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1 Introduction

Letf=(f1,..., fa) be a system of d formal or convergent Taylor expansions about
the origin; that is, foreach k =1, ..., d, we have
o0
f@ =) ¢ns", dur<C. (1)
n=0

Let D= (Dy,..., Dg) be a system of domains such that, for each k = 1,...,d, fi
is meromorphic in Dy. We say that the point £ is a pole of f in D of order t if there
exists an index k € {1, ..., d} such that £ € Dy and it is a pole of f; of order 7, and
for j # k either £ is a pole of f; of order less than or equal to 7 or & ¢ D;. When
D= (D,..., D), we say that £ is a pole of f in D.

Let Ry (f) be the radius of the largest disk Dg(f) in which all the expansions fi, k =
1,...,d correspond to analytic functions. If Ry(f) =0, we take D,,(f) =0, m € Z4;
otherwise, R, (f) is the radius of the largest disk D,,(f) centered at the origin to
which all the analytic elements (fi, Do(f%)) can be extended so that f has at most
m poles counting multiplicities. The disk D,, (f) constitutes for systems of functions
the analog of the m-th disk of meromorphy defined by J. Hadamard in [9] for d = 1.
Moreover, in that case both definitions coincide.

By 9,,(f), we denote the monic polynomial whose zeros are the poles of f in
D, (f) counting multiplicities. The set of distinct zeros of Q,, (f) is denoted by Py, (f).

Definition 1.1 Let f = (f1,..., f4) be a system of d formal Taylor expansions as
in (1). Fix a multi-index m = (my,...,my) € Zﬁ \ {0}, where 0 denotes the zero
vector in Z‘i. Set |m| =m + --- + my. Then, for each n > max{my, ..., mg}, there

exist polynomials Q, P,k =1,...,d, such that

(a.l) deg Py <n—my,k=1,...,d,deg Q <|m|, Q #0,
(a.2) 0(2) fx(z) — Pr(2) = Akzn‘H R

The vector rational function R, m = (P1/Q, ..., P4/ Q) is called an (n, m) (type II)
Hermite—Padé approximation of f.

This vector rational approximation, in general, is not uniquely determined, and
hereafter we assume that given (7, m), one particular solution is taken. For that solu-
tion, we write

Rn,m = (Rn,m,l s e Rn,m.d) = (Pn,m,l PR Pn,m,d)/Qn,m, (2)

where O, m is a monic polynomial that has no common zero simultaneously with all
the P, m.k. Sequences {R, m} for which |m| remains fixed when n varies are called
row sequences, and when my =---=myg =m, n = (d + 1)m,m € Z, (or nearby
configurations of multi-indices), diagonal sequences.

There is another construction called type I Hermite—Padé approximation which
is intimately connected with the type II Hermite—Padé approximants we have intro-
duced above, see [18, Chap. 4] for details. However, throughout the paper we restrict



our attention to the type II and, to abbreviate, we simply call them Hermite—Padé
approximations.

The study of simultaneous Hermite—Padé approximations of systems of functions
has a long tradition (see [10-13]), and they have been subject to renewed interest in
the recent past (see, for instance, [5] and the references therein). Many papers deal
with diagonal sequences and their applications in different fields (number theory, ran-
dom matrices, Brownian motions, Toda lattices, to name a few). At the same time,
few papers study row sequences. In this second direction, a significant contribution
is due to Graves-Morris/Saff in [15], where they prove an analog of the Montessus
de Ballore theorem which plays a central role in the classical theory of Padé approx-
imation. See also [16, 17] for different approaches to the same type of results as well
as [19] and references therein for least-squares versions.

Before going into details, let us briefly describe the scalar case (d = 1) corre-
sponding to classical Padé approximation, which is well understood. When d =1,
we write f= f,m=m €N, and R, m = R . Given a compact set K C C, | - ||k
denotes the sup norm on K. We summarize what we need in the following statement.

Gonchar’s theorem Let f be a formal Taylor expansion about the origin, and fix
m € N. Then the following two assertions are equivalent:

(@) Ro(f) > 0and f has exactly m poles in Dy,(f) counting multiplicities.
(b) There is a polynomial Q,, of degree m, Q,,(0) # 0, such that the sequence of
denominators { Q. m}n>m of the Padé approximations of f satisfies

limsup || Qm — Quml'" =0 <1,
n—oo

where | - || denotes the coefficient norm in the space of polynomials.

Moreover, if either (a) or (b) takes place, then Q. = Qm (f),
0 max{|§]:§ € P (f)}

s 3
Ror(f) ®
and

limsup | £ — Rom |/ = IQZ'(';, 4

where K is any compact subset of Dy, (f) \ P (f).

From this result, it follows that if £ is a pole of f in D,,(f) of order 7, then
for each ¢ > 0, there exists no such that for n > ng, O, » has exactly t zeros in
{z: 1z —&| < €}. We say that each pole of f in D,,(f) attracts as many zeros of QO
as its order when n tends to infinity.

So stated, Gonchar’s theorem first appears as a remark in Sect. 3, Sect. 4, in [6]
(see also [8, Sect. 2]). Under assumptions (a), in [14] Montessus de Ballore proved
that

lim Q= O (f), lim Rym= 1
n—00 n—00



with uniform convergence on compact subsets of D,,(f) \ Pn(f ) in the second
limit. In essence, Montessus proved that (a) implies (b) with Q, =
On(f),showed that 6 < max{|&|:& € P,(f)}/Ru(f), and proved (4) with
equality replaced by <. These are the so-called direct statements of the theorem. The
inverse statements, (b) implies (a), 8 > max{|§|: & € P, (f )}/Rn(f ), and the
inequality > in (4) are i m - mediate consequences of [7, Theorem 1]. The study
of inverse problems of Padé approximation was suggested by A.A. Gonchar in [7,
Sect. 12], where he presented some interesting conjectures. Some of them were
solved in [20] and [21].

In [15], Graves-Morris and Saff proved an analog of the direct part of Gonchar’s
theorem for simultaneous approximation with the aid of the concept of polewise in-
dependence of a system of functions. —

Foreachr >0,set D, ={ze€C:|z| <r}, I, ={z€C:|zl=r},and D, ={z €
C:lzl<r}.

Definition 1.2 Let f = (fi,..., f4) be a system of meromorphic functions in the
disk D, and let m = (my,...,mg) € Zi \ {0}. We say that the system f is polewise
independent with respect to m in D, if there do not exist polynomials py, ..., pg, at

least one of which is non-null, such that

(b.1) deg pr <my ifmg>1,k=1,....d,
®.2) pr=0ifm,=0,k=1,...,d,
(b.3) ZZ:I Dk fx is analytic on D,.

Graves-Morris and Saff also established in [15] upper bounds for the convergence
rates corresponding to (3) and (4). These results were refined and complemented in
[4, Theorem 4.4] by weakening the assumption of polewise independence, improving
the upper bound given in [15] for the rate (3), and giving the exact one for (4). Until
now, results of inverse type for row sequences of Hermite—Padé approximants have
not been available.

Our purpose is to obtain an analog of Gonchar’s theorem for simultaneous
Hermite—Padé approximants, characterizing the exact rates of convergence of the
On.m and Ry, m.

