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Abstract

In this paper, we extend the theory of discrete orthogonal polynomials (on a linear lattice) to polynomi-
als satisfying orthogonality conditions with respect to » positive discrete measures. First we recall the known
results of the classical orthogonal polynomials of Charlier, Meixner, Kravchuk and Hahn (T.S. Chihara, An In-
troduction to Orthogonal Polynomials, Gordon and Breach, New York, 1978; R. Koekoek and R.F. Swarttouw,
Reports of the Faculty of Technical Mathematics and Informatics No. 98-17, Delft, 1998; A.F. Nikiforov et
al., Classical Orthogonal Polynomials of a Discrete Variable, Springer, Berlin, 1991). These polynomials have
a lowering and raising operator, which give rise to a Rodrigues formula, a second order difference equation,
and an explicit expression from which the coefficients of the three-term recurrence relation can be obtained.
Then we consider r positive discrete measures and define two types of multiple orthogonal polynomials. The
continuous case (Jacobi, Laguerre, Hermite, etc.) was studied by Van Assche and Coussement (J. Comput.
Appl. Math. 127 (2001) 317-347) and Aptekarev et al. (Multiple orthogonal polynomials for classical weights,
manuscript). The families of multiple orthogonal polynomials (of type II) that we will study have a raising
operator and hence a Rodrigues formula. This will give us an explicit formula for the polynomials. Finally,
there also exists a recurrence relation of order » + 1 for these multiple orthogonal polynomials of type II. We
compute the coefficients of the recurrence relation explicitly when r = 2.
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1. Classical discrete orthogonal polynomials

Orthogonal polynomials { p,(x): n=0,1,2,...} corresponding to a positive measure p on the real
line are such that p, has degree n and satisfies the conditions

/ P du(x)=0, j=0,1,....n—1.

This defines the polynomial up to a multiplicative factor. In the case of discrete orthogonal polyno-
mials, we have a discrete measure p (with finite moments)

N
u:Zpk(Sxk, pr >0, xR and N e NU {400},
k=0
which is a linear combination of Dirac measures on the N + 1 points xo,...,xy. The orthogonality
conditions of a discrete orthogonal polynomial p, on the set {x; =k: k=0,1,...,N} (linear lattice)

are more conveniently written as

N
S puk) (k) pe =0, j=0,1,...,n—1,
k=0

with (a); =a(a+1)...(a+j—1)if j >0 and (a)o =1 (the Pochhammer symbol).

The classical discrete orthogonal polynomials (on a linear lattice) are those of Charlier, Meixner,
Kravchuk and Hahn [4,6,7]. In this paper, we will always be considering monic polynomials, which is
often different from the normalisation in the literature. In the case of the (monic) discrete orthogonal

polynomials of Charlier we have
k

x, =k and pk:%, keN, a>0,

which is a Poisson distribution on N={0,1,2,...}. We denote these monic polynomials by C,(x;a).
They satisfy the conditions

+00 k
a .
ZC,,(k;a)(—k)jE =0, j=0,1,....n—1.
k=0
The monic discrete orthogonal polynomials of Meixner M, (x; f,¢) (with f >0 and 0 <c < 1) are
those with

x; =k and py —(ﬂ)kck keN,

which is a negative b1n0m1al distribution (Pascal distribution) on N. They have the orthogonality
conditions

ZM(kﬁ ex—), O o

=0, j=0,1,....n— 1L

The monic Kravchuk polynomials K,(x; p,N) (with 0 < p <1 and N € N) are the discrete orthog-
onal polynomials that satisfy the conditions

N N
ZKn(k;p:N)(_k)j (k) Pra—pN*t=0 j=01,...,n-1.
k=0



Here the weights p; form a binomial distribution. Finally, the monic discrete orthogonal polynomials
of Hahn Q,(x;a, f,N) (with o, f > — 1 and N € N) have the orthogonality conditions

N a+k\ [B+N—k o
kZ;Qn(kaaaﬁaN)(_k)j< k > ( Nk >—O, ]—O,l,...,l’l—l.

In this case we have a hypergeometric distribution.
If we define the weight function

( F(xaj_ 1) Charlier,
L s < Meixner
) reg) I'(x+1) ;
W(X) =
I'(N+1) . N
Tx+OIWN —x+ 17 (1-p) Kravchuk,
F'o+x+1)  T(+N—-x+1)
( IF'(x+ DI+ 1) I(N —x+ DI(B+1) Hahn,

then in each of the four examples this function satisfies a first order difference equation

A(a(x)w(x)) = (x)w(x) (1.1)

with ¢ a polynomial of degree < 2 and t a polynomial of degree 1. This equation is known as
Pearson’s equation. Here we define Af(x)= f(x + 1) — f(x) as the forward difference of f in
x. The backward difference of f in x is defined as Vf(x) = f(x) — f(x — 1). The results are as
follows:

Cu(x; a) M,(x; B, ¢) K(x; p,N) On(x; 0, B,N)
o X x (1—px x(p+N—x+1)
T a—x (¢ — Dx+ fc Np —x N(o+1)—(o+ B+ 2)x

When we take the forward difference of the classical discrete orthogonal polynomials, one can
show that these polynomials are again orthogonal polynomials of the same family, but not monic
and with a different set of parameters. As such, the A operator acts as a lowering operator on these
families of polynomials. The explicit expressions are

ACy(x;a) =nCy—i(x; a),

AM,(x; B,c) = nM,—(x; B + 1,¢),

AK,(x; p,N) =nK,—i(x; p,N — 1),

AQ,(x;0, B,N)=n0,_1(x;+ 1,4+ 1,N —1).



