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Abstract

We study the analytic properties of a matrix discrete system introduced by Cassatella and
Ma™nas (2012 Stud. Appl. Math. 128 252—74). The singularity confinement for this system is
shown to hold generically, i.e. in the whole space of parameters except possibly for algebraic
subvarieties. This paves the way to a generalization of Painlev’e analysis to discrete matrix
models.
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1. Introduction

Since the discovery of the Painlevé property for ordinary differential equations at the end of the
19th century [21], the notion of integrability has been related to the local analysis of movable
isolated singularities of solutions of dynamical systems [8]. This approach to integrability
has opened an alternative perspective compared with the standard algebraic approach a la
Liouville, based on the existence of a suitable number of functionally independent integrals
of motion. Both points of view have been extended to the study of evolution equations on a
discrete background.

Integrable discrete systems, for several aspects more fundamental objects than the
continuous ones, are ubiquitous in both pure and applied mathematics, and in theoretical
physics as well. They possess rich algebro-geometric properties [3,5,9,18,25] and are relevant,
for instance, in the regularization of quantum field theories in a lattice and in discrete quantum
gravity [10, 16].



In particular, the problem of integrability preserving discretizations of partial differential
equations has become a very active research area [23], and has been widely investigated with
both geometrical and algebraic methods [5, 6,20,24].

The approach known as singularity confinement, introduced in [13], is the equivalent for
discrete systems of the singularity analysis for continuous dynamical systems. It essentially
relies on the observation that for integrable discrete models, if a singularity appears in some
specific point of the lattice of the independent variable, then it would disappear after making
the system evolve via a finite number of iterations. Alternative, related approaches are based
on the notion of algebraic entropy [4, 17] or on Nevalinna theory [1,22]. A large class of
difference equations coming from unitary integrals and combinatorics possess the confinement
property [2]. However, observe that singularity confinement, in spite of being extremely useful
in isolating integrability, might not be a sufficient condition for integrability, as was observed
by Hietarinta and Viallet [15].

The purpose of this paper is to start a theoretical study of the singularity confinement
property for matrix integrable systems. Indeed, we hypothesize that the singularity analysis
has the same relevance for matrix systems that it possesses for both discrete and continuous
scalar models.

Apart from its intrinsic mathematical interest, the study of matrix discrete dynamical
systems can also be related, from an applicative point of view, to the theory of complex
networks [19]. Indeed, given a random graph with N vertices, one associates with it the
adjacency matrix, which is a N x N matrix, whose entries g;; represent the number of links
associated withthenodesiand j (i, j = 1, ..., N). Thediscrete time evolution of the topology
of the network would provide a difference equation for the adjacency matrix, defining a discrete
matrix model.

Hereafter, we shall focus on the singularity confinement of the following discrete matrix
equation

Bust =18, — But — By — a, n=12,... (1)

where 8, € CV*V isa N x N complex matrix.

Equation (1) can be considered a kind of non-Abelian matrix version of the discrete
Painlevé equation (dPI). It was introduced in [ 7], and soon after studied in [14], and describes the
recursion relation for the matrix coefficients of a class of Freud matrix orthogonal polynomials
with a quartic potential [11] in the context of the associated Riemann—Hilbert problem. In that
paper we also proved the singularity confinement in a simple situation, when the initial data
are triangular matrices up to similarity transformations. The aim of this paper is to extend
this result to the general case. This extension relies heavily on the use of Schur complements,
which appear often in the analysis of non-Abelian systems, see [12]. It should also be remarked
that this proof required deeper understanding and study than in the triangularizable situation.
The difficulty mainly resides in the analysis of the genericness of the result given in theorem 2.

1.1. Preliminary discussion

Let us present here the simplest case of singularity analysis for the matrix model (1), which
parallels the results for the standard discrete Painlevé I equation. We assume that 8,,_; do not
depend on € and that

B = Bmi€ + o€’ + O(e), €0, 2)

with det B,,1 # 0. Observe that we are assuming the leading term for B, is proportional to
€, we say that we have a ‘zero’. Note also that the leading term coefficient is required, in this
example, to be invertible. This is the only possibility in the scalar case N = 1, but as we will



discuss later the non-Abelian scenario N > 2 implies a richer situation. Thus, as this approach
will hold hereon, we assume that at some integer m of the lattice a zero appears, while for the
previous one, m — 1, neither a zero nor singularity shows up.