The underlying idea in inverse-type results is that a polynomial which is the limit
of the denominators of the approximants must have as zeros the poles of the function
being approximated, provided that the rate of convergence is geometric. However,
the actual situation in simultaneous approximation may be rather complicated, as the
following example shows. Take f = (f1, f>), where

D A e DL )

and m = (1, 1). It is clear that the unit circle is a natural boundary of definition for
both functions f; and f;, and thus z = 2 cannot be a pole of f in any system of
domains. However, results contained in [4] show that the denominators Q, m of the
simultaneous Hermite—Padé approximants converge with geometric rate to the poly-
nomial (z — 1/2)(z — 2).



This kind of example leads us to introduce the following concept, which is actually
inspired by Definition 1.2.

Definition 1.3 Given f = (fi,..., fs) and m = (my, ..., mq) € Z% \ {0}, we say
that £ € C \ {0} is a system pole of order t of f with respect to m if 7 is the largest
positive integer such that for each s = 1, ..., t, there exists at least one polynomial
combination of the form

d

> S degpr<mp, k=1.....d, (©6)
k=1

which is analytic on a neighborhood of 5|§| except for a pole at z = & of exact
order s. If some component mj equals zero, the corresponding polynomial py is
taken identically equal to zero.

The great advantage of this definition with respect to that of polewise indepen-
dence is that we have liberated it from establishing a priori a region where the prop-
erty should be verified. This turns out to be crucial.

We wish to underline that if some component my equals zero, that component
places no restriction on Definition 1.1 and does not provide any benefit in finding
system poles; therefore, without loss of generality, we can restrict our attention to
multi-indices m € N9, and we will do so hereafter, except in reference to the conver-
gence of the approximants themselves.

Notice that the definition of system pole strongly depends on the multi-index m
and that a system f cannot have more than |m| system poles with respect to m count-
ing their order (see Lemma 3.5 below). During the proof of Theorem 1.4 below,
carried out in Sect. 3, we give a procedure for finding in a finite number of steps all
the system poles of f with respect to a multi-index m under appropriate conditions.

Itis easy to see that a system pole may not be a pole of f or vice versa. For example,
let f be the system given by (5) and m = (1, 1). The point z = 2, which lies beyond
the natural boundary of definition of f; and f>, is not a pole; however, it is a system
pole of f since fi — f> has a pole at z = 2.

On the other hand, take f = ( f1, f2), with

1 1 1
fl_z—1+z—2’ fz—Z_3,
and m = (1, 1). Then the points z = 1 and z = 3 are poles and system poles of f but
z =2 is only a pole because there is no way of eliminating the pole at z = 1 through
linear combinations of f; and f, without eliminating the pole at z = 2.

To each system pole £ of f with respect to m we associate several characteristic
values. Let T be the order of £ as a system pole of f. For each s =1, ..., t, denote
by r¢ s (f, m) the largest of all the numbers R;(g) (the radius of the largest disk con-
taining at most s poles of g), where g is a polynomial combination of type (6) that is
analytic on a neighborhood of 5|g| except for a pole at z = & of order s. Then



.....

R:(f,m) = R . (f, m) = S_nllin . re s (£, m).
Obviously, if d =1 and (f, m) = (f, m), system poles and poles in D,,(f) coin-
cide. Also, Rg (f, m) = Ry, (f) for each pole & of f in D,,(f).
By Q(f, m), we denote the monic polynomial whose zeros are the system poles of
f with respect to m taking account of their order. The set of distinct zeros of Q(f, m)
is denoted by P(f, m).
The following theorem constitutes our main result.

Theorem 1.4 Let f be a system of formal Taylor expansions as in (1), and fix a multi-
index m € N?. Then the following two assertions are equivalent:

(@) Ro(f) > 0 and £ has exactly |{m| system poles with respect to m counting multi-
plicities.

(b) The denominators Q, m,n > |m|, of simultaneous Padé approximations of f are
uniquely determined for all sufficiently large n, and there exists a polynomial

Q\m| of degree |m|, Qim|(0) # 0, such that

limsup | Qm| — Qumll/" =6 < 1.

n—oo

Moreover, if either (a) or (b) takes place, then Qm| = Q(f, m) and

]

f = max
{ R: (£, m)

(EeP(t, m)}. (7

Ifd=1, Ry, and Qy ;, are uniquely determined. Therefore, Theorem 1.4 im-
plies Gonchar’s theorem except for (4), whose analog will be presented in Sect. 3.2
to avoid introducing new notation at this stage.

The paper is structured as follows. In Sect. 2, we continue with the study of incom-
plete Padé approximants initiated in [4], proving results of inverse type. Section 3 is
dedicated to the proof of Theorem 1.4 and the analog of (4).

2 Incomplete Padé Approximants

Let

f@=) 62", $neC, ®)

n=0

denote a formal or convergent Taylor expansion about the origin.

Definition 2.1 Let f denote a formal Taylor expansion as in (8). Fix m > m* > 1. Let
n > m. We say that the rational function r, ,, is an incomplete Padé approximation
of type (n, m, m*) corresponding to f if r,, ,, is the quotient of any two polynomials
p and g that verify



(c.l) degp <n—m*,degqg <m,q #0,
(€2) ¢ f@) —px)=A"T +....

Notice that given (n,m,m*),n > m > m™*, any of the Padé approximants
Rym#, ..., Rym can be regarded an incomplete Padé approximation of type
(n,m,m*) of f.From Definition 1.1 and (2), it follows that R, mx.k =1,...,d,
is an incomplete Padé approximation of type (n, |m|, my) with respect to f.

Hereafter, for each n > m > m™*, we choose one candidate. After canceling out
common factors between g and p, we write 1, = Pn.m/qn.m, Where, additionally,
qn.m 1s normalized to be monic. Suppose that g and p have a common zero at z =0
of order A,,. Notice that 0 < A, <m. From (c.1)—(c.2), it follows that

(c.3) deg Pnm =n — m* — Ap, deg Gnm =m — Ans qn,m # 0,
(©4) gum(@) f@) = pam(@)=AZ"T 04 .oo

where A is, in general, a different constant from the one in (c.2).

The first difficulty encountered in dealing with inverse-type results is to justify
in terms of the data that the formal series corresponds to an analytic element which
does not reduce to a polynomial. In our aid comes the next result, which provides
such information in terms of whether the zeros of the polynomials g, ,, remain away
or not from 0 and/or oo as n grows. Let

’Pn,m:{;n,la-“aé-n,mn}, n=m, m, <m,

denote the collection of zeros of g, ,, repeated according to their multiplicity, where
degqn m =m,. Set

S = sup inf{|gu | :n=N,my = 1,1 <k <m,)
N>m

and
G:A}Izlglsup{Mn,kl:nZN»mn >1,1<k<m,}.
Finally, set
Ty =min{n —m* = Ay —degppm,m — Ay —m,,}, n>m.

From (c.3), we know that 0 < 7, <m,n > m.

Theorem 2.2 Let f be a formal power series as in (8). Fixm > m* > 1. The follow-
ing assertions hold:

@A) If |Ay — Ap—1] <m* —1,n > ng, and S > 0, then Ry(f) > 0.

(i) Iflmp + Ay +70) —(Mp_1 + Ay + - <m* —1,n >ng,and G < oo, then
either f is a polynomial or Ry(f) < oo. If, additionally, there exists a sequence
of indices A such that degq, ,, > 1,n € A, then Ro(f) < o00o.

Proof By definition,

G f — Pum) (@) = A" T2 o )

and gn,;m (0) # 0.