One can easily prove these identities by applying summation by parts

N N
S u(k)Av(k) = u(N + DN + 1) — u(M)o(M) = > v(k + 1)Au(k) (12)
k=M

k=M

on the orthogonality relations.
For each of the classical discrete orthogonal polynomials we also have raising operators which

can also be found using summation by parts. The results are

x—1

a a
V(mc (x; a)) mcn-&-l(an)a

1
\V4 (ﬁ)x xM( ﬁ )> (ﬁ)x lcx'(c ) n+1(x;ﬁ_1’c)

N +1
)px(l _ p)N-&-lfx

V(( >p’“(1p)N"Kn(x;p,N)>( );(l—p)(N—kl) Ky1(x; p,N + 1)

(oH—x) <ﬁ+N—x> >
\Y On(x; 0, B,N)
N —x

n+o+f a+x—1 B+N—x |
_oc—ﬁ< X ) <N—x+1>Q”H(x’a_l’ﬁ_l’N"‘l)-

When we use this raising operator several times, we get a Rodrigues formula for the polynomials.
If we work out this formula, we get an explicit expression for the classical discrete orthogonal

polynomials which we can link to a hypergeometric function. These expressions are

1
_a ,

—n, —Xx 1
(ﬁ)nZ 1 ﬂ I_E ?
1
» s
| o D=V —n,—x,n+o+p+1
Qn(x,OC,ﬁ,N)—(n+a+ﬁ+1)n3F2( —N,o0+ 1

—n,—Xx

Ca(x;a) = (—a)"2Fo <

M, (x; B,c) = = 1)n

—n, —Xx

-N

Kn(x; P:N) = pn(_N)nZFI (

1>.



Every system of monic orthogonal polynomials p, satisfies a recurrence relation of the form

xpn(x) = pn-i—l(x) + bnpn(x) + anpnfl(x)a nz= O>
with a, > 0 or, when the orthogonality is on R,

xpp(x) = ppi1(x) + A4y + Co) pu(x) + 4,1 C, pu—1(x), n =0,

with 4,,C, > 0 and initial conditions py=1 and p_; =0. From the explicit expression of the poly-
nomials, one can compute these recurrence coefficients by comparing coefficients in the recurrence
relation, and for discrete orthogonal polynomials on a linear lattice it is most convenient to use the
basis {(—x);: j=0,1,2,...}. For the classical monic discrete orthogonal polynomials we have the
following results:

Cu(x;a) M,(x; B,c) K, (x; p,N) On(x;0, B,N)

+n—1 otn+ )N —n)(nto+p+1
a, = an a, = ap=n(l=p)p(N —n+1)  4,=Craiaaio

_ __ n+(f+n)c _ _ n(p+n)(N+at+p+n+1)
by=a+n by === by = p(N —n)+n(l - p) Gy = (o+B+2n) (ot f+2n+1)

Finally, we can prove (by combining the lowering and raising operator) that the classical discrete
orthogonal polynomials satisfy a second order difference equation of the form
ad(X)VAy(x) + 1(x)Ay(x) + Ly y(x) = 0, (1.3)

with ¢ and 7 the same as in Pearson’s equation and 4, a constant depending on n. For the Charlier
polynomials we have 4,=n, for the Meixner polynomials 4,=n(1—c), for the Kravchuk polynomials
/n =n and for the Hahn polynomials 4, =n(n+ o+ f + 1).

Note that the Meixner, Kravchuk and Charlier polynomials are limiting cases of the Hahn poly-
nomials. Indeed we have that

Mn(x;ﬁ,C)zNggloan (x;ﬁ— 1, (1 ;c) N,N> ,

Kn(x; paN) = t—I}—Qrpoo Qn(x; pta(l - p)t’N)’

a
C,x;a)= lim M, |x;p,—= ).
(ay=tim 3, ()

2. Discrete multiple orthogonal polynomials
2.1. Definitions

Suppose we have r positive measures p,..., 1 on R. For each of them we define the support as
supp(p;) ={x e R|Ve > 0, p;((x —e,x+¢)) > 0}.
These are closed subsets of R. We also define

4; = the smallest interval that contains supp(u;).



Finally, we introduce a multi-index # = (ny,ny,...,n,) € N and its length |ii| =n; +ny + -+ + n,.
Multiple orthogonal polynomials can now be defined as follows [8, Chapter 4.3], [2,10]:

Definition 2.1 (Type I). An r-vector of type I multiple orthogonal polynomials (4 1,...,4s,), cor-
responding to the multi-index 77 € N’, is such that each A4;; is a polynomial of degree < n; —1 and
the following orthogonality conditions hold:

/kaAﬁ,j(x)duj(x):o, k=0,1,...,]i — 2. 2.1)
j=1

Each 45 ; has n; coeflicients, so we have a linear system of |7i] — 1 homogeneous relations and |7]
unknowns. This system has a unique solution up to a multiplicative factor if and only if the matrix
of the system has rank |7#] — 1 (which means that the measures must satisfy some conditions). In
that case we can determine the type I vector uniquely and we call the multi-index 7 a normal index
for type L.

Definition 2.2 (Type II). A type II multiple orthogonal polynomial Pj;, corresponding to the multi-
index 7€ N’, is a polynomial of degree < || which satisfies the orthogonality conditions

/ Pi(x)x* dpi(x) =0, k=01,....n — 1,

4

(2.2)

/ Pi(x)x" dp.(x) =0, k=0,1,....n — 1.

Here we have a linear system of || homogeneous relations for the |7+ 1 unknown coefficients of
P;. Again we would like to have that the solution Pj; is unique up to a multiplicative factor and also
that this polynomial has exactly degree |#| (then the monic multiple orthogonal polynomial exists
and will be unique). When we have this, we call # a normal index for type II. Let

Mi(ny)
M= : (2.3)
My(n,)
be the matrix of system (2.2), with
mf)j) m(lj) "
Mj(n;) =

)]

@) @)
m,_y My MG n—1



an n; X (|7i] + 1) matrix of moments of the measure y;. Then the index 7 = (ny,...,n,) is normal
for type II if and only if the matrix B, which you get by omitting the last column in M, has rank
7|. We can also observe that, when the index # = (ny,...,n,) is normal, the corresponding unique
monic multiple orthogonal polynomial of type II is of the form

(@)) (1) (1)
m m, M
(1) (1) (1)
My —1 My, T m|ﬁ\+n1—1
Pi(x) = det
(%) det B () () )
mO ml .o m|ﬁ|
(r) (r)
my,, mffr) m|ﬁ\+n,—1
1 X X/

In this paper we will only study the type II multiple orthogonal polynomials. We also suppose
that we have r positive discrete measures on R:
Nj
W= pikds,s Pk >0, x €R N;ENU{+00}, j=1,....7
k=0
with all the x;;, k=0,...,N;, different and this for each j. In this case we have that supp(y;) is the

closure of {xj,k}ivio and that 4; is the smallest closed interval on R which contains {xj,k}ﬁ(v;o. The
corresponding polynomials are then discrete multiple orthogonal polynomials. The discrete measures
in this paper will be supported on N or a subset, which is achieved by taking x; =k for j=1,...,r.
The orthogonality conditions are then more conveniently expressed in terms of the polynomials

(—x)i.

