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Noether symmetries in the phase space
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The constants of motion of a mechanical system with a finite number of degrees of
freedom are related to the variational symmetries of a Lagrangian constructed from the
Hamiltonian of the original system. The configuration space for this Lagrangian is the
phase space of the original system. The symmetries considered in this manner include
transformations of the time and may not be canonical in the standard sense. © 2014 Au-
thor(s). All article content, except where otherwise noted, is licensed under a Creative
Commons Attribution 3.0 Unported License. [http://dx.doi.org/10.1063/1.4896601]

. INTRODUCTION

In analytical mechanics and in other areas of physics, the usefulness of the continuous symmetry
groups is well known. Perhaps the simplest example is encountered in Lagrangian mechanics, where
the groups of point transformations that leave a Lagrangian invariant up to a total derivative are
associated with constants of motion (Noether—Bessel-Hagen theorem). In its elementary version,
the Noether theorem only includes symmetries of the Lagrangian induced by transformations of
the extended configuration space onto itself, known as point symmetries (see, e.g., Ref. 1), and the
associated constants of motion are of a restricted class (see Eq. (7), below); in many cases, not all
of the constants of motion can be obtained in this way, and in some cases, not even one constant
of motion is associated with point symmetries of the Lagrangian (see, e.g., Ref. 2). By contrast,
in the Hamiltonian formalism, any constant of motion is the generator of a group of canonical
transformations that leave the Hamiltonian invariant. (Even though in the standard definition of a
canonical transformation, the time is not transformed.)

In this paper we make use of the fact that the Noether theorem does not require the regularity
of the Lagrangian, and that the Hamilton equations can be obtained from a Lagrangian whose
configuration space is the phase space of the original system.® In that way, all the constants of
motion are obtainable with the elementary version of the Noether theorem provided, of course, that
one is able to find enough symmetries of this Lagrangian. Though this problem is as complicated
as that of finding the groups of canonical transformations that leave a Hamiltonian invariant, a
simplification is obtained from the fact that there are two subgroups of the point symmetries of
the Lagrangian that can be determined in a simple manner. One of these subgroups is formed
by the transformations in the phase space induced by the point transformations of the extended
configuration space, i.e., in the space (g;, ), and the other is formed by the transformations induced
by transformations in the space (p;, 1).

In Section II we present some elementary concepts and results about the variational symmetries
of a Lagrangian and their relationship with constants of motion; in Section III we apply these results
to a Lagrangian that reproduces the Hamilton equations and we derive some useful expressions that
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simplify the search for constants of motion. Section I'V contains several illustrative examples and in
Section V we present some conclusions.

Il. CONSTANTS OF MOTION ASSOCIATED WITH VARIATIONAL SYMMETRIES

We begin by summarizing the definition of the variational symmetries of a Lagrangian and the
basic equation that relates the generator of a variational symmetry with a constant of motion.

If g1, q2, - . ., g, 1s a system of generalized coordinates for some mechanical system, a one-
parameter family of point transformations is given by expressions of the form

9 =4q/q1, -\ qn, 1, 9), ' =1t(q1,...,qu,1t,5), (1)

where i = 1,2, ..., n and s € R is a parameter that can take values in some neighborhood of 0.
The family of point transformations (1) is a variational symmetry, or a Noether symmetry, of the
Lagrangian L(g;, g;, t) if

dqg; dr’ dg; d
L ‘/a_lat/ — =1L [1_1t —F istv ) f 11 ) 2
(q’ dr ) dr <q dr + dr S orats @
where F is some real-valued function. (Usually, the term Noether symmetry is employed in the case
where F = 0.) Assuming that ¢/(qi, ..., ¢qs,t,0) =¢g; and ¢ (qy, . .., s, t, 0) = 1, from Eq. (2) one
finds that
aL L (dny; . d& 9% _ 46
__ i =, 3
Z |:8q, s 0q; (dt dt)i| + S dt dr )
where
9g;(q;j. t,s) 3t'(qi, 1, 5)
g n= =R ey = ] @
s s=0 ds s=0
and
0F(qi,t,s)
Glg.t= 222
as =0

The functions n; and & are the components of the generator of the transformations (1),

n
]
X=) n— 2t s— 5)
i=1
Equation (3) can be written in the form
2":( y daL L ©
i = 84i) dtdg; 0q:)’

where

"\ 0L aL
w(qi,qi,t>zza—qni+é( Za— ) (7)
i=1 1!