If we introduce condition (2) into (1), we have that

Bl = mﬁ,;,lﬁ?_l + B0 + Bur1 1€ + Bur1 26 + O (), 3)
where
B0 = — mﬂ,;,lme,z.B,;,ll = Bm-1 —«a,
Bus11 = mB Y (B2 By B2 = Bn3) By — Bt
Bust2 = m(Bu 2By s Bz — BBy Bun2) + BBy Bz — Bua) By — B2

We observe that a leading term in €~! appeared in the asymptotic expansion. This ‘pole

singularity’ will survive still for another step in the sequence
1 _—1 2 3
Bmsz = —mpB, 1€ + P20 + Bni2,1€ + Pur2p€” + O(€7), 4)
where

-1 -1
lgm+2,0 = mﬂnl’lﬁmgzﬂ]n,l + ﬂm_l’

_ (m+1) -1 -1 -1 -1 -1
B2 = B —mPB, 1 Bn 2By 1 B2 By +mBy 1 BB
m
(m+1) (m+1)
ﬂm+2.2 = ﬁm,Z + T,Bm,l(ﬂm—l + c(),Bm,l

m
. 1 2 2 1 2 2
+mB 2By 1 B 2B 1 Bn2Bus — Bn3Bu1) — MBum 3B, 1Bm 2By +mBmaBy -

We easily check that in the third step the leading term is proportional to €, this ‘zero’ appears
again

— 3
s = D e frisac’ + 0, 5)
where
3 2 3 1
ﬂm+3,2 = (m * ):Bm-Z - #ﬂm,llgm—lﬁm,l - wﬁﬂhlaﬁm,b
m m m

Finally, if we substitute (4) and (5) into (1) we obtain no singularity at all:

m

id = ————— Bu—1 — + O(e).

Bn+a (m+3),3 1 (m+3)0! (€)

Observe that 8,43 = O(€), Bn+a = O(1) and det B,,4.4 = O (1) for € — 0. Thus, unless
det(mp,,— — 2a) =0, (6)

we obtain singularities in the step just after the appearance of a zero in B,,, with the poles
appearing in the sites m +1, m +2. Then we have a zero for m + 3 while we recover the standard
behaviour for m + 4. A crucial point is that this singularity confinement holds whenever (6) is
not satisfied. This observation motivates the definitions proposed in the following discussion.

Definition 1. Whenever the singularity confinement property is satisfied in the whole space S
of parameters except possibly for a set of algebraic subvarieties W; € S,i =1,,,j € N, we
shall say that the property is satisfied generically.

In this case we will speak about the genericness of the singularity confinement.



Definition 2. We shall define the confinement time as the minimum number | € N of iterations
or steps in the lattice, after the appearance of a zero, necessary to recover the form without
poles or zeros.

Thus, in the above case we have generically a singularity confinement with a confinement
time l = 4.
A simple but fundamental observation for the sequel of the paper is the following one.

Lemma 1. The matrix system (1) is invariant under similarity transformations.

Proof. Observe that
MByM ™" =nMB ‘M~ — MB, M~ — MB,M™' — MaM™".
Therefore, we obtain

¢n+1 = n¢,:1 - ¢n—1 - ¢n - 87
where ¢,:=MB,M~" and §:=MaM~". O

1.2. Main result

The ideas developed within the previous example will be used in the subsequent considerations
to study the confinement of the singularities of the matrix dPI model (1). In this
noncommutative scenario we must be careful when we talk about zeroes and singularities
associated with asymptotic expansions. For the example discussed above it was just as in the
Abelian case with N = 1 as we assumed that the leading term coefficients of the zero was
an invertible matrix. In general this is just not the case and we need to consider the rank,
rank (B, ), of the matrix coefficient of the leading term of j,,.

As before let us suppose that for some integer m of the lattice a zero appears, while for
(m — 1) neither a zero nor singularity shows up. But now we must carefully explain what we
mean by a zero. We shall assume that 8,,_; do not depend on € and that

B = B0+ Bua€ + O(€”), det B, = O(€"), €—0, ()
where B,,; € CV*N andr € {1, ..., N}. Consequently, we can distinguish two cases.
e r = N. This is the maximal rank case discussed above; for it we have that

Bmo =0, det B,1 # 0.