Definition 2.3 (Discrete Type II). A discrete multiple orthogonal polynomial of type II on the linear
lattice, corresponding to the multi-index 7 € N’, is a polynomial P; of degree < || that satisfies the
orthogonality conditions

Ny
> Pak)(—k)ipra=0.  i=0,1,....m — 1,
k=0

(2.4)

N,
> Pak)(—k)ipra=0,  i=0,1,...,n, — 1.
k=0



We now introduce a systems of measures for which every multi-index is normal, namely an
AT system [8, p. 140]. Note that we have to tone down this a little bit. When N, is finite and
nj — N; — 1=/ is greater than zero, then every polynomial of the form

Pi(x) = (x = xj,0) ... (x —xjn)(x —a1)...(x — a/)R|f[|—nj(x)

with R}, a polynomial of degree < |#i| — n;, satisfies the conditions in (2.4) corresponding to the
measure f;. Now it is easy to see that for every ai,...,a, we can find a Rz, so that Py also
satisfies the other conditions in (2.4). So only in the cases that n; < N; +1, j=1,...,r, we can
have a unique solution.

2.2. AT systems

Definition 2.4. An AT system of r positive discrete measures is a system where the measures are
of the form

N
Hj:ZP/,k&m pik >0, xR, NeNU{+oo}, j=1,....r,

k=0
so that supp(y;) is the closure of {x;}} , and A4; = 4 for each j =1,...,r. We also assume that
there exist » continuous functions wy,...,w, on 4 with wi(xx)=p;x, k=1,...,N, j=1,...,r, such

that the |7| functions

wi(x),xwi(x),... ,x’”_lwl(x),
wa(x), Xwo(x), . .., x™ Twy(x),
w (), xw, (), . . ., X" w,(x)

form a Chebyshev system on A for each multi-index # with || < N + 1. This means that every
linear combination (except the one with each coefficient equal to 0)

Z Op—1(x)w;(x)

j=1
with O, 1 a polynomial of degree at most n; — 1, has at most |#i| — 1 zeros on 4.
For such a system of measures the following theorem holds.

Theorem 2.1. Suppose we have an AT system of r positive discrete measures. Then every discrete
multiple orthogonal polynomial Py of type 11, corresponding to the multi-index i with |i| < N + 1,
has exactly |i| different zeros on A.



Proof. Suppose P; has m < || sign changes on A at the points yy,..., y,. Consider a multi-index
m=(my,...,m,) so that |#i|=m, m; <n; for each i=1,...,r and m; < n; for some j. Then construct
the function

0(x) =Y 0i(x)wi(x),
i=1

with Q; a polynomial of degree m; — 1 whenever i # j and Q; a polynomial of degree m;, satisfying
the interpolation conditions

Q(yk)zoa kzla'-'am: Q(yO):la

with yo & {y1,..., ym} @ point in 4. Here Q is a linear combination of a Chebyshev system of order
m+1 on 4, and this interpolation problem has a unique solution. We also know that Q has at most
m zeros on A since Q # 0 (because Q(yy)=1). Hence Q has exactly m different zeros on 4, namely
Vi,---» Vm, and QO changes sign at these points. Now we have that P;Q does not change sign on 4
and we also know that P;Q does not vanish at all the points {x;}?_, because of |ii| <N + 1. So
we have that

N r N
> Pix)0() =Y Y Pa(xi)Qi(xi)pik # 0,
k=0

i=1 k=0

which is in contradiction with the orthogonality relations of P; (Q; is for each i a polynomial
of degree less than n;). Hence Pj; has at least |7] sign changes and so at least |77 different zeros
on A. We know that P; is a polynomial of degree at most |7|, so P; has exactly |7| different zeros
on 4. [

Now we have in an AT system that every discrete multiple orthogonal polynomial Pj; of type II,
corresponding to the multi-index 7, with || < N + 1, has exactly degree |7i|. Let Py, and P;, be
two linearly independent discrete multiple orthogonal polynomials, corresponding to the multi-index
. Then we can find a linear combination of these polynomials which is of degree < ||, different
from zero. This polynomial also satisfies the linear system (2.4) and so this is in contradiction with
the preceding theorem. Hence in an AT system every multi-index 7, with |#| < N + 1, is normal.
Note that only the multi-indices with |#| <N + 1 can be normal. If |7{| — N — 1 =/ > 0, then the
polynomial

(x—x0)...(x —xy)x—ay)...(x —ay)

satisfies the conditions of a multiple orthogonal polynomial, corresponding to the multi-index #, and
this for all ay,...,a,. So we do not have a unique solution (and the multi-index is not normal). If
|/i|=N +1 then P;=(x—xp)...(x —xy) is certainly a solution. Then, if the multi-index 7 is normal,
we are dealing with a function that is zero at all the points {x;}}_,, so we will drop this case.

Finally, we give two examples of Chebyshev systems which appear in our examples. The first
example can be found in [8, p. 138, Example 3].



Example 2.1. The functions

v(x)ct, v(x)xct, ..., o0 e,
—1
v(x)c, v(x)xcy, ..., o(x)x"" "¢y,
with all the ¢; >0, i = 1,...,r, different and v a continuous function which has no zeros on R™,
form a Chebyshev system on R for every i = (ny,...,n,) € N".

Example 2.2. The functions
v()C(x 4 B1), 0COXT(x + Br), -, v T (x + By),
(2.5)
() (x + B,), 0T (x4 Br), -, 0™ (x4 B,),

with f5; > 0 and f; — ; ¢ Z whenever i # j and v a continuous function with no zeros on R™, form
a Chebyshev system on R* for every 7= (ny,...,n,)eN". If f; — ; € {0,1,...,N — 1} whenever
i # j, then this still gives a Chebyshev system for every # = (ny,...,n,) for which n; <N + 1,
i=12,...,r.