We may suppose that inf{|¢, x| : n > no,m, > 1,1 <k <m,} >0 and |A, —
An—1] <m* —1,n > ng. Normalize g, », as follows. If m, > 1, take

mp
Z
Qn,m(Z)Zl_I(l_ )Zan,O+an,]Z+"’+an,mnzm", a,,)():l.
k
k=1 "

Otherwise, g, (z) =1 = ay 0.
Using the Vieta formulas connecting the coefficients of a polynomial and its zeros,
it follows that there exists C; > 1 such that

sup{lan,k|:ngfmn,nZno}fcl < 00. (10)
The coefficient corres ondinig to 75 k € {n—m*—A,+1,....,n —A,},inthe
l e f t - hand side of (9) equals

Pk +an,l¢k71 ‘|"“"‘an,mn‘bkfm,1 =0, (11)

since deg pp.m <n —m* — Ay.
If m, > 1, (10) and (11) imply that

k] < C1(Ipr—11+ -+ [Pk—m,)-

Therefore, foreachk € {n—m*—X,+1,...,n—A,}, thereexistsk’ e {k—1, ..., k—
m} (m;, < m) such that

g < Cim|dp|. 12)

Should m, = 0, for the same values of k, wehave ¢ =0, and (12) is trivially
verified. Substituting n by n — 1, we deduce that for each k € {n —m* — X,
~1,...,n — Ap_1— 1}, thereexists K € {k — 1, ...,k — m} such that

|pr| < Cim|gy|. (13)

As n > ng, we have
n— I Ap_1>n—A,—m*+1
and
n—Ap_1—m*<n—2»x,—1,

because A, — A,—1] < m* — 1. Consequently, the range of values taken by k due to
relations (12) and (13) are either contiguous or overlapping for n > ng. Since n — A,
tends to oo as n goes to oo, we conclude that for all n > ng, there exists n’ € {n —
1,...,n — m} such that

[fn| < Crmgy|. (14)

Let A be a sequence of indices such that

lim |, |"/" = limsup ¢, |'/" = 1/Ro(f).
neA

n—oo



Choose n € A. Due to (14), there exist indices ny > ny > --- > n,, , n,, <ng, where
rn < n — ng, such that

lpn| < Cimlgy,| < < (Crm)™" |@n,, .
Consequently,

1/Ro(f) =1lim |¢,|"/" <limsup(Cym)"/" < Cym.
neA n— 00
Therefore, Ro(f) > (Cym)~! > 0, which proves (i).
As for (ii), assume that sup{|¢, k| :n > no, mp, > 1,1 <k <m,} < oo and |(m, +
An+Th) — (Mu_1 + A1 + Te1)| <m*™ —1,n > ng. Set 1,(z) = (z — 1)™. Define
Gn.m = tnqn.m and Py = ty pp.m. Normalize g, ,, as follows. If m, + 7, > 1, take

muy+7ty

én,m(Z) = 1_[ (z— é'n,k) = bn,OZmn—Hn +-+ bn,mn-Hn—lZ + bnsmn"l‘fn’
k=1

where by, o = 1. Should m,, + 17, =0, we set g, m = 1 = by, 0. Using the Vieta formu-
las, it follows that there exists C> > 1 such that

sup{|bn il :0 <k <my,,n>np} <Cp < . (15)
The coefficient corres ondinF tozX k € {n—m*—x,+1,...,n —A,},inthe
l e ft - hand side of (9) equals

¢k—m,1—r,1 + bn,l¢k—m,,—r,,+l +--- 4+ bn,mn—i-r,, ¢k =0, (16)

since deg pp m <n —m* — Ay.
Should m, + 1, > 1, (15) and (16) imply that

|¢k—mn—rn| < C2(|¢k—mn—fn+l| + -+ |¢k|)a

or, which is the same, foreachk € {(n—m*— A, —m,, — 1, +1,...,n— A, —m, — 1,,},
we have

9] < Colrgt] + -+ + [ Prtmytr,|)-

Therefore, foreachk e {(n —m* — A, —m,, — 1, +1,...,n — A, — m, — 1,}, there
exists k' e {k+1,..., k+m)} (m, + 1, <m) such that
Pk |
> = 17
|¢k|_C2m (17)

In the case that m, + 1, = 0, we have ¢ = 0 for the same values of k, and (17) i s
also true.

Using the assumption that [A, +m, + T, — Ay—1 —my—1 — To—1| <m* — 1,1t s
easy to check, similarly to the previous case, that the range of values taken by the
parameter k for consecutive values of n are either contiguous or overlapping. Also,



n — A, —m, — T, tends to oo as n goes to co. Consequently, from (17), we have that

for all n > ny, there exists n’ € {n + 1, ...,n -+ m} such that
&
/> . 18
|bn| = Com (18)

Using (18), we can find an increasing sequence of indices {n; }sez. , ns+1 € { ns+
1,...,ng+m}and ny € { ng, ..., no+ m} such that

|Pn; |
(Com)*”

|¢)1H1 | 2

Should f be a polynomial, there is nothing to prove. Otherwise, changing the value
of ng if necessary, without loss of generality, we can assume that ¢,, # 0. Then

3

1 1
livgiogﬂd)"s“ |z limsu Tt =
R pY—)OO(CZm) st C2m

since
lim sup <limsup =1.
s—o00 Mg41 s—>o0 N1 +S
It follows that
1 1
Ro(f) = < Cym < 00,

<
lim Sup, 00 |¢n|l/n ~ liminf_, o |¢ns+1 |1/nH'l

as we needed to prove.

Finally, if f is a polynomial, say of degree NV, we would have that for alln > N +
m, f = pn.m/qnm and g, ,» = 1. Consequently, if there exists A such that deg g, , >
1,n € A, f cannot be a polynomial and, therefore, only Ro(f) < oo is possible. [

Lemma 2.3 A sufficient condition to have |A, — Ay—1| <m* — 1 and |(m, + A, +
) — (Mpy—1 + A1 + 1) < m* — 1 is that

min{m, + T, My—1 + Tu_1} >m —m™ + 1.

Proof Infact,fork=n—1andk =n,ifmg+1% >m—m*+1,then0 <A <m*—1
because Ay +my + 1 < m, and the first inequality readily follows. On the other hand,
|(mn +An+ 1) — (Mp—1 + Ap—1 + Tn—1)|
= |(m,, + A+ —m4+mt— 1) — (mn_l F A1+ T —m+m* — 1)|

andO0<mp+ A+t —m+m*—1<m*—1fork=n—1 and k = n. Therefore,
the second inequality also holds. O

Applied to Padé approximation (m* = m), Theorem 2.2 and Lemma 2.3 imply
that if deg Q,.,» > 1 and its zeros remain uniformly bounded away from 0 and
oo, for sufficiently large n, then 0 < R o(f) < oo. This result has not been stated
elsewhere.

10



Let us see some consequences of Theorem 2.2 and Lemma 2.3 on the extendability
of a formal power series and the location of some of its poles in terms of the behavior
of the zeros of the approximants. First we call attention to some results from [4].

Let B be a subset of the complex plane C. By U/(B), we denote the class of all
coverings of B by at most a numerable set of disks. Set

o(B) = inf Z|Ui|:{Ui}eu(B>},

i=1

where |U;| stands for the radius of the disk U;. The quantity o (B) is called the
1-dimensional Hausdorff content of the set B.

