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Abstract

Smart materials are bringing sweeping changes in the way humans interact with engineer-

ing devices. A myriad of state-of-the-art applications are based on novel ways to actuate

on structures that respond under different types of stimuli. Among them, materials that

respond to magnetic fields allow to remotely modify their mechanical properties and macro-

scopic shape. Ultra-soft magnetorheological elastomers (MREs) are composed of a highly

stretchable soft elastomeric matrix in the order of 1 kPa and magnetic particles embedded

in it. This combination allows large deformations with small external actuations.

The type of the magnetic particles plays a crucial role as it defines the reversibility or

remanence of the material magnetization. According to the fillers used, MREs are referred

to as soft-magnetic magnetorheological elastomers (sMREs) and hard-magnetic magnetorhe-

ological elastomers (hMREs). sMREs exhibit strong changes in their mechanical properties

when an external magnetic field is applied, whereas hMREs allow sustained magnetic effects

along time and complex shape-morphing capabilities. In this regard, end-of-pipe applications

of MREs in the literature are based on two major characteristics: the modification of their

mechanical properties and macrostructural shape changes. For instance, smart actuators,

sensors and soft robots for bioengineering applications are remotely actuated to perform

functional deformations and autonomous locomotion. In addition, hMREs have been used

for industrial applications, such as damping systems and electrical machines.

From the analysis of the current state of the art, we identified some impediments to

advance in certain research fields that may be overcome with new solutions based on ultra-

soft MREs. On the mechanobiology area, we found no available experimental method-

ologies to transmit complex and dynamic heterogeneous strain patterns to biological sys-

tems in a reversible manner. To remedy this shortcoming, this doctoral research proposes

a new mechanobiology experimental setup based on responsive ultra-soft MRE biological

substrates. Such an endeavor requires deeper insights into the magneto-viscoelastic and mi-

crostructural mechanisms of ultra-soft MREs. In addition, there is still a lack of guidance

for the selection of the magnetic fillers to be used for MREs and the final properties provided

to the structure. Eventually, the great advances on both sMREs and hMREs to date pose

a timely question on whether the combination of both types of particles in a hybrid MRE

may optimize the multifunctional response of these active structures.

To overcome these roadblocks, this thesis provides an extensive and comprehensive exper-

imental characterization of ultra-soft sMREs, hMREs and hybrid MREs. The experimental

methodology uncovers magneto-mechanical rate dependences under numerous loading and

manufacturing conditions. Then, a set of modeling frameworks allows to delve into such

mechanisms and develop three ground-breaking applications. Therefore, the thesis has lead

to three main contributions. First and motivated on mechanobiology research, a compu-

tational framework guides a sMRE substrate to transmit complex strain patterns in vitro

to biological systems. Second, we demonstrate the ability of remanent magnetic fields in

hMREs to arrest cracks propagations and improve fracture toughness. Finally, the combi-

nation of soft- and hard-magnetic particles is proved to enhance the magnetorheological and
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magnetostrictive effects, providing promising results for soft robotics.



Resumen

Los materiales inteligentes están generando cambios radicales en la forma que los humanos

interactúan con dispositivos ingenieriles. Distintas aplicaciones punteras se basan en formas

novedosas de actuar sobre materiales que responden a diferentes est́ımulos. Entre ellos, las

estructuras que responden a campos magnéticos permiten la modificación de manera remota

tanto de sus propiedades mecánicas como de su forma. Los elastómeros magnetorreológicos

(MREs) ultra blandos están compuestos por una matriz elastomérica con gran ductilidad y

una rigidez en torno a 1 kPa, reforzada con part́ıculas magnéticas. Esta combinación permite

inducir grandes deformaciones en el material mediante la aplicación de campos magnéticos

pequeños.

La naturaleza de las part́ıculas magnéticas define la reversibilidad o remanencia de la

magnetización del material compuesto. De esta manera, según el tipo de part́ıculas que

contengan, los MREs pueden presentar magnetización débil (sMRE) o magnetización fuerte

(hMRE). Los sMREs experimentan grandes cambios en sus propiedades mecánicas al aplicar

un campo magnético externo, mientras que los hMREs permiten efectos magneto-mecánicos

sostenidos a lo largo del tiempo, aśı como programar cambios de forma complejos. En

este sentido, las aplicaciones de los MREs se basan en dos caracteŕısticas principales: la

modificación de sus propiedades mecánicas y los cambios de forma macroestructurales. Por

ejemplo, los campos magnéticos pueden emplearse para inducir deformaciones funcionales

en actuadores y sensores inteligentes, o en robótica blanda para bioingenieŕıa. Los hMREs

también se han aplicado en el ámbito industrial en sistemas de amortiguación y máquinas

eléctricas.

A partir del análisis del estado del arte, se identifican algunas limitaciones que impiden

el avance en ciertos campos de investigación y que podŕıan resolverse con nuevas soluciones

basadas en MREs ultra blandos. En el área de la mecanobioloǵıa, no existen metodoloǵıas

experimentales para transmitir patrones de deformación complejos y dinámicos a sistemas

biológicos de manera reversible. En esta investigación doctoral se propone una configu-

ración experimental novedosa basada en sustratos biológicos fabricados con MREs ultra

blandos. Dicha solución requiere la identificación de los mecanismos magneto-viscoelásticos

y microestructurales de estos materiales, según el tipo de part́ıculas magnéticas, y las con-

siguientes propiedades macroscópicas del material. Además, investigaciones recientes en sM-

REs y hMREs plantean la pregunta sobre si la combinación de distintos tipos de part́ıculas

magnéticas en un MRE h́ıbrido puede optimizar su respuesta multifuncional.

Para superar estos obstáculos, la presente tesis proporciona una caracterización exper-

imental completa de sMREs, hMREs y MREs h́ıbridos ultra blandos. Estos resultados

muestran las dependencias del comportamiento multifuncional del material con la veloci-

dad de aplicación de cargas magneto-mecánicas. El desarrollo de un conjunto de modelos

teórico-computacionales permite profundizar en dichos mecanismos y desarrollar aplicaciones

innovadoras. De este modo, la tesis doctoral ha dado lugar a tres bloques de aportaciones

principales. En primer lugar, este trabajo proporciona un marco computacional para gúıar

el diseño de sustratos basados en sMREs para transmitir patrones de deformación com-
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plejos in vitro a sistemas biológicos. En segundo lugar, se demuestra la capacidad de los

campos magnéticos remanentes en los hMRE para detener la propagación de grietas y mejo-

rar la tenacidad a la fractura. Finalmente, se establece que la combinación de part́ıculas

magnéticas de magnetización débil y fuerte mejora el efecto magnetorreológico y magne-

toestrictivo, abriendo nuevas posibilidades para el diseño de robots blandos.
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1Introduction

This doctoral dissertation provides novel experimental and computational approaches to

understand the magneto-mechanical behavior of ultra-soft magnetorheological elastomers

(MREs), i.e., brain-like stiffness. Moreover, it provides guidance for the design of applica-

tions based on soft-magnetic MREs, hard-magnetic MREs and, eventually, hybrid MREs

combining both types of fillers.

1.1 Motivation

The research presented in this PhD thesis is framed within the European Research Council

project 4D-BIOMAP. The main objective of the project is to propose new methodologies

to enable for remote magneto-mechanical stimulation of biological structures and reversible

evolution of their mechanical surrounding simulating relevant physiological and pathologi-

cal processes. The project bets equally on experimental and computational approaches to

develop novel solutions based on soft magneto-responsive structures and controlled by ex-

ternal magnetic fields. Therefore, the project lies in two main blocks: mechanistic-based

biological processes and magneto-responsive soft materials. The research conducted herein

addresses the main challenges associated to the synthesis, experimental characterization and

computational modeling of such soft magneto-responsive materials.

Overall, smart materials are bringing sweeping changes in the way humans interact with

engineering devices. A myriad of state-of-the-art applications are based on novel ways to

actuate on structures that respond under different types of stimuli such as light [1], temper-

ature [2, 3], electricity [4, 5], changes in the pH [6] and magnetic fields [7, 8]. Among them,

materials that respond to magnetic stimuli enable to remotely modify their mechanical prop-

erties and macroscopic shape. Soft magnetorheological elastomers (MREs) are composed of

a highly stretchable soft elastomeric matrix and magnetic particles embedded on it. Ultra-

soft elastomeric matrices, i.e., stiffness in the order of 1 kPa, allow large deformations with

small external actuations. Moreover, they are in the range of biological tissues, which is

beneficial for mechanobiology applications.

The type of the magnetic particles plays a crucial role as it defines the reversibility or

remanence of the material magnetization. In this way, MREs can contain two major sets

of fillers, referred to as soft-magnetic magnetorheological elastomers (sMREs) and hard-

magnetic magnetorheological elastomers (hMREs). sMREs exhibit strong changes in their

mechanical properties when an external magnetic field is applied [9]. However, when the field

1
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stops acting, such a change reverts to the original state, i.e., the magnetization of the sam-

ple is lost. The emergence of hMREs changed the paradigm by allowing sustained magnetic

effects along time [7, 10]. hMREs, however, stand out not only for their self-sustained mag-

netorheological stiffening, but also for major shape changes. Unlike soft-magnetic structures,

hard-magnetic ones have been proposed as ideal candidates not only when magnetorheolog-

ical effects are desired, but also for morphological changes [11]. Engineering applications

demand accurate control of the material properties to achieve desired material behaviors. In

the literature, end-of-pipe applications of MREs are based on two major characteristics: i)

the modification of their mechanical properties (i.e., magnetorheological (MR) effect) and ii)

macrostructural shape changes. Smart actuators and sensors are based on the deformation

that results from magnetic internal torques [12–20]. Soft robotics, namely for bioengineering

applications, such as cell manipulation, drug delivery, and non-invasive surgery, are remotely

actuated to perform complex and repeatable movements [14, 19, 21–32]. In addition, hM-

REs have been used as multifunctional shape-changing structures, e.g., metamaterials and

self-healing structures [15, 33–40], and for industrial applications such as damping systems

and electrical machines [41, 42].

From the analysis of the current state of the art, some impediments that are preventing

progress in this field can be identified. Although some relevant works on soft sMREs have

been published [43–45], and fewer on hMREs [46, 47], to the best of the authors’ knowledge

there is still a gap of knowledge on extremely soft MREs. In the mechanobiology field there

are not experimental methodologies to remotely control the mechanical environment of bio-

logical systems in a reversible manner and controlling complex heterogeneous strain patterns.

In order to remedy this shortcoming, we propose a new mechanobiology experimental setup

based on responsive MRE biological substrates. Therefore, the need of deeper insights into

the magneto-viscoelastic mechanisms of MREs and the identification of the microstructural

mechanisms governing the structural behavior is necessary to foster the eventual design of

such novel applications. In addition, to the best of our knowledge there is still a lack of

guidance for the selection of the magnetic fillers to be used for MREs and the final proper-

ties provided to the structure. Moreover, the great advances on both sMREs and hMREs

to date pose a timely question on whether the combination of both types of particles in a

hybrid MRE may optimize the multifunctional response of these active structures.

To overcome these roadblocks, this doctoral research starts providing an extensive and

comprehensive experimental characterization of ultra-soft sMREs, hMREs and hybrid MREs.

The experimental methodology uncovers magneto-mechanical rate dependences under nu-

merous loading and manufacturing conditions. Then, a set of modeling frameworks allows to

deepen on such mechanisms and develop three ground-breaking applications. Therefore, the

thesis has lead to three main contributions. First and motivated on mechanobiology research,

a computational framework guides a sMRE substrate to transmit complex strain patterns in

vitro to biological systems. Second, we demonstrate the ability of remanent magnetic fields

in hMREs to arrest cracks propagations and improve fracture toughness. Finally, the com-

bination of soft- and hard-magnetic particles is proved to enhance the magnetorheological

and magnetostrictive effects, providing promising results for soft robotics.
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1.2 Objectives and methodology

The main objective of this doctoral dissertation is to uncover the magneto-mechanical behav-

ior of ultra-soft MREs and provide guidance to design methodologies in the mechanobiology

field, high-performance soft polymers and soft robots based on ultra-soft sMREs, hMREs and

hybrid MREs. To this end, novel experimental and computational methods are expounded

along the way. The following specific objectives (O) deepen on the aim of the present work:

O.1. Uncover magneto-viscoelastic mechanisms under different magneto-mechanical actua-

tion modes of ultra-soft MREs. Elucidate the nature of such deformation mechanisms

attending to the elastomeric matrix used and the type of magnetic fillers, i.e., soft-

magnetic, hard-magnetic or a combination of both types of particles.

O.2. Develop constitutive and computational tools to describe and explore the underlying

magneto-mechanical mechanisms that govern the material response attending to its

microstructural features.

O.3. Conceptualize new ultra-soft MREs that combine superior magnetorheological and

magnetostrictive responses.

O.4. Develop a new methodology based on ultra-soft MREs for mechanobiology studies. It

must enable the remote stimulation of cell cultures through a remotely actuated sMRE

substrate. To this end, it must allow to reproduce complex strain patterns found in

biological materials, e.g., strain patterns within the brain under traumatic brain injury

scenarios.

O.5. Conceptualize and characterize fracture-resistant ultra-soft MREs with remanent mag-

netic fields. The magneto-mechanical coupling must arrest cracks propagation and be

tolerant of flaws.

O.6. Define soft actuators based on high-performance hybrid MREs. These must be endowed

with a magnetorheological stiffening and enhanced shape-morphing capabilities under

magnetic actuation.

The previous objectives are specified in the following Tasks (T), which can be further clas-

sified as experimental, modeling and applications categories:

Experimental tasks:

T.1. Design an experimental methodology to provide comprehensive characterizations of the

macroscopic rheological behavior of ultra-soft MREs, under mechanical and magnetic

loading.

T.2. Characterize the magneto-mechanical rate dependencies of MREs, the influence of the

particles content, the stiffness of the matrix, and the pre-magnetization state. The

methodology is to be extended to all sMREs, hMREs and hybrid MREs.

T.3. Provide a microstructural characterization through nanoindentation techniques.



4 Chapter 1. Introduction

Modeling tasks:

T.4. Define a macroscopic constitutive framework to provide guidance in the mechanobio-

logical methodology. It must model the sMREs substrates under the actual operating

conditions, i.e., reproduce the experimental strain patterns obtained with digital image

correlation. Once calibrated, it can help define the mechanobiological experiment with

the cell culture.

T.5. Conceptualize a macroscopic phase-field model for fracture of hMREs. The magneto-

mechanical coupled problem must consider the influence of the magnetic state on the

propagation of cracks.

T.6. Develop a microstructural homogenization framework for ultra-soft hybrid MREs. It

must provide insights into the behavior of pre-magnetized MREs for different directions

of the magnetic actuating field and multiple mixing ratios of soft- and hard-magnetic

particles.

Applications tasks:

T.7. Define and characterize a sMRE substrate for mechanobiology studies. To this end,

digital image correlation may provide continuous measures of the deformed surface of

the substrate.

T.8. Design highly stretchable MREs with enhanced fracture performance.

T.9. Implement a virtual testbed to design micron-sized soft actuators and apply it on a

bimorph hybrid MRE cantilever beam. It must allow to measure the magnetorheological

stiffening as well as the shape-morphing capability.

The tasks are related to the main objectives according to Table 1.1.

Table 1.1: Connection between Tasks and Objectives.

Objective Related Tasks

O.1. T.1., T.2., T.3.

O.2. T.4., T.5., T.6., T.9.

O.3. T.2., T.6., T.9.

O.4. T.2., T.3., T.4., T.7.

O.5. T.8., T.5.

O.6. T.2., T.6., T.9.
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1.3 Outline

This thesis uncovers the magneto-mechanical behavior of ultra-soft MREs and explores orig-

inal applications. The thesis is structured in three main chapters that encompasses experi-

mental results, modeling and applications. In addition, two introductory chapters expound

the motivation and state of the art of the research. A final chapter highlights the original

contributions derived from the objectives presented above.

• Chapter 1 - Introduction. An overview of the motivation and objectives of this doctoral

dissertation is presented. Specific tasks are linked to specific objectives.

• Chapter 2 - State of the art. This chapter presents a review on the experimental manu-

facturing and characterization methodologies, modeling and applications of MREs. First,

a brief description on soft-/ hard-magnetic particles and ultra-soft matrices introduces the

main features of the MREs in this work. Some conventional and more recent additive

manufacturing methodologies expound some key aspects to fabricate such MREs. More-

over, the fundamentals of magneto-mechanical rheology are introduced, since it is the main

experimental technique used in this thesis. Second, the discourse enters the foundations

for the constitutive modeling of MREs at finite strains, i.e., kinematics, field equations

and microscale-/macroscale-based constitutive approaches. Third, some state-of-the-art

applications of soft MREs are reviewed.

• Chapter 3 - Experimental. The magnetorheological effect and shape-morphing ca-

pabilities are the mean features of ultra-soft MREs. Here, magneto-mechanical rheology

encompasses the macroscopic characterization and nanoindentation covers the microscopic

study. sMREs, hMREs and hybrid MREs are manufactured and tested for more than a

hundred test conditions under mechanical and magnetic loading, e.g., monotonous com-

pression, relaxation tests, DMA, oscillatory frequency sweeps, and a novel test under

mechanically confined expansion and magnetic actuation. Besides, free deformation tests

are performed to unveil the shape-morphing capability of hMREs. All these experiments

allow to deepen into magneto-mechanical rate dependencies of ultra-soft MREs.

• Chapter 4 - Modeling. This chapter expands the constitutive framework used in this

thesis. It starts with the definition of models for each phase of the MREs, i.e., matrix and

magnetic particles. Then, a homogenization framework based on such a microstructural

description establishes the scale transition scheme. The framework lies in the definition

of periodic boundary conditions and it can prescribe macroscopic boundary conditions on

either the primary fields or on the conjugate fields. Finally, two continuum models are

introduced. The first reproduces the behavior of a sMRE substrate for mechanobiology

studies. The second is a magneto-mechanical framework that includes a damage field to

elucidate how remanent magnetic fields in hMREs arrest the propagation of cracks and,

overall, enhance the fracture performance.

• Chapter 5 - Applications. Once provided the comprehensive characterization in Chap-

ter 3 and the constitutive framework in Chapter 2, we explore three applications of ultra-

soft sMREs, hMREs and hybrid MREs. The first application consists in a mechanobiology
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methodology to stimulate biological material (i.e., cell cultures) with a sMRE substrate.

The substrate is fabricated with different matrix mixing ratios to achieve four stiffness

values. Then, digital image correlation is used to measure the strain of the deformed

MRE. Four external permanent magnets are thoroughly placed with the aid of a numer-

ical framework to reproduce complex strain patterns representative of physiological and

pathological processes. To validate the methodology, the framework mimics the strains

on the brain during a traumatic brain injury event. The second application comprises

the conceptualization of fracture-resistant hMREs, where remanent magnetic fields arrest

cracks propagation and enhance fracture toughness. Experimental and computational

methodologies are combined to understand and characterize this effect. The third appli-

cation lies in hybrid MREs to design soft actuators with enhanced magnetorheological

stiffening and shape-morphing capability. The homogenization framework is applied to

explore the effects of pre-magnetization and to explain how the combination of soft- and

hard-magnetic particles affects the material behavior. Finally, a virtual testbed facilitates

the design of a multifunctional bimorph micron-sized cantilever actuator.

• Chapter 6 - Conclusions and future work. A final chapter provides an outlook on the

contributions of this doctoral dissertation. These relate to the objectives and hypotheses

stated at the beginning of the thesis and foster future areas to explore.

• Appendices A.1, A.2, A.3. Three supplementary appendices contain additional results

for the Experimental, Modeling and Applications chapters.



2State of the art

This chapter presents an outlook on the experimental manufacturing and characterization

methodologies, modeling and applications of MREs. First, a brief description of the types

of magnetic fillers and ultra-soft matrices introduces the main features of the MREs in this

work. Some conventional and more recent additive manufacturing methodologies expand

key aspects to fabricate such MREs. Moreover, the fundamentals of magneto-mechanical

rheology and the main rheological parameters are introduced. Second, the chapter addresses

the foundations for the constitutive modeling of MREs at finite strains, regarding the main

approaches and main ingredients of any magneto-mechanical material model. Finally, some

state-of-the-art applications of MREs are reviewed.

2.1 Experimental

The design of novel applications based on MREs requires a thorough knowledge of their

mechanical response. Overall, this response is governed by the magneto-mechanical interac-

tions between the particles and between the carrier matrix and the particles. Consequently,

the magneto-mechanical coupling in MREs motivates the combination of traditional ex-

perimental methods with the application of external magnetic fields [48]. Some works in

the literature document experimental characterizations of both sMREs and hMREs. These

experimental investigations, on the one hand, are dedicated to elucidate the mechanical

properties of both sMREs and hMREs through a wide range of deformation modes (e.g.,

uniaxial tension/compression, pure/simple shear and equi-biaxial tension) under mechanical

and magneto-mechanical loadings [49–55]. On the other hand, pure rheological and magne-

torheological tests have been conducted to understand the effects of magnetic actuation on

various rheological properties, such as the storage and loss moduli. For sMREs, the works

by Stepanov et al. [56], Kallio [51] and Gordaninejad et al. [50] laid the foundations of a

few experimental works that were performed under large mechanical stretching and coupled

with the application of a magnetic field. In addition to the widely-used uniaxial tensile and

compression experiments, Schubert and Harrison [52, 53] performed a series of shear and

equi-biaxial tensile tests on isotropic and anisotropic sMREs. For a review on experimental

characterizations of sMREs, the paper by Bastola and Hossain [57] could be consulted. Note

that, although experimental studies of sMREs are available in the current literature, simi-

lar experimental characterizations for their hard-magnetic counterparts are quite limited at

this point. Stepanov and co-workers [46, 58, 59] conducted some elementary mechanical and
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8 Chapter 2. State of the art

magneto-mechanical tests on hMREs while other recent works on these promising composites

can be found in Antonel et al. [60], Kramarenko et al. [58] and Koo et al. [13].

For a complete understanding of the mechanical behavior of MREs, a material charac-

terization at two different scales is needed, i.e., macroscopic and microscopic scales. The

macroscopic response of the MRE is governed by a strong structural component, i.e., local

magneto-mechanical responses are governed by the structural/macroscopic coupling in the

MRE [61]. In this regard, the magnetorheological mechanism is based on the differences

in magnetic permeability between the continuous phase (carrier matrix) and the dispersed

phase (magnetic particles). The magnetic particles get magnetized when they are subject

to a magnetic field. Consequently, each particle becomes a magnetic dipole leading to in-

teraction forces with the remaining particles and the external magnetic field. Opposed to

these forces, the polymeric matrix acts as a deformation barrier transmitting the internal

stresses within the composite. The consequence is a macroscopic deformation or, in case

of being confined, an increase in material stiffness (the so-called magnetorheological effect)

[57]. The magnitude of such a deformation or change in the material properties depends

on the particles volume fraction, size, their magnetic properties (i.e., relative permeability,

magnetic saturation) and the matrix’s stiffness. Figure 2.1 illustrates the main types of

magneto-responsive materials attending to the stiffness of the matrix. Note that the soft

matrices in ferrofluids, hydrogels and ultra-soft elastomers allow the arrangement of parti-

cles. Overall, the spatial arrangement of the fillers determines the intensity and orientation

of the interaction forces between them (i.e., isotropic and anisotropic structures).

Figure 2.1: (Top) Types of magneto-responsive materials attending to the matrix’s stiffness. (Bottom) 3D

tomography of the particles within the composite. On the left, isotropic arrangement in the absence of

magnetic actuation. On the right, the particles particles rearrange under magnetic actuation [43].

The most common experimental methods to bring information about the macroscopic

response are [57]: compression/tensile tests, biaxial counterparts, simple shear test, fatigue

test, dynamic mechanical analysis (DMA) and vibration analysis. Uniaxial compression ex-
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periments bring relevant information, since the material is deformed in the same direction

as the applied magnetic field [62, 63]. Furthermore, the viscous nature of MREs motivates

the use of magneto-mechanical rheology to characterize visco-elastic materials in multiple

modes, i.e., shear, axial, temperature or magnetic modes [44, 64–68]. In turn, the microscopic

characterization provides information about the local stiffness of the material. Customarily,

nanoindentation techniques have been used to characterize biological materials [69–71], hy-

drogels [72], film materials [73, 74], fiber composites [75] and particle-reinforced composites

[76]. Nanoindentation bypasses structural effects providing a measure of the stiffness at a

certain region within the surface of a sample.

2.1.1 Manufacturing

Soft- and hard-magnetic particles

Nowadays, the most used micron-sized magnetic particles are: mineral-based particles (e.g.,

magnetite and iron derived minerals), Terfenol-D particles and carbonyl iron powder (CIP)

[77]. Among other factors, the chemical composition and the microstructure of the particles

determine the magnetization that they experience when they are subjected to a magnetic

field. In what concerns the microstructure, it can be either polycrystalline or onion-like [63].

According to their capability to retain the magnetization, the magnetic particles are classi-

fied as soft-magnetic particles and hard-magnetic particles. On the one hand, soft-magnetic

particles totally demagnetize when the external magnetic field is removed. In this regard,

note that particles with polycrystalline microstructure have a larger magnetization than

onion-like microstructures. On the other hand, hard-magnetic particles have a larger mag-

netic coercivity and retain certain magnetization after being immersed in external magnetic

fields. This effect owes to permanent microstructural changes and the rearrangement of the

magnetic domains. Overall, Figure 2.2 summarizes the main features of sMREs and hMREs,

i.e., conservative/dissipative magnetic behavior, volumetric/complex shape changes, and two

representative applications for drug-delivery systems and soft actuators, respectively.
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Figure 2.2: Fundamental comparison of sMREs and hMREs. (a.1) Non-dissipative magnetic behavior, (a.2)

macro- and micro-mechanical interplays between matrix-particles and particles-particles leading volumetric

changes [55], and (a.3) an illustrative application of a drug-delivery system [78]. Likewise, for hMREs, (b.1)

dissipative magnetic behavior, (b.2) macro- and micro-mechanical interplays between matrix-particles and

particles-particles leading complex shape changes [55], and (b.3) an illustrative application of a soft actuator

[78].

Ultra-soft elastomeric matrix

The mechanical features of the carrier matrix strongly determine the overall behavior of

the resulting MRE. Some common polymeric matrices are silicone rubbers, vinyl rubbers

(VR), polyurethanes (PU), thermosetting and thermoplastic elastomers, and natural rub-

bers [79–86]. A common matrix used in the literature is Sylgard 184 [87], but this elastomer

presents high stiffness limiting the magnetostrictive response of the composite. To over-

come such a limitation, other authors have used softer elastomers, i.e., Eco-Flex silicone

rubber [44, 45, 88]. In the literature, however, extremely soft PDMS matrices have been
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scarcely used [87, 89, 90]. This doctoral thesis envisages such ultra-soft1 MREs to amplify

the magneto-mechanical response, i.e., magnetorheological and magnetostrictive effects. The

previous Figure 2.1 depicts the stiffness range of magneto-responsive materials and the par-

ticles rearrangement phenomenon that occurs with soft matrices.

Molding and other conventional manufacturing techniques

A traditional method to manufacture MREs consists in mixing the raw materials, degassing

the mixture to remove air bubbles, and curing the blend under high temperature to trigger

the polymerization of the matrix [57, 63]. Note that a percolation threshold defines the

maximum amount of fillers that can be added into the matrix. Beyond this point, the

mobility of the particles along the mixture before curing is hindered [63]. Moreover, additives

can also be added in the preprocessing to enhance the mechanical attachment between the

particles and the matrix [91–93], and to prevent the oxidation of the particles [94]. After the

polymerization, the particles lose their mobility and remain in fixed positions in the cross-

linked matrix [95]. In this regard, extremely soft matrices may encounter sedimentation

issues at the earliest stages of the curing [96]. To accelerate the polymerization and prevent

the deposition of the particles, the curing temperature can be increased [97, 98]. Attending

to the final arrangement of the magnetic particles, MREs are classified as isotropic and

anisotropic [82, 83, 99, 100]. Isotropic MREs result when the blend of the raw materials

is homogeneous and the curing is done in the absence of magnetic fields [83, 101–106].

However, a magnetic field can be applied during the curing to form anisotropic structures,

e.g., microstructural chain-like formations [82, 83, 99, 101, 102, 104, 106–108]. Note that

anisotropic MREs often present a larger magnetorheological stiffening [109–111]. Figure 2.3

illustrates the procedure just described.

1In this doctoral thesis, the term “soft MRE” is used to insist on the extremely soft nature of the matrix

(∼1 kPa). It should not be confused with the term “soft-magnetic MRE” (sMRE), which describes the

magnetic non-dissipative nature of soft-magnetic particles.
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Figure 2.3: Traditional method to fabricate MREs. First, the raw materials for the matrix, the magnetic

powder and, optionally additives, are blended according to the manufacturing guidelines. Then, the blend,

properly poured in a mold, is cured in an oven. An external magnetic field can be applied during the curing

processes to align the magnetic particles and form microscopic anisotropic structures. Finally, the MRE

sample is extracted from the mold. It has magneto-mechanical isotropic behavior if the curing has been

done in the absence of magnetic actuation, and anisotropic when a magnetic field has been applied. Figure

courtesy of [57].

Moreover, works in the literature report some further conventional manufacturing tech-

niques. Solution mixing or casting has been used for magnetorheological polymers with

thermoplastic matrix [112]. It requires using a solvent to separate the polymeric chains (i.e.,

dissolve the polymer), adding the magnetic fillers and, eventually, pouring the solution into

a mold and extract the solvent in a vacuum oven. In other words, the polymer is dissolved

to be mixed with the magnetic powder. A technique suitable to produce nano-fibers is

electro-spinning [113, 114]. In addition, hot-pressing, sandwich layers, UV-polymerization,

synthesis, spray deposition and coating [115].

Additive manufacturing

Additive manufacturing (AM) technologies, also known as 3D printing, have caught great

attention in the last decade. These techniques allow to create structures with intricate

geometries and with a controlled porosity (morphology and distribution of pores) [116].

Moreover, multi-material printing allows to combine more than one component within the

same target structure. All these features make AM strategies ideal to fabricate architected

structures [117–119]. When 3D printing is applied to manufacture multifunctional materials,

a new dimension is added and the technique is called 4D printing [120–122]. Such a new

dimension relates to the ability of these materials to modify their properties along time under

a certain type of stimulus, e.g., magnetic actuation for MREs.

Nowadays, a wide variety of AM strategies are available in the literature [115]. The main

ones are Direct InkWriting (DIW), Fused Deposition Modeling (FDM), Inkjet, Light-assisted

AM, and Selective Laser Sintering (SLS). Figure 2.4 provides an illustration of these methods.

DIW is based on pressing of a viscous ink (i.e., raw material before curing) through a nozzle
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to print the consecutive layers of the final geometry [7, 123]. Since the rheological properties

of the ink vary with numerous factors, e.g., the amount of magnetic particles, temperature,

and kinetics of the polymerization reaction, its rheological characterization is crucial to

optimize the printing parameters [124]. FDM melts and extrudes filaments of thermoplastic

polymers (e.g., PLA, TPU, ABS, PC, polyamides) for the final geometry layer by layer.

Note that the filament must be prepared previously to include the magnetic particles, for

instance by solution mixing. The Inkjet method consists in the deposition of droplets of

ink through many nozzles. Unlike the previous methods, Inkjet is limited to Newtonian

fluids. An application with a magneto-active fluid can be found in [125]. Light-assisted

AM comprises Stereolitography (SLA), Digital Light Processing (DLP) and Two-photon

Polymerization (2PP). The foundations of these techniques lie in the photo-curable nature

of a raw resin [126]. Some works concerning MREs can be found in [127, 128]. Finally, SLS

is a recent technology that uses a laser to melt polymeric powder and build up the desired

geometry [129, 130]. Overall, AM strategies provide flexibility, are ideal to manufacture

complex geometries and to tune the mechanical properties of the printed material [131].

A) DIRECT INK
 WRITING (DIW)

B) FUSED DEPOSITION
MODELING (FDM)

C) INK-JET PRIN-
TING (DOD)

D) LIGHT-ASSISTED (AM) E) SELECTIVE LASER SINTERING
(SLS)

Figure 2.4: 4D printing strategies for MREs, adapted from [115]. A) Direct Ink Writing (DIW), B) Fused

Deposition Modeling (FDM), C) Inkjet, D) Light-assisted Additive Manufacturing, and E) Selective Laser

Sintering (SLS).
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2.1.2 Experimental characterization

The multifunctional nature of MREs is due to the magneto-mechanical coupling between

matrix and magnetic particles. To characterize the magneto-mechanical behavior of MREs,

traditional techniques need to be re-adapted to impose magnetic fields at the same time that

the material is mechanically deformed. Some of these experiments are uniaxial compression

tests [50, 51, 132], uniaxial tensile test [56], simple shear test [7, 24, 28, 52, 107, 109, 133–135],

biaxial tension test [53], fatigue test [136–138]. Additionally, dynamic tests are meant to

explore the viscoelastic behavior of soft polymers, which depends, among other parameters,

on the excitation frequency, amplitude of the deformation and intensity of the magnetic

field. Here, rheology is a paramount technique to characterize soft viscoelastic solids. To

provide a cleared vision of the characterization strategies, Figure 2.5 summarizes six examples

extracted from the literature. Overall for all tests, the magnetorheological (MR) effect

quantifies the modification of the mechanical properties, namely mechanical stiffness, under

magnetic actuation [99, 139–142].

Figure 2.5: Characterization strategies of MREs. (a) Magneto-mechanical rheology to characterize MREs

under oscillatory shear and magnetic actuation in the perpendicular direction [88]. (b) Equi-biaxial tension

tests on a anisotropic MRE and under magnetic actuation [53]. (c) Uniaxial compression test and magnetic

actuation with permanent magnets [52]. (d) Double-lap shear test with two MRE test samples [44]. The

inner member moves in the vertical direction. (e) Setup with a pre-compressed MRE layer to characterize the

wrinkling patterns that develop under magnetic actuation with a far magnetic field [143]. (f) Characterization

of the buckling threshold of magneto-responsive shells [144].

Due to the significance of rheology to characterize soft polymers, the following sub-

sections provide more detail on this technique for mechanical rheology and for magneto-

mechanical rheology.
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Mechanical rheology

Rheology is the science that studies the deformation and flow processes of materials. Oth-

erwise, it is the science that sets the methods to determine the rheological properties of

materials based on the relation between stress and strain. To this end, traditional rheology

concerns energy arguments to characterize the viscous constitutive response of materials.

In this doctoral thesis, the focus is on viscoelastic solids. Table 2.1 summarizes the basic

parameters used in rheology.

Table 2.1: Basic rheological parameters.

Parameter Definition Description

Shear stress τ = F/A F : shear force applied on a surface A

Shear strain γ = dx/dh Relative shear displacement dx of two parallel

surfaces at a distance dh

Shear strain rate γ̇ = dẋ/dh ẋ: velocity of the displacement of the plane

Viscosity η = τ/γ̇ Flow resistance

Complex shear

modulus

G∗ = τ⃗ /γ⃗ Shear strain stiffness accounting for viscous

dissipation

Storage modulus G′ = Re{G∗} Related to the elastic energy storage

Loss modulus G′′ = Im{G∗} Related to the energy dissipated

Loss factor tan δ = G′′/G′ Phase-shift between shear stress and shear strain

The viscosity of fluids may depend on the shear strain rate. Hence, strain rate sweeps

or, equivalently, frequency sweeps for soft viscoelastic solids, help characterize such a depen-

dency. The fluid can be classified according to its behavior as illustrated in Figure 2.6. First,

Newtonian fluids have a viscous response that does not depend on the strain rate. Second,

shear thinning describes a behavior where the viscosity decreases at increasing strain rates.

Viscoelastic fluids and gels show this response. Finally, shear thickening relates to increases

of viscosity at increasing strain rates. This is typical for colloidal dispersions. For the case

of viscoelastic solids, the decomposition of the complex shear modulus into the storage and

loss components characterizes the viscoelastic performance. Here, the loss modulus sets the

ratio between them.

Figure 2.6: Types of material behavior according to the dependence of the viscosity with the strain rate.

Nevertheless, traditional mechanical rheology is not enough to characterize MREs. To



16 Chapter 2. State of the art

properly examine the magneto-mechanical functional behavior of soft MREs, rheology has

to be able to apply magnetic fields while mechanically deformation.

Magneto-mechanical rheology

The magnetorheological mechanism is based on the differences in the magnetic permeabilities

of the magnetic particles and the matrix. When the particles are magnetized under mag-

netic actuation, they exert a force on the matrix, which balances the particles interactions.

The macroscopic effect relates to the increase of the material stiffness and/or the shape of

the morphology. To apply a magnetic field, the rheometer is equipped with a device (i.e.,

magnetorheological device [68, 145]) that sets magnetic fields in the perpendicular direction

with respect to the deformation axis. Figure 2.7 illustrates the functioning of the device.

Overall, the magnetic field is established by means of a set of electric coils. Moreover, a

cooling system extracts the heat generated by the coils.

Figure 2.7: Scheme of the axil-symmetric cross-section of the Magnetorheological Device used in magneto-

mechanical rheology (Figure courtesy of Pelteret et al. [63]). 1) Upper magnetic yoke, 2) Free space, 3)

Plate of the rheometer to mechanically deform the sample, 4) Peltier plate, 5) Plate for structural support,

6) Cylindrical MRE sample placed between the upper place and the Peltier plate, 7) Electric coil to generate

the magnetic field, 8) Lower magnetic yoke.
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2.2 Modeling

Mathematical modeling and numerical simulation of coupled problems has been an active

field of research in the last years. It helps understand the underlying non-linear magneto-

mechanical coupled behavior of MREs. In this regard, numerical frameworks are a tool

to further explore the full potential of MREs by facilitating the design and optimization of

multi-functional soft and flexible smart devices. MREs exhibit nonlinear and time-dependent

behavior, with a nearly incompressible bulk elastomeric matrix [146–148], resulting in further

complexities of their numerical simulations. The mathematical foundations of the coupling

of electromagnetic fields at finite strains are well documented in some early publications,

see for example the works by Pao [149], Eringen and Maugin [150], Maugin [151] and the

references cited therein. More recent works related to the constitutive modeling for MREs

are due to Ogden, Dorfmann, Bustamante, Shariff and co-workers [147, 152–156]. While

the aforementioned works discarded time-dependent phenomena of MREs, some other works

considered time-dependent phenomena in the polymeric matrix [157–166].

2.2.1 Magneto-mechanical modeling approaches

To date multiple approaches to model the response of MREs have been proposed (see Fig-

ure 2.8). To start with, microstructural-based models are based on the description of the

microstructure and the interplays that occur between particles and between particles and

matrix. In turn, microstructural-based strategies are classified as lattice-based models and

full-field models. Lattice-based approaches do not model the microstructure but describe

the macroscopic behavior of MREs incorporating some microstructural information (e.g.,

particles distribution) [167–170]. They are efficient and make computationally possible to

model complex geometries and structures. Despite their high efficiency, lattice-based models

may disregard some underlying mechanisms that can only be accounted for by modeling the

microscopic domain.