We refer to the appendix for a proof. Note that the indices # with |77| < N are such that n; < N+1
fori=1,...,r.

3. Recurrence relation

Suppose that all the multi-indices are normal for the » measures ui,...,u,.. Then there exists an
interesting recurrence relation of order » + 1 for the monic multiple orthogonal polynomials of type
IT with nearly diagonal multi-indices [10]. Here the nearly diagonal multi-index, corresponding to n,
is given by

smy=k+1,k+1,.. k+1Lkk.. k]|,
~ VvV v

s times r—s times

with n =kr +s, 0 <s <r. If we write P,(x) = Pg,(x), then the following recurrence relation
holds:

XPy(x) = Pyia(x) + Y jPyj(x), 3.1)
Jj=0

10



with initial conditions Py =1 and P; =0, j = —1,-2,...,—7r. Each zero of the polynomial P, is
an eigenvalue of the matrix

ao,o 1 0 e ee 0

ai, aio 1 0 e e 0

aj o as an o 1 0 0

Ary  Arp—1 ... aro 1 0 0

Ar=1 ¢ Qi1 oo 1 0 ... 0

0
0
1
0 0 0 an,r Ap,r—1 cee Qpa an,0

By expanding the determinant det(4,,; — x/,.;) along the last column (do this » times), one can
show that (—1)"det(4, — xI,) satisfies the same recurrence relation as the P,. So also the converse
holds: each eigenvalue of 4,.; is a zero of P,,;. Observe that when all the multi-indices # with
|| < N are normal, recursion (3.1) still holds for n < N.

A more general form of this recurrence relation is given by

XPi(x) = Pz, (x) + bitoPa(x) + > _ b ;P (x), (3.2)
j=1

where €; is the ith standard unit vector in R" and v; = Z{;(l) €,_r. In the case »r =2 the recurrence
relation for the polynomials with nearly diagonal multi-indices (3.1) gives the relations (n+1,n) —
(n,n) > (mun—1)—m—1,n—1)and (n+1,n+1) — (n+ 1,n) — (n,n) — (n,n — 1). The first
relation follows from the general case (n; + l,ny) — (n1,m) — (n,np; — 1) — (n; — I,ny — 1) by
setting n; = n, = n. To obtain the second one we set n; =n and n, =n + 1 and interchange the
measures p; and .

4. Some examples of discrete multiple orthogonal polynomials
4.1. Multiple Charlier polynomials

The discrete multiple orthogonal polynomials of Charlier are associated with the r discrete
measures
+00 K

a; :
:ul':ZEék, a;>0,i=1,...,r,

k=0

11



where all the a; are different. For each measure the weights form a Poisson distribution on N. So
we have that supp(u;) =--- =supp(u,) = N and that 4y =--- = 4, = R". These r measures form
an AT system. This follows from the fact that we can define » functions

X

a’
i :—la R+a .:la"'aa
wi(x) o+ 1) xXE i r
so that w;(k) :af-‘/k!, keN,i=1,...,r, and that
wi(x), xw;i(x),...,x" _lw,-(x),

n2

W, (), xw, (), . . ., X" T, (x)

is a Chebyshev system on R* for every multi-index # = (ny,...,n,) € N". This easily follows from
Example 2.1. So every multi-index is normal.

The monic discrete multiple orthogonal polynomial of Charlier CZ, corresponding to the multi-index
in=(ny,...,n,) and the set of parameters d=(ay,...,a,), is the monic polynomial of degree || which
satisfies the orthogonality conditions

—+00 k

i a .
§ jcﬁ(k)(—k)jk—‘!:o, j=0,...,n — 1,
k=0

+00 ak
DGRy =0, j=0.n 1.
k=0

The Gamma function, defined for x > 0 by

+oo
I'(x)= / rle'dt
0

can be continued analytically to C\{0,—1,—2,—3,...} by the property I'(z+ 1)=zI'(z). The points
0,—1,—2,... are simple poles and the Gamma function is never zero [I, Chapter 6]. Using this, we
can extend each function w; to a C°°-function by

X

— R\{—1,—-2,-3,...
o= Tarny FERML=273 0,

0 xe{-1,-2,-3,...}.
Summation by parts easily shows that
(i (x)CE(x)) = —CE L (x), i=1,....r. (4.1)
wi(x) '

For the proof we check that the left-hand side of the equation satisfies the orthogonality conditions
of the right-hand side (here we use the fact that w;(—1) = 0). Observe that on the left-hand side
the zeros of the denominator are cancelled by the zeros of the numerator. We call w; '(x)Vw;(x) a

12



raising operator because the ith component of the multi-index is increased by 1. Repeatedly using
the raising operators gives us the Rodrigues formula for the polynomials Cg, namely

- ni . x 1
I ()| (rem) “2)

i=1
Here the product of the difference operators a; *V"a; can be taken in any order because these
operators commute. For the backward difference operator V we have the property

r

Ci)= [ (=ap” | I(x+1)

J=1

Vi@ =Y (k) (—1f fx — k). 4.3)

k=0

Combining the Rodrigues formula and (4.3) we can obtain an explicit expression for the polynomials
Cjia. For the case r =2 we get

1 1 a
Cal a2 —(_ ng_ mr 1 ny X ny 2
s (X) = (—a1)" (—a2)?I'(x + )_a’{v a (agv —F(x+1))

1 n 1 x—l
55 (7))

=(—a)" (- az)”zf(erl)Z(l)( 1)lailixvnl o

1
= (—a)" (~a2)"I(x + 1) V"]
1

ay I'x—1+1)

L (M k ar*
e Z(k)(_l) Ix— . I+ 1)

=(—a)"(— az)"2r<x+1)2<

When we work this out, we find

ay,az ny ny - ( nl)kal (_n2)la2_l F(X_I_I)
Coiny(x) =(—a1)"(—a2) kZ;IXOI 1T I'x—k—1+1)
n m . k(_ /
:<—m>m<—az>’“§§<—nl>k<_nz>z<—x>k+z( lk/!al)( 11/!@)

- (_al)nl(_az)”Z llm F2 <_x) —ny, _nz; ’))9 V; _l) _l) )
y—+00 aj ar

where

+00 +00 y
Fz(o(, ﬂ’ ﬁ/; 7, y';x, y) _ Z Z (Oﬁ)m—&-n(ﬁ)m(ﬁ )n xmy”

m=0 n=0 ('y)m('))/)nm'l’l'

13



is the second of Appell’s hypergeometric functions of two variables [5]. Finally, we use the substi-
tution / — j — k to find the expression

ny k+n 1 . i .
Cﬁf,fl;(x):(—m)m(—az)nzzZ(—m)k(—nz)j_k(_x)j( k/'m) ((j/ilzk);'
k=0 j—k ! !

m+ny - min(j,m) . k[ i—k
T D S S T

Jj=0 lk=max(0,j—n2)

n+ny J . ko i—k
:(_al)m(_aZ)nzZ Z(_nl)k(_nZ)j—k( l/al) ( ?/Clz)] (—X)j.