Hence, if the Euler-Lagrange equations

are satisfied, the function ¢ is a constant of motion.

Equation (3) is a partial differential equation for n + 2 functions of n + 1 variables. The method
usually employed to solve Eq. (3) is based on the fact that & and 7; are functions of g; and ¢ only and,
in many cases, the left-hand side of Eq. (3) is a polynomial in the g;, with coefficients that depend on
g; and ¢ only. Since Eq. (3) must hold for all values of ¢;, g;, and ¢, without imposing the equations
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of motion, by equating the coefficients of the products of the ¢; on each side of the equation, one
obtains a system of equations that only involve the variables ¢; and .

In this manner one obtains some expressions for the partial derivatives, dG/dt and dG/dg;, of
the unknown function G in terms of L, £, n; and their first partial derivatives. From the equality of
the mixed second partial derivatives of G with respect to g; and ¢, one finds n(n + 1)/2 equations,
that do not contain G. Once £ and 5; are determined from the set of equations thus obtained, the
functions G and ¢ can be finally calculated.

It can be mentioned that, since Eq. (6) must be valid for all values of ¢, ¢;, ¢; and ¢;, a direct
computation shows that this equation is equivalent to

Z(n, £4)) (aq,aq,) ®)

"9 8L>

d L
a_ﬁf+z_qj Z(’?/ §q;) <8t8 Z

= — 09,94 g,

€))

Observe that by using Eq. (7) in the above equations, Eq. (8) turns out to be an identity and Eq. (9)
reduces to Eq. (3). That is, they are equivalent, as must be, to Eq. (3). From Eq. (8) we see that when
the Lagrangian L is not singular; that is,

d t( L ) #0 (10)
€ )
8413‘11

then we can solve for the functions (n; —&¢g;) and substituting the resulting expressions into
Eq. (9) one obtains a partial differential equation for the constant of motion ¢, which determines
the constants of motion that can be associated with variational symmetries of L. By solving the
resulting equation one has the constant of motion and, then, the corresponding one-parameter family
of point transformations. In the case of a singular Lagrangian, if m is the rank of the Hessian matrix,
(82L/quaqj), only m functions (; — £¢;) will be determined by Eq. (8). By substituting these m
functions into Eq. (9) we obtain a partial differential equation for the constant of motion ¢, which
contains n — m unknown functions (n; — £¢;), and Eq. (8) leads to n — m further conditions for ¢.

lll. VARIATIONAL SYMMETRIES IN THE PHASE SPACE
The Hamilton equations can be derived from the auxiliary Lagrangian
&gis pis Gis Pis 1) = piqi — H(qi, pi, 1). (11)
In fact, substituting the expression (11) into the Euler—Lagrange equations one obtains

dag ag d . oH

dr dg:  dq;  dt Ag;
d o d£ . d
Taap o T am
(i=1,2,...,n), which are the Hamilton equations corresponding to the Hamiltonian H(g;, p;, 1).

It may be noticed that Eq. (11) is similar to the usual relationship between the Hamiltonian and the
Lagrangian of a mechanical system with n degrees of freedom, namely,

L(qi, qi, 1) = piqi — H(qi, pi, 1), (12)
but the usual Lagrangian is a function of ¢;, ¢;, and ¢ only. Equation (12) defines the Hamiltonian in
terms of L, provided that the equations

aL
pPi= (13)
9q;

can be solved for the ¢;, as functions of g;, p;, and #, which amounts to the condition (10).