To overcome this issue, full-field, bottom-up or multi-scale homogenization methods di-

rectly transfer microscopic details of the MRE composition to the macroscopic scale. They

involve solving the magneto-mechanical equilibrium in a microscopic domain, applying some

macroscopic loads, and homogenizing the results to macroscopic scale properties. To this

end, the domain is limited to a representative portion of the mesostructural composition

of the MRE, i.e., a Representative Volume Element (RVE). Within the RVE, a variational

homogenization of local potentials of each phase defines the problem [171–177]. The out-

come of this approach is the response of the composite directly from the consideration of

the microstructural interactions between the phases. Some further outstanding works are

reported in [164–166, 178–185, 185–187]. As a drawback, homogenization approaches may

lead to massive computational expensive models when considering large domains. Hence, this

strategy is limited to local representative domains of a homogeneous domain of a structure.

Phenomenological or top-down models provide a more efficient approach by modeling

MREs from a macroscopic and continuum point of view [158, 184, 188, 189]. They predict

well the overall response of the material and, when implemented in FEM environments,
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Figure 2.8: Illustration of the existing approaches to model MREs. (a) Full-field approaches model the

behavior of MREs through the reproduction of the magnetic particles and the matrix at the microscale

[164]. (b) Continuum model of a quadrupedal structure consisting in the combination of magnetically active

and passive segments that fold with respect to each other [7]. (c) FE model that solves the coupled magneto-

mechanical problem to characterize the deflection of a cantilever actuator under external magnetic actuation

[164]. (d) Two lattice-based illustrations for the mechanisms governing the functional response of sMREs

(dipole-dipole interactions) and hMREs (transmission of torques from the particles to the matrix) [55]. (e)

Analytical model of a cantilever beam based on theoretical and kinematics formulations [27].

they allow to reduce the computational cost. Phenomenological models are not based on

microstructural parameters, but they are calibrated directly from experimental and/or com-

putational data.2 A drawback, however, is that they miss information of their underlying

micro-structural composition and microstructural mechanisms. To overcome this limitation,

2Some approaches in the literature place phenomenological models at the end of the pipeline as a guidance

for the design of functional structures. The reason is that they are efficient to deal with complex magneto-

active structures (i.e., macrostructural domain considering shape effects). Traditionally, these models have

been calibrated from experimental data. However, a drawback is that these data are usually bounded to

specific geometrical effects. As an alternative, the multifunctional mechanisms can be previously understood

by means of full-field models. For this reason, some recent approaches in the literature suggest fitting

phenomenological models from meaningful data generated with homogenization frameworks [183, 184, 190].
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the relation with the microstructure has been implicitly incorporated by the addition of

coupling terms [184, 187]. Customarily, these terms are calibrated by fitting either with

experimental or numerical data obtained from microstructural simulations.

Finally, analytical models are posed for the description of simple structural elements,

such as rods and slender beams [27, 30, 191–193]. They have a closed form solution and can

be easily used to gain knowledge about the physics of MREs. Furthermore, approaches to

explore instability-induced patterns in soft composites [194–196].

2.2.2 Magneto-mechanical modeling fundamentals

Kinematics

The deformation of ultra-soft MREs is formulated in a finite strain framework. A function

x = φ(X) maps the coordinates in the undeformed or material configuration X ∈ Ω0 to the

coordinates in the deformed or spatial configuration x ∈ Ω. The displacement field, i.e., the

first unknown field of the coupled problem, is u = φ (X)−X, and the deformation gradient,

F = ∇0u+ I, J := detF, (2.1)

where ∇0 denotes the gradient operator with respect to X and J the Jacobian of F.

Alternative strain measures are defined to fulfill objectivity, i.e., independence of rota-

tions. The right and left Cauchy-Green tensors read, respectively, as

C := FT · F, b := F · FT. (2.2)

The magnetic problem incorporates three additional vector variables. These are the

magnetic intensity H, the magnetization M and the magnetic induction B in the reference

configuration, and their counterparts h, m and b in the current configuration. Both config-

urations are related by

b = J−1F · B, h = F−T ·H, m = F−T ·M. (2.3)

Related to the previous transformation, Mukherjee and co-authors have demonstrated

that stretches of the medium (U) do not affect the spatial magnetization [184]. Therefore,

Equation 2.33 is rewritten as

m = RM. (2.4)

One of these three magnetic variables is to be chosen as the second unknown field of the

problem. Frequently, either the reference magnetic intensity (H) or the magnetic induction

(B) is selected [184, 190, 197].3 Moreover, the magnetic variables are linked by the standard

constitutive relation

b = µ0 [h+m] . (2.5)

Alternatively, in the reference configuration

B = Jµ0C
−1 [H+M] . (2.6)

3Note that the unknown fields in an alternative spatial framework could be the Eulerian counterparts,

i.e., h and b.
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Field equations in the reference configuration

For the mechanical problem, the conservation of linear momentum is imposed by

∇0 ·P+ f0 = ρ0ü, in Ω0, (2.7)

with ∇0· the divergence operator, f0 the body force vector, and ü the acceleration, all in the

reference configuration.

In addition, the conservation of angular momentum is often prescribed directly through

the constitutive law and does not require to be reinforced by a field equation. In the absence

of internal torques, it guarantees the symmetry of the Cauchy stress tensor, i.e.,

σ = σT. (2.8)

However, when internal torques appear in the material, as it may occur with hMREs

under magnetic actuation, the Cauchy stress tensor may be asymmetric. Consequently

[198, 199],

ϵ :
σ − σT

2
+ τ = 0, in Ω0, (2.9)

with ϵ the third order permutation tensor and τ the body torque.

For the magnetic problem, the Maxwell equations in the absence of free currents state

∇0 ×H = 0, ∇0 · B = 0, in Ω0, (2.10)

with ∇0× the curl operator in the reference configuration. Note that Equation 2.101 is

automatically satisfied when H is derived from a magnetic scalar potential field ϕ as

H = −∇0 ϕ, in Ω0. (2.11)

Alternatively, Equation 2.102 is automatically satisfied when B is derived from a magnetic

vector potential field A [49], i.e.,

B = ∇0 × A, in Ω0. (2.12)

Thermodynamics and constitutive equations

An energy density (Ψ) for the magneto-mechanical problem can be established as a function

of F, H or B, and scalar and tensor internal variables δ and δ, respectively.

ΨH (F,H, δ, δ) , or ΨB (F,B, δ, δ) . (2.13)

The total energy Ω of the coupled problem is obtained when the Maxwell contribution

(i.e., magnetic free space) is added to the previous energies. Depending on the choice for

the magnetic independent variable,

ΩH (F,H, δ, δ) = ΨH (F,H, δ, δ) + ΨH
vac (F,H) , (2.14)

ΩB (F,B, δ, δ) = ΨB (F,B, δ, δ) + ΨB
vac (F,B) .
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The contribution due to the free space reads as

ΨH
vac (F,H) =

1

2Jµ0

B · [C · B] = 1

2Jµ0

[b · b] = Ψh
vac (b) , (2.15)

ΨB
vac (F,B) = −Jµ0

2
H · [C−1 ·H] = −Jµ0

2
[h · h] = Ψb

vac (b) ,

with µ0 the magnetic permeability of the vacuum.

Moreover, the Clausius-Duhem inequality states the second principle of thermodynamics

and the admissible evolution of the mechanical and magnetic variables. For both H-/B-based

formulations, it reads as

P : Ḟ+H : Ḃ− Ψ̇
H
+ ηθ̇ ≥ 0, (2.16)

P : Ḟ+ B : Ḣ− Ψ̇
B
+ ηθ̇ ≥ 0,

with η0 the entropy and θ the absolute temperature. Note that the last term in Equation 2.16

vanishes for isothermal processes. The evolution of the internal variables must fulfill −∂Ψ
∂δ

:

δ̇ ≥ 0 and −∂Ψ
∂δ

: δ̇ ≥ 0.

Finally, the constitutive equations are derived according to the Coleman-Noll argumen-

tation [200]

P =
∂ΨH/B

F
; B = −∂ΨH

∂H
or H =

∂ΨB

∂B
. (2.17)

Microstructurally-informed constitutive models

Microstructural-based models are defined by parameters with a strong microstructural mean-

ing. Usually, they are lattice models that assume specific spatial arrangements of the parti-

cles. The constitutive behavior results from several contributions, i.e., polymeric matrix and

magnetic particles. Moreover, the energy potential consists of a mechanical and a magnetic

contribution. In this regard, the polymeric matrix contribution is linked to the mechani-

cal contribution, whereas the magnetic particles contribute to both the mechanical and the

magnetic terms,

Ψ (F,H) = Ψmech (F) + Ψmag (F,H) . (2.18)

The mechanical contribution may be defined by a microstructural-based hyperelastic

model. For instance, the Arruda-Boyce or eight-chain model [201], i.e.,

Ψmech (F) = nekBθ

K∑︂
k=1

Ck

Nk−1
e

[︁
Ik1,h − 3k

]︁
, (2.19)

with ne the number of chains per reference volume4, kB the Boltzmann constant, θ the tem-

perature, and Ne is the number of Kuhn segments per polymer chain.5 I1,h = X [tr (C)− 3]+

3 is the modified first invariant of the right Cauchy-Green deformation tensor to account for

4The number of chains ne is directly associated with shear modulus as G = [nekBθ].
5The number of Kuhn segments per polymeric chain determines the extensibility and blockage of the

polymeric chains [202–206].



22 Chapter 2. State of the art

the particles acting as a mechanical reinforcement of the polymeric matrix [207]. To this

end, the amplification factor X = 1+0.67gϕ+1.62 [gϕ]2 is defined as a function of the parti-

cles volume fraction (ϕ) and a factor (g) describing the asymmetric nature of the aggregated

clusters. Moreover, the inverse of the Langevin function can be approached taking five terms

in the Padé approximation (K = 5), i.e., [C1, C2, C3, C4, C5] =
[︁
1
2
, 1
20
, 11
1050

, 19
7000

, 519
673750

]︁
[208].

Remark. Note that the energy function in Equation 2.19 must be constrained with a

Lagrange multiplier (p) and the term −p (J − 1) in case of incompressibility assumption

[87, 162]. Consequently, the term −pF−T has to be included in Equation 2.171. In case of

compressibility assumption, however, a volumetric contribution must be added,

Ψvol =
κ

2
[J − 1]2 , (2.20)

with κ the bulk modulus. Moreover, in Equation 2.19 the isotropic deformation gradient

(Fiso) instead of F must be used, i.e.,

Fiso = J−1/3F. (2.21)

For sMREs the magnetic contribution is defined as [87, 167–169, 209],

Ψmag (F,M) = −µo

4π

ϕ2

γ

Nn∑︂
i=1

⎡⎢⎣3
[︂[︁
F−T

M
]︁
·
[︂
FR⃗

0

i

]︂]︂ [︂[︁
F−T

M
]︁
·
[︂
FR⃗

0

i

]︂]︂
⃦⃦⃦
FR⃗

0

i

⃦⃦⃦5 −
[︁
F−T

M
]︁
·
[︁
F−T

M
]︁⃦⃦⃦

FR⃗
0

i

⃦⃦⃦3
⎤⎥⎦ ,

(2.22)

with R⃗
0

i the dimensionless vectorial distance between particles in the material configuration

and γ a dimensionless parameter to consider the number of particles in the representative

lattice (see [168]). Moreover, Nn is the number of adjacent particles in the reference volume.

The dependence of the magnetization field (M) on the magnetic intensity (H) can be

defined with the Frohlich-Kenelly equation

M =
Ms [µr − 1]H

Ms + [µr − 1] ∥H∥
, (2.23)

with Ms the saturation magnetization of the magnetic particles and µr the relative magnetic

permeability of the particles [167, 168, 210, 211].

For hMREs, the magnetic contribution depends on the remanent magnetization of the

hard-magnetic particles, the external magnetic field, and their relative positions [162]. In

turn, it is split into dipole-dipole and Zeeman contributions,

Ψmag (F,H) = Ψd-d
mag (F,H) + Ψz

mag (F,H) . (2.24)

The former is defined according to the the independence of the magnetization with the

stretch, i.e., m = RM. The latter models the interactions of the remanent magnetic field

with the externally applied magnetic field. They read, respectively, as

Ψd-d
mag (F) = −µo

4π

ϕ2

γ

Nn∑︂
i=1

⎡⎢⎣3
[︂
[RM] ·

[︂
FR⃗

0

i

]︂]︂ [︂
[RM] ·

[︂
FR⃗

0

i

]︂]︂
⃦⃦⃦
FR⃗

0

i

⃦⃦⃦5 − [RM] · [RM]⃦⃦⃦
FR⃗

0

i

⃦⃦⃦3
⎤⎥⎦ , (2.25)

and,

Ψz
mag (F,B) = − [RM] · [FB] . (2.26)
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Macrostructural constitutive models

Likewise microstructurally-informed models, macrostructural or phenomenological models

treat the MRE as a continuum. However, these use parameters that are fitted with exper-

imental or computational data. Therefore, they are quite efficient to accurately reproduce

the constitutive behavior of MREs but lack of microstructural physical information. Usually,

they are built as the sum of a mechanical hyperelastic contribution Ψmech (F) and a magnetic

contribution Ψmag (F,H),

Ψ (F,H) = Ψmech (F) + Ψmag (F,H) . (2.27)

The neo-Hookean model can be used to define the hyperelastic contribution,

Ψmech (F) =
G

2

[︁
tr
(︁
FT · F

)︁
− 3
]︁
, (2.28)

where G is the shear modulus.

Here again, one must constrain the energy in the case of incompressibility assumption.

Alternatively, for compressibility assumption, the volumetric contribution and the isochoric

split of the deformation gradient in Equations 2.20 and 2.21 should be considered.

With respect to the magnetic contribution in sMREs, it can be defined by means of a

linear law with the magnetic intensity field, i.e.,

Ψmag (F,H) = −µ0

2
Jχe

[︁
F−T ·H

]︁
·
[︁
F−T ·H

]︁
= (2.29)

= −µ0

2
Jχe [h · h] = Ψmag (h) ,

with χe the magnetic susceptibility of the medium.6

For hMREs with constant remanent magnetization, the energy is split into energetic and

remanent contributions

Ψmag (F,H) = Ψmag,e (F,H) + Ψmag,r (F,H) . (2.30)

In the previous equation, the remanent magnetic contribution can be written as

Ψmag,r (F,H) = µ0J [1 + χe]H ·C−1/2 ·Hr = (2.31)

= µ0J [1 + χe]h · hr = Ψmag,r (h) ,

with Hr the constant remanent magnetic intensity field. Note that a definition of an internal

variable to regard time-varying remanent magnetization can be consulted in [164].

6The superscript “e” relates to the energetic magnetic field h, and not to the remanent contribution hr.
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2.3 Applications

End-of-pipe applications of MREs lie in two major features: i) the modification of their

mechanical properties (i.e., magnetorheological effect) and ii) the modification of their mor-

phology (i.e., magnetostrictive effect). Some exploitable areas of MREs are engineering,

materials and biomedical sciences [212]. Common applications comprise soft robotics for un-

tethered navigation within biological matter [22, 25, 28, 213, 213, 214], mechanical isolating

and damping systems [82, 107, 215–222], sandwich structures [223, 224], energy harvesters

[225–227], tactile displays and sensors [134, 144, 228–230], microfluid transportation sys-

tems [231, 232], and peristaltic pumps [233]. As industrial applications, these materials

can be used as damping systems and electrical machines [41, 42]. Note that, contrary to

sMREs that only express complex shape changes when there are gradients in the magnetic

fields, hMREs can also express such complex changes in shape under uniform fields [234].

In this regard, smart actuators and sensors are based on the deformation that results from

the internal torques [12–20, 235, 236]. Soft robots are mainly meant for bioengineering ap-

plications, such as cell manipulation, drug delivery, and non-invasive surgery. These are

remotely actuated to perform complex and repeatable movements that enable them to nego-

tiate obstacles [14, 18, 19, 21–28, 30–32, 237–239]. In this regard, sMRE-based drug delivery

systems promise to locally treat pathologies with higher effectiveness and fewer side effects

[28, 240]. Moreover, hMREs have been used as multifunctional shape-changing structures,

e.g., metamaterials and self-healing structures [15, 33, 35, 37–39, 241, 242]. A good amount

of these applications demonstrate the benefits of using soft matrices to increase the range of

deformations and enhance the functional response of the structure.

Hereafter, some applications are further explored and illustrated with examples from the

literature, i.e., smart actuators and sensors, soft robots, metamaterials, biomedical applica-

tions (i.e., drug delivery, tissue engineering, diagnosis and imaging), and dynamic systems.

Note that some of them lie in the magnetorheological effect whereas some others do on the

shape-morphing capability. The former typically relates to soft-magnetic particles,7 and the

latter, to hard-magnetic particles.

2.3.1 Smart actuators and sensors

hMRE-based actuators receive the external magnetic stimulus as input and perform a func-

tional morphological change. On the contrary, sensors undergo mechanical deformations and

translate them into electromagnetic signals. These devices are advantageous since magnetic

fields can penetrate a wide variety of materials. The shape-morphing capability owes to

the transmission of torques from the pre-magnetized particles to the soft matrix. Depend-

ing on the deformation, MRE sensors are classified as bending actuators, gripper actuators,

pumping actuators and remote sensors [55]. Figure 2.9 illustrates a few smart actuators and

7Note that soft-magnetic particles can also drive morphological changes. However, these are limited to

volumetric and other simple responses.
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sensors reported in the literature.

Figure 2.9: Applications of hMREs on smart actuators and sensors. (a) hMRE cantilever beam under

perpendicular magnetic actuation [13]. (b) Performance of a four-arm gripper [19]. (c) Design of grippers to

be remotely actuated [243]. (d) A cilia tactile sensor based on the measurement of the contact force [244].

(e) A gripper able to grab, transport and release objects [17]. (f) Soft magneto-electro-mechanical sensors

[245].

2.3.2 Soft robots

Soft robots also take advantage of the shape-morphing capability of hMREs to perform

a functional locomotion, navigate through soft mater and manipulate their surrounding.

Their deformation mechanisms include deflexion (bending), elongation, contraction, coiling,

crawling and jumping [234]. Moreover, magnetic soft robots benefit from a remote and fast

magnetic actuation. Some swimming robots mimic artificial cilia locomotion or any other

fish-like propelling system [28, 246, 247]. Figure 2.10 shows some representative examples.
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Figure 2.10: hMRE soft robots. (a) Shape-morphing mechanisms and multimodal locomotion of soft robots

under magnetic actuation [24]. (b) Pre-magnetized propelling system activated under external magnetic

actuation [27]. (c) A jellyfish-like swimming soft robot. The motion sequence and wake morphology charac-

terizes the untethered robot [28]. (d) Illustration of the navigation of a soft robot along tortuous biological

tissue [26]. (e) Navigation of a soft robot through a model of the cerebrovascular network [25]. (f) Larval

zebra-fish inspired undulatory swimming soft robot [246]. (g) Demonstration of the capability of soft robots

to navigate through porcine arteries under external magnetic actuation [8].
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2.3.3 Metamaterials and auxetic structures

Shape morphing structures can perform intricate shape changes at small scales [7]. They are

usually based on soft hMREs to create several pre-magnetized domains that tend to align

with the applied magnetic field. Some approaches to manufacture the magnetic domains

comprise the creation of multi-layer structures [248] and the design of local magnetization

patterns [27, 249]. Moreover, the generation of torques that drives the shape-morphing

ability depends on the external magnetic field and vanishes when the magnetic actuation is

removed. Nevertheless, recent sequential actuation strategies have made possible to achieve

shape-locking even after turning off the external magnetic field [19, 250]. Figure 2.11 shows

some examples of architected structures and metastructures.
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Figure 2.11: Magneto-mechanical metastructures based on hMREs. (a) Metamaterial unit cells [37]: (a.1)

deformation modes and (a.2) comparison of the experimental and in silico deformation. (b) Soft meta-

structures with 3D magnetization [251]: (b.1) auxetic meta-structure with a discrete magnetization pattern

and (b.1-3) FE modeling and experimentation to approach the deformation problem of three 3D magnetizated

meta-structures with different geometries.
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2.3.4 Drug delivery

Drug delivery systems based on sMREs and hydrogels foretell great advances in medical

treatment with the reduction of side-effects [252–257]. In regards to cancer, localized drug

delivery would prevent the interaction of the medicine with non-target tissues [258–260].

External magnetic fields would set magnetic gradients to guide the MR structure through

the organism. Then, it would be squeezed via magnetic actuation, enzymatic action, pH

variation, temperature or osmosis to deliver the drug (i.e., diffusion of the drug as the solvent

within the MR material) [257, 261, 262]. Moreover, alternating magnetic fields can produce

heat dissipation in the MRE beneficial to kill cancer cells [263]. Figure 2.12 illustrates the

mechanism by which the drug is solved in the MR structure and then delivered at the target

area.

a)

b)

c)

d)

Figure 2.12: Illustration of the drug-delivery mechanisms on soft MR polymers and hydrogels. (a) Heat

generation to drive drug-delivery by shrinking of the elastomeric network [252]. (b) Pores in a hydrogel

to accommodate the drug [253]. (c) The frequency of the oscillatory magnetic field is tuned to adjust the

generation of heat that drives the shrinking to expel the drug [254]. (d) Turning on and off the external

magnetic field to drive the release of the drug [255].
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2.3.5 Diagnosis and imaging

Medical diagnosis techniques benefit from the magnetic characteristic of sMREs as they

could be easily detected. Therefore, drug release could be precisely executed at the exact

target zone. In addition, magnetic nanoparticles have demonstrated to be useful contrast

agents to measure the relative blood volume in specific regions of the body [264, 265]. Fig-

ure 2.13 contains two examples of magnetic imaging with magnetic elements used as contrast

materials.

Figure 2.13: Use of sMREs with magnetic resonance imaging for medical diagnosis purposes (figure courtesy

of [115]). (a) Liver imaging using superparamagnetic iron oxide nanoclusters as MRI contrast substance

[266]. (b) Imaging with magnetic Pt-Ir electrodes implanted in the brain [267].

2.3.6 Tissue Engineering

Soft polymers have been proposed to create artificial tissues and organs. Their soft nature is

ideal to mimic the stiffness of the skin8 and other organs [269]. Bioengineering scaffolds for

bone tissue bioengineering must consider mineralization and vascularization of the surround-

ing tissue to facilitate bone growth [270, 271]. In this regard, the application of MR polymers

has been reported to improve mineralization and osteogenesis [272]. In addition, they have

been applied for nerve [273], cardiac [274], and cartilage tissue engineering [275, 276]. Re-

cent approaches suggest using polydimethylsiloxane (PDMS) [277–280], and some of them

even ultra-soft MREs [240, 281–283], as artificial substrates to conduct biological studies,

such as collective cell migration during healing processes [284]. Figure 2.14 synthesizes the

applicability of MR polymers in tissue engineering.

8The stiffness of the skin ranges from 30 kPa to 140 MPa [268].
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Figure 2.14: Scheme of the application of soft polymers and MR materials for tissue engineering. Illustration

adapted from [115].
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This chapter first introduces the experimental methods, i.e., rheology and nanoindentation

tests. Then, the experimental results are grouped according to the type of MRE (sMREs,

hMREs and hybrid MREs). Each subsection encompasses the following macrostructural ex-

periments: uniaxial loading (compression), shear loading (torsion) and mechanically confined

tests under magnetic loading. The first type of tests comprises the results for mechanical uni-

axial loading (compression), with monotonous compression tests, relaxation test and DMA

tests. Then, the methodology is expanded to shear deformation mode (constant oscillatory

tests and frequency sweeps). Finally, mechanically confined experiments under magnetic

actuation are presented as a method to macroscopically measure the magneto-mechanical

interplays that develop at the microscale. Note that additional free deformation experiments

allow to explore the shape-morphing capabilities of permanently magnetized hMREs. More-

over, and given the importance of the matrix phase, an in-detail study of the influence of

its stiffness is provided for sMREs. To this end, the mixing ratio of the elastomeric matrix

is modified to achieve different stiffnesses and, consequently, tune the material response. In

what concerns the microscopic characterization, nanoindentation tests are reported only for

sMREs since the results do not depend on the applied magnetic field (note that the nanoin-

dentations are locally done on the matrix, which presents negligible strain hardening, see

also Figure A.1.a). Overall, the chapter presents an integral comprehensive characterization

to explore the multifunctional performance of ultra-soft MREs. The characterization also

motivates further theoretical and computational studies.

3.1 Experimental methods

A magneto-mechanical rheometer was used to evaluate the macrostructural response. The

experiments allow to test the MREs under uniaxial compression and shear deformation

modes in a wide range of magnetic field conditions. A TA HR-20 rheometer with Magneto-

Rheology Accessory from Waters TA Q600 (TA instrument, New Castle, DE, USA) is used

(see Figure 3.1). The magnetic field is applied by a magnetorheological accessory that sets

a magnetic field in the axial direction to the sample. Note that the device is equipped with

a close loop system to control the applied magnetic field measuring it in the vicinity of

the sample. To prevent temperature variations due to Joule effect from the coils and keep

a constant temperature, a cooling system is integrated with the device to set a constant

temperature within the sample of 25 oC. An important remark is that, to ensure homogeneous

33
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fields, an upper yoke is added. This limits the sample size to 1 mm height and 20 mm

diameter. Note that the parallel plates are made of low magnetic permeability stainless steel.

In addition, the device has a magnetic axial bearing that allows to carry out oscillatory tests

under both shear and axial loading conditions.

Figure 3.1: Experimental setup for rheology experiments and deformation modes. (a) Experimental setup:

(a.1) HR-20 rheometre equipped with the magnetorheological device; (a.2) a detail of the sample placed

between the upper plate (geometry) and the lower plate of the magnetorheological Peltier. One half of the

upper yoke is removed for better visualization of the sample region. (b) Scheme of the magneto-mechanical

tests performed in this work.

The microstructural response was evaluated with a nanoindenter. Micron-sized inden-

tations were conducted with a Chiaro nanoindentation system (Optics11 Life, Netherlands)

equipped with a 50 µm radius and 0.25 N m−1 spherical tip (see Figure 3.2). The optical

calibration of the cantilever was performed in the liquid medium used with the samples,

i.e., phosphate-buffered saline (PBS). This medium helps avoid the adhesion of the tip to

the sticky sample. To eliminate air bubbles on the probe, it was pre-wetted with the same

solution. In addition, isopropanol, milli-Q water and fiberless tissue was used to clean the

probe between samples. The nanoindenter was mounted on a microscope, and the setup, on

a Nexus optical table (Thorlabs, United Kingdom). To manipulate the nanoindenter, the

Dataviewer software was used.
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Figure 3.2: Nanoindentation framework. (a) Experimental setup for nanoindentation experiments with

a detail of the nanoindenter showing the probe and a illustrative sample. (b) Representative curve of a

monotonous loading-unloading indentation.

Monotonous indentation measurements were performed with a final indentation depth

of 10 µm and a rate of 1 µm s−1. A surface-finding stage with force threshold of 2.5 nN and

approaching speed of 20 µm s−1 preceded every indentation. After making contact, the probe

was raised 10 µm above the surface to start the measurement indentation. Indentations were

displacement-controlled to minimize the noise in the signal. The Hertz contact model allowed

to obtain the Young’s modulus (E) from the loading branch of the load-indentation curves.

These were fitted up to 25 % of the maximum load, being the contact point determined for

the 5 % of this maximum, according to the following equation

E =
3

4
f r−1/2h−3/2

[︁
1− ν2

]︁
, (3.1)

where f is the indentation force, r is the tip radius, h is the indentation and ν is the Poisson’s

ratio, which was defined as 0.5 following incompressibility assumption.

The relaxation tests started with an indentation at 20 µm s−1 and continued for 60 s

with a constant-indentation step. From these, characteristic relaxation times were computed

for an exponential decay of 63.21 %. To ensure repeatability, at least ten repetitions, each

on a different location, were done.
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3.2 Soft-magnetic MREs

3.2.1 Materials and synthesis

For the present study, MREs composed of a soft elastomeric matrix and soft magnetic

particles were considered. With the aim of developing optimal extremely soft MREs for

bioengineering applications [285, 286], the chosen elastomeric phase is Dowsil CY52-276

(DowSil, Midland, MI, USA) (PDMS), provided in two phases. Both phases get cross-linked

by the so-called curing process as they are combined in a ratio of 1:1, according to the

manufacturer indications. To avoid discrepancies in the raw material, the same batch is

used to manufacture all the samples. Regarding the magnetic particles, these are soft SQ

carbonyl iron powder (CIP) (BASF, Germany), obtained from thermal decomposition of

iron pentacarbonyl and with a mean diameter of 3.9 − 5 µm. These particles present soft-

magnetization characteristics that make them highly suitable for applications that require

tuning the mechanical properties of the structure. The size of the particles, contrary to

smaller nanometric magnetic fillers, enables for sufficient magnetization and enhances the

magnetorheological response of the MRE.

For the selection of PDMS-magnetic particles’ ratios used in this work, the following

two limitations were considered: i) the mixture can become too viscous to be processed

above 40 vol.% according to Lokander [287], and ii) the existence of a percolation threshold,

which is related to the capacity of the particles to move along the carrier matrix and occurs

above 20 vol.% [63]. Therefore, four different samples have been considered consisting of

PDMS with phases volume ratio 1:1 and particles’ volume fraction (ϕ) of 0, 0.1, 0.2 and

0.3. Moreover, additional samples were prepared with alternative mixing ratios to elucidate

the effect of the stiffness of the matrix, i.e., 6:5, 9:10, and 5:6. Figure 3.3 depicts the

manufacturing process.

Figure 3.3: Scheme of the experimental manufacturing methodology using a mold made of polytetrafluo-

roethylene (PTFE). The manufacturing methodology is composed of four steps: (1) blending of the compo-

nents, i.e., the two phases of the elastomeric matrix (phases A and B) and the soft-magnetic powder; (2)

degassing in a vacuum chamber; (3) curing in an oven, and (4) die-cutting 1 mm height and 20 mm diameter

samples. Note that ice is used to prevent the chemical reaction during the first synthesis stages.

The morphology of the matrix and distribution of the magnetic particles was assessed

using field emission scanning electron microscopy (FESEM). To obtain cross-section micro-
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graphs, virgin samples were frozen into liquid nitrogen prior to physical fracturing. The

samples were coated with gold by using the Leica EM ACE600 (Leica, Wetzlar, Germany).

Transversal micrographs were taken using a TENEO-LoVac (FEI, Hillsboro, Oregon) work-

ing at 5-10 kV. The results are presented in Figure 3.4, where a homogeneous random

distribution of the particles can be observed.

Figure 3.4: Field emission scanning electron microscopy (FESEM) images of the microstructural arrangement

before magnetic actuation of soft-magnetic MREs for a particles content of 30 vol.%.

3.2.2 Magneto-mechanical characterization under uniaxial load-

ing

An important consideration about uniaxial compression loading relates to barreling effect,

widely reported when deforming cylindrical samples [288–290]. In this regard, the adhesion

along the sample-machine interface gives rise to frictional contact that may not correspond

to free-slip boundary conditions. Therefore, radial shear stress components should be consid-

ered on the sample-plate interfaces, leading to higher macroscopic stiffness of the structure.

For this reason, and to ensure free displacement of both upper and lower surfaces, a lubricant

coating on the sample was applied (on both upper and lower surfaces) before performing ev-

ery test. In this way, it is guaranteed that the lubrication conditions are repetitive for all

tests and radial shear stresses on the interfaces can be neglected.

The following subsections report the results for monotonous compression, relaxation and

frequency sweeps (i.e., dynamic mechanical analysis, DMA) tests. Note that all the tests

were performed under compression loading.



38 Chapter 3. Experimental

Monotonous uniaxial compression tests

Mechanical monotonous compression tests were performed to a final strain of 45 % and

with three strain rates ϵ̇ = {0.03, 0.3, 0.7} s−1, for each particles’ volume fraction ϕ =

{0, 0.1, 0.2, 0.3}. Six repetitions for each experimental condition ensure repeatability. The

results are collected in Figure 3.5 by means of engineering stress versus engineering strain

showing average curves and experimental dispersion. Moreover, Table 3.1 provides a quan-

titative summary of the tangent modulus at the strains of 10 % and 30 %, as well as the

relative stiffening due to the fillers embedded in the matrix (i.e., mechanical stiffening).

The average curves in each sub-figure correspond to different magnetic particle’s volume

fractions for a same strain rate. In addition, scatter areas are drawn as an intuitive way

to define the space that comprises the raw experimental data, for the same test conditions.

These results show clear trends in the mechanical response of the MREs. For every condition,

the stress-strain curve presents a quasi-linear region at small displacements that becomes

non-linear for larger strains. In addition, the stiffness of the samples always increases with

the amount of magnetic particles, regardless which deformation rate is considered. Such

an increase is explained by the much higher stiffness of the particles and their contribution

hindering the polymer chains movement within the carrier matrix. Special attention is given

to the stiffening from ϕ = 0.2 to ϕ = 0.3, for which the difference is notably smaller than

the one that occurs as the magnetic particle’s volume fraction increases from 0 to 0.2. This

observation is explained by the percolation threshold that, from ϕ = 0.2 on, promotes the

formation of clusters and other sorts of aggregates. This feature would justify the decrease

in the stiffening effect of the magnetic particles at high volume fractions [63]. Furthermore,

the study of the strain rate dependency uncovers valuable information about the viscoelastic

effects. In this regard, higher compression rates result in higher MRE stiffness. This rate

dependency is directly related to stress states owing to viscous dissipation phenomena, which

is deeper investigated in the following sections.
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Figure 3.5: Experimental results for the monotonous uniaxial compression tests upon 1 mm height and 20

mm diameter cylindrical sMRE samples. Engineering stress is plotted against engineering strain for three

different strain rates: (a) 0.03 s−1, (b) 0.3 s−1, and (c) 0.7 s−1, and for magnetic particles’ volume fractions

of ϕ = {0, 0.1, 0.2, 0.3}. A scatter area around each mean curve is depicted to quantify the variability of

experimental data sets.
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Table 3.1: Quantitative summary of the trends revealed by mechanical uniaxial monotonous compression

tests on sMRE samples with magnetic particles’ volume fractions of ϕ = {0, 0.1, 0.2, 0.3} and magnetic fields

of B = {0, 200, 500, 1000} mT. The results are given for three strain rates ϵ̇ = {0.03, 0.3, 0.7} s−1. All the

results provided correspond to the mean values over the six experimental repetitions.

Case study: Mechanical tests - Compression CIPs amount (ϕ)

Parameter Test conditions 0 0.1 0.2 0.3

Tangent modulus at 10 % strain,

E [kPa]

0.03 s−1 4.0 6.5 9.0 10.8

0.3 s−1 4.7 7.6 10.6 12.6

0.7 s−1 5.6 8.5 11.4 13.4

Tangent modulus at 30 % strain,

E [kPa]

0.03 s−1 5.2 9.6 14.7 16.4

0.3 s−1 6.3 10.7 16.0 19.2

0.7 s−1 7.3 11.4 17.7 20.8

CIPs stiffening ratio at 10 % strain,

Eϕ=i/Eϕ=0 [-]

0.03 s−1 - 1.6 2.3 2.7

0.3 s−1 - 1.6 2.3 2.7

0.7 s−1 - 1.5 2.0 2.4

CIPs stiffening ratio at 30 % strain,

Eϕ=i/Eϕ=0 [-]

0.03 s−1 - 1.8 2.8 3.1

0.3 s−1 - 1.7 2.6 3.1

0.7 s−1 - 1.6 2.4 2.8

Relaxation tests

Relaxation tests allow to examine viscous mechanisms by applying a fixed strain and moni-

toring the evolution of the stress state along time. The initial deformation step is prescribed

by setting a fast strain rate of 0.7 s−1 (maximum value allowed by the experimental system),

which is followed by a relaxation time at constant strain of 90 s. These results, for the

different MREs tested, are depicted in terms of engineering stress versus engineering strain

curves for strains of 40 % and 25 %, see Figure 3.6.

The calculation of the characteristic relaxation time9 helps analyze the results. Overall,

these results show different tendencies. A clear increase in the characteristic relaxation time

is observed when increasing the particles content. Thus, relaxation times range from around

1 s, for the case of PDMS without magnetic particles, to 6.5 s, for the case of ϕ = 0.3 (see

further details in Table 3.2). In this regard, the inclusions in the carrier matrix hinder the

mobility of the polymeric chains resulting in slower viscous relaxation processes. Another

finding from these tests is that the relaxation times barely depend on the applied strains.

9Here, the characteristic relaxation time is defined as the time that an exponentially decreasing variable

takes to accomplish a 63.21 % of the stress relaxation for infinite time (i.e., exponential decay).
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Figure 3.6: Experimental results for the relaxation tests upon 1 mm height and 20 mm diameter cylindrical

sMRE samples. Engineering stress is plotted against time for (a) 40 % and (b) 25 % applied strains and

magnetic particles’ volume fractions of ϕ = {0, 0.1, 0.2, 0.3}. A scatter area around each mean curve is

depicted to illustrate the limits of experimental data sets.

Table 3.2: Quantitative summary of the characteristic relaxation time, defined as the time that it takes to

accomplish a 63.21 % of the total stress relaxation, obtained from the uniaxial compression rheology tests.

The values correspond to the mean values over the six experimental repetitions.

Case study: Mechanical tests - Compression CIPs amount (ϕ)

Parameter Test conditions 0 0.1 0.2 0.3

Characteristic relaxation time [s] Mean value 1.0 1.1 4.7 6.5

Dynamic mechanical analysis (DMA) under magneto-mechanical loading

Dynamic mechanical analysis is performed to investigate the viscoelastic behavior of the

MREs under uniaxial compression loading and different external magnetic fields. This anal-

ysis provides, for the different manufacturing and magnetic conditions tested, the evolution

of the storage (E ′), loss (E ′′) and complex (E∗) moduli with the excitation frequency. Note

that these moduli are determined by the linearization of the material stiffness at small strain

and within the linear viscoelastic region, i.e., tangent modulus. Another interesting parame-

ter is tan δ = E′

E′′ (loss factor), which provides a measure of the ratio between the stored and

dissipated energies. Frequency sweeps are conducted from 0.01 Hz to 16 Hz for magnetic

particles’ volume fractions of ϕ = {0, 0.1, 0.2, 0.3} and for axial magnetic flux densities of

B = {0, 200, 500, 1000} mT. Moreover, an amplitude of 25 µm (i.e., 2.5 % strain) was used.

The results are shown in Figure 3.7 and in Figure 3.8 for external magnetic actuations of

0 mT, 200 mT, 500 mT, and 1000 mT, respectively. In addition, Figure A.2 contains the

results for the elastomeric matrix (i.e., with no fillers inside).
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Figure 3.7: Experimental results for frequency sweeps from 0.01 to 16 Hz under uniaxial compressive DMA,

1 mm height and 20 mm diameter cylindrical samples and with magnetic particles volume fractions (ϕ)

of 0.1, 0.2 and 0.3. Storage modulus (E′), loss modulus (E′′) and loss factor (tan δ) are plotted against

frequency. Magnetic fields of a-b.1) 0 mT and a-c.2) 200 mT are externally applied on the samples. Scatter

areas around each mean curve are depicted to quantify the variability of experimental data sets.
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Figure 3.8: Experimental results for frequency sweeps from 0.01 to 16 Hz under uniaxial compressive DMA, 1

mm height and 20 mm diameter cylindrical samples and with magnetic particles volume fractions (ϕ) of 0.1,

0.2 and 0.3. Storage modulus (E′), loss modulus (E′′) and loss factor (tan δ) are plotted against frequency.