As we have already seen it presents singularity confinement generically.
e v < N — 1. For the non-maximal rank case we instead have

rank(B,,0) = N —r,
det B, = O(€"), e — 0. )

As will be proven later, using the invariance under a similarity transformation, one can assume
that the matrices 8 will have the form expressed by equation (13). So said, we can state the
main result of the paper as follows.

Theorem 1. If B,,_1 do not depend on € and B, is of the form (7), and the following conditions
for € — 0 are satisfied

det B = O(e™"), ©)
det B2 = O(e™), (10
det B3 = O(€"), (11)
det Bpiq = O(1), (12)

then, there is singularity confinement for the dPI model (1) with confinement time | = 4.



It is important to remark that conditions (9)—(12) can be proven to hold generically, that
is the content of theorem (2). Therefore, we can state that our system generically has the
singularity confinement property.

2. N x N matrix asymptotic expansions and singularity confinement

In this section we will consider the set of matrix asymptotic expansions

A=CVN(e) :={My+Me+0(?), e > 0, M; € CNV].

This setis aring with identity, given by the matrix I y. Foreach possiblerankr € {1, ..., N—1}
we will use the block notation

A B rXr rx(N—r) (N—r)xr (N=r)x(N-r)
M = c p) AeC™ BeC ,CeC ,DeC .

We also introduce two subalgebras of the algebra CV*V

0 0
—x = K N=r)xr (Nfr)x(Nfr)}
R i (K21 K22> , Ky €eC ,KypeC ,

L]] 0

= (L = L rxror (N—r)xr}
£:={ <L21 0>, neC™, Ly eC ,

and the related subsets of matrix asymptotic expansions

Ag :={K € A, K|c—o € R}, Ag:={L € A, L|c— € £},
which satisfy several important properties.
Proposition 1. The following statements hold.

(1) Both Ag and Ag are subrings without identity of the ring A.

(2) For K € Ag such that det K = O(€"), € — 0, then K~' € e~ Ag, and reciprocally if
Lee ' AgwithdetL = O(e™™), € = 0, then L™! € Ag.

(3) If K € Ag, that is K = (O 0 ) + (Al gl)e + 0(€2) then
1

Co Do Cy
o Ay B 4l
det K = €’ det (Co DO)+0(6 ), e — 0.

(4) IfL € e ' Ag, thatis L = (AO 0)6_1 + (A] g]> + O(€) then
1

Co O C
A B
det L = e " det <c§ Dll) +0(e), e — 0.

(5) The subrings Ag and Ag are right and left ideals of A, respectively, i.e. Ag - A C Ag
and A- A C Ag.
(6) The following inclusion holds: € ' Ag - Ag C A.

The proof of the previous statements is direct and left to the reader.
To study the singularity confinement of the matrix equation (1) when 8, satisfies conditions
(8), we shall use expressions (7), having applied a similarity transformation to § such that



Bn.o € R, Bu € Ag. In other words

0 0
0 0
Bno = | Buort1,1 Bmowrs12 0 Buwouitrer Bmorilr2 0 Buousln | s (13)
ﬂm,O;r+2,1 IBm,O;r+2,2 tee /Sm,O;r+2,r+1 ﬂm,O;r+2,r+2 et IBm,O;r+2,N
IBm,O;N,l ;Bm,(];N,Z e ,Bm,O:N,r+1 ﬂm,O;N,r+2 e ﬂm,O;N,N

where m>2, and all the entries that are above the r+1-th row of §,, are zero. Notice that 8,,_;
and B,, belong to the rings A and .4z, respectively.