097135-4 Diaz et al. AIP Advances 4, 097135 (2014)

If one substitutes the Lagrangian L(g;, ¢;, t) into the Euler—Lagrange equations, and the regular-
ity condition (10) is satisfied, one obtains a system of n second-order ordinary differential equations
(ODEs), which are equivalent to the Hamilton equations. By contrast, as shown above, from £ one
obtains a system of 2n first-order ODEs, which are precisely the Hamilton equations. The Lagrangian
£ is singular in the sense that it does not satisfy the analog of the condition (10); however, as can be
seen from the discussion above, this fact does not affect the validity of the analogs of Egs. (3) and (4)
to find the variational symmetries of £, and relate them with constants of motion by means of the
analog of Eq. (7). (A detailed treatment of the Noether theorem for singular Lagrangians can be
found in Refs. 4—7. Cf. also Ref. 8.)

Thus, a one-parameter family of point transformations in the extended phase space, analogous
to (1), is a variational symmetry of £ if

" [ag g AL (dny;, . d& dg dG
N+ it — —, 14
;[3%” +8p,-n +8q,-(dt dt) + 5 dt dt (14
where G is some function of g;, p;, and ¢, and
_ 04i(gj, pj;1.5) __ 0pi(g;. pj.t.s) _81(gi, pirt, $)
i = a ) i = ) E = .
S 5=0 ds 5=0 ds 5=0

In this case, the functions n;, #; and £ are the components of the generator of the variational
symmetry

qi

X - z (n:e
According to Egs. (7) and (11), the constant of motion associated with this symmetry is

2L 9L 2L 9L
¢=Z§—qm+§(2—zs—%4i>—6

i=1 ! i=1

+ 8)+ 2 (15)
fii o Sat'

=> pmi—§H-G. (16)
i=1
It may be noticed that, by virtue of Egs. (12) and (13), the constant of motion (16) has the same form
as (7), the only difference is that in the case of Eq. (16), the functions n; and G may depend on p;.
In fact, as we shall see below, any constant of motion can be obtained from Eqs. (14) and (16).
Eliminating £ and G from Eq. (14) with the aid of Egs. (11) and (16), one finds that

- OH . 0H\ _ OH " dp;, _dH dy
,Z1|: a—%ﬂz‘i‘(% a—pi>77z] TS —;U:E 53 U

Equating the coefficients of ¢; and p; on both sides of the last equation one obtains

= —f— — —, 17
] éaq,» 00, (17)
oH d¢p
= E— + — 18
7 gapi * opi (18)
and, therefore,

- OH OH _ Ay
S——=m——ii)=——. (19)

= 86], ap, Jat

Then, the substitution of Egs. (17) and (18) into (19) yields the condition

9 " (30 0H ¢ 0H
Py (2T o, (20)
ot dq; dp;  9p; 9q;

i=
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Thus, if one assumes that the Hamilton equations are satisfied, then Eq. (20) amounts to dg/dt = 0
[cf. Eq. (6)].
After using Eqgs. (17) and (18), Eq. (15) amounts to

" (0H 9 9H 3 B] “[0p 3 3¢ D
X:é|:Z<—————>+§:|+Z(—————>. Q1)

= \9pi 9q;  3q; dpi = \0pi dq;i  9q; dp;

The vector field between braces in Eq. (21), which only involves the Hamiltonian, is tangent to
the curves in the extended phase space that represent the evolution of the system. In other words,
this vector field generates transformations that map a solution curve of the Hamilton equations into
itself, while that the part depending on ¢ generates transformations that map a solution curve into a
different one.

In the standard treatment of the Hamiltonian formalism, the attention is focussed on canonical
transformations, q; = q/(q;j, pj, t), p; = pi(q;, p;, 1), without transforming the time (' = 1) (see,
e.g., Refs. 3 and 9); the variational symmetries considered here reduce to this restricted class of
transformations when & = 0.