Magnetic fields of a-b.1) 500 mT and a-c.2) 1000 mT are externally applied on the samples. Scatter areas

around each mean curve are depicted to quantify the variability of experimental data sets.

Several findings can be highlighted from these DMA tests. For every B-field (magnetic

flux density field) value and for every magnetic particles concentration, both storage and

loss moduli monotonously increase with frequency due to the viscous nature of the MRE
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samples (i.e., strain rate dependency). The wavy behavior of the factor suggests that different

relaxation mechanisms become excited at different frequencies. The presence of the magnetic

particles hinders the mobility of polymeric chains, hence the macroscopic stiffness results to

be from two to three times larger than its counterpart without magnetic particles. When

an external magnetic actuation is applied, a remarkable stiffening of the MRE samples

takes place. This stiffening can be quantified by the magnetorheological effect, defined as

MREffect =
E′

B=i

E′
B=0

. Thus, the MREffect ranges from 7.4 to 235.9 for 200 mT and 1000 mT,

respectively (see further analysis in Table 3.3). In fact, by applying a 1000 mT magnetic

field (Figure 3.8), the complex modulus experiences a relevant increase from the order of a

few kPa to MPa. Moreover, under magnetic field conditions, tan δ values show an abrupt

decrease, indicating that the mechanical behavior approaches to that of an ideal elastic solid.

Table 3.3 synthesizes major tendencies from axial compression tests. First, the char-

acteristic stress relaxation time is found to be significantly influenced by the amount of

magnetic particles, with values from around 1 s for smaller amounts up to 6.5 s for the

highest concentrations. Such an effect is demonstrated numerically in a work by the authors

[291]. In this regard, the polymeric network can be understood as a mix of a cross-linked

network and free elastomeric chains. When the MRE is quickly deformed, the cross-linked

network pushes the remaining elastomeric chains resulting in a higher instantaneous stiff-

ness. These free chains tend to slip within the polymeric network relaxing the stiffness along

time. However, the presence of the stiff magnetic particles hinders such a relaxation leading

to higher characteristic times. Although this effect is quite limited at low particles content

(i.e., ϕ = 0.1), it is significant at higher ones. Moreover, relaxation times are found to not

significantly change with the imposed strain, i.e., the tendencies found on relaxation tests

for 25 % and 40 % strain present no significant changes. This indicates that alternative

compression states do not lead to different viscous relaxation mechanisms, thus presenting

similar relaxation processes. Still associated with viscous effects, all the MREs tested show a

direct relationship between apparent stiffness and strain rate. Furthermore, when externally

applying a magnetic field, the magneto-mechanical coupling plays a major role determining

the response of the material. To frame this coupling in a quantitative fashion, representative

mechanical parameters are shown at low, medium and high excitation frequencies in DMA

f = {0.01, 8, 16} Hz. Furthermore, the relative influence of the magnetic field on the me-

chanical properties of the composite is defined by means of the so-called magnetorheological

effect ratio (MREffect). For large amount of magnetic fillers, the MRE becomes up to 235.9

times stiffer. Also, note that the MR effect is around twice larger for smaller excitation

frequencies. All in all, such a broad set of quantitative results extracted from the charts

from previous sections allows for easy comparison of the behavior of the MRE in compres-

sion mode. Note that the amount of magnetic fillers encounters certain limitations when

large amounts are added to the composite. For this reason, MRE samples with very high

content of particles are mechanically less efficient than their counterparts with fewer fillers.

Kallio et al. [51] reported that BASF SQ CIP has a critical particle volume concentration

(CPVC) of 29.1 %, defined from the apparent and bulk densities of CIPs for the particles to

be in contact. Thus, the MR effect shows a maximum at the CPVC value. The results fulfill

this tendency, i.e., the increase in the MR effect from magnetic particle’s volume fraction
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ϕ = 0.1 to ϕ = 0.2 is bigger than that from ϕ = 0.2 to ϕ = 0.3. For compression, the

averaged MR effect increase (∆MREffect), for the three excitation frequencies shown, from

ϕ = 0.1 to ϕ = 0.2 and for 1000 mT is of ∆MREffect = 70.6, whereas it is only an increase

of ∆MREffect = 25.4 from ϕ = 0.2 to ϕ = 0.3. These analyzed ∆MREffect suggest that the

CPVC is close to ϕ = 0.3, hence the magnetorheological stiffening is less efficient for larger

amounts of magnetic fillers.

Table 3.3: Quantitative summary and comparison of the trends revealed by magneto-mechanical compression

DMA tests on MRE samples with magnetic particles’ volume fractions of ϕ = {0, 0.1, 0.2, 0.3} and magnetic

fields of B = {0, 200, 500, 1000} mT. Values are given for three oscillation frequencies, i.e., 0.01 Hz, 8 Hz and

16 Hz. All the results provided correspond to the mean values over the six experimental repetitions.

Case study: Magneto-mechanical tests - Compression CIPs amount (ϕ)

Parameter Test conditions 0 0.1 0.2 0.3

Complex modulus E∗ [kPa]

for 0 mT

0.01 Hz 7 9 14 17

8 Hz 83 162 195 213

16 Hz 116 221 265 291

Complex modulus E∗ [kPa]

for 200 mT

0.01 Hz - 195 308 432

8 Hz - 1102 2380 4147

16 Hz - 1265 2740 4767

Complex modulus E∗ [kPa]

for 500 mT

0.01 Hz - 618 1490 1973

8 Hz - 4133 13160 15169

16 Hz - 4800 14840 17222

Complex modulus E∗ [kPa]

for 1000 mT

0.01 Hz - 697 2188 3421

8 Hz - 4873 14862 18613

16 Hz - 5369 15963 19890

MR Effect,
E ′

B=200mT

E ′
B=0mT

[-]

0.01 Hz - 20.6 21.9 25.7

8 Hz - 9.0 16.4 26.1

16 Hz - 7.4 13.7 21.4

MR Effect,
E ′

B=500mT

E ′
B=0mT

[-]

0.01 Hz - 67.0 112.7 130.4

8 Hz - 36.3 92.8 97.1

16 Hz - 29.0 76.5 79.3

MR Effect,
E ′

B=1000mT

E ′
B=0mT

[-]

0.01 Hz - 79.7 181.1 235.9

8 Hz - 41.2 105.0 118.9

16 Hz - 32.5 79.1 86.7

3.2.3 Magneto-mechanical characterization under shear loading

This section addresses the experimental results related to the magneto-mechanical behavior

of the MREs tested under different torsional shear loading conditions. Contrary to the

compression tests, no lubricant is used as no slip between the sample and the upper and

bottom plates is desired. In this regard, Walter et al. [292, 293] have thoroughly examined

the boundary conditions in experimental magneto-mechanical rheology, highlighting their

importance and providing guidance to achieve slip-free interfaces between the plates and the
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sample when working in shear mode. The sticky nature of the elastomeric matrix ensures

the contact at the interfaces preventing from wall slippage. Such a contact is characterized

by the azimuthal shear stress (τ) on the interfaces, which varies with radial coordinate r

(i.e., zero at r = 0 and maximum at rmax = 10 mm). Hereafter, the stress and strain values

are referred to a radial coordinate of r = 2
3
rmax. From the torsion angle (α) and torque (M)

on the rheometer axis, and assuming that the torsion angle is linearly distributed along the

axial coordinate of the sample, the stress and strain are calculated for the representative

points as

τ(M) =
4M

3πr3max

, γ(α) =
2

3

αrmax

H
, (3.2)

with H the initial height of the sample.

Constant oscillatory shear

To start with, constant amplitude and frequency oscillatory finite shear tests are conducted

on cylindrical MRE samples. In these experiments, the upper plate applies a torque on the

cylindrical sample to perform a sine-shaped angular displacement. This deformation profile

is defined for a 48 % strain and fixed angular velocities of ω = {0.1, 2} rad s−1. The strain

amplitude is such that the sample deforms beyond the infinitesimal strain regime. In this

regard, Figure A.1 contains additional results for amplitude sweep experiments. Moreover,

the axial position of the upper plate ensures initial sample-plate contact with negligible

compressive axial stress. Note that all these tests are carried out under different magnetic

flux densities of B = {0, 200, 500, 1000} mT. As for the compression tests, six repetitions for

each test condition guarantee repeatability.

Figure 3.9 shows, for the different magnetic field conditions, the results in the form of

shear stress versus shear strain for the chosen angular velocities (each sub-figure) and for

magnetic particle’s volume fractions of ϕ = {0, 0.1, 0.2, 0.3}. Such a representation is often

known as the Lissajous figure, which conveys interesting information, e.g., about the energy

lost by viscous dissipation mechanisms, in a visual way.

Clear trends can be found from these constant oscillatory shear tests. For all the ex-

perimental conditions, larger maximum stresses are reached for higher amounts of magnetic

particles. This is due to the same stiffening effect of magnetic particles formerly described

in compression tests, where the magnetic fillers hinder the displacement of the polymeric

chains leading to increased macroscopic stiffness. Moreover, when external magnetic field

is applied, the MRE sample undergoes additional stiffness as a result of internal magnetic

interaction forces, with values of the MR effect (defined as G′
B=i/G

′
B=0, with G′ the shear

storage modulus for a magnetic induction B) up to 12.3. As the magnetic field increases, it

is also concluded that the Lissajous loops progressively lose their quasi-ellipsoidal shape, in

agreement with a previous work by Dargahi et al. [44]. This latter point relates to a pro-

nounced nonlinear response of the composite when increasing the presence of stiffer particles,

as observed in compression (Figure 3.5) and tensile tests [87]. Other major factors influenc-

ing the mechanical response of the sample are viscous mechanisms. In this regard, maximum

stresses appear with the highest deformation rate showing a clear strain rate dependency,
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Figure 3.9: Experimental results for oscillatory shear rheology on 1 mm height and 20 mm diameter cylin-

drical sMRE samples with magnetic particles’ volume fractions of ϕ = {0.1, 0.2, 0.3} and angular velocities

of a-c.1) 0.1 rad s−1 and a-c.2) 2 rad s−1. The azimuthal shear stress (τ) is plotted against the shear strain

(γ). Magnetic fields of B = {0, 200, 500, 1000} mT are externally applied on the samples. Scatter areas

around each mean curve are depicted to quantify the variability of the experimental data sets.

similarly as observed in compression tests.
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Dynamic mechanical analysis (DMA) under shear loading

These experiments can be understood as an extension of constant oscillatory shear ones,

where different angular velocities are consecutively applied. For this analysis, as similarly

done for compression, the evolution of the storage (G′), loss (G′′) and complex (G∗) shear

moduli with the excitation frequency is analyzed. The loss factor in shear mode reads as

tan δ = G′′

G′ .

Frequency sweeps have been conducted from 0.01 Hz to 16 Hz for magnetic parti-

cles’ volume fractions of ϕ = {0, 0.1, 0.2, 0.3} and for axial magnetic inductions of B =

{0, 200, 500, 1000} mT. Note that the results for the matrix (i.e., with no fillers inside) are

provided in Figure A.2 in Appendix. Furthermore, note that the used elastomeric matrix

presents no significant hardening/softening with strain amplitude (see Figure A.1.a in Ap-

pendix). However, in accordance with other works in the literature [44], there is a strong

effect of the strain amplitude when testing under external magnetic fields due to changes in

the relative positions of the magnetized particles that modulate dipole-dipole interactions

(see Figure A.1.b). Therefore, the amplitude of the harmonic oscillations is defined as 0.05

rad (∼30 % strain) to limit this effect (stronger at lower strain amplitudes). The results

of these experiments are shown in Figure 3.10 and Figure 3.11, where the storage modulus,

loss modulus and loss factor are plotted versus frequency for magnetic fields of 0 mT and

200 mT, and 500 mT and 1000 mT, respectively.

Diverse findings can be stated from these rotational frequency sweeps. For all the test

conditions, the complex modulus increases with angular velocity, showing the strain rate

dependency of the MREs under shear loading. The maximum stiffness increase of the ma-

terial due to this effect is observed for MRE samples with ϕ = 0.3 and a magnetic field of

B = 1000 mT, presenting a value of ∆G∗ = 71 kPa with respect to the smallest oscilla-

tion frequency at these conditions. In addition, the loss factor provides relevant information

about the viscoelastic behavior of the material. As for the compression mode tests, tan δ

decreases with larger B-field inductions, denoting that material stiffening due to magnetorhe-

ological effect brings it closer to a purely elastic and non-viscous behavior (see a quantitative

comparison in Table 3.4). Another remark for high magnetic field (1000 mT) is related to

the storage and loss moduli at low frequencies, where both present an abrupt decrease, see

Figure 3.11.b. This tendency is more notable for the higher magnetic particles’ volume

fractions.

Table 3.4 gathers the results from the magneto-mechanical shear tests. A first look into

these quantitative values suggests that the MR effect strongly depends on the deformation

mode. The DMA frequency sweeps under the same magnetic fields shows a magnetorheo-

logical stiffening substantially smaller in shear mode than in axial compression mode (see

Table 3.3). In this regard, in shear mode the stiffness of the MRE is improved within one or-

der of magnitude, whereas in axial compression it increased up to two orders of magnitude.

These observations must be carefully discussed as they are the result of different effects.

On the one hand, it must be noted that the external magnetic field is axially applied (i.e.,

in compression direction) during both types of tests. This axial magnetic field promotes a

strong interaction of the magnetic particles in axial direction which, apart from dipole-dipole
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Figure 3.10: Experimental results for frequency sweeps from 0.01 to 16 Hz under shear mode on 1 mm

height and 20 mm diameter cylindrical samples and with magnetic particles volume fractions of: (a) 0.1, (b)

0.2, and (c) 0.3. The storage modulus (G′), loss modulus (G′′) and loss factor (tan δ) are plotted against

the oscillation frequency. Magnetic fields of (a-c.1) 0 mT and (a-c.2) 200 mT are externally applied on the

samples. Scatter areas around each mean curve are depicted to quantify the variability of experimental data

sets.

interaction forces, results into particles alignment into chain-like microstructures (note that

the extremely soft nature of the elastomer used allows this). Therefore, it seems reasonable
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Figure 3.11: Experimental results for frequency sweeps from 0.01 to 16 Hz under shear mode on 1 mm height

and 20 mm diameter cylindrical samples and with magnetic particles volume fractions of: (a) 0.1, (b) 0.2,

and (c) 0.3. The storage modulus (G′), loss modulus (G′′) and loss factor (tan δ) are plotted against the

oscillation frequency. Magnetic fields of (a-c.1) 500 mT and (a-c.2) 1000 mT are externally applied on the

samples. Scatter areas around each mean curve are depicted to quantify the variability of experimental data

sets.

that external magnetic fields result in a higher resistance to deformation in axial than in

shear mode. On the other hand, the application of the axial magnetic field while confining
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the axial deformation of the sample leads to a pre-compression state. Thus, when analyzing

the MREs under axial loading, a relevant increase in stiffness is observed due to not only

magnetic interactive forces but also to such a pre-compression state. However, a thorough

study of the effect of this axially induced stress states that it scarcely affects the magne-

torheological stiffening. In this respect, Figure 3.12 compares the shear complex modulus

obtained from a shear frequency sweep for three different frequencies and three represen-

tative conditions: i) MRE under null magnetic field and subjected to negligible axial force

(i.e., pre-compression); ii) MRE under an externally applied magnetic field; iii) MRE under

null magnetic field and subjected to an axial force equivalent to the one observed during the

magneto-mechanical test performed in condition ii) (i.e., equivalent pre-compression state

due to the applied magnetic field). These results show small change in stiffness due to the

pre-compression arising from magnetic interactions, whereas a much more significant increase

in stiffness due to the application of the external magnetic field is found.

Figure 3.12: Experimental results comparing the effects of three different conditions on frequency sweep tests

with frequencies of f = {0.01, 8, 16} Hz, i.e., experiment with high magnetic field (1000 mT), experiment

without magnetic field but with a pre-strain producing the same axial force as with magnetic field, and

experiment without magnetic field and without pre-compression.
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Table 3.4: Quantitative summary and comparison of the trends revealed by the mechanical and magneto-

mechanical shear tests on MRE samples with magnetic particles’ volume fractions of ϕ = {0, 0.1, 0.2, 0.3}
and magnetic fields of B = {0, 200, 500, 1000} mT. The results are given for three oscillation frequencies of

0.01 Hz (quasi-static), 8 Hz, and 16 Hz. All the results provided correspond to the mean values over the six

experimental repetitions.

Case study: Magneto-mechanical tests - Shear CIPs amount (ϕ)

Parameter Test conditions 0 0.1 0.2 0.3

Complex modulus G∗ [kPa]

for 0 mT

0.01 Hz 1.1 1.6 2.0 2.8

8 Hz 3.6 4.4 5.7 8.4

16 Hz 4.4 5.3 7.0 10.1

Complex modulus G∗ [kPa]

for 200 mT

0.01 Hz - 3.7 8.1 8.3

8 Hz - 8.1 16.8 18.8

16 Hz - 9.3 19.3 21.6

Complex modulus G∗ [kPa]

for 500 mT

0.01 Hz - 10.8 24.2 25.3

8 Hz - 20.8 45.5 54.3

16 Hz - 22.8 48.4 59.1

Complex modulus G∗ [kPa]

for 1000 mT

0.01 Hz - 12.7 25.4 30.8

8 Hz - 27.2 69.8 96.2

16 Hz - 30.1 73.9 101.6

CIPs stiffening ratio,

G∗
ϕ=i/G

∗
ϕ=0 [-], for B = 0 mT

0.01 Hz - 1.5 1.8 2.5

8 Hz - 1.2 1.6 2.3

16 Hz - 1.2 1.6 2.3

MR Effect,
G′

B=200mT

G′
B=0mT

[-]

0.01 Hz - 2.2 3.8 2.7

8 Hz - 1.9 3.0 2.2

16 Hz - 1.8 2.8 2.1

MR Effect,
G′

B=500mT

G′
B=0mT

[-]

0.01 Hz - 6.3 10.5 7.3

8 Hz - 5.3 8.9 6.8

16 Hz - 4.8 7.5 6.1

MR Effect,
G′

B=1000mT

G′
B=0mT

[-]

0.01 Hz - 6.9 7.4 5.5

8 Hz - 7.0 14.4 13.1

16 Hz - 6.4 12.4 11.5

3.2.4 Mechanically confined tests under magnetic actuation

This section introduces novel experiments where the MRE sample is mechanically confined

in the axial direction. While keeping such a mechanical boundary condition, a magnetic field

actuates in the axial direction at a given magnetic loading rate. Once a specific targeted

magnetic field is reached, this magnetic field is kept constant during certain time in order to

reach steady state. Note that these experiments have a motivation similar to relaxations tests

(here the magnetic field acts as strain). Therefore, the main input in the experiment is the

evolution of the magnetic flux density field along time and a mechanical boundary condition

equivalent to a permanent unit axial stretch. Then, the upper plate of the rheometre,

equipped with an axial load cell, provides the evolution of the axial force (suitably expressed
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in engineering stress terms) as output. These tests are conducted for four different magnetic

rates that are applied until reaching a magnetic field of 1000 mT, which is then kept constant,

and for different MREs with magnetic particle’s volume fractions of ϕ = {0.1, 0.2, 0.3}. The
results are shown in Figure 3.13 by means of engineering stress versus time showing average

curves and experimental dispersion from a number of six tests per condition.

Applying a magnetic field with axially confined samples is equivalent to a relaxation

test. However, instead of imposing uniaxial compression by external mechanical boundary

conditions, the mechanical forces are imposed by internal interaction forces arising from the

application of an external magnetic field. Liao et al. [294] worked on a similar idea by

establishing relationships between the magnetic field induction and the pre-strain of MRE

samples. These experiments enable in-detail studying the magneto-mechanical principles

that originate at the micro-scale level and determine the macroscopic response. Therefore,

despite constraining the macroscopic axial deformation, microstructural phenomena drive

particles to new states of equilibrium while interacting with the viscoelastic matrix. In

addition, under specific conditions (e.g., high particle concentrations, strong magnetic fields),

these fillers can collide. In general terms, these magneto-mechanical interplays are difficult

to detail and need to be addressed from macroscopic measurements.

Each sub-figure in Figure 3.13 corresponds to a magnetic field application rate Ḃ =

{2, 20, 200, 1000} mT s−1 and compares the response of different particles’ volume fractions.

A thorough analysis of these results provides the following unexplored observations:

• The increase in engineering stress (and then in axial force) when applying the axial

magnetic field indicates that the MREs tend to expand.

• As the magnetic field ramp begins, the axial force evolves in an initially parabolic

fashion. However, this tendency is lost in favor of a sigmoidal fashion when larger values of

the magnetic field are reached. These tendencies are related to an internal magnetic stress

which depends on the magnetic field by a second order function (see modeling approaches in

the literature [170, 295–298]). This relationship changes at higher magnetic fields due to a

nonlinear relationship between particles’ magnetization and magnetic field when approaching

to magnetic saturation (see [182, 184]). Note that although the linear relationship between

particles’ magnetization and external magnetic field is lost, the particles do not saturate

completely [299].

• There is a proportional relationship between the maximum stress reached and the

magnetic particles content. This is explained by the higher macroscopic magnetization of

the MRE and the increment of internal dipole-dipole interactions between particles pushing

the elastomeric matrix to deform [49, 170].

• The maximum stress is reached exactly at the time point where the magnetic field

reaches its maximum value at low magnetic rates. However, there is a delay in this peak

when the magnetic rate is higher. Such a delay owes to a rate dependency on the particles’

magnetization, which presents a limit rate to polarize due to magnetic viscosity [300–303].

This phenomenon is governed by the thermal activation of the magnetization over local

energy barriers arising from varied sources, e.g., shape and anisotropy of the particles. The

coefficient of magnetic viscosity has been widely used to take into account these mechanisms,

being the temperature a major factor [304].
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Figure 3.13: Experimental results for the application of a 1000 mT magnetic field in the form of temporal

ramps with different application rates: (a) 2 mT s−1, (b) 20 mT s−1, (c) 200 mT s−1 and (d) 1000 mT s−1.

After reaching the targeted magnetic field, indicated by a dotted vertical line, the magnetic field is kept

constant for a given time. Confined axial deformation is imposed during the whole experiment as mechanical

boundary condition. The samples consist in cylindrical MREs with height 1 mm and diameter 20 mm, which

are manufactured with different magnetic particles’ volume fractions of ϕ = {0.1, 0.2, 0.3}. Engineering stress

is plotted against time covering the temporal application of the ramp plus an additional period where the field

is held constant at 1000 mT. Scatter areas around each mean curve are depicted to quantify the variability

of experimental data sets.

• At the lower magnetic rates, although mechanical strain rate effects were expected

at these time scales, the maximum stress reached is the same. A recently developed

microstructural-based model for soft magneto-active polymers helps understand these

tendencies [170]. In this regard, the macroscopic stress is understood as the contribution

of a magnetic stress due to dipole-dipole interactions between particles and the external

magnetic field, and the contribution of a mechanical stress due to deformation of the

polymeric matrix. Thus, when fixing the axial stretch and applying the external magnetic

field, the particles magnetize leading to interaction forces and reaching an equilibrium state.

In such a scenario, the device measures the magnetic forces transmitted within the MRE.

The viscoelastic response is balanced, without relevant implications for the lower magnetic

rates. In this regard, a recent co-authored work delves into the microstructural mechanisms
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and viscoelastic response of these materials [291].

• For the largest magnetic rates (200 and 1000 mT s−1) a magneto-mechanical relax-

ation process is observed. Provided that the magnetic particles require a certain amount of

magnetic energy and time to reorganize from their initial positions to a new spatial arrange-

ment, a microstructural blockage would occur for sufficiently high field rates. Since magnetic

interactions between the magnetic particles are transmitted in the form of mechanical forces

to the carrier matrix, this microstructural collapse is macroscopically detected by a larger

axial force on the specimen, i.e., larger maximum stresses. This phenomenon requires further

investigation by means of more advanced microstructural based models.

• After reaching the maximum stress value, while the stress is kept constant for tests

at low magnetic rates, the MREs experience a relaxation response at higher magnetic rates.

In other words, at slow enough magnetic rates the particles are able to reach the final

equilibrium state (i.e., magnetic particles’ distribution under the applied field). Therefore,

the purely elastic and viscous contributions of the elastomeric matrix stress balance each

other until full microstructural relaxation. Moreover, at higher magnetic rates, the previously

mentioned microstructural blockage is followed by a mechanical relaxation of the elastomeric

matrix relaxing such a state. Note that this statement is supported by the relaxation time

scales observed in these experiments, which are in the same order than the characteristic

times identified from the relaxation tests (Figure 3.6).

• The final observation relates to the long term stresses reached after complete relax-

ation (steady state). These values are notably larger at higher magnetic rates, suggesting

that the MRE encounters alternative particles-rearrangement states (i.e., magnetic particles’

distributions) attending to the historical evolution of the microstructural deformation. From

a mechanical perspective, this effect can be understood as a yielding-like process where the

particles and the matrix get blocked under the applied magnetic field. Ongoing efforts are

being dedicated to unravel these mechanisms considering longer relaxation times.

3.2.5 Influence of the elastomeric matrix’s stiffness

The stiffness of the matrix is another important factor affecting the magneto-mechanical

coupling and the response of MREs. To elaborate on it, sMREs with twelve different com-

binations of elastomeric mixing ratio10 (i.e., matrix’s stiffness) and particles volume fraction

were prepared. Note that, a priori, softer elastomeric matrices and higher particles con-

tent lead to higher magnetorheological effects (i.e., mechanical deformation under magnetic

fields and/or stiffness changes). Figure 3.14 provides the results obtained with macroscopic

mechanical compression experiments, i.e., monotonous compression and relaxation tests.

Moreover, Table 3.5 contains quantitative values for the characteristic relaxation times. The

mixing ratios of the elastomeric matrix are 6:5, 1:1, 9:10, 5:6 (for the softest to the stiffest)

and the particles contents, 0, 0.15 and 0.3. Note that, here, no magnetic actuation is applied

10Note that the matrix is cured after mixing the two phases provided by the manufacturer, thus the

stiffness can be tuned with a proper choice of the mixing ratio of the phases.



56 Chapter 3. Experimental

yet.

Figure 3.14: Macroscopic behavior of the sMRE under uniaxial compressive deformation and for different

manufacturing conditions of the matrix. (a-c.1) The results for monotonous compression tests are depicted as

plots of engineering stress against engineering strain for magnetic particles volume fractions of 0, 0.15, and 0.3;

and for mixing ratios of the elastomeric matrix of 6:5, 1:1, 9:10, 5:6. The cylindrical samples are compressed

at constant quasi-static rate. (a-c.2) Time-dependent behavior of the MRE for different manufacturing

conditions. The experimental results from mechanical relaxation tests are presented as engineering stress

versus time plots. A 40 % strain step is applied at a fast strain rate of 0.7 s−1 and kept constant for 90 s.

Scatter areas are plotted around the mean curves computed from all data sets.
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Table 3.5: Characteristic relaxation times from the macroscopic rheological experiments over the sMREs.

The results are presented for two mixing ratios of 6:5, 1:1, 9:10, and 5:6 and magnetic particles volume

fractions of 0, 0.15 and 30. The relaxation time is defined for a decay of 63.21 %.

RELAXATION TIMES [s] Mixing ratio

CIP concentration 6:5 1:1 9:10 5:6

ϕ = 0 vol.% 1.01 1.02 2.27 1.63

ϕ = 15 vol.% 1.10 1.28 2.88 2.73

ϕ = 30 vol.% 2.54 5.61 9.74 4.99

Further results comprise magneto-mechanical DMA tests under compression mode (see

Figures A.3 and A.4 in the Appendix) and shear load (Figures A.5 and A.6), for the magnetic

particles content of 0.15 and 0.3 and the mixing ratios of the elastomeric matrix are 6:5, 1:1,

9:10, 5:6. To provide a clearer picture, Table 3.6 summarizes the values of the storage shear

modulus for three oscillating frequencies (0.01 Hz, 8 Hz, and 16 Hz). Moreover, Figure 3.15

with 3D graphs synthesizes the results for the quasi-static storage axial and shear stiffness

moduli (E ′ and G′, respectively) as a function of the matrix mixing ratio and the external

magnetic actuation. When subjected to an axial magnetic field (see Figure 3.15.a), the

MREs experience a significant increase in stiffness that is stronger in compression than in

shear loading. This effect is explained by the application of the magnetic field along the

axial direction during compression loading, leading to the structural (macroscopic) response

of the MRE to govern its behavior. Under shear loading (see Figure 3.15.b), the magnetic

actuation plays a lower role on the MRE’s mechanical performance. Although a direct

relationship between the elastomeric mixing ratio and stiffness (under null magnetic fields)

is observed in the former tests, the magneto-mechanical response under uniaxial compression

loading reveals complex dependencies due to the complex multi-physical nature of the MRE

system. However, under shear loading, the effect of the mixing ratio is consistent for all the

different magneto-mechanical conditions [87]. Shear experiments show a MR effect of up to

1.7 times for 50 mT and 9.3 times for 200 mT. In this respect, note that the stiffening refers

to a macrostructural effect and does not imply microstructural stiffening of the elastomeric

matrix.
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Table 3.6: Quantitative summary of the trends revealed by the shear DMA tests on sMREs with different

matrix’s mixing ratios. The results of the storage shear modulus G′ are presented for the magnetic particles

volume fractions of 0.15 and 0.3, mixing ratios of 6:5, 1:1, 9:10 and 5:6, and magnetic fields of 0 mT, 50 mT,

100 mT and 200 mT. Frequencies of 0.01 Hz, 8 Hz and 16 Hz are chosen as representative values. Note that

these data correspond to the mean values over the three experimental repetitions.

Case study: Magneto-mechanical tests - Shear Matrix mixing ratio

CIP concentration Magnetic field Frequency 6:5 1:1 9:10 5:6

Storage modulus G′ [kPa]

for ϕ = 15 vol.%

B = 0 mT

0.01 Hz 0.4 1.5 2.9 3.2

8 Hz 1.2 3.8 6.0 6.4

16 Hz 1.6 4.8 7.4 7.8

B = 50 mT

0.01 Hz 0.7 1.8 3.2 3.4

8 Hz 1.6 4.1 6.4 6.6

16 Hz 2.1 5.1 7.8 8.0

B = 100 mT

0.01 Hz 1.6 2.7 4.0 4.1

8 Hz 2.9 5.4 7.5 7.6

16 Hz 3.4 6.6 9.1 9.0

B = 200 mT

0.01 Hz 4.1 5.7 6.7 6.6

8 Hz 6.9 10 12 12

16 Hz 7.8 12 14 14

Storage modulus G′ [kPa]

for ϕ = 30 vol.%

B = 0 mT

0.01 Hz 0.6 2.7 4.6 5.8

8 Hz 2.3 6.4 11 12

16 Hz 3.0 7.7 13 14

B = 50 mT

0.01 Hz 1.0 2.8 5.0 6.2

8 Hz 2.9 5.6 12 13

16 Hz 3.7 6.8 14 15

B = 100 mT

0.01 Hz 2.0 4.1 6.1 7.4

8 Hz 4.6 7.8 14 15

16 Hz 5.9 9.4 16 17

B = 200 mT

0.01 Hz 5.6 7.4 9.4 11

8 Hz 10 14 20 22

16 Hz 12 17 23 25
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Figure 3.15: Summary of the quasi-static uniaxial and shear DMA results as 3D graphs for different mix-

ing ratios of the elastometic matrix on sMREs under magnetic actuation conditions. (a) Under uniaxial

compression loading, storage Young’s modulus (E′) depending on the mixing ratio used for the polymeric

matric of the MRE and on the magnetic field applied; (b) under shear loading, storage shear modulus (G′)

depending on the mixing ratio used for the polymeric matric of the MRE and on the magnetic field applied.

These tests were performed under quasi-static conditions and for a magnetic particles volume ratio of 30 %.

The entire set of results from the frequency sweep tests (i.e., DMA) can be found in Figures A.3, A.4, A.5,

and A.6.

3.2.6 Microstructural characterization: nanoindentation tests

The former characterization at the macroscale provides insightful information not only about

the material response, but also about structural effects of MREs. Usually, such structural

effects are responsible of the multifunctional behavior of the material. However, to com-

plete the experimental characterization, a microstructural characterization is still missing.

Nanoindentation brings information about the surface stiffness of a sample at a local point.

To this end, the micrometric spherical tip of the indenter presses the surface and measures

the force required. The force-indentation curves are used to determine the stiffness according

to the method described in the previous Section 3.1, which is based on the Hertz contact

model.

The results for the microscopic stiffness, together with relaxation (load versus time)

curves, are depicted in Figure 3.16. In addition, Table 3.7 summarizes the results with

quantitative values. The local stiffness ranges from 4.1 kPa to 14.6 kPa depending on

the mixing ratio of the elastomeric matrix, i.e., 6:5, 1:1, 9:10, and 5:6. Moreover, the

characteristic relaxation time (calculated from the stress relaxation curves in Figure 3.16.b)

is in the order of ∼ 0.5−1.5 s. A crucial point is that the results were found to not depend on

the magnetic particles content. This owes to the fact that the indentations were done locally

on the matrix in between the particles. For that reason, the microscopic characterization of

MREs is the same for all sMREs, hMREs and hybrid MREs. Consequently, the following

sections focus solely on the rheological macroscopic characterization of hMREs and hybrid

MREs.
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Figure 3.16: Magneto-mechanical characterization at the microscale using a nanoindentation equipment. (a)

Young’s modulus (E) depending on the mixing ratio used for the polymeric matric of the MRE; (b) load

versus time relaxation curves depending on the mixing ratio used for the polymeric matrix of the sMRE.

Note that the microscopic measurements were done on the polymeric phase, hence the they did not show

significant changes when varying the particles content or when applying external magnetic fields.

Table 3.7: Characteristic relaxation times from the microscopic nanoindentation relaxation tests on the

sMRE. The results are presented for elastomeric mixing ratios of 6:5, 1:1, 9:10, and 5:6 and magnetic

particles volume fractions of 0, 0.15, and 0.3. The relaxation time is defined for a decay of 63.21 %. Note

that the microscopic measurements were taken on the polymeric phase and the values measured did not

show significant changes when varying the particles content or applying external magnetic fields.

Elastomeric mixing ratio 6:5 1:1 9:10 5:6

Microscopic stiffness E [kPa] 4.1 8.4 12.3 14.6

Relaxation time [s] 0.60 0.55 1.53 0.57
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3.3 Hard-magnetic MREs

Since hMREs are able to sustain remanent magnetic fields, they are classified attending to

two magnetic conditions, i.e., virgin and pre-magnetized states. This allows to determine the

influence of remanent magnetic fields on their mechanical behavior. Moreover, the reader

may note that this section focuses on shear deformation mode and not compression. This

provides sufficient information of the rheological performance of hMREs. Besides, mechan-

ically confined tests under magnetic actuation are performed in the same manner as for

sMREs, but here the direction of the magnetic actuation with respect to the permanent

magnetization of the sample plays an important role. Finally, additional free deformation

experiments allow to delve into the remarkable shape-morphing capability of hMREs.

3.3.1 Materials and synthesis

The proposed hMRE is composed of an ultra-soft elastomer for the continuous phase (car-

rier matrix) and hard-magnetic powder for the discontinuous phase. The same extremely

soft elastomer used in the previous section for sMREs, i.e., Dowsil CY52-276 (DowSil, Mid-

land, MI, USA) (PDMS), was chosen to achieve large magnetorheological stiffening and

shape-morphing capability with small external magnetic fields. Following the manufacturer

recommendations, the phases were blended at the volume ratio 1:1. Note that the influence of

this mixing ratio was already studied in the previous Section 3.2.5 for sMREs. In what con-

cerns the magnetic phase, this is made of NdFeB, with hard-magnetic properties, provided

by Magnequench (MQP-S-11-9-grade powder, Neo Materials Technology Inc., Greenwood

Village, Colorado, United States). The median diameter of the spherical-shaped particles

conforming the powder is 35 - 55 µm. The magnetic powder was added to the matrix accord-

ing to the volume fractions ϕ = {0.1, 0.2, 0.3}. To prevent sedimentation of the fillers, the

elastomeric phases and the mold were pre-heated at 80 oC for 2 min. Increasing the initial

viscosity of the mixture during the addition of the magnetic powder guaranteed that its

homogeneous distribution within the elastomeric matrix was preserved without deposition

issues. Note that this is a main difference with the manufacturing methodology of sMREs,

where the smaller size of the fillers (radius of 3.9 − 5 µm) does not cause sedimentation

phenomenon. The reader can find more detail on the methodology used for sMREs in the

previous Section 3.2.1. Afterwards, the blend was cured in an oven at 80 oC for 2 h, as for

sMREs. Then, 1 mm height and 20 mm diameter-wise cylindrical samples were cut with a

die. As a final step, to produce pre-magnetized samples, virgin ones were exposed to an ax-

ial homogeneous magnetic field of 1000 mT. Figure 3.17 summarizes the procedure followed.

Provided that the focus of the present study is to understand the response during the mag-

netization process, and not only the behavior after reaching full permanent magnetization

at saturation, partial remanent magnetization rather than fully saturation magnetization

was intentionally pursued. This was done by the application of maximum fields under the

value of 1600 kA/m (fully magnetizing field given by the manufacturer). See [305, 306] for

a deeper characterization of the magnetic powder.
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B

1. Mixing

PDMS:
phase A

PDMS:
phase B

PTFE Mold

MRE

2. Curing

80 oC, 2 h

3. Die-cut

hMRE samples1:1

NdFeB
pow-
der

Pre-heated, 80 oC

A. Virgin samples

B. Pre-magnetized samples

Residual
magnetization

4. Magnetization

Manufacturing - hMRE

Figure 3.17: A scheme of the hMRE synthesis. The manufacturing methodology is composed of four steps:

(1) blending of the components, i.e., the two phases of the pre-heated elastomeric matrix (phases A and

B) and the hard-magnetic powder, previously poured into a pre-heated mold; (2) curing in an oven; (3)

die-cutting 1 mm height and 20 mm diameter samples; (4) the magnetization of samples with homogeneous

magnetic fields.

The micrograph for the resulting virgin (i.e., non pre-magnetized) hMRE is shown in

Figure 3.18.

Figure 3.18: Field emission scanning electron microscopy (FESEM) images of the microstructural arrange-

ment before magnetic actuation of hard-magnetic MREs for a particles content of 30 vol.%.