Let {¢, }nen be a sequence of functions defined on a domain D C C and ¢ another
function defined on D. We say that {¢, },<N converges in o -content to the function ¢
on compact subsets of D if for each compact subset K of D and for each ¢ > 0, we
have

lim o{z €K :|p.(z) —p(z)| > &} =0.
n—o0

We denote this by writing o -lim,,—, 0 ¢, = ¢ inside D.

We define the number R (f) as the radius of the largest disk centered at the origin
on compact subsets of which the sequence {r, »}n>m converges to f in o-content.
In [4], we gave a formula to produce this number and showed that it depends on the
specific sequence of incomplete Padé approximants considered. Set D) (f) = {z €
C:lzl < RL(N}.

Among other direct-type results, we proved that

R (f) < R, () < R (), 19)

that R*,,(f) > 0 implies Ro(f) > 0, and that each pole of the function fin D*, (f)
attracts, with geometric rate, at least as many zeros of g, , as its order (see [4, The-
orem 3.5]). Therefore, Theorem 2.2 and Lemma 2.3 imply:

Corollary 2.4 Let f be a formal power series as in (8). Fixm > m* > 1. Assume that
there exists a polynomial q,, of degree greater than or equal to m —m* + 1, ¢, (0) #
0, such that lim,_, o gn.m = gm. Then 0 < Ro(f) < oo, and the zeros of q,, contain
all the poles, counting multiplicities, that f has in D}, (f).

We need a relaxed version of Corollary 2.4 for the proof of Theorem 1.4.

Lemma 2.5 Let f be a formal power series as in (8) that is not a polynomial.
Fix m > m* > 1. Let ¥ = Pn.m/Gn.m be an incomplete Padé approximant of type
(n, m, m*) corresponding to f,where py m and Gn m are obtained from Definition 2.1
and common factors between them are allowed. Assume that there exists a polynomial
Gm of degree m, G, (0) # O, such that limy,—, oo Gn.m = Gm- Then 0 < Ro(f) < 0o, and
the zeros of G, contain all the poles, counting multiplicities, that f has in D}, (f).

Proof Let us show that the assumptions of Lemma 2.3 are verified for the incomplete
approximant ry, ;. Let ry » = pn.m/qn.m, where the polynomials p, ,, and g, ,, are

11



relatively prime. Since g, (0) # 0, then g, ,,(0) # 0, n > ng. Thus, p, ,, and g, , do
not have a common zero at z =0, and A, = 0 for all n > ng. As before, set m,, =
deggy,.m and

T =min{n —m* —deg ppm,m —m,}, n=>no.

Notice that 7, = m —m,, n > ng, because the polynomials g, ,, and p,_,, are obtained
eliminating possible common factors between g, ,; and p, , and by assumption

min{n — m* — deg pu,m. m — deggnm} =0, n=no.
Therefore, we have
my+t=m>m—m*+1, n>ng,

and Lemma 2.3 is applicable.

From Theorem 2.2, we obtain 0 < Ry(f) < oco. Now, from the fact that each pole
of f in D} (f) attracts as many zeros of g, ,, as its order, it follows that the zeros of
gm contain all the poles, counting multiplicities, that f has in D} (f). O

In the case that there exists R > R,,;=(f) inside of which f is meromorphic, then
Dp contains at least m* + 1 poles of f since D,,+(f) is the largest disk where f is
meromorphic with at most m* poles. We can prove the following inverse-type result.

Theorem 2.6 Fix m > m* > 1. Let f be a formal power series as in (8) that is not a
rational function with at most m* — 1 poles. Let rn m = Pn.m/Gn.m be an incomplete
Padé approximant of type (n,m, m*) corresponding to f, where py » and Gn.m are
obtained from Definition 2.1 and common factors between them are allowed. Suppose
that there exists a polynomial q,,, of degree m, g,,(0) # 0, such that

imsup [|Gam — Gmll'/" =6 < 1. (20)

n— oo
Then, either f has exactly m* poles in Dy« (f), which are zeros of ¢ counting

multiplicities, or Ry(Gm ) > R+ (f).

Proof From Lemma 2.5, we have Ro(f) > 0. So, f is analytic in a neighborhood of
z =0. We also know that Ro(g,, f) = Ry (f) since the zeros of g,, contain all the
poles that f has in D,«(f). Assume that Ro(g,, f) = R+ (f). Let us show that then
f has exactly m* poles in D,,;+(f). To the contrary, suppose that f has in D,«(f) at
most m* — 1 poles. Then there exists a polynomial g+, with deg g, < m*, such that

Ro(gm+ ) = R (f) = Ro(@m*Gm f)-

Let

am=(D)gm () f () =) anz";

n=0

12



then
Ry (f) = Ro(gm*Gm f) = 1/ limsup v/|ay|.

n—oo
The n-th Taylor coefficient of g+ [Gn.m f — Pn.m] is equal to zero. Therefore, the n-th
Taylor coefficients of gu*qm f and gm*Gm f — Gu*Gn.m f + Gm* Pn.m coincide. Take
0<r < Ru+(f),andrecall that I, = {z € C: |z| = r}. Hence

1 / [gm*qm [ — Clm*C}n,mf +Qm*ﬁn,m](w)
ap, = —— dw
2ni Jr, an

1 [Gm — Gn.m1(@)gm* (@) f (@) do

2mi I w”“

Making use of (20), it readily follows that

0
=limsup /|a,| < —.
r

Rm*(f) n—oo

Letting r tend to R,,=(f), we have

1 %
< 9
Rm*(f) - Rm*(f)

which implies that R« (f) = oco. Let us show that this is not possible.
In fact,

0 <1,

[Qm*én,mf - Qm*ﬁn,m](z) = AnZn+] + -,

and deg g pp.m < n — 1. It follows that (gm* Pn.m)/qn.m = (Gm* Pn.m)/qn.m is an
incomplete Padé approximant of the function g, f of type (n, m, 1), where the poly-
nomials pj, », and g, , are relatively prime. As gy, (0) # 0, n > ng, the polynomials
qm* Pn.m and gy, do not have a common zero at z =0 and A, = 0 for all n > ny.
Again, set m, = degqy, , and

T, =min{n — 1 —deg p, . m —my}.
Notice that t, =m — m,, n > ng, because
min{n — 1 — deg qu> pn.m,m —deggn.m} =0, n>ny.
Thus, m, + t, = m,n > ng. Using Lemma 2.3 (for m* = 1) and Theorem 2.2, we
conclude that either Ry(gm,*f) < 0o or gn= f is a polynomial. However, the lat-

ter is not possible by hypotheses. On the other hand, Ro(g,,» f) < oo contradicts
R+ (f) = 0o. As claimed, f has exactly m™ poles in D« (f). O

We wish to underline that the two possibilities stated in the thesis of Theorem 2.6
should not be understood as mutually exclusive. It may well happen that Ry(g,, f) >
Ryu+(f) and f has exactly m™ poles in D,«(f), which are zeros of g, counting
multiplicities. A similar remark applies to Corollary 3.4 below.
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3 Simultaneous Approximation

Throughout this section, f = (f1, ..., fg) denotes a system of formal power expan-
sions as in (1), and m = (my,...,my) € N? is a fixed multi-index. We are con-
cerned with the simultaneous approximation of f by sequences of vector rational
functions defined according to Definition 1.1 taking account of (2). That is, for each
neN,n>|m|, let (R, m1,--., Rnm,a) be a Hermite—Padé approximation of type
(n, m) corresponding to f.