2.1. Proof of the theorem 1

Proof. As B0 € &, i.e. B € Ag, and by hypothesis det §,, = O(€"), € — 0, proposition 1
implies

= Ba-1€T (B o+ 0(), €0, (B,)-1€l. (14)
If we replace equations (7) and (13) into equation (1) we deduce
Bust =mpB, + O(1), € — 0.
Using the relations (14), (7) and (13), this expression is reduced to
Bust =m(B,-1e” +0(1), €= 0. (15)

Since (8, _, e &, from (15) we conclude that 8,. € e 'Ag, showing a simple pole
singularity. Due to the fact that by hypothesis equation (9) holds, proposition 1 implies

Bii € Ag. (16)
Then we deduce

Busz = —m(B,)-1e7 +O(D), €0, Bue€Ag.
As before, using condition (10), proposition 1 gives

Bz € As.
Now,

Bunss = B — (m+ DL+ (m+ 2,0, (17)

where in the rhs we have used twice equation (1) to write B,,4+2 as a function of 8,1 and B,,.
As we have proven that 8, ﬁ,;il, B iz € Ag, we deduce that

B3 € Ag.
As a consequence of equation (11) and proposition 1, we obtain

Bty € € ' Ag. (18)
Our matrix discrete Painlevé equation (1) gives

Bua = (m +3)By s — Bz — Buss — @



which implies
Buss = BrizA+ 0(1), €—>0, A= (m+3)Iy — BuisBu2, (19

where we have taken into account that 8,,,3 and o are O(1). We study the matrix A, by
applying equation (1) once. We obtain

A=TIy+[m+ DB, — BulBue
=[m+ 1B}, — Bullm+1)B, — B — ] — mly + B Busi
=[m+DB,L — Bullm + DB, — B — ] — Bu(Bu + Bui + ). (20)

Now, recalling that 8,,_; = O(1), B, ﬂmih € Ag, and by virtue of proposition 1 we conclude
that

A € Ag. 2n
Finally, from equations (18), (19) and (21) we deduce that
/3m+4 e A

By taking into account that det 8,,,4 = O(1), we have proven that the singularity has
disappeared. Thus, the singularity confinement is ensured with a confinement time [ = 4.
O

In order to show the genericness of conditions (9)—(12) we use the block notation

b= (Aml Bm1>’ o <0l11 0512>'
Cn-1 Dp- a1 ox
and consider the expansion
0 0 [ Ami Bui\
=l o) B )
Definition 3. We introduce
Zy = Dys10+ Dn_q}ocm,oBmu,o,
Zy ;= Dpi20 + D,;,IOCm,oan,o,
Z3:= Dy 3.
The genericness of the singularity confinement can be stated as follows.
Theorem 2. (1) Ifdet D,, o # 0, for e — 0 we have
det B,41 = O(e™") & det(Z;) # 0.
(2) IfdetD,, o # 0, detZ, # 0, we have that for e — 0
det B2 = O(e7") & det(Z,) # 0.
(3) If det D, 0#0, detZ,#0 and detZ,#0, we have that for € — 0
det B3 = O(€") & detZ3 # 0.
(4) Ifdet D,, o # 0O, det Z; # 0, det Z, # 0 and det Z3 # O we have that
det B,,.4 = O(1), e — 0,

generically.



Proof. See appendix B. U

The matrices Z;, Z, and Z3 can be expressed in terms of initial conditions as follows.
Proposition 2. The following expressions in terms of initial conditions hold:
Zy=mD, "y = Dy — Do — a2 — D}, ,Cono(Bu—1 + 1),
Zy = (m+ 1)(mD,;,10 - D,;,]()Cm,O(Bm—l +a12) — Dyt — Dypo — )"
+D,, 4 CoBu_t —mD, '+ Dy_1,

Zy=Dypo— m+DZ " +(m+2)Z;".

Proof. Is a byproduct of the proof of theorem 2. (]

Appendix A. Schur complements
To show the genericness of the confinement phenomenon in the non- Abelian scenario it is
very convenient to introduce Schur complements.

Definition 4. Given M in the block form as in (13), the Schur complements with respect to D
(ifdet D # 0), and to A (if det A # 0) are defined to be

Sp(M):=A—BD!'C, Ss(M):=D—CA™'B,
respectively.

In terms of the Schur complements we have the following well-known expressions for the
inverse matrices

M=
Sp(M)~! —Sp(M)~'BD™!
D'CSp(M)™' D '(Iy_, + CSp(M)~"'BD™1)

( ) for det D, det Sp(M) #£ 0,
(A“+A“BSA(M)“CA“ —A7I'BS,(M)!