3.3.2 Magneto-mechanical characterization under shear loading

To explore the material behavior along the magnetization process, constant oscillatory tests

and frequency sweeps were performed under magnetic fields of 0 mT, 200 mT, 500 mT, and

1000 mT on both virgin and pre-magnetized samples. The same methodological considera-

tions as in Section 3.2.3 for sMREs apply here.
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Constant oscillatory shear

A first array of experiments was designed for an angular amplitude of 0.05 rad. The angular

velocity of the oscillations is 2 rad s−1. In addition, the sticky nature of the sample prevents

slippage at the sample-machine interfaces [292, 293, 305]. Figure 3.19 contains the results of

the tests.
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Figure 3.19: Mechanical response of hMREs under shear deformation. The experimental results from con-

stant oscillatory shear tests are depicted for magnetic particles’ volume fractions (ϕ) of (a) 0.1, (b) 0.2,

and (c) 0.3 and magnetic fields of B = {0, 200, 500, 1000} mT. To consider the magnetic remanence, hard-

magnetic MREs are tested twice: virgin samples and magnetized samples after a permanent magnetization at

1000 mT (continuous and dashed line, respectively). Scatter areas are plotted around the mean curves com-

puted from the three data sets obtained for the same testing conditions. (d) Curves for tests with magnetic

particles’ volume fractions of 0.1, 0.2 and 0.3 are plotted against the magnetic field intensity to illustrate

the effects of the permanent magnetization of hMREs on the maximum shear stress of the hysteresis loops

from the constant oscillatory shear experiments. Two curves for each volume fraction stand for the behavior

of virgin samples (continuous line) and pre-magnetized samples (abbreviated as “mag.”) after experiencing

pre-magnetization at 1000 mT (dashed line).

These results lead to relevant findings. First, the MR effect is less pronounced when using

hard-magnetic particles than soft-magnetic ones, with maximum values of approximately 4

times versus 30 times, respectively. hMREs, however, are able to keep this effect even in
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the absence of magnetic stimulation and, as it will be discussed in following sections, they

are able to perform functional deformation modes. When actuating on virgin samples with

external magnetic fields below 200 mT, hysteresis loops do not display any remarkable MR

effect, even for the largest volume ratio of magnetic particles of 0.3. Figure 3.20 clarifies the

results from the loops in Figure 3.19.a, by showing an initial range where the maximum shear

stress does not depend on the magnetic field. From 500 mT on, however, the specimens reach

larger maximum shear stresses (i.e., for 500 mT and 1000 mT fields). Such a threshold was

not encountered when using soft-magnetic particles, i.e., the MR effect was noticeable for

the smallest fields too, see Figure 3.19.b. On the contrary, pre-magnetized hMRE samples

display a different behavior. In the absence of magnetic actuation, they reach larger stresses

than virgin samples, and for fields below 200 mT, the MR effect is also noticeable, see

Figure 3.20. As a final general remark, the more magnetic fillers added to the matrix, the

stronger the magneto-mechanical effects are.
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Figure 3.20: Effects of the permanent magnetization of hMREs on the maximum shear stress of the hysteresis

loops from the constant oscillatory shear experiments. Magnetorheological shear stress ratio, defined as the

quotient between the maximum stress under magnetic actuation and the stress in the absence of external

magnetic actuation, for (a) a virgin sample and for (b) a pre-magnetized sample.

Dynamic mechanical analysis (DMA) under shear loading

To explore the relation between the viscoelastic response of hMREs and the mechanical

excitation frequency, a second set of experiments was performed as frequency sweeps from

0.01 Hz to 10 Hz. Here, the shear storage modulus (G′), shear loss modulus (G′′) and loss

factor tan δ = G′′

G′ provide measures of the macrostructural stiffness, see Figure 3.21 for

magnetic actuations of 0 mT and 200 mT, and Figure 3.22 for 500 mT and 1000 mT. The

magnetic actuation was applied on both virgin and pre-magnetized hMREs samples. As a

result, the curves for pre-magnetized samples (i.e., initial pre-magnetization with a 1000 mT

magnetic field) uncover the effect of the non-zero magnetic coercivity of the hard-magnetic

particles on the structural response of hMREs.
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Figure 3.21: Dependence of the mechanical responses of MREs with the harmonic shear mechanical defor-

mation for magnetic fields of B = {0, 200} mT and magnetic particles’ volume fraction of ϕ = {0.1, 0.2, 0.3}.

Shear storage moduli (G′), loss moduli (G′′), and loss factors (tan δ) obtained from frequency sweeps from

0.01 Hz to 10 Hz are presented for virgin samples and pre-magnetized samples after permanent magnetiza-

tion at 1000 mT (continuous and dashed lines, respectively). Scatter areas representing the variability of

the experimental data sets are depicted around each mean curve.
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Figure 3.22: Dependence of the mechanical responses of MREs with the harmonic shear mechanical deforma-

tion for magnetic fields of B = {500, 1000} mT and magnetic particles’ volume fraction of ϕ = {0.1, 0.2, 0.3}.

Shear storage moduli (G′), loss moduli (G′′), and loss factors (tan δ) obtained from frequency sweeps from

0.01 Hz to 10 Hz are presented for virgin samples and pre-magnetized samples after permanent magnetiza-

tion at 1000 mT (continuous and dashed lines, respectively). Scatter areas representing the variability of

the experimental data sets are depicted around each mean curve.

The main findings are the following ones. First, the MR effect is stronger for increasing

amounts of hard-magnetic particles. For a magnetic actuation of 1000 mT, mechanical

oscillation at 0.1 Hz, hMRE virgin samples, and particles contents of ϕ = {0.1, 0.2, 0.3},
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the MRE effect is 1.5, 2.1 and 3.0, respectively. For the pre-magnetized samples and for

the different particles content, the MR effect is 1.5, 1.9 and 2.2, respectively. For a faster

deformation, i.e., 10 Hz, the MR effect for the virgin samples is 1.5, 2.0 and 2.8, and for the

pre-magnetized ones it is 1.4, 1.6 and 1.9, respectively for the particle contents considered.

Second, for the intermediate fields of 200 mT and 500 mT, the MR effect for pre-magnetized

samples significantly increases with respect to the MR effect of virgin samples. For 200 mT

and quasi-static mechanical deformation, the MR effect of the virgin hMRE sample with

30 vol.% particles is 1.0, and 1.4 for the pre-magnetized sample. For 500 mT, the MR effect

of the virgin hMRE sample is 1.3, and 1.8 for the pre-magnetized sample. This tendency can

be better visualized in Figure 3.23, in which the shear storage modulus is plotted against

magnetic field for a quasi-static (0.01 Hz) and a fast angular velocity (10 Hz). In this regard,

the moduli of both virgin and pre-magnetized samples merge to the same value when the

field approaches 1000 mT.
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Figure 3.23: Effects of the permanent magnetization of hMREs on the shear storage modulus for two

extreme harmonic deformation velocities of (a) 0.01 Hz (quasi-static case) and (b) 10 Hz. Curves for tests

with magnetic particles’ volume fractions of 0.1, 0.2 and 0.3 are plotted against the magnetic field intensity.

Two curves for each volume fraction stand for the behavior of virgin samples (continuous line) and pre-

magnetized samples (abbreviated as “mag.”) after experiencing re-magnetization at 1000 mT (dashed line).

When comparing the response of the hMREs with that of the sMREs (see Table 3.6 for

sMREs), the MR effect is higher for the second ones. Overall, hMREs present a maximum

MR effect of 3, whereas sMREs show a maximum of 12. Furthermore, for all the manu-

facturing and testing conditions of the hMRE, the loss factor monotonously increases with

frequency, whereas for sMREs it is less dependent on the frequency. The response of hMREs

is quite expectable, i.e., activation of viscoelastic mechanisms of the matrix at increasing de-

formation rates. For sMREs, however, the interactions between particles are much stronger

(i.e., dipole-to-dipole interplays) due to their higher magnetization and magnetic permeabil-

ity. Such interactions lead to significant rearrangements in the particles’ distribution and the

generation of strong links between them, which eventually affect the viscoelastic response.

Regarding the rheological behavior of extremely soft hMREs, permanent magnetization

leads to increased stiffness in the absence of external magnetic stimulation. To clearly under-
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stand the effects of the permanent magnetization, Figures 3.20 and 3.23 show, respectively,

curves with the evolution of the maximum shear stresses of the hysteresis loops and the

quasi-static storage modulus for different magnetic particles’ volume fractions and magnetic

fields, for both virgin and pre-magnetized hMRE samples. When the external magnetic

field is turned off, internal magnetic interactions between the magnetic particles and the

elastomeric matrix still remain. Also, the more magnetic particles, the larger the apparent

(homogenized) permanent magnetization. This fact explains the relative stiffness increase

between virgin and pre-magnetized samples with increasing particles volume fraction, both

under the action of external magnetic fields or in the absence of them. In addition, the rel-

ative stiffness increase reduces to zero at 1000 mT, expectable as the MRE got magnetized

at 1000 mT. When comparing the results between hMREs and sMREs, see Figures 3.19

and 3.9, it is clear that the MR effect is larger for the soft-magnetic version (around 7 times

larger). This is so because the saturation magnetization and magnetic susceptibility of hard-

magnetic MQP-S-11-9-grade powder are smaller than those of CIPs, see the magnetization

curves in the Appendix (Figure A.7, adapted from [307]). Overall, hMREs lose the intense

MR stiffening of sMREs but gain the capability to achieve it in the absence of magnetic

fields.

3.3.3 Mechanically confined tests under magnetic actuation

In what concerns the confined expansion experiments, magnetic field ramps were performed

on virgin hMRE samples at the rate of 20 mT s−1 up to 1000 mT (direct magnetic actuation).

Then, the field was kept constant for 75 s. Finally, the field was turned off for 50 s. In the

meanwhile, the evolution of the axial force exerted on the upper plate of the rheometer was

monitored. These experiments were done following the methodology reported for sMREs in

Section 3.2.4. The pre-magnetized samples were tested following the same procedure but

limiting the maximum magnetic field to 500 mT. The residual of the macroscopic samples

after applying an external magnetic field of 1000 mT is 3 mT. Recalling the extremely soft

nature of the matrix (∼ 1 kPa), a consequence is that such small magnetization is enough

to drive significant mechanical changes in the hMRE under external magnetic actuation.

The use of the 500 mT is justified as it is sufficiently large to induce significant mechanical

actuation, but small enough to not alter the residual magnetization. Moreover, the magnetic

actuation was performed in a reversed manner up to -500 mT (reverse magnetic actuation).

To keep positive the axial force and prevent stretching the sample, an initial pre-compression

of 0.5 N was imposed on every test.

The results are grouped according to the magnetic profile applied and magnetization

state of the hMRE samples: magnetic field ramp up to 1000 mT on virgin samples in

Figure 3.24.a, and ramps up to +/-500 mT (direct and reverse fields) on pre-magnetized

samples in Figure 3.24.b. Differences of the axial stress during the loading ramp can be

found when comparing both the virgin and pre-magnetized samples. While for the virgin

sample the curve is parabolic, for the magnetized specimen the loading region is more linear.

Another remark, when the magnetic actuation stops, is that the axial force decreases and

becomes even smaller than the pre-compression at the beginning of the experiment. Then,
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it slightly increases. This is observed for the cases where the field is applied along the

same direction as the magnetization (i.e., “direct” fields). For the case of reverse magnetic

actuation, almost no jump in the axial force occurs.
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Figure 3.24: Time evolution of the axial stress of mechanically confined hMREs during magnetic ramps. (a)

The magnetic actuation event of virgin samples, which undergo a magnetic field ramp at a rate of 20 mT s−1

up to 1000 mT, that is then held until stabilization and, finally, the magnetic actuation is turned off. (b)

Pre-magnetized samples were tested under the same procedure, but limiting the maximum magnetic field to

500 mT for both direct and reverse fields. Note that the same initial pre-compression of 0.5 N is applied for

all the experiments to prevent that the axial force becomes negative, i.e., contraction of the sample.

Non-symmetric macrostructural responses are observed for direct (along magnetiza-

tion direction) and reverse (contrary to magnetization direction) magnetic fields on pre-

magnetized hMRE samples tested in confined deformation experiments. Following the evo-

lution of the axial force exerted by the sample on the fixed plates, see Figure 3.24, valuable

information about the magnetization process is harvested. The initial magnetic actuation

up to 1000 mT yields an initial parabolic increase in the stress. This can be explained by the

quadratic dependence of internal magnetic stress on the externally applied magnetic field

[162, 295]. The abrupt decrease in the stress when stopping the magnetic actuation and the

subsequent relaxation unveils internal viscous mechanisms. As these stresses go below the

initial axial force, we believe that the internal deformation mechanisms are not reversible.

In other words, the microscopic configuration of virgin and pre-magnetized hMREs would

be different. When observing the results for the second stimulation step (i.e., direct and

reverse fields up to 500 mT) the same finding can be reported. Hence, this behavior is not

due to the permanent magnetization of the magnetic powder but due to varying microstruc-

tural arrangements also under weaker magnetic actuation. Finally, regarding the effect of

the magnetization direction, the non-symmetrical curves for the direct and reverse fields

suggest that reversing the magnetic field produces a decrease of the axial force (i.e., confined

compression) rather than an increase. In addition, such a decrease is smaller in magnitude

than the increase for the direct field. A further finding related to such a reverse stimulation

is that the evolution of the axial force during the application of the magnetic field ramp

is not monotonous. Such findings under reverse magnetic actuation can be understood as
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the result of local rearrangements of the particles that were aligned with the magnetization

field (direct magnetic actuation). When the sense of the field changes, we believe that local

rearrangements of the particles occur until they align with the new field. This transient

mechanism would end in a microstructural stabilization where interactions between different

domains of the hMRE structure govern the structural response.

Related to the latter discussion, another important observation from Figure 3.24 relates

to the transient stress evolution that occurs once the maximum magnetic field is reached. On

virgin samples, the steady state is quickly reached, suggesting negligible relaxation effects.

However, the tests conducted on pre-magnetized samples unveil a transient stress response

indicating significant relaxation within the MRE. To explain these results, we suggest the

existence of two main microstructural deformation mechanisms. First, the application of an

external magnetic field on virgin samples results in dipole-to-dipole interactions leading to

the formation of chain-like microstructures and the subsequent expansion of the MRE (i.e.,

increase in confined stress). Then, when switching off the external magnetic field, the dipole-

to-dipole interactions are relaxed leading to a re-accommodation of the particles within the

MRE, which present a given residual magnetization. Second, when applying a magnetic

field on pre-magnetized samples, the previously mentioned dipole-to-dipole interactions are

combined with micro-torques due to Zeeman effect [162]. These torques induce high local

deformations around the particles resulting in a stronger relaxation response. In addition, the

orientation of the residual magnetization of the particles follows the rotation of the particles

during such micro-relaxations, introducing time-varying microstructural equilibrium states.

To elaborate on this behavior, deformation tests under free boundary conditions are discussed

hereafter.

3.3.4 Shape-morphing tests

Even though the magnetorheological characterization is vital to obtain valuable information

about the modulation of the mechanical properties of hMREs, the interest in extremely soft

hMREs goes beyond the actuation on their mechanical properties [308, 309]. The geometrical

effects of these structures and their remarkable micromechanics (i.e., interplays between

the magnetic particles and the matrix) enable them to perform complex deformations via

magnetic actuation. To provide novel insights into the magnetostrictive behavior of hMREs,

this section presents free deformation tests on samples with different geometries unveiling

qualitative structural responses.

Free deformation experiments were performed to analyze local-to-structural effects (i.e.,

geometrical effects) and the influence of rate dependences on them, see Figure 3.25. Special

attention has been paid along the deformation processes to identify such local and structural

mechanisms and to establish potential links with microstructural deformations. The tests

were performed on different samples with bottom-up magnetization (see the magnetization

procedure in Figure 3.17). Figure 3.25 depicts the results according to the morphology of the

hMRE specimens and the magnetic actuation conditions. These are shown as a collection of

frames taken from the recorded videos. The time event was recorded using a CCD camera

(Alvium, Allied Vision Technologies GmbH, Germany) with 25 mm focal length lens (Ed-
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mund Optics, Germany). Furthermore, to shed light on the shape-morphing capability of

hMREs, the findings are additionally classified as microstructural and macrostructural-based

mechanisms.

First, small cylindrical samples of 4 mm diameter were prepared and tested under al-

ternating magnetic fields (oscillatory fields with amplitude of 300 mT and null bias) at

frequencies of 1 Hz and 10 Hz, see Figure 3.25.a. The small dimension of the sample allowed

the magnetic field to be homogeneous through all the specimen (the homogeneity of the field

was checked by making use of a teslameter in vacuum conditions; thus, small heterogeneities

are expected at the sample edges). When actuating on the hMRE samples at 1 Hz, two ef-

fects are observed. On the one hand, when the field starts increasing in the reverse manner,

the upper and lower edges of the specimen start twisting towards the middle plane of the

sample. On the other hand, when the field becomes large enough, macrostructural effects

become sufficiently strong to make the sample turn and align with the magnetic field. The

process starts again as the field goes in the other direction. When increasing the oscillation

frequency of the field to 10 Hz, however, weaker local deformations were observed. After-

wards, two larger structures were tested to study geometrical effects, i.e., a bending disk

with 20 mm diameter and a rectangular cantilever-shaped torsion beam (20 mm length and

5 mm width), see Figure 3.25.b. For the bending disk, the heterogeneous magnetic field

reaches maximum values in the center of the sample and a macrostructural response governs

the deformation of its peripheral regions, i.e., these outer domains tend to macroscopically

align with the central axial magnetic lines. Note that we refer as heterogeneous fields to

those generated by the coil system when its upper yoke is not used. On the contrary, ho-

mogeneous magnetic fields are those achieved with the use of the upper yoke, as done in

the previous sections for the rheological characterization. In what respect to the cantilever

beam, it performs a structural rotation via torsion along its longitudinal axis and following

the external field.

The macrostructural response of hMREs is determined by the nature of the mechanisms

that develop at the microscale, namely the magnetic interactions between the magnetic par-

ticles and the mechanical interactions between these and the carrier matrix. In this regard,

Figure 3.26 illustrates the connection between the macrostructural functional deformation

mode and the underlying microstructural mechanisms for a pre-magnetized hMRE. Three

cases are described. First, when the structure is magnetically actuated in the same direction

that it is pre-magnetized, the particles tend to align forming chain-like structures. This

mechanism produces the macrostructural expansion of the hMRE, and it relates to the re-

sults in Figure 3.24 for the confined expansion experiments under direct magnetic actuation.

Second, a perpendicular magnetic actuation with respect to the pre-magnetization leads to

macrostructural bending. At the microscale, the particles try to rotate and align its mag-

netization with the external field. The results for the bending disk and torsion beam under

free deformation in Figure 3.25.b relate to this mechanism. Finally, co-linear but reverse

magnetic actuation produces symmetric twisting of the structure. Due to the extremely

soft nature of the matrix, the particles tend to rotate and align with the external field,

introducing microstructural torques in the hMRE. Such a mechanism is observed on the

multifunctional structure in Figure 3.25.a.
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Figure 3.25: Tuning the shape-morphing behavior of hMRE samples by means of oscillatory magnetic

stimulation and different initial geometries. The deformation modes that pre-magnetized hMRE samples

undergo have been controlled by the application of harmonically-alternating magnetic fields. Low-diameter

samples (i.e., 4 mm) were tested under field stimulation at (a.left) 1 Hz and (a.right) 10 Hz. Nine frames

from recorded videos are shown for each case. In (b.left), the deformation scene of a larger (i.e., diameter

of 20 mm) unveils macrostructural deformation modes. Finally, in (b.right), an alternative beam-shaped

specimen undergoes torsion deformation.

Overall, free deformations of hMRE specimens unveil the underlying mechanisms that

govern the interaction between the elastomeric and magnetic particles phases. In Fig-

ure 3.25.a, it can be seen that, when the reverse magnetic field is applied, the upper edges

get twisted in a symmetric fashion. This suggests that the structural response is initiated at

the microstructural level by translating microscopic deformation mechanisms into synergis-

tic effect at the macroscale. We believe that such a complex morphological change unveils

microscale transmission mechanisms of the magnetic torques on the particles to the matrix

(this latter balances such mechanical actions). From a microstructural point of view, the

magnetic particles are embedded in the carrier matrix. Under the application of a magnetic

field, they can respond alternatively by: i) rotating and orientating along the direction of

the field or ii) re-magnetizing by reversion of the orientation of the magnetization. Which

phenomenon occurs is determined by the stiffness of the matrix. For soft matrices and small

magnetic fields, the particles turn after the field, and for larger fields and stiffer matrices,

they get re-magnetized [306, 310]. Figure 3.26 provides an illustration of the twisting defor-

mation mechanism governed by the transmission of torques form the particles to the matrix.
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Figure 3.26: Schematic representation of the microscopic and macroscopic magneto-mechanical deformation

mechanisms in hMREs under different magnetic actuation scenarios. (Left) Structural response under mag-

netic actuation parallel to the remanent magnetization and with the same orientation (direct actuation).

Under this condition, the particles tend to align forming chain-like structures, leading to an overall expan-

sion. (Center) Structural response under magnetic actuation perpendicular to the remanent magnetization.

Under this condition the particles try to rotate and align its magnetization with the external field. This

leads to overall bending. (Right) Structural response under magnetic actuation parallel to the remanent

magnetization and opposite orientation. Under this condition, and due to the extremely soft nature of the

matrix, the particles try to rotate and align with the external field introducing microstructural torque in the

hMRE.

Moreover, the deformation rate determines the response of the sample. When the oscillation

of the magnetic field is increased, local deformation of the sample (i.e., twist of the edges)

plays a minor role. This is so because the faster the actuation, the stiffer the sample becomes

and, therefore, the more difficult for the particles to turn and orient. Such an effect could

lead to an eventual microstructural collapse, as reported for sMREs in Section 3.2.4.

When the geometry of the samples is larger, see the bending disk and torsion beam in

Figure 3.25.b, instead of being local deformation the governing mechanisms, macrostructural

changes in the shape appear as major effect on the material. Attending to the geometry of

the specimen, the interaction between local domains of the hMRE can be tuned to achieve

different complex deformation modes. Note that this type of deformation for homogeneously

pre-magnetized samples is only achievable by means of heterogeneous magnetic fields. For

the case of the disk, bending of the outer regions occurs, and for the case of the torsion
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beam, the entire structure tends to turn 180 degrees to align with the imposed external

field. Figure 3.26 provides an illustration of the bending deformation mode. These non-

trivial deformation modes can relate to classifications reported in the literature, according

to the movements, as deflections, elongations, contractions, coiling, crawling and jumping

[234]. As a general concern, note that full saturation magnetization of the hMRE instead

of partial magnetization (i.e., according to the manufacturer, fully magnetization is reached

for a field of intensity 1600 kA/m) would yield permanent deformations larger than the ones

obtained in Figure 3.25. We accept the maximum field of 1000 mT to be large enough for

the activation of magneto-mechanical couplings and the functional application of the hMRE.
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3.4 Hybrid MREs

The great advances on both sMREs and hMREs to date pose a timely question on whether

the combination of both types of particles may optimize the multifunctional response of these

active structures. sMREs undergo remarkable stiffening under a magnetic actuation, while

hMREs perform intricate morphological changes. The macroscopic response of such hybrid

MREs is not obvious as it results from complex interactions at the microscale. Some works

in the literature provide manufacturing methodologies and some characterization data on

hybrid MREs [12, 59, 299, 307, 311, 312]. However, a comprehensive characterization of the

magneto-mechanical behavior of these materials and its dependency on the particle content

is still missing. Consequently, further experimental works are required to determine how

the relative mixing ratio between soft- and hard-particles modulates, in a combined fashion,

both material property changes and shape actuation modes.

This section extends the rheological characterization methodology to hybrid MREs to

demonstrate that hybrid MREs combining both soft- and hard-magnetic particles exhibit

both functional behaviors. In other words, the goal is to modulate the individual features

of sMREs and hMREs within a hybrid sample. Moreover, the results show that the choice

of an adequate mixing ratio between soft- and hard-magnetic particles allows to optimize

the magneto-mechanical performance of MREs. In addition, the use of an extremely soft

elastomeric matrix allows the activation of such couplings even with very low magnetic fields.

3.4.1 Materials and synthesis

Ultra-soft hybrid MREs are manufactured combining three components: an elastomeric ma-

trix, soft-magnetic particles and hard-magnetic particles. The volume ratio between both

types of particles (soft-to-hard-magnetic particles volume ratio in the following) is modified

according to the values of 1:0, 2:1, 1:1, 1:2 and 0:1. The total amount of magnetic particles,

however, is fixed at 30 % volume ratio for all the samples. Table 3.8 summarizes the man-

ufacturing conditions of the MREs. The soft-magnetic particles consist of soft SQ carbonyl

iron powder (CIP) (BASF, Germany). The hard-magnetic particles consist of NdFeB powder

(MQP-S-11-9-grade powder, Neo Materials Technology Inc., Greenwood Village, Colorado,

United States). Both types of particles are spherical-shaped, but they differ in size. While

the CIP has a mean diameter of 3.9 - 5 µm, NdFeB particles are larger with a mean diameter

of 35 - 55 µm. For the matrix, an extremely soft elastomer Dowsil CY52-276 (DowSil, Mid-

land, MI, USA) (PDMS with stiffness below 10 kPa) is used. In the previous sections, such

soft matrices have been shown to be ideal to activate the magneto-mechanical response with

small magnetic fields. To initiate the crosslinking, the two elastomeric phases are mixed at

the ratio 1:1. Figure 3.27 shows the steps followed to manufacture the samples. Note that

the initial blend is pre-heated to prevent the sedimentation of the NdFeB powder. A final

step allows for the pre-magnetization of the specimens, defining virgin and pre-magnetized

states as for hMREs in the previous section.
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Table 3.8: Manufacturing conditions of the hybrid MRE samples depending on the soft-to-hard-magnetic

particles volume ratio.

Soft-hard

particles ratio [-]
αsoft-mag [vol.%] αhard-mag [vol.%] αtotal [vol.%]

1:0 30 0

30

2:1 20 10

1:1 15 15

1:2 20 10

0:1 0 30

Figure 3.27: Scheme of the synthesis process of the hybrid MREs. The manufacturing process is composed

of: (1) mixing of the components; (2) curing in oven; (3) die-cutting 1 mm height and 20 mm diameter

geometries; (4) pre-magnetization of specimens with homogeneous magnetic fields.

The micrograph for the resulting virgin hybrid MRE is shown in Figure 3.28.

Figure 3.28: Field emission scanning electron microscopy (FESEM) images of the microstructural arrange-

ment before magnetic actuation of hybrid MREs for a particles content of 30 vol.%.
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3.4.2 Magneto-mechanical characterization under shear loading

To explore the material behavior along the magnetization process, constant oscillatory tests

and frequency sweeps were performed under magnetic fields of 0 mT, 200 mT, 500 mT and

1000 mT on both virgin and pre-magnetized samples. Overall, the same methodology as for

hMREs is applied here.

Constant oscillatory shear

A first array of experiments was designed for an angular amplitude of 0.05 rad. The angular

velocity of the oscillations was chosen as 2 rad s−1. Figures 3.29.a,b,c show hysteresis loops

of the evolution of the shear stress with respect to the shear strain. In addition, Figure 3.29.d

synthesizes the results as plots of the maximum shear stress against the external magnetic

field. It compares the response for all the soft-to-hard-magnetic mixing ratios (including the

extreme cases of pure soft- and hard-magnetic MREs) and for virgin and pre-magnetized

samples. These results indicate that the magnetorheological stiffening increases with the

amount of soft-magnetic particles. While maximum stresses of 26 kPa are reached in sMREs

under 1000 mT, only a maximum of 5 kPa is reached in hMREs. In this regard, hybrid

MREs stand in the middle with values of 21, 15 and 13 kPa for mixing ratios of 2:1, 1:1 and

1:2, respectively.
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Figure 3.29: Experimental characterization of the magnetorheological and magnetic remanence effects de-

pending on the mixing ratio between soft- and hard-magnetic particles on hybrid MREs. Results from

constant oscillatory shear loops for particles mixing ratios of (a) 2:1, (b) 1:1 and (c) 1:2. The total amount

of particles is 30 vol.%. The experiments are performed on both virgin and pre-magnetized samples (i.e.,

previously exposed to 1000 mT axial magnetic field). (d) Maximum shear stress of the hysteresis loops as a

function of the magnetic field and for the same particles mixing ratios. The solid lines denote experimental

results on virgin samples and dashed lines denote experimental results on pre-magnetized samples.

Dynamic mechanical analysis (DMA) under shear loading

As for sMREs and hMREs, frequency sweep tests under shear loading and different external

magnetic conditions provide insights into the rate-dependent behavior of hybrid MREs.

For all soft-to-hard-magnetic particles volume ratios, Figures 3.30 and 3.31 provide the

evolution of the shear storage modulus (G′), shear loss modulus (G′′) and loss factor (tan δ)

for magnetic magnetic actuations of 0 mT, 200 mT, 500 mT, and 1000 mT. All samples,

irrespective of the particles mixing ratio or magnetic field applied, show a stiffening response

with the strain-rate (i.e., frequency here) due to the viscoelastic nature of the elastomeric

matrix. In addition, all samples present a clear magnetorheological stiffening with the applied

magnetic field. This effect, together with the effect of the magnetic remanence due to the

hard-magnetic particles, is analyzed in-detail in the following paragraphs, where an intricate

synergistic effect between both types of particles is to be uncovered.
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Figure 3.30: Experimental results for the frequency sweeps of hybrid MREs under shear mode. Curves for the

storage modulus (G′), loss modulus (G′′) and loss factor (tan δ) for soft-to-hard-magnetic particles mixing

ratios of (a) 2:1, (b) 1:1 and (c) 1:2. The total amount of magnetic particles is 30 vol.%. The experiments

are performed on both virgin and pre-magnetized samples under magnetic actuation of (a-c.1) 0 mT and

(a-c.2) 200 mT.
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Figure 3.31: Experimental results for the frequency sweeps of hybrid MREs under shear mode. Curves for the

storage modulus (G′), loss modulus (G′′) and loss factor (tan δ) for soft-to-hard-magnetic particles mixing

ratios of (a) 2:1, (b) 1:1 and (c) 1:2. The total amount of magnetic particles is 30 vol.%. The experiments

are performed on both virgin and pre-magnetized samples under magnetic actuation of (a-c.1) 500 mT and

(a-c.2) 1000 mT.
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The magnetorheological effect is an insightful parameter to understand the results. Fig-

ure 3.32.a collects these data in the form of barplots for the different soft-to-hard-magnetic

particles volume ratios and external magnetic actuations. As expected, sMREs present much

higher effects than hMREs due to the higher relative magnetic permeability and the sub-

sequent more intense particle magnetic interactions. However, surprisingly, the maximum

magnetorheological effect is found for a soft-to-hard particles ratio of 1:1. These results

suggest that the combination of soft- and hard-magnetic particles enhances the effective

magnetic field within an MRE and increases the magnitude of the dipole-to-dipole magnetic

interactions. In this regard, the reader may note that internal forces between particles not

only depend on their magnetization (higher in the soft particles) but also on their volume

(larger for the hard particles).

Moreover, the results for null magnetic actuation on virgin (solid lines) and pre-

magnetized (dashed lines) hybrid MREs in Figures 3.30 and 3.31 unveil remarkable

differences in terms of storage and loss moduli between virgin and pre-magnetized samples.

To elaborate on this, the magnetic remanence effect, understood as the magnetorheological

stiffening sustained after removing the magnetic field, is demonstrated in Figure 3.32.b.

As expected, pure sMREs do not present any remanence effect due to the low magnetic

coercivity of the soft-magnetic particles. One would expect such a remanence effect to be

maximum for pure hMREs. However, the results indicate that the maximum corresponds

to hybrid MREs with a mixing ratio of 1:2. This observation can be explained by the in-

teraction between soft- and hard-magnetic particles during and after the pre-magnetization

processes. In this regard, during the pre-magnetization, the externally applied field of

1000 mT is internally amplified by the soft-magnetic particles, favored by their high

relative magnetic permeability (30 times higher than in hard-magnetic particles). Such an

amplified magnetic field promotes a higher remanent magnetization in the hard-magnetic

particles. Moreover, when the external field is switched off, the hard particles sustain

residual magnetization. Due to dipole-to-dipole interactions, this magnetization influences

the surrounding soft particles forming magnetic bridges.11 The magnetic field generated by

the hard particles is amplified by the soft ones, thus enhancing the interactions between

particles at the microscale. These interactions create a higher resistance of the composite to

deform, resulting in a remanent stiffening effect. Consequently, mixing soft-hard particles

optimizes the magneto-mechanical coupling.

11Note that the magnetic bridges created by the soft-magnetic particles surrounding the hard-magnetic

ones will be addressed later in the numerical application of hybrid MREs to design versatile soft actuators

with capabilities to enhance their mechanical properties and perform complex shape changes at the same

time.
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Figure 3.32: Magnetorheological effect and magnetic remanence effect as a function of the soft-to-hard-

magnetic particles ratio and external magnetic actuation. (a) Magnetorheological effect, i.e., ratio between

the storage shear moduli under magnetic actuation and under null magnetic actuation, for hybrid MREs

with soft-to-hard-magnetic particles’ mixing ratios of 1:0, 2:1, 1:1, 1:2, 0:1 and external magnetic fields of

0 mT, 200 mT, 500 mT and 1000 mT. (b) Magnetic remanence effect, i.e., difference between the storage

shear moduli of pre-magnetized and virgin samples, for the same hybrid MREs and magnetic conditions.

3.4.3 Mechanically confined tests under magnetic actuation

Under the application of an external magnetic field, MREs respond mechanically by deform-

ing and/or changing their mechanical and rheological properties. This behavior is the result

of balancing the pure mechanical stresses and magnetically induced stresses within the sam-

ple. On the one hand, pure mechanical stresses are related to the passive deformation of the

material and the mechanical properties of both elastomeric matrix and particles. They can

be easily measured by a traditional experimental testing. On the other hand, magnetically

induced stresses relate to magnetic particle interactions at the microstructural level. Such

interactions result in attractive and repulsive forces that contribute to macroscopic defor-

mations. Although these interactions are difficult to analyze experimentally, we evaluate

them from the macroscopic magnetic stress induced in the MRE samples. This stress state

is an excellent indicator of the physics governing internal processes as it is the direct result

of microstructural interplays within the composite.

To conduct the experiments, the magneto-mechanical rheometer was used according to

the methodology previously described for hMREs with mechanically confined conditions.

The magnetic actuation leads to particles interactions within the sample that produce a

macroscopic confined expansion. The system measures the axial force due to the unique

contribution of magnetic stresses. The tests were first conducted on virgin samples applying

magnetic ramps of 20 mT s−1 until reaching 1000 mT, then keeping the field constant for

75 s. Afterwards, the field was turned off for 75 s. The results are collected in Figure 3.33.(a-

c).1 for the different hybrid MREs tested. The same tests were performed on pre-magnetized
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samples until reaching 500 mT and under two different actuation modes: i) direct actuation,

i.e., applying the magnetic field in the same direction as the pre-magnetization; and ii) reverse

actuation, i.e., applying the magnetic field in the opposite direction to the pre-magnetization.

Figures 3.33.(a-c).2 show the results for the different hybrid MREs tested. Note that these

results are the counterparts of those for pure sMREs and hMREs in Figures 3.13 and 3.24,

respectively.

The magnetic stress is modulated by the soft-to-hard-magnetic particles’ mixing ratio.

The response of sMREs is found to be independent of the direction of the applied magnetic

field, and shows strong magnetically induced stresses. This can be explained by their low

magnetic coercivity, which allows them to magnetize in the direction of the applied magnetic

field without sustaining significant remanent fields. The larger stresses with respect to hybrid

and hMREs may be explained by the higher magnetic permeability of soft-magnetic particles

that enhances particle interactions. On the contrary, hMREs show lower induced stresses

but their overall response highly differs for direct to reverse actuations. This is explained

by the residual magnetization of the hard particles. Under a direct actuation, they tend to

form chain-like structures leading to the expansion of the sample. For a reverse actuation,

however, they tend to rotate and compress the sample. Regarding the response of hybrid

MREs, it seems clear that the presence of soft particles is the main modulator under these

conditions, tending all these samples to expand irrespective of the actuation mode (direct

or reverse). In addition, the maximum stresses induced directly correlate with the amount

of soft particles, i.e., 22 kPa, 18 kPa and 15 kPa for mixing ratios of 2:1, 1:1 and 1:2,

respectively. Under confined conditions, the effect of the hard particles in the hybrid MREs

can be noted by a jump in the maximum stresses for direct and reverse actuation modes.
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Figure 3.33: Macrostructural evaluation of microstructural magneto-mechanical interactions on hybrid

MREs. Time evolution of the axial stress (Piola stress) exerted by mechanically confined samples on the

upper plate of the rheometer for multiple soft-to-hard-magnetic particles mixing ratios of (a) 2:1, (b) 1:1,

(c) 1:2. The experiments are conducted on virgin and pre-magnetized samples. The magnetic field on virgin

samples is applied until reaching a maximum of 1000 mT, then kept constant for 75 s and finally switched off.

On the pre-magnetized samples, the experiments include direct and reverse magnetic actuations following

the same procedure but limiting the actuating magnetic field up to 500 mT.
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3.5 Discussion

This chapter has provided a comprehensive characterization of sMREs, hMREs and, even-

tually, hybrid MREs combining soft- and hard-magnetic particles. On the one hand, DMA

results for sMREs uncover a remarkable MR effect up to 200 in compression mode, and up

to 15 under shear loading. Moreover, mechanically confined tests under magnetic actuation

reveal that the microstructure may reach alternative particle-rearrangement states depend-

ing on the rate of the magnetic loading. In addition, the stiffness of the matrix has been

shown to be a crucial design factor to tune the effective mechanical behavior of ultra-soft

MREs. The combination of macroscopic and microscopic characterization techniques allows

to isolate the deformation resistance due to the matrix deformation and due to the magnetic

interactions. In this regard, the use of an elastomeric matrix with negligible strain hardening

(see Figures 3.16.a and A.1.a) leads to constant stiffness measurements via nanoindentation

under different magnetic field conditions. However, the macroscopic stiffness measured by

rheological tests shows a significant increase, suggesting a strong influence of the magnetic

microstructural interactions. On the other hand, hMREs present a MR effect in shear defor-

mation mode five times smaller. However, they are able to retain the MR effect in the absence

of magnetic actuation and to perform functional morphological changes, e.g., bending and

twisting. Finally, hybrid MREs combine the features of sMREs and hMREs in a single mate-

rial. The hybrid magnetic powder not only enables the composite to provide both functional

responses (magnetorheological and magnetostriction effects), but also to outdo the perfor-

mance of pure sMREs and hMREs, as shown in Figure 3.32. Synergistic effects enhance the

MR effect above pure sMREs and the remanence effect above pure hMREs.

Even though the experimental results suggest interesting synergistic effects and complex

interactions between soft- and hard-magnetic particles at the microscale, the study is re-

stricted to overall structural observations. In this respect, in silico approaches would help

unveil the microstructural mechanisms and provide guidance for the design of functional

applications based on MREs. Hereafter such a theoretical-numerical approach is addressed.

The following chapter provides the constitutive framework to model sMREs, hMREs and

hybrid MREs. The constitutive models must consider the coupled effects of soft- and hard-

magnetic particles and properly adjust to both microstructural and macrostructural scopes.