As we mentioned earlier, R, m x is an incomplete Padé approximant of type
(n, |m|, my) with respect to fx, k=1, ...,d. Thus, from (19), we have

Dy (fi) C Dy (f©) € Dy (i), k=1,....d.

Definition 3.1 A vector f = (f1,..., fy) of formal power expansions is said to be
polynomially independent with respect to m = (my, ..., mg) € N? if there do not
exist polynomials pi, ..., pg, at least one of which is non-null, such that

d.1) deg px <mp k=1,....d,
(d.2) Z(Z:l Dk fx is a polynomial.

In particular, polynomial independence implies that for each k = 1,...,d, fi is
not a rational function with at most mj; — 1 poles. Notice that polynomial indepen-
dence may be verified solely in terms of the coefficients of the formal Taylor expan-
sions defining the system f.

Given f= (f1,..., fg) and m = (mq,...,my) € N4, we consider the associated
system f of formal power expansions

f=(fi..... " AL fon 2" ) = (i fim)

We also define an associated multi-index m given by m = (1, 1, ..., 1) with |m| =
Im|. The systems f and f share most properties. In particular, poles of f and f coincide
and R,,(f) = R,,(f),m € Zy.

From the definition, it readily follows that f is polynomially independent with
respect to m if and only if there do not exist constants ¢, k = 1, ..., |m|, not all zero,
such that

m
> ek
k=1

is a polynomial. That is, f is polynomially independent with respect to m if and only
if f is polynomially independent with respect to m. By the same token, the system
poles of f with respect to m are the same as the system poles of f with respect to m.

Finally, it is very easy to check that, for all » > |m|, the equations that define the
common denominator Q,, m for (f, m) are the same as those defining Q, w for (f, m)
and, consequently, both classes of polynomials coincide.

Lemma 3.2 Let f= (f1,..., fa) be a system of formal Taylor expansions as in (1),
and fix a multi-index m € N?. Suppose that for all n > ng, the polynomial Onm
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is unique and deg Q, m = |m|. Then the system f is polynomially independent with
respect to m.

Proof Because of what was said just before the statement of Lemma 3.2, we can
assume without loss of generality that m = (1, 1,..., 1) and d = |m|. We argue by
contradiction. Suppose that there exist constants ¢,k = 1,...,d, not all zero, such
that Zi:] ¢k fx 1s a polynomial. Should d =1, Q, m = 1 for all n sufficiently large
and deg O, .m < 1 =|m|. If d > 1, without loss of generality, we can assume that
c1 #0. Then

d
fi=p=>) ck
k=2

where p is a polynomial, say of degree N.
On the other hand, for each n > d — 1, there exist polynomials Q,, P, k, k =
2,...,d, such that

—degPrx<n—1,k=2,...,d,degQ, <d -1, 0, #0,
- 0, i@ = Pus@=AZ" T - k=2,....d.

Therefore,

d d
0n(2) (p(z) - chfk(2)> - (Qn(z)mz) - chPn,k(z)) = A" 4

k=2 k=2

and, for n > d + N, the polynomial P, = Q,p — Zzzz cx Py i verifies deg P, 1 <
n — 1. Thus, for all n sufficiently large, the polynomials P, x,k =1,...,d, satisfy
Definition 1.1 with respect to f and m. Naturally, Q,, gives rise to a polynomial O, m
with deg O, m < d = |m| against our assumption on Q, m. O

Set
Dy, (6) = (Djpy (f1), -+, D (f))-

The following corollaries are straightforward consequences of Lemma 2.5 and
Theorem 2.6, respectively, together with the fact that, foreachk =1, ...,d, Rymi =
Py.m.k/Qn.m is an incomplete Padé approximant of type (n, |m|, my) with respect
to fx.

Corollary 3.3 Let f = (f1,..., fa) be a system of formal Taylor expansions as in
(1), and fix a multi-index m € N?. Assume that f is polynomially independent with
respect to m and there exists a polynomial Qm| of degree |m|, Q|m|(0) # 0, such
that lim, 00 Opnm = Qm|. Then Ro(f) > 0, the zeros of Qm| contain all the poles
that £ has in D}, (£), and Ro(fr) < oo foreachk=1,...,d.

Corollary 3.4 Letf = (f1, ..., fa) be a system of formal Taylor expansions as in (1),

and fix a multi-indexm = (my, ..., mg) € N¢. Assume that f is polynomially indepen-
dent with respect to m and there exists a polynomial Q|m| of degree |m|, Q|m(0) #0,
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such that

limsup | Qm| — Quml/" =6 < 1.

n—oo

Then, for each k = 1,...,d, either fy has exactly my poles in D, (fr) or
Ro(Qim| fi) > Rm; (fr)-

Before proving Theorem 1.4, we wish to describe some properties of system poles.

Lemma 3.5 Givenf=(f1,..., fg) andm € Zf{_ \ {0}, f can have at most |m| system
poles with respect to m (counting their order). Moreover, if the system has exactly |m|
system poles with respect to m and & is a system pole of order t, then for all s > T
there can be no polynomial combination of the form (6) analytic on a neighborhood
ofﬁm except for a pole at z = & of exact order s.

Proof Notice that the polynomial combinations of the form (6) generate a vector
space of dimension less than or equal to |m|. On the other hand, the set of functions
which determine the system poles and their order are linearly independent. Conse-
quently, there may be at most |m| such functions. Thus, the number of system poles
counting their order is at most |mj.

Assume that there are exactly |m| system poles with respect to m, and let £ be one
of them of order t. Take s > 7. Obviously, for s = t + 1, there can be no polynomial
combination of the form (6) analytic on a neighborhood of D|¢| except for a pole at
z =£& of exact order s because the order of the system pole would be at least T + 1.
For s > 7 4+ 2, no such combination can exist either because that would give another
function which is linearly independent to the rest of the functions which determine
the system poles and their order, which by assumption are already |m)|. g

3.1 Proof of Theorem 1.4

Let us prove first that (b) implies (a). From Lemma 3.2, it follows that f is polyno-
mially independent with respect to m and, in turn, from Corollary 3.3, we know that
Ro(f) > 0. So, it is enough to prove that f has exactly |m| system poles with respect
to m and without loss of generality we can assume thatm= (1,1, ..., 1).

We divide the proof into two parts. First, we collect a set of |m| candidates to be
system poles of f and prove that they are the zeros of Qm|. In the second part we
prove that all these points previously collected are actually system poles of f.

Notice that for each k = 1,...,d, by Corollaries 3.4 and 3.3, either the disk
D1 (fy) contains exactly one pole of fi and it is a zero of Qm|, or Ro(Qm| fx) >
R1(fk). Therefore, Do(f) # C and Q)| contains as zeros all the poles of f; on the
boundary of Dy( fi) counting their order for k =1, ..., d = |m|. Moreover, the func-
tions f; cannot have on the boundary of Dg( fx) singularities other than poles.

According to this, the poles of f on the boundary of Dy(f) are all zeros of Qm
counting multiplicities and the boundary contains no other singularity except poles.
Let us call them candidate system poles of f and denote them by ay, ..., a,, taking
account of their order.
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Since deg Q|m| = |m|, we have n| < |m|. Should n; = |m|, we have found all the
candidates we were looking for. Let us assume that n; < |m|. We can find coefficients
C1, ..., Cm| such that

|m|

Y ki
k=1

is analytic in a neighborhood of Dy (f). Finding the coefficients c; reduces to solving
a linear homogeneous system of 7| equations with [m| unknowns. In fact, if z =a is
a candidate system pole of f with multiplicity 7, we obtain t equations choosing the
coefficients ¢ so that

|m|
f (w—a)f(§ ckfk(w))dwzo, i=0,...,t—1, (21)
|w—al|=$8

k=1

where § is sufficiently small. We do the same with each distinct candidate on
the boundary of Dg(f). The linear homogeneous system of equations so obtained
has at least |m| — n; linearly independent solutions, which we denote by c}, j=
1,...,m| — nT, where n’f < n denotes the rank of the system of equations.

