
above, this distortion is to be expected for the case of point-mass contamination. 
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Even when there are outliers in the sample, the plot may not show any lack of uniformity 
if the reference observation is not one of them. Figure 5( a) presents the Q-Q plot for the 
34 observations in Table 1, when the first observation is the one used as a reference. As a 
consequence, this method requires computing a plot for each observation, and this could prove 
a disadvantage for large sample sizes. One possible solution is to select beforehand the plots to 
be examined by using some goodness-of-fit statistic, or some other measurement adequate for 
this purpose, such as w{I) or max{w{i+l) - w{i)}' Figure 5(b) shows as an illustration the graph 
corresponding to the Kolmogorov-Smirnov statistics obtained by choosing as a reference each 
one of the 34 observations. In this case we can appreciate that the lack of fit is most evident for 
the last four observations. Other measures of fit have also been tried, with similar results. 

We now analyze a data set presented in Campbell (1989), obtained in the process oflocating 
bushfire scars. This data set has been studied by Maronna and Yohai (1995), regarding the 
presence of outlying observations. It should be noted that, as opposed to the preceding example, 
these data correspond to a real situation, and as a consequence the evaluation of the results from 
the identification procedure is not as straightforward as in the artificial case. Maronna and Yohai 
(1995), using the Stahel-Donoho estimator, have found that observations 8 and 9 are the ones 
furthest removed from the sample center, followed by observations 32 to 38. Different results 
have been obtained by these authors using other estimators. 

Figures 6( a) and (b) present the Q-Q plots using as references observations 8 and 38, 
respectively. The first plot shows that observation 9 is very close to the reference, and very 
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Figure 6. Q-Q plots for the bushfire scar data: (a) using observation 8 as a reference, 
(b) using observation 38 as a reference. 

3 

far from the rest, illustrating the lack of fit mentioned before. Figure 6(b) shows the excessive 
concentration of observations 33 to 38. This analysis yields basically the same results as in 
Maronna and Yohai (1995), with the only exception of observation 32, left out of the cluster by 
our analysis. This result can be easily explained: Firstly, it must be noted that similar values 
for the Mahalanobis distances do not imply proximity for the observations. A direct inspection 
of the data shows clearly the difference between observation 32 and the remainder of this group. 
The scatter plots for the original variables also help to explain this situation: observations 33 to 
38 form a compact group that does not include observation 32, but from this it does not follow 
that this observation should not be considered an outlier, based on distance criteria. 

To check this possibility, after removing all other suspect outliers we have computed the 
Mahalanobis distances for each observation, using the sample mean and covariance matrix. The 
Q-Q plot for these distances is presented in Figure 7. The quantiles have been obtained from 

a Jii, distribution, Gnanadesikan and Kettering (1972). Observation 32 is shown to be the 
furthest one, followed by observations 10, 7 and 11. As a consequence, we may conclude that 
the results of the analysis coincide with those of Maronna and Yohai (1995) and Rocke and 
Woodruff (1996) using high breakdown point estimators that require specialized algorithms and 
much higher computational costs. 
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Figure 70 Q-Q plot of Mahalanobis distances (using the sample mean and covariance 
matrix) for the bushfire data, after removing observations 8-9 and 33-38. 

5 Conclusions 

This work illustrates the difficulties faced by those procedures based on the use of the Maha
lanobis distance for the detection of point-mass contaminations. A simple procedure is proposed 
to detect this contamination pattern; its behavior is independent of the dimension of the prob
lem, and of the number of outliers in the sample. 

The procedure can be considered as an exploratory tool, simple to use and immediately 
implementable with the help of any standard statistical package. The combination of this 
method and other traditional outlier detection procedures should allow the identification of 
highly complex outlier patterns. 
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