As in the Lagrangian case, we can follow two different approaches. One approach consists in
solving Eq. (20) for the constant of motion and with that information to compute the generator
of the corresponding symmetry by means of Eq. (21), with £ completely arbitrary. Notice that the
general solution to Eq. (20) is an arbitrary function of 2n functionally independent constants of
motion, and the knowledge of this set is equivalent to having the solution of the Hamilton equations,
which, in general is not an easy task. The second approach consists in making an ansatz about the
components of the generator of the symmetry and using Egs. (17), (18), and (20) to look for the
constant of motion. In the examples given below we assume that n; and £ are functions of ¢; and ¢
only (which corresponds to the transformations induced by the point transformations in the extended
configuration space), or that 7; and & are functions of p; and ¢ only.

IV. EXAMPLES

We now present some illustrative examples of the results derived in Section III.

A. First example

As a first example we consider the Hamiltonian for a particle in a uniform gravitational field

p2

H=— 4+ mgx. 22)
2m
Substituting Eq. (22) into Egs. (17), (18), and (20) we obtain
_ %
i = —mgt — 22 (23)
dx
P dg
R (24)
m ap
and
a ad d
gt L% (25)
at ap m ox

As stated above, we consider symmetries induced by transformations of the extended configuration
space or of the extended “momentum space.” (Note that in this simple example, the general solution
of Eq. (25) can be readily obtained.)

1. The Lagrangian solution

First we look for particular solutions to the conditions (23)—(25) such that

n=nx,1), & =&(x,1).
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Under these conditions, Eq. (24) implies that

2
0= —2”—s+pn+a1<x,t>, 26)
m

where a; is a function of x and 7 only. Substituting this result into Eq. (25) we obtain
3 2
p> & p° (10§ On an 1 da; aa
——t—|z=——) - —+ —— - — =0. 27
2m28x+m<28t ox ) P\ T T8 Tmen =, @7)

This equation implies that

£ =&, (28)
SR ) (29)
T= 2w T
242 d
ay = =" S gt + a0, (30)
mx?* &3¢ 3 d& d’a, das
0= —— —mg— —_— - —, 31
4 a7 (2mg a T ) tmga =g D
where a,, as are functions of ¢ only. Equation (31) implies that
E=cit’ + ot + 3, (32)
t1t3—|— ! 3t2+t+ (33)
=c|xt—= colzx—- c cs,
n 1 2g 2\ 3 48 4 5
1 1 1 1 1
a; =c <§mgxt2 — mez — gmg2t4) + ¢ (Emgxt — ng2t3) — c3(mgx)
1
+ ¢4 <§mgt2 — mx) + cs(mgt), (34)
where ¢y, . .., cs5 are arbitrary constants.
The corresponding constant of motion is given by
Qpt+mgt*—2mx)? (p+mgt)2pt+mgt? —2mx) p?
p=a| - te | — +e3 | —=——mgx
8m 4m 2m
2pt + mgt? — 2mx
ey ( = ) + es(p + mgi). (35)
On the other hand,
- 3 2 1 3
f=c | mx — pt— Emgt + ¢ —Ep — Emgt + cam (36)

and the generator of the symmetry takes the form
0 1 d 3 0
X=c |[?—+(tx—2gt’) — — pt — ~mgt* | —
Cl[ az+(x 28 )ax+<mx PE=3me ) op
veols d n 1 3 2 0 n 1 3 , a n d
o |t— —x — = — ——p—-mgt| — |+c3—
2% T\ T8 ) ox 2P M ) | T %

+ t 0 + 0 + 0 (37)
ey t—+m— cs—,
S\ ox ap ox

whose projection to the extended configuration space reduces to that obtained in the standard
Lagrangian formulation.'?
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2. Another solution
Now we look for new particular solutions to the conditions (23)—(25). We start with
i =1(p, 1), §=E&(p, 0.
Under these conditions Eq. (23) implies that
@ = —x(7 +mg&) + bi(p, 1), (38)

where b is a function of p and ¢ only. Substituting this result into Eq. (25) we have that

d 0 d 0
- = (n +mgé) + (az mgg) by — [(E - mg5> (7 +mg$)} x=0. (39
Then
i+mgé = f(v),
[72
b = 3 fW) +h(), (40)
m-g

where f and h are arbitrary functions of v and
v =p+mgt. “41)
Therefore, from Egs. (38) and (40) we find that

2
o= —— (p— + mgx) FO) 4 h() = ——— Hf ) + hv. 42)
mg \2m mg

Note that in this case the constant of motion is given in terms of arbitrary functions of v. In fact,
v and H are functionally independent constants of motion and any function of them is also a constant
of motion.

