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Abstract 
 

In this doctoral Thesis the thermo-viscoplastic behaviour of metallic alloys used for 
structural protection purposes has been analyzed. The study includes the proposition of 
advanced constitutive relations and their integration into numerical models. These numerical 
models are validated for impact problems within the low-intermediate range of impact 
velocities (until 85 m/s). 

 
The advanced constitutive relations derived are based on the Rusinek-Klepaczko model 

whose validity is extended to metallic alloys showing dependence on plastic strain on the 
volume thermally activated. In addition the constitutive relations developped allow 
describing macroscopically viscous drag effects at high strain rates, negative strain rate 
sensitivity and martensitic transformation phenomena. 

 
Implementation of previous constitutive relations has been conducted into the FE code 

ABAQUS/Explicit . Thus, development of numerical models for the simulation of ring 
expansion test and conventional dynamic tension test has allowed analyzing the formation of 
plastic instabilities. In this analysis the effects of strain rate sensitivity, strain hardening and 
plastic wave propagation have been considered.  

 
Finally, it has been examined the impact behaviour of metallic alloys widely used for 

structural protection purposes: the mild steel ES, the aluminium alloy 2024-T3, the steel 
AISI 304 and the steel TRIP 1000. For that goal conventional characterization tests as well 
as impact tests have been conducted. Numerical models based on the constitutive relations 
derived have been developped in order to simulate the impact tests. These numerical models 
offered a suitable description of the perforation process in terms of ballistic limit and the 
associated failure mode of the target.   

 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Advanced constitutive relations for modeling thermo-viscoplastic behaviour of metallic alloys subjected to impact loading  
 

 
 

14

 



Index 
 

 

 15 

Resumen 
 
En esta tesis doctoral se ha analizado el comportamiento termo-viscoplástico de 

aleaciones metálicas de aplicación en la protección frente a impacto. El estudio incluye la 
proposición de ecuaciones constitutivas avanzadas, su implementación en modelos 
numéricos y la validación de los mismos con aplicación en problemas de impacto en el rango 
de velocidades bajo-medio (hasta 85 m/s).  
 

Las ecuaciones constitutivas avanzadas que se plantean toman como base la ley de 
endurecimiento de Rusinek-Klepaczko y extiende su validez a metales que presentan 
sensibilidad a la velocidad de deformación dependiente de la deformación plástica. Las 
ecuaciones constitutivas consideradas permiten describir macroscópicamente los efectos 
viscosos a altas velocidades de deformación, la sensibilidad negativa a la velocidad de 
deformación y los fenómenos de transformación martensítica. 
 

La implementación de las ecuaciones constitutivas anteriores se ha llevado a cabo en el 
código de elementos finitos ABAQUS/Explicit . Así, el desarrollo de modelos numéricos 
para las configuraciones del ensayo convencional de tracción dinámica y del ensayo de 
expansión de anillo ha permitido analizar las causas que residen detrás de la formación de 
inestabilidades plásticas. En el análisis se ha considerado la influencia de la sensibilidad a la 
velocidad de deformación, el endurecimiento por deformación y el efecto de la propagación 
de ondas. 
 

Finalmente se ha examinado el comportamiento frente a impacto de metales de amplia 
aplicación como estructuras de protección: el acero suave ES, la aleación de aluminio 2024-
T3, el acero AISI 304 y el acero TRIP 1000. Para ello, se han llevado a  cabo ensayos 
experimentales de caracterización mecánica convencional y ensayos experimentales de 
impacto mediante proyectil indeformable. La utilización de modelos numéricos que 
implementan las ecuaciones constitutivas desarrolladas proporciona una adecuada 
descripción del proceso de impacto en términos del límite de velocidad de perforación y del 
modo de fallo asociado. 
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Résumé 
 

Dans cette thèse certains problèmes liés au comportement thermo-viscoplastiques des 
alliages métalliques sont analysés. Ainsi, la réponse des métaux pour un large spectre en 
vitesses de déformation et en  températures a été étudiée. Ceci est d’un intérêt majeur dans de 
nombreuses applications industrielles. L'optimisation des matériaux dans le but de supporter 
de plus en plus de sollicitations extrêmes est un problème très actuel.  
 

Au niveau modélisation la validation du modèle Rusinek-Klepaczko (RK ) a été étendue 
à différents alliages sans dépendance avec la déformation plastique dans la définition du 
volume thermiquement activé. De plus, Une extension du modèle MRK  a été faite dans le 
but de décrire le comportement des matériaux présentant une dépendance en déformation 
dans le description de la sensibilité à la vitesse de déformation. Ce modèle a été utilisé pour 
décrire les matériaux avec une sensibilité négative à la vitesse de déformation et présentant 
un fort effet du drainage visqueux. En complément une loi de comportement a été 
développée pour décrire le comportement des matériaux avec une transformation de phase de 
type martensitique.  

  
Ces lois de comportement ont été implémentées dans un code éléments finis. Grâce à ces 

outils des études précises et fines on été menées au niveau des instabilités thermo-
viscoplastiques notamment sous chargement dynamique. Deux études particulières ont été 
faites, l’une sur le processus d’expansion des anneaux et une seconde sur la traction 
dynamique. Une étude complète a été menée sur le couplage entre la plasticité locale et le 
phénomène lié à la propagation des ondes élastiques générées par l’impact du chargement.  

  
En complément des essais 3D de type perforation ont été réalisés dans le but de valider 

les approches analytiques. Divers matériaux ont été utilisés comme : l’acier ES, un alliage 
d’aluminium 2024-T3, un acier AISI 304 et un acier de type TRIP 1000. L’ensemble des 
matériaux ayant été caractérisé au préalable via des essais simples. Le but de ces études de 
perforation étant d’étudier leur réponse sous impact dynamique et de valider les outils 
analytiques et numériques. 
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CHAPTER 1  
 

INTRODUCTION AND OBJECTIVES 
 
 
Abstract 

 
Exhaustive analysis of metals deformation behaviour answers to the necessity of proving 

to industrial sectors of materials suitable for bearing hard mechanical and thermo-mechanical 
loadings. For design purposes, many engineering fields are required of an accurate 
knowledge of the thermo-viscoplastic behaviour of metallic alloys. Particularly, high loading 
rate events have become increasingly relevant for the modern industry. Thus, in this chapter 
of the Thesis are set the objectives of the present investigation. The main goal is to go further 
in the understanding of the thermo-viscoplastic behaviour of metallic alloys subjected to 
impact loading. It must be must provided an integrated view of the processes which reside 
behind the formation of plastic instabilities, which are the main responsible for failure in 
metals subjected to impact.   
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1 CHAPTER 1. INTRODUCTION AND OBJECTIVES 

1.1 Motivation 
 
Exhaustive analysis of metals deformation and failure behaviours answers to the necessity of 

proving to industrial sectors of materials suitable for bearing hard mechanical and thermo-
mechanical loadings. For design purposes, engineering fields like aeronautical, automotive, oil and 
naval industries, machining processes, military applications or civil engineering are required of an 
accurate knowledge of the thermo-viscoplastic behaviour of metals, Fig. 1.1. Particularly, high 
loading rate events have become increasingly relevant for the modern industry [Borvik et al. 2003a]. 
In design of offshore structures, account is taken of accidental loads such as dropped objects 
collisions, explosions and penetration by fragments [Rusinek and Zaera 2007]. Impact loads are also 
pertinent in design of fortification structures as protection against terrorist attacks. In the transport 
industry, energy absorption and crashworthiness are now critical issues in the design process of 
vehicles, vessels and aircrafts [Abramowicz and Jones 1984, Abramowicz and Jones 1984, Rusinek 
et al. 2008a]. In addition, many of the problems found in structural impact are also relevant in 
machining processes and metal forming operations.  
 

(a) (b) (c) 
 

(d) (e) 
 

(f) (g) 
Fig. 1.1. Engineering applications where metallic alloys may be subjected to wide ranges of strain rate and temperature 

during their service life. (a) Machining processes, (b) Aeronautical industry, (c) Automotive industry, (d) Military 
applications, (e) Civil engineering, (f) Oil industry, (g) Naval industry.  
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Metal plasticity has been extensively studied over the last decades. Pioneer works of Orowan 

and Taylor were suitable to describe deformation of metals in terms of theory of dislocations. Later 
on, the seminal works of Perzyna [Perzyna 1966], Campbell and Fergusson [Campbell and 
Fergusson 1970] and Kocks et al. [Kocks et al. 1975]  among others allowed a better understanding 
of the thermo-viscoplastic behaviour of metals. Deformation mechanisms which reside behind metals 
plasticity were investigated [Campbell 1954, Seeger 1957, Basinski 1959, Conrad 1961, Klepaczko 
and Duffy 1982, Zerilli and Armstrong 1987, Klepaczko 1991, Taylor 1992, Tanner and McDowell 
1999, Kocks 2001, Kocks and Mecking 2003, Lennon and Ramesh 2004].  

 
Based on these contributions, several authors [Kumar et al. 1968, Hirth and Lothe 1982, Clifton 

1983, Follansbee 1986, Regazzoni et al. 1987, Follansbee and Kocks 1988, Zerilli and Armstrong 
1992, Huang et al. 2009] focused their interest in the high rate deformation behaviour of metallic 
alloys. From such investigations, it was stated that plastic instabilities play a prominent role in the 
deformation and failure of engineering materials under dynamic solicitations [Papirno et al. 1990, 
Couque 1998, Molinari et al. 2002]. High strain rates lead to material temperature increase due to 
adiabatic heating. It slows down plastic wave propagation inducing flow localization and subsequent 
failure. Understanding formation and propagation of instabilities in metals offers significant steps 
towards optimizing material’s behavior at high strain-rates. Susceptibility of metals for instabilities 
formation determines their suitability for absorbing energy under dynamic solicitations.  

 
The relation between thermo-viscoplastic material behaviour, plastic wave propagation and 

instabilities formation is observable in impact-perforation problems. From such an integrated point 
of view, the understanding of the materials response under impact has still not been reached. 
Perforation events are characterized by the complex mechanical and thermo-mechanical processes 
which take place in the target-material during loading. Target failure is preceded by instabilities 
formation like shear banding, Fig. 1.2, necking Fig. 1.2 or petalling Fig. 1.2 [Borvik et al. 1999, 
Borvik et al. 2003b, Dey et al. 2004, Odeshi et al. 2006, Arias et al. 2008, Rusinek et al. 2009a]. 
Impact processes are interesting from themselves as well as from the extreme conditions taking place 
in the material during loading.  
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(a) 
 

(b) (c) 
Fig. 1.2. Failure mechanisms taking place under impact. (a) Sequence of images of the perforation process of Weldox 
460-E steel plate by a non-deformable blunt projectile with flat faces [Dey et al. 2004]. (b) Adiabatic shear band in a 

plate of steel Weldox 460-E impacted by a non-deformable blunt projectile with flat faces [Dey et al. 2004]. 
 (c) Adiabatic shear band induced by a ballistic impact in a steel plate [Odeshi et al. 2006]. 

 

 (a) (b) 

(c) 
Fig. 1.3. Failure mechanisms taking place under impact.  (a) Necking failure mode [Rusinek et al. 2009a]. 

 (b)-(c) Petalling failure mode [Rusinek et al. 2009a]. 
 

Necking Petalling 

Petalling 
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Many experimental, analytical and numerical investigations dealing with impact-perforation of 
projectiles on metallic plates are nowadays available in the open literature. Comprehensive reviews 
on the research into the penetration and perforation of structures by free-flying projectiles can be 
found in the works due to Goldsmith [Goldsmith 1999], Corbett et al. [Corbet et al. 1996], and Zukas 
et al. [Zukas et al. 1982, Zukas et al. 1990]. The effect of target materials and thicknesses, [Borvik et 
al. 2003b], impact velocity [Borvik et al. 2002a, Arias et al. 2008, Rusinek et al. 2008b] and 
projectile nose shape [Borvik et al. 2002a, Arias et al. 2008] on the perforation process has been 
examined. In those works it is empirically analyzed the strong dependence existing between thermo-
viscoplastic materials behaviour and instabilities formation [Dey et al. 2004].  

 
It is therefore well proven the relation existing between deformation behaviour of metals, 

formation of plastic instabilities and perforation problems. This relation is intrinsically tied to the 
thermo-viscoplastic behaviour of the material and it can be illustrated by the thermo-viscoplastic 
yield function defined by Eq. 1.1. 
 

( ) ( )p p p p
ij yf T T 0σ ε ε = σ − σ ε ε =ɺ ɺ, , , , ,           (1.1-a) 

 

ij ij
3

s :s
2

σ = ⋅        (1.1-b) 

 

Where, assuming Huber-Misses plasticity, σ  is the equivalent stress pε  is the equivalent plastic 
strain, pεɺ  is the equivalent plastic strain rate, T  is the temperature and ijs  is the deviatoric part of the 

stress tensor ijσ . Then, the yield function evolution reads as follows, Eq. 1.2.   

 

( )p p p p

ij ij p

ij

f f f f
f T T 0

T
, , ,

∂ ∂ ∂ ∂σ ε ε = σ + ε + ε + =
∂σ ∂ε ∂ε ∂

ɺ ɺɺ ɺ ɺɺɺ
ɺ

   (1.2) 

 
where pεɺɺ  is the equivalent plastic acceleration. 
 

From Eq. 1.2. we can gather that the derivatives of the yield function with respect to strain (so 
strain hardening = ∂ ∂ p/θ σ ε ), strain rate (so strain rate sensitivity = ∂ ∂ pm / log( )σ εɺ ) and 
temperature (so temperature sensitivity T= ∂ ∂/υ σ ) are determining plastic behaviour of metals 
under transient loadings. It is therefore necessary to provide suitable analytical definitions of those 
rate-dependent terms of the material behaviour. In particular, certain unconventional deformation 
modes exhibited by some metals which involve sudden variations of such rate-dependent terms are 
of main relevance in impact problems. These are, for example, dislocations drag at high strain rates, 
negative strain rate sensitivity or martensitic transformation.  

 
Unfortunately deformation behaviour of metals, formation of plastic instabilities and perforation 

problems are usually treated separately in the framework of the continuum mechanics.  
 

In this doctoral Thesis the efforts are gathered on an attempt for offering a complete approach of 
the high rate behaviour of metallic alloys. From the advance constitutive description of metals within 
wide ranges of loading conditions until the deformation mechanisms which reside behind the 
absorption of energy in metallic alloys subjected to impact/perforation. The key is the determination 
of the causes which control instabilities formation under dynamic solicitations. 
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1.2 Objectives 
 
With the problem expressed in such terms, the objectives of this doctoral Thesis are set: 
 

The goal is to go further in the understanding of the thermo-viscoplastic behaviour of metallic 
alloys subjected to impact loading. It must be provided an integrated view of the processes which 
reside behind the formation of plastic instabilities, which are the main responsible for failure in 
metals subjected to impact.  In order to achieve this task the following procedure is applied 
 

• Constitutive modelling of metallic alloys has to be examined. Study and derivation of 
analytical constitutive descriptions suitable for describing the thermo-viscoplastic behaviour 
of metallic alloys under wide ranges of strain rate and temperature. A constitutive description 
has to be proposed in order to complement the Rusinek-Klepaczko (RK ) model [Rusinek 
and Klepaczko 2001]. The RK formulation is suitable for describing the behaviour of metals 
whose rate sensitivity is independent of plastic strain. The former, the Modified Rusinek-
Klepaczko (MRK ) model, has to be suitable for defining the behaviour of metals showing 
dependence of strain on the volume thermally activated. 
 

• Particular attention must be focused on determined unconventional deformation mechanisms 
that may take place in metals under dynamic loading; viscous drag effect at high strain rates, 
negative strain rate sensitivity and martensitic transformation. Extensions of the RK  and 
MRK  models to describe such phenomena have to be derived. 

 
• Implementation of the constitutive relations developed into a FE code. It will allow 

developing a numerical methodology in order to analyze the influence that strain hardening, 
strain rate sensitivity and temperature sensitivity have on the formation of instabilities under 
dynamic loading.  
 

• Development of an experimental methodology for perforation of metallic sheets under wide 
ranges of impact velocity at different initial temperatures. Then, the constitutive models 
developed will be applied to simulate the perforation tests. The understanding of the thermo-
mechanical response of metallic alloys under impact-perforation is pursued. The causes 
which reside behind suitability of metals for absorbing energy under dynamic events are 
examined.   

1.3 Methodology 
 
Thus, the methodology developed in this doctoral Thesis is set: 
 

1. Derivation and validation of constitutive relations for modelling the thermo-viscoplastic 
behaviour of metallic alloys under wide ranges of strain rate and temperature. These 
constitutive relations have to gather physical foundations as well as simple formulation and 
easy calibration procedure.   
 

2. Implementation of the constitutive descriptions into FE code. Based on the constitutive 
relations developed a numerical analysis to determine the causes which reside behind 
instabilities formation under dynamic loading is conducted. The roles played by strain 
hardening and strain rate sensitivity are examined. 
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3. Thermo-mechanical characterization of the behaviour of metals under wide ranges of strain 

rate and temperature and study of their deformation mechanisms. Then, it will be conducted 
the modelling of their thermo-viscoplastic behaviour by means of the constitutive 
descriptions developed. In addition, it will be determined their potential application for 
withstanding extreme loading conditions. For that task, an experimental methodology has to 
be developed in order to understand the mechanisms which reside behind the absorption of 
energy of metals subjected to impact-perforation.  

1.4 Original contributions 
 

The original contributions carried out in this Thesis are outlined in the following points: 
 

• Constitutive modeling of several metallic alloys using the RK  model. Proposition of an 
original constitutive relation (MRK ) for describing the thermo-viscoplastic behaviour of 
metals with the volume thermally activated dependent on plastic strain.  
 

• Extensions to viscous drag at high strain rates, negative strain rate sensitivity and 
martensitic transformation are derived for both, RK  and MRK models. The constitutive 
descriptions developed have been validated for modeling different metallic alloys of 
relevance for protection applications. 
 

• The constitutive relations developed have been implemented into the FE code 
ABAQUS/Explicit . Both, ring expansion test and conventional dynamic tension test 
have been numerically examined under wide ranges of impact velocities. The main role 
played by strain hardening and strain rate sensitivity on the formation of instabilities has 
been highlighted.  
 

• It has been analyzed the thermo-viscoplastic behaviour of steel ES under 
impact/perforation. Perforation tests were recorded using high speed infrared camera. An 
original methodology is proposed for determining the critical failure strain which induces 
material failure during the tests. It has been estimated that the localization process which 

leads to target-failure involves local plasticity values close to p 1ε ≈ . Numerical 
simulations of the impact tests were conducted. The numerical model developed allowed 
for a proper description of the perforation process in terms of ballistic limit prediction 
and failure mode. Instabilities formation has been identified as the mechanism leading to 
the collapse of the target.    
 