, for det A, det S,(M 0,
—Su(M)~'CA™! Sa(M)~! ) 7

Sp(M)™! —SD(M)-IBD—'>

. . . for det A, det D, det Sp(M),
D'CSp(M)~ Sa(M)~

det S4(M) # 0,

(22)
and for the determinant of M
det M =det A detS,(M)
=detD detSp(M). (23)
. A B 0 0 A1 By 2 i
Now, if K = (i D) = (Co Do) + (C1 D])e + O(e?) € Ag then we can write the Schur

complements in the form

Sp(K)=A—BD'C =: Sp(K) € + Sp(K)€* + O(€), € — 0,

SA(K) =D — CA "B =: S4(K)o + Sa(K)1€ + O(€?), € — 0, @4



where
Sp(K)1 = Ay — B Dy Co,
Sp(K)» = Ay — Bi1Dy'Ci — ByDy ' Co + BiDy ' D1 Dy Co,
Sp(K)s = As — BiDy'C+ (B Dy DD, " — BaDy ')
+B1(Dy'D,Dy' — D' DDy DDy ")Co + ByDy ' D1 Dy Co — B3 Dy ' Co,
Sp(K)s = Ay — B1Dy'C3+ B Dy DD, ' C, — BiDy ' (D1 Dy DDy ' — DDy )
—B,D;' DD, ' DDy ' Co+ BiD;' Di(Dy ' D1 Dy ' DDy — Dy ' DDy Co
+B,D,'D3Dy' Cy — BaDy ' Co + ByDy ' Dy Dy ' C
—B,Dy'(D\Dy' DDy — DDy ")YCo — B3Dy ' (Cy — DDy ' Co) — B4Dy ' Co,
Sa(K)o =Dy — CoAy' By,
Sa(K)1 = Dy — CoA7'By — C1AT' By + CoAT A, AT By
For the determinant det M we just take into account equations (23) and (24) to obtain
det K = €" det(A; — By D, "' Co + O(€)) det(Dy + O(e))
= det(A; — By D; ' Cp) det(Dy)e” + O (™).

Appendix B. Proof of theorem 2

Lemma 2. (1) Assuming that det D,, o # 0 the following asymptotic holds.

mSp(Bm)y’ —mSp(Bu)y BuiD,ly — Bu_1 — an2
det Bst = € |=mD, \Cn0Sp(Bn);y' mD,, s +mD, \Cuu0Sp(Bu)y ' Bui Dyl
=D, 1 — Dy —axn

+ O(Efr+1)
for € — 0, where Sp(Bu)1 = Am,1 — Bu1D,,\sCino € C™.

Proof. From equation (7) we know that
Am,l Bm,l
det (Cm,O Dm,o) # 0,
hence Sp(B,,) is invertible. Then, from (22) and (24) we deduce
i BuDu— 0\ (BrDio By Hizo
B = o €+ . .
By )21,-1 O By 210 (B )220
BpHir BrHiza
+ -1 -1
By 211 (B )22

where the pole coefficients are

BuDit-1 = Sp(Bu); ", (By211:= =D, CooSpBu)y'.  (25)
while the regular part coefficients are

B0 = —SpBu)y " Sp(Bu)2Sp(Bu)7 '

(Bu12.0 == — Sp(Bw)} ' Bu.1D,, .

(BuH210 := D, (CnoSpBu) T Sp(Bi)2Sp(Bu) 1" — (Cint — D1 Dy, \sCin0) Sp(Bu) T,
(Bn22.0 = Dy} (Iv—r + CrooSp By Bu1 D}, ).

)e+0(62), € — 0,



Bt = SpBu)7 Sp(Bu)2Sp(Bu) 1 Sp(Bu)2SpBu)i = Sp(Bm)T ' Sp(Bu)3Sp(Bu)y
B 121 = (Sp(Bu) 7 SpBu)2SpBu)7 ' Bt — Sp(Bu)y ' (Bwz — Bu1 Dy s D)) D, .
Buhatt = — D, o (CuolSo(Bu)1 " Sp(Bu)2Sp B) 7' Sp(Bun)2Sp (Bu)7 !