Set

1 1 1 .
c; =(cj’1,...,cj’|m|), j=1,...,/m| —nj.

Construct the (Jm| — n}) x |m| dimensional matrix

cl=
C
[m|—n}

Define the system g; of [m| — n} functions by means of

gl =C'f' =(g1,1. -.~,gl,|m|—n7)t,

where ()" means taking transpose. We have

|m|

1 .
gLi= ciyfe. j=1....|m—nj.
k=1

As the rows of C! are non-null, none of the functions g1 j are polynomials because
of the polynomial independence of f with respecttom = (1,1, ..., 1).
Consider the region

*
‘m‘_nl

Dog) = [ Dogu))-

j=1

Obviously, by construction, Dy(f) is strictly included in Dg(g1).
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It is easy to see that

|m|

Z cl- . Pn,m,k

£, m
is an (n, |m|, 1) incomplete Padé approximant of g; ;. Using Theorem 2.6 with m* =
1,foreach j=1,...,|m| — n’f, either the disk Dj(g1, ;) contains exactly one pole of

g1,; and it is a zero of Qym|, or Ro(Qm|g1,;) > R1(g1,;). In particular, Do(g1) # C,
and all the singularities of g on the boundary of Dy(g;) are poles which are zeros of
O|m| counting their order. They constitute the next layer of candidate system poles
of f (now, it is possible that some candidates are not poles of f since the functions f
intervene in the linear combination as we saw in example (5)).

Let us denote these new candidates by a,, 41, ..., dn,4n,. Of course, n; +ny <
lm|. Should n{ + np, = |m|, we are done. Otherwise, ny < [m| —n| < |m| — nT,
and we can repeat the process. In order to eliminate the n, poles, we have |m| —
nT functions which are analytic on Dy(g;) and meromorphic on a neighborhood of
Dy(g1). The corresponding homogeneous linear system of equations, similar to (21),
has at least [m| —n} —n; linearly independent solutions c?, j=1,...,\m|—n}—n3,
where ”; < ny is the rank of the new system. Set

2_ (2 2 . %
cj_(Cj,l""’cj,\ml—n*l‘)’ Jj=1,...,im| —n] —n;.

Construct the (jm| — n] — n}) x (lm| — n}) dimensional matrix

Cc?=
2
c|m|fnT7n’2‘
Define the system g of [m| — n} — n3 functions by means of

g[2 = ngli = Czclft = (82,1, ) g2"m|7n>f7n;)['

The rows of C2C! are of the form c?Cl, j=1,...,Im|—n}—n%, where C! has rank

Im| — n7 and the vectors cz are linearly independent. Therefore, the rows of C2C! are
linearly independent; in particular, they are non-null. Consequently, the components
of g are not polynomials because of the polynomial independence of f with respect
tom=(1l,1,...,1). Thus, we can again apply Theorem 2.6. The proof is completed
using finite induction.

Notice that the numbers n1, ny, ... which arise are greater than or equal to 1, and
on each iteration their sum is less than or equal to |m|. Therefore, in a finite number
of steps, say N — 1, their sum must equal |m|. Consequently, the number of candidate
system poles of f in some disk, counting their multiplicities, is exactly equal to |m]|,
and they are precisely the zeros of Q|| as we wanted to prove.

Summarizing, in the N — 1 steps we have taken, we have produced N layers of
candidate system poles. Each layer contains nj candidates, k =1, ..., N. At the same
time, ateachstepk, k=1, ..., N — 1, we have solved a linear system of n; equations,
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of rank n, with [m| —n} — - -- —nj, nj <ny, linearly independent solutions. We find
ourselves on the N-th layer with ny candidates.

Let us try to eliminate these poles. As before, we write the corresponding system
of linear homogeneous equations as in (21), and we get

nN=|m|—n1_..._nN71§|m|_nT_..._nﬂ&_1=:ﬁN

equations with 77y unknowns. For each candidate system pole a of multiplicity T on
the N-th layer, we impose the equations

nN
/ (a)—a)i <chg1v_1,k(a))> dw=0, i=0,...,t—1, (22)
|w—a|=§8

k=1

where § is sufficiently small and the gy_1 4,k =1, ..., iy, are the functions associ-
ated with the linearly independent solutions produced on step N — 1.

Let n}, be the rank of this last homogeneous linear system of equations. Assume
that ng*x < ny for at least one k € {1, ..., N}. In this case, there exists at least one
nontrivial solution of the system. The corresponding function g can be written as
a linear combination of the components of f, and it cannot reduce to a polynomial
because f is polynomially independent. Using Theorem 2.6, we obtain that g has on
the boundary of its disk of analyticity a pole which is a zero of Q\y, but this is
clearly impossible because all the zeros of Q| are strictly contained in that disk.
Consequently, ny = n;:, k=1,...,N.

What we have proved implies that in all the N homogeneous systems which we
have solved (including the last one), there are no redundant equations. In turn, this
implies that if in any one of those systems of equations we equate one of its equations
to 1, instead of zero (see (21) or (22)), the corresponding nonhomogeneous linear
system of equations has a solution. Applying the definition of a system pole, this
means that each candidate system pole is a system pole of order at least equal to
its multiplicity as zero of Qjm|. But, as we saw in Lemma 3.5, f can have at most
|m| system poles with respect to m; therefore, all candidate system poles are indeed
system poles, and their order coincides with the multiplicity of that point as a zero
of Q|m| .

Thus, the proof of the inverse-type result is complete, and we have Q| = Q(f, m)
as well.

Let us prove now that (a) implies (b). Except for some details related to the num-
bers Rg (f, m), where £ is a system pole of f, the arguments are similar to those em-
ployed in [15]. In spite of this, for completeness, we give the entire proof.

For each n > |m|, let g, m be the polynomial 0, m normalized so that

m| |m|

Dokl =1, gum@ =) rui". (23)
k=1

k=1

Due to this normalization, the polynomials g, m are uniformly bounded on each com-
pact subset of C.
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Let & be a system pole of order 7 of f with respect to m. Consider a polynomial
combination g of type (6) that is analytic on a neighborhood of D¢ except for a
simple pole at z =& and verifies that R1(g1) = Re,1(f, m)(= r¢,1(f, m)). Then we
have

|m|
=> peife. degpea <mp k=1,....|m|,
k=1
and
|m|
Gnm(Dh1(z) — (2 —§) Zpk*] @ Pimi(z) = A" ,
k=1

where h1(z) = (z — £)g1(z). Hence, the function

\ml
n.m(2)h
e Z(:J)rll(Z) o ZPkl(Z)ank(Z)

is analytic on Di(g1). Take 0 <r < R(g1), and set I, = {z € C: |z] = r}. Using
Cauchy’s formula, we obtain

|m| e+l N
q” m(Z)hl(Z) (Z — f;—') Zpk I(Z)Pn m, k(Z) 2 — /1: wn+l %,m(w) l(a)) da),