• The thermo-viscoplastic behaviour of AA 2024-T3 has been characterized in tension 
under wide ranges of strain rate and temperature. The material possesses high strain 
hardening and elevated ductility. A remarkable characteristic of this alloy is the strong 
increase of the strain hardening with the temperature decrease. The temperature 
sensitivity has been found dependent on plastic strain. The thermo-viscoplastic behaviour 
of AA 2024-T3 has been modeled using the extended MRK model to viscous drag 
effects. Numerical simulations of the high velocity impact tests were conducted. The 
numerical model developed allowed for a proper description of the perforation process in 
terms of ballistic limit prediction and failure mode. 
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• The thermo-viscoplastic behaviour of the steel AISI 304 is characterized and examined. 
The martensitic volume fraction was determined in the post mortem specimens. It was 
revealed that the phase transformation occurs in this material even under a temperature 
increase above ∆T > 140 K. Such finding is reported for the first time in the open 
literature. The thermo-viscoplastic behaviour of the material has been defined using the 
extended RK  model to viscous drag effects. Moreover perforation tests of AISI 304 
sheets are conducted. It has been detected martensite formation during perforation. 
Numerical simulations of the impact process were conducted. The numerical model 
developed allowed for a proper description of the perforation process in terms of ballistic 
limit prediction and failure mode. 

 
• The thermo-mechanical behaviour of the steel TRIP 1000 under wide ranges of strain 

rate and temperature has been examined. In order to study the material behaviour under 
fast loading, perforation tests on TRIP 1000 sheets have been performed. No martensitic 
transformation was found during perforation. Under dynamic solicitation the steel TRIP 
1000 seems to behave as a regular High Strength Steel with an absence of martensitic 
transformation. 

1.5 Contents 
 

This introduction is the first chapter of the six into which the Thesis is divided. 
 
The second chapter is devoted to the constitutive modeling of metallic alloys. The RK  

formulation is introduced. Applicability of this constitutive description is extended to different 
metallic alloys. Complementary to the RK  model, the MRK  model is proposed. The latter will allow 
for describing the thermo-viscoplastic behaviour of metals with the volume thermally activated 
dependent on plastic strain. Extension to viscous drag effects, negative strain rate sensitivity and 
phase transformation phenomena are derived for both, RK  and MRK models.  

 
The third chapter has advantage of numerical simulations in order to analyze the causes which 

reside behind formation of instabilities under dynamic loading. Two different numerical 
configurations are used for that task; ring expansion test and conventional dynamic tension test. 
Wave propagation, strain hardening and strain rate effects on the formation of plastic instabilities are 
examined. Optimization of materials for absorbing energy under impact loading is pursued.  

 
The fourth and fifth chapters deal with the impact-perforation behaviour of four metallic alloys, 

ES steel, aluminium alloy 2024-T3, steel AISI 304 and steel TRIP 1000. These materials are 
thermo-mechanically characterized, analytically modeled and subjected to perforation by non-
deformable projectiles. Their deformation mechanisms are tied to their answer under impact-
perforation.  

 
In the sixth chapter are collected the main conclusions derived from this work. In addition, the 

required forthcoming works are sketched.  
 
Moreover, different appendixes are attached where determined aspects of this doctoral Thesis 

are detailed.  
 
Finally, the bibliography used to conduct this work is reported.  
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CHAPTER 2  
 

ADVANCED CONSTITUTIVE RELATIONS 
FOR METALLIC ALLOYS BASED ON THE 
RUSINEK-KLEPACZKO MODEL 
 
 
Abstract 

 
In this chapter of the Thesis the constitutive modeling of metallic alloys is examined. In 

order to complement the Rusinek Klepaczko model, the Modified Rusinek-Klepaczko 
constitutive description has been proposed. The former is suitable for describing the 
behaviour of metals whose rate sensitivity in independent of plastic strain. The latter is 
suitable for defining the behaviour of metals showing dependence of strain on the volume 
thermally activated. Extensions to viscous drag effects, negative strain rate sensitivity and 
martensitic transformation phenomena are derived for both, Rusinek Klepaczko and 
Modified Rusinek-Klepaczko models. It has been proven the suitability of the constitutive 
relations developed for defining the thermo-viscoplastic behaviour of both BCC and FCC 
metallic alloys.  
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2 CHAPTER 2. ADVANCED CONSTITUTIVE RELATIONS 
FOR METALLIC ALLOYS BASED ON THE RUSINEK-
KLEPACZKO MODEL 

2.1 Introduction 
 

Over the last decades, deformation of metals has been subjected to intensive study since it is of 
fundamental interest to analyze loading processes. Accurate knowledge of the response of metallic 
alloys under loading is required to optimize materials used to build mechanical elements in charge of 
bearing demanding solicitations. In order to understand the thermo-viscoplastic behavior of metals, a 
constitutive description is required. Driven by economic sectors like automotive, aeronautical or 
military industries, the research conducted to derive theoretical descriptions of the deformation 
behaviour of metallic alloys has gathered substantial efforts. 

 
Macroscopic constitutive descriptions proposed over the years may be primarily split into two 

groups: 
 

• Phenomenological constitutive relations: They provide a definition of the material 
flow stress based on empirical observations. They consist on mathematical functions 
with lack of physical background which fit experimental observations. 
Phenomenological models are characterized by reduced number of material constants 
and easy calibration. Some examples are those models proposed in [Cowper and 
Symonds 1952, Litonski 1977, Steinberg et al. 1980, Johnson and Cook 1983, 
Klepaczko 1987, El-Magd 1994]. Due to their empirical character, they use to exhibit 
restricted application fields (covering limited ranges of strain rate and temperature) and 
reduced flexibility (specific formulation for determined materials).  
 

• Physical-based constitutive relations: They account for physical aspects of the 
material behaviour. Most of them are founded on the theory of thermodynamics and 
kinetics of slip developed in [Kocks et al. 1975, Kocks and Mecking 2003] (Appendix 
A). Some examples are those models proposed in [Zerilli and Armstrong 1987, Nemat-
Nasser and Li 1998, Rusinek and Klepaczko 2001, Nemat-Nasser and Guo 2003, 
Molinari and Ravichandran 2005, Voyiadjis and Abed 2005, Abed and Voyiadjis 2005, 
Durrenberger et al. 2007, Durrenberger et al. 2008, Voyiadjis and Almasri 2008]. In 
comparison with phenomenological descriptions they use to have larger number of 
material constants and their determination procedure follows physical assumptions. In 
contrast, they allow for accurate definition of the material behaviour under wide ranges 
of loading conditions. It must be pointed out that the physical-based approach lack on 
the definition of the microstructure evolution (purely physical models should be taking 
into account for that goal, however they are not considered in this Thesis). The effect 
that potential microstructural changes may have on the material straining is not gathered 
by this kind of approach. It limits the application of this type of constitutive relations to 
the description of the instantaneous rate sensitivity of materials. However, it simplifies 
the implementation of this kind of constitutive descriptions into FE codes (simplifying 
their mathematical formulation and reducing their material constants).   

 



Chapter 2. Advanced constitutive relations for metallic alloys based on the Rusinek-Klepaczko model 
 

 11 

Thus in the present work, the attention will be focused on the second sort of constitutive 
relations previously mentioned. Due to their flexibility, physical-based models are of increasing 
interest for engineering applications like high speed machining (HSM), perforation, blast loading or 
crash-test [Rusinek et al. 2009a]. During such processes, the material work-piece is subjected to wide 
ranges of strain rate and temperature as well as large deformation [Rusinek et al. 2009a].  
 

Macroscopic plasticity in metals is the result of dislocations moving through the crystal lattice. 
Two types of obstacles are encountered that try to prevent dislocation movements through the lattice; 
long-range and short-range barriers [Kocks et al. 1975, Kocks 2001, Kocks and Mecking 2003, 
Bonora and Milella 2001, Voyiadjis and Abed 2005, Voyiadjis and Almasri 2008]. The long-range 
obstacles are due to the structure of the material and cannot be overcome by introducing thermal 
energy through the crystal [Zerilli and Armstrong 1987, Nemat-Nasser and Isaacs 1997, Nemat-
Nasser and Li 1998]. They contribute to the flow stress with a component that is non-thermally 
activated (athermal stress). The short-range barriers can be overcome assisted by thermal energy 
[Zerilli and Armstrong 1987, Nemat-Nasser and Isaacs 1997, Nemat-Nasser and Li 1998, Bonora 
and Milella 2001, Voyiadjis and Almasri 2008]. Thermal activation aids dislocation gliding, 
decreasing the intrinsic lattice friction in the case of most BCC metals (overcoming Peierls stress) or 
decreasing the strength of obstacles in the case of many FCC metals (overcoming forests of 
dislocations). In both cases, thermal activation reduces the applied stress required to force the 
dislocation past obstacle [Lennon and Ramesh 2004]. 

 
Thus, flow stress of a material (using J2 theory) can be decomposed into equivalent athermal 

stress µσ  and equivalent thermal stress *σ , Eq. 2.1. [Seeger 1953, Klepaczko 1975, Zerilli and 

Armstrong 1987, Follansbee and Kocks 1988, Nasser and Isaacs 1997, Kocks 2001, Abed and 
Voyiadjis 2005, Voyiadjis and Almasri 2008] 
 

*
µσ = σ + σ        (2.1) 

 
A scheme of the evolution of the stress components as a function of temperature is depicted in 

Fig. 2.1. At low temperature, flow stress decreases with temperature. This region is influenced by 
thermal and athermal stress components. Next region with increasing temperature is basically 
athermal. At very high temperature, flow stress decreases again with increasing temperature. 
According to the considerations reported for example in [Voyiadjis and Almasri 2008], it must be 
pointed out that is not necessary for all metals to have the three regions here described.  
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Fig. 2.1. Decomposition of normalized macroscopic stress versus temperature 
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Definition (and contribution to the overall flow stress) of thermal and athermal terms is 
dependent on the crystal structure of the material. The causes are related to the available symmetries 
of the lattice, the nature of the dislocation cores and the available slip systems as it is reported in 
[Lennon and Ramesh 2004].  

 
In most BCC metals, overcoming Peierls stress resistance uses to be the main phenomenon 

involved in the thermally activated processes [Conrad 1961]. Consequently, the thermal component 

of the flow stress ( )* * p ,Tσ = σ εɺ  can be defined independent of plastic strain [Zerilli and Armstrong 

1987, Rusinek and Klepaczko 2001, Nemat-Nasser and Guo 2003]. Initial yield stress of BCC 
metals is strongly temperature and rate dependent [Zerilli and Armstrong 1987, Voyiadjis and Abed 
2005, Rusinek et al. 2005, Rusinek et al. 2007]. Strain hardening is primarily accomplished through 
long-range barriers [Kocks et al. 1975] such as grain boundaries, far field forest of dislocations and 
other micro-structural elements with far-field influence [Nemat-Nasser and Li 1998]. Temperature 
and deformation rate have relatively small effect on strain hardening, Fig. 2.2. 

 
Moreover, Peierls stress in certain FCC metals is relatively unimportant [Voyiadjis and Abed 

2005, Lennon and Ramesh 2004]. (Determined exceptions to these observations can be found. For 
example many austenitic steels and certain aluminium alloys hardly show influence of strain on the 
rate sensitivity as it will be discussed later in this document). The rate-controlling mechanism uses to 
be the overcoming of dislocation forests by individual dislocations [Voyiadjis and Abed 2005]. 

Thermal activation behaviour may become dependent on the plastic strain ( )* * p p, ,Tσ = σ ε εɺ  [Zerilli 

and Armstrong 1987, Nemat-Nasser and Li 1998, Voyiadjis and Abed 2005, Lennon and Ramesh 
2004]. Such FCC metals use to exhibit large strain hardening due to an increase in the amount of 
dislocation interactions with increasing strain [Seeger 1957]. Strain hardening tends to be highly 
temperature and strain rate dependent, while the yield stress uses to have reduced dependence to such 
effects [Lennon and Ramesh 2004], Fig. 2.2.    

 

 
Fig. 2.2. Strain rate sensitivity definition for BCC and FCC metals (the general case). 

 
In agreement with the previous considerations, the Volume Thermally Activated (VTA ) defined 

by Eq. 2.2 [Taylor 1992, Uenishi and Teodosiu 2004, Klepaczko et al. 2009], decreases with plastic 
strain for such FCC metals (rate sensitivity dependent on plastic strain) [Basinski 1959, Zerilli and 
Armstrong 1987, Voyiadjis and Almasri 2008] while it is independent of deformation level for BCC 
metals [Armstrong and Campbell 1973, Voyiadjis and Almasri 2008].  
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( ) ( )
( )

pp
T*

T p p

T T

 rate sensitivity independent of platic strainln
V k T k T where

* ,  rate sensitivity dependent on platic strain

 Ψ ε∂ ε ≈ ⋅ ⋅ = ⋅ ⋅ Ψ ∂σ Ψ ε ε

ɺɺ

ɺ

  (2.2) 

 
In the previous expression, Eq. 2.2, k is the Boltzmann constant and T is the absolute 

temperature.  
 

It is clear that different formulations are required in order to describe properly these two 
different behaviors. Such behaviours must be indentified analyzing experiments within wide ranges 
of strain and stain rate. In the present work two different constitutive descriptions are used depending 
on the effect that plastic strain may have on the rate sensitivity of the material. Furthermore, certain 
unconventional deformation behaviors of metals like dislocations drag at high strain rates, negative 
rate sensitivity or martensitic transformation have to be modeled if it is required an accurate 
description of the thermo-viscoplastic behaviour of metallic alloys under wide ranges of strain rate 
and temperature.  

2.2 The Rusinek-Klepaczko constitutive relation 
 

In order to model the behaviour of metallic alloys without effect of strain on the VTA , Rusinek 
and Klepaczko [Rusinek and Klepaczko 2001] proposed the constitutive relation which is reported in 
this section of the document, Eq. 2.2’.  

 

( ) ( )
( )

pp
T*

T p p

T T

  (RK model)ln
V k T k T where

* ,  (MRK model) 

 Ψ ε∂ ε ≈ ⋅ ⋅ = ⋅ ⋅ Ψ ∂σ Ψ ε ε

ɺɺ

ɺ

  (2.2’) 

 
This constitutive description is the base of the models developed in this doctoral Thesis. Its 

strengths lie on a favourable macroscopic definition of the material behaviour under different types 
of solicitation and a formulation suitable for its implementation into FE codes. RK  model is noted 
for its versatility and easy calibration procedure.  

2.2.1 Literature review 
 
The formulation of the RK  model is based on the additive decomposition of the total stress, Eq. 

2.3. The term acting as multiplicative factor of the stresses addition 0E/)T(E  defines the Young’s 

modulus evolution with temperature [Klepaczko 1998], Eq. 2.4. 

 

( ) ( ) ( )p p p p * p

0

E(T)
, ,T , ,T ,T

E µ
 σ ε ε = σ ε ε + σ ε 

ɺ ɺ ɺ      (2.3) 

( ) m
0

m

TT
E T E 1 exp * 1       T>0

T T

   = − θ −   
   

    (2.4) 

 

Where *
m0 andT,E θ  denote respectively the Young’s modulus at K0T = , the melting temperature 

and the characteristic homologous temperature. This expression allows for defining the thermal 
softening depending on the crystal lattice [Rusinek et al. 2009b], Fig. 2.3. In the case of BCC metals 
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* 0.6θ ≈  and in the case of FCC metals 9.0* ≈θ  as reported in Rusinek at al. [Rusinek et al. 
2009b]. 
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Fig. 2.3. Evolution of Young’s modulus ratio for different θ* values. 

 
The athermal stress is defined by Eq. 2.5. 
 

( ) pp p p p n( ,T)

0, ,T B( ,T)( ) ε
µσ ε ε = ε ε + ε ɺ

ɺ ɺ     (2.5) 

 

Where the modulus of plasticity ( )pB ,Tεɺ  defines rate and temperature sensitivities of strain 

hardening, ( )pn ,Tεɺ  is the strain hardening exponent depending on strain rate and temperature and 

0ε  is the strain level which defines the yield stress at specific strain rate and temperature. 

 
 The explicit formulations describing the modulus of plasticity and the strain hardening exponent 

are given by Eqs. 2.6-2.7. 
 

( )p max
0 p

m

T
B ,T B log       T>0

T

−ν
   ε ε =      ε   

ɺ
ɺ

ɺ
    (2.6) 

 

( )
p

p

0 2

m min

T
n ,T n 1 D log

T

   εε = −    ε   

ɺ
ɺ

ɺ
    (2.7) 

 
Where 0B  is the material constant, v  is the temperature sensitivity, 0n  is the strain hardening 

exponent at T = 0 K, 2D  is the material constant, maxεɺ  is the maximum strain rate accepted for a 

particular material and minεɺ  is the lower limit of the model. The McCauley operator is defined as 

•=•  if 0≥•  or 0=•  if 0≤• .   

 

The effective stress ( )* p ,Tσ εɺ  is the flow stress component which defines the rate dependent 

interactions with short range obstacles. It denotes the rate controlling deformation mechanism from 
thermal activation.  At temperatures T > 0 K, thermal activation assists the applied stress.  
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The theory of thermodynamics and kinetics of slip (Appendix A) [Kocks et al. 1975] is founded 
on a set of equations which relate activation energy G∆ , mechanical threshold stress σ⌢  (MTS), 
applied stress σ , strain rate pεɺ , temperature T  and determined physical material parameters. Based 
on such understanding of the material behaviour, Rusinek and Klepaczko [Rusinek and Klepaczko 
2001] derived the following expression, Eq. 2.8. This formulation gathers the reciprocity between 
strain rate and temperature by means of an Arrhénius type equation. 
 

( )
*m

* p * max
0 1 p

m

T
,T 1 D log

T

  ε σ ε = σ −    ε  

ɺ
ɺ

ɺ

    
(2.8) 

 

Where *
0σ is the effective stress at T = 0 K which is related to the MTS, D1 is the material constant 

and *m  is the constant allowing to define the strain rate/temperature dependence [Klepaczko 1987].  
 

In the case of adiabatic conditions of deformation the constitutive relation is combined with the 
energy balance principle, Eq. 2.9. Such relation allows for an approximation of the thermal softening 
of the material by means of the adiabatic heating.  

 

( ) ( )
p
max

p p p p

0p

T , , ,T d
C

εβ∆ ε σ = σ ε ε ε
ρ ∫ ɺ     (2.9) 

 
where β  is the Taylor-Quinney coefficient, ρ  is the material density and pC  is the specific heat at 

constant pressure. Transition from isothermal to adiabatic conditions is assumed at p 110 s−ε =ɺ  in 
agreement with experimental observations and numerical estimations reported for example in 
[Oussouaddi and Klepaczko 1991, Berbenni et al. 2004, Rusinek et al. 2005]. 
 

Subsequently is reported the straightforward method proposed by [Rusinek and Klepaczko 2001, 
Klepaczko et al. 2009] for the model calibration. It allows defining step by step the model-
parameters. Contrary to other constitutive descriptions, the procedure does not involve a global 
fitting. It must be noticed that the constants are defined using physical assumptions [Rusinek and 
Klepaczko 2001, Klepaczko et al. 2009].  

 
The main steps necessary for defining the model parameters are: 
 

1. It is assumed that at low strain rate p 10.001 s−ε ≤ɺ  the stress contribution due to thermal 
activation is reduced and in this case the following relation is imposed, Eq. 2.10. Thus, it is 
possible to define the constant 1D  depending on the melting temperature mT .  