— SpBu)7 ' Sp(Bu)3Sp(Bu)7 ']

— (Cut = D1 D, s Con0) Sp(Bi) 1 Sp(Bu)2Sp (Bu) 7 +

— ((DwaD,, 4Dt — D 2) Dy \sCino + Ciuz = Dt Dy s Con1) Sp(Bu) 7).
(BuH221 := D,y (= D1 +(Cut = D1 Dy, s Cono—Con0Sp(Bi) 1 Sp(Bu)2)Sp (Bm)7 ' B,

+ Cn0Sp(Bu)y (Buz — Bu1D,, yDin1)) D, .
ByHi12 = SpBu) 7 SpBm)3Sp(Bu)y Sp(Bu)2Sp (BT

— SpBu) T Sp(Bu)2Sp(Bu)1 (Sp(Bi)2Sp(Bw)7 Sp(Bn)2Sp (Bu)7"

— Sp(Bu)3Sp(Bu)T") — Sp(Bu)1 ' Sp(Bu)aSp(Ba)7 ",
(Bn122 = Sp(Bu) ' Bua D, \y(Dw 2Dy s = DDy oD i Dy o) + Sp(Bu) i (B2

— SpBu)2SpBu)T ' Bu1) D}, s D1 Dy

— Sp(Ba)7 " (Buz — Sp(Bu)2Sp(Bu)7 ' B2

+Sp(Bu)2Sp(Bu)1" Sp(Bu)2Sp Bu)T But = Sp(Bu)3Sp(Bu)7 ' Bw1) Dy -

Finally, from equation (1) we deduce

B = < mSD(,Bm)f1 0) 1y <Am+l,0 Bm+l,0>
mt —mD_' Cm.()SD(,Bm)l_I 0 Cm+l,0 Dm+l,0

m,0

+ (‘ém:ii g”r:‘l‘) €+ 0(e?), e — 0, (26)
where
Apiro i =mBy D110 — Anot — @11, Buri0 :=m(By V120 — Byt — a12, 27
Cs1.0 :=m(B; 210 — Cuet — Cro — @21, Dyt 0 := m(B, 22,0 — D1 — Dy o — a2,

(28)
Apirn =mB, 110 — Ant — Amts Buira :=m(B, D121 — Bu_1 — Bu.1, (29)
Cost1 :=m(By 211 — Cots D1 i=m(By )21 — D, (30)
Apsi2 = mB 002 = Ao Buni2 = m(B, D122 — By, 31)
Observing that
-1

aet P = —mDZIfgiim;;(ﬂmw Il;::llz €THOETD, €0,

the result follows. U

Now observe that
Zl = mD,;’IQ + mD,;’IOCm.OSD(,Bm)]_IBm,lD,;’](] - Dm—l - Dm,O — 0
— (=mD,, s Cn0Sp(Bu)T Y mSp(Bu) 7)™ (=mSp(Bu)y B Dyl — Bt — 1)

= mD,;}o — Dy 1 —Dpo—oapn— D,;ﬂlocm,o(qu +ap).

10



Using the determinant expansion in Schur complements of lemma 2, one observes that

mSD(,Bm)rl _mSD(ﬂnl)?lBln,lD,;,lo - Bm—l — U2
_mDn:,l()Cm,()SD(ﬂm)l_l mD,;ﬁl() + mD,;,]()Cm,OSD(,Bm)]_IBm.an_Ll() — D1 — Dpo — a2

— det (mSD(ﬁm);l) det Z,.

and the first point of the theorem is proved.
Let us now go one step further in the discrete matrix chain and move to position m + 2.

Lemma 3. Whenever det D, o # 0 and det Z; # O the following asymptotic hold.
_mSD(,Bm)l_l mSD(ﬂm)l_le,lD;}O +Bm—1

det Bz = € mD, ConoSp(Bu)T" (m+ DZ7 —mD,
_mDr;,IOCm,OSD (,Bm)TIBm,an;ylo + Dm—l

+0(h

fore — Q.