As in the case of Eq. (42), the constant of motion given in Eq. (35) can be expressed in terms
of Hand v

1 /v 2H\ v [V 2H v H
p=c/|—=——-— + — —— ) |+ta(H) +cs| =—— — ) +cs(v).
8 \mg g dm mg g 2mg g

Even though in this particular example one can find the general solution of Eq. (25), the present
approach allow us to distinguish subgroups of the variational symmetries admitted in this example.
In order to get the generator of the symmetry given by this second solution we compute

H of
n—s——f————+—, (43)
mg v ov
and the generator of the symmetry acquires the form
d 0 d oh  H of pf 0
X=¢———-—mg—+ — —_ - = — 44
E<m8x mg8p+8t>+(8v mg dv  mlg) dx +f8p @4

B. Second example
Consider now the Hamiltonian associated with the time-dependent oscillator given by

1, ma*t) ,

H=— —x7, 45
P T % 45)
where o is a function of ¢. Using Eq. (45) in Egs. (17), (18), and (20) we obtain
d
ii= —matxg — 22, (46)
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and
dg , 0p  poyp
— =mowx— — ——.
at ap mox

1. The Lagrangian solution

(47)

(48)

We construct particular solutions to the conditions Eqgs. (46)—(48). For this purpose, we assume

that & = &(x, 1), n = n(x, ©). Then, Eq. (47) implies that
»?
¢=——&+pntaxn.
2m

where a;(x, ?) is a function of x and ¢ only. Using this result into Eq. (48), we obtain
3 2
p> 0§ p° (103§ On an 1 8a1 da,
——t—|z=-—)-pl——+ "t + - —=0.
2miax " m (2 o "ax) P\ Ty TR ) Hmet = o

This equation implies

& =E&(),
x dé&
== t
n=5 + ax(1),
an 1 9a 2
Sy -7 =0,
at + m ox o
2 36l1
mw xn — — =0,
ot
where a; is a function of ¢ only. From Eq. (53) making use of Eq. (52) we get
2.2 2¢ |2
a x‘w& d°Ex da
_———— - — t
m > Tard @ T

where a3 is another function of 7 only. Substituting Egs. (52) and (55) into Eq. (54) we obtain
x2 d3E ,d& dw d*a, das
7T (ﬁ + 4w E+4wzé> +x <F + o’a >+E =0.

This equation implies

d* ,d§
2 4 4er =2 44—
dt3 + dt + S

d2
d 2 + 01
and that a3 is an irrelevant constant. Equation (57) integrates to

d*f

dt2+ o'f =

f3

where f> = £ and c; is an integration constant.!! Using these results into Eq. (52) we have

d
nx,t) = fd—J;x + as.

Thus, from Eqgs. (55), (60), with £ = f2, we obtain that the constant of motion is given by

df P oem (x\? day

(49)

(50)

(51

(52)

(53)

(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61)
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A direct computation shows that
. df df amx ., day
n:—(f —Zx>— I —fwx—mg. (62)

Therefore, the generator of the symmetry is given by

Xy zxfﬂi_,_ [ﬁ (fp_d_fx) _ Gmx —f2w2x] ip+f23

dt dx dt dt f2 0 ot
0 day 0
— — 63
+a28x+mdt ap (63)
whose projection to the extended configuration space reduces to that obtained in the Lagrangian

2
formulation'! (in this reference, a is set to zero, cf. also Ref. 12). Notice that ﬁ ( fp— m%x) +

2
= (%) corresponds to the Lewis invariant, which is associated with conservation of angular
3

momentum for two-dimensional systems;1
a, p could be used along the ideas of Ref. 11.