 

( ) 1

* p

300 K,0.001 s

1

max
1

m

,T 0

300
D log

T 0.001

−

−

σ ε =

    ε  =     
    

ɺ

ɺ
     (2.10) 

 
2. Therefore, at room temperature and under quasi-static loading the contribution of the thermal 

stress component to the total stress is zero, Eq. 2.11. The overall stress level is defined by Eq. 
2.11. Fitting this equation to experiments a first estimation of B  and n  can be found. 
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( ) ( )p p n

0

0

E 300
,0.001,300 B( ) 0

E

B,n first approximation for next fitting


σ ε = ε + ε +   




   (2.11) 

 
3. Next, it is assumed that the increase of the flow stress caused by the strain rate augment is 

due to the thermal stress ( )* p ,Tσ εɺ .Thus, the stress increase is defined as follows, Eq. 2.12. 

Fitting of Eq. 2.12. to experimental results for an imposed strain level makes possible to 
determine the material constants *m  and *

0σ . The strain level should be assumed 1.0p ≤ε  in 

order to guarantee isothermal condition of deformation. For larger strain values, adiabatic 
condition may induce a thermal softening on the material and in such a case a decrease of the 
strain hardening. 

 

( )
p

p p p

1 p p 1

* p

0.001 s 0.001 s

* *

0

,T

,m

− −

ε
ε ε ε

→ε ε


∆σ = σ − σ = σ ε

σ

ɺ ɺ

ɺ

    (2.12) 

 
4. Finally, it is applied the complete equation for the total stress, Eq. 2.3 combined with 

experimental results, p

p

ε
σ − ε

ɺ
. The stress dependency upon temperature and strain rate for 

the modulus of plasticity ( )pB ,Tεɺ  and the strain hardening exponent ( )pn ,Tεɺ  can be 

defined.  
 

This model has proven capacity to describe the thermo-viscoplastic behaviour of the ES steel for 
wide ranges of strain rate and temperature as reported in [Rusinek and Klepaczko 2001, Rusinek et 
al. 2005, Rusinek and Zaera 2007, Rusinek et al. 2009a]. 

2.2.2 Applied method for modeling reference metallic alloys 
 
Next, in order to demonstrate the versatility of this constitutive description, the RK  model has 

been used to analyze the behaviour of other metallic alloys (with BCC and FCC crystal lattices) 
without dependence of plastic strain on the VTA . Thus, using the calibration procedure described 
previously, the behaviour of four different steel alloys has been modeled and compared with 
experimental results available in the international literature. The reference materials analyzed in this 
section of the document (steel DH-36, steel HSLA-65, steel alloy AL-6XN and steel alloy Uranus-
B66) have particular interest for different industrial applications. Modeling of their thermo-
viscoplastic behaviour will be assumed as representative of the capabilities of the RK  model to 
describe macroscopically the deformation behaviour of metallic alloys. Strain, strain rate and 
temperature effects on the material flow stress are examined.  

2.2.2.1 Ferritic steels (BBC structure) 
 

The ferritic steels analyzed in this work consist of ferrite–pearlitic structure, where layers of 
pearlite lie between whole grains of ferrite. It is known that ferrite have lower strength and hardness, 
but higher plasticity and toughness, whereas pearlite has reversed properties. The added elements as 
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Ti , Mn , Al and Cr allow for carbon compatibility. These additive elements generate carbides which 
increases strength of steels. 

2.2.2.1.1 Steel DH-36 
 
Steel DH-36 is a high strength structural steel used in marine applications as reported in [Nemat-

Nasser and Guo, 2003]. The chemical composition of this steel is given in Table 2.1. The high 
strength is due to the carbon content which is relatively high 0.14%.  
 

C Mn Cu Si Cr Mo V Ti Al Nb P S 
0.14 1.37 0.14 0.22 0.08 0.03 0.001 0.003 0.017 0.03 0.007 0.001 

Table 2.1. Chemical composition of the steel DH-36 (% weight) [Nemat-Nasser and Guo, 2003]. 
 

Although this steel is commonly used in shipbuilding, low attention has been focused on its 
thermo-viscoplastic behaviour. For this reason the work published by Nemat-Nasser and Guo 
[Nemat-Nasser and Guo, 2003], where an extensive analysis of the dynamic behaviour of this metal 
for different temperatures and strain rates is reported, has considerable interest.  

 
The following set of material constants for calibration of the RK  model has been found, Table 

2.2. 
 

0B  (MPa) ν  (-) 
0n  (-) 2D  (-) 0ε  (-) *

0σ  (MPa) *m  (-) 1D  (-) Tm (K) minεɺ (s-1) maxεɺ (s-1) θ
* (-) 

906.7 0.02 0.2 0.085 0.018 491.11 2.127 0.49 1600 10-5 107 0.59 
Table 2.2. Constants determined for the steel DH-36 for the RK model. 

 
Conventional physical constants of steel can be obtained from material handbooks, Table 2.3. 
  

0E  (GPa) pC  (Jkg-1K-1) β  (-) ρ  (kgm-3) 

200 470 0.9 7800 
Table 2.3. Physical constants for steel. 

 
The first comparisons of the analytical predictions of the model with experiments are performed 

via analysis of strain rate effect within the range 1 p 10.001 s 3000 s− −≤ ε ≤ɺ , Fig. 2.4. It must be 
noticed that the flow stress level and the strain hardening of the material are well defined by the 
model predictions, Fig. 2.4. In addition, the material rate sensitivity is well described by the 
analytical predictions of the RK  model, Fig. 2.5. 
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0

200

400

600

800

1000

0,0001 0,01 1 100 104

E
qu

iv
al

en
t s

tr
es

s,
 σ

 (
M

P
a)

Strain rate (1/s)

εεεε ~ 0.1

To = 296 K

Material: DH-36

RK

Experimental results

 
Fig. 2.5. Comparison between modelling (this Thesis) and experiments [Nemat-Nasser and Guo, 2003] for the steel DH-

36, εp=0.1 and room temperature. 
 

Next, analytical predictions of the model are compared with experiments for different initial 
temperatures. Satisfactory matching between model and experiments is observed, Fig. 2.6. The 
difference takes place only within the domain of the Dynamic Strain Aging (DSA) temperatures, Fig. 
2.6. The RK  model cannot describe such effect and the predictions are limited to the adiabatic 
temperature increase without definition of the DSA, Fig. 2.6. The DSA appearance depends on the 
strain rate level [Nemat-Nasser and Guo 2003, Klepaczko et al. 2009], Fig. 2.6. If p 13000 s−ε ≥ɺ , the 
DSA effect vanishes and the analytical predictions are in agreement with experiments for the whole 
range of initial temperatures considered, Fig. 2.6-d. 
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Fig. 2.6. Temperature sensitivity description of the steel DH-36 by the RK model, comparison with experimental results 

for εp=0.4 [Nemat-Nasser and Guo, 2003]. (a) 0.001 s-1, (b) 0.1 s-1, (c) 3000 s-1, (d) 8000 s-1. 
 

It must be pointed out that the definition of the thermo-viscoplastic behaviour of the steel DH-36 
provided by the RK  model is better than that provided by other constitutive descriptions (both those 
physical-based as well as those phenomenological) as it was reported by Klepaczko et al. [Klepaczko 
et al. 2009]. 
 

Finally it is shown the description of the flow stress of the steel DH-36 provided by the RK  
model within wide ranges of strain and strain rate, Fig. 2.7. 
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Fig. 2.7.  Description of the flow stress of the steel DH-36 provided by the RK model within wide ranges of strain and 

strain rate. 
 

Next it is analyzed the thermo-viscoplastic behavior of the steel HSLA-65. 

2.2.2.1.2 Steel HSLA-65 
 

High-Strength Low-Alloy steels (HSLAs) were initially developed in the 1960’s. HSLA  steels 
are also referred to as "micro alloyed", since they are indeed alloyed in extremely small amounts of 
alloying elements in comparison with other commercial steel alloys. The chemical composition in 
weight of the steel HSLA-65 is reported in Table 2.4, [Nemat-Nasser and Guo 2005]. 
 

C Mn Cu Si Cr Mo V Ti Al Nb P Ni S 
0.08 1.4 <0.01 0.24 0.01 0.02 0.07 0.01 0.03 0.04 0.005 <0.01 0.005 

Table 2.4. Chemical composition of the steel HSLA-65 (% weight) [Nemat-Nasser and Guo 2005]. 
 
The main advantages of HSLA  steels are good combination of strength and toughness, coupled 

to good weldability. In particular, HSLA-65 is suitable for use in the naval surface vessels and 
submarines.   
 

The following set of material constants for the calibration of the RK  model has been found, 
Table 2. 5. 
 

0B  (MPa) ν  (-) 
0n  (-) 2D  (-) 0ε  (-) *

0σ  (MPa) *m  (-) 1D  (-) Tm (K) minεɺ (s-1) maxεɺ (s-1) θ
* (-) 

940 0.2 0.14 0.19 0.018 120 2.8 0.49 1600 10-5 107 0.59 
Table 2.5. Constants determined for the steel HSLA-65 for the RK model. 

 
In Fig. 2.8. the analytical predictions of the constitutive description are compared with 

experimental results for different strain rates and temperatures. In the tests performed by [Nemat-
Nasser and Guo 2005], strain rate and temperature varied within the ranges -1 p -10.001 s 8500 s≤ ε ≤ɺ  
and 77 K ≤ T0 ≤ 700 K respectively. It is shown in Fig. 2.8. that the RK  model predicts correctly the 
strain rate effect on the plastic behaviour of the material. In addition the flow stress level and the 
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strain hardening of this steel are properly defined. It must be noticed that the material thermal 
softening due to adiabatic heating at high strain rates is well described, Fig. 2.8.  
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Fig. 2.8. Comparison between analytical predictions of the RK model and experimental results [Nemat-Nasser and Guo 

2005] for the steel HSLA-65. 
 

Concerning the temperature sensitivity, the model allows for a correct approximation of the 
experimental results for a wide range of initial temperatures, Fig. 2.9. As it was pointed out for the 
steel DH-36, in the case of the HSLA-65 the difference between analytical predictions and 
experiments only takes place within the domain of the DSA effect, Fig. 2.9. 
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Fig. 2.9. Temperature sensitivity description of the steel HSLA-65 by the RK model, comparison with experimental 

results for εp=0.05 and εp=0.5 [Nemat-Nasser and Guo 2005]. (a) 0.001 s-1, (b) 0.1 s-1. 
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Next, the flow stress definition provided by the RK  model for wide ranges of strain and strain 
rate is illustrated, Fig. 2.10. 
 

 
Fig. 2.10. Description of the flow stress of the steel HSLA-65 provided by the RK model within wide ranges of strain and 

strain rate. 
 

In the following section of the document is examined the thermo-viscoplastic behaviour of 
austenitic steels without dependence of plastic strain on the strain rate sensitivity. 

2.2.2.2 Austenitic steels (FCC structure) 
 

Austenitic steels generally have a relatively low initial yield stress and they are characterized by a 
high work hardening. The formation of twins may occur enhanced by the low Stacking Fault Energy 
(SFE) of these steels (TWIP steels). This causes high dislocation accumulation leading to great strain 
hardening rate, Fig. 2.11. The strength of austenitic steels increases with C content, N and, to a 
certain extent, also Mo. These steels use to exhibit very high ductility and toughness. The yield stress 
increases in the case of presence of ferrite (duplex steels), which makes the material stronger, but it 
reduces work hardening and ductility. Opposite mechanical properties than those exhibited by the 
austenitic steels are shown by the martensitic steels, which are characterized by very high initial 
yield stress and reduced failure strain level, Fig. 2.11. 
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Fig. 2.11.  Comparison between different types of stainless steels [Rusinek et al. 2009b]. 

 
 In the following sections of this document two different austenitic steel alloys are analyzed and 

modeled using the RK  constitutive description. 

2.2.2.2.1 Steel alloy AL-6XN 
 

AL-6XN  is a relatively new nitrogen-strengthened austenitic steel alloy. This alloy combines 
high strength and good fabricability with excellent corrosion and pitting resistance to a wide variety 
of applications. The chemical composition of the steel alloy AL-6XN  is reported in Table 2.6. 
[Nemat-Nasser et al. 2001]. As reported by [Nemat-Nasser et al. 2001] the main difference between 
this alloy and other austenitic steel alloys, as for example the Nitronic-50 [Guo and Nemat-Nasser 
2006], is that the AL-6XN contains higher level of Ni and Mo, which stabilizes austenite (reducing 
the potential martensitic transformation caused by material straining), [Denhard and Espy 1972] and 
improves pitting and corrosion resistance [Brooks and Lippold 1990]. 
 

C Mn Cu Ni Si Cr Mo N 
0.024 0.41 0.2 23.84 0.36 20.56 6.21 0.213 

Table 2.6. Chemical composition of the steel alloy AL-6XN (% weight) [Nemat-Nasser et al. 2001]. 
 

This steel alloy is currently used in production of nuts, bolts and other fasteners, tube and pipe 
systems for pulp and paper, distillation and other industrial equipment. 

 
The following set of material constants for calibration of the RK  model has been found, Table 

2.7. 
 

0B  (MPa) ν  (-) 
0n  (-) 2D  (-) 0ε  (-) *

0σ  (MPa) *m  (-) 1D  (-) Tm (K) minεɺ (s-1) maxεɺ (s-1) θ
* (-) 

1627.4 0.012 0.438 0.05 0.018 802.25 2.471 0.49 1600 10-5 107 0.9 
Table 2.7. Constants determined for the steel alloy AL-6XN for the RK model. 

 
The analysis of the strain rate effect on the plastic behaviour of this material is reported in the 

form of stress-strain curves, Fig. 2.12. The comparison of analytical predictions with experiments is 
conducted within the range 3 -1 p 3 -110  s 8.3 10  s− ≤ ε ≤ ⋅ɺ  at room temperature. High work hardening and 
large ductility are shown by this material. It is observed for the whole range of strain rates considered 
a proper agreement between experiments and modeling, Fig. 2.12.  
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Fig. 2.12. Strain rate effect on the plastic behaviour of the steel alloy AL-6XN, comparison between RK model and 

experimental results [Nemat-Nasser et al. 2001]. (a) Isothermal conditions of deformation. (b) Adiabatic conditions of 
deformation. 

 
The second comparison concerns the high strain rate behaviour for different initial temperatures, 

Fig. 2.13. The range of initial temperatures covered is 77 K ≤ T0 ≤ 1000 K. Good matching is 
observed between experimental results and model predictions. 
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Fig. 2.13. Temperature effect on the plastic behaviour of the steel alloy AL-6XN. Comparison between RK model and 

experiments [Nemat-Nasser et al. 2001]. 
 

Next it is shown the description of the flow stress of the steel alloy AL-6XN  predicted by the 
RK  model within wide ranges of strain and strain rate, Fig. 2.14. 
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Fig. 2.14. Description of the flow stress of the steel alloy AL-6XN predicted by the RK model within wide ranges of 

strain and strain rate. 
 

Subsequently is analyzed the thermo-viscoplastic behavior of the steel alloy Uranus-B66. 

2.2.2.2.2 Steel alloy Uranus-B66 
 

The Uranus-B66 is a recently developed nitrogen-strengthened austenitic steel alloy. This alloy 
has improved corrosion resistance, particularly in sea water. Moreover, the Uranus-B66 presents 
attractive mechanical properties like high strength, ductility and toughness. This notable behaviour is 
enhanced by the presence of N in solid solution, [Frechard et al. 2008, Frechard et al. 2006]. The 
chemical composition of the Uranus-B66 steel alloy is reported in Table 2.8., [Frechard et al. 2008].  

 
C Mn Cu Cr Ni Mo N W 

0.02 3.7 1.4 23.8 21.2 5.5 0.47 2.4 
Table 2.8. Chemical composition of the steel alloy Uranus-B66 (% weight) [Frechard et al. 2008]. 

 
Thus, this material presents a great interest in several engineering fields like marine structures, 

nuclear and chemical industries or ballistic applications, [Magness 1994, Couque et al. 2000]. In the 
present work, the experimental data provided by [Frechard et al. 2008] are used to obtain the values 
of the material constants of the RK formulation. The following set of constants has been found, 
Table 2.9. 
 

0B  (MPa) ν  (-) 
0n  (-) 2D  (-) 0ε  (-) *

0σ  (MPa) *m  (-) 1D  (-) Tm (K) minεɺ (s-1) maxεɺ (s-1) θ
* (-) 

2100.4 0.003 0.455 0.012 0.018 874.61 1.648 0.49 1600 10-5 107 0.9 
Table 2.9. Constants determined for the steel alloy Uranus-B66 for the RK model. 

 
As discussed before, in the case of the steel alloy AL-6XN , the Uranus-B66 presents high work 

hardening and large ductility (enhanced by TWIP effect). The notorious strength level showed by this 
steel is enhanced by the additive elements N and Mb , Fig. 2.15.  Satisfactory agreement is obtained 
between RK  model predictions and experiments for different strain rates at room temperature, Fig. 
2.15. 
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Fig. 2.15. Flow stress evolution as a function of plastic strain for different strain rates. Comparison between modelling 

and experiments [Frechard et al. 2008]. 
 

Moreover, it is shown in Fig. 2.16. that the RK  constitutive relation is suitable for describing the 
strain rate sensitivity of this material. Good matching between experiments and analytical predictions 
is observed from static to dynamic loading, -1 p 3 -10.01 s 10  s≤ ε ≤ɺ . 
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Fig. 2.16. Strain rate sensitivity of the Uranus-B66. Comparison between modelling and experiments [Frechard et al. 

2008]. 
 

In addition in Fig. 2.17. is illustrated the flow stress evolution as a function of plastic strain for 
different initial temperatures under static and dynamic solicitations. The model describes 
satisfactorily the flow stress level and the strain hardening of the material for wide ranges of 
temperatures, Fig. 2.17.  
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Fig. 2.17. Flow stress evolution as a function of plastic strain for different initial temperatures. Comparison between 

modelling and experiments [Frechard et al. 2008]. (a) 10-3 s-1, (b) 2.5·103 s-1.  
 

The absence of an athermal region in the material behaviour is well described by the constitutive 
relation, Fig. 2.18. The difference between analytical predictions and experiments is less than 10 %. 
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Fig. 2.18. Flow stress evolution as a function of the initial temperature. Comparison between analytical predictions and 

experiments [Frechard et al. 2008]. Strain rate 0.1 s-1 and εp= 0.15. 
 

Finally is shown the description of the flow stress of the steel Uranus-B66 predicted by the RK  
model within wide ranges of strain and strain rate, Fig. 2.19. 
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Fig. 2.19. Description of the flow stress of the steel alloy Uranus-B66 predicted by the RK model within wide ranges of 

strain and strain rate. 
 

Thus, in this section of the document has been modeled and studied the deformation behaviors 
of four reference metallic alloys by means of the RK  constitutive description. Satisfactory agreement 
between analytical predictions and experiments has been found for the whole ranges of strain rate 
and temperature analyzed.  

 
Next, an original constitutive description for modeling the thermo-viscoplastic behaviour of 

metallic alloys with dependence of strain on the VTA  is proposed.  
 