! IAY
i K (=)
If we use the basis {(—x);}/ 5 and write
ni+ny
Cl(’ll]ll’?zz(x): Z El{)nz( x)j’
=0
()

then the coefficients c¢;, can be used to compute the coefficients in the recurrence relation

XPpy iy (X) = Py, (X) + bnl,nanl,nz(x) + Cuyny Py —1(x) + dnl,nanl—l,nz—l(x)a

where P, ,,(x) = C;/72(x). Indeed, by comparing coefficients we have

bm,nz =n; +n — (_1)n1+n2(c(n1+n2 b + (nthZ)):

ny,n n1+l,n2

Cnyny = (—1)n1+n2(c(n1+n2 2) 4 (n1+n2—1) + (bm,nz —n —ny + l)c(nl-s—nzfl))’

ni,ny n1+1,n2 ni,ny

d,,lnz:(_1)"1+n2—1(c(n1+nz 3) 4 mAm=2)

ni,ny n1+l,n2
(n1+n2—2) (n1+n2 2)
+ (bnl,nz —ny—nm + 2)cn1,n2 + Cl’ll }’l2 nyny—1 ) (44)

From the explicit expression of Cj!2 we then get, after some calculations, that

bm,nz =daj + ni + np,
Cniy, = M1a1 + M2ay,

dnl,nz = alnl(al — az). (45)

4.2. Multiple Meixner polynomials (first kind)

Here we consider » measures p,..., 1, which in each case form a negative binomial distribution.
For the multiple orthogonal polynomials of Meixner I we take the same parameter ff > 0, but
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different values for the parameter 0 < ¢ < 1. So we have that

+00 k
/Jizz(ﬁ)kcl n 0<ce<l,i=1,...,r

with all the ¢; different. Just as in the previous example, the support of these measures is N and we

have A1 =---=4,=R*". If f € N, we define the functions w,.ﬂ, i=1,...,r, as
I'(f+x) lord )
! if xeR\({-1,-2,-3,..}U{-B,—-—-1,—p—-2,...}),
0 if xe{-1,-2,-3,...}.

Then these are functions in C*°(R\{—pf,—f—1,—f—2,...}) with simple poles in —f,—f—1,—f —
2,... . If peN we define

g, (x+Dp-1
wi (x) = B—1) Ci
which are functions in C°°. With this definition these functions satisfy wf (k) = (Buck/k!, keN,
i=1,...,r. Then by Example 2.1 we know that the measures py,..., form an AT system which
gives us that every multi-index # = (ny,...,n,) is normal for these measures.
The monic discrete multiple orthogonal polynomials of Meixner I, corresponding to the multi-index
n=(ny,...,n,) and the parameters f§, c=(cy,...,c,), is the unique monic polynomial M,ff of degree

7| which satisfies the orthogonality conditions

+00

> ME((—k)wik) =0, j=0,....n — 1,
k=0

+00 .

> ME(U(—k)wik) =0, j=0,....n,— 1.
k=0

Using summation by parts we can again show that for these polynomials, we have the following
raising operations:

1
wh!

i

z ¢ — 1 1z
Vol oM (x)) = ——— M), i=1,...,r (4.6)
(x) c(f—1) "
Observe that on the left-hand side of the equation the zeros of the denominator are cancelled by the
zeros of the numerator and the poles of the numerator by the poles of the denominator. A repeated

application of these operators gives the Rodrigues formula, namely

e " e ] TG+ 1)
M (x) = (B [g (ck—l) ] T(f+x)

()

(4.7)

( I'(p+ i +x) )
'+ @Ahprx+1))°

15



To find an explicit expression of these polynomials in the case » =2 we again use property (4.3)
and after some calculations we have

: a ' [ a \” 1 1
Myos(x) = ( : ) (02 i 1) (Bm+my £ (—X, —ny, —np; Bl — —, 1 — —)

01—1

1"y (Bny+no nfzzj: (—n)i(—m)j—x ((cr—1)jer)* ((c2—1)/ey*

ICRRECEDE j=0 k=0 (B) k! (j —k)! (=)

Here

+00 +00 /
Fl(OC, ﬂ, ﬂ';y;x,y) _ Z Z (o‘)m—l—n(ﬂ)m(ﬁ )n xmyn

In!
m=0 n=0 (y)m+nml’l

is the first of Appell’s hypergeometric functions of two variables [5]. From this explicit expression
we can find the coefficients of the recurrence relation

XPpy iy (X) = Py 10y (X) + Doy iy Py ny (X)) + Cyony Py iy —1(X) + dinyony Py — 1, -1 (%),
with P, ,,(x) = M2 (x). We denote

2
ny+nz

MISse () = D el (=)
j=0
and formulas (4.4) then give us
bnl,nz = n1(2a1 + 1) + nZ(al +a; + 1) + alﬁa
Ca = (i@t +ar) + na(a5 + a))(ny + o+ f— 1),
dnymy = (B+n1 +ny —1)(B+ny +ny —2)ar + 1)(a1 — az)aim (4.8)
with a) = Cl/(l — C]) and ar :Cz/(l — 6'2).