4Modeling

This chapter addresses the constitutive framework for sMREs, hMREs and hybrid MREs,

from the microscale to the macroscale. On the one hand, a material law for sMREs is

introduced and particularized for each of the phases. The model encompasses the coupled

magneto-mechanical physics based on the interactions between the highly stretchable matrix

and the highly magnetizable soft-magnetic particles. Then, the model is extended to include

the effect of remanent magnetization in hMREs. Hybrid MREs inherit a model that results

from a combination of the former ones. Finally, a multi-scale homogenization transition

scheme permits to transfer microscopic details of the MRE composition to the macroscopic

scale. On the other hand, two macroscopic models allow to mimic the behavior of sMREs

and hMREs from a continuum point of view. Note that the models are related to the

numerical applications developed in the following chapter.12 The first one reproduces the

magneto-mechanical sMRE substrate designed for the stimulation of biological matter. The

second one addresses for the first time the fracture mechanics of MREs, namely the fracture

performance of hMREs with remanent magnetic fields. To this end, it combines the multi-

physics framework with a phase-field approach to model cracks propagation. The well-

posedness of the model is guaranteed through its thermodynamic derivation.

4.1 Microscopic modeling

The structural response of MREs is the outcome of microstructural interactions between

the soft- and hard-magnetic particles and the carrier matrix. In order to encompass such

interplays and, eventually, to obtain the homogenized material response, a constitutive de-

scription of each phase (i.e., matrix, soft-magnetic and hard-magnetic particles) is necessary.

12The constitutive models within this chapter are to be implemented in ad-hoc numerical frameworks

(FE Boundary Value Problems). These numerical models will help understand and develop the applications

presented in the next chapter. These applications comprise: i) the sMRE substrate to stimulate biological

matter (i.e., deform and align cell cultures by the transmission of complex strain patterns from the substrate

to the culture) in further Section 5.1 and ii) the conceptualization of hMREs with remanent magnetic fields

as extremely tough materials with enhanced fracture performance, in Section 5.2. In addition, iii) the

combination of both enables hybrid MREs with superior magneto-rheological stiffening and shape-morphing

capability in Section 5.3. The values for all the model parameters will be provided in such sections.
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4.1.1 Constitutive formulation for soft-magnetic MREs

Kinematics and balance laws

The constitutive framework is formulated considering finite deformations due to the ability

of the MREs used in this work to undergo large strains. A deformation map x = φ(X)

links the continuum coordinates in the reference or material configuration X ∈ Ω0 with the

deformed or spatial configuration x ∈ Ω. Therefore, the displacement field is defined as

u = φ(X)−X. The gradient of this primary field yields the deformation gradient as

F = ∇0φ = ∇0u+ I, J := detF ≥ 0, (4.1)

where ∇0 is the gradient operator with respect to the reference configuration and I is the

second-order identity tensor. Alternatively, one may use rotation-free strain tensors, namely

the left and right Cauchy-Green tensors, respectively

b := F · FT, C := FT · F. (4.2)

The conjugate fields P and σ are the Piola and Cauchy stress tensors, respectively

referred to the reference and current configurations. These are related according to

σ = J−1P · FT. (4.3)

The magnetic problem incorporates three main additional variables. These are the mag-

netic field intensity H, the magnetization M and the magnetic induction B in the reference

configuration, and their counterparts h, m and b in the current configuration. Let us relate

the variables in both configurations by

h = F−T ·H, b = J−1F · B. (4.4)

The magnetic vectors are related through the standard constitutive relation

b = µ0 [h+m] . (4.5)

Alternatively, Equation 4.5 can be written in the spatial configuration

B = Jµ0C
−1 [H+M] . (4.6)

The field equation for the mechanical displacement, neglecting inertial terms and external

body forces, is

∇0 ·P = 0. (4.7)

For the magnetic problem, the Maxwell equations for the magnetostatic case state that

∇0 ×H = 0, ∇0 · B = 0. (4.8)

Note that 4.81 is automatically satisfied when H is derived from a magnetic scalar po-

tential field ϕ as

H = −∇0 ϕ, inΩ0. (4.9)
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Considering isothermal conditions, we define an energy density function that depends

on the deformation gradient F and the magnetic field H as Ψ (F,H). The second law of

thermodynamics in the form of Clausius-Duhem inequality becomes

P : Ḟ− B · Ḣ− ∂Ψ

∂F
: Ḟ− ∂Ψ

∂H
· Ḣ ≥ 0, (4.10)

The constitutive equations can be consistently derived, applying the Coleman-Noll frame-

work as

P =
∂Ψ

∂F
− pF−T, B = −∂Ψ

∂H
. (4.11)

where the term −pF−T has been included to impose incompressibility, with p the Lagrange

multiplier associated to the pressure.

Constitutive equations

The constitutive behavior at a local point, for the matrix and the particles, is defined by

the energy density function Ψ to account for mechanical and magnetic responses. Following

standard knowledge of such materials, we consider both the polymer matrix and particle

phases as incompressible13. Here, the energy density is decomposed into three contributions,

i.e., the mechanical energy, Maxwell energy and magnetization energy as

Ψ (F,H) = Ψmech (F) + Ψmaxw (F,H) + Ψmag (F,H) . (4.12)

Let us define the mechanical energetic contributions following a Generalized neo-Hookean

formulation as

Ψmech (F) =
G

2b

[︃[︃
1 +

b

n
[I1 − 3]

]︃n
− 1

]︃
, (4.13)

with I1 = tr
(︁
F · FT

)︁
and G the small strain shear modulus of the considered phase and b

and n material parameters. From this energetic definition, the mechanical part of the Piola

stress tensor can be derived as

Pmech (F, p) =
∂Ψmech

∂F
− pF−T, (4.14)

where the term arising from incompressibility (addressed later in Section 4.1.4) has been

incorporated into this definition. Regarding the magnetic contributions, the background

Maxwell energy in its standard expression for the material configuration reads as

Ψmaxw (F,H) = −µ0

2
I5, (4.15)

where I5 =
[︁
F−T ·H

]︁
·
[︁
F−T ·H

]︁
and the term J has been removed due to the incompress-

ibility assumption. Moreover, let us define the magnetization by the hyperbolic tangent

13In reality, the particles exhibit a finite bulk modulus. Nonetheless, given their very large stiffness

compared to that of the polymer, the effect of the actual value of the bulk modulus is of little importance

provided that it is much larger than that of the matrix as is their shear modulus. This simplifies the numerical

implementations.
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type magnetization relation. The magnetic energy density function reads, in the reference

configuration, as

Ψmag (F,H) = −µ0

[︃
m2

s

χe

ln

(︃
cosh

(︃
χe

ms

√︁
I5

)︃)︃]︃
. (4.16)

Here, χe is the magnetic susceptibility and ms is the magnetic saturation of the magneti-

zation curve of the corresponding phase, with χe = 0 for the non-magnetic matrix. Moreover,

for the particles µ0ms = 2.5 T. See Figure A.7 for the magnetic behavior of the soft- and

hard-magnetic particles.

Then, the definition of the total Piola stress can be derived from the total energy density

by adding the magnetic components to the mechanical one, i.e.,

P (F,H, p) =
∂Ψ

∂F
− pF−T = (4.17)

= GF

[︃
1 +

b

n
[I1 − 3]

]︃n−1

− pF−T − µ0

2

∂I5
∂F

− µ0
ms

2
√
I5

tanh

(︃
χe

ms

√︁
I5

)︃
∂I5
∂F

,

with ∂I5
∂F

= −2
[︁
F−T ·H

]︁
⊗
[︁
[H · F−1] · F−T

]︁
. Note that in Equation (4.17) the terms of the

partial derivatives arising form Maxwell and magnetization energy density functions appear,

leading to magnetically induced forces.

Remark. The choice of the energy functions leads to an uncoupled magneto-mechanical

response for each phase, i.e., the matrix and the particles (see a more detailed discussion

in [175, 184]). The resulting magneto-mechanical coupling is an outcome of the complex

interactions between the particles and their rearrangements subject to the mechanical con-

straints imposed by the surrounding matrix phase. The Maxwell energy in the otherwise

non-magnetic matrix phase serves to describe the background magnetic energy due to the

presence of a non-zero magnetic permeability, that of vacuum.

In a similar fashion and making use of Equation (4.11), the resulting definition of the

magnetic flux as a function of the magnetic field yields into

B (F,H) = −∂Ψ

∂H
= µ0

[︃
1 +

ms√
I5

tanh

(︃
χe

ms

√︁
I5

)︃]︃
F−1 ·

[︁
F−T ·H

]︁
, (4.18)

where it can be differentiated the addition of the linear term proportional to the magnetic

field vector (Maxwell) and a magnetization term described as a hyperbolic tangent profile.

The resulting Eulerian magnetization function reads as

m (h) = ms tanh

(︃
χe

ms

|h|
)︃
h

|h|
, (4.19)

where |h| represents the magnitude of the Eulerian magnetic field vector h.

Remark. Setting χe = 0 in Equation 4.18 to recover a non-magnetic material (e.g. the

polymer incompressible matrix phase), B yields

B (F,H) = µ0F
−1 ·

[︁
F−T ·H

]︁
, (4.20)

or simply b = µ0h by use of 4.4. This implies that the magnetization is m = 0 in that case.
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4.1.2 Constitutive formulation for hard-magnetic MREs

For the conceptualization of the model for hMREs, the formulation proposed in the previ-

ous Section 4.1.1 is extended to encompass the magnetic remanence of the particles. The

model is postulated according to a non-dissipative simplification of the framework reported

by Rambausek et al. [166]. A single total energy density function Ψ describes the magneto-

mechanical constitutive behavior of both the matrix and magnetic fillers at the microstruc-

tural level.

Kinematics and balance laws

The deformation gradient and stress tensors are defined according to Equation 4.1 and 4.3.

The magnetic problem is formulated on a primary scalar potential field ϕ. Let us define the

magnetic field vector H as

H = −∇0ϕ = He +Hr. (4.21)

Unlike sMREs, here the magnetic field is split into an energetic contribution He due to

the magnetic susceptibility of the medium and a remanent contribution Hr related to the

permanent magnetization of the hMRE [164]. The last one is prescribed as a constant vector

to capture the permanent magnetization of the medium. For the calibration procedure of

the residual magnetization from experimental evidence, the reader can consult Section A.2.2.

Moreover, the model for hMREs recalls the standard constitutive equation for the magnetic

fields in Equation 4.6. The field equations are Equation 4.7 and Equation 4.8.

Constitutive equations

As for the model for sMREs, given the nearly incompressible nature of the polymeric matrix,

and the larger stiffness of the magnetic particles with respect to the matrix, both phases are

considered fully incompressible. The energy function is based on three contributions, i.e.,

mechanical, Maxwell and magnetization energies, according to

Ψ (F,H) = Ψmech (F) + Ψmaxw (F,H) + Ψmag (F,H) . (4.22)

For the description of the elastic energetic contribution, the Generalized neo-Hookean

formulation is chosen

Ψmech (F) =
G

2b

[︃[︃
1 +

b

n
[I1 − 3]

]︃n
− 1

]︃
, (4.23)

with I1 = tr
(︁
F · FT

)︁
and G the small strain shear modulus of the considered phase and b

and n material parameters.

With respect to the magnetic contributions, the Maxwell energy describes the back-

ground magnetic energy due to the non-zero magnetic permeability of the vacuum as

Ψmaxw (F,H) = −µ0

2
Ie5, (4.24)
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with the energetic magnetic invariant14 defined as

Ie5 = h · h =
[︁
F−T ·H

]︁
·
[︁
F−T ·H

]︁
. (4.25)

The contribution of the magnetizable media is additively decomposed in an energetic

term Ψmag,e and a remanent contribution Ψmag,r as

Ψmag (F,H) = Ψmag,e +Ψmag,r = −µ0

[︃
m2

s

χe

ln

(︃
cosh

(︃
χe

ms

√︁
Ie5

)︃)︃]︃
+ µ0 [1 + χe] I

er
5 +

µ0

2χr

Ir5,

(4.26)

where χe and χr are the energetic and remanent magnetic susceptibilities, respectively, and

ms is the magnetic saturation of the magnetization curve of the corresponding phase.

Remark. The last term of Equation 4.26 vanishes when differentiating with respect to F

and H. It would be necessary to define a dissipative magnetic response (i.e., evolution of Hr

as an internal variable) to get the contribution of this term. In this work, we take the residual

magnetization constant and, therefore, such an energetic term is negligible. Consequently,

the parameter χr does not affect the simulations.

Ier5 is the magnetic invariant reported in [164]. It accounts for the energetic and remanent

magnetic fields in the Eulerian configuration of the medium and it is defined as

Ier5 = h · hr = H ·C−1/2 ·Hr. (4.27)

Finally, the invariant Ir5 only considers the remanent field, reading as

Ir5 = hr · hr = Hr ·Hr. (4.28)

The Piola stress tensor can be derived from the total energy potential and the incom-

pressibility condition as

P (F,H, p) =
∂Ψ

∂F
− pF−T = Pmech +Pmaxw +Pmag,e +Pmag,r = (4.29)

= GF

[︃
1 +

b

n
[I1 − 3]

]︃n−1

− pF−T − µ0

2

∂Ie5
∂F

− µ0
ms

2
√︁

Ie5
tanh

(︃
χe

ms

√︁
Ie5

)︃
∂Ie5
∂F

+ µ0 [1 + χe]
∂Ier5
∂C

:
∂C

∂F
,

with
∂Ie5
∂F

= −2
[︁
F−T ·H

]︁
⊗
[︁
[H · F−1] · F−T

]︁
.

The variable p in the term −pF−T is the Lagrange multiplier that accounts for the

incompressibility condition.

14The superscript “e” means that the invariant depends only on the energetic magnetic field h, and not

on the remanent contribution hr.
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In turn, the derivative of Ier5 [164] reads as

∂Ier5
∂C

= − 4

∆

[︂
IU1 C

1/2 sym (H⊗Hr)C
1/2 −

(︁
IU1
)︁2 [︁

C1/2 sym (H⊗Hr) + sym (H⊗Hr)C
1/2
]︁
+[︁

IU1 I
U
2 − IU3

]︁ [︁
C1/2 sym (H⊗Hr)C

−1/2 +C−1/2 sym (H⊗Hr)C
1/2
]︁
+
[︂(︁
IU1
)︁3

+ IU3

]︂
sym (H⊗Hr)−(︁

IU1
)︁2

IU2
[︁
sym (H⊗Hr)C

−1/2 +C−1/2 sym (H⊗Hr)
]︁
+[︂(︁

IU1
)︁2

IU3 +
[︁
IU1 I

U
2 − IU3

]︁
IU2

]︂
C−1/2 sym (H⊗Hr)C

−1/2
]︂
,

(4.30)

and ∆ = 8
[︁
IU1 I

U
2 − IU3

]︁
IU3 . Note that IU1 , I

U
2 and IU3 are the three principal invariants of

U = C1/2.

Likewise, the magnetic induction is obtained from the energy density function as

B (F,H) = −∂Ψ

∂H
= µ0

[︄
1 +

ms√︁
Ie5

tanh

(︃
χe

ms

√︁
Ie5

)︃]︄
F−1 · F−T ·H− µ0 [1 + χe]HrC

−1/2.

(4.31)

Remark. In the above expression, one can read the contribution of a linear term propor-

tional to the magnetic intensity vector (background Maxwell contribution) and a term due

to the magnetization of the medium by the hyperbolic tangent profile. Note that the rema-

nent magnetic field vector Hr is imposed as a constant within the hard-magnetic particles.

It can be straightforwardly understood that the prescription of Hr leads to a permanent

magnetization with opposite sign.

4.1.3 Constitutive formulation for hybrid MREs

The constitutive model for hybrid MREs is straightforwardly formulated from the model for

hMREs in the previous Section 4.1.2. To this end, the energy functions need to be defined

for an additional domain, i.e., the soft-magnetic particles. In total, three domains stand

for the microstructure (i.e., matrix, soft-magnetic particles and hard-magnetic particles. In

this case, soft- and hard-magnetic particles have different magnetic properties. Moreover,

the remanent magnetic field (Hr) is prescribed only on the hard-magnetic particles (see

Section A.2.2 for the calibration procedure of the residual magnetization from experimental

evidence).

4.1.4 Homogenization fundamentals

The homogenization framework solves the magneto-mechanical equilibrium at the microscale

and homogenizes the results to macroscale variables. To this end, the RVE is created to be

periodic at the boundaries of the domain Ω0. However, inside the domain the arrangement

of the phases is random. This idealizes a infinite random arrangement of particles by a

repetition of the RVE.

The primary variables of the homogenization problem are the microscopic displacement

field u(X) and the microscopic magnetic potential field ϕ(X), which yield into the definition
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of the microscopic deformation gradient F(X) = I+∇0u(X) and the microscopic magnetic

field H(X) = −∇0 ϕ(X). Let us define the macroscopic deformation gradient F and the

macroscopic magnetic field H as the volume average of the microscopic counterparts as

F =
1

|Ω0|

∫︂
Ω0

F(X) dΩ0, H =
1

|Ω0|

∫︂
Ω0

H(X) dΩ0, (4.32)

respectively.

The microscopic (local) displacement vector u(X) and magnetic scalar potential ϕ(X)

are additively decomposed into a linear contribution (macroscopic) and a higher order con-

tribution (microscopic fluctuation) as

u(X) =
[︁
F− I

]︁
·X+ ˜︁u(X) and ϕ(X) = −H ·X+ ˜︁ϕ(X), ∀ X ∈ Ω0, (4.33)

with ˜︁u(X) and ˜︁ϕ(X) the fluctuation fields. Note that the average of the fluctuation fields

over the RVE domain Ω0 must vanish to satisfy (4.32). This requirement is automatically

fulfilled with the imposition of periodic fluctuation fields on the boundaries of Ω0.

Given the constitutive equations of the different phases and the local incompressibility

constraint, the admissible sets of solution spaces K and G for u and ϕ are, respectively,

K(F) =
{︁
F = I+∇0u, detF = 1,u = (F− I) ·X+ ˜︁u, ˜︁u periodic in Ω0

}︁
, (4.34)

G(H) =
{︁
H = −∇0 ϕ, ϕ = −H ·X+ ˜︁ϕ, ˜︁ϕ periodic in Ω0

}︁
. (4.35)

Here, the fluctuation fields ˜︁u(X) and ˜︁ϕ(X) are the unknowns of the problem.

After imposing the incompressibility condition by a Lagrange multiplier p, the following

homogenized energy potential W is posed for the homogenization problem

W(F,H, p) = inf
u∈K(F)

sup
ϕ∈G(H)

sup
p

[︃
1

|Ω0|

∫︂
Ω0

[Ψ (F,H,X)− p [detF− 1]] dΩ0

]︃
. (4.36)

The balance equations of the homogenization problem are obtained by optimization of

the homogenized potential energy W in Equation (4.36). In the absence of body forces and

under periodic boundary conditions, they result in

∂W

∂˜︁u = ∇0 ·P (F,H, p,X) = 0,

∂W

∂˜︁ϕ = ∇0 · B (F,H,X) = 0,

∂W

∂p
= detF− 1 = 0.

(4.37)

Remark. The proposed computational framework enables controlling mixed boundary con-

ditions by means of macroscopic mechanical stress/strain and magnetic induction/intensity

in the current or reference configurations. This means controlling either the independent

macroscopic (average) fields (F
app

,Happ
), and the conjugate macroscopic fields (P

app
,Bapp

),

or a combination of them by imposing certain components of the primary fields and certain

components of the conjugate fields. It is important to note that the macroscopic magnetic
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induction to be prescribed as boundary conditions (BCs) of the homogenization problem

contains both the energetic and remanent contributions according to Equation 4.31. An

alternative approach is to prescribe just the energetic part of the magnetic induction Be.

Results illustrating this last approach are shown in a following section.

Remark. The average Maxwell (magnetic) stresses are automatically equilibrated by impos-

ing continuity of the magnetic fields in neighboring RVEs. Thus, only the average Maxwell

stress contribution needs to be neglected at the macroscopic boundary conditions.

When one controls the conjugate fields P and B, the average potential energy for the

RVE is defined as

P(F,H) = W(F,H)−P
app ·

[︁
F− I

]︁
−H · Bapp

. (4.38)

In Equation (4.38) the first term stands for the internal energy and the two last terms, for

the work of the external “force” loads. These last terms vanish if the primary fields F and

H are prescribed instead. Note that P
app

refers to the stress including both mechanical and

magnetization average stresses applied (not the Maxwell component). If a combination of

components of the primary and conjugate average fields is imposed, the potential energy

P needs to be amended accordingly just for such components. To prescribe such loading

conditions on the conjugate macroscopic fields, it is necessary to additionally fulfill

∂P

∂F
=

∫︂
Ω0

P (F, p,X) dΩ0 −P
app

= 0,

∂P

∂H
=

∫︂
Ω0

B (F,H,X) dΩ0 − Bapp
= 0,

(4.39)

which are derived from (4.38).

To solve the non-linear equilibrium state, Equations (4.37), (4.39) are formulated in their

integral weak form to be solved in the discretized Ω0 domain. A Newton-Raphson scheme

implemented in the open source code FEniCS is used to solve the non-linear problem under

the prescribed boundary conditions. To enhance the convergence, the loading conditions are

progressively applied via a time discretization.

Hereafter, it follows a list of specific BCs to be imposed for ad-hoc actuation modes:

• Mechanical uniaxial compression:

F(t) =

⎡⎢⎣∗ ∗ ∗
0 ∗ ∗
0 0 1 + ∆Fendt/tend

⎤⎥⎦ , Pmech(t) =

⎡⎢⎣0 0 0

∗ 0 0

∗ ∗ ∗

⎤⎥⎦ . (4.40)

• Mechanical compression relaxation test:

B(t) =

⎧⎪⎨⎪⎩
0

0

bendt/tramp

⎫⎪⎬⎪⎭ , Pmech(t) =

⎡⎢⎣0 0 0

∗ 0 0

∗ ∗ 0

⎤⎥⎦ , F(t) =

⎡⎢⎣∗ ∗ ∗
0 ∗ ∗
0 0 ∗

⎤⎥⎦ . (4.41)
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• Magnetostriction test (free deformation):

B(t) =

⎧⎪⎨⎪⎩
0

0

bendt/tramp

⎫⎪⎬⎪⎭ , Pmech(t) =

⎡⎢⎣0 0 0

∗ 0 0

∗ ∗ 0

⎤⎥⎦ , F(t) =

⎡⎢⎣∗ ∗ ∗
0 ∗ ∗
0 0 ∗

⎤⎥⎦ . (4.42)

• Magnetic ramp on mechanically confined MRE:

B(t) =

⎧⎪⎨⎪⎩
0

0

bendt/tramp

⎫⎪⎬⎪⎭ , F(t) =

⎡⎢⎣1 0 0

0 1 0

0 0 1

⎤⎥⎦ . (4.43)

• Shear test under magnetic actuation:

B(t) =

⎧⎪⎨⎪⎩
0

0

bend

⎫⎪⎬⎪⎭ , F(t) =

⎡⎢⎣∗ ∗ 0

0 ∗ Fmaxt/tramp

0 0 1

⎤⎥⎦ , Pmech(t) =

⎡⎢⎣0 0 ∗
∗ 0 ∗
∗ ∗ ∗

⎤⎥⎦ . (4.44)

The computational model allows to link macroscopic measurements with material prop-

erties of the phases at the microscale. In this regard, a crucial parameter is the residual

magnetization at the single particle level, defined by the variable Hr. The evaluation of this

variable is experimentally unapproachable, being limited to macroscopic measurements of

the apparent magnetic remanence (i.e., using a Teslameter on the pre-magnetized samples).

However, the computational framework developed herein allows to estimate the residual

magnetization of the hard particles that leads to a given experimental macroscopic value.

4.2 Macroscopic modeling

Macroscopic formulations or phenomenological approaches provide an efficient approach to

model complex structures. They model the composite as a homogeneous and continuum

medium. Consequently, and unlike microstructural approaches, a single definition of the

energy function holds for the entire MRE. This constitutive law has to reproduce the overall

material behavior. In addition, numerical boundary value problems (BVP) usually consist of

several domains, e.g., the homogeneous MRE and the air, each with its individual constitutive

definition.

As mentioned previously, the models in this chapter are to be implemented in ad-hoc

numerical frameworks that will help understand and develop the applications presented in

the next chapter. These applications comprise the sMRE substrate to stimulate biological

matter (further Section 5.1) and the conceptualization of hMREs with remanent magnetic

fields as extremely tough materials with enhanced fracture performance (Section 5.2).
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4.2.1 Phenomenological model for sMRE samples

The magneto-mechanical problem is formulated on the deformation gradient tensor (F) and

the magnetic variables: magnetic field (H), magnetization (M), and magnetic induction (B).
These variables are related according to Equation 4.6.

Let us define the constitutive formulation for the MRE within a thermodynamic consis-

tent framework deriving the stress and magnetic components from a total energetic potential

as

Ψ (F,H) = Ψmech (F) + Ψmaxw (F,H) + Ψmag (F,H) , (4.45)

where Ψmech, Ψmaxw and Ψmag are, respectively, the mechanical (Gent model formulation),

the Maxwell and the magnetization energetic contributions, defined as

Ψmech (F) = −GJm
2

ln

(︄
1−

tr
(︁
FT · F

)︁
− 3

Jm

)︄
, (4.46)

Ψmaxw (F,H) = −µ0

2
I5, (4.47)

Ψmag (F,H) = −µ0

[︃
m2

s

χe

ln

(︃
cosh

[︃
χe

ms

√︁
I5

]︃)︃]︃
, (4.48)

where G, ms and χe are the shear modulus, the magnetic saturation, and the magnetic

susceptibility of the MRE, respectively. Moreover, the parameter Jm defines a stretching

threshold associated with the extensibility limit of the material and the invariant I5 =[︁
F−T ·H

]︁
·
[︁
F−T ·H

]︁
.

Similarly to the calculation of the stress tensors from thermodynamic principles in hy-

perelasticity, the mechanical and magnetic constitutive equations can be derived from the

total energy potential as

P (F,H, p) =
∂Ψ(F,H)

∂F
− pF−T = (4.49)

=
GJm

Jm − tr (FT · F) + 3
F− pF−T − µ0

2

∂I5
∂F

− µ0
ms

2
√
I5

tanh

(︃
χe

ms

√︁
I5

)︃
∂I5
∂F

,

and

B (F,H) = −∂Ψ(F,H)

∂H
= µ0

[︃
1 +

ms√
I5

tanh

(︃
χe

ms

√︁
I5

)︃]︃
F−1 ·

[︁
F−T ·H

]︁
, (4.50)

with ∂I5
∂F

= −2
[︁
F−T ·H

]︁
⊗
[︁
[H · F−1] · F−T

]︁
.

Remark. A Lagrange multiplier (p) appears in the definition of the stress to impose in-

compressibility condition within the MRE. It is worth mentioning that the magnetic prob-

lem allows to take any magnetic variable as the independent one. Namely, the choice will

be determined by the specific application. These constitutive equations, along with the

corresponding governing equations, provide the computational framework for the magneto-

mechanical problem.

The main governing equations are the mechanical balance and the magnetostatics

Maxwell’s equations, i.e., Equations 4.7 and 4.8.
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4.2.2 Phase-field model for hMREs undergoing fracture

The deformation of the ultra-soft, i.e., brain-like stiffness, hMRE is formulated in a finite

strain framework. The displacement field, i.e., unknown field of the mechanical problem, is

u = φ (X)−X. Let us define the deformation gradient as

F = ∇0φ = ∇0 u+ I, (4.51)

where ∇0 is the gradient with respect to the material configuration and I the second-order

identity tensor.

The magnetic problem is formulated on a primary scalar potential field ϕ. The magnetic

field vector H is defined as

H = −∇0 ϕ = He +Hr. (4.52)

The magnetic field is split into an energetic contribution He due to the magnetic suscepti-

bility of the medium and a remanent contribution Hr related to the permanent magnetization

of the hMRE [164]. The last one is prescribed as a constant vector to capture the perma-

nent magnetization of the medium, as done in the microstructural formulation for hMREs

in Section 4.1.2.

Finally, the damage field d is a scalar order parameter that describes whether a continuum

point is damaged or not. This non-local strategy allows to model crack growth and the

consequent degradation of the properties in damaged areas. As reported by Kumar and co-

authors [313], compressibility of the medium is paramount to avoid non physical behavior.

A non-local field equation governs the evolution of damage. To this end, the crack surface

energy is regularized and transformed to a volumetric energy. Thereby, let us define the

continuous crack surface density function per unit volume according to Ambrosio et al. [314]

as

γ (d,∇d) =
3

8

[︃
d

l
+ l|∇d|2

]︃
, (4.53)

with ∇ = ∇0 · F−1 the gradient with respect to the spatial configuration and l the length

scale parameter. Note that Equation 4.53 considers d as alternative to d2 as often used

alternatively.15

Furthermore, g1 (d) is a degradation function

g1 (d) = [1− d]2 . (4.54)

Remark. The second order expression in Equation 4.54 for the degradation function is a

free constitutive choice. Alternative mathematical functions could also be implemented and

tested.

15There exist two common options for the definition of the crack surface density function [314–321], i.e.,

AT1: γ (d,∇d) = 3
8

[︁
d
l + l|∇d|2

]︁
and AT2: γ (d,∇d) = 1

2

[︂
d2

l + l|∇d|2
]︂
. Throughout this thesis we focus

on the AT1 model.
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The constitutive formulation is based on an additive decomposition of the total en-

ergy density into mechanical, Maxwell (i.e., magnetic vacuum), matter magnetization and

magneto-mechanical coupling contributions as

Ψ (F,H) = g2 (d)Ψmech (F)+Ψmaxw (F,H)+ g1 (d)Ψmag (F,H)+ g1 (d)Ψcoup (F,H) . (4.55)

The degradation of all the components except for the Maxwell one guarantees the con-

tinuity of the magnetic problem as fully damaged domains are treated as air (i.e., vacuum

magnetic properties). Note that g2 (d) =
[︁
[1− d]2 + k

]︁
is a second degradation function,

which is essentially the same as g1 (d), but incorporates a parameter k = 1 · 10−3 to intro-

duce a residual mechanical stiffness on damaged areas and ensure numerical convergence

[322].

Let us pose a total rate potential functional of the solid as

Π̇ = Π̇int + Ḋcrack + Ḋcrack,visc − Π̇ext. (4.56)

Therein, the internal power is

Π̇int =

∫︂
Ω0

[︂
∂F Ψ : Ḟ+ ∂H Ψ · Ḣ+Ψmat∂d g1ḋ

]︂
dV, (4.57)

with Ψmat = Ψmech +Ψmag +Ψcoup the material energy density.

The dissipation rate potential functional due to crack formation Ḋcrack is

Ḋcrack =

∫︂
Ω

Gcγ̇ dV =

∫︂
Ω

3Gc

8

[︄
ḋ

l
+ 2l∇d∇ḋ

]︄
dV, (4.58)

the rate-dependent crack growth dissipation potential Ḋcrack,visc is as in [323, 324]

Ḋcrack,visc =

∫︂
Ω

η

2
ḋ
2
dV, (4.59)

and the external power Π̇ext reads

Π̇ext =

∫︂
Ω0

b0 · u̇ dV +

∫︂
∂Ω0

t0 · u̇ dA, (4.60)

with b0 and t0 the body and traction force vectors, respectively, in the material configuration.

The fracture parameters are the critical energy release rate Gc and the length scale

parameter l. In addition, the viscosity parameter η allows the rate dependent formation

of cracks. In this work, it is used as a numerical viscous regularization to improve the

robustness of the numerical results.

From the rate potential, an incremental potential can be integrated as

Π =

∫︂ t+∆t

t

Π̇ dt. (4.61)
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The optimization of the potential16 in Equation 4.61 with respect to d, or alternatively

the variation of the rate potential in Equation 4.56 with respect to ḋ, yields the local phase-

field equation. Recent works have studied the implications of pre-existing flaws and material

strength [317, 325]. To reconcile crack nucleation with the current approaches and keep

the characteristic length l as a regularization parameter independent of the strength, an

amended form of the phase-field equation incorporates an additional configurational force

ce. It reads as
∂Π

∂d
=

3Gc

8

[︃
1

l
− 2l∇2d

]︃
+ g′1 (d)Ψ

+
mat + ηḋ+ ce = 0, (4.62)

where g′1 (d) is the derivative with respect to the damage field. The thermodynamic consis-

tency of the model is guaranteed when the viscous resistance term ηḋ ≥ 0, i.e., ḋ ≥ 0 and

η ≥ 0.

Let us include the configurational external force ce following [317, 325] to include the

hydrostatic strength of the material. It reads as

ce = − [1− d]
35/4Gcκ

2lσhs

tr (H)

[3 +H : H]5/4
, (4.63)

with H = F− I, κ the bulk modulus and σhs =
1
3
tr (σs) = 0.065 MPa the spherical critical

stress, determined from a tensile test to rupture of a bulk (i.e., uncut) hMRE sample (see

Figure A.9).

In Equation 4.62 the positive energy density Ψ+
mat is defined with the magnetic contri-

bution that induces the expansion of the medium as

Ψ+
mat =

⎧⎨⎩Ψmech, if α ≥ 0

Ψmech +Ψmag +Ψcoup, if α < 0
, (4.64)

where α = 1
3
tr (σmag + σcoup + σmaxw) is the spherical component of the magnetic Cauchy

stress tensor. Figure 5.14 shows the α field for different stages along the propagation of the

crack.

Remark. Equation 4.64 is necessary since expansive magnetic volumetric contributions lead

to mechanical compression of the hMRE. Therefore, only compressive contributions should

favor material damage.

Moreover, to include the constraint 0 ≤ d ≤ 1, penalty energy functions are included to

the potential energy as

Πpenalty =

⎧⎨⎩104Gcd
2, if d < 0

104Gc [d− 1]2 , if d > 1
. (4.65)

16Without loss of consistency, the governing equation for the phase-field problem derives from an amended

internal potential Πint. This potential differs from Πint in the effective energetic material contribution. In

this regard, the framework requires the definition of an amended material energy Ψ+
mat since expansive

magnetic volumetric contributions lead to mechanical compression of the MRE. Therefore, only compressive

contributions should favor material damage.
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The optimization of Equation 4.61 with respect to the primary field u and in the absence

of body forces yields the mechanical field equation

∂Π

∂u
= ∇0 ·P = 0. (4.66)

Finally, the optimization of the potential in Equation 4.61 with respect to the primary

field ϕ yields the magnetic field equation, i.e., Maxwell’s equation for the magnetic induction

∂Π

∂ϕ
= −∇0 · B = 0. (4.67)

The magnetic induction B, magnetic field H and magnetization M, satisfy the following

standard constitutive relation

B = Jµ0C
−1 [H+M] , (4.68)

with C = FT · F the right Cauchy-Green deformation tensor, µ0 the magnetic permeability

of vacuum and J = det (F) the Jacobian of the deformation gradient.

The constitutive formulation is based on the additive decomposition of the total energy

density in Equation 4.55. The mechanical contribution consists in two parts: isochoric and

volumetric energy densities Ψmech,iso and Ψmech,vol, respectively. For the isochoric one, let us

choose the Generalized neo-Hookean (GNH)

Ψmech,iso (F) =
G

2b

[︃[︃
1 +

b

n
[I1 − 3]

]︃n
− 1

]︃
, (4.69)

with I1 = tr
(︁
F · FT

)︁
and G the small strain shear modulus of the considered phase, and b

and n material parameters.

The volumetric contribution is taken from [324] as

Ψmech,vol (F) =
G

β

[︁
J−β − 1

]︁
, (4.70)

with β = 2ν
1−2ν

and ν the Poisson’s ratio. To allow for larger deformation of the damaged

material, the framework adopts an approach similar to the one reported by Li et al. [326]

where the bulk modulus is degraded faster than the shear modulus. In this way, ν depends on

the damage variable according to ν (d) = [1− d2] ν1 +
[︁
1− [1− d]2

]︁
ν2, with ν1 the material

Poisson’s ratio and ν2 = 0.2 ν1 a degraded Poisson’s ratio.

The magnetic Maxwell energy describes the background magnetic energy due to the

non-zero magnetic permeability of the vacuum as

Ψmaxw (F,H) = −µ0

2
JIe5, (4.71)

with the energetic magnetic invariant Ie5 =
[︁
F−T ·H

]︁
·
[︁
F−T ·H

]︁
.

Let us additively decompose the magnetic contribution into an energetic term Ψmag,e

and a remanent contribution Ψmag,r as

Ψmag (F,H) = Ψmag,e +Ψmag,r = −µ0

2
JχeI

e
5 + µ0J [1 + χe] I

er
5 +

µ0

2χr

JIr5, (4.72)
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where χe and χr are the energetic and remanent magnetic susceptibility, respectively, as in

[164]. In the simulations, the remanent magnetic field is assumed to be constant. Therefore,

the parameter χr does not affect the results.

The invariant Ier5 = h · hr = H · C−1/2 · Hr is uncoupled to the displacement field and

accounts for the energetic and remanent magnetic fields in the Eulerian configuration of the

medium.

An additional coupling term is included to include the effect of the microstructural

attraction forces between the particles, as reported in [164]

Ψcoup = βcoupµ0J [[Ir4 − Ir5]− 2χe [I
er
4 − Ier5 ]] , (4.73)

with the coupled invariants Ir4 = Hr ·C ·Hr and Ier4 = H ·C1/2 ·Hr, the uncoupled invariant

Ir5 = Hr ·Hr, and the coupling parameter βcoup.

The total Piola stress is derived from the total energy potential in Equation 4.55 accord-

ing to

P (F,H) =
∂Ψ

∂F
= g2Pmech,iso + g2Pmech,vol +Pmaxw + g1Pmag,e + g1Pmag,r + g1Pcoup =

(4.74)

= g2GF

[︃
1 +

b

n
[I1 − 3]

]︃n−1

− g2GJ−βF−T − 1

2
µ0J

∂Ie5
∂F

− g1
1

2
µ0Jχe

∂Ie5
∂F

+ g1µ0J [1 + χe]
∂Ier5
∂C

:
∂C

∂F
+ g1µ0βcoupJ

[︃
Hr :

∂C

∂F
: Hr − 2χe

[︃
∂Ier4
∂F

− ∂Ier5
∂F

]︃]︃
,

with the derivative of the invariant Ie5

∂Ie5
∂F

= −2
[︁
F−T ·H

]︁
⊗
[︁[︁
H · F−1

]︁
· F−T

]︁
. (4.75)

The derivative of Ier4 is taken from [164]

∂Ier4
∂C

=
4

∆

[︂
IU1 C sym (H⊗Hr)C−

(︁
IU1
)︁2 [︁

C sym (H⊗Hr)C
1/2 +C1/2sym (H⊗Hr)C

]︁
+[︁

IU1 I
U
2 − IU3

]︁
[C sym (H⊗Hr) + sym (H⊗Hr)C] +

[︂(︁
IU1
)︁3

+ IU3

]︂
C1/2 sym (H⊗Hr)C

1/2−(︁
IU1
)︁2

IU2
[︁
C1/2sym (H⊗Hr) + sym (H⊗Hr)C

1/2
]︁
+[︂(︁

IU1
)︁2

IU3 +
[︁
IU1 I

U
2 − IU3

]︁
IU2

]︂
sym (H⊗Hr)

]︂
,

(4.76)

with ∆ = 8
[︁
IU1 I

U
2 − IU3

]︁
IU3 . Note that IU1 , I

U
2 and IU3 are the three principal invariants of

U = C1/2.