2.3 The Modified Rusinek-Klepaczko constitutive relation 
 

The new model (MRK ), based on the original RK  formulation, is described below. It is suitable 
for defining the behaviour of metals with dependence of plastic strain on the strain rate sensitivity, 
Eq. 2.2’’.  

 

( ) ( )
( )

pp
T*

T p p

T T

  (RK model)ln
V k T k T where

* ,  (MRK model) 

 Ψ ε∂ ε ≈ ⋅ ⋅ = ⋅ ⋅ Ψ ∂σ Ψ ε ε

ɺɺ

ɺ

  (2.2’’) 

2.3.1 Formulation developed  
 
As for the original RK  constitutive description, the formulation of the model is based on the 

additive decomposition of the total stress, Eq. 2.13.   
 

*

0

E(T)

E µ σ = ⋅ σ + σ        (2.13) 

 
 Where the Young’s modulus evolution with temperature is defined as in the RK model, Eq. 2.4. 
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According to the considerations reported for example in [Zerilli and Armstrong 1987, Voyiadjis 

and Almasri 2008, Voyiadjis and Abed 2005, Follansbee and Kocks 1988] let us assume the 
athermal stress µσ  independent of plastic strain. As it was previously discussed, the initial yield 

stress of such kind of metals (with dependence of plastic strain on the VTA) may show reduced rate 
and temperature dependences (certain temperature effect is taken into account by the Young’s 
modulus temperature dependent). In agreement with [Voyiadjis and Almasri 2008] the athermal 
stress will be just tied to the initial yield stress in the form, Eq. 2.14. 

 
Y=σµ        (2.14) 

 
Where Y is the flow stress on plastically undeformed material.   

 
The definition of the thermal stress is based on the formulation proposed by Rusinek and 

Klepaczko [Rusinek and Klepaczko 2001]. However, now it is necessary to include the effect of the 
plastic strain on the rate sensitivity of the material, Eq. 2.15. 
 

( ) ( )
21/

* p p * p max
0 1 p

m

T
, ,T 1 log

T

ξ
  ε σ ε ε = σ ε ⋅ − ξ    ε  

ɺ
ɺ

ɺ
     (2.15) 

 
In agreement with the considerations reported in [Zerilli and Armstrong 1987, Voyiadjis and 

Abed 2005] such dependence may be formulated by Eq. 2.16. 
 

( ) ( )n* p p

0 Bσ ε = ⋅ ε       (2.16) 

 
However, strain hardening is intrinsically dependent on strain rate and temperature. Based on the 

formulation derived in [Rusinek and Klepaczko 2001], a more suitable expression (in comparison 
with Eq. 2.16.) is proposed Eq. 2.17.  

 

( ) ( ) ( ) ( )pn ,T* p p p p
0 , ,T B ,T

ε
σ ε ε = ε ⋅ ε

ɺ

ɺ ɺ     (2.17) 

 
Therefore, Eq. 2.16. becomes rate and temperature dependent, Eq. 2.17. Thus, the model 

considers the dependences on strain and on strain rate exhibited by the MTS [Follansbee and Kocks 
1988]. This definition is consistent with the dominance of the dislocation-obstacle interactions in the 
plastic deformation of polycrystalline metals [Follansbee and Kocks 1988, Lennon and Ramesh 

2004].  The modulus of plasticity ( )pB ,Tεɺ , defines rate and temperature sensitivities on strain 

hardening, Eq. 2.6. Moreover ( )pn ,Tεɺ is the strain hardening exponent dependent on strain rate and 

temperature Eq. 2.7. 
 
Next, a systematic procedure for the model calibration is proposed 

2.3.2 Systematic procedure for calculation of the model parameters  
 

As for the original RK  model, the constants of the MRK  relation are defined using physical 
assumptions.  
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The main steps necessary for defining the model parameters are: 

 
1. The athermal component of the flow stress, Y, is estimated as the initial yield stress 

[Follansbee and Kocks 1988]. 
 

2. Subsequently, resorting on experimental data at different initial temperatures, is plotted the 
flow stress level evolution as a function of temperature for different plastic strain levels under 
quasi-static loading [Voyiadjis and Almasri 2008], Fig. 2.20-a. For each plastic strain level, 
let us assume, as first approximation, that the experimental data follow a linear trend 
[Voyiadjis and Almasri 2008], Fig. 2.20-a. The intersection of the fitting curves with T = 0 K 
are represented as a function of the plastic deformation (MTS evolution as a function of the 
plastic deformation). Those points are fitted with Eq. 2.17, Fig. 2.20-b. A first estimation for 
B and n is obtained.  
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Fig. 2.20. (a) Evolution of the flow stress as a function of  the initial temperature for different deformation levels [Lennon 
and Ramesh 2004, Tanner and McDowell 1999] and fitting following a linear trend. (b) Flow stress evolution at T=0 K 

(MTS) as a function of plastic deformation, and fitting using the strain hardening function. 
 

3. It is assumed that the increase of the total stress with the strain rate is caused by the thermal 

stress ( )* p p, ,Tσ ε εɺ .Thus, the stress increase is defined as follows, Eq. 2.18.  

 

( ) ( ) ( ) ( )p p p
p

p p p p * p
reference reference ,T

ε ε ε ε
∆σ ε → ε = σ ε − σ ε = σ εɺ ɺ ɺ ɺ ɺ    (2.18) 

 

By combination of Eq. 2.15 with experimental results for an imposed strain level,pε , it is 
possible to determine the material constants ξ1 and ξ2. The strain level should be assumed 

1.0p ≤ε  as previously discussed. 
 

4. The last step is equivalent to that defined in the original RK  model, Section 2.2.1. 

2.3.3 Applied method for modeling reference metallic alloys 
 
The model is applied to describe the behaviour of annealed OFHC copper. This material shows 

high dependence of plastic strain on the VTA , strain hardening strongly varies with strain rate and 
temperature [Nemat-Nasser and Li 1998] (such characteristic is common to most annealed FCC 
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metals). Such behaviour makes this material propitious for validation of the Modified Rusinek-
Klepaczko formulation. By means of the procedure reported in the previous section, the model has 
been calibrated using the experimental data collected from [Nemat-Nasser and Li 1998, Follansbee 
1986, Lennon and Ramesh 2004, Tanner and McDowell 1999]. The following set of constants has 
been found, Table 2.10. 

 
Y (MPa) 

0B  (MPa) ν  (-) 
0n  (-) 2D  (-) ξ2 (-) ξ1 (-) Tm (K) minεɺ (s-1) maxεɺ (s-1) θ

* (-) 

40 560.28 0.30447 0.492 0.0553 0.0131 0.0011932 1340 10-5 107 0.9 
Table 2.10. Constants determined for annealed OFHC copper for thermal and athermal components of the MRK model. 
 

Conventional physical constants of OFHC copper can be obtained from material handbooks, 
Table 2.11. 

 

0E  (GPa) pC  (Jkg-1K-1) β  (-) ρ  (kgm-3) 

130 385 0.9 8960 
Table 2.11. Physical constants for annealed OFHC copper. 

 
Copper is a ductile metal with very high thermal and electrical conductivity. Such properties 

make it attractive in electrical applications, piping, manufacture of semiconductors and super 
conductor components. It also finds application for shaped-charges liner. This part of shaped charges 
is responsible for forming the jet which penetrates the target [Rosenberg et al. 2009, Ayisit 2008]. 
Liner-material is required of excellent ductility and high density in order to avoid fragmentation of 
the jet during penetration. This problem of instabilities formation and subsequent fragmentation is of 
main interest for industrial applications and it will be approached in the following chapter of this 
Thesis. Particularly, shaped charges are frequently used for military applications, although the most 
extensive use today of shaped charges is in the oil and gas industry to pierce metal, concrete, and 
other solid materials [Rosenberg et al. 2009, Ayisit 2008]. Next, the predictions of the MRK  model 
are compared with experiments. 

 
The first step is to evaluate the predictions of the MRK  model for different strain rate levels at 

room temperature, Fig. 2.21. At low strain rate the model predicts properly the material behaviour in 
terms of flow stress level and strain hardening rate up to a plastic strain level close to p 1ε ≈ , Fig. 
2.21-a-b. However, at high strain rates Fig. 2.21-c, the difference takes place. The model 
underestimates the material flow stress although the hardening rate is well described.  
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Fig. 2.21. Description of the flow stress evolution as a function of the plastic strain by the MRK model and comparison 

with experiments at room temperature [Nemat-Nasser and Li 1998]. (a) 0.001 s-1
, (b) 0.1 s-1, (c) 4000 s-1. 

 
In order to examine the disagreement between model predictions and experiments at high strain 

rates the following analysis is conducted.  
 
First, it is noticed that thanks to the dependence of the VTA  on plastic strain included into the 

model formulation, the MRK  constitutive relation is able to describe the material behaviour within 
the range of strain rates 3 1 p 3 110  s 10  s− − −≤ ε ≤ɺ . The model defines properly the changes in the rate 
sensitivity that the material exhibits due to variations in the plastic deformation, Fig. 2.22. However, 
in the case of p 3 110  s−ε ≥ɺ  the rate sensitivity of the material drastically changes, the flow stress 
suddenly increases. The Arrhenius-type equation used to derive the thermal stress component of the 
model (an Arrhenius-type equation was also used to derive the thermal stress component of the RK 
model) cannot reproduce such behaviour [Rusinek et al. 2010].  
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Fig. 2.22. Description of the flow stress evolution as a function of strain rate by the MRK model and comparison with 

experiments at room temperature, εp=0.2 [Nemat-Nasser and Li 1998]. 
 

The difference between model predictions and experiments taking place at high strain rates is 
extended to the whole range of initial temperatures evaluated, Fig. 2.23. 
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Fig. 2.23. Description of the flow stress evolution as a function of plastic strain by the MRK model and comparison with 

experiments at 4000 s-1 [Nemat-Nasser and Li 1998]. (a) T0=500 K, (b) T0=700 K. 
 
So, for determined metallic alloys, previous RK  and MRK  formulations cannot offer a proper 

description of the material within wide ranges of loading conditions because of underestimation of 
the flow stress at high strain rates and temperatures. Thus, in the following section of the document it 
is introduced an extension of these models in order to convert them in suitable for defining the 
materials behaviour under such loading cases.  

2.4 Extended constitutive relations for the macroscopic modeling of 
viscous drag effect at high strain rates 

2.4.1 Literature review 
 

Determined metals show a viscous drag component of the flow stress at high rate of 
deformation, p 3 110  s−ε ≥ɺ  [Campbell and Fergusson 1970, Follansbee 1986, Regazzoni et al. 1987, 
Huang et al. 2009]. The characteristic flow stress augment caused by this stress contribution is 
shown in Fig. 2.24.  
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Fig.  2.24 Evolution of the normalized equivalent stress as a function of strain rate for two metallic alloys [Follansbee 

1986, Zhang et al. 2001]. 
 
Several explanations of this phenomenon have been proposed over the years. Many of them 

based on a transition in rate controlling deformation mechanism from thermal activation at low strain 
rates to some form of dislocations’ drag [Kumar et al. 1968, Campbell and Ferguson 1970]. 
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According to Campbell and Ferguson [Campbell and Ferguson 1970], when viscous drag effect takes 
place, the equivalent stress may be defined as follows [Nemat-Nasser et al. 2001, Guo and Nemat-
Nasser 2006, Rusinek et al. 2010], Eq. 2.19. 

 

*
vsµσ = σ + σ + σ      (2.19) 

Where the equivalent stress is decomposed into athermal component µσ , thermal component *σ  and   

viscous drag component vsσ . 

 
For pure drag deformation mechanisms a simple description of the material behaviour can be 

derived. The deformation rate pεɺ  (equivalent strain rate assuming J2 plasticity) is tied to the 
dislocations’ velocity by the Orowan relationship, Eq. 2.20. 

 
p m b v

M

ρ ⋅ ⋅ε =ɺ       (2.20) 

 
Where mρ is the mobile dislocations density, b is the Burgers vector, M  is the Taylor factor and v  is 

the mean dislocations velocity.  
 
Moreover, Eq. 2.21. describes the relation between dislocations velocity and flow stress. 

 
b

v
M B

σ⋅=
⋅

       (2.21) 

Where B is the drag coefficient.  
 

Combination of Eq. 2.20. and Eq. 2.21. leads to the linear relation between flow stress and strain 
rate commonly reported in the literature for defining the deformation drag mechanisms, Eq. 2.22. 
 

2
p

2
m

B M

b

⋅σ = ε ⋅
ρ ⋅

ɺ          (2.22) 

 
It is assumed that the linear dependence of applied stress on strain rate occurs because of a 

corresponding increase in the average dislocation velocity [Kumar et al. 1968, Regazzoni et al. 1987, 
Kapoor and Nemat-Nasser 1999]. However, it has been reported in [Regazzoni et al. 1987, Kapoor 
and Nemat-Nasser 1999] that beyond a certain point the dislocations velocity no longer increases 
with strain rate, Fig. 2.25.  The maximum velocity at which dislocations move, sv  is limited by the 

elastic shear waves velocity, s 0v S G /= = ρ  where G is the shear modulus. It was suggested in 

[Weertman 1973, Regazzoni et al. 1987] that the relation between dislocations velocity and stress is 
no longer linear at sv v / 3>  (relativistic effects), Fig. 2.25. 
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Fig. 2.25. Typical deviations of the average dislocations velocity expected from relativistic effects [Regazzoni et al. 

1987]. 
 
When the relativistic effects take place, the increasing strain rate seems to be accommodated by 

an augment of the dislocations density; the material flow stress level remains constant [Kapoor and 
Nemat-Nasser 1999], Fig. 2.26.  
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Fig. 2.26.  Experimental data of the flow stress evolution as a function of strain rate for Tantalum for εp=0.05 at 
To=900K. Definition of the stages of the viscous drag process [Kapoor and Nemat-Nasser 1999]. 

 
In addition, it is necessary to take into account that the dislocations drag is not the only one 

mechanism controlling deformation at high strain rates, but it is superposed to the thermally 
controlled mechanisms [Follansbee 1986, Regazzoni et al. 1987], Fig. 2.27. In the presence of 
thermal activation only, the stress increases slowly with the logarithm of strain rate, whereas in the 
presence of dislocation drag only, the curve is steep and reaches the strain rate for the applied stress. 
The curve obtained when both thermally activated and drag mechanisms are operative follows the 
thermal activation curve at low stresses and the drag curve at high stresses [Regazzoni et al. 1987], 
Fig. 2.27. 
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Fig. 2.27. Description of the flow stress evolution for thermal activation only, drag only and superposition of thermal 

activation with drag [Regazzoni et al. 1987]. 
 

Previous considerations are of fundamental relevance when deriving physical-based constitutive 
relations suitable for defining the thermo-viscoplastic behaviour of metallic alloys under wide ranges 
of strain rate. According to these considerations, for metallic alloys showing deformation drag 
mechanisms, their strain rate sensitivity cannot be defined using the constitutive descriptions only 
based on an Arrhénius-type equation [Nemat-Nasser et al. 2001, Guo and Nemat-Nasser 2006, 
Rusinek et al. 2010].  

 
Based on the previous considerations the extension of RK  and MRK  models for defining 

dislocations drag at high strain rates is conducted. 

2.4.2 Applied method for modeling reference metallic alloys 

2.4.2.1 Formulation developed 
 

It is added a new term to the equivalent Huber-Misses stress σ . The updated formulation of the 
models is reported in Eq. 2.23:  

 

( ) ( )p p * p

vs

0

E(T)
, ,T

E µ σ ε ε = σ + σ + σ ε 
ɺ ɺ

    
(2.23) 

 

Where ( )p

vsσ εɺ is the stress component describing the viscous drag effects.  

 
Based on experimental observations, Kapoor and Nemat-Nasser [Kapoor and Nemat-Nasser 

1999] proposed the following macroscopic definition for the viscous drag stress, Eq. 2.24. 
 

( ) ( )p p
vs 1 exp σ ε = χ ⋅ − −α ⋅ ε 
ɺ ɺ     (2.24-a) 

 
2

2

m y

M B

b

 ⋅α =   ρ ⋅ ⋅ τ 
      (2.24-b) 
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Where χ  is a material constant, α  represents an effective damping coefficient affecting the 

dislocation motion and yτ  is the athermal yield stress [Nemat-Nasser et al. 2001]. This expression 

enables to define both stages of dislocations drag behaviour. First stage of flow stress linearly 
increasing with strain rate and subsequent stage of rate sensitivity no longer active.  
 

In the following curves is illustrated the evolution of the viscous drag component as a function 
of χ  and α  for different strain rate levels, Fig. 2.28. Under a certain level of deformation rate 

p 1100 s−ε ≤ɺ  the viscous drag component is negligible no matter the value of the constants χ  and α , 
Fig. 2.28.  In that case, the rate sensitivity is governed by the thermal activation mechanisms.  

 

 (a)  (b) 

 (c)  (d) 
Fig. 2.28. Evolution of the viscous drag component as a function ofχ andα for different strain rate levels.  

(a) 100 s-1, (b) 1000 s-1, (c) 5000 s-1, (d) 10000 s-1. 
 
At higher strain rate level p 1100 s−ε ≥ɺ  the flow stress due to viscous drag becomes relevant and 

it quickly increases with the rate of deformation, Fig. 2.28. The increase of both material constants χ  
and α  leads to an augment on the flow stress.  

 
Subsequently is proposed a method for the drag stress term calibration. 

2.4.2.2 Systematic procedure for calculation of the model parameters  
 

The steps are described below. 
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1. Once the model (RK or MRK) is already calibrated for a particular material, the analytical 
predictions of the constitutive description are compared with experiments. Then, the 
difference at room temperature on the flow stress level at high strain rates between analytical 
predictions and experiments is obtained. 
 

2. This difference is fitted to Eq. 2.24. Thus it is possible to determine the material constants χ  
and α , Fig. 2.29. 
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Fig. 2.29. Calibration of the viscous drag stress component for annealed OFHC copper using experimental data 

reported in [Nemat-Nasser and Li 1998]. 
 

The dependence of the viscous drag term only on strain rate facilitates considerably the 
calibration procedure.  

2.4.2.3 Application to annealed OFHC copper 
 

Thus, the extension to viscous drag effects has been calibrated for annealed OFHC copper. The 
following material constants have been found, Table. 2.12. 

 
χ  (MPa) α  (-) 

249 0.0000122 
Table 2.12. Constants determined for the annealed OFHC copper for the viscous drag component of the extended MRK 

model. 
 
Using the extension to viscous drag effects is possible to describe the behaviour of annealed 

OFHC copper within the whole range of strain rates as it is described in this section of the 
document.  
 

In Fig. 2.30. is shown the description of the flow stress evolution as a function of plastic strain 
obtained using original and extended MRK models. The analytical predictions are compared with 
experiments at room temperature for p 18000 s−ε =ɺ  [Nemat-Nasser and Li 1998]. It can be observed 
that in the case of the extended MRK  model the strain hardening of the material, as well as its flow 
stress level, is well defined, Fig. 2.30. However, the underestimation of the material stress level is 
visible in the case of the original MRK  constitutive relation.  
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Fig. 2.30. Description of the flow stress evolution as a function of plastic strain by original and extended MRK models 

and comparison with experiments at room temperature for 8000 s-1[Nemat-Nasser and Li 1998]. 
 