4.3. Multiple Meixner polynomials (second kind)

In the case of multiple orthogonal polynomials of Meixner Il we also have r measures i,...,
which form a negative binomial distribution, but here we change only the value of the parameter
p > 0. So we have that

+00 ) k
/’ti:Z(ﬁZ)kC 5]() ﬁi>0: izl,"'ars

k!
k=0
with 0 < ¢ < 1 and all the f5; different. The support of these measures is again N. It follows from
Example 2.2 that every multi-index 7 = (ny,...,n,) is normal for the measures p,..., &,, whenever
Bi— B & Z for all i # j.
Define
I'(fi+x) " :
W) = G TeiD) if xeR\({—1,-2,-3,..}U{-p,—p—1,-F—2,...}),
0 if xe{—-1,-2,-3,...},

16



then the monic discrete multiple orthogonal polynomials of Meixner II, corresponding to the multi-
index 7 and the parameters = (fi,...,5,), fi >0 (B —B; € Z for all i # j) and 0 < c < 1, is the
unique monic polynomial M; *“ of degree |ii| that satisfies the orthogonality conditions

+00

S ME Uk (k) =0, j=0,..om — 1,
k=0

+00 R

S MGk (k) =0, j=0,....n, 1.
k=0

In the same way as in Section 4.2 we can show that the following raising operations exist for these
polynomials:

1 éic .
) (/3 I)Mf+e (x), i=1...r (4.9)

After a repeated application of these raising operators we get the Rodrigues formula, namely
- lal [
. c I'x+1)
ME(x) = (c——l) [H(ﬁi)m —
k=1

c*
- r'(p) o (i + 1 + x)
H(F(ﬁi+x>v T+ 1) )

VO ()M () =

X

¢
(m) . (4.10)

Now we can again use property (4.3) to find an explicit expression for these polynomials. After
some calculations in the case » =2 we finally get the expression

(=x) : (=ny); (—na, f1 +ny);

BB c \" 1:1;2 1 et
n1ln22 ( ) ( 1> (ﬁZ)nz(ﬁl)’ﬂFl:O;’l Cc ’CT
(B1): = (B2)s
e\ e d (—n)e(—n2)j—k(Br1+n1)j—k ((c=1)/cy
_ (c_ 1) BB ; P T G o,
Here
a:b,é
quk X,y _ Ji.i p l(aj)r+s 1(b )r H] 1(C/)sx d
o - 7B = , r,s= OHj I(OC])H‘SH] 1(ﬁj)VHJ 1(Vj)s I’" S'
azpsys

with d=(ay,...,a,), Bz(bl,...,bq), Z=(cty.scr), B=(t1s . s00), B=BrseeesPn)y T=1s- s m).
These are (the generalisations of) the Kampé de Fériet’s series [9] which are a generalisation of the

17



four Appell series in two variables. To find the coefficients of the recurrence relation

XPyy iy (X) = Py 105 (X) + Dy iy Py (X) + Cy iy Py —1(X) + dpy iy Py — 1, —1(x)

with P, ,,(x) = MP1-Px¢(x), we make use of this explicit expression. If we denote

ni,ng
ni+ny

NiR _ i
ML) =y e (—x);,
j=0

one can first compute ¢\, 22 and "7 and then use property (4.4) to find

b,,],ﬂz = n1(2a -+ 1) + I’lz(a -+ 1) + Clﬁl,
Cnymy =ala~+ 1)(mny +ni(ny + 1 — 1)+ np(ny + fo — 1)),
dpymy = @ (a+ Dny(ny + B1 — 1)1 + 1 — B2), (4.11)

where a = ¢/(1 — ¢).
4.4. Multiple Kravchuk polynomials

Consider r» different measures uy,..., . which in each case form a binomial distribution on the
integers 0,1,...,N. So they are of the form

N
w=y_ <k> P —p)V o, O0<pi<l,i=1,..,r

k=0

where all the 0 < p; < 1 are different. The support of these measures is {0,1,...,N} and we have
that 4, =--- = A4, =[0,N]. Define the functions

N1pi(l = pi)
W)= I'x+DIN —x+1)
0 if xe{-1,-2,..} U{N+1,N+2,...},

if xeR\({—-1,-2,..}U{N+1,N+2,...}),

where i=1,...,r, which are functions in C°. Then the following holds: v (k)= () pf(1— p;)" ¥,
keN,i=1,...,r. Now from Example 2.1 it follows that py,...,u, is an AT system, so that every
multi-index # = (ny,...,n,) with |/ < N is normal for these measures.

The monic discrete multiple orthogonal polynomials of Kravchuk, corresponding to the multi-index
A= (niy,...,n,) with |ii| < N and the parameters N and p = (py,..., p,), is the unique monic poly-
nomial Kf N of degree || which satisfies the conditions

N
> KN (—k)pl (k) =0, j=0,....n — 1,
k=0

N
S KN~k (k) =0, j=0.....n, — 1.
k=0

18



Using summation by parts we can show that for these polynomials there exist some raising operators,
namely

pi(1 = p)(N +1)
CARIEY!

V) @K )= —KPN @), i=1,..n (4.12)

n+é;

One should use the fact that v¥(—1)=vY(N +1)=0 to show that the left-hand side of the equations

satisfies the orthogonality conditions of ng“ (Also note that on the left-hand side the simple
zeros of the denominator are also zeros of the numerator.) After a repeated application of these
raising operators we get the Rodrigues formula which is of the form

r

KPP (x)= (=N [H i

k=1

: 1—pi\ ni pi \ (N — |i])!

In the case of » =2 we can again use property (4.3) to find an explicit expression in the form

I+ 1IN —x+1)
N!

ni+ny

;N — i
KRN =Y e (=),
j=0
for these polynomials. After some calculations we get

5 n n 1 1
Krﬁl,;zfz’N(x) = p1' Py (=N )yyn, i (—X, —ny, —ny; —N; —, —)

P p2
ni+ny k i—k
_oom o my (_nl)k L (_n2)j—k L / (_x)j
= pl p2 ( N)n1+nz Jz_; kz:% k! (pl) —(] — k)' <p2> —(—N)j.