> —
k=1 <

for all z with |z| < r, since deg Zk | Pk,1 Pam,k < n. In particular, taking z =& in
the above formula, we arrive at

1 gt gy, m(w)hl(w)
h =— 24
Grm©h1 ) = 7 / B 24)
Straightforward calculations lead to
l/n $|
limsup|/1 (§)gn,m ()] " < ==
n—o0 r
Using that 41 (£) # 0 and making r tend to R;(g1), we obtain
l/n |E|
1
lliisolipwn m(S)’ = R (f m)
Now, we employ induction. Suppose that
11msup|q(j) (§)|1/n§|€7|, j=0,1,...,5s =2 (25)
n—00 Ré,j-i-l(f’ m)

(recall that Rg ;41 (f, m) =ming—,, ;1 rex(f, m)), with s < 7, and let us prove that
formula (25) holds for j =5 — 1.
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Consider a polynomial combination g; of the type (6) that is analytic on a neigh-
borhood of D¢ except for a pole of order s at z = & and verifies that R,(gy) =
re s (£, m). Then we have

|m|

8= Psf: degprs<my, k=1, |m|.
k=1

Set hs(z) = (z — £)° g5 (z). Reasoning as in the previous case, the function

[m|
qn’m(Z)hs @) - <& Z pk,s(Z)Pn,m,k(Z)

Zn+1(Z _S)sfl Zn+1 po

is analytic on Ds(gy) \ {€}. Set Py = Zk | Pk.s Pnm,k. Fix an arbitrary compact set
K C (Dg(gs) \ {€}). Take 6 > O sufficiently small and 0 < r < R,(gs) with K C D,..
Using Cauchy’s integral formula and the residue theorem, for all z € K, we have

n.m hS
L)s_(f) — @ =5 P =1,2) — Ju(2), (26)
(z—8)
where
1 Z”+l Qn,m(w)hs (w)
I,(z) = 27_” /;"r 't (a)—’g‘)s—l(a)—z)
and
1 U gy m(@)hs(w)
J (Z) 27_” ‘/|\a)—§'|:8 wn—i—l (0) _ g)s—l(w — Z) dw.

We have used in (26) that deg Py < n. The first integral I, is estimated as in (24) to
obtain

in _ llzlle _llzllk
hmsup“l @) = < Rte) = dm (27)
As for J,,, write
Im| (J) ‘
Gm(@) =Y L (€)< - &)
i !
Then
L i 1 / 2 gim® @) o8
n\Z) = -~ -dw.
=2 Jjo-¢| s @ (0 —2) (0= &)1

Using the inductive hypothesis (25), estimating the integral in (28), and making &
tend to zero, we obtain

i _ llzlik €] __ lzlix
T |§] Res—1(fm)  Re—1(f,m)’

11m sup|| Jn(2) ”
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which, together with (27) and (26), gives

In _ llzllx

< m (29)

limsup||g,m(2)hs (2) — (z = £)° Ps ()| ¢

As the function inside the norm in (29) is analytic in D;(g;), inequality (29) also
holds for any compact set K C Ds(gs). Besides, we can differentiate s — 1 times that
function and the inequality still holds true by virtue of Cauchy’s integral formula. So,
taking z = £ in (29) for the differentiated version, we obtain

1n _ &l

hmsup|(qn mhs)CV(E))" < R; Re (f,m)’

Using the Leibnitz formula for higher derivatives of a product of two functions and
the induction hypothesis (25), we arrive at

i 181

1 S— l)
lnrrisup\qn @] =< < Rodm

since &4 (§) # 0. This completes the induction.

Let &1, ..., &, be the distinct system poles of f, and let 7; be the order of §; as a
system pole,i =1, ..., p. By assumption, 71 + - - - + 7, = |[m|. We have proved that,
fori=1,...,pand j=0,1,..., 7, — 1,

1n _ &1 - & '
- R%‘,',j+] (f7 m) - RS, (f7 m)

hmsup|q(’) &) (30)

Recall that Q(f, m) is the monic polynomial whose zeros are the system poles of f
with respect tom. Denote by L; j,i =1,...,p; j=0,1,...7; — 1, the fundamental
interpolating polynomials at the zeros of Q(f, m); that is, for eachi =1, ..., p and
j=0,1,...t; —1,degL; ; <|m| — 1 and

L&) =8idju. k=1.....p.v=01,....5—1

Then
p Ti—1 )
nm(@) = Ao QEM) + Y > g (E)Lij (). 31)
i=1 j=0
From (30) and (31), it follows that
. 1/n
hmsup”qn,m — An,jm| Q(f, m) ”K <0 <1
n—o00
for any compact K C C, where
6 = max ﬁzéeff)(ﬂm) . (32)
Rs(f, m)
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As all norms in finite dimensional spaces are equivalent, we obtain

1im sup||g.m — Ao, jm QCE, m)|| /" <6 < 1. (33)

n—oo
Now, necessarily we have
liminf|X, jm(| > 0, (34)
n—00

since if there exists a subsequence A C N such that lim,e Ay, jm| = 0, then from
(33), we have limyc 4 [|gn.m|l = 0, contradicting (23).
AS gy.m = An,jm| @n,m, We have proved

1/n

limsup||Qym — QEm)|| " <0 <1, (35)
n—oo

where 0 is given by (32). In particular, for n > ng, deg O, m = |m|. The difference
of any two noncollinear solutions Q1 and Q> of Definition 1.1 with the same degree
and equal leading coefficient produces a new solution of smaller degree, but we have
proved that any solution must have degree |m| for all sufficiently large n. Hence, the
polynomial O, m is uniquely determined for all sufficiently large n. With this we
have concluded the proof of the direct result.

Let us prove that the upper bound in (35) actually gives the exact rate of conver-
gence to obtain (7). To the contrary, suppose that

limsup|| Qn.m — O, m)|'" =6 <. (36)
n—o00

Let ¢ be a system pole of f such that

Iq
R{ (f, m)

[

=60 = max
{Rs(f, m)

(& EP(f,m)}.

Naturally, if there is inequality in (36), then R; (f, m) < oo.
Choose a polynomial combination

d

g:ZPkfkv degpr <my, k=1,....d, (37)
k=1

that is analytic on a neighborhood of 5‘“ except for a pole of order s at z = ¢
with R;(g) = R;(f, m). On the boundary of Ds(g), the function g must have a
singularity which is not a system pole. In fact, if all the singularities were of this
type we could find a different polynomial combination g; of type (37) for which
Rs(g1) > Rs(g) = R;(f, m) against our definition of R.(f,m). For short, write
Q(f, m) = Q. Consequently, the function Q|mg can be represented as a power
series Z?o:o c;jz/ with radius of convergence R; (f, m). So

limsup +/|cy| = 1/R (f, m). (38)

n—oo
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On the other hand, by virtue of (37), we have

Hy(2) = Qum(2)8(@) = Y p(2) Pami (@) = Bu" ' 4+,
k=1

and this function is analytic at least in D|;| with a zero of multiplicity at least n + 1
at z =0. Taking r < |¢|, we obtain

1 Hy(w)
2mwi I a)”'H

Set P, = ZZ:I Pk Pnm k- Clearly, Om|g = (Qim| — Qn,m)g + P, + H, and, since
deg P, <n — 1, we arrive at

1 Q|m|(w)g(w) 1 [Om| (@) — Oy, m(w)]g(w)
=5 — g do=-—
27i Jr, '+l 27i Jr, i+l

Taking (38) and (36) into consideration, estimating the integral, and letting r tend to
[¢1, it follows that

0 1
=limsup /|c,| =

Ré(f) n—00 _|Z| el Re(f,m)’

which is absurd. We have completed the proof of Theorem 1.4. O
3.2 Convergence of the Hermite—Padé Approximants

The following result is in some sense the analog of the formula displayed just after
(58) in [7] written in different terms.