The relevance of adding the viscous drag stress term to the MRK  model is illustrated in Fig. 
2.31. The extended MRK  model provides a proper definition of the material rate sensitivity for 

p 11000 s−ε ≥ɺ . At high strain rate level a considerable difference between original and extended 
MRK  models takes place.  
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Fig. 2.31. Description of the flow stress evolution as a function of strain rate by original and extended MRK models and 
comparison with experiments at room temperature for εp=0.1 [Nemat-Nasser and Li 1998]. 

 
In addition, definition of the dislocations drag effect at high strain rate allows for a correct 

description of the material temperature sensitivity, Fig. 2.32.  The athermal character of the viscous 
drag term makes it fundamental for the description of the temperature sensitivity of the material.  
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Fig. 2.32. Description of the flow stress evolution as a function of plastic strain by original and extended MRK models 
and comparison with experiments at 4000 s-1. (a) T0=600 K, (b) T0=800 K, (c) T0=900 K [Nemat-Nasser and Li 1998]. 

 
Such considerations are revealed in the following graphs, Fig. 2.33. The extended MRK  

constitutive model describes accurately the temperature sensitivity of annealed OFHC copper. The 
absence of athermal flow stress for the whole range of initial temperatures analyzed is properly 
defined, Fig. 2.33. 
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Fig. 2.33. Temperature sensitivity description using the extended MRK model and comparison with experiments at 4000 

s-1. (a)  εp=0.2, (b) εp=0.6 [Nemat-Nasser and Li 1998]. 
 

Finally is necessary to notice that the extended MRK  relation provides a better analytical 
description of the thermo-viscoplastic behaviour of annealed OFHC copper than other physical-
based models as reported in [Rusinek et al. 2010]. 
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The viscous drag formulation can be also added to the original RK  formulation allowing the 

definition of, for example, the thermo-viscoplastic behaviour of the AA 7075 (it is assumed that this 
material does not exhibit dependence of plastic strain on the VTA since its strain hardening remains 
approximately constant for different temperatures and strain rates) within wide ranges of strain rate 
and temperature as it will be discussed in the following section of the manuscript.  

2.4.2.4 Application to aluminium alloy 7075  
 
The AA  7075 shows a remarkable effect of the drag regime on its deformation behaviour at high 

strain rates. In addition, the material response under high loading rate has been precisely analyzed in 
[El-Magd and Abouridouane 2006] facilitating comprehension of its deformation mechanisms. 

 
The AA 7xxx series are alloyed with Zn, and can be hardened to the highest strengths of any 

AA . Thus, the AA  7075 notable for its strength, with good fatigue strength and average 
machinability, but it is not weldable and has less resistance to corrosion than many other AA . It is 
widely used in aeronautical industry for construction of aircraft structures, such as wings and 
fuselages. Its main alloying elements are listed in Table 2.13.  

 
Mn Si Cr Ti Fe Mg Zn Ti Cu 
0.3 0.4 0.23 0.2 0.5 2.5 5.5 0.2 1.6 

Table 2.13. Chemical composition of the AA 7075 (% of weight) [El-Magd and Abouridouane 2006]. 
 

The model has been calibrated for the AA 7075 using the experimental data reported in [El-
Magd and Abouridouane 2006]. The following set of constants has been found, Tables 2.14-2.15. 
 

0B  (MPa) ν  (-) 
0n  (-) 2D  (-) 0ε  (-) *

0σ  (MPa) *m  (-) 1D  (-) Tm (K) minεɺ (s-1) maxεɺ (s-1) θ
* (-) 

790.3 -0.0002 0.1966 0.0555 0.018 196.57 1.2857 0.3 900 10-5 107 0.9 
Table 2.14. Constants determined for the AA 7075 for the RK model. 

 
χ  (MPa) α  (-) 

286.7 0.00005368 
Table 2.15. Constants determined for the AA 7075 for the viscous drag component of the extended RK model. 

 
Conventional physical constants of AA  can be obtained from material handbooks, Table 2.16. 

 

0E  (GPa) pC  (Jkg-1K-1) β  (-) ρ  (kgm-3) 

70 900 0.9 2700 
Table 2.16. Physical constants for AA. 

 
In the following section, the predictions of the extended RK  model are compared with 

experiments. 
 

The first step is to evaluate the predictions of the extended RK model for different strain rate 
levels. It is reported in Fig. 2.34. a satisfactory agreement between model predictions and 
experiments from quasi-static loading to high strain rate 1 p 10.001 s 2529 s− −≤ ε ≤ɺ . The difference 
only takes place after saturation stress stage 0d/d p =εσ  which corresponds to non-homogeneous 
behaviour (open symbols in Figs 2.34 – 2.35). In such a case nucleation and growth of micro voids 
sharply decreases the flow stress, Fig. 2.34 [El-Magd and Abouridouane 2006]. It must be noticed 
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that the viscous drag component added to the RK  model allows for a correct definition of the 
material behaviour under high rate of deformation, Fig. 2.34-d. 
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(d) 
Fig. 2.34. Description of the flow stress evolution versus plastic strain by the extended RK model and comparison with 

experiments at room temperature [El-Magd and Abouridouane 2006]. (a) 0.001 s-1, (b) 1 s-1, (c) 10 s-1, (d) 2529 s-1. 
 
As it was pointed out before, the viscous drag component exhibits great relevance on the 

description of the material behaviour when subjected to elevated initial temperature and high rate of 
deformation. It compensates the underestimation on the flow stress at high strain rate that would be 
obtained using only the Arrhénius equation as the mechanism to describe the rate sensitivity of the 
material, Fig. 2.35. That point is confirmed in Fig. 2.35. where the analytical predictions of the 
original formulation of the RK  model are compared with those corresponding to the extension to 
dislocation drag effects. 
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Fig. 2.35. Description of the flow stress evolution versus plastic strain by original and extended RK models and 

comparison with experiments at T0 = 500 K [El-Magd and Abouridouane 2006]. (a) 2591 s-1, (b) 5192 s-1. 
 

Finally is necessary to notice that the extended RK  relation provides a better analytical 
description of the thermo-viscoplastic behaviour of the AA 7075 than other constitutive models as 
reported in [Rusinek and Rodríguez-Martínez 2009]. 

2.5 Extended constitutive relations for the macroscopic modeling of 
negative strain rate sensitivity 

 
Previous formulations may not be enough to define the macroscopic behavior of certain alloys. It 

is known that some aluminium and steel alloys exhibit Negative Strain Rate Sensitivity (NSRS) 
under certain loading conditions [Clausen et al. 2004, Allain et al. 2008]. Thus, in order to make 
suitable previous constitutive descriptions to define such behaviour an original formulation is 
reported in the following section of the document. 
 

2.5.1 Literature review 
 

Some metallic alloys exhibit macroscopic NSRS, Eq. 2.25., from quasi-static to intermediate 
strain rates 4 1 p 110  s 100 s− − −≤ ε ≤ɺ , Fig. 2.36.  

 

( )
( ) 0

logd

d
m

T,
P

p

<
ε

σ=
ε

ɺ
 p p

trans NSRSfor −ε < εɺ ɺ    (2.25) 

 
Such behaviour has considerable relevance in industrial applications since it may reduce the 

ductility of the material [Higashi et al. 1991, Mukai et al. 1994, Dorward and Hasse 1995] and 
therefore affects to its formability and machinability.  

 
This effect was traditionally explained due to the solute–dislocation interaction at the 

microscopic level [Cottrell 1953, Cottrell 1953, Sleeswijk 1958, Kubin and Estrin 1985]. An 
alternative explanation has been proposed by Picu [Picu 2004] and other authors based on the 
strength variation of dislocation junctions due to the presence of solute clusters on forest dislocations 
(so, NSRS is basically shown by FCC metals). At low strain rate, the solute has sufficient mobility to 
induce a clustering effect stopping mobile dislocations.  At high rate of deformation, the increase of 
dislocations’ velocity avoids appearance of clustering effect. Thus, after certain strain rate level 
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p
trans NSRS−εɺ , the strain rate sensitivity becomes positive, Fig. 2.36. Moreover, since NSRS is related to 

diffusion of solute, it is thermally activated [Abbadi et al. 2002, Klose et al. 2004]. The NSRS effect 
tends to disappear with decreasing temperature. Interesting studies concerning the effect of 
temperature on this phenomenon are reported for example in [Abbadi et al. 2002, Klose et al. 2004]. 
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Fig. 2.36.  Description of the negative and the positive strain rate sensitivities taking place in AA 6092 [Zhang et al. 
2004].  

 
Some attempts to model the NSRS are reported in the open literature, for example in [Brechet 

and Estrin 1995, Hähner 1997, Zhang et al. 2001]. The most relevant seems to be the approach due to 
McCormick [McCormick 1971].  

 
However, such micromechanical descriptions of the NSRS lead to complex mathematical 

formulations difficult to implement into FE codes. Moreover they use to have large number of 
material constants and difficult calibration-procedures. In addition, those models only define the 
material behaviour within the range of strain rate in which this effect takes place.  They do not 
provide a formulation for the whole range of strain rates detected in many engineering applications, 

4 1 p 4 110  s 10  s− − −≤ ε ≤ɺ . 
 

In this section of the document an extension of the RK  and MRK  models to define 
macroscopically the NSRS is reported. 

2.5.2 Applied method for modeling reference metallic alloys 

2.5.2.1 Formulation developed 
 

The extension is conducted by adding a new term to the equivalent Huber-Misses stress σ . The 
updated formulation of the model is reported in Eq. 2.26.  

 

( ) ( )p p * p
ns

0

E(T)
, ,T ,T

E µ
 σ ε ε = σ + σ + σ ε 

ɺ ɺ      (2.26) 

 

Where ( )p
ns ,Tσ εɺ is the stress component taking into account the NSRS which is dependent on 

strain rate and temperature. This formulation has a semi-physical character and it is based on the 
experimental observations reported for example in [Higashi et al. 1991, Abbadi et al. 2002, Klose et 
al. 2004]. The original expression proposed is defined by Eq. 2.27. 
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( )
p

p ns trans NSRS m
ns 0 3p

max

T
,T log 1 D log

T
−   ε ε σ ε = σ ⋅ ⋅ −     ε ε    

ɺ ɺ
ɺ

ɺ ɺ
  (2.27) 

 
Where ns

0σ  and D3 are material constants describing respectively the stress decrease due to NSRS 

and the reciprocity between strain rate and temperature. Such reciprocity is obtained using an 
Arrhénius-type equation. The influence of plastic strain on the NSRS effect is assumed negligible. 
Such assumption is based, for example, on the experimental data reported in [Clausen et al. 2004]. 
Thus, in comparison with the original formulation of the RK and MRK  relations only two new 
material constants are added.  The transition between positive and negative strain rate sensitivity is 
denoted by  p

trans NSRS−εɺ  and it can be obtained from experiments.  

 

In the following curves is shown the evolution of the NSRS component, ( )p
ns ,Tσ εɺ  as a 

function of ns
0σ  and D3 for different strain rate levels at room temperature, Fig. 2.37. The value of the 

new stress component decreases with the strain rate increase, Fig. 2.37. until the transition strain rate 
level is reached (It is considered −

− =p 1
trans NSRS 76.58 sεɺ ). The increase of both material constants ns

0σ  

and D3 leads to an augment of the NSRS of the material, Fig. 2.37. 
 

 (a)  (b) 

 (c)  (d) 
Fig. 2.37. Evolution of the NSRS stress component as a function of ns

0σ  and D3 for different strain rate levels at room 

temperature. (a) 0.001 s-1, (b) 0.01 s-1, (c) 1 s-1, (d) 10 s-1. 
 
Next, it is defined a method for the model calibration. 
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2.5.2.2 Systematic procedure for calculation of the model parameters  
 

The main steps necessary for the definition of the model parameters are: 
 

1. The transition strain rate ptrans NSRS−εɺ  at room temperature is identified for a given plastic strain 

value. For the range of strain rates p p
trans NSRS−ε ≤ εɺ ɺ the value of stress corresponding to 

p
trans NSRS−εɺ  is subtracted from the real flow stress, Fig. 2.38.  The stress difference is the flow 

stress decrease due to the NSRS and it is fitted to Eq. 2.27. using the least square method. 
Thus, the material constants ns

0σ  and 3D can be obtained. 
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Fig. 2.38. Calibration of the NSRS stress term for the AA 5083-H116 using the experimental data reported in [Clausen 

et al. 2004]. 
 

2. Subtracting the NSRS stress component from the real flow stress of the material, the RK  or 
the MRK  models can be calibrated following the procedure reported in previous sections of 
this document. 

 
Next, the extended RK  model to NSRS is applied to describe the thermo-viscoplastic behaviour 

of the AA 5083-H116. 

2.5.2.3 Application to aluminium alloy 5083-H116  
 

This material is found propitious for validation of the model proposed since it exhibits 
remarkable NSRS within wide ranges of strain rate. It has been frequently chosen in the literature for 
the analysis of such phenomenon [Clausen et al. 2004, Benallal et al. 2008]. Its deformation 
behaviour has been subjected to intensive study by several laboratories.   

 
The AA 5xxx series are alloyed with Mg, derive most of their strength from solution hardening, 

and can also be work hardened to strengths comparable to steel alloys. The AA 5083-H116 is one of 
the strongest aluminium–magnesium alloys. It is widely used in naval structures as ship hulls and 
offshore topsides due to its high strength and good corrosion resistance. The main alloying elements 
are listed in Table 2.17.  

 
Mn Si Cr Ti Fe Mg Zn Ti Cu 
0.5 0.4 0.17 0.15 0.5 4.5 0.25 0.2 0.1 

Table 2.17. Chemical composition of the AA 5083-H116 (% of weight) [Clausen et al. 2004]. 
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The high content of Mg is responsible for the NSRS showed by this AA as discussed in 

[Clausen et al. 2004, Benallal et al. 2008].   
 
Using the procedure reported in the previous section, the extended RK  model to NSRS has been 

calibrated for the AA 5083-H116 (it is assumed that this material does not exhibit dependence of 
plastic strain on the VTA since its strain hardening remains approximately constant for different 
temperatures and strain rates) using the experimental data reported in [Clausen et al. 2004]. The 
following set of constants has been found, Tables 2.18. 

 
0B  (MPa) ν  (-) 

0n  (-) 2D  (-) 0ε  (-) *
0σ  (MPa) *m  (-) 1D  (-) Tm (K) minεɺ (s-1) maxεɺ (s-1) θ

* (-) 

666 0.01 0.35 0.04 0.0118 1536.3 8.37 0.3 900 10-5 107 0.9 
Table 2.18. Constants determined for the AA 5083-H116 for the RK model. 

 
ns
0σ  (MPa) 3D (-) 

trans NSRS−εɺ (s-1) 

0.01 36 76.58 
Table 2.19. Constants determined for the AA 5083-H116 for the extension of the RK model to NSRS. 

 
Since the maximum strain rate reported in the experiments taken as reference is p 11000 s−ε ≈ɺ   

[Clausen et al. 2004] it is assumed that the drag mechanisms are not active [Rusinek and Rodríguez-
Martínez 2009].  Thus, the contribution of an eventual dislocations drag component to the flow stress 
for the range of strain rates considered can be neglected (at least for the purposes of this section of 
the document).  

 
Then, the predictions of the extended RK  model are validated with experiments. 

 
The first step is to evaluate the definition of the NSRS provided by the extended RK model. In 

Fig. 2.39. is illustrated the agreement between analytical predictions and experiments for different 
strain rates 1 p 10.00041 s 122 s− −≤ ε ≤ɺ . The lower limit p 10.00041 s−ε =ɺ corresponds to the minimum 
value of strain rate for which there is experimental data available. The upper limit is approximately 
the strain rate value corresponding to the transition between the negative and the positive strain rate 
sensitivities p 1 p 1

trans NSRS122 s 76.58 s− −
−ε = ≈ ε =ɺ ɺ . Thus, the flow stress level in the case of 

p 1 p
trans NSRS122 s− −ε = ≈ εɺ ɺ  is lower than in the case of p 10.00041 s−ε =ɺ . The relevance of defining 

properly the NSRS component of the flow stress is illustrated in Fig. 2.39-a where predictions of the 
extended RK  model are compared with those obtained from the original RK  relation. Relevant 
differences between the flow stress level predicted by both models are observed. Moreover, it must 
be noticed that the constitutive description predicts properly the strain hardening of the material. 
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Fig. 2.39. Description of the flow stress evolution as a function of the plastic strain by the extended RK model and 
comparison with experiments at room temperature [Clausen et al. 2004].  (a) 0.00041 s-1, (b) 0.51 s-1, (c) 122 s-1. 

 
Next it is depicted the rate sensitivity of the material within wide ranges of strain rate and the 

comparison with the predictions of the extended RK  model, Fig. 2.40. Good matching for the whole 
range of strain rates is observed between model and experiments. 
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Fig. 2.40. Description of the flow stress evolution as a function of strain rate by the extended RK model and comparison 

with experiments at room temperature and εp=0.05  [Clausen et al. 2004]. 
 

Concerning the temperature sensitivity, the experimental data available only allow for evaluating 
the model in the case of T ≥ Troom , Fig. 2.41. The model describes accurately the decrease of the 
flow stress with temperature Fig. 2.41. The difference only takes place in the case of T0 = 600 K. 
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Fig. 2.41. Description of the temperature sensitivity by the extended RK model and comparison with experiments for 

εp=0.045 and 0.00017 s-1 [Clausen et al. 2004]. 
 

Finally is necessary to notice that the extended RK  relation provides a better analytical 
description of the thermo-viscoplastic behaviour of the AA 5083-H116 than other constitutive 
models as reported in [Rusinek and Rodríguez-Martínez 2009]. 
 

But dislocations drag and NSRS are not the only effects that cannot be defined using the original 
formulations of the RK  and MRK  models.  

2.6 Extended constitutive relations for the macroscopic modeling of 
martensitic transformation 

 
In austenitic steels the martensitic transformation may strongly modify the strain hardening of 

the material. Such type of steel alloys has become of relevance because of their widespread use, for 
example, in the automotive industry. Thus, it is necessary to extend the applicability of these 
constitutive descriptions to the macroscopic modeling of such phenomenon. For that task, an original 
formulation is presented in the following section of the document. 

2.6.1 Literature review 
 

Martensitic transformation from FCC austenite (γ) to BCC martensite (α’) provides to steel 
alloys of high work-hardening and improved ductility and toughness [Angel 1954, Olson and Cohen 
1972, Delannay et al. 2008, Curtze et al. 2009, Curtze et al. 2009, Da Rocha and Silva de Oliveira 
2009, Fischer et al. 2000, Jiménez et al. 2009]. Such mechanical properties are required for metals in 
charge of absorbing energy under dynamic loading, Fig. 2.42. 
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(a) (b) 
Fig. 2.42. Pre-strain history of a crash box structure (a) Specimen dimensions after pre-strain process. (b) Omega 

box after bending [Durrenberger et al. 2006]. 
 