Similarly, the derivative of Ier4 is

∂Ier5
∂C

= − 4

∆

[︂
IU1 C

1/2 sym (H⊗Hr)C
1/2 −

(︁
IU1
)︁2 [︁

C1/2 sym (H⊗Hr) + sym (H⊗Hr)C
1/2
]︁
+[︁

IU1 I
U
2 − IU3

]︁ [︁
C1/2 sym (H⊗Hr)C

−1/2 +C−1/2 sym (H⊗Hr)C
1/2
]︁
+
[︂(︁
IU1
)︁3

+ IU3

]︂
sym (H⊗Hr)−(︁

IU1
)︁2

IU2
[︁
sym (H⊗Hr)C

−1/2 +C−1/2 sym (H⊗Hr)
]︁
+[︂(︁

IU1
)︁2

IU3 +
[︁
IU1 I

U
2 − IU3

]︁
IU2

]︂
C−1/2 sym (H⊗Hr)C

−1/2
]︂
.

(4.77)
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Likewise, let us obtain the magnetic induction from the energy density function through

constitutive arguments as

B (F,H) = −∂Ψ

∂H
= Bmaxw + g1Bmag,e + g1Bmag,r + g1Bcoup = (4.78)

= µ0JF
−1 · F−T ·H+ g1µ0JχeF

−1 · F−T ·H− g1µ0J [1 + χe]Hr ·C−1/2

− g12µ0βcoupJχe

[︁
C−1/2 −C1/2

]︁
·Hr.

4.3 Discussion

This chapter has provided a complete vision of the constitutive framework to be used in the

present thesis. Starting with a constitutive description of the phases (matrix, soft- and hard-

magnetic particles), going through a homogenization framework for extremely soft hybrid

MREs and ending with two macroscopic models. The first macroscopic model is a continuum

phenomenological model for sMREs to be used as smart substrates for mechanobiology

studies. The second model consists in a fracture phase-field framework for hMREs.

A critical aspect of the microscopic modeling concerns the huge contrast in the me-

chanical stiffness between the magnetic particles and the ultra-soft matrix (81.78 GPa and

1.00 kPa, respectively). Given the viscohyperelastic nature of the soft nature, note that

ongoing works consider modeling the time-dependent mechanisms [291]. In addition, the

homogenization framework not only has to work across domains with stiffness that differ in

several orders, but also with different magnetic behaviors. Whereas the matrix is paramag-

netic (χe = 0), the soft-magnetic particles have a much larger magnetic susceptibility (χe)

of 30. This will lead to considerable contrasts also in the magnetic field.

On the one hand, the continuum model for the sMRE smart substrate accounts for

incompressibility, macroscopic mechanical strain hardening (Gent hyperelastic model) and

magnetic saturation. The model is calibrated for four mixing ratios of the matrix, i.e., four

stiffness values of the matrix. The macroscopic magnetic permeability is determined from the

homogenization framework, and the mechanical parameters are obtained from calibration of

the hyperelastic model with the experimental data from Figure 3.14.(a-c).1. On the other

hand, the model for fracture of hMREs addresses the influence of remanent magnetic fields in

the propagation of cracks. Here, the Generalized neo-Hookean model allows for an accurate

calibration with the experimental results. Moreover, the coupling term introduces the effect

of microstructural particles interactions.





5Applications

This chapter explores three ground-breaking applications of ultra-soft sMREs, hMREs and

hybrid MREs. First, sMREs are used to design a functional substrate to stimulate biological

material. Under remote actuation with permanent magnets, the surface of the substrate

deforms reproducing complex strain patterns found in biological tissues. With an adequate

arrangement of the magnets, the substrate is able to tune its deformation and transmit it to

cell cultures attached to the surface. This enables studies on mechanobiological processes,

such as traumatic brain injury and cell migration processes. Digital image correlation pro-

vides measures of the surface deformation, whereas a numerical model allows to guide the

design of the stimulation framework. Second, hMREs with remanent magnetic fields are

demonstrated to have superior toughness and enhanced fracture behavior. In this regard,

permanently magnetized hMREs increase their fracture energy density up to a 50 % with

respect to the non pre-magnetized ones, delay crack propagation and decrease stress con-

centration at the crack tip. Tensile tests and digital image correlation are used to study

the fracture performance of pre-cut samples. Moreover, a fracture phase-field model for

MREs unveils that the stress concentration at the crack is also benefited from remanent

magnetic fields. Finally, hybrid MREs are proposed as an ideal material to design versatile

soft actuators outdoing pure sMREs and hMREs. Such structures enhance their mechanical

properties under magnetic actuation and, at the same time, they have the shape-morphing

capability endemic of hMREs. Moreover, the functional behavior is enhanced due to syn-

ergistic effects from the combination of soft- and hard-magnetic particles within the same

matrix. A homogenization model helps delve into such a behavior. Besides, the in silico

design of a bimorph cantilever actuator demonstrates the potential benefits when used for

smart structures, e.g., soft-robots.

5.1 Magneto-mechanical sMRE substrate to repro-

duce and transmit complex strain patterns to

biological materials

Research efforts are dedicated to unravel the effects of mechanics in biology such as al-

terations in functional responses, morphological changes and the influence on migration,

growth or healing processes [327–332]. However, there are still significant limitations to

evaluating biomechanical effects and applying defined mechanical stimuli for quantitative

105
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analysis. Critical limitations are related to the isolation, combination and non-invasive con-

trol of the aimed mechanical actions affecting the biological structure of interest. Current

approaches are based on polymeric substrates for cell culture and the direct application of

mechanical loading on them [333–337]. However, this kind of system is limited to rather sim-

ple deformation modes and rarely allows for a combination of them (neither sequentially nor

simultaneously). This limitation hinders the analysis and deep understanding of mechanical

scenarios where complex deformation states evolve over time. See relevant physiological sce-

narios in the literature [338–341]. Among these, closed-head impacts lead to heterogeneous

strain distributions that rapidly evolve resulting in significant alterations in physiological

behavior [342, 343]. Scarring processes (e.g., cardiac, glial, or dermal) inducing stiffness

gradients within the tissue also lead to heterogeneous strain patterns resulting in temporal-

varying interaction forces between the extracellular matrix (ECM) and the cellular systems

[344, 345]. Moreover, other relevant biological processes such as neural crest cell migration

during development are also highly influenced by tissue stiffening and complex deformation

modes associated with a gradual organization and enrichment of collagen fibers [346–348].

Another limitation of most of the current mechanical-stimulation systems is that they re-

quire direct (invasive) contact with the cellular substrate, hence risking to contaminate and

introduce local damage to the matter.

More sophisticated solutions include photo-activation of changes in material properties

[349], but are limited by the low penetration depth of visible light in the material and

surrounding medium. To overcome these issues, some authors have proposed the use of

magneto-responsive substrates [281, 282]. However, these approaches were limited to overall

stiffness changes and the control of different deformation modes was not allowed. Uslu

and co-authors have recently developed a wireless microactuator to study mechanobiology,

which is based on a hydrogel substrate connected to a permanent magnet [283]. This has

provided a novel in vitro system but whose mechanical stimulation is constrained to a specific

deformation mode. Another recent use of magneto-mechanical coupling is the development

of soft robots, driven by external magnetic fields, to interact with biological tissues [22, 350].

However, to the best of the authors’ knowledge, there is no available methodology to conduct

mechanobiological studies under controlled complex and time-varying deformation scenarios.

The 4D-BIOMAP project aims at changing the paradigm by developing a novel

experimental-computational framework that allows for non-invasive and real-time control

of complex deformation modes within the cellular substrates. The system allows for instan-

taneous evaluation of mechanical effects and for influencing different biological responses

while recording the whole temporal event. The non-invasive stimulation is possible thanks

to the ability of MREs to respond mechanically to external magnetic fields [57, 351]. This

thesis provides the basis for the integration and use of ultra-soft MREs in such a novel

system. Within these materials, the magnetic particles magnetize leading to internal forces

in the form of particles interactions. These forces are transmitted to the elastomeric matrix

causing a mechanical deformation and/or changes in the rheological properties of the MRE

(i.e., stiffness). Therefore, the overall response of the MRE depends on different factors:

the nature of the elastomeric matrix and magnetic particles, distribution of the particles

within the matrix, mechanical boundary conditions (BCs) and external magnetic fields.
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A special remark relates to the mechanical BCs, as these define the coupled response of

the composite: (i) if fixed BCs are imposed, the sample does not deform but experiences

internal stress. Thus, if the elastomeric matrix presents a nonlinear mechanical behavior,

the result of the magnetic field application is a variation in apparent material stiffness; (ii)

if free BCs are imposed, the internal stresses within the MRE due to the application of the

magnetic field result in mechanical deformation (i.e., change in shape).

The stimulation framework uses the multifunctional properties of MREs to control cellu-

lar substrates’ mechanical deformation (allowing for the temporal programming of complex

deformation modes) in a non-invasive manner. To carry out the work, different MREs vary-

ing their stiffness and the intensity of their magneto-mechanical coupling (see the previous

Section 3.2.5 for the experimental characterization of the influence of the stiffness of the

matrix). Motivated on these factors, a multi-physics in silico framework was developed to

act as guidance for the experimental stimulation setup. This provides the controlling param-

eters to induce desired magnetic fields on the MRE-cellular substrate, and the subsequent

mechanical deformation to be transmitted to the biological matter. Then, the ability of the

system to reproduce complex mechanical scenarios is demonstrated by simulating a set of

local strain patterns occurring within the brain tissue during a head impact. Overall, this

framework opens doors for novel stimulation capabilities of biological matter.

5.1.1 Magneto-mechanical stimulation device

A magneto-stimulation device was designed to fit in an incubator allowing for the application

of magnetic fields on the MRE substrate along time.17 The device was conceived to allow

for real-time application of semi-uniform magnetic fields (reasonably uniform near the center

area with magnitudes, ranging from 0 to 20 mT in vacuum and not compromising cell viabil-

ity). The system is externally bounded by the incubator in the microscope. To impose the

magnetic conditions, our stimulation system is comprised of four independently controllable

sets of permanent magnets surrounding the sample, with two sets aligned along each axis

(Figure 5.1). By moving the magnets closer or further from each other, the resulting field

over the region of interest can be adjusted. The two axes lie orthogonal to control the field

in each direction, with the final field obtained by superposition. The resultant mechanical

deformation of the MRE substrate will be determined by the final field and macroscopic

particle interactions due to the presence of the magnets, with the magnitude determined by

their relative position to the MRE sample. The whole framework shown in Figure 5.1 allows

to measure cellular dynamics by means of morphological changes, proliferation or migration

processes, among others.

17The development of the stimulation device was carried out in collaboration with the members of the

4D-BIOMAP project, and its viability with living systems has been demonstrated.
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Figure 5.1: Magneto-mechanical stimulation device coupled to the multidimensional imaging system. Multi-

dimensional imaging system LEICA LAS X with an upright fluorescence microscope (with ceramic objectives)

coupled to a non-ferromagnetic incubator system. The incubator system hosts a magneto-mechanical stim-

ulation device that actuates on a magnetorheological elastomer (MRE) sample that serves as the substrate

for the cellular system. The device is equipped with permanent magnets that are moved by small motors

controlled by a computational-experimental interface. Based on computational simulations, the controlling

system computes the permanent magnets’ relative positions to generate a given magnitude and direction of

the magnetic field within the MRE. The targeted magnetic field is estimated by multi-physical computational

modeling to induce deformation patterns within the MRE substrate that are transmitted to the biological

system cultured.

5.1.2 Digital image correlation analysis

The upper side was treated to prepare the samples by applying a white speckle (characteristic

dimension of 100 ± 50 µm) with an airbrush over the grey MRE, see Figure 3A. A CCD
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camera (Alvium, Allied Vision Technologies GmbH, Germany) with a 25 mm focal length lens

(Edmund Optics, Germany) was set perpendicular to the surface so that geometric distortion

of the imaging system is negligible. After acquiring the images, the NCorr open-source

software package, implemented in MATLAB [352], was used to compute the displacement

fields and derive the Euler-Almansi strain fields. To this end, a constant subset radius of

500 µm and subset spacing of 60 µm were used. For the smoothing of the strain fields, a

plane fit radius of 250 µm was chosen. The resulting fields have a resolution of 60 µm/pixel.

Moreover, to cope with large displacement, the correlation algorithm updates the reference

image. Moreover, the analysis was done in a backwards manner to properly deal with the

discontinuity of the crack. To this end, the final deformed image was taken as the reference

one, and the correlations of all the others with smaller deformation were done with respect

to that one.

To correct the rigid body motion of the sample during image acquisition, a postprocessing

algorithm was implemented in MATLAB. It operates directly on the displacement fields and

accounts for both translational and rotational motions. Principal strain lines are numerically

computed with a given point and the tangent as

yi+1 = yi +
dy

dx
dx, (5.1)

dy

dx
= −ϵxx − ϵyy

2ϵxy
±

√︄[︃
ϵxx − ϵyy
2ϵxy

]︃2
+ 1, (5.2)

with an increment dx of 0.0001. Here, x and y refer to cartesian coordinates, subscripts

refer to time points, and ϵ refers to Euler-Almansi strain components. To perform this

implementation, the discrete strain field must be interpolated to any arbitrary coordinate to

evaluate the tangent. The resulting curves are plotted on the Frobenius norm of the strain

field.

5.1.3 FE model: Numerical details

The numerical simulations compute, in the presence of a given MRE sample, the effective

magnetic field magnitude and direction depending on the position of the permanent mag-

nets. Then, the subsequent deformation state within the MRE is estimated by multi-physical

computational modeling taking as input the material substrate characteristics, according to

the constitutive framework in Section 4.2.1 and the values for the parameters in Table 5.1.

To this end, the simulations model the magneto-mechanical problem and replicate the ex-

perimental testing conditions of the stimulation device when actuating within the imaging

system. In this regard, a finite element (FE) model considering the cylindrical MRE sample,

the four permanent magnets and the surrounding air was defined. The model accounts for

the magneto-mechanical coupling within the MRE due to magnetic field lines going through

and for the macroscopic interactions between the MRE and the magnets. The domains

representing the different phases are discretized in FE meshes of quadratic tetrahedral ele-

ments (Figure 5.2). An adaptive meshing strategy has been used to provide finer element

size in the MRE sample. After spatial convergence analysis, the full mesh comprises 32 112
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elements: 12 171 for the MRE, 395 for each permanent magnet and 18 361 for the surround-

ing air. For the incompressibility condition associated with the Lagrangian multiplier in

Equation 4.49, the discretization is reduced to the points corresponding to the centers of the

tetrahedral elements. The numerical implementation of the problem consists in the integra-

tion of the equilibrium equations (Equations 4.7 and 4.8) along with the penalty term for

incompressibility. The problem was implemented in the python Finite Element module FEn-

iCS by symbolically indicating the weak form of those equations. The non-linear problem

was solved monolithically with a Newton-Raphson scheme.

Table 5.1: Model parameters used in the computational simulations depending on the matrix’s mixing ratio.

Description of the model parameters used in the macroscopic simulations to predict the magneto-mechanical

response of the MREs (for 30 % particles volume ratio) when using the stimulation device. The mechanical

properties are obtained from calibration of the Gent model using the uniaxial compression tests shown

in Figure 3.14.(a-c).1. During the calibration, the shear moduli were found defining value-ranges around

the experimental measurements obtained from the macroscopic shear tests. The macroscopic magnetic

parameters are obtained from the homogenization approach using a magnetic susceptibility (χe) of 0 and 30

for the elastomeric and magnetic particles phases, respectively; and a magnetic saturation of µ0ms = 2.5 T.

Elastomeric mixing ratio

ϕ = 0.3 6:5 1:1 9:10 5:6

µ [kPa] 1.1 2.9 5.0 6.5

Jm [-] 1.4 1.7 1.5 1.7

χe [-] 2.1 2.1 2.1 2.1

µ0ms [T] 0.7 0.7 0.7 0.7

Figure 5.2: Finite element mesh of the magneto-mechanical stimulation setup used in the computational

simulation. A detail of the discretized domain including the MRE substrate, the four magnets and the

surrounding air. The meshing of the MRE sub-domain is refined to enhance the accuracy in the MRE

substrate, whereas a courser meshing strategy is chosen for the magnets and further air. Note that to

facilitate the visualization, the mesh of the air is depicted by means of a two-dimensional clip in the middle

plane.
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The coupled problem requires the definition of certain boundary conditions. In this re-

gard, the permanent magnets were fixed (all mechanical degrees of freedom) in the target

position according to the experimental condition simulated. In addition, the base of the

MRE sample was mechanically fixed reproducing the experimental conditions, i.e., the MRE

sample stuck to the Petri dish. To overcome convergence difficulties associated with the

highly nonlinear nature of the coupled problem, the permanent magnetization of the mag-

nets was imposed in the form of a temporal ramp until reaching the real value. Finally, the

boundary of the air phase was also mechanically fixed. Note that the outer domain boundary

is sufficiently remote from the volume occupied by the MRE and magnets such that the mag-

netic field perturbations caused by the latter practically vanish at the air boundary. As the

Maxwell stress contribution is present in all domains, it was neglected in the implementation

following previous works [61, 95, 353].

Moreover, note that permanent magnets need to be modeled in the FE model. These

magnets are responsible to deform the substrate in a remote way. The constitutive law

defines them as quasi-rigid solids, i.e., stiffness of G = 1 GPa, various orders of magni-

tude higher than the MRE. Their magnetic behavior is defined by a constant magnetization

µ0|M| = 1.1 T, equal to their residual magnetization and added to the magnetic intensity

vector (H). Note that the remanent field was calibrated from experiments using a Wun-

tronic, KOSHAVA5-USB Tesla/Gauss Meter. This calibration was validated by un-coupled

magnetic FE modeling, simulating cases without MRE sample and comparing computational

values of the field B with experimental measurements at different positions. In addition, from

the magnetic field H, the magnetic flux density vector B can be computed using Equation 4.6.

Note that the material parameters that describe the magnetic behavior of the MRE (ms and

χe) correspond to homogenized variables that encompass both the elastomeric matrix and

the magnetic particles. These were estimated from the homogenization approach, where

only mechanical and magnetic parameters with clear physical meaning were used.18 The

mechanical parameters (G and Jm) were directly taken from experimental characterization

data.

For the description of the surrounding air,19 null magnetization M was defined along

with vacuum magnetic permeability. The mechanical response of the surrounding air was

defined as a compressible material with a very low stiffness of G = 1 Pa so that no mechanical

constraints were imposed on the MRE sample [61, 95, 353, 354]. Note that both the air and

the permanent magnets phases lack of strain hardening (i.e., Jm = 2000). Moreover, their

magnetic susceptibility is χe = 0. To prevent excessive element distortion of the air in the

regions in contact with the MRE and enhance the convergence of the model, the auxiliary

energy density approach reported by Dorn et al. [61, 166] was implemented. To this end, a

weighting function was directly applied to the energy function on such sub-domain to balance

18The reader can consult the phases’ parameters of the microscopic model in Table 5.4 in the following

Section 5.3.1, where the microstructural homogenization model is thoroughly applied for hybrid MREs.
19Coupled magneto-mechanical BVPs require modeling the free space surrounding the magnetizable

medium [61].
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its stiffness. This modification is suitable when the air is modeled as a mesh that becomes

coarser at larger distances from the magnetic body. A further alternative to deal with large

MRE deformations would require the use of multipoint constraints or more sophisticated

approaches [143, 164, 355].

5.1.4 Mechanical deformation patterns within the cellular sub-

strate

If the device is used under free mechanical BCs, it allows to evaluate the mechanical defor-

mation of the MRE due to the applied magnetic field. These experiments showed significant

mechanical deformations within the MRE, see Figure 5.3. Digital image correlation (DIC)

was used to compute local deformation values on the top MRE surface. The plots in Fig-

ure 5.4 present the magnitude of the local deformations according to the legend, and principal

strain lines to indicate the effective force direction that the cells sense. In this regard, the

magnetic-stimulation system can introduce deformation patterns in different directions of

up to > 30 %. It must be noted that the free-deformation tests showed significant variabil-

ity when exposed to high magnetic fields with maximum relative errors of 15 %. However,

these errors corresponded to the peripheral regions. Within the internal region of the MRE

(up to 7.5 mm radial distance from the center), the errors were below 5 %. This behavior

is explained by the strong influence of the distance to the permanent magnets on the local

magneto-mechanical response of the MRE (i.e., the larger the distance, the more reproducible

the deformation is).

An important feature when using the magnetic stimulation device (Figure 5.1) is that

the external magnetic field cannot be controlled homogeneously due to fringing effects and

heterogeneous magnetic permeability, hindering the analysis of the experiments. Another

issue is the nonlinear coupling between magnetic fields and mechanical deformation. A

bespoke 3D finite element (FE) model was developed to help control and predict the defor-

mation patterns transmitted to the cells during the experimental assays. The model takes

the MRE material composition and geometry, as well as the position of the permanent mag-

nets to provide: i) the spatial distribution of the magnetic fields; and ii) the resultant local

deformations within the MRE. It consists of a FE model that explicitly accounts for the per-

manent magnets, MRE sample and surrounding air, and it couples nonlinear magnetics with

nonlinear mechanics. The complete constitutive formulation and details of the integration

algorithm were provided in the previous Sections 4.2.1 and 5.1.3, while a validation against

experimental data by means of displacement fields at the upper MRE surface is provided

in Figures 5.3B. This computational tool is essential to design experiments on biological

systems.



5.1. Magneto-mechanical sMRE substrate to reproduce and transmit complex strain
patterns to biological materials 113

Figure 5.3: Multifunctional response and complex strain patterns of MRE samples under magnetic stim-

ulation conditions. (A) Scheme of the micro-mechanical mechanisms and the resultant macro-mechanical

deformation of the MRE samples when subjected to an external magnetic field generated by permanent

magnets. (B) Comparison of experimental data and computational predictions by means of displacement

fields, for two different magnetic conditions (i.e., approach of two and four magnets, see Figure 5.1) and

the mixing ratios of the MRE’s matrix of 6:5, 1:1, 9:10, and 5:6. Note that the position of the permanent

magnets corresponds to the maximum magnetic and mechanical deformation fields that can be reached with

the current system. All these experiments and computational results correspond to MREs with a particles

volume fraction of 30 %.
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Figure 5.4: Mechanical strain fields of the (A) 30 % and (B) 15 % magnetic particles ratio MRE substrates

and matrix mixing ratios of 6:5, 1:1, 9:10, and 5:6. Norm of the strain fields of the upper surface of the

substrate are computed from DIC displacement fields. In addition, principal strain lines are depicted to show

the force lines that the cell culture senses. The two mixing ratios of the elastomeric matrix and amount of

magnetic fillers presented lead to the stiffest MRE structures. The experimental results are shown for two

different magnetic conditions, i.e., approach of two and four magnets.
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Considering the (microstructural and macrostructural) experimental and computational

data altogether, the deformations were found to develop as stretching along the main field

direction (see an illustration of the primary mechanism governing such a response in Fig-

ure 5.3A). When the permanent magnets approach the MRE, the magnetic particles start to

magnetize leading to three main magneto-mechanical couplings: (i) dipole-dipole interaction

between particles that result in attraction forces [170]; (ii) paramagnetic torques that lead to

the formation of chain-like particles distributions and their reorientation along the external

magnetic field [356]; and (iii) a strong attraction force between the particles and the magnet

itself. The extremely soft nature of the elastomeric matrix facilitates the rearrangement of

particles favoring the latter mechanisms and, therefore, the resulting expansion of the MRE

towards the permanent magnet’s location. Overall, the experimental-computational results

from this section and the previous one provide the stiffness and deformation ranges that

can be reached with the magnetic stimulation system as a function of the manufacturing

conditions of the MRE substrate (see Table 5.2).

Table 5.2: Local mechanical deformations within the sMRE region occupied by cells when using the stimula-

tion device. These values represent the magneto-mechanical scenarios that occur when using the developed

stimulation framework during the cellular assays.

Multifunctional response of MRE samples

Magnetic

conditions

Particles’ volume

fractions

Elastomeric mixing ratio

6:5 1:1 9:10 5:6

Local deformation at

MRE center [%]

2 magnets
15 % 14.3 4.0 1.7 1.2

30 % 21.4 8.5 1.8 1.2

4 magnets
15 % 16.4 3.4 1.4 1.1

30 % 24.8 13.3 1.5 1.0

The results provided in Figure 3.15 (experimental chapter) unveil a promising magne-

tostrictive response of the MREs (i.e., mechanical deformation under an external magnetic

field), but a slight increase in microstructural stiffness (i.e., stiffening of the elastomeric

phase, see Sec. 3.2.6) due to low strain-hardening (low nonlinear response). Note that, for

the proposed biomechanical stimulation framework, these features must be evaluated at a

microscale level (i.e., cell characteristic length) [286]. To assess the micro-magnetorheological

effect, the nanoindentation system was coupled to the magnetic-stimulation device depicted

in Figure 5.1. This allows for measuring changes in stiffness due to the application of an

external magnetic field. The nanoindentation results within the central region showed neg-

ligible stiffness changes due to the external magnetic fields (as expected owing to the low

strain-hardening of the elastomeric matrix), Figure 3.16.

Finally, Figure 5.5 shows the three-dimensional deformation of the MRE sample on the

computational framework. A clip allows to visualize a cross-section area of the substrate.
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Figure 5.5: Three-dimensional numerical results of a 30 % magnetic particles ratio MRE substrate with

mixing ratio 1:1, under stimulation with: (a) two permanent magnets; (b) four permanent magnets. The

plots show the magnitude of the displacement fields within the MRE sample, and the scalar magnetic

potential within the permanent magnets. For visualization purposes, a perpendicular clip is applied to all

the domains and the free space is removed.

5.1.5 Application of the stimulation system to reproduce complex

brain strain distributions from experimental data

Regarding a direct application of mechanical loads on a substrate, some authors have re-

ported pure and simple mechanical stimulation frameworks [334, 336, 337]. Intricate phys-

iological strain patterns, such as myocardial tissue contractions, skin Langer lines and de-

formations on the brain due to closed head impact, however, require novel experimental

frameworks. They need not only to reproduce these patterns, but also to control and adapt

them over time [330]. This section introduces a demonstration of the versatility of our sys-

tem to, fed by in vivo experimental strain distributions, reproduce a real mechanical event

along time.

The capability of the system to reproduce brain strain patterns during closed head

impact is evaluated here. Such an event is one of the most complex mechanical scenarios as

strain distributions evolve leading to complex non-symmetric strain distributions. To this

end, we take the experimental results recently published by Knutsen et al. [357], where

the authors presented in vivo mechanical deformations of the brain tissue when subjected

to a head impact scenario (neck abrupt rotation). Figure 5.6.A shows different maximum
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principal strain heterogeneous distributions from an axial view of the brain of a volunteer

during repeatable mild head rotations. Despite being ground-breaking, the study mentioned

above was limited to low strains to avoid volunteer injury. Thus, the challenge addressed

here is to reproduce the complex strain distributions of a local brain region (Figure 5.6.B)

while amplifying the strain magnitudes so actual injury-scenarios could be simulated in vitro,

i.e., local strains above 21 %. Note that this adds complexity as it requires larger nonlinear

deformation patterns [343]. Unlike already existing stimulation frameworks in the literature,

our system enables reproducing dynamic heterogeneous deformation patterns on cells in a

non-invasive manner. This mechanical control can be imposed on-the-fly mimicking realistic

physiological and pathological processes observed in nature.
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Figure 5.6: Evaluation of the versatility of the framework to simulate the complex heterogeneous strain

distributions found in the brain. (A) In vivo strain distribution within an axial view of a human volunteer

brain tissue subjected to an abrupt neck rotation, at different impact (deformation) stages. (B) Detail of

local strain distributions of the region indicated in (A) with a white circle. The experimental data shown

for (A) and (B) are taken from [357]. (C) Experimental strain distribution computed by digital image

correlation and plotted on the undeformed configuration of the MRE substrates. Note that the experiments

on the MREs (C) aim at reproducing the in vivo strain patterns (B) but with an amplification of ten times

their magnitude to reach strain values above injury thresholds in traumatic brain injury (≈ 21 %).
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5.1.6 Discussion

The stimulation framework presented opens the possibility of novel in vitro fundamental

studies to evaluate the effects of mechanics on mechanistic-mediated biological processes.

The experimental system, guided by the computational framework, allows for remote mod-

ulation of complex strain conditions on the cellular substrate by applying (non-invasive)

external magnetic fields. In the near future, relevant problems within the bioengineering

field such as the study of scarring processes [330], wound healing [358, 359], cell polariza-

tion of immune cells [360, 361], proliferation and migration processes in cancer progression

[332, 362, 363], axonal damage due to mechanical impact [328] or neural crest cell migration

[328, 347], among others, may take advantage of this system. In the recent work by the au-

thors and other members of the research group [364], the system has been applied to develop

experiments with fibroblasts.

With the current solution, large deformation states can be imposed on cellular substrates

of around 0.5 to 3 kPa stiffness (in terms of shear modulus). Although this stiffness range is

ideal for several biological studies, softer or stiffer substrates may be needed in other scenar-

ios. In this regard, the system allows for using magneto-active hydrogels instead of MRE if

softer substrates are required [365]. Indeed, soft enough hydrogels would allow for manufac-

turing magneto-active substrates with low particles content allowing for the visualization of

cellular systems within a confocal microscope, thus enabling the use of the stimulator system

in 3D models. For the use of stiffer substrates, however, the main limitation would be the

need for higher magnetic fields to reach significant mechanical deformation. This problem

may be solved by opting for larger magnets or using experiment-specific designs optimizing

(i.e., reducing) the size of the sample, resulting in much higher magnetic fields for the same

magnets.

The main outcome of the computational model is to provide physical insights into the

magneto-mechanical coupling and, more importantly, guidance during experimental designs

to define the relative positions between permanent magnets and the MRE substrate leading

to a specific mechanical deformation state. Within mechanical equilibrium, the model faith-

fully describes the magneto-mechanical coupled response but presents some deviations for

the stiffer MRE substrates. This behavior is due to the smaller displacement fields reached in

such conditions that lead to higher predictive errors. However, it is essential to mention that,

in its current form, the model takes as inputs only material parameters with clear physical

meaning and that can be controlled during the manufacturing process (note that the same

model is applied for different MRE compositions). Adopting phenomenological approaches

in the constitutive definition of the energy functions could improve the predictions for a

specific MRE substrate. This would be an excellent approach for the use of a very specific

MRE substrate. However, the aim of the proposed framework is to provide a computational

tool that not only helps define the positions of the magnets to reach a given deformation for

a specific MRE, but also helps at choosing the appropriate MRE composition.
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5.2 Hard magnetics enable fracture-resistant MREs

The fast growing of ultra-soft polymers is accompanied with the study of their failure mecha-

nisms. Recent applications, such as the development of skin patches based on soft polymers

[366], meshes for wound closure [367] and bioadhesive skin sensors [368, 369] require un-

derstanding fracture mechanisms in soft matter to design materials with improved fracture

behavior. A point of common interest concerns the strategies to enhance the fracture tough-

ness, understood as the fracture energy density, of soft polymers [370, 371]. To accomplish

this, Lin and co-authors reported chain entanglement of the polymeric matrix as a potential

mechanism [372]. Moreover, time-delay in crack propagation is a factor that reduces frac-

ture likelihood and benefits the design of such functional applications. In this regard, Li et.

al [220] reported mesoscale phase contrast with tough mesophase structures to design self-

healing, tough and fatigue-resistant soft materials. Strategies to modify the crack path and

fiber reinforced composites have also been reported to arrest crack propagation [373, 374].

Overall, the fracture performance of multifunctional materials is determined by their consti-

tutive behavior, which relies on an intricate coupling of several physical phenomena. For the

case of hMREs, the structural response results from complex magneto-mechanical interac-

tions at the microscale. Here, the interplay between the matrix and the magnetic particles

affects functional material parameters, such as the macroscopic mechanical stiffness. In this

respect, the advancement of MREs poses a question on whether the magnetization state

may enhance the fracture behavior of soft hMREs under large deformations. To the best of

the authors’ knowledge, there is still no work that studies the fracture behavior of MREs,

neither from the experimental nor from the computational point of view.

Although there are no studies on the fracture behavior of MREs, their passive mechan-

ical contribution to fracture is related to the soft polymeric matrix and the effect of the

fillers. In this regard, strategies to elaborate on the fracture performance of highly stretch-

able polymers rely on experimental and computational approaches. Experimental methods

comprise peeling and tack experiments on soft adhesives and fracture mechanics tests on

films, sheets or thick polymeric samples [375, 376]. While experimental tests mainly fo-

cus on a macroscopic viewpoint, in silico approaches provide further understanding of the

underlying physics of the problem and allow for the consideration of the microstructural

composition [377]. In the literature, the work by Miehe and co-authors [378] advocated a

phase-field model for fracture. Kumar et al. [313] revisited the constitutive foundations

accounting for crack nucleation, Loew et al. [323] conceptualized a phase-field framework to

model the rate-dependent fracture of rubbers, Yu et al. [379] considered time-delayed frac-

ture due to solvent diffusion and Li et al. [374] and Li et al. [220] elaborated on the fatigue

resistance of soft elastomers and gels. Moreover, Ahmad et al. [380], Zhou et al. [381] and

Chen et al. [382] studied the flaw-sensitivity of highly stretchable polymers. This study is of

great importance as pre-existing flaws are an unavoidable consequence from manufacturing

processes and determine the fracture performance. In addition, some authors have defined

analytical expressions for the crack tip fields on highly stretchable elastomers [383, 384],

which are useful for efficient analytical approaches to the deformation problem and strain

concentration of soft polymers. More recently, Tan et al. [385] and Sridhar et al. [386]



120 Chapter 5. Applications

developed phase-field models for multifunctional piezoelectric materials.

Here, a combination of experiments and theory helps uncover the fracture behavior of

ultra-soft hMREs with remanent magnetic fields. For that, we take the ultra-soft hMREs

manufactured in Section 3.3. Tensile tests are used to demonstrate, for the first time in the

literature, that remanent magnetic fields increase the fracture toughness of pre-magnetized

hMREs, i.e., the energy absorbed by the sample until complete rupture [381, 382]. Digital

image correlation (DIC) allows to calculate the strain fields at the crack tip and estimate the

J-integral according to the method previously described in Section 5.1.2. In addition, crack

closure due to the magnetic field is reported as a phenomenon that delays the opening of

cracks. To provide further understanding into the constitutive basis of such a behavior, this

work conceptualizes for the first time a bespoke numerical phase-field framework for fracture

of hMREs. The results suggest that remanent magnetic fields induce beneficial compressive

stresses in the medium as they decrease the stress concentration at the crack tip. Overall,

we unveil intriguing potential applications for functional actuators with enhanced fracture

performance and better behavior under cyclic loading.

5.2.1 Materials and synthesis of the samples

Molds were filled with the blend (i.e., PDMS and NdFeB magnetic powder) to produce

prismatic samples with 60 mm length, 10 mm width and 2 mm thickness. They were

cured in the oven at 85 oC during 2 h. Hereafter, the following definition is important,

i.e., virgin samples as those without remanent magnetic field and pre-magnetized samples

with remanent magnetic field. For pre-magnetized samples, an impulse magnetizer (DX-

MAG20C, Dexing Magnet Tech. Co, Xiamen, China) applied permanent magnetization in

the longitudinal direction of the samples. The magnetizer was set at 1000 V, endowing the

samples with an apparent macroscopic remanent magnetic induction of 40 mT (measured

with a teslameter). Moreover, a blade was used to apply cuts on the samples of 1, 2, 3, 4,

and 5 mm, which define crack-width ratios of c/w = 0.2, 0.3, 0.4, 0.5, with c the length of

the initial crack and w the width of the sample.

5.2.2 Experimental estimation of J-integral

The J-integral is estimated from the displacement fields obtained with DIC and the analytical

description of Long et al. [384] for the crack tip fields under large deformations. The

analytical approach is based on the Generalized neo-Hookean model (GNH) to fit the vertical

displacement fields. The parameters of the GNH model were independently calibrated from

tensile tests on virgin and pre-magnetized hMRE specimens without initial cuts. For virgin

and pre-magnetized samples, respectively, shear moduli G of 6.2 kPa and 11 kPa and strain-

hardening exponents n of 1.18 and 1.10 were calibrated (see Figure A.9). An annular grid

places the fitting points far enough from the crack tip to avoid the dissipative length scale

[387], and far enough from the boundary to avoid boundary effects.

The analytical model relies on the method of asymptotic analysis and the Generalized

neo-Hookean Model (GNH). Stephenson [388] established that the elastic potential near the
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crack tip is governed by

Ψ = AIn1 +BIn−1
1 , (5.3)

with A, B and n material parameters and I1 = tr (C), where C = FT · F with F the

deformation gradient.

Analytically, the vertical displacement field is described by

u2 = ar1−
1
2nU(θ, n), (5.4)

with a an amplitude parameter, r the radial coordinate with respect to crack tip and U (θ, n)

an odd function of the angular coordinate θ, defined as

U(θ, n) = sin (θ/2)

√︄
1− 2κ2 cos2 (θ/2)

1 + ω (θ, n)
[ω (θ, n) + κ cos (θ)]κ/2 , (5.5)

with

κ = 1− 1

n
, ω (θ, n) =

√︂
1− κ2 sin2 (θ). (5.6)

Finally, the amplitude parameter a, hence the displacement field u2, is related to J

according to

J =
Gπ

2

[︃
b

n

]︃n−1 [︃
2n− 1

2n

]︃2n−1

n1−na2n, (5.7)

with G the shear modulus and b a material parameter of the GNH model. Detail on the

calibration of these parameters is provided in Section A.2.3.

The fitting with the experimental and analytical displacement field is done at the i

points defined by the annular grid in Figure 5.11.b.1, by taking J as unknown variable, and

performing least squares fitting, according to

min
J∈R+

n∑︂
i

[︁
u2n
2,theo − u2n

2,exp

]︁2
i
. (5.8)

5.2.3 FE model: Numerical details

Here we recall the constitutive model in Section 4.2.2. The first variation of the field equa-

tions (mechanical, magnetic and damage field equations) yields the weak form of the prob-

lem, which is numerically solved in the open source finite element environment FEniCS using

the NonLinearVariationalProblem library [389]. The magneto-mechanical problem and the

phase-field problem are decoupled in a staggered scheme and the magneto-mechanical prob-

lem is solved monolithically. Iterations stop when the maximum difference of the fields

between two consecutive iterations is smaller than a tolerance, here set to tol1 = 1 · 10−2.