Note also that there exist five constants of motion associated to the time-dependent oscillator
regardless of the form of w, this is because £ satisfies a third-order differential equation, whose
general solution must contain three arbitrary constants and the solution for a, must contain two
additional arbitrary constants (see the following example).

we must remark that the constant of motion —m ‘Z‘tz x +

2. Another solution

We find a new particular solution to Egs. (46)—(48). For this purpose, we take 77 = #j(p, t) and
& = &(p, 1). Then, under these conditions, Eq. (46) implies that

mw2x2

== § —xij+ bi(p, 1). (64)

where b is a function of p and ¢ only.
Now from Eq. (48) and using (64), we have a third-order polynomial equation in the variable x
given by

x3m2a)4§ P <w2 o0& do 2%)

> op 2o T T
by 07 by p_
2 2
— — 4+ — — — =7 =0, 65
x(wép—i—mw o +8t>+ 5 ! (65)
where b, is a function of ¢ only. Therefore,
§=§&@), (66)
1dé¢ Edow
= — 242 by(1), 67
; p<2dt+wdt)+2() ©7)
b o7
wep +ma? 2L 4 9 g, (68)
ap at
8b1 P
— — =7 =0. 69
ot m! (69)

Now from Egs. (67) and (68), a direct calculation shows that

p2|: 1 ¢ 1 dod: & do & (dw>2:|

b = —— _— _—— _
! 202 di? D dt di | @ di? o* \ di

2m

p db
—— —= 4+ b3(1), 70
gy T (70)
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where bj is function of ¢ only. Substituting into (69), we obtain

db 2 [ de | 4ad? 8 [dw\?
dby _ _p )4 d5 |\ 4dw 8 [doNT 5
dt 4 |de3  dt | wdt? o?\dt

" 2d%0 10 d*w dow N 8 [dw\’
wdt?  w?dt? dt P \ dt
p (d®h, 2dwdb,
- B (== _Z== by ).
wz(dﬂ w dt dt b

This equation implies that
¢ dE | 4d0 8 [do\’ s
— 2| === 4
dr3 +dt w dr? a)2<dt) o

2 d*w 10 d*w dw 8 [dw\®
+é&|l—————+ T

9

wdt2 o dt? dt | o
d2b2 2dw db2

2
-2 = b, =0
dt? w dt dt + o

(71)

(72)

(73)

and that b3 is an irrelevant constant. Notice that these equations are more complicated than (57),

(58). Finally, the constant of motion is

mw?x? 1d¢ E&do
3 ST (m*az)

Y =-

C2m | 202 de? T W3 dr dt | @3 d? ot \ dt
p db

— xby(t) — =2,

xba(1) mw? dt

p2|: | d% 1 dodt £ dw & <d_a))2:|

(74)

We do not write down 7 and the vector field X, because they do not help to the discussion. These

constants of motion have been obtained using other approaches.'* 13

C. Third example
Consider now the previous example with constant frequency w = wy.

1. The Lagrangian solution

In this case, we can see that the Egs. (57) and (58) reduce to

d’ d§
— 4 40i—= =0,
an Ty,

d*a

722 + wéaz =0.

These equations imply that

£@t) = i[ — ¢y cos Qwot) + ¢ sin Qwot) | + 3,

(75)
wo
a)(t) = c4cos (wpt) + ¢5 sin (wopt) , (76)
where cy, . .., ¢5 are arbitrary constants. Substituting Egs. (75) and (76) into Egs. (52) and (55) we
get
n(x,t) = x[cl sin 2wot) + ¢; cos (2w0t)] ~+ ¢4 cos (wot) + ¢s sin (wopt) , a7
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mawyx> , x2
ay(x, 1) = 5 [ — c1 cos Quot) + 2 sin Qwot) | — -
+ mawox [ c4 sin (wot) — ¢s cos (wot) | (78)

Thus, substituting Egs. (75), (77) and (78) into Eq. (49) we obtain that the constant of motion is
given by

2 2
¢ =] |:< P M) cosQwot) + px sin(2a)ot):|

2mawy 2

p mawox?