Two effects are responsible for the deformation process taking place in austenitic steels during 

and after the martensitic transformation [Leblond et al. 1989, Fischer et al. 2000, Delannay et al. 
2008] 

 
• The “Magee effect” [Magee 1966] related to orientation process due to transformation of 

preferred variants.  
 

• The “Greenwood-Johnson effect” [Greenwood and Johnson 1965] related to the 
displacive character of the austenite-martensite transformation [Leblond et al. 1989]. It 
corresponds to the plastic strain induced in the parent phase because of the volume 
difference between two coexisting phases.  

 
The controlling factor for the kinetics of martensitic transformation is the supply of free energy. 

The free-energy variation of the system must be large enough to enable the reaction to mount the 
activation barrier between austenite and martensite [Angel 1954, Olson and Cohen 1972, Curtze et 
al. 2009], Fig. 2.43.  
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In Fig. 2.43. sM  is the temperature at which martensite forms without assistance of external 

driving force because of the difference between the free energy of both phases, 
1

'
TGγ→α∆ . Within the 

range Ms ≤ T ≤ T0 a mechanical driving force has to be supplied to the system to induce the 
martensitic transformation. Transformation occurs if the mechanical driving force makes the system 
to fulfill Eq. 2.28.  

 

1 s

' ' '
T MG U Gγ→α γ→α∆ + = ∆       (2.28) 

 
 If s 0M T Tσ ≤ ≤  the stress required for the transformation exceeds the yield stress of the 

austenite and strain is required for the transformation, Fig. 2.44.  
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Fig. 2.44.  Schematic description of the effect of temperature on the martensitic transformation. 

 
At higher temperatures T0 < T < Mf  the chemical driving force opposes to the transformation 

and the mechanical work applied to the system must be higher than the difference in the free energy 
between both phases, 

0 d

' '
T T MU Gγ→α

≤ ≤≥ ∆ . Finally, Mf represents the temperature at which no martensitic 

transformation takes place, no matter the plastic deformation of the parent phase [Lebedev and 
Kosarchuk 2000].   

 
Due to the relation existing between deformation and temperature in the material behaviour, the 

strain rate also plays a crucial role in the martensitic transformation. For high strain rates, the 
martensitic transformation could not exist; Fig. 2.45. Thermal softening of the material due to 
adiabatic heating under dynamic loading prevents the phase transformation. 
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Fig. 2.45. Volume fraction of martensite as a function of plastic deformation for different initial temperatures. 

Strain rate = 500 s-1[Tomita and Iwamoto 1995]. 
 

The influence of plastic deformation, loading rate and initial temperature on the transformation 
kinetics has been analyzed for example in [Iwamoto et al. 1998, Iwamoto and Tsuta 2000, Bouaziz 
and Guelton 2001, Al-Abbasi and Nemes 2003, Papatriantafillou et al. 2006, Taleb and Petit 2006, 
Larour et al. 2006, Meftah et al. 2007, Bouaziz et al. 2008, Curtze et al. 2009, Huh et al. 2009, 
Jiménez et al. 2009].  

 
In order to model the martensitic transformation phenomena, several constitutive relations can be 

found in the international literature [Leblond et al. 1986a, Leblond et al. 1986b, Fischer 1990, 
Fischer 1992, Fischer et al. 1996, Cherkaoui et al. 1998, Cherkaoui et al. 2000, Delannay et al. 2008, 
Mahnken et al. 2009]. The most relevant seems to be the approach by Olson and Cohen [Olson and 
Cohen 1975]. This model called OC was later generalized to take into account the stress state effect 
[Stringfellow et al. 1992], strain rate [Tomita and Iwamoto 1995] and stress state for stacking fault 
energy [Iwamoto et al. 1998]. A use of these kind of physical models in FE codes results in long 
computational time causing limiting industrial applications since these constitutive relations are 
coupled with a homogenization method as proposed by Aravas [Aravas 1987]. 
 

Thus, in the following section of this manuscript is proposed a simplified formulation to 
describe the macroscopic effect that the martensitic transformation may have on the material flow 
stress. It takes into account the influence of strain, strain rate and temperature on such process. Short 
computational time and simple formulation makes the formulation developed attractive for numerical 
applications in industry, where the phase transformation in austenitic steels might be dominant, for 
example in perforation, crash box behaviour or high speed machining processes. However, the 
application of this approach does not provide information about microstructure evolution during 
plastic deformation. 

2.6.2 Applied method for modeling reference metallic alloys 

2.6.2.1 Formulation developed 
 

A third stress component ( )T p p, ,Tσ ε εɺ  is added to the RK  or to the MRK  models (depending 

on the influence that the plastic strain may have on the rate sensitivity of the material), which allows 
approximation of the macroscopic effect of the martensitic transformation (drastic increase of the 
material strain hardening).  

 



Chapter 2. Advanced constitutive relations for metallic alloys based on the Rusinek-Klepaczko model 
 

 53 

   Thus, the general form of the extended model is given by Eq. 2.29 
 

( ) ( )p p * p p
T

0

E(T)
, ,T , ,T

E µ σ ε ε = σ + σ + σ ε ε 
ɺ ɺ      (2.29) 

 
In order to define macroscopically the phase transformation effect observed in experiments the 

following expression is introduced, Eq. 2.30. 
 

   ( ) ( ) ( )p p p p
T 0, ,T f , g Tσ ε ε = σ ⋅ ε ε ⋅ɺ ɺ            (2.30) 

 
The first multiplier 0σ  is a fitting parameter which allows defining the maximum stress increase 

due to martensitic transformation. The multiplier can be estimated by mechanical testing. The value 
of 0σ  must be identified at the lowest temperature of interest or the lowest temperature of 

experimental data available. The best solution is performing mechanical testing at T0 < Ms .Thus, it 
corresponds to the maximum effect of the martensitic transformation. The stress component 

( )p p
T , ,Tσ ε εɺ  is split into two independent functions, the effect of plastic strain and strain rate 

during the phase transformation, ( )p pf ,ε εɺ  and the thermal reduction of the rate of the martensitic 

transformation, )T(g .  
 

To define the influence of strain and strain rate in the phase transformation, the following 

function ( )p pf ,ε εɺ  is applied, Eq. 2.31. This expression is similar to the relation called logistic 

function derived in [Pecherski 1998, Pecherski 1998] to describe phenomenologically the plastic 
softening of the material during the development of multi-scale shear banding. The proposed 
probabilistic description of the plasticity and strain rate effects on the martensitic transformation is 
given by Eq. 2.31. 

 

( ) ( )( )p p p pf , 1 exp h
ξ

 ε ε = − − ε ⋅ ε
 

ɺ ɺ      (2.31) 

 
One function, ( )ph εɺ  , and one material parameter, ξ  , are introduced to approximate the 

behaviour of  an austenitic steel during martensitic transformation. Thus, ( )ph εɺ  is defined as being 
strain-rate dependent in agreement with experimental observations.  

 
A decrease of ( )ph εɺ  allows decreasing the rate of the martensitic transformation by diminishing 

its intensity and delaying its starting point, Fig. 2.46-a. Concerning the coefficient ξ , it controls the 
strain level where the martensitic transformation starts on the macroscopic scale (the extra strain 
hardening induced by the martensitic transformation). The macroscopic phase transformation effect 
starts at determined level of strain, Fig. 2.46-b.  
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Fig. 2.46. Evolution of phase transformation function ( )p pf ,ε εɺ  as a function of plastic strain, (a) for different values of 

λ, (b)  for different values of ξ. 
 
In order to define the influence of strain rate in the martensitic transformation process, the 

following relation is proposed, Eq. 2.32.  
 

( ) ( )p p

0h expε = λ ⋅ −λ ⋅ εɺ ɺ      (2.32) 

 
Where 0λ  and λ  are two shape fitting parameters which define the strain and strain rate 

dependences on the phase transformation. 
 

It is observed that an increase of λ , Fig. 2.47, decreases the strain rate level where the phase 
transformation is annihilated. This coefficient can be identified using experiments obtained from the 
macroscopic behaviour of the material. 
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Fig. 2.47. Evolution of normalized parameter λ / λ0 as a function of strain rate. 

 
       In the following section the relation which defines the effect of temperature on the kinetics of the 
martensitic transformation is discussed. Two formulations are proposed for that task.   

2.6.2.1.1 Temperature function based on Ms and Mf values  
 
The first expression proposed g1(T), Eq. 2.33., is based on the relation derived by Johnson and 

Cook [Johnson and Cook 1983] and similar to the formulation used by Papatriantafillou et al. 
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[Papatriantafillou et al. 2006] to describe the temperature sensitivity of the martensitic 
transformation.  

 

( )1

s 1

s
f 1

f s

g T 1
if T M g (T) 1

T M
if T M g (T) 0

M M

η = − Θ
≤ → =

  − ≥ → =Θ =   − 

     (2.33) 

 
Where ( ) ( )s f sT M / M MΘ = − −  is the normalised temperature. The values of Ms and Mf must 

be obtained from experiments. Moreover, η is the temperature sensitivity of the phase 
transformation.  

 
A parametric study concerning η   has been conducted in order to show the effect it has on the 

kinetics of the martensitic transformation, Fig. 2.48-a. As it is shown in Fig. 2.48-a, it allows for the 
description of the intensity and level of the martensitic transformation depending on the initial 
temperature, in qualitative agreement with experimental observations, Fig. 2.48-b [Tomita and 
Iwamoto 1995].  
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Fig. 2.48. (a) Evolution of the temperature function g1(T) as a function of the initial temperature for different values of η.  

(b) Evolution of the volume fraction of martensite as a function of temperature [Tomita and Iwamoto 1995]. 

2.6.2.1.2 Temperature function based on exponential function 
 

The second expression proposed g2(T), Eq. 2.34, is an exponential type equation similar to that 
reported by Mahnken et al. [Mahnken et al. 2009] and originally proposed in [Koistinen and 
Marburger 1959].  

 

( )2

f 0

T
g T exp

M T

α  
= −  −   

      (2.34) 

 
Where T is the current temperature, T0 and α are material constants. The expression proposed is 

depending on Mf but not on Ms as previously, Eq. 2.33. The Mf value must be obtained from 
experiments in quasi-static condition.  For a given Mf there is only one possible combination of T0 
and α values which fit the requirements of the martensitic transformation process, 
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( )f 2if T M g (T) 0≥ → = . For example in the case of Mf = 300 K, the parameters T0 and α take the 

values 80 K and 5 respectively, Fig. 2.49.  
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Fig. 2.49. Evolution of the function g2 (T) with temperature. 

 
Thus, this type of function g2(T) is less flexible in comparison with g1(T). However, it allows 

defining the effect of temperature within the whole range of initial temperatures without imposing 
any restriction. It facilitates the calibration procedure.  

 
Next a systematic procedure for the model calibration is reported. 

2.6.2.2 Systematic procedure for calculation of the model parameters  
 

The procedure consists of the following steps: 
 

1. First, at room temperature and low strain rate, it must be identified the plastic strain value 
where the martensitic transformation starts (the macroscopic increase of strain hardening). 
Next, the stress level is artificially increased with plastic deformation step by step after the 
point of initiation of the phase transformation effect, Fig. 2.50, by using a strain hardening 
initial curve obtained in quasi-static loading. The stress increase due to the macroscopic 
effect of the martensitic transformation is subtracted from the material flow stress. 
 

2. After subtraction of the macroscopic phase transformation effect, is possible to define the 
material constants for the original RK  and MRK  models using the procedure described in 
previous sections of the document. 
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Fig. 2.50. Schematic representation of the method used to determine the values of the material constants of the extended 

RK and MRK models to martensitic transformation effect. 
 

3. The phase transformation term is calibrated by a quantitative analysis of the stress component 
subtracted from the original material flow stress, Fig. 2.50. Experiments at different loading 
rates are fitted to Eq. 2.31. in order to obtain the material constants defining the strain and 
strain rate sensitivities of the martensitic transformation. Finally, using experimental data at 
different initial temperatures is possible to determine the material constants related to the 
temperature sensitivity of the martensitic transformation, Eqs. 2.33-2.34. 

 
Next, the extended RK  model to martensitic transformation is applied to define the thermo-

viscoplastic behaviour of the AISI 301 Ln2B (it is assumed that this material does not exhibit 
dependence of plastic strain on the VTA since its strain hardening in absence of martensitic 
transformation remains approximately constant for different temperatures and strain rates). 

2.6.2.3 Application to steel 301 Ln2B 
 

Among the commercial austenitic steels, the AISI 301 is noted by exhibiting strong work 
hardening increase caused by martensitic transformation. This fact and the precise study conducted 
in [Larour et al. 2006] of its deformation behaviours makes this material propitious for validation of 
the model proposed.  

 
Grade 301 and its low carbon variants are used where a high strength stainless steel is required. 

Variant 301 Ln has higher N content inducing work hardening increase and large ductility. Its 
chemical composition is listed in Table 2.20.  
 

C Mn Si Cr Ni N P S 
0.0 3 2.0 1.0 18.5 8.0 0.20 0.045 0.015 

Table 2.20. Chemical composition of the steel AISI 301Ln2B (% weight). 
 

Typical applications of this material include rail car structural components, airframe structures 
and highway trailer components.  

 
By application of the calibration procedure reported in the previous section, the following set of 

material constants has been obtained, Tables 2.21-2.22. 
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0B  (MPa) ν  (-) 
0n  (-) 2D  (-) 0ε  (-) *

0σ  (MPa) *m  (-) 1D  (-) Tm (K) minεɺ (s-1) maxεɺ (s-1) θ
* (-) 

1380 0.1 0.41 0.05 0.018 488.33 1.66 0.52 1600 10-5 107 0.9 
Table 2.21.  Values of material constants for the original RK constitutive relation for the steel 301 Ln2B. 

 

0σ (MPa) ξ  
0λ  λ  

500 17 10 4 
Table 2.22.  Material constants defining the martensitic transformation stress term for the steel 301 Ln2B. 

 
Analytical results of the extended model are compared with experiments, [Larour et al. 2006]. The 

macroscopic effect of the martensitic transformation is well exposed by ε−σ  curves for different 
initial strain rates at room temperature, Fig. 2.51. In Fig. 2.51. is observed a satisfactory agreement 
between experimental results and analytical predictions of the model within a wide range of strain 
rates 1 p 10.006 s 920 s− −≤ ε ≤ɺ .  
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Fig. 2.51. Analytical predictions of the constitutive relation (solid lines) and comparison with experimental results 

[Larour et al. 2006]. 
 

The comparison between the analytical predictions obtained by means of original and extended 
RK  formulations is shown in Fig. 2.52. The analytical prediction by the extended formulation 
demonstrate the annihilation of the phase transformation with the strain rate increase, Fig. 2.52-b.  
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Fig. 2.52. Analytical predictions of the constitutive relations (a) original RK formulation, (b) extended RK formulation, 

 gi(T) = 1 
 

In the following plot, Fig. 2.53., are illustrated the predictions of the constitutive relation when a 
jump of strain rate is imposed at room temperature. In the case of a jump of strain rate from quasi-
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static to dynamic loading the model predicts correctly the annihilation of the martensitic 
transformation effect. In the opposite case, if the strain rate jump is conducted from dynamic to 
quasi-static loading, the model predicts the appearance of martensitic transformation macroscopic 
effect, Fig. 2.53.  
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Fig. 2.53. Analytical predictions of the extended RK model in the case of (a) positive and (b) negative jump of strain rate 

for g(T) = 1. 
 

The analytical predictions of the model under quasi-static conditions of deformation for several 
initial temperatures in the case of g1(T) using 1=η , and g2(T) using T0 = 80 K and α = 5  are shown 
in Fig. 2.54-a-b. A qualitative agreement was found with the experimental observations for several 
austenitic steels reported in [Tomita and Iwamoto 2001], Fig. 2.54-c. When the initial temperature is 
high enough, the martensitic transformation is annihilated, Fig. 2.54-a. The intensity of the phase 
transformation strongly increases when the temperature is close to the MS, Fig. 2.54-a-b. 
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Fig. 2.54.  Analytical predictions of the extended RK model (a) in the case of g1 (T) and (b) in the case of  g2 (T).  

(c) Evolution of the flow stress versus the plastic strain for steel AISI 304 [Tomita and Iwamoto 2001]. (d) Description 
of the strain hardening evolution as a function of plastic strain by the extended RK model for different homologous 

temperatures. 
 
For g1(T) using 1=η , the evolution of the strain hardening rate as a function of the plastic 

deformation for different normalised temperatures Θ  is shown in Fig. 2.54-d. An increase of strain 
hardening rate is observed during the martensitic transformation effect until saturation condition is 
reached. This maximum is lower with the initial temperature increase. When the maximum is 
exceeded, the strain hardening rate starts to decrease monotonically. Finally, it reaches a value close 
to the one corresponding to strain hardening curves which previously have not shown the martensitic 
transformation. 

 
The constitutive descriptions reported in this document may be implemented into FE code. 

Details of the procedure for such implementation are given in Appendix B and Appendix C.  
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In this chapter of the document it has been examined the mechanisms which reside 

behind deformation of metals. Advanced constitutive relations have been developed in order 
to provide a macroscopic description of the thermo-viscoplastic behaviour of metallic alloys 
within wide ranges of strain rate and temperature. Such procedure must be the starting point 
in order to analyze loading processes. Such understanding of metals behaviour is applied in 
the following chapters of this Thesis in order to define the mechanisms responsible for 
absorbing energy under dynamic solicitation. For that task, the constitutive descriptions 
developed are implemented into FE code. Numerical simulations of ring expansion test and 
conventional dynamic tension test are conducted in order to determine the role played by rate 
sensitivity and strain hardening on the formation of instabilities.  
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CHAPTER 3  
 

NUMERICAL ANALYSIS OF PLASTIC 
INSTABILITIES FORMATION UNDER 
DYNAMIC TENSION 
 
 
Abstract 

 
In this chapter of the Thesis is conducted a numerical study in order to examine the 

causes which reside behind the formation of plastic instabilities under dynamic loading. Two 
different configurations are used for that task; ring expansion and conventional dynamic 
tension. Wave propagation, strain hardening and strain rate effect on the formation of plastic 
instabilities are examined. The influence of rate sensitivity on plastic instabilities formation 
is analyzed by application of the extended MRK model to dislocations drag. The influence of 
strain hardening is analyzed by application o the extended RK  model to martensitic 
transformation. A complete parametric study of the material constants involved in both 
extensions applied to RK and MRK  models is carried out. From the analysis conducted is 
concluded that strain rate sensitivity and strain hardening rate are the main parameters 
involved in controlling plastic localization.  
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3 CHAPTER 3. NUMERICAL ANALYSIS OF PLASTIC 
INSTABILITIES FORMATION UNDER DYNAMIC 
TENSION 

3.1 Introduction 
 

The study of materials subjected to extreme loading conditions like crash, impact or explosion, 
has considerable interest for different industrial fields. A relevant amount of publications can be 
found in the international literature dealing with the high strain rate behaviour of metallic materials 
related to different engineering applications [Mann 1936, Klepaczko 1968, Kocks et al. 1975, 
Follansbee 1986, Regazzoni et al. 1987, Zerilli and Armstrong 1992, El-Magd 1994, Nemat-Nasser 
and Li 1998, Nemat-Nasser and Guo 2003].  