This approach ensures computational efficiency and is more robust than the monolithic prob-

lem [378]. However, the staggered scheme requires small enough load steps. To decrease the

calculation time, an adaptive load stepping increases and reduces the load step according to

the growth of the damage variable [323]. For an increase larger than tol2 = 0.15, the load

increment is reduced by a factor of 1/1.2 up to a minimum value of ∆t = 1 ·10−3. Otherwise,

it is incremented by a factor of 1.2 up to a maximum value of ∆t = 1.6 · 10−2.
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The finite element computation was performed on a two-dimensional mesh with 69444

triangular elements. The boundaries of the air sub-domain were mechanically fixed with

null perpendicular displacements. Moreover, multipoint constraints were applied on the

displacement field of the air to enhance the numerical convergence. To mimic a tensile test,

the displacement of the upper and lower edges of the rectangular sample are constrained. A

first stage allows for the pre-compression of the sample with the application of the remanent

magnetic field. A second stage applies vertical displacements of the edges. With regard

to the magnetic field, the magnetic potential was set to zero on a reference point and the

background Maxwell stress contribution was subtracted from the stress as it is balanced by

the stress from the surrounding air. Finally, initial damage representing the pre-existing

crack is prescribed directly on the phase-field as d = 1. In addition, the contribution to the

weak form due to the phase-field equation is restricted to the sub-domain of the hMRE. To

this end, the contribution of the air is excluded from the residual and the phase-field is set

to zero in the air.

The air (free space) is modeled as a compliant sub-domain that surrounds the hMRE and

deforms with it [164, 166, 390]. To avoid interpenetration of the elements on the upper and

lower edges of the hMRE sample, multipoint constraints prescribe the vertical displacement

field on the regions of the air above and below the sample, see Figure 5.7 [165, 166]. A

second-order polynomial is defined to be u2,hMRE (i.e., vertical displacement of the upper

and lower edges of the hMRE sample) in the middle horizontal coordinate and zero on the

left and right boundaries, and a first-order polynomial is defined to be u2,hMRE in the upper

and lower edges of the hMRE sample and zero in the top and bottom boundaries.

Figure 5.7: Multipoint constraints on the vertical displacement fields of the air sub-domain to improve

numerical stability in the simulations for fracture of hMREs. A second-order polynomial is defined to be

u2,hMRE in the middle horizontal coordinate and zero on the left and right boundaries, and a first-order

polynomial is defined to be u2,hMRE in the upper and lower edges of the sample and zero in the top and

bottom boundaries. (a) Vertical displacement field of the air sub-domain, (b) horizontal displacement field

and (c) magnitude of the displacement field.

The parameters of the model are classified as mechanical, magnetic and fracture pa-

rameters, for both hMRE and free space (i.e., air) sub-domains. For the hMRE, the shear
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modulus G = 6.2 kPa, the Poisson’s ratio of the non-damaged hMRE ν1 = 0.47,20 the

strain hardening/softening exponent n = 1.18, and the correction parameter at low strain

b = 1 (see the calibration in Section A.2.3 from tests on uncut virgin samples).21 For the

air, modeled as an extremely compliant domain [390], G = 0.01 kPa, υ = 0.4, n = 1.18,

and b = 1. With respect to the magnetic parameters, the experimental measure of the

apparent (homogeneous) magnetic induction of a pre-magnetized hMRE with a teslameter

provided a value of µ0Hr = 20 mT. Besides, the coupling parameter was calibrated from

the experimental results on an uncut pre-magnetized sample, whereby it was reduced to

βcoup = 1 to guarantee the numerical stability of the problem. Finally, the critical energy

release rate Gc = 4.9 · 10−2 N
mm

and the length scale parameter l = 0.1 mm (see Figure A.10

for the experimental calibration of Gc). The latter is chosen small enough with respect to

the dimensions of the sample. Furthermore, the viscosity parameter η = 0.1 allows the rate

dependent formation of cracks and a numerical viscous regularization. Table 5.3 summarizes

all the previous parameters.

Table 5.3: Mechanical, magnetic and fracture properties used in the phase-field model for hMREs undergoing

fracture, for the hMRE and the air. Mechanical parameters: shear modulus G, Poisson’s ratio of the

non-damaged hMRE υ1, strain hardening/softening exponent n1, and correction parameter for low strain

b. Magnetic parameters: remanent magnetic field Hr and magneto-mechanical coupling parameter βcoup.

Fracture parameters: critical energy release rate Gc and length scale parameter l.

Phase
Mechanical Magnetic Fracture

G [kPa] υ [-] n [-] b [-] µ0Hr [mT] βcoup Gc [N/mm] l [mm]

hMRE 6.2 0.47 1.18 1 20 1 4.9 · 10−2 0.1

Air 0.01 0.40 1.18 1 0 0 - -

5.2.4 Remanent magnetization enhances fracture toughness of

hMREs

The constitutive behavior of MREs is highly influenced by the interaction between the mag-

netic particles, the soft matrix, and the external magnetic field. When MREs are manufac-

tured with hard-magnetic particles, magneto-mechanical effects (e.g., structural stiffening)

can be sustained even in the absence of magnetic fields. These premises suggest that also

their fracture behavior must depend on the microstructural magneto-mechanical coupling.

To delve into this, quasi-static uniaxial tensile tests were performed with a universal test-

20To allow for larger deformation of the damaged material, the bulk modulus is degraded faster than

the shear modulus. In this way, ν depends on the damage variable according to ν (d) =
[︁
1 − d2

]︁
ν1 +[︂

1 − [1 − d]
2
]︂
ν2, with ν1 the material Poisson’s ratio and ν2 = 0.2 ν1 a degraded Poisson’s ratio.

21Note that the mechanical contribution in the numerical model is calibrated from experimental results

for tensile tests on virgin samples and the magnetic fields for the pre-magnetization condition are included

through a magnetic constitutive extension of the model. This differs from the material parameters used for

the estimation of the J-integral, where the GNH parameters are calibrated to include the magnetorheological

effect.
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ing machine (Instron 34TM-5, Norwood, Massachusetts, United States) at a velocity of

0.003 mm s−1. The initial separation of the grips was set at l0 = 30 mm and l0 = 50 mm

to get results for two different sample lengths. Special grips for ultra-soft polymers with

pneumatic actuation were used. The tests finish when the sample breaks and the load falls

to zero. In the mean while, force-displacement data was recorded.

The force-displacement curves in Figure 5.8.a are used to calculate the fracture energy

density, i.e., a measure of the fracture toughness [382], as the area under the curves divided

by the volume of the samples. The results permit to compare the fracture toughness of

hMREs with different cut lengths and remanent magnetic fields. For every condition, pre-

magnetized hMREs are able to absorb more energy before fracture than virgin ones. For

instance, the pre-magnetized sample with an initial length (l0) of 30 mm and with a cut-

width ratio (c/w) of 0.2 absorbs a 38 % more energy than the virgin counterpart. For

the cut-width ratios of 0.3, 0.4, and 0.5, the increases in the energy absorbed are 46, 49,

and 16 %, respectively. Moreover, the work of extension for uncut samples is 0.0551 and

0.0982 mJmm−3, respectively for virgin and pre-magnetized hMREs (see the results for the

uncut case in Figure A.2.3). This gives an increase in the energy absorbed by pre-magnetized

samples of 78 %. For the samples with initial length of 50 mm, the increases are 23, 51, 40,

and 49 % for the same cut-width ratios. Overall, the pre-magnetized hMRE samples are

tougher to fracture than virgin ones.

A further finding relates to the size of the initial cut and the stretch to failure. The

larger the flaw, the smaller the displacement to failure. For the cut-width ratios of 0.2, 0.3,

0.4, and 0.5 and initial length l0 = 30 mm, the displacement to failure of virgin samples

is 51.9, 35.0, 34.4, and 31.4 mm, respectively. Chen and co-authors [382] elaborated on

the dependency of the stretch to failure on the cut length of two stretch-stiffening highly

stretchable elastomers: VHB and PU. For short cuts (i.e., below 0.1 mm length) the stretch

to failure was insensitive to the length of the cut. Similarly, for long cuts (i.e., above 10 mm)

it barely depended on the length. However, for intermediate lengths the dependency was

maximum. Our results recover this tendency. For the largest cut ratios, the displacement

to failure barely changes (35.0, 34.4, and 31.4 mm). For the smallest cut, the displacement

to failure increases a 50 % (51.9 mm). Moreover, for an uncut sample, the displacement to

failure increases to 100.5 mm (See Figure A.2.3). Note that the behavior for cuts smaller

than 2 mm was not explored due to the large manufacturing error when applying small cuts

in these sticky materials. Regarding the effect of the remanent magnetic fields, the results

show that the stretch to failure barely depends on the pre-magnetization state. Just for the

cut-width ratio of 0.2 there is an apparent difference, wherein the stretch to failure for the

pre-magnetized sample is larger than for the virgin one. The larger manufacturing error

explains such a discrepancy.
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Figure 5.8: Experimental results from tensile tests to rupture on virgin and pre-magnetized hMRE samples

and different pre-existing cuts. (a.1-4) Results for the force-displacement curves, cut-width ratios c/w of 0.2,

0.3, 0.4, and 0.5 and initial length of the sample of 30 mm. (a.5-8) Results for the force-displacement curves

for samples with initial length of 50 mm. (b) Illustration of the geometry of the sample, dimensions and

position of the grips for the experimental procedure, with l0 the initial distance between grips, t the depth

of the sample and c the length of the pre-cut. The initial crack of length c is placed at the middle of the

heigh. (c.1) Barplot with the fracture energy density of virgin and pre-magnetized samples as a function of

the cut length ratio for l0 = 30 mm. (c.2) Barplot with the fracture energy density for l0 = 50 mm.
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5.2.5 Remanent magnetization delays the opening of pre-existing

cracks

Pre-magnetized hMREs behave as permanent magnets from a macroscopic point of view.

Consequently, the free surfaces of a crack attract each other, thus closing the discontinuity.

Under tensile loading, the interface provides structural support up to a certain axial load.

Eventually, the crack opens when the mechanical stress in the bulk material becomes larger

than the magnetic attraction. Figure 5.9 provides pictures of the deformation process of

a pre-magnetized hMRE sample during a tensile test. Three main stages characterize the

process: i) the closed crack regime, ii) the crack opening phase, and iii) the eventual crack

propagation. DIC on virgin and pre-magnetized samples with different pre-existing cuts,

according to the method in Section 5.1.2, allows to provide a detailed study. The results

consist in the surface displacement fields at the crack tip along quasi-static tensile tests.

Figure 5.9: Stages along the stretching of a pre-magnetized hMRE with a 5 mm pre-existing crack: (left)

closed crack, (center) delayed opening and (right) crack propagation.

For all tensile tests, two displacements are defined as control points: the first before

the crack opens, i.e., “Displacement 1” of 10 mm, and the second after the opening of the

crack, i.e., “Displacement 2” of 16 mm. Figure 5.11.a. illustrates the procedure and the

closing mechanism. The results from the force-displacement curves in Figure 5.10.a show

a drop in the force at the moment where the crack opens. In this regard, the longer the

initial crack, the larger the drop in the force, with the maximum for the cut of 5 mm.

Moreover, Figures 5.10.b.1-8 and 9-16 present the vertical strain fields at “Displacement 1”

and “Displacement 2”, respectively. A first finding relates to the small values of the strain

on the crack tip for a closed crack (Figure 5.10.b.5-8). Indeed, when the crack has not yet

opened the structural behavior is close to that of a flawless sample. A second finding, after

the opening of the crack (i.e., “Displacement 2”), is that strains at the crack tip are larger for

pre-magnetized samples than for virgin ones, see Figure 5.10.b.13-16 and Figure 5.10.b.9-12,

respectively. Although the strain fields do not provide a complete view of the constitutive

behavior of the hMRE (i.e., stress response), they provide a measure of the deformation

state.
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Figure 5.10: Experimental results for the surface deformation at the crack tip on virgin and pre-magnetized

hMRE samples show the delay in the opening of the pre-existing crack. (a.1-4) Force-displacement curves

for virgin and pre-magnetized hMREs with pre-existing cut-width ratios of 0.2, 0.3, 0.4, and 0.5. Two

displacements (abscissa) are defined: “Displacement 1”, equal to 10 mm, is defined for all the samples before

the opening of the crack in the pre-magnetized samples; and “Displacement 2”, equal to 16 mm, after the

crack opening. In between these two reference displacements, and for pre-magnetized samples, the sides of

the crack detach. (b.1-4) and (b.5-8) Vertical strain fields at “Displacement 1” of virgin and pre-magnetized

samples, respectively. (b.9-12) and (b.13-16) Vertical strain fields at “Displacement 2” of virgin and pre-

magnetized samples, respectively.
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Figure 5.11: Magnetic crack closure mechanisms and estimation of the J-integral. (a.1-2) and (a.3-4) Il-

lustration of the crack state (open/closed) of virgin and pre-magnetized state for Displacements 1 and 2,

respectively. (b.1) Annular grid used for the fitting with the experimental and theoretical vertical displace-

ment fields to estimate the J-integral. (b.2) Values of J for the virgin and pre-magnetized samples at

Displacements 1 and 2 as a function of the crack-width ratio.

The J -integral provides a better quantification of the strain concentration at the crack

tip. The estimation of this value is done with the analytical formulation in Section 5.2.2 for

the crack tip fields under large deformations fitting the vertical displacement fields obtained

with DIC. Moreover, the points used for the fitting are defined through an annular grid, see

Figure 5.11.b.1. For further detail on the calibration of the model and the fitting proce-

dure, see Section 5.2.2. In addition, Figure A.11 contains additional results for alternative

annular grids. This confirms that the fitting grid does not influence the tendencies found.

Figure 5.11.b.2 shows the results for all cut-width ratios, for “Displacement 1” and “Displace-

ment 2” and for both virgin and pre-magnetized samples. A first finding relates to the crack

closure phenomenon. The values of J are significantly smaller for pre-magnetized samples

than for virgin hMREs at “Displacement 1”. This result is explained by the crack closure

due to remanent magnetic fields that provide material continuity through the crack region.

The reduction is of approximately 11 %, 18 %, 23 %, and 23 % for the crack length ratios

of 0.2, 0.3, 0.4, and 0.5, respectively. However, once the crack opens in the pre-magnetized

hMRE, J is larger for the pre-magnetized sample than for the virgin one. It is 8.6 %, 9.4 %,

7.7 %, and 28 % larger, respectively for the crack length ratios.
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An additional finding unveils that J shows a peak for cuts of intermediate lengths and,

for short and long cracks, J is smaller. In other words, the shortest and longest cracks (2 mm

and 5 mm, respectively) lead to smaller strain concentration at the crack tip. However, for

the intermediate cut-width ratio of c/w = 0.3, increases between 35 % and 60 % with respect

to the case for the shortest crack are shown in Figure 5.11.b.2. The smaller sensitivity of

the hMRE to small flaws agrees with the work conducted by Chen and co-authors [382].

Regarding the large cuts, the smaller J would owe to a more homogeneous displacement

field at the crack tip. Overall, although the experimental displacement fields can provide

meaningful information, they miss constitutive information. Such additional information

could be better considered through computational full-field models.

5.2.6 Remanent magnetization reduces stress concentration at the

crack tip

The stress state at the crack tip drives crack growth. Given the complexity of the coupling

between the mechanical and magnetic fields within pre-magnetized hMREs, experimental

techniques are not enough to fully understand the constitutive response of hMREs. In this

regard, DIC provides the displacement and strain fields of the deformed sample, but not

the stress response. The highly complex behavior of hMREs requires constitutive models

that consider the interactions between the magnetic particles and the soft elastomeric ma-

trix. Such approaches, when implemented in a computational framework, provide deeper

understanding of the underlying physics.

The present work conceptualizes a bespoke magneto-mechanical phase-field model to

provide understanding on how remanent magnetic fields affect fracture mechanics of ultra-

soft hMREs. More specifically, the framework explains the capacity of pre-magnetized hM-

REs to absorb more energy than virgin ones, as reported in the previous sections. The

model is based on a continuum description of the hMRE within the finite strain framework

[63, 165, 166, 184]. The Generalized neo-Hookean model (GNH) is used to model the me-

chanical mechanical behavior [384] (see Equation 4.69). Moreover, when the medium has

remanent magnetization and/or is externally actuated, the coupling between the magnetic

and mechanical fields modulates the overall stress in the bulk material. To properly model

the interaction between magnetic particles at the microscale, an additional coupling term is

added to the magnetic formulation. Furthermore, the air (free space) surrounding the hMRE

is modeled as an extremely compliant mechanical medium [391]. On top of this, an order

parameter field models the damage of the medium and crack propagation. The calibration of

the critical energy release rate Gc is achieved from experimental force-displacement rupture

curves for cracks of 2 and 5 mm. The area between both curves provides Gc, see Figure A.10.

Note that this is an average estimation from the shortest crack to the largest one. The reader

can find more detail on the calibration of the GNH model parameters in Section A.2.3 and

on the constitutive model and numerical framework in Sections 4.2.2 and 5.2.3.
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PROPAGATION OF A CUT IN THE COMPUTATIONAL FRAMEWORK

a) b) c) d) e) f) g) h) i) j)

Virgin (μ0Hr = 0 mT) Pre-magnetized (μ0Hr = 20 mT)

Figure 5.12: Computational stages along the stretching and crack propagation processes of a virgin and

pre-magnetized hMRE. (a-e) Evolution of the morphology of the crack from an initial cut of 2 mm to final

rupture of a virgin hMRE. The pictures correspond to deformed states for displacements of the edges of 3,

36, 53, 60, and 64 mm. (f-j) Crack patterns from an initial cut of 2 mm to final rupture of a pre-magnetized

hMRE. The pictures correspond to deformed states for displacements of 5, 25, 35, 46, and 54 mm. The

dimensions of the virtual samples are 10 mm width and 30 mm height.

The set of simulations comprises different magnetic remanent fields (µ0Hr) of 0, 5, 10,

15, and 20 mT and the cut-width ratios c/w = 0.2, 0.3, 0.4, 0.5. Figure 5.12 illustrates the

morphology of the crack during its propagation in virgin and pre-magnetized hMREs, from

the 2 mm initial cut to the eventual rupture of the sample. Force-displacement curves in

Figure 5.13.a show increasing stiffness and stretch to failure for shorter cracks and larger

remanent fields. Moreover, they allow to calculate the fracture energy from the area under

the curve. In this regard, the barplots in Figure 5.13.b present the values of the fracture

energy density, with increases of the fracture toughness above 50 % for the maximum 20 mT

remanent field. Finally, Figure 5.13.c provides the vertical Cauchy stress fields (σyy) near

the crack tip for virgin and pre-magnetized hMREs. For the pre-magnetized case, the stress

concentration is smaller than for the virgin hMRE. This is a consequence of the coupled re-

sponse of the hMRE, that results from a mechanical balance between the polymeric network

deformation and magnetic stresses from particle dipole-to-dipole interactions. An isolated

study of the magnetic stress contribution indicates that the magnetic stresses induce com-

pression of the medium. In this regard, Figure 5.14 depicts the distribution of the spherical

component of the magnetic contribution to the Cauchy stress tensor, where the positive

values indicate magnetic compression of the medium.
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Figure 5.13: Numerical results from tensile tests to rupture performed in the virtual framework. (a.1-4) Force-

displacement curves to rupture of rectangular hMRE specimens with initial crack-width ratios of 0.2, 0.3, 0.4,

and 0.5, respectively, and remanent magnetic fields µ0Hr = 0, 5, 10, 20 mT. (b.1-4) Fracture energy density

for the cut length ratios and remanent magnetic fields µ0Hr = 0, 5, 10, 20 mT. (c.1-4) and (c.5-8) Crack tip

Cauchy vertical stress fields for virgin (µ0Hr = 0 mT) and pre-magnetized samples (µ0Hr = 20 mT). All

pictures correspond to a displacement of 11.5 mm. Note that the fracture contours are obtained for d < 0.85,

so that the regions of negligible stress contribution are not displayed.
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Figure 5.14: Spherical component of the magnetic Cauchy stress tensor along a virtual tensile test for the

split of the energy driving crack propagation. Positive values relate to a compressive deformation of the

pre-magnetized MRE in the direction of the magnetic field. (a-g) Deformed configuration for displacements

of 5, 25, 35, 46 and 54 mm, respectively.

5.2.7 Discussion

The experimental and computational study shows that remanent magnetization of ultra-

soft hMREs enhances their fracture performance. Our experimental approach demonstrates

that pre-magnetized hMRE samples are tougher to fracture than virgin ones. In addition,

crack closure due to a magnetic field delays the opening of cracks. The magnetic attraction

between both sides of the crack acts as an artificial glue that heals the flaw. This ground-

breaking capability suggests the application of pre-magnetized hMREs on smart structures

less sensitive to pre-existing flaws. Furthermore, these ultra-soft structures would have

the features to modify their mechanical properties and perform functional shape changes

under external magnetic actuation. A comprehensive computational framework based on

a bespoke phase-field approach allows to better understand how the magneto-mechanical

coupling affects crack propagation. The virtual testbed, based on the constitutive description

of hMREs at finite strains and magneto-mechanical coupling, allows to compare between

magnetic conditions and pre-existing cuts of different lengths.

The concentration of the displacement, strain and stress fields at the crack tip are affected

by the length of the pre-existing cut and permanent magnetization state. In this regard, the

experimental strains at the crack tip in Figure 5.10.b are larger for pre-magnetized samples

than for virgin ones. Moreover, according to the results for J , the fields are larger for cuts

of intermediate lengths. However, strain fields are not enough to properly understand the

constitutive behavior. Fracture mechanics is determined by the energy of the material and

not only the strains. In this sense, the response of the material is given by a pure mechanical
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contribution and a magnetic one. The former can be determined from the deformation of

the material. The latter, however, actuates as a pre-stress and cannot be determined experi-

mentally. In this respect, the computational framework provides more insightful information

based on the intricate magneto-mechanical coupling of the medium. The framework allows

for a detailed study of the stress response, which drives crack propagation, and reveals that

the stress concentration at the crack tip is smaller for pre-magnetized hMREs than for virgin

ones (see Figure 5.13.c). This justifies the slower crack growth rate observed from the virtual

experiments on pre-magnetized hMREs and, overall, their enhanced fracture behavior.

As mentioned earlier in Section 5.2.4, pre-magnetized samples show higher fracture

toughness. The computational framework clarifies this behavior. From the constitutive

decomposition of the stress state into mechanical and magnetic contributions, one can verify

that the magnetic stress contribution induces compressive deformation of the medium. The

positive spherical component of the magnetic stress in Figure 5.14 quantifies this tendency.

It unravels larger magnetic compression in front of the crack tip, a result that suggests that

the magnetic fields homogenize the stress distribution within the medium. This is a conse-

quence of the coupled response of the hMRE, that results from a mechanical balance between

the polymeric network deformation and magnetic stresses from the particles’ dipole-dipole

interactions. The findings indicate that the particles’ interactions oppose the elongation of

the medium, hence increasing the fracture toughness of the hMRE. This would enable the

design of structures with more complex geometries, diminishing the negative effect of stress

concentrations around pre-existing flaws.

Overall, the experimental and computational evidence unveils that the magneto-

mechanical coupling provided by hard magnetics enhance the fracture behavior of hMREs

in an autonomous way. This feature opens doors to the design of self sufficient functional

structures that can undergo large deformations minimizing fracture failure limitations. For

example, skin patches based on soft polymers [366], meshes for wound closure [367] and

bioadhesive skin sensors [368]. Moreover, the crack closure mechanism in pre-magnetized

hMRE samples suggests the application of hMREs as a robust option to minimize fracture

propensity. Here, the delay in the opening of the crack would reduce the amplitude of J

during a load cycle, thus providing a better performance of hMREs under cyclic loading.

The study of fatigue failure is out of the scope of this thesis, but the reader can consult

the works by Sanoja et al. [371] and Li et al. [374] for further experimental considerations,

the work by Loew et al. [392] for a computational approach and the work of Zheng et al.

[393] for fatigue on hydrogels. Additional future efforts could focus on the computational

study of crack nucleation and propagation from a microstructural viewpoint [394], e.g.,

via computational homogenization approaches. Furthermore, data-driven modeling could

be a useful approach to account for unintended flaws resulting from actual manufacturing

processes [395].

As a final remark, the combination of soft-magnetic and hard-magnetic particles within

the same elastomeric matrix could additionally improve the fracture behavior of hMREs.

Here, the soft-magnetic particles would create magnetic bridges around the hard-magnetic

ones, enhancing the magneto-mechanical coupling. The next application elaborates on this

hypothesis, where soft- and hard-magnetic particles are combined in the same ultra-soft
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matrix. The results will uncover synergistic effects that enhance the functional response of

the resulting composite, i.e., improvement in the mechanical properties and amplification of

the shape-morphing capability.
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5.3 Hybrid magnetorheological elastomers enable ver-

satile soft actuators

Recent advances in magnetorheological elastomers (MREs) have posed the question on

whether the combination of both soft- and hard-magnetic particles may open new routes to

design versatile multifunctional actuators. The comprehensive experimental characterization

in Section 3.4 unraveled that the magneto-mechanical performance of hybrid MREs can be

optimized by selecting an adequate mixing ratio between particles. In the current section,

a multi-physics computational framework provides insights into the synergistic magneto-

mechanical interactions at the microscale. Soft-magnetic particles amplify the magnetiza-

tion and hard-magnetic particles contribute to torsional actuations. Our numerical results

suggest that the effective response of hybrid MREs emerges from these intricate interactions.

Overall, this uncovers exciting possibilities to push the frontiers of MRE solutions. These

are demonstrated by simulating a bimorph beam that provides actuation flexibility either

enhancing mechanical bending or material stiffening, depending on the magnetic stimulation.

5.3.1 Microstructural homogenization model for hybrid MREs

The experimental results of hybrid MREs demonstrate a macroscopic stiffening of these ma-

terials under the application of external magnetic fields (Figure 3.29, 3.30, and 3.31). The

mechanically confined tests in Figure 3.33, show that such a magneto-mechanical coupling is

the result of internal stresses derived from the interactions between soft- and hard-magnetic

particles that are, in turn, transmitted through the elastomeric matrix. Since these ex-

perimental data rely on the macroscopic realm, it is difficult to get insights into the mi-

crostructural mechanisms. The interactions between the particles and the matrix are of high

complexity due to strong contrasts in the material properties of the different phases. Re-

garding the mechanical problem, there is an important stiffness contrast between the matrix

(kPa) and particles (GPa). Moreover, the magnetic problem also presents an important

phase contrast in terms of the relative magnetic permeability, with a value close to 1 for the

matrix and hard particles whereas in the soft particles it is 31. These characteristics make the

understanding of the problem non-intuitive, limiting the analysis to macrostructural mea-

surements and hindering the identification of the links at the microscale. In the literature,

there are only few works approaching the multifunctional interplays from microstructural

approaches. Sanchez and co-authors [396] addressed the analysis from a molecular dynamics

basis and, more recently, Becker and co-authors [397] proposed a mesoscopic constitutive

model. Although the later work definitely provided relevant observations, it was performed

under the assumption that the elastomeric matrix was rigid. To provide knowledge in this

respect, a computational framework was designed as a numerical testbed for the evaluation

of the magnetic interactions between particles and their influence on the mechanical response

of the composite. The framework is based on a full-field computational model that explicitly

accounts for the different phases, i.e., elastomeric matrix, soft- and hard-magnetic particles.

Moreover, the model parameters have a clear physical meaning and their values are directly
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taken either from the experiments reported herein or from the literature.

In the magneto-mechanical experiments, the extremely soft nature of the polymeric ma-

trix allows the magnetic particles to rearrange forming chain-like structures within the MRE

(see the discussion on the experimental results for hybrid MREs in Section 3.4). These

deformation mechanisms imply very large deformations within the MRE that are not com-

putationally reachable due to excessive element distortions. This fact, together with the

need for explicitly simulating the magnetic sources, hinders a direct comparison between

the experimental and computational results. However, the computational model enables

simulating at the microscale, within a homogenization framework, the magneto-mechanical

interactions between soft and hard particles depending on their mixing ratio. The simula-

tions help explore the nature of such interactions and the main microstructural deformation

mechanisms transmitted to the matrix. To this end, the simulations first applied the perma-

nent magnetization of the hard-magnetic particles (positive along z-axis by the imposition

of the variable Hr). Then, a second step applied an Eulerian (homogenized) magnetic induc-

tion up to 10 mT in the same direction as the magnetization (i.e., direct magnetic field) and

in the opposite direction (i.e., reverse field). It is important to note that while the exper-

iments analyzed the response of the macroscopic sample to an externally applied magnetic

field, here a homogenized magnetic field within the RVE was directly prescribed. Thus, the

computational framework allows to explore the intrinsic material behavior and microstruc-

tural interactions for such prescribed magnetic fields that are the result of external magnetic

sources, residual magnetization in the hard particles and evolving fields within the soft parti-

cles. In other words, a null magnetic field in the RVE does not mean null external stimulation

but an externally applied magnetic field that balances the residual magnetization within the

RVE. This approach seems ideal for the purpose of these simulations, which is to evaluate the

interactions between particles on a macroscopically constrained RVE. In addition, setting a

common homogeneous magnetic induction to zero for all the RVEs and mixing ratios makes

it possible to compare the response between all of them. More details about the boundary

conditions and the residual homogeneous magnetic induction after pre-magnetization can be

found in Sections 4.1.4 and A.2.2, respectively.

FE model: Numerical details

The complete computational framework was implemented in the open source FE software

FEniCS to solve the non-linear magneto-mechanical problem by an implicit monolithic inte-

gration algorithm and the FEniCS standard UFL solver with independent tolerance criteria

for each contribution to the residual. The remanent magnetization of hard magnetic par-

ticles and the macroscopic magnetic induction are applied consecutively and incrementally

with the appropriate steps. Note that this implementation recalls the microscopic constitu-

tive framework from Section 4.1. Then, a set of representative volume elements (RVEs) was

created to match the particles mixing ratios from the MREs in the experimental section.

These consist of multi-domain RVEs that explicitly consider the carrier matrix (continuous

phase) and both soft- and hard-magnetic particles (dispersed phase). Every RVE was de-

signed to have a total amount of magnetic particles of 30 vol.%. Meshes with tetrahedral
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elements were defined to discretize the multiphase domain. The number of elements is com-

prised between 72 985 and 137 768, depending on the mixing ratio and other random factors.

Moreover, Lagrange elements are chosen for a quadratic interpolation of the displacement

and magnetic potential fields, and discontinuous Lagrange for the Lagrange multiplier for

the incompressibility constraint. A Monte Carlo algorithm allowed to randomly distribute

the magnetic particles within the RVE and simulate an isotropic distribution, also account-

ing for the difference in size between soft- and hard-magnetic fillers (Figure 5.15.left). The

main macroscopic boundary conditions imposed in the homogenization framework for the

confined deformation are

b(t) =

⎧⎪⎨⎪⎩
0

0

bendt/tramp

⎫⎪⎬⎪⎭ , Hr(t) =

⎧⎪⎨⎪⎩
0

Hr

0

⎫⎪⎬⎪⎭ , F(t) =

⎡⎢⎣1 0 0

0 1 0

0 0 1

⎤⎥⎦ . (5.9)

Note that the prescription of the Eulerian magnetic induction instead of its Lagrangian

counterpart is just a mere modeling decision to better link to the real deformed state of the

MRE [184].

Moreover, all the variables are taken directly from experimental data, either originated

from this thesis or from the literature, see Table 5.4. Regarding the magnetic remanence, it

has been evaluated measuring the apparent residual magnetic field in pre-magnetized hMRE

samples (not fully magnetized but imposing a 1 T field). This experimental value has been

taken to fit the residual magnetization of the particles comparing it with the homogenized

residual magnetization under null external field conditions, see Section A.2.2 for further

detail.

Table 5.4: Mechanical and magnetic properties used in the microstructural model for the matrix and the

magnetic particles. Note that n = 1 and b = 1 to recover the Neo-Hookean behavior. Further non-linearities

will arise after the homogenization of the microstructure. Therefore, and unlike further phenomenological

models, the material laws of the phases need not include strain hardening.

Phase
Mechanical

Elastic shear

modulus

G [kPa]

Hardening/

softening exp.

n [-]

Correction at

low strain

b [-]

Matrix 1.0 1 1

Soft-mag. particles 81.78 · 106 1 1

Hard-mag. particles 81.78 · 106 1 1

Phase
Magnetic

Magnetic

susceptibility

χe [-]

Saturation

magnetization

µ0ms [T]

Remanent

magnetic field

µ0Hr [T]

Matrix 0 - -

Soft-mag. particles 30 2.5 -

Hard-mag. particles 0.05 0.5 0.015
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Influence of the soft-to-hard-magnetic particles mixing ratio

Pre-magnetized hybrid MREs perform differently depending on the direction of the magnetic

actuation. The computational results from the simulations are presented in Figure 5.15. The

first column depicts representative RVEs for each soft-to-hard particles ratio. The second

column shows plots of the homogenized stress in the RVEs against the homogenized magnetic

field for direct and reverse actuations. Five different RVEs for each MRE type allow to

characterize the variability related to the random distribution of the particles. Associated to

these results, the last column shows the magnitude of the magnetic field for both direct and

reverse actuations under a macroscopic field of 5 mT. As previously stated, note that the

framework prescribes the total macroscopic magnetic induction. Besides, some simulations

face convergence issues as the particles approach each other and try to form chains. These

phenomena depend on the distances between particles and their soft or hard nature.

A first finding relates to the response of the MREs under direct and reverse actuations.

In this regard, sMREs show exactly the same behavior irrespective of the direction of the

external field, whereas the response of the hybrid and hMREs strongly differs depending on

the direction of the magnetic actuation. The remanent magnetization of the hard-magnetic

particles explains such a behavior. For sMREs, the particles magnetize along the applied

magnetic direction leading to dipole-to-dipole interactions and a subsequent compression of

the RVE. If larger magnetic fields are applied, the extremely soft matrix would allow the par-

ticles to rearrange forming chain-like structures. On the contrary, the residual magnetization

within the hard-magnetic particles adds magnetic torques. These torques appear when the

magnetization is not perfectly aligned with the external field. From the magnetic point of

view, under direct magnetic fields, the magnetization within the hard particles is reinforced.

However, for reverse fields, the total magnetization in the hard particles is diminished due

to a balancing between energetic and residual terms in such a direction. In addition, the

higher permeability of the soft particles results in a higher magnetization than for hard par-

ticles. The mixing of both types of particles leads to synergistic effects. In this case, as

can be observed in Figure 5.15 from the magnetic field representations and the details in

Figure 5.16, the soft particles create magnetic bridges between the hard ones, a phenomenon

that amplifies the magnetization and enhances the magneto-mechanical coupling. This lat-

ter observation may explain the better performance of the hybrid MREs observed in the

experiments. The following section will delve into these phenomena.

Regarding the values of the magnetic field, and for, e.g., a macroscopic magnetic in-

duction of 5 mT, the microstructure has larger local fields of 20 mT in the soft magnetic

particles, whereas the saturation magnetization is 2.5 T. Despite this fact, the extremely soft

nature of the elastomeric matrix leads to significant macroscopic mechanical performance for

magnetic fields in that range. Furthermore, when prescribing reverse magnetic actuation,

the magneto-mechanical coupling is even stronger, which translates into a larger induced

macroscopic stress. Moreover, the results from pure hMRE simulations (hMRE (0:1)) reach

higher macroscopic inductions of up to 100 mT. The analysis of the results shows finite local

deformations and high microstructural magnetic gradients. This provides insightful obser-

vations of the microstructural mechanisms that are influencing the macroscopic response of
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Figure 5.15: Computational results of the microstructural magneto-mechanical coupling in hybrid MREs

using a homogenization model. Computational results for the homogenized framework when subjecting

different representative volume elements (RVEs) to homogeneous magnetic inductions while applying me-

chanical confinement. The first column shows representative RVEs for the different particle mixing ratios

analyzed. The second column shows the homogenized stress against the prescribed homogenized magnetic

induction for the direct and reverse actuations. The last column shows the microstructural distribution of

the magnetic induction within the RVEs for direct and reverse actuation for a macroscopic Eulerian magnetic

induction of 5 mT. Note that a scheme with two collinear arrows illustrates the directions of the prescribed

magnetic induction (blue) and permanent magnetization (red) vectors for the direct and reverse magnetic

actuation. In addition, five RVEs have been considered for each particles mixing ratio. The stress versus

magnetic induction curves include scatter areas to quantify the numerical variability. Also, note that a

representative RVE has been chosen for each mixing ratio in the magnetic induction plots.
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the MREs experimentally tested.

Figure 5.16: Magnetic bridges created by the soft-magnetic particles scattered along the space between the

hard-magnetic particles. Clips to visualize the magnetic induction magnitude inside the RVE for soft-to-

hard-magnetic particles mixing ratios of 2:1, 1:1, 1:2, and 0:1. Note that the opacity of the matrix has been

reduced to visualize the particles in rear planes.

Influence of the soft-to-hard-magnetic particles size ratio

A further factor determining the mechanical behavior of hybrid MREs is the relative size ratio

between soft- and hard-magnetic particles. In this regard, and in addition to the previous

results, further simulations help understand how differences in the relative size between

particles affect the microstructural magneto-mechanical coupling. Additional simulations

were performed on RVEs of hybrid MREs with a soft-to-hard-magnetic particles’ mixing

ratio of 1:1. Then, different particles size ratios (soft:hard) were considered: 6:1, 3:1, 1:1,

1:3, 1:6. These results suggest a stronger magneto-mechanical coupling when using soft-

magnetic particles smaller than the hard-magnetic ones. The effect is clearer when applying

a reverse magnetic field (i.e., contrary to the initial magnetization direction). The bigger

size of the hard-magnetic particles favors the transmission of the magnetic torque, whereas

a lower size of the soft-magnetic particles contributes to generate magnetic bridges between

the hard particles leading to synergistic effects. On the contrary, i.e., smaller hard-magnetic

particles, the magnetic bounding between the big soft particles is much weaker and the

overall magneto-mechanical coupling becomes smaller.
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Figure 5.17: Influence of the particles’ size ratio on the effective (homogeneous) behavior of hybrid MREs.

The first column shows representative RVEs for the different soft-to-hard particles’ size ratios. Red particles

refer to hard magnetic and blue ones, to soft magnetic particles. The second column shows the homogenized

stress against the prescribed homogenized magnetic induction for direct and reverse magnetic actuations.

The last column shows the microstructural distribution of the magnetic induction within the RVEs for direct

and reverse actuation for a macroscopic Eulerian magnetic induction of 5 mT. Note that a scheme with two

collinear arrows illustrates the directions of the prescribed magnetic induction and permanent magnetization

vectors for the direct and reverse magnetic actuation.
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5.3.2 Virtual testing framework to design multifunctional actua-

tors

The experimental and numerical results in Sections 3.4 and 5.3.1, respectively, suggest the

possibility of mixing soft- and hard-magnetic particles to provide, at once, superior bending

deformations and material stiffness enhancements under magnetic actuations. Recent ad-

vances in additive manufacturing (3D printing) techniques have made possible the design of

micron-size actuators based on MREs [234, 398–400]. Ideally, the use of an extremely soft

elastomeric matrix, as in this thesis, allows for magnetic stimulation with very low fields.

These materials and micron-size structures have the potential to open new routes for the

soft robotics community. However, the conceptualization and design of such systems present

significant difficulties. For instance, the lack of proper experimental methods hinders the

evaluation of magneto-mechanical coupling at this scale. The aim of this section is to demon-

strate the capacity of the presented FE model as a virtual testing framework to overcome

the bottlenecks impeding this advance. To this end, two micron-size beams are numeri-

cally designed to offer alternative actuation modes, i.e., depending on the direction of a low

actuating magnetic field (below 50 mT), they react either by deflecting or by performing

functional changes in their material properties (mechanical stiffening). Such a novel multi-

functional behavior is achieved thanks to the multifunctional coupling that the combination

of both soft- and hard-magnetic particles provides.