Theorem 3.6 Assume that either (a) or (b) in Theorem 1.4 takes place. If € is a
system pole of order t of f with respect to m, then

max hmsup|Q(/) (5)\”" = 51

=— 5=0,1,...,7—1. 39
=0, ..., Re 511(f, m)

Proof Let & be as indicated. From (30) and (34), we have

. () 1/n &1 _
max _limsup| Q' m(§) <— 5=0,1,...,7—1.
j=0,....5 n—>oop| g | R Ss+1 (f m)
Assume that there is strict inequality for some s € {0, ..., 7 — 1} and fix 5.

Choose a polynomial combination

d

g:Zpkfk, degpr <my, k=1,...,d,
k=1
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that is analytic on a neighborhood of D¢ except for a pole of order s(< 5 + 1) at
z =§& with Ry(g) = Rg 541 (f, m). As before, on the boundary of D;(g) the function
g must have a singularity which is not a system pole. Set Q(f, m) = Q|m| Conse-
quently, the function Qm|g can be represented as a power series Z i—oCjz’ with
radius of convergence Rg 541 (f, m). So

limsup v/|cx| = 1/Rg 541 (f, m). (40)

n—0o0

On the other hand, by virtue of (37), we have

Hy(2) = Qum(2)8(2) = Y p(2) Pami (@) = Bu" ' 4,
k=1

and this function is analytic in Dy(g) \ {£}. Take r smaller than but sufficiently close
to Rg 54+1(f, m) and § > O sufficiently small. Let I'; , be the positively oriented curve
determined by ys = {w : |w — &| =4} and I;.. We have

L Hy,(w)
27i Jry, o't

dow=0.

Set P, = Zzzl Pk Pymk and h(w) = (0 — £)* g(w). Obviously,
Om&=(Qm| — Qumg+ P, + Hy,

and, since deg P, <n — 1, we obtain

1 Q\m|(w)g(w) 1 [Q)m| — On.ml(@)h(w)
= — - do=— dw
27i Jry, wntl 2mi Jry, (0 — E)S ]

L[ [Qm ~ Quml@h(@) % / 0l — O MI(E)h(w)
2mi s

T wiln T (@t S T T
_ [ [Qmi = Cuml@h@) Z / Qim@®h@)
2mi Jr, (0 — )1 2mi W(w— &) Vort!
Estimating these integrals, using (7) and the temporary assumption that
. () ey 1/ _ 181 €]
max _limsup|Q;/m(§) < —,
Jj=0,...5 n%oop| | K Re 5+1(f, m)
we obtain
1 0 1
limsup|cn|1/" < max{ } < ,
n—00 K Resy1(fm) ] Respi(f,m)
which contradicts (40). Hence, (39) takes place. Il
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Now we are ready to give the analog of (4) for simultaneous approximation. We
need to introduce some notation. Fix k € {1, ..., d}. Let Dy (f, m) be the largest disk
centered at z = 0 in which all the poles of f; are system poles of f with respect to m,
their order as poles of f; does not exceed their order as system poles, and f; has no
other singularity. By Ry (f, m), we denote the radius of this disk. Let &1,...,&y be
the poles of fi in Di(f,m). Foreach j =1,..., N, let ?j be the order of &; as a pole
of fi and 7; its order as a system pole. By assumption, 7; < 7;. Set

R;:(f,m)zmin{Rk(f,m), min Rg.;.(f,m)},
j=l.. N 2

.....

and let D,’(k (f, m) be the disk centered at z = 0 with this radius.

Recall that o (B) stands for the 1-dimensional Hausdorff content of the set B and
D‘*m| (fx) is the largest disk centered at the origin inside of which o-lim,—, oo Rymx =
fx- Its radius is denoted by Rl’:nl (fx)-

We say that a compact set K C C is o-regular if for each zg € K and for each
8> 0,itholdsthato{z € K : |z — z9| < 6} > 0.

Theorem 3.7 Let f be a system of formal Taylor expansions as in (1) and fix a multi-
index m € Z‘i \ {0}. Suppose that either (a) or (b) in Theorem 1.4 takes place. Then

1imsup||fk—Rn,m,k||}{"<ﬁ k=1,....d, (41)

n— 00 a Rr;m(fk)’

where K is any compact subset of D} ( fi) \ P(f, m). If, additionally, K is o -regular,

m|
then we have equality in (41). Moreover,

Ri (f)=RiEm), k=1,....d.

Proof Letus fix k € {1, ..., d} and maintain the notation introduced above. Let K be
a compact subset contained in D,*; (f, m) \ P(f, m). Take r smaller than but sufficiently
close to R} (f, m), and § > O sufficiently small so that K is in the region bounded by
I'; and the circles {z : [z —§;| =48}, j=1,..., N.Let I'; , be the curve with positive
orientation determined by I and those circles. On account of Definition 1.1, using
Cauchy’s integral formula, we have

(Qn,mfk - Pn,m,k)(z) =

2mi

1 / 2"t @nmfi)(@) -

Iy, w1 w—7
Since lim, QO m = Qm|, using (39) and standard arguments, we obtain

. 1/n llzllx
lim su k — Rumk <—. 42)
msup i~ Rumall " < s

This last relation implies that o-lim,— o0 Rym.x = fi inside D,f(f, m). Since
Rﬁnl( Jx) is the largest disk inside of which such convergence takes place, it read-
ily follows that R} (f, m) < R";nl (fx)- Should D} (f, m) contain on its boundary some
singularity which is not a system pole, then necessarily R,’; f,m) = Rﬁm (fx) because
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o -convergence implies that all singularities inside must be zeros of Q|m|, but the ze-
ros of this polynomial are all system poles as we proved in Theorem 1.4. Assume
that R* (f) > R} (f, m). Then, we have Rr;nl(fk) > minj=,. N Rg; 7 (f,m). From

|m|
the proof of [4, Theorem 3.6], we know that for each pole & of order T of f; inside

Dy, (fi),

. 1 1/n |§|
limsup| Qb (&) < ———

. , Jj=0,1,....7—1.
n—00 r;n|(fk)

This contradicts (39). Consequently R*  (fi) = R} (f, m) as claimed.

|m|
Due to (42), we have also proved (41). In order to show that this formula is exact
for o-regular compact subsets, one must argue as in the corresponding part of the
proof of [4, Theorem 4.4]. U

As compared with [4, Theorem 4.4], Theorem 3.7 offers weaker assumptions and

a characterization of the values Rﬁnl( fx) in terms of the analytic properties of the

functions in the system instead of the coefficients of their Taylor expansion. An open
question is to obtain an analogous characterization when the assumptions of Theo-
rem 3.7 do not take place.

It would be interesting to study inverse problems for row sequences of Hermite—
Padé approximation when only the limit behavior of some of the zeros of the poly-
nomials 0, m is known, in the spirit of the conjectures proposed by A.A. Gonchar in
[7] (see also Sect. 6.3 of Chap. 1 in [1]).
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