 
Dynamic processes are strongly dependent on strain hardening, temperature sensitivity and strain 

rate sensitivity of the material. Locally, plastic strain values larger than pf 1ε >  may be reached for 

some metals under dynamic loading conditions [Hu and Daehn 1996, Pandolfi et al. 1999, 
Triantafyllidis and Waldenmyer 2004]. High temperature level inducing thermal softening of the 
material is usually observed in such processes. It comes from an irreversible thermodynamic process 
which converts the plastic energy into heat. Adiabatic temperature increase is precursor of plastic 
instabilities [Batra and Chen 2001, Kuroda et al. 2006, Batra and Wei 2007, Alos et al. 2007] and 
subsequent failure.  

 
Thus, advancing on understanding instabilities formation is of main relevance for certain 

engineering sectors like automotive, aeronautical or military industries where fast loading processes 
are of fundamental interest. Accurate knowledge of the causes leading to plastic instabilities 
formation is required for construction of mechanical elements responsible for absorbing energy 
under crash or impact perforation.  

 
Formation of plastic instabilities under dynamic loading has been studied over the last decades 

[Mann 1936, Klepaczko 1968, Rajendran and Fyfe 1982, Grady 1982, Clifton et al. 1984, Batra and 
Kim 1990, Duszek and Perzyna 1991, Łodygowski et al. 1994, Perzyna 1994, Klepaczko 1998, 
Glema et al. 2000, Zhou et al. 2006, Rittel et al. 2006].  Special interest is found in the early works of 
Hutchinson and Neale [Hutchinson and Neale 1977], Ghosh [Ghosh 1977] and Fressengeas and 
Molinari [Fressengeas and Molinari 1987, Fressengeas and Molinari 1992] in which the mechanisms 
responsible of plastic localization and instabilities progression are analyzed.  

 
Traditionally, it has been resorted to experimental procedures to approach the localization 

problem under high rate of loading [Mann 1936, Rajendran and Fyfe 1982, Grady 1982]. However, 
highly instrumented tests are required of complex devices with elevated cost. In addition, the 
information that can be obtained from the material behaviour is, many times, limited.  

 
More recently the localization problem has attempted to be analytically described [Fressengeas 

and Molinari 1987, Fressengeas and Molinari 1992, Mercier and Molinari 2004, Zhou et al. 2006]. In 
these publications a perturbation analysis is conducted in order to analyze the mechanisms which 
reside behind plastic localization and instabilities progression. For this type of analytical studies, due 
to complications in the mathematical formulation of the problem, the definition of the homogeneous 
material behaviour uses to be given by a simplified power-type equation [Fressengeas and Molinari 
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1987, Fressengeas and Molinari 1992, Mercier and Molinari 2004, Zhou et al. 2006]. The accurate 
definition of the material behaviour is subordinated to a fast derivation of the problem solution.  The 
evaluation of particular effects of the material behaviour, as viscous drag or martensitic 
transformation, on the formation of instabilities cannot be approached by such mathematical 
modelling of the problem.   

 
If advanced constitutive relations want to be used for defining the material behaviour, numerical 

methods are a suitable alternative [Łodygowski and Perzyna 1997, Sørensen and Freund 2000, 
Glema et al. 2000, Guduru and Freund 2002, Rusinek and Zaera 2007]. 

 
In the mentioned works was glimpsed that rate sensitivity and strain hardening are playing a 

main role on controlling the instabilities formation. It is assumed that they act homogenizing 
materials behaviour [Mercier and Molinari 2004], increasing their ductility [Rajendran and Fyfe 
1982, Hu and Daehn 1996, Altynova et al. 1996] and retarding plastic localization [Hu and Daehn 
1996]. 

 
According to the methodology set for conducting this Thesis, in this chapter previous statements 

are evaluated by conducting numerical simulations of ring expansion test and conventional dynamic 
tension test. Application of advanced strain hardening laws for an accurate description of the plastic 
localization process is required. Thus, the influence of rate sensitivity on plastic instabilities 
formation is analyzed by application of the extended MRK model to dislocations drag [Rusinek et al. 
2010]. The influence of strain hardening is analyzed by application of the extended RK  model to 
martensitic transformation. A complete parametric study of the material constants involved in both 
extensions applied to RK and MRK  models is carried out.  

3.2 Dynamic tension tests 
 
Among the dynamic characterization tests developed over the years, uniaxial tension has been 

the most common stress state used for analyzing instabilities formation. In particular conventional 
dynamic tension test and ring expansion test have been widely studied during the last decades [Mann 
1936, Klepaczko 1968, Rajendran and Fyfe 1982, Grady 1982, Łodygowski and Perzyna 1997, 
Sørensen and Freund 2000, Glema et al. 2000, Guduru and Freund 2002, Rusinek and Zaera 2007].   

3.2.1 Literature review 
 
Thus, in this section of the document both testing configurations are introduced.  

3.2.1.1 The ring expansion test 
 

Rapid expansion of metallic rings is a non-conventional experiment developed to test materials 
at high strain rates under uniaxial tension state [Niordson 1965, Grady and Benson 1983, Hu and 
Daehn 1996]. The experiment consists of loading a ring of radius R at a roughly constant velocity V0 
varying within the range  25 m/s ≤ V0 ≤ 300 m/s. The strain rate applied to the material during the 
expansion is given by Eq. 3.1. 

 
p 0V

R(t)
ε =ɺ       (3.1) 
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Where R(t) is the ring radius as function of time during the expansion.  
 
Several experimental setups have been proposed for these tests, Fig. 3.1. [Diep et al. 2004, 

Triantafyllidis and Waldenmyer 2004]. The dynamic loading may be procured by a magnetic field or 
by the use of explosives, Fig. 3.1., the former providing a more uniform impact velocity in time.   

 
 
 
 

(a) 

 

(b) 
Fig. 3.1.  Configuration of the loading conditions by explosive or by magnetic field in the ring expansion test [Diep et al. 

2004, Triantafyllidis and Waldenmyer 2004]. 
 

The sample is subjected to uniform radial expansion until the development of neckings along the 
circumference of the ring takes place. Some of these necks are arrested before failure and the others 
lead to fracture of the specimen, resulting in a number of fragments. Physical phenomena occurring 
during the test are complex, and the resulting fragmentation pattern is the consequence of the 
competition between failure modes related to dynamic loading such as shear banding, and those 
characteristic of static loading such as void growth or fracture nucleation [Rusinek and Zaera 2007].  

 
It is important to notice that complications resulting from wave propagation are eliminated due 

to the symmetry of the problem [Hu and Daehn 1996, Mercier and Molinari 2004, Rusinek and Zaera 
2007]. Thus, ductility is expected to increase with expansion velocity, virtually without limits in 
velocity (relativistic effects at very high impact velocities are expected to not make possible to fulfill 
previous statement), Fig. 3.2.  
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Fig. 3.2.  Strain of instability as a function of impact velocity for ring expansion problem and dynamic tension test [Hu 

and Daehn 1996]. 
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Due to the complex experimental devices required for performing this type of test and the 
limitations of the analytical modeling, numerical methods are positioned as a suitable tool to solve 
the localization problem [Sørensen and Freund 2000, Guduru and Freund 2002, Rusinek and Zaera 
2007].  

 
Next the main features of the conventional dynamic tension test are presented.  

3.2.1.2 The conventional dynamic tension test 
 

Analysis of the conventional dynamic tension test presents notable interest since disturbances 
coming from wave propagation take place in many engineering applications like for example fast 
cutting, crash-box test or impact-perforation. The effect that these disturbances have on the material 
response has to be carefully examined. The comparison with the results obtained for the ring 
expansion problem (free of wave propagation) is expected indispensable for that goal.   

 
Let us consider a case analogous to a tension test that may be performed using hydraulic 

machine or Hopkinson bar, Fig. 3.3. The strain rate applied to the material during testing is defined 
by Eq. 3.2. 

 
p 0

t

V

L (t)
ε =ɺ       (3.2) 

 
Where Lt (t) is the active part of the specimen as function of time during the test. 
  

In such tests, the specimen has a free end which is impacted. The second end is fixed. Thus, as 
consequence of the impact on the specimen, an incident tensile wave σI(t) is generated. The stress 
wave reaches the opposite side of the specimen and it is reflected. The reflected stress wave is of the 
same sign than the incident wave due to the embedded boundary condition of the opposite impact 
side, Fig. 3.3. 

 

Ce 

σσσσI  

tpropagation = L  / C0 

Vo 

Embedded surface 

Ce 

σσσσR+σσσσI  
 

Ce 

σσσσR 
 

 
Fig. 3.3. Schematic representation of wave propagation along an elastic bar. Reflection of a longitudinal wave 

from the fixed end. 
 

Considering the specimen as purely elastic, the wave speed is defined as follows, Eq. 3.3: 
 

( ) ( )
( )

1/ 2

e

E T
C T

T

 
=   ρ 

      (3.3) 
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Where E(T) is the Young’s modulus and ρ(T) is the material density that in a general case can be 

considered dependent on temperature. In such an elastic case, it is known that the intensity of the 
reflected wave is equal to the intensity of the incident wave, Fig. 3.3. Thus, after reflection of the 
incident wave, the specimen is subjected to a solicitation whose value is double of the stress level 
induced into the material due to the incident stress wave.  

 
Thus, it is possible to predict analytically the place where the deformation will be localized in the 

case of ideal plasticity as it was reported by Rusinek et al. [Rusinek et al 2008]. In that work the 
authors analyzed the crash-box problem, and they defined where the localization of deformation was 
taking place depending on the impact velocity and on the yield stress of the material.  

 
However, if a material showing thermo-viscoplastic behaviour is considered, the wave 

propagation problem becomes more complex. The plastic wave propagation (which is adiabatic by 
nature [Klepaczko 2005]) must be taken into account. The plastic wave speed is defined as follows, 
Eq. 3.4:  

 

( ) ( )( ) 1/ 2
p p p

p p

p p

d , ,T1
C , ,T

d

 σ ε ε ε
 ε ε = ⋅
 ρ ε
 

ɺ

ɺ     (3.4) 

 
It depends on plastic strain pε , strain rate pεɺ  and temperature T. Moreover, the adiabatic 

condition of the process when considering dynamic problems must be taken into account, ( )pT∆ ε .  

In such a thermo-viscoplastic case is not possible to get analytical solution for the flow localization. 
Then, it is necessary to resort to experimental procedures to define where instability will take place. 

 
In the particular configuration of impact tension test, Clark and Wood [Clark and Wood 1957] 

reported the following cases of localization depending on the impact velocity, Fig. 3.4.  
 

a. In quasi-static condition, the stress wave induced in the specimen during a tensile test is 
much lower than that corresponding to the yield stress of the material. The plastic flow is 
homogeneously spread along the active part of the specimen. The instability in form of 
necking finally appears in the middle of the specimen having advantage of the smaller 
section of the sample in this zone (geometrical instability). 

 
b. As the impact velocity is increased the necking moves to the opposite impact side. When 

the incident wave is reflected in the embedded side, its intensity is increased inducing 
flow localization.  

 
c. In the following step double necking situation takes place. The impact velocity is high 

enough to induce plasticity in the impact end but the effect of reflection of the wave leads 
to faster trapping of plastic deformation and subsequent failure in the opposite impact 
side. 

 
d. Next, double necking appears but failure occurs in the impacted end. The effect of the 

reflected wave induces plastic deformation in the opposite side end. However, the stress 
intensity due to the impact is high enough to induce fast localization in the impacted end, 
precursor of failure. 
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e. The final stage is the formation of a single necking leading to failure of the specimen in 
the impacted end. The stress wave induced by the impact involves fast trapping of plastic 
deformation. The velocity of the impacted end reaches the velocity of the plastic waves. 
Then, the Critical Impact Velocity (CIV ) is reached. The sample behaviour becomes 
unstable. There is not equilibrium between the input force and the force measured on the 
embedded side [Hu and Daehn 1996, Rusinek et al. 2005]. The CIV  acts as a limiting 
factor for material testing. The CIV  is considered as a mechanical property of materials, 
Fig. 3.4.  
 

 
Fig. 3.4. (a) Definition of the CIV based on the energy absorbed for different initial length values [Clark and Wood 

1957]. (b) Schematic representation of the impact velocity effect on the process of dynamic necking [Clark and Wood 
1957, Rusinek et al. 2005]. 

 
Based on the early works of Rakhmatulin [Rakhmatulin 1945], Von Karman and Duwez [Von 

Karman and Duwez 1950] and Taylor [Taylor 1958], and according to Klepaczko [Klepaczko 2005], 
an analytical solution for the CIV  can be obtained integrating the wave celerity along strain 
(Appendix D). The expression is split into two parts, Eq. 3.5.  

 

( ) ( )( )
pme

e

p p p p

e p

0

CIV C T d C , ,T d
εε

ε

= ⋅ ε + ε ε ε ⋅ ε∫ ∫ ɺ     (3.5) 

 
The first term of Eq. 3.5 corresponds to the elastic range, where eε  is the elastic deformation 

corresponding to the initial yield stress, pe e 0ε =
ε = ε .  

 
The second term corresponds to the plastic range. In that term pmε  is the upper limit of 

integration defined as the plastic strain value for which the mass velocity (in the plastic range) 
equals the plastic wave speed [Klepaczko 2005].  

 
However the uncertainty on defining the upper limit of integration for the plastic range 

( )( )p p p

pm pm , ,Tε = ε ε ε εɺ , Fig. 3.5, and the difficulties tied to the accurate estimation of the strain rate 

level in the necking zone (it may be variable in time ( )necking tεɺ ), make difficult to obtain a precise 

calculation of the CIV  value using Eq. 3.5.  
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Fig. 3.5. Schematic representation of the wave speed as a function of plastic strain for determined strain rate and 

temperature levels. Influence of the upper limit of integration εpm on the CIV value.  
 
Due to the complex experimental devices required for performing this type of test and the 

limitations of the analytical modeling, numerical methods are positioned as a suitable tool to solve 
the localization problem [Glema et al. 2000, Rusinek et al. 2005].  

3.2.2 Numerical configurations 
 

In the following sections of the document are described the numerical configurations used for 
both ring expansion and conventional dynamic tension. 

3.2.2.1 The ring expansion configuration 
 

The geometry and dimensions of the ring are depicted in Fig. 3.6. The inner diameter of the ring 
is φ=30 mm, with a thickness of e=1 mm and a width of t=1 mm (1 mm2 square cross section) 
[Rusinek and Zaera 2007]. The impact velocity is applied in the inner surface of the ring and remains 
constant during loading [Rusinek and Zaera 2007].   

 
 

  
Fig. 3.6. Geometry and dimensions (mm) of the specimen used in the simulations [Rusinek and Zaera 2007]. 

 
The mesh used in the simulations is shown in Fig. 3.7. Three elements are placed along the 

thickness and width of the sample. Thus, the ring has been meshed using hexahedral elements whose 
aspect ratio is close to 1:1:1 (≈0.33 × 0.33 × 0.33 mm3). This definition is in agreement with the 
considerations reported by Zukas and Scheffler [Zukas and Scheffler 2000]. No geometrical or 

t =1  

φ =30  e =1  



Chapter 3. Numerical analysis of plastic instabilities formation under dynamic tension 
  

 71 

material imperfections were introduced in the model [Larson et al. 1981] since they could change the 
necking problem (and generate spurious wave propagation) [Han and Tvergaard 1995, Sørensen and 
Freund 2000], the numerical uncertainties through the integration process being enough to trigger 
instability [Rusinek and Zaera 2007]. 

 

 

 
 
 

 

Fig. 3.7. Mesh configuration used in the numerical simulations. 
 

The boundary conditions applied to the simulations must guarantee the uniaxial tensile state in 
the specimen during loading. In Fig. 3.8. can be observed that the triaxiality value during testing is 
that corresponding to uniaxial tension, σtriaxiality = 0.33.  
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Fig. 3.8. Numerical estimation of the triaxiality contours during loading. 
 
It must be noticed that the strain of instability is intrinsically given by the definition of the 

homogenous material behaviour (constitutive description used to define the material behavior). 
Thus, in agreement with [Rusinek and Zaera 2007], a constant critical failure strain has been used in 
the simulations. Failure criterions based on critical values of strain are widely used in the literature 
[Johnson and Cook 1985, Bao and Wierzbicki 2004, Wierzbicki et al. 2005, Barsoum and Faleskog 
2007], they are consistent with the theories of cracks propagation in ductile materials founded on 
energetic assumptions [Drucker 1959, Becker 2002]. In this particular case, the condition that must 
be imposed to the failure strain is to be large enough to not disturb plastic localization and necking 
progression.   

3.2.2.2 The conventional dynamic tension configuration 
 

The geometry and dimensions of the specimen used are based on previous works [Rusinek et al. 
2008c, Rodríguez-Martínez et al. 2009]. Such geometry of specimen allows for observing well 
developed necking [Rodríguez-Martínez et al. 2009]. A scheme of the specimen is shown in Fig. 3.9. 
The thickness of the sample is ts = 1.65 mm. Its impacted side is subjected to a constant velocity 
during the simulation. The movements are restricted to the axial direction. The opposite impact side 
is embedded. Such configuration idealizes the boundary conditions required for the test.  
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Fig. 3.9. Geometry and dimensions of the specimen used in the numerical simulations. 
 
The active part of the specimen has been meshed using hexahedral elements whose aspect ratio is 

close to 1:1:1 (≈0.55 × 0.55 × 0.55 mm3). Beside the active part of the specimen two transition zones 
are defined. These zones are meshed with tetrahedral elements, Fig. 3.10-a.  Such transition zones 
allow for increasing the number of elements along the 3 axis of the specimen, Fig. 3.10-a. This 
technique is used to get hexahedral elements in the outer sides of the sample maintaining the desired 
aspect ratio 1:1:1.  

 
As it was reported for the ring expansion case, the boundary conditions applied to the simulations 

must guarantee the uniaxial tensile state in the active part of the specimen during loading. It can be 
observed in Fig. 3.10-b that the triaxiality value in the active part of the specimen is that 
corresponding to uniaxial tension, σtriaxiality = 0.33. 

 
Mesh configuration Triaxiality contours 

(a) 
 

 

 
 

 

(b) 

Fig. 3.10. (a) Mesh configuration used in the numerical simulations. (b) Numerical estimation of the triaxiality contours 
during loading. 
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A failure criterion has been used in the simulations based on the same considerations reported 
for the ring expansion case. Thus, as previously mentioned, a constant critical failure strain has been 
used in the simulations. 

 
Next, the influence of rate sensitivity and strain hardening on flow localization under dynamic 

tension is analyzed using both numerical models previously introduced.  

3.3 Influence of strain rate sensitivity on flow localization under 
dynamic tension 

 
Let us go through the effect that rate sensitivity has on flow localization. For it, the extended 

MRK  model to phonon drag effects is applied. The first step concerns to the methodology 
developped to examine the influence of strain rate sensitivity on the formation of plastic instabilities 
under dynamic tension 

3.3.1 Methodology 
 

The steps followed are described below: 
 

1. The viscous drag formulation introduced in Section 2.4. is applied. Its strengths lie on a 
simple formulation only dependent on strain rate. It allows to isolate the effect that 
deformation rate has on the localization of plastic deformation. 
 