Proof. As det 8,1 = O(¢7"), € — 0, and consequently point (2) of proposition 1 tells us
that 8, il € Ag. Therefore, the following asymptotic expansion for the inverse matrix holds

gl = < 0 0 >+ ((,3,;11)11,1 (,3,4_111)12,|> .
ml BolDao BriDano BolDaa B
+<(ﬂm11>11,2 Br)i22

2+ 0(), 32
B o (ﬂ,,;‘l)zz,z)E +0E) ©2)

for € — 0. Here the blocks (8,},)as.; are to be found from the asymptotic expansion (26).
We conclude

Bi)210 = Z7' D, Cio. (Bri)220 =27,

B 1 1 o
Bttt = —=SpBu)i — —SpBu)1Bus1.0Z; ' D, Conos
m m :
_ 1 _
Bt = _;SD(/sm)leH,OZ L
1
—1 _ lpl e —1
e+ 1= m m, m+l1, m m,0m+1, m
(Bi1)21,1 Z D, oCno mZ' (Cn+1.0+ D,y Crn0Am+1.0)Sp (B

X (I = Bu1.0Z1 ' D}, 0 Cin o).
BoiDot = =27+ n%zl_l(cmﬂ,o + D,;,l()cm,OAmH,O)SD(/gm)lBm+1,OZ_1’
Bttt = _#SD(IBm)IAmH,OSD(ﬂm)I + #SD(ﬂm)lAmH.OSD(.Bm)IBm+1,()Zl_lD,;,l()Cm,0
+#SD(IBm)lBm+l,()Zl_l(Cm+l,0 + D,;’l()cm.OAmH,O)SD(ﬂm)l @ — Bm+1,()Zl_1Dn_1’]()Cm,0)a
Bt = =3 Sp(Bn) 1 Bst o7 Cosr0+ Dy hCono Awst ) (B Bt o7

1
+ﬁSD(,3m)lAm+l.OSD(,3m)l Bu10Z; "
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If we substitute equations (27)—(31) into equation (1), we have that for e — 0

Buns2 :( —mSp(Bu)y’ O) e <Am+2,0 Bm+2,o)
"2 \mD,, \CroSp(Bu)y' 0 Cns20  Dumszo

Ani21 Buion
+ ") e+ 0(€Y), (33)
Cm+2,1 Dm+2,1
where
Api2,0 = —Ape1,0 — 11, B0 :=—Bui10 — a2,

Cizo = (m+ 1)(B,,1)21.0 = Cus1,0 — Cio — @21,

Dpsao = (m+1)(B,1)22.0 — Dms1.0 — Do — @22,
Az o= (m+ DBy = Amsit = A,

Byt = (m+1)(Bry)izt = Busit = Bui,
Coazyt = (m+ 1B, 1211 — Cusi1 — Con 1,

Dot = (m+1)(Byi)221 = Dyt = Dt
Az = m+1)(B D112 — Apsin — Amoa,

Bz = (m+1)(B,1)122 — Bus12 — Bua.
Now, observing that

_n’lSD(ﬁm)l_l B0
mD,,\\CnoSp(Bu)" Do
the result follows. -

det Bsr = e+ 0@, € — 0,

Note that
Zy = (m+ 1)(mD,;’l0 — Dn_l,loc’”’O(Bm‘l +a13) — Dy — Do — 022) !
+ Dlg,locm.OBm—l - mDr;’lo + Dm—] .

We expand the determinant according to Schur complements, obtaining

—mSp(Bn)y mSp(Bu)y ' Bu.1 Dy, + Bu—i
mD, \CoSp(Bu)y'  (m+1DZ —mD, ' —mD, \CooSp(Bu)y Bu1D,, o+ D

— det ( - mSD(ﬁm)l_l) det Z,
from which the second point of the theorem follows immediately.

Lemma 4. Assuming that det D,, o # 0, det Z; # 0 and det Z, # 0 the following asymptotic
expansion for € — 0 holds

(m+2)(B, )11 (m+2)(B, )11
o —m DB+ Ay —m A DBl + B
det ﬁm+3 =€ -1 -1
(m+2)(B,,.2)21.0 (m+2)(B,,.:2)22.0
—m+ DByl D20+ Cno  —m+1)(B,1 )220 + Do
+ 0(6}"+l)7
where
(Bui2)21.0 = Z5' D, ' Cino, Boino =25,

1 1
(Bl =——Sp(Bu1 (I — Bu20Z; ' D, Ci0). (Brla)izg = —Sp (Bu)1Bu2.0Z5 ",

12



_ i 1 _
(Bui2)211 = —Z5' D, \Co + ~7, (Cin2.0 + D,y o Cin 0 Ame2.0)Sp (B

X(]Ir — Bm+2’()Zz_1D,;’l()Cm,0)a
_ — 1 - - 5
Bt i=—2," — Zzz (Cins2.0 + Dy, 0 Cin0Ams2,0)Sp (Bu)1 Busn,0Z5