Numerical details

A FE model consisting of a beam surrounded by air is conceptualized, see Figure 5.19.a.1

for the case of a bimorph (i.e., bi-layered beam). The constitutive model of the beam

layers relies on the microstructural description of the phases, i.e., matrix and particles,

according to the formulation in Section 4.1.3. The top layer of the beam corresponds to

a MRE component while the bottom layer is a purely elastomeric matrix. Meshes with

triangular elements discretize the domains of the numerical model. Depending on the case,

i.e., sMRE, hybrid MRE and hMRE, the meshes for the bimorph actuator have 87374, 94519

and 76234 elements, respectively. The constitutive model of the beam layers relies on the

microstructural description of the phases, i.e., matrix and particles, as incompressible media

according to the description in the previous sections. The air domain within the virtual

testing framework is modeled as a rectangular box ten times larger than the beam. This

enables the application of a homogeneous far-field imposing the magnetic potential on the

external faces of this domain. The air is modeled as a Neo-Hookean compressible media with

a negligible stiffness, i.e., shear modulus of G = 80 Pa. To model its compressible nature,

the degrees of freedom due to the Lagrange multiplier p in the air domain are removed and,

instead, a volumetric contribution is added to the mechanical contribution to the energy

potential as

Ψmech(F) = Ψmech,iso +Ψvol = GF−GF−T + λ ln(J)F−T, (5.10)

with λ = κ− 2G
3

as a function of the bulk modulus κ.
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To minimize the additional stiffness posed by the air domain and to enhance its behavior,

we implement the auxiliary energy function approach reported by Rambausek et al. [166].

The weight function gauges the mechanical contribution to the mechanical Piola stress tensor

in the weak form. It takes values close to one in the smaller elements surrounding the beam,

and smaller values for the larger elements further from the beam. The function reads as

w(X) = max

[︃
wmin,min

(︃
Vref

V0

, wmax

)︃]︃
, (5.11)

with wmin = 1 × 10−5, wmax = 1 and Vref = 2 × 10−2. Figure 5.18 shows the values of the

weight function in the air domain.

Figure 5.18: Distribution of the weight function in the air domain and a detail of the air domain in the

proximity of the beam. The weight function takes values close to one in the smaller elements surrounding

the beam, and smaller values for the larger elements further from the beam.

The NonlinearVariationalProblem library in FEniCS is used to numerically solve the

model.

Cantilever actuator with perpendicular magnetic actuation

Figure 5.19 depicts the deflection, magnetic induction field and magnetization of a bi-

morph cantilever actuator under perpendicular magnetic actuation with respect to the pre-

magnetization of the hard-magnetic particles. The main outcome is that, under a perpen-

dicular magnetic actuation, the rightwards pre-magnetized hard particles lead to bending

of the beam. Indeed, the transmission of torques from the particles to the matrix governs

such a functional mechanism. Moreover, soft particles enhance the torques on hard ones in

two ways: i) amplifying the magnetic field around the hard particles and ii) compressing the

upper layer along the beam thickness. Regarding the former, the soft-magnetic particles,

with a high magnetic permeability, create magnetic pathways around the hard-magnetic

particles. Such a phenomenon increases the effective magnetic flux, which directly impacts

the resultant microscopic torque transmitted from the hard particles to the matrix. Soft

particles magnetize in the perpendicular direction, with the consequent dipole-to-dipole in-

teractions and the perpendicular compression of the layer. With this contraction, the upper
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layer expands, thus the structure bends. These features can be appreciated in Figure 5.19.d.

Additionally, Figure 5.19.f depicts the evolution of the homogeneous magnetization of the

hard, soft and hybrid beams in both perpendicular and parallel directions. Note that such

magnetic pathways appear not only in the perpendicular (vertical) direction, but also in the

longitudinal (horizontal) direction. Figure 5.19.f.2 clarifies this phenomenon. After the ini-

tial pre-magnetization, the homogeneous longitudinal magnetization slightly increases with

the perpendicular magnetic actuation.

Figure 5.20 extends the study with additional results for the bimorph beam pre-

magnetized in the opposite direction, i.e., leftwards pre-magnetization. Moreover,

Figures 5.21 and 5.22 contain the results for perpendicular actuation on a homogeneous

beam, i.e., the particles are scattered along all the beam without any passive layer.
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Figure 5.19: Numerical application of the microscopic model on a bimorph cantilever beam. (a.1) Perpen-

dicular magnetic actuation conditions on a bi-layer cantilever beam with hybrid magnetic fillers (soft- and

hard-magnetic particles) in the top layer and pure elastomeric matrix in the bottom layer. (a.2) Complete

FE problem mesh including the air surrounding the beam to guarantee the proper application of the mag-

netic actuating field. (b) Normalized vertical beam deflection against the external applied magnetic field

for sMRE, 1:1 hybrid MRE and hMRE. The hMRE beam and the hybrid beam bend under an external

magnetic actuation as a consequence of the torque transmission from the hard-magnetic particles. (c.1) and

(c.2) magnetization and magnetic induction fields within the sMRE beam after magnetic actuation (35 mT),

respectively. (d.1) and (d.2) magnetization and magnetic induction fields within the hybrid MRE beam after

the magnetic actuation (35 mT), respectively. (e.1) and (e.2) magnetization and magnetic induction fields

within the hMRE beam after magnetic actuation (35 mT), respectively. (f.1-3) Evolution of the homogenized

horizontal and vertical magnetization components of the sMRE, hybrid MRE and hMRE beams, respectively.

Note that the arrows on the particles describe the Eulerian magnetization vector at their centers.
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Figure 5.20: Numerical application of the microscopic model on a bimorph cantilever beam with leftwards

pre-magnetization. (a.1) Magnetic actuation conditions on a bi-layered cantilever beam with hybrid magnetic

fillers (soft- and hard-magnetic particles) in the top layer and pure elastomeric matrix in the bottom layer.

Hard-magnetic particles are leftwards pre-magnetized with a remanent field of Hr = 0.015 mT. (a.2) Complete

FE problem meshed including the air surrounding the beam to guarantee the proper application of the

magnetic actuating field. (b) Normalized vertical beam deflection against the external applied magnetic

field for sMRE, 1:1 hybrid MRE and hMRE. The hMRE beam and the hybrid beam bend under external

magnetic actuation as a consequence of the torque transmission from the hard-magnetic particles. (c.1) and

(c.2) magnetization and magnetic induction fields within the sMRE beam after magnetic actuation (25 mT),

respectively. (d.1) and (d.2) magnetization and magnetic induction fields within the hybrid MRE beam

after magnetic actuation (25 mT), respectively. (e.1) and (e.2) magnetization and magnetic induction fields

within the hMRE beam after magnetic actuation (25 mT), respectively. (f.1-3) Evolution of the homogenized

horizontal and vertical magnetization components of the sMRE, hybrid MRE and hMRE beams, respectively.
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Figure 5.21: Numerical application of the microscopic model on a homogeneous cantilever beam with right-

wards pre-magnetization. (a.1) Magnetic actuation conditions on a homogeneous cantilever beam with hybrid

magnetic fillers (soft- and hard-magnetic particles). Hard-magnetic particles are rightwards pre-magnetized

with a remanent field of Hr = −0.015 mT. (a.2) Complete FE problem meshed including the air surround-

ing the beam to guarantee the proper application of the magnetic actuating field. (b) Normalized vertical

beam deflection against the external applied magnetic field for sMRE, 1:1 hybrid MRE and hMRE. The

hMRE beam and the hybrid beam bend under external magnetic actuation as a consequence of the torque

transmission from the hard-magnetic particles. (c.1) and (c.2) magnetization and magnetic induction fields

within the sMRE beam after magnetic actuation (25 mT), respectively. (d.1) and (d.2) magnetization and

magnetic induction fields within the hybrid MRE beam after magnetic actuation (25 mT), respectively. (e.1)

and (e.2) magnetization and magnetic induction fields within the hMRE beam after magnetic actuation (25

mT), respectively. (f.1-3) Evolution of the homogenized horizontal and vertical magnetization components

of the sMRE, hybrid MRE and hMRE beams, respectively.
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Figure 5.22: Numerical application of the microscopic model on a homogeneous cantilever beam with left-

wards pre-magnetization. (a.1) Magnetic actuation conditions on a homogeneous cantilever beam with hybrid

magnetic fillers (soft- and hard-magnetic particles). Hard-magnetic particles are leftwards pre-magnetized

with a remanent field of Hr = 0.015 mT. (a.2) Complete FE problem meshed including the air surround-

ing the beam to guarantee the proper application of the magnetic actuating field. (b) Normalized vertical

beam deflection against the external applied magnetic field for sMRE, 1:1 hybrid MRE and hMRE. The

hMRE beam and the hybrid beam bend under external magnetic actuation as a consequence of the torque

transmission from the hard-magnetic particles. (c.1) and (c.2) magnetization and magnetic induction fields

within the sMRE beam after magnetic actuation (25 mT), respectively. (d.1) and (d.2) magnetization and

magnetic induction fields within the hybrid MRE beam after magnetic actuation (25 mT), respectively. (e.1)

and (e.2) magnetization and magnetic induction fields within the hMRE beam after magnetic actuation (25

mT), respectively. (f.1-3) Evolution of the homogenized horizontal and vertical magnetization components

of the sMRE, hybrid MRE and hMRE beams, respectively.
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Cantilever actuator with parallel magnetic actuation

A completely different response is expected when the magnetic actuation is parallel to the

beam, see Figure 5.23. For low external magnetic fields (25 mT), the hybrid MRE beam re-

sponds by increasing its apparent stiffness. Note that small enough fields prevent significant

structural compression in the presence of soft particles, while being sufficient to functionally

activate the structure. Figure 5.23 shows the results of these simulations. After the appli-

cation of a parallel magnetic field on the pre-magnetized beam, a small stretch is applied

in the same longitudinal direction. The apparent stiffness is computed as the homogenized

axial Piola stress over the equivalent strain. In addition to the bimorph cantilever beam,

Figure 5.23 includes the results for a homogeneous beam, i.e., particles scattered along all the

matrix. This allows to directly compare the magneto-mechanical stiffening of both beams

and extract insightful information.
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Figure 5.23: Numerical application of the microscopic model on a bimorph and homogeneous cantilever

beams.

[Continues on next page]
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(a) Parallel magnetic actuation conditions on a bi-layer cantilever beam with hybrid magnetic fillers (soft-

and hard-magnetic particles) in the top layer and a pure elastomeric matrix in the bottom layer. (b)

Apparent stiffness of the bimorph beam after pre-magnetization under null and magnetic actuations of 25 mT,

depending on the filler content used in the upper layer: sMRE, 1:1 hybrid MRE and hMRE. (c.1) and (c.2)

magnetization and magnetic induction fields within the sMRE beam after the magnetic actuation (25 mT),

respectively. (d.1) and (d.2) magnetization and magnetic induction fields within the hybrid MRE beam

after the magnetic actuation (25 mT), respectively. (e.1) and (e.2) magnetization and magnetic induction

fields within the hMRE beam after magnetic actuation (25 mT), respectively. (f) Parallel magnetic actuation

conditions on a homogeneous cantilever beam with the particles scattered along all the matrix. (g) Apparent

stiffness of the homogeneous beam after the pre-magnetization under null and magnetic actuation of 25 mT,

depending on the filler content used in the upper layer: sMRE, 1:1 hybrid MRE and hMRE. (h.1) and (h.2),

(i.1) and (i.2), (j.1) and (j.2) magnetization and magnetic induction fields within the sMRE, hybrid MRE

and hMRE beams, respectively, after the magnetic actuation.

5.3.3 Discussion

A glance over the results from Figures 5.19 and 5.23 shows that the use of hybrid MREs

enables multi-actuation modes with a single structure. Note that we added the response

of pure sMRE and hMRE beams in Figures 5.19 and 5.23. The hMRE provides bending

actuation but almost negligible stiffening at low magnetic fields. On the contrary, the sMRE

provides outstanding stiffening under applied magnetic fields but a negligible bending. Our

proposed solution, i.e., hybrid MREs, provides an enhanced bending actuation beyond that

of hMREs, whereas it keeps a similar material stiffening to that of sMREs for a low magnetic

actuation. The results for the homogeneous beam in Figure 5.23.g indicate that the hybrid

MRE beam provides a stronger stiffening effect than the pure sMRE and hMRE ones. These

numerical results are supported by the experimental findings in Figure 3.32.a, which suggest

the possibility of using hybrid MREs to combine enhanced mechanical actuation and change

in the material properties.

The ultra-soft nature of the matrix allows to obtain functional responses with low mag-

netic actuation. Figure 5.24 shows additional results for the pure hard-magnetic bimorph

under a larger magnetic actuation of 200 mT. This allows to see high local torsional defor-

mations of the matrix in the particles’ vicinity, which owes to the extremely soft nature of

the matrix and explains the non-perfect parabolic macroscopic structural bending.

The present application may be useful in, for example, microfluidic systems to actuate

in two modes. The beam bending can be activated via a perpendicular magnetic stimulation

and a parallel fluid flow can be penalized. Alternatively, the parallel magnetic stimulation

would increase its structural stiffness opposing to the fluid flow perpendicular to the beam.

Another application area with great potential is bioengineering. The current hybrid MRE

solutions are ideal candidates to push the advance in mechanobiological systems based on

magneto-active polymers, e.g., for the sMRE substrate presented in Section 5.1.



152 Chapter 5. Applications

Fixed
displacements

M
ag

ne
ti

c 
ac

tu
at

io
n 

B = 200 mT

Rightwards pre-magnetization

Figure 5.24: Numerical detail of local stress concentration in the bimorph beam. Applying a larger perpen-

dicular magnetic field of 200 mT on the hard-magnetic bimorph cantilever beam allows to see high local

torsional deformations of the matrix in the particles’ vicinity. The particles are pre-magnetized in the hor-

izontal direction and try to turn to align their magnetization with the external field. A detail shows the

stress state of the matrix near the particles.

Moreover, the results for a homogeneous beam with the particles scattered along all

the matrix confirm the experimental findings. The hybrid MRE actuator presents enhanced

material stiffening with respect to the pure sMRE and hMRE counterparts. While the sMRE

and hMRE stiffen 2.9 and 1.1 times with the magnetic field, respectively, the hybrid MRE

stiffens 4.2 times. That makes the stiffening of the hybrid MRE almost a 150 % larger than

that of pure sMREs. Such a finding is the result of the amplification effect of the local

magnetic field due to the pre-magnetized hard particles surrounded by highly magnetizable

soft particles. Even though this effect is less clear for the bi-layer actuator, it is still beneficial

as its deflection under perpendicular magnetic actuation is larger than the pure sMRE and

hMRE ones.

Another potential application of the bi-layer beam is to provide the same actuation mode

independently of the external magnetic source. In this regard, sometimes it is difficult to

control a specific magnetic field direction. However, under high enough magnetic fields, our

bi-layer beam would deflect for both perpendicular and parallel actuations. A perpendicular

field would activate the torques from the hard-magnetic particles, whereas a parallel field

would activate compression/tensile deformation in the upper layer due to dipole-to-dipole

interactions mainly arising from the soft particles. The axial deformation of the upper layer,

in the presence of the lower passive layer, would also induce a mechanical bending.

The combination of the experimental and computational methods developed in this doc-

toral thesis would make possible the conceptualization of composite structures with superior

performance. To this end, the microstructural modeling framework could be used to gener-

ate a large database considering different material properties for each phase (i.e., elastomeric

matrix, soft and hard magnetic particles), differences in particle size, alternative microstruc-

tural arrangements of the particles, etc. Then, the optimal solutions from a microstructural
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perspective could be obtained from such algorithms and tested experimentally to validate a

superior multifunctional performance at the macrostructural level. The latter would benefit

from machine learning or Bayesian optimization methods [401–404].





6Conclusions and Future Works

This last chapter expands the original contributions and impact of the results obtained in

the present doctoral thesis. Three main blocks classify the conclusions attending to the

Experimental, Modeling and Applications chapters. Moreover, future works are included in

a last section.

6.1 Conclusions

6.1.1 Experimental contributions

Identification and description of the deformation mechanisms of ultra-soft MREs

i. Conceiving MREs with an ultra-soft elastomeric matrix (stiffness ∼1 kPa) that allows

large magnetostriction and magnetorheological effects of the composite under external

magnetic actuation and/or internal remanent magnetic fields.

ii. The present thesis reports the largest experimental characterization of ultra-soft MREs

to date, with more than 1 000 tests under more than 100 magneto-mechanical differ-

ent rheology tests conditions. The experiments cover different deformation modes, i.e.,

monotonous uniaxial compression, magneto-mechanical DMA, relaxation tests, oscilla-

tory shear for varying strain rates, frequency sweeps and mechanically confined tests

under magnetic actuation.

iii. Conceptualization of a new methodology to describe microstructural deformation mech-

anisms unknown to date. The experiment enables isolating microstructural deforma-

tions of the material from macroscopic deformations. To this end, the sample is macro-

scopically confined while a homogeneous magnetic field is applied. The microstructural

displacements of the magnetic particles lead to macroscopic stresses that can be mea-

sured. The results suggest that the microstructural configuration reaches alternative

particles-arrangement states depending on the rate of application of the magnetic load.

iv. Comprehensive characterization of ultra-soft MREs with magnetic particles with high

magnetic remanence (hMREs). The experimental methods were used to collect mi-

crostructural insights and macroscopic effects of the underlying deformation mecha-

nisms of such materials. Consequently, the pre-magnetization of the composite allows

to determine the impact of the remanent magnetization on the overall response.

155
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Enhancing the magneto-mechanical performance with novel hybrid MREs

i. Conceptualization of novel ultra-soft hybrid MREs with soft- and hard-magnetic par-

ticles combined within the elastomeric matrix. The high magnetic coercivity of hard-

magnetic particles endows pre-magnetized MREs with an improved shape-morphing ca-

pability under external magnetic actuation. Hard-magnetic particles transmit torques

to the soft matrix. At the same time, soft-magnetic particles, with high magnetic

susceptibility, amplify the magnetic field at the microscale providing an enhanced mag-

netorheological stiffening. Moreover, synergistic effects arise from the combination of

both types of fillers due to strong magnetic bridges.

ii. Application of the experimental methods to provide a comprehensive characterization

of the magneto-mechanical performance and deformation mechanisms of hybrid MREs.

The soft-to-hard-magnetic particles mixing ratio is modified to characterize the com-

bined effect of both types of magnetic fillers and to tune the structural response.

6.1.2 Modeling contributions

Development of a microstructural homogenization model for ultra-soft hybrid

MREs

i. Development of a multi-physics computational framework at finite strains to homoge-

nize the non-linear material behavior from the microscale. The representative volume

elements consider the ultra-soft matrix (1 kPa) and the magnetic particles. These are

soft-magnetic, hard-magnetic or a combination of both. In this last case, the size ratio

of the different fillers is thoroughly considered. Moreover, the framework allows to im-

pose macroscopic magneto-mechanical boundary conditions, enabling to understand the

intricate physical interactions between the magnetic particles and the effects of rema-

nent magnetic fields. Overall, the high contrast between the mechanical and magnetic

properties of the phases poses an additional difficulty.

ii. The constitutive description of the phases can be easily modified and applied on different

meshes designed ad-hoc.

Definition of a macroscopic constitutive framework suitable for functional sMREs

for mechanobiological studies

i. Synthesis of a constitutive model based on the hyperelastic Gent formulation and me-

chanical incompressibility assumptions. The model is calibrated from experimental

data for its eventual application to reproduce the sMRE substrate for mechanobiology

studies. It considers different compositions of the carrier matrix (i.e., different stiffness).

Conceptualization of a macroscopic phase-field model for fracture of ultra-soft

hMREs

i. Conceptualization for the first time of a phase-field model for fracture of hMREs. The

numerical framework lies in the magneto-mechanical coupled problem together with a
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damage parameter. A continuum approach to model the MRE considers its effective

constitutive behavior and includes the remanent magnetization of the medium. The

phase-field degrades the properties of the magnetizable medium towards that of the free

space. Overall, the constitutive framework is derived from thermodynamic potentials

and includes the surrounding free space.

ii. The constitutive framework can be easily adapted for other magnetizable media and pre-

magnetization states. Moreover, external magnetic actuation could be easily included.

Nevertheless, and for the sake of convenience and applicability of the actual material,

the standalone magneto-mechanical coupling due to remanent magnetic fields may be

more advantageous since no external magnetic actuation is needed.

6.1.3 Applications contributions

Contribution to the development of a new methodology for mechanobiology stud-

ies

i. Novel ultra-soft responsive materials, their characterization and modeling to be inte-

grated into a new mechanobiology stimulation setup. The methodology enables repro-

ducing in vitro mechanically dependent biological processes. The framework combines

experimental and computational approaches to design MREs able to mimic complex

strain patterns found in biological material. This allows researchers to control such

strain patterns in a non-invasive manner and to transmit them to cell cultures. To this

end, the computational framework is used to adjust the positions of four permanent

magnets to get the desired deformation of the sMRE substrate. Consequently, the sys-

tem allows for the instantaneous evaluation of the mechanical effects on cells and their

different biological responses. Overall, the framework enables biomechanical studies,

such as wound healing, cellular differentiation, neuroscience research and metastasis

dynamics.

ii. In vitro simulation of the representative strains during a traumatic brain injury scenario,

i.e., an impact on the head. Moreover, the system is able to modulate the magnitude

of the strain patterns.

Conceptualization and characterization of fracture-resistant hMREs with rema-

nent magnetization

i. First study of the fracture mechanics of MREs, uncovering remarkable mechanisms to

enhance the fracture resistance of soft elastomers. Demonstration that hard magnetics

enhance fracture toughness and arrest crack propagation in MREs. The experimen-

tal results show that remanent magnetic fields within the hMRE drastically increase

the fracture energy (up to a 50 %). Applications in bioengineering based on highly

stretchable elastomers may benefit from this characteristic.

ii. Introduction and characterization of a novel mechanism to arrest cracks propagation

in MREs, i.e., magnetic crack closure due to the magneto-mechanical coupling. The
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mechanism prevents the opening of pre-existing cracks and flaws under a certain load

threshold. This suggests exiting possibilities for cyclic loading resistant and self-healing

polymers.

iii. Application of the phase-field model for fracture of hMREs to explore the stress state

at the crack tip. The results state that remanent magnetic fields decrease the stress

concentration at the crack tip, hence delaying the propagation of cracks.

Conceptualization of soft actuators based on hybrid MREs

i. Application of the homogenization numerical framework to understand the synergistic

magneto-mechanical interactions between soft- and hard-magnetic particles at the mi-

croscale. In addition, characterization of the effects resulting from the relative direction

of the magnetic actuation with respect to the remanent magnetization of the hard-

magnetic particles. The results indicate that the particles with low coercivity amplify

the magnetization and the particles with high coercivity contribute to torsional actu-

ation (i.e., transmission of torques to the elastomeric matrix). Overall, the numerical

results suggest that the effective response of these materials arises from such complex

interactions.

ii. Design of a virtual testbed to overcome the bottlenecks that hinder the advancement

and testing of micron-sized multifunctional actuators. To this end, micron-sized can-

tilever beams (bimorph and homogeneous) are design to respond to low magnetic fields

(below 50 mT) with morphological changes and with modifications of their mechani-

cal properties, e.g., performing bending deformation and showing remarkable stiffening

under external magnetic actuation.

iii. The results suggest interesting possibilities to open doors in the application of MREs.

Both the experimental and numerical findings highlight the benefits of combining par-

ticles with low and high magnetic coercivity to provide, at the same time, enhanced

bending deformations and improved magnetorheological stiffening under magnetic ac-

tuations.
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6.2 Future works

During the development of the thesis, the following points have been identified as potential

fields to further explore:

i. The current manufacturing methods are limited to simple geometries and spatial mate-

rial distribution. New additive manufacturing solutions may overcome such limitations

and provide higher flexibility.

ii. The mechanically confined tests under magnetic actuation suggest strong particles in-

teractions and rearrangements when an ultra-soft elastomeric matrix is used. However,

the specific mechanisms driving such relaxation processes remain still elusive. To better

understand these phenomena, longer magnetic relaxation tests are needed. In addition,

advanced microstructural computational frameworks would provide additional under-

standing.

iii. An in silico study of the visco-hyperelastic behavior of the carrier matrix and the

additional viscous mechanisms arising from particle-particle and particle-matrix inter-

actions. This problem must be addressed from both microstructural (i.e., full-field) and

macrostructural (i.e., phenomenological) perspectives.

iv. Determination of the influence of magnetic boundary conditions on magneto-mechanical

coupled problems. Along the manuscript and some previous works [61], the need to

reproduce the complete experimental setup has been demonstrated to be essential.

v. Expand the magneto-mechanical stimulation capabilities of the mechanobiology system

by improving the computational framework. Moreover, adapt additive manufactur-

ing technologies to enhance the responsive substrates and the flexibility to reproduce

complex strain patterns on cellular systems.

vi. Explore the benefits of fracture-resistant and hybrid MREs through new applications,

e.g., autonomous self-healing structures.

Figure 6.1 illustrates the results of ongoing works related to the previous future works.

These explore the visco-hyperelastic nature of ultra-soft MREs, determine the influence of

the magnetic boundary conditions in real actuation setups, and conceptualize hMRE-based

self-healing structures.
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Figure 6.1: Ongoing works. Visco-hyperelasticity: computational homogenization to explore time-dependent

mechanisms. (a.1) RVEs with four spatial arrangements of the particles, i.e., Simple Cubic (SC), Body

Centered Cubic (BCC), Face Centered Cubic (FCC), and Random. (a.2) In silico relaxation tests for BCC

(left) and Random (right) arrangement of the particles. Magnetic Boundary Conditions: modeling framework

based on the reproduction of the entire boundary value problem of the rheometer setup. (b.1) It allows to

reproduce the real magnetic boundary conditions of and adjust it to achieve (b.2) functional deformations

of pre-magnetized hMRE structures, i.e., a 4 mm and 20 mm diameter disks, a bending beam and a four-

arm soft robot. Autonomous Self-healing MREs: conceptualization of pre-magnetized hard-magnetic/hybrid

MREs able to provide structural support even after complete rupture. (c.1) Experimental demonstration

of the healing mechanism. (c.2) The healing mechanism is based on the magneto-mechanical coupling and

allows an unlimited number of healing cycles. (c.3) Conceptualization and design of functional sensors based

on strain thresholds. (c.4) No material degradation during cyclic loading.



AAppendix

The Appendix contains three appendices with additional results for the Experimental, Mod-

eling and Applications chapters.

A.1 Experimental

A.1.1 Amplitude sweep tests for soft-magnetic MREs

Amplitude sweep tests in the rheometer provide guidance to choose the constant strain

amplitude for the oscillatory shear tests. Figure A.1 depicts the evolution of the shear moduli

with the strain amplitude, for several deformation rates and magnetic field conditions. Under

magnetic actuation (Figure A.1.b), note that the shear moduli become less sensitive to the

strain amplitude for increasing strain values.

Figure A.1: Amplitude sweeps to determine the influence of the strain amplitude in shear deformation mode.

(a) With null magnetic field and frequencies of f = {0.01, 0.1, 1, 10} Hz; (b) with a magnetic field of 200 mT

and angular velocity 1 Hz. The sensitivity of the shear moduli to the strain amplitude decreases at larger

strain amplitudes.
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A.1.2 Rheological characterization of the carrier matrix (ultra-

soft PDMS)

This section contains the characterization of the PDMS matrix, i.e., no magnetic fillers,

under oscillatory and axial frequency sweeps, see Figure A.2.

Figure A.2: Experimental results for frequency sweeps from 0.01 to 16 Hz under (a) shear and (b) uniaxial

compressive DMA on 1 mm height and 20 mm diameter cylindrical PDMS samples, i.e., no magnetic particles.

Storage shear/axial moduli (G′, E′), loss moduli (G′′, E′′) and loss factor (tan δ) are plotted against the

frequency. Scatter areas around each mean curve are depicted to quantify the variability of experimental

data sets.
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A.1.3 Results for DMA tests on sMREs with matrices of different

stiffness

Figures A.3, A.4, A.5 and A.6 contain the raw results from the frequency sweeps in axial and

oscillatory modes for the sMREs with matrices of different stiffness (i.e., different elastomeric

mixing ratio).

Figure A.3: Frequency-dependent behavior of the 30 % magnetic particles’ ratio sMRE under macroscopic

axial deformation for different manufacturing conditions and magnetic stimulation. The experimental re-

sults for frequency sweeps from 0.01 Hz to 10 Hz under compressive DMA and over MRE substrates with

manufacturing mixing ratios of 6:5, 1:1, 9:10 and 5:6 are presented by means of the storage modulus (E′)

and loss modulus (E′′). Magnetic fields of (a) 0 mT, (b) 50 mT, (c) 100 mT and (d) 200 mT are externally

applied on the samples. Scatter areas are plotted around the mean curves computed from all data sets.
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Figure A.4: Frequency-dependent behavior of the 15 % magnetic particles’ ratio sMRE under macroscopic

axial deformation for different manufacturing conditions and magnetic stimulation. The experimental re-

sults for frequency sweeps from 0.01 Hz to 10 Hz under compressive DMA and over MRE substrates with

manufacturing mixing ratios of 6:5, 1:1, 9:10 and 5:6 are presented by means of the storage modulus (E′)

and loss modulus (E′′). Magnetic fields of (a) 0 mT, (b) 50 mT, (c) 100 mT and (d) 200 mT are externally

applied on the samples. Scatter areas are plotted around the mean curves computed from all data sets.
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Figure A.5: Frequency-dependent behavior of the 30 % magnetic particles’ ratio sMRE under macroscopic

shear deformation for different manufacturing conditions and magnetic stimulation. The experimental re-

sults for frequency sweeps from 0.01 Hz to 10 Hz under compressive DMA and over MRE substrates with

manufacturing mixing ratios of 6:5, 1:1, 9:10 and 5:6 are presented by means of the storage shear modulus

(G′) and loss shear modulus (G′′). Magnetic fields of (a) 0 mT, (b) 50 mT, (c) 100 mT and (d) 200 mT

are externally applied on the samples. Scatter areas are plotted around the mean curves computed from all

data sets.
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Figure A.6: Frequency-dependent behavior of the 15 % magnetic particles’ ratio sMRE under macroscopic

shear deformation for different manufacturing conditions and magnetic stimulation. The experimental re-

sults for frequency sweeps from 0.01 Hz to 10 Hz under compressive DMA and over MRE substrates with

manufacturing mixing ratios of 6:5, 1:1, 9:10 and 5:6 are presented by means of the storage shear modulus

(G′) and loss shear modulus (G′′). Magnetic fields of (a) 0 mT, (b) 50 mT, (c) 100 mT and (d) 200 mT

are externally applied on the samples. Scatter areas are plotted around the mean curves computed from all

data sets.
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A.2 Modeling

A.2.1 Magnetic behavior of the soft-/hard-magnetic particles

Soft-magnetic particles have a large magnetic susceptibility but a low coercivity. On the

contrary, hard-magnetic particles have a low magnetic susceptibility but a high magnetic

coercivity. Figure A.7 illustrates such a magnetic behavior of both types of fillers.

Figure A.7: Magnetization curves for BASF carbonyl iron powder (CIP) and Magnequench NdFeB MQP-

S-11-9 (adapted from [307]).

A.2.2 Calibration of the residual magnetization (Hr)

The remanent magnetic field within hard-magnetic particles is prescribed as a constant

value. To determine it, an inverse engineering approach is followed. After experimentally

pre-magnetizing a hMRE sample under 1 T, we measured the magnetic induction on its

surface. Then, the remanent field in the particles is adjusted so that the magnetization of

the homogenization model fits the macroscopic experimental measurement. To this end, we

take a representative sample of hMRE with 30 vol.%, according to the experiment. The

sample is surrounded by air and uniquely subjected to the residual magnetization of the

particles via Hr, see Figure A.8. Therefore, in this simulation, no external magnetization is

applied, no periodic boundary conditions are set and no macroscopic fields are prescribed. In

addition, this methodology allows for estimating the macroscopic remanent magnetization

of hybrid MREs, see results in Figure A.8.
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Figure A.8: Calibration procedure of the remanent magnetic field. In the absence of external magnetic

actuation on a pre-magnetized MREs, the homogeneous magnetic induction within the pre-magnetized

MREs is different than zero. (a) Homogeneous macroscopic magnetic induction and magnetization within

the RVE in the direction of the pre-magnetization of the hard-magnetic particles and depending on the soft-

to-hard particles mixing ratio. (b) Magnetic field magnitude in MRE samples for different mixing ratios.

The sample is surrounded by air to model the experimental measuring of the remanent macroscopic field

with the teslameter and perform the calibration.

A.2.3 Calibration of the Generalized neo-Hookean model with un-

cut samples

Tensile tests on uncut samples allowed the calibration of the mechanical material parameters.

The parameter b was set to 1 to mimic, at small strains, a neo-Hookean material. Then, the

shear modulus G and exponent n are obtained for virgin and for pre-magnetized hMREs

by fitting the curve from the numerical model with the experimental ones. The mechanical

contribution in the numerical model is calibrated from experimental results for tensile tests on

virgin samples (blue curves in Figure A.9.a) and the magnetic fields for the pre-magnetization

condition are included through a magnetic constitutive extension of the model. However, for

the estimation of the J-integral on pre-magnetized specimens, the analytical GNH model is

used without any magnetic extension, hence the GNH parameters are calibrated to include

the magnetorheological effect (purple curves in Figure A.9.a). Note that the fitting is done

up to 1.4 logarithmic strain. Moreover, the barplot in Figure A.9.b shows the fracture energy

density as a function of the cut-width ratio, including the uncut case.
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Figure A.9: Results for uncut virgin and pre-magnetized hMRE samples. (a) Calibration of the material

parameters of the Generalized neo-Hookean model with uniaxial tensile tests on uncut samples. A numer-

ical model without damage field provides the numerical stress-strain curve as a function of the material

parameters. These are fitted so that the numerical curve fits the experimental ones for uncut virgin and

pre-magnetized hMREs with initial length l0 = 30 mm. (b) Barplot with the experimental fracture energy

density of virgin and pre-magnetized samples as a function of the cut length ratio for l0 = 30 mm, including

the results for the uncut case for initial length l0 = 30 mm.

A.2.4 Experimental estimation of the critical energy release rate

(Gc)

The calibration of the critical energy release rate Gc is achieved from experimental force-

displacement rupture curves for cracks of 2 and 5 mm. The area between both curves provides

Gc, according to figure A.10. Note that this is an average estimation from the shortest crack

to the largest one.

Figure A.10: Experimental estimation of the critical energy release rate to be used in the phase-field model.

To provide an average estimation, it is calculated as the energy released between 2 mm and 5 mm cracks at

a displacement of 25 mm.
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A.3 Applications

A.3.1 Estimation of J-integral for alternative annular grids

Figure A.11 contains additional results for alternative annular grids. This confirms that the

fitting grid to estimate the J-integral does not influence the tendencies found.
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Figure A.11: Additional results for the estimation of the J-integral for two different annular grids. (a.1)

Annular grid 1 with a smaller final angle and (b.1) annular grid 2 with a larger inner radius. (a.2), (b.2)

Results for J-integral for the alternative fitting grids. The results prove the independence of J with the grid.
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with programmable motility and morphology. Nature Communications 7, 12263 (2016).



194

[401] Schmidt, J., Marques, M. R. G., Botti, S. & Marques, M. A. L. Recent advances and

applications of machine learning in solid-state materials science. npj Computational Materials

5, 83 (2019).

[402] Kumar, S., Tan, S., Zheng, L. & Kochmann, D. M. Inverse-designed spinodoid metamaterials.

npj Computational Materials 6, 73 (2020).

[403] Liang, Q. et al. Benchmarking the performance of bayesian optimization across multiple

experimental materials science domains. npj Computational Materials 7, 188 (2021).

[404] Nguyen, L. T. K., Rambausek, M. & Keip, M.-A. Variational framework for distance-

minimizing method in data-driven computational mechanics. Computer Methods in Applied

Mechanics and Engineering 365, 112898 (2020).


	List of Figures
	List of Tables
	Introduction
	Motivation
	Objectives and methodology
	Outline

	State of the art
	Experimental
	Manufacturing
	Experimental characterization

	Modeling
	Magneto-mechanical modeling approaches
	Magneto-mechanical modeling fundamentals

	Applications
	Smart actuators and sensors
	Soft robots
	Metamaterials and auxetic structures
	Drug delivery
	Diagnosis and imaging
	Tissue Engineering


	Experimental
	Experimental methods
	Soft-magnetic MREs
	Materials and synthesis
	Magneto-mechanical characterization under uniaxial loading
	Magneto-mechanical characterization under shear loading
	Mechanically confined tests under magnetic actuation
	Influence of the elastomeric matrix's stiffness
	Microstructural characterization: nanoindentation tests

	Hard-magnetic MREs
	Materials and synthesis
	Magneto-mechanical characterization under shear loading
	Mechanically confined tests under magnetic actuation
	Shape-morphing tests

	Hybrid MREs
	Materials and synthesis
	Magneto-mechanical characterization under shear loading
	Mechanically confined tests under magnetic actuation

	Discussion

	Modeling
	Microscopic modeling
	Constitutive formulation for soft-magnetic MREs
	Constitutive formulation for hard-magnetic MREs
	Constitutive formulation for hybrid MREs
	Homogenization fundamentals

	Macroscopic modeling
	Phenomenological model for sMRE samples
	Phase-field model for hMREs undergoing fracture

	Discussion

	Applications
	Magneto-mechanical sMRE substrate to reproduce and transmit complex strain patterns to biological materials
	Magneto-mechanical stimulation device
	Digital image correlation analysis
	FE model: Numerical details
	Mechanical deformation patterns within the cellular substrate
	Application of the stimulation system to reproduce complex brain strain distributions from experimental data
	Discussion

	Hard magnetics enable fracture-resistant MREs
	Materials and synthesis of the samples
	Experimental estimation of J-integral
	FE model: Numerical details
	Remanent magnetization enhances fracture toughness of hMREs
	Remanent magnetization delays the opening of pre-existing cracks
	Remanent magnetization reduces stress concentration at the crack tip
	Discussion

	Hybrid magnetorheological elastomers enable versatile soft actuators
	Microstructural homogenization model for hybrid MREs
	Virtual testing framework to design multifunctional actuators
	Discussion


	Conclusions and Future Works
	Conclusions
	Experimental contributions
	Modeling contributions
	Applications contributions

	Future works

	Appendix
	Experimental
	Amplitude sweep tests for soft-magnetic MREs
	Rheological characterization of the carrier matrix (ultra-soft PDMS)
	Results for DMA tests on sMREs with matrices of different stiffness

	Modeling
	Magnetic behavior of the soft-/hard-magnetic particles
	Calibration of the residual magnetization (Hr)
	Calibration of the Generalized neo-Hookean model with uncut samples
	Experimental estimation of the critical energy release rate (Gc)

	Applications
	Estimation of J-integral for alternative annular grids


	References