These are the same expressions as in the example of Meixner I with f=—N, ¢; = p1/(p1 — 1) and
¢y = pa2/(p2 — 1), which gives a; = —p; and a, = — p, (one can see this already in the Rodrigues
formula). The coefficients of the recurrence relation

XPpy iy () = Py 10y () + Dy oy Py ny (X)) + Cyony Py —1(X) + diny iy Py — 1,0, —1(),
with P, ,,(x) = K252 (x), are then

bm,nz = _n1(2P1 - 1) - n2(p1 + P2 — 1) + p1N9
Cniny = (nl(p% - pl) + n2(p§ - p2))(n1 -+ ny —N — 1):
Ay, =1 +ny =N — 1) +ny, — N =2)(1 — p1)(p1 — p2)pin;. (4.14)
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4.5. Multiple Hahn polynomials

Take » measures uj,..., 1, which in each case form a hypergeometric distribution on the integers
0,...,N. We change the value of the parameter « > — 1 and keep f > — 1 fixed. We write

N
1 Dy
ﬂizz(a+ e Bt Ui oy i=1,...,r
k=0

K (N — k)

with all the o; different. The case where we change the parameter  and keep « > — 1 fixed is
obtained when we substitute x — N — x. The support of these measures is {0,...,N} and we again
have that 4, =---= 4, =[0,N].

The monic discrete multiple orthogonal polynomial of Hahn, corresponding to the multi-index
n=(ny,...,n.) and the parameters &= (ay,...,®.), f, and N, is the unique monic polynomial Q?ﬁ;N
of degree |ii| which satisfies the conditions

N
SO~y PN (k) =0, j=0.m 1,
k=0

N
SO Uk N ) =0, =0, m 1
k=0

with

I'o+x+1) I'P+N—x+1)
BN ()= d T+ DI(x+ 1) T(B+ DI(N —x + 1)
0 if xelX,

if x e R\(Xl UXQ),

where X; ={—-1,-2,.. }JU{N+1,N+2,..}  and X ={-a—1,—a—2,..} U{f+ N+ L1, +
N +2,B+N +3,...}. Here v*#V is a C°°(R\X)-function with simple poles at the points of X;.
We see from Example 2.2 that every multi-index # = (ny,...,n,) with |#| < N is normal whenever
o —oy; €{0,1,...,N — 1} for i # j.

Using summation by parts (and the fact that v*/N(—1) = v*FN(N + 1) = 0) we can find the
following raising operations:

1
U(X,‘*l,ﬁ*l;N—FI(x)

V(Uoci,l));N(x)Q;;ﬂ;N(x))

_ |nl+a++ﬁ i £ N S (4.15)
1
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Again we apply these operators a few times to the polynomial Qf;“ﬁ N to find a Rodrigues formula
for this polynomial of the form

(—D(B+ 1)y, I'(x+ 1IN —x+1)
[ (m+m+u+p+1), T(B+N-x+1)

&;ﬁ;N(x) —

7

7

1
| | - V"] . . 1
(F(OC1+X+1) (al & * ))

i=1

X

( I'(B+N—x+1)

I'x+ DHI(N —x+ 1)) -(4.16)

Now property (4.3) enables us to find an explicit expression for the polynomials starting from the
Rodrigues formula. After some calculations in the case r =2 we get

O™ ()
_ (“1 + 1),,1(0(2 + l)nz(_N)n1+nz
(1’11 + ny + oy ‘l’ﬁ‘l’l)nl(”ll +I’l2+0€2+ﬁ+ 1)n2

(—x,p+m+oar+1):(—n);(—n2, p+ 00 +n +n+ Lo +n +1);
><1-722::(};;23 1’1

(=N,ou +1): —(2+ L, +n +oy +1)

or
ni+ny
Ona @)= e (—x);
j=0
with
) — (o1 + 1),1](0(2 + l)nz(_N)nHrnz

c =
i (m+n+o+ 41y +n+ou+ f+1),

Xi (—n(—=m2)j—x (B+roax+n +ny+ 1), 4(otg +n1 + 1), (B+n +o;+1);
—~ kI (j—kK) (2 + 1)js(B+n1 + o+ 1) (=N)j(a +1);

Property (4.4) now gives an expression for the coefficients of the recurrence relation

xpnl,nz(x) = Pn1+l,nz(x) + bnl,nzpnl,nz(x) + Cnlmpnl,nz—l(x) + d”l,”ZPnl—lle—l(x)7

0 <n +n <N, where P, ,,(x)= QZ;;‘;;B;N (x). After some calculations we find that

bnl,nz :A(nlanza OCI’OQ)N) +A(n2:n1aa27 o4 + I,N) +D(n1,n2a 0617062)
+C(nl + 15”2 + 1,0(1,0(2,N),
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with

Cnymy, = (A(ny,m2,00,00,N) + A(np, ny, 00,00 + 1,N) + D(ny,ny, 04, 02))

XC(”Z’nl + 19 OCQ,OC],N) —|—A(7’l1,l’l2,0Cl,OCQ,N)B(l’Z],ng, o1, OCZaN)a

dpypy = ANy, n2, 00,00, N)B(ny,n, 001,00, N)C(ny,n,0,0,N) (4.17)

ni(ny +ny+ f+o)(ng +ny+ BYB+n +oy +1+N)
(my +2my + f + a)(2ny +ny 4 B+ o)2ny +ny 4 f+ oy + 1)

A(nlan27 o1, OCZ’N) =

B(”la”Zaala 0627N)

_(I’l]‘FOC]—O(z)(l’ll+I’l2+ﬁ+0€1)(7’l1+I’l2+ﬂ—1)(N—l’l1—I’l2—|—1)
(ni+2m + B+ — 1)2m +nmy + f+ o) +np+ f+oq — 1)

C(nlan2> A1, OC29N)

(Aot + fAoy — D) +nm+ f+o— 1N —n —ny+2)
(n1+2n2—|—ﬂ+oc2—2)(2n1+n2—|—ﬁ—|—oc1—2)(2n1—|—n2+ﬁ—|—(x1—1)’

(P + ny + ny)nin,
Qny+ny+o+ 4+ D(n +2m + o+ f)

D(ny,ny,0q,00) =

5. Conclusions

We have studied five examples of discrete multiple orthogonal polynomials. Each system forms
an AT system. As in the case of the classical orthogonal polynomials we can consider the multiple

Hahn
a1,a2;0;N
n1,n2

/

|

.

Meixner I
Mﬂ§61 »C2

71,12

Meixner IT
Mﬂl Base

1,12

Kravchuk

P1,p2; IV
Kniny

.