2
+ ¢ |:<— + ) sin(2wpt) + px cos(2a)0t):|

2m wo 2

— c3H + c4] p cos(wpt) + mxawy sin(wot) | + ¢s p sin(wot) — mxwg cos(wot)].  (79)
A direct computation shows that
= c [meox cos(Rayt) — p sin(Zwot)] - [Zma)ox sin(2awgt) + p COS(2a)()t)]
— cqamawy sin(wot) + csmawgy cos(wyt). (80)

Therefore, the generator of the symmetry is given by

ad ad 1 a
X = ¢y {x sinQawgt)— + [meox cosQwot) — p sin(Zth)]— — — cosRwpt)—
ax ap  wo ot

0 0 1 0 0
+ ¢ 1 x cosRwgt) — — [2ma)0x sin(Qwot) + p cos(2w0t)]— + — sin(Rwot)— ¢ + c3—
ax ap  wp ot ot
0 . 0 . 0 9
+ ¢4 | cos(wpt) — — mawg sin(wot) — | + ¢5 | sin(wpt) — + mawy cos(wot) — | . (81)
ax ap ox ap

Due to the symmetry of the Hamilton equations under x — p, p —mzw(z)x, the case where &
and 7 are functions of p and ¢ only, can be obtained from the results above, applying this substitution,
namely

2

2
ox, p,t) = —c1m2a)§ xp sinQwot) — i cos(Qaot) |,
2 2mawy

2 2 mwox? p? )
— com“wy | xp cosLawot) + — sin(2wyt)
2 2mawy

—c3H — C4m2w§ |:x cos(wpt) — L sin(wot)}
nwo

— csmzw(z) |:x sin(wgt) + P cos(wot)] , (82)
mao
associated to the generator
2 d d 1 a
X = —cym?? { | =L cosuwot) + x sinQaot) | — — psinQaot)— + — cosawot)—
may ax ap  wo at

2 2 2p . 0 0 1 . 0
+ com wg | | —— sin(Rwpt) — x cos(2wot) | — + p cos(Lwot) — + — sin(2wpt) —
mwy 0x ap  wo at

+ 8+ 2,2 | sin( t)a+cos( z)a
c3— Cqam™~ @, — S1n(w — (0] —
ot N O mwy O ox 0 ap

1 3 d
— csm’w] | —— cos(wot)— — sin(wot)— | . (83)
mawy ox ap
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The constant of motion (82) essentially coincides with (79), in spite of the fact that the vector fields
(81) and (83) have different forms.

V. CONCLUSIONS

We have shown that by using the Lagrangian (11), which leads to the Hamilton equations,
one can find a relationship between symmetries and constants of motion associated with point
transformations in the phase space. In particular, by requiring that n = n(g;, 1), & = &(q;, t) one
obtains the transformations in the phase space induced by the point transformations of the extended
configuration space. The other important and natural group of transformations is obtained imposing
i =1(pi, 1), § =& 0.

After finishing this work we found Ref. 16, where the authors apply the basic idea of this
paper, extending the Noether Theorem to its Hamiltonian form; there are some important differences
however: In the first place, they eliminate the function G by using the equality of the mixed second
partial derivatives of G. Since their approach is restricted to one degree of freedom, they obtain three
partial differential equations but, in general case, one would have to deal with too many Egs. (n(n
+ 1)/2) in contrast with Egs. (17)—(20). Second, they have to find the function G in order to finally
arrive to the constant of motion, which is calculated here in a direct manner.

Another important difference is that they restrict themselves to time-independent canonical
transformations, in contrast with our more general discussion.

Also, in their discussion about the time-dependent oscillator they only obtain the Lewis invariant,
as a consequence of the assumptions made guided by the problem under consideration, without a
more systematic approach.
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