_ 1 _ _
(Bi)i12 = —5Sp(Bn)1 Bu20Z; N(Cis2.0 + D,y g Cin0Ams2.0) S (Bun)1

x(I; = Bui20Z5 ' D, \sCin o)
1 o
= —5S0(Bn)1 Ans2.08p Bu)1 (I = BusooZ; 'D;,'\Cn0).
. 1 _
Boi)ing == WSD(ﬂm)lAnHZ,OSD(ﬂm)lBm+2,022 :

1 _ _ _
_ﬁSD(.Bm)l Bui2.0Z5 (Coano + Dm_l()Cm,()Am+2,0)SD (Bu)1Bus2,0Z5 "

Proof. From equation (33) we obtain that 8,,,» € L. Therefore, since det Z,#0, we have

gl :( 0 0 )+<(ﬂm.}.z)ll,1 (ﬂm.,l.z)u,l)e
2T\ Boi)2o B2 Brlus Bl

—1 —1
N <(ﬂm+z)11,2 (ﬂm+z)12,2) 2+ 0(Y, (34)

BoiDaa (Bl

where the blocks (ﬂ;;lz)ah, ;j are determined by the asymptotic expansion (33). If we substitute
(26), (33) and (34) into the matrix equation (1), we have that

0 0 A B, A B,

s = (coma Do) * (et prt )+ (Groz prn2) @ w0,
where
Cins3.0 1= (M +2)(B,,15)21.0 — (m + D(B,})21.0 + Cimoo,

D0 = (m+2)(B, )0 — (m+1)(B, ! )20+ Do,
Azt = (m+ 2Bt — (m+ DB D11 + A,

By = (m+2)(Brin)izn — (m+ D (Bl D121 + B,
Cuas1 i= (m +2)(Byix)211 — (m+ D) (B D211 + Cont,

Dyisy = (m+2)(Byin)220 — (m+ (Bl 221 + Dt
Az = m+ 2B )2 — (m+ DB D12 + Ama,

Bz = (m+2)(Bri)i22 — (m+ (B} 122 + B
Then, if we use again proposition 1, we deduce
Ams3l Bmisa
Cns30 Dpiso
and the result follows. O

det Bz = € + 0™, € — 0, (35)

Note that
Zy=Dpo— m+DZ ' +(m+2)Z;".

Note the similarity with equation (17).
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Taking into account that
Cins3.0 = 23D, Cino, D30 = Zs, (36)

we express the determinant in equation (35) as follows:

Amisz1 Buaa -1
’ | =detZ A — B D
‘Cm+3,0 Dueso detZz det(A,43,1 m+3.1D,, 0Cm.0), (37)
where
_ (m+3)
Apizn — Bm+3,le,]()Cm,0 = —TSD(ﬂm)l-
This implies that the determinant in equation (35) vanishes if and only if

det Z3 = 0.

Finally, under the previous hypotheses, equations (9)—(11) hold. As a by product of the
proof of theorem 1, we obtain that

Bmsa = ,3,;13A — Bz —a,
where B3, A € Ag and (Bns3)~' € € ' Ag. According to proposition 1 (6), 8., A € A, so

m+3
that we can write

Busa = O(1), € — 0.
We can write the matrix dynamical system (1) as

ot =By = Bt — Bu — . (38)

which can be seen as the application of a time reversal symmetry. From B,,.4 € A and
Bm+3 € Ag, understood now as initial conditions, we obtain the quantities 8,42, Bin+1, B and
Bm—1. Observe that our initial assumption was precisely that 8,,_; € Aand §,, € Ag, see (7).
Hence, the whole forward process, and its conclusions about the asymptotic behaviours, can
be reversed backwards. Consequently, since the assumption that det 8,440 = 0 reduces
the number of free parameters from N 2 to N2 — 1, we conclude that Bn—1 involves at most
N? — 1 free parameters (if no further constraint is requested). This is in contradiction to our
departing hypothesis that 8,,_; has N 2 free parameters. Therefore det 8.4 = O(1) ase — 0
generically.
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