/

Charlier

Cﬂl ,G2
71,72
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orthogonal polynomials of Charlier, Meixner I, Meixner Il and Kravchuk as limiting cases of the
multiple Hahn polynomials.
The limit relations are

n,ny

Myios () = (=1 lim QI e MmN (v — x),

ni,nz n,ny

Mﬁl,ﬁz;C(x) — Nlim Qﬁl —l,ﬁz—l;((l—c)/c)N;N(x)’
— 400

. PN — ; —t/p1,—t/ps;—=N—=1;
KEE ) = (1P im0, = =0,

Cir®(x) =

ni,ny

Mﬁ;al/ﬁ’@/ﬁ(x)’

pim M

s . 'N,az/N ;N
Cripe(x) = lim KRR (),

In the continuous case, studied in [10,3], there are also examples of Angelesco systems, where
the measures are supported on disjoint (or touching) intervals. In the discrete case it is not ob-
vious to find such systems which still have some raising operators, a Rodrigues formula,
etc.

It is of interest to look at the limit of the coefficients in the recurrence relation for the multiple
orthogonal polynomials (in the case » =2) when we set n; = |sn|, np, = || and n tends to infinity.
These results are useful for an asymptotic study on these polynomials. For our examples of discrete
multiple orthogonal polynomials we have

Cate ML Myl
nggloo%% s+t sQar + 1)+ t(ay +ar + 1) sQa+1)+ta+1)
lim bkl 0 (s + 0@ +a1) + 1@ + ) a(a+ 1)(s> + st + 1)

lim isn) ) 0 aj(a; — ax)(a; + 1)s(s +t)? a*(a+1)s’

n—-+00 n3

Here a; = ¢1/(1 — ¢1) and a; = /(1 — ¢;) in the third column and a = ¢/(1 — ¢) in the last
column. For the multiple orthogonal polynomials of Krawtchouk and Hahn we can set n; = |sN |,
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ny=|tN|, s,t >0, s+t <1 and take the limit when N tends to infinity. This gives

p1, 2N
Knl,nz

o, 003N
ni,ng

N—+00 N

bisny, 1N

pr—sCpi—1)—t(pr+pr—1)

A(s,t) + A(t,s) + D(s,t) + B(s, t)

(s+1—D(s(pi — p1) +1(p3 — p2))

(A(s,t) + A(t,s) + D(s,1))B(t,s)
+A(s, t)B(s, 1)

lim LsN ] ’2\_tNJ
N—+00
d
lim LsN], [N ]

pi(p1— p)(1 — p)s(s+1— 1)

A(s, 1)B(s, 1)

where
D=
B0 =y zt)tz)z’
BT +(S2s+)(?s+t 20"

Appendix A

Here we prove Example 2.2, namely that functions (2.5), with f; >0 and B, — B, € Z if i # J,
and v a continuous function which has no zeros on R* form a Chebyshev system on R™ for every
in=(ny,...,n,)€N". This means that every linear combination of these functions (except the one
with each coefficient equal to 0) has at most |77] — 1 zeros. Such a linear combination is also a linear
combination of the functions

v)I(Br +x), v(x)(x + BT By + x),..., v()(x + 1) —1T'(Br + x),

v (B + x), 0(x)(x + BT (B 4 x), ..., v(x)(x + B )n,—1 T(Br + x)
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and because of zI'(z) =I'(z + 1), these functions are also

v()I(Br + ), v(X) (B +x + 1),...,v(x) (B +x +nyp — 1),
(A.1)

v()C(Br +x), o) (B +x+ 1),...,0(x)[ (B, +x +n, —1).

So it is sufficient to show that the functions (A.1) form a Chebyshev system on RT for every

W= (ny,...,n.)€N". If we take m = |ii| and define the matrix Z(#,x,...,x,) as
I'(Bi +x1) I'(fi +x2) I'(Bi + xm)
i +x1+n—=1) I'Br+x2+nm—-1) ... I'(Bi+x,+n—1)
F(ﬁl‘+x1) F(ﬂr +x2) F(ﬁr +xm)
Irp,+xi+n—-1) I'B+x2+n—-1) ... I'(B+xu+n —1)

then we have to show that v(x;)...v(x,,)det Z(7,x1,...,x,) # 0, which is equivalent to det Z(#, x1,...,
Xn) # 0 for every m different points xq,...,x, in R* (the function v has no zeros on R"). We can
now use the definition of the Gamma function

F(x):/ r~le'ds, x>0
0

to find that
o0 o0
detZ(ﬁ',xl,...,xm):/ / e 1 eI det C(7 .. 1) dEy . d, (A2)
0 0
————
m times
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with

B 1 B
t t )
pr+1 pr+1 +1
t & N4
t{J’1+n1—1 t£51+l11—1 tr/jll-i-nl*l
C(ﬁ,l],...,tm) =
i N
B+l 1 1
t £ e D
t{))r"'nr_l t2r+nr_1 . tr/ir-‘rl’lr—l

From [8, p. 138, Example 4] we know that the functions ¢#1 ¢+l . ¢Pram=1 fbr ¢t
th7=1 form a Chebyshev system on R™ if all the exponents are different, which holds because
Bi— P, € Z,i#j If all n; <N + 1 then the exponents are different if ;, — f; ¢ {0,1,...,N — 1}
whenever i # j. So det C(#,1,,...,t,) is different from zero if and only all the ¢#,...,¢, are different.
We can then write

detZ(ﬁ,)ﬁ, e ,xm)

:/ ™ 2 Udet C(7, 1, ) Y (1) @i il g dey L dty, (A.3)
0<t) <<ty

TESH

with S,, the permutation group. From the definition of the determinant of a matrix we see that

-1 -1 m_l
' n’ U &
U2 C A
Z (_l)sign(n)txl—l tx'"_l . 2 2 2
n(l)y = *n(m) —
TESm
—1 —1 1
L, L2 S
The ¢,...,t, are strictly positive and different, and Example 2.1 with multi-index (1,...,1) then im-

plies that this is different from zero if all the xi,...,x, are different. So, if the x,,...,x,, are different,
then the integrand of (A.3) has constant sign in the integration area and hence det Z(7,xy,...,x,) is
different from zero.
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