2. The OFHC copper is choosen as reference material to analyze the effect that the stain 
rate sensitivity has on the formation of plastic instabilities. This material shows well 
described viscous drag effect at high strain rates allowing for a proper analysis of the 
problem.  

 
3. Next, the numerical models developed are validated for the ring expansion case and for 

the conventional dynamic tension case. 
 
4. An analysis of the influence of the rate sensitivity on the formation of instabilities is 

conducted using both, the ring expansion configuration and the conventional dynamic 
tension configuration. Comparison between both configurations is indispensable in order 
to determine the effect of the boundary conditions on the flow localization. The analysis 
is expressed in the following terms: 

 
a. Ring expansion test 

i. Influence of the strain rate sensitivity on the strain of instability. 
ii.  Influence of the strain rate sensitivity on the number of pieces into which 

the ring is fragmented. 
iii.  Influence of the strain rate sensitivity on the failure time. 

 
b. Conventional dynamic tension test 

i. Influence of the strain rate sensitivity on the strain of instability. 
ii.  Influence of the strain hardening on the CIV . 

iii.  Influence of the strain rate sensitivity on the input and output forces 
registered in the sample. 



Chapter 3. Numerical analysis of plastic instabilities formation under dynamic tension 
  

 75 

iv. Influence of the strain rate sensitivity on the position where the necking 
takes place 

v. Influence of the strain rate sensitivity on the specimen elongation at 
failure 

 
5. In order to provide of generality to the analysis, it is conducted a parametric study on the 

influence of the viscous drag formulation parameters on the flow localization.  

3.3.2 Theoretical considerations 
 

Viscous drag formulation used in the present work, Eq. 2.24-a’, (Section 2.4) [Kapoor and 
Nemat-Nasser 1999] is revealed propitious in order to evaluate the influence of the rate sensitivity on 
the formation of instabilities. It exclusively depends on strain rate. As it will be discussed next, it 
enables to isolate the rate sensitivity effect on the material response.  

 

( ) ( )p p
vs 1 exp σ ε = χ ⋅ − −α ⋅ ε 
ɺ ɺ     (2.24-a’) 

 
The material constants corresponding to annealed OFHC copper have been chosen. In Fig. 3.11. 

the overall stress is decomposed into its respective stress components. It is observed that the viscous 
drag term starts to contribute to the material stress level in the case of p 12000 s−ε ≥ɺ . For 

p 16000 s−ε ≥ɺ  the drag mechanisms have a contribution of approximately 10 % to the overall flow 
stress, Fig. 3.11-b. At first sight, such contribution may not look so important in the description of 
the material behaviour, however it plays a fundamental role. 
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Fig. 3.11. Decomposition of the overall flow stress into its respective stress components. 

 
The rate sensitivity of the material predicted by MRK  and extended MRK models is shown in 

Fig. 3.12. Macroscopic effect of the dislocations drag process drastically changes the material strain 
rate sensitivity in the case of p 11000 s−ε ≥ɺ , Fig. 3.12. If only the thermally activated deformation 
mechanisms are taken into account, the rate sensitivity remains approximately constant, Fig. 3.12. 
Moreover, if the drag mechanisms are considered too, the rate sensitivity is subjected to a sudden 
increase for p 11000 s−ε ≥ɺ , Fig. 3.12. Both behaviors are radically different and the implications that 
this fact may have on the response of the material under dynamic loading will be extensively 
investigated in the present document. 
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Fig. 3.12. (a) Flow stress evolution versus strain rate of annealed OFHC copper predicted by MRK and extended MRK 

models. (b) Rate sensitivity of annealed OFHC copper predicted by MRK and extended MRK models. 
 

Moreover, it must be checked that the potential secondary effects induced by the addition of this 
stress term to the overall flow stress could be neglected. Such secondary effects refer to the increase 
of flow stress which leads to the elevation of material temperature (due to adiabatic heating) and to 
the subsequent potential modification of the material strain hardening. 

 
Thus, in Fig. 3.13. is depicted the increase of temperature for MRK  and extended MRK 

formulations for different strain rate levels. In the case of p 13000 s−ε =ɺ , Fig. 3.13-a, since the drag 
term is hardly influencing the overall flow stress, the increase of temperature caused by this stress 
component can be neglected. But even for much higher strain rate level, Fig. 3.13-b, the increase of 
temperature related to the viscous stress seems to be irrelevant. 
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Fig. 3.13. Temperature increase for MRK and extended MRK models. (a) 3000 s-1, (b) 7000 s-1. 

 
Analyzing Fig. 3.14. is observed that the viscous drag term is not affecting the material strain 

hardening but only when instability occurs. It can be concluded that any change that may be 
observed in the material behaviour caused by application of the viscous drag stress will be basically 
due to the increase of the rate sensitivity. 
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Fig. 3.14. Strain hardening evolution versus plastic strain and versus flow stress for MRK and extended MRK models. 

(a) 1000 s-1, (b) 5000 s-1. 

3.3.3 Implementation of the extended MRK model to viscous drag effects 
into FE code and validation of the numerical model 

 
Both MRK  and extended MRK  models have been used in the numerical simulations. Their 

implementation into ABAQUS/Explicit  FE code has been conducted using the thermo-viscoplastic 
integration scheme for J2 plasticity proposed by Zaera and Fernández-Sáez [Zaera and Fernández-
Sáez 2006] (see Appendix B and Appendix C). The integration process is conducted under adiabatic 
conditions of deformation. 

 
Stress – strain curves obtained from simulations at different impact velocities are compared with 

the analytical predictions of the constitutive relation. During the simulations, the measurement is 
conducted on an integration point belonging to an element out of necking zone (placed in the active 
part of the specimen in the case of dynamic tension test), Fig. 3.15. There, the flow stress can be 
considered homogeneous.  

 

 

 

(a) 
 (b) 

Fig. 3.15. Measurement point of strain-stress curves for the model validation. (a) Ring expansion. (b) Dynamic tension. 
 

It has been already mentioned that the strain rate is not constant along both ring expansion and 
dynamic tension test. However, since the decrease of the strain rate during loading will be quite 
reduced, let us assume that a satisfactory comparison between analytical predictions and simulations 
can be conducted. The analytical predictions will be obtained using the initial strain rate applied to 
the test. 
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Perfect matching is observed between analytical predictions and simulation results for both 
numerical configurations, Fig. 3.16-3.17. It validates the numerical models developed.   
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Fig. 3.16. Comparison between numerical results and analytical predictions for MRK and extended MRK models at 

different impact velocities, V0= 50 m/s and V0= 125 m/s. 
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Fig. 3.17. Comparison between numerical results and analytical predictions for MRK and extended MRK models at 

different impact velocities, V0 = 40 m/s and V0 = 80 m/s. 

3.3.4 Analysis and results for reference material 
 

Next, is examined the influence of the viscous drag stress term (material rate sensitivity) on the 
formation of plastic instabilities under tensile state of loading. 

3.3.4.1 The ring expansion test 
 
In the ring expansion case numerical simulations within the range of impact velocities                      

10 m/s ≤ V0 ≤ 150 m/s have been carried out.  
 
The first step is to analyze the evolution of the local plastic strain as a function of the global one 

(theoretical deformation corresponding to homogeneous behaviour) for both constitutive 
descriptions and different impact velocities.  The measurement of the local plastic strain evolution is 
conducted as depicted in Fig. 3.18. 

 
 

 

 

 
 

Fig. 3.18. Measurement point of local plastic strain in the ring expansion configuration. 
 
By application of this procedure the following graphs are obtained for both, MRK  and extended 

MRK models, Fig. 3.19. Until necking takes place the local plastic strain agrees with the theoretical 
one. Once instability is formed, the local plastic strain drastically deviates from the global specimen 
deformation [Triantafyllidis and Waldenmyer 2004], Fig. 3.19. The bifurcation point (strain of 
instability) is highly dependent on impact velocity as well as on viscous drag application.  
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At low impact velocities since the viscous drag term is not operative, Fig. 3.19-a, the strain of 
instability for MRK  and extended MRK constitutive descriptions matches. Beyond a certain impact 
velocity (when the viscous drag term becomes active) the strain of instability in the case of the 
extended MRK  equation becomes considerably larger than in the case of the original MRK  
formulation, Fig. 3.19. In addition, the instability progression seems to be slowed down with 
increasing rate sensitivity (such consideration only can be postulated carefully since instability 
progression is controlled also by damage mechanics [Perzyna 2008], which are not taken into 
account in the numerical model). 

 
Such considerations are of fundamental relevance. It is proven that the rate sensitivity stabilizes 

the material behaviour and plays a fundamental role on the capability of metals for absorbing energy 
under dynamic loading. 
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 (d) 
Fig. 3.19. Evolution of the local plastic strain as a function of the global plastic strain for MRK and extended MRK 

models. (a) V0=10 m/s, (b) V0=75 m/s, (c) V0=100 m/s, (d) V0=150 m/s. 
 

In Fig. 3.20. is depicted the evolution of the strain of instability as a function of the impact 
velocity. For both models the strain of instability increases with impact velocity in agreement with 
the observations reported in [Hu and Daehn 1996], but the instability level for the extended MRK  
model is moved up in comparison with the original MRK  model.  
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Fig. 3.20. Strain of instability versus impact velocity for MRK and extended MRK models. 

 
Thus, the failure time is delayed (a critical failure strain p

f 2ε =  has been imposed for this 

particular problem) if the viscous drag term is operative, Fig. 3.21. In such a case, the number of 
pieces into which the ring is fragmented is larger, Fig. 3.21.  Stabilization of the material and 
retardation of fragmentation lead to the increase in the number of fragments.  All the plastic 
instabilities taking place during the ring expansion occur in a very short interval of time.  

 

0

100

200

300

400

500

600

700

800

900

1000

0 20 40 60 80 100 120 140 160 180 200

V
NV

F
ai

lu
re

 ti
m

e,
 t

f (
µs

)

Impact velocity, Vo (m/s)

Ring expansion

With viscous drag
Without viscous drag Material: OFHC copper

To = 293 K

(a)

0

3

6

9

12

15

0 20 40 60 80 100 120 140 160 180 200

V
NV

N
um

be
r 

of
 fr

ag
m

en
ts

, N

Impact velocity, Vo (m/s)

Ring expansion

With viscous drag
Without viscous drag

Material: OFHC copper
To = 293 K

 (b) 
Fig. 3.21. (a) Failure time and (b) number of fragments as a function of impact velocity for MRK and extended MRK 

models. 
 

These considerations can be clearly observed in the following plot, Fig. 3.22. where the plastic 
strain contours of the ring are shown just after failure for two different impact velocities. Viscous 
drag application spreads plasticity along the specimen, Fig. 3.22. Deformation before failure is quite 
uniform along the ring leading to larger number of fragments as previously mentioned.  
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Fig. 3.22. Plastic strain contours at failure time and ring fragmentation for both models analyzed and two different 
impact velocities, V0=100 m/s and V0=150 m/s. 

 
Next the conventional dynamic tension test is analyzed. 

3.3.4.2 The conventional dynamic tension test 
 

In the case of conventional dynamic tension test numerical simulations within the range of 
impact velocities 5 m/s ≤ V0 ≤ 160 m/s have been conducted. 

 
As it was reported for the ring expansion case, the first step is to analyze the evolution of the 

local plastic strain with the global one for both constitutive descriptions and different impact 
velocities. The measurement technique for the local plastic strain is depicted in Fig. 3.23. 
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Fig. 3.23. Measurement point of local plastic strain in the conventional dynamic tension test configuration. 

 
In Fig. 3.24-a can be observed that for such impact velocity, V0 = 40 m/s, the viscous drag term 

is hardly active. No difference in the strain of instability between MRK  and extended MRK  models 
is observed. At larger impact velocity values, Fig. 3.24-b-c-d, the strain of instability is considerably 
delayed in the case of viscous drag application.  
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Fig. 3.24. Evolution of the local plastic strain versus the global plastic strain for MRK and extended MRK models.  

(a) V0=40 m/s, (b) V0=80 m/s, (c) V0=100 m/s, (d) V0=120 m/s. 
 

It must be noticed that the strain of instability for the conventional dynamic tension tests is much 
more reduced than that observed for the ring expansion case. The interaction of waves during loading 
is responsible for such behaviour [Glema et al. 2000, Hill 1962, Rice 1976]. 

 
Next, it is shown the evolution of the strain of instability as a function of impact velocity for 

MRK  and extended MRK  models. Until the impact velocity V0 = 60 m/s is achieved no differences 
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are found between both models, Fig. 3.25. Beyond that impact velocity the viscous drag plays an 
important role stabilizing material behaviour and increasing its ductility, Fig. 3.25. Up to this point 
the analysis is analogous to the ring expansion configuration. 

 
However in the conventional dynamic tension test, as previously reported, the CIV  phenomenon 

takes place, Fig. 3.25. It involves the drastic reduction on material ductility shown in Fig. 3.25.  
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Fig. 3.25. Strain of instability as a function of impact velocity for MRK and extended MRK models. 

 
By comparison of input (at the impacted site, Fig. 3.9.) and output (at the clamped site, Fig. 

3.9.) forces the CIV value has been estimated, Fig. 3.26. It corresponds to the impact velocity for 
which both forces do not reach equilibrium [Hu and Daehn 1996, Rusinek et al. 2005, Rodríguez-
Martínez et al. 2009], Eq. 3.6.  

 

{ }0 input outputCIV min V / F (t) F (t)= ≠     (3.6) 

 
For both cases analyzed the specimen seems to become unstable for similar impact velocity,         

CIV  = V0 ≈ 100 m/s, Fig. 3.26. The potential influence of the rate sensitivity on the CIV  will be 
taking up again later along this document. A larger contribution of the viscous drag term to the 
overall flow stress is expected to reveal the role that the rate sensitivity may have on the CIV  in 
tension.  
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Fig. 3.26. Output and input forces at V0=40 and V0=100 m/s for MRK and extended MRK models. 

 
But not only the local plastic behaviour of the material is affected by the viscous drag stress 

term, the specimen elongation at failure (an imposed critical failure strain p

f 1.5ε =  has been used 

for this particular problem) is strongly influenced too, Fig. 3.27.  By application of the viscous drag 
component plasticity is spread along the active part of the sample, Fig. 3.27. These considerations 
agree with previous observations conducted for the ring expansion case.  
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Fig. 3.27. Plastic strain contours at failure time for MRK and extended MRK models. 
 

Because of the increasing rate sensitivity, the transversal displacement of the specimen at failure 
is larger in the case of viscous drag application. It delays necking formation, especially for high 
impact velocities, Fig. 3.28-c.  However, the place where necking is formed is hardly influenced by 
the phonon drag stress term, Fig. 3.28-a-b.  
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Fig. 3.28. Transversal displacement of the active part of the specimen for MRK and extended MRK models.  

(a) V0=40 m/s, (b) V0=80 m/s, (c) V0=100 m/s. 
 

Such behaviour was expected since during homogeneous deformation the material strain 
hardening (plastic wave speed) is not appreciably affected by the viscous drag application, Fig. 3.29. 
Out of the instability, the deformation rate is approximately the same for MRK  and extended MRK 
constitutive descriptions, Fig. 3.29. Due to the reduced contribution of the viscous drag component to 
the overall flow stress of the material, the stress pulse propagation does not suffer appreciable 
variations.  
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Fig. 3.29. Evolution of strain rate as a function of plastic deformation out of the necking zone for MRK and extended 

MRK models. (a) V0=40 m/s, (b) V0=80 m/s, (c) V0=100 m/s. 
 

When describing the constitutive behaviour of metallic alloys at high strain rates the dislocations 
drag phenomenon plays a fundamental role. A proper description of the rate sensitivity of metallic 
materials is indispensable in order to evaluate its suitability for absorbing energy under dynamic 
solicitations. From an overview of the considerations reported in this section of the document it can 
be concluded that the rate sensitivity of metals determine their ductility by homogenizing their 
behaviour under high loading rates.  

 
In order to go further in this investigation, a parametric study on the influence of viscous drag 

formulation parameters on the material response when it is subjected to dynamic tension is 
conducted.  

3.3.5 Influence of viscous drag formulation parameters on the flow 
localization 

 
Let us maintain the constants of the original MRK  formulation as those corresponding to OFHC 

copper, Table 3.1. The constants of the viscous drag term will be varied using the values listed in 
Table 3.1. The variations are conducted within the typical range of values reported for these 
constants [Nemat-Nasser et al. 2001, Guo and Nemat-Nasser 2006, Rusinek and Rodríguez-Martínez 
2009, Rusinek et al. 2010] for different materials. The values in bold will be kept as the reference 
values (when varying one parameter the other one will take the value in bold). 
 

χ  (MPa) α  (-) 

100 200 300 400 0.00001 0.00005 0.0001 0.0005 
Table 3.1. Value of the viscous drag stress term constants used for the parametric study. 

 
Next, it is analyzed the effect of parameter χ on the flow localization under dynamic tension. 

3.3.5.1 Influence of parameter χ 
 

In Fig. 3.30-a. is depicted the evolution of the viscous drag stress component as a function of 
strain rate for different values of χ. The increase of χ elevates the flow stress of the material but also 
the rate sensitivity provided by the dislocations drag stress component, Fig. 3.30. However, the 
maximum rate sensitivity takes place at the same strain rate level, Fig. 3.30-b. The starting point of 
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the viscous drag effect remains invariable. The strain rate value where the plateau regime (no 
increase of flow stress with strain rate) is reached does it too, Fig. 3.30.  
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Fig. 3.30. (a) Viscous drag stress component versus strain rate. (b) Derivative of the viscous drag stress component 

versus strain rate. 
 

The flow stress evolution versus the plastic strain is shown in Fig. 3.31-a-b. for different values 
of χ and two strain rate levels. The temperature increase caused by the augment on the flow stress 
with χ does not affect in a relevant way the material strain hardening (plastic waves speed), Fig. 3.31. 
This observation has particular relevance since an important decrease of strain hardening may 
annihilate the expected beneficial effect on ductility caused by the rate sensitivity increase 
[Rodríguez-Martínez et al. 2009].  
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Fig. 3.31. (a)-(b) Flow stress evolution as a function of the plastic strain for different values of χ. (c)-(d) Strain 

hardening evolution versus plastic strain and stress for different values of χ. 
 

Next, the effect of parameter χ on flow localization for the ring expansion configuration is 
analyzed.  

3.3.5.1.1 The ring expansion test 
 

In Fig. 3.32. is shown the evolution of the local plastic strain versus the global plastic strain for 
different values of χ and two impact velocities. The strain of instability augments with impact 
velocity and with increasing χ, Figs. 3.32-3.33. 
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Fig. 3.32. Evolution of the local plastic strain versus the global plastic strain for different values of χ.  

(a) V0=50 m/s, (b) V0=125 m/s. 
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Fig. 3.33. Strain of instability as a function of the impact velocity for different values of χ. 

 
In Fig. 3.34. is observed that the sudden increase in the rate sensitivity induced by the instability 

formation is delayed with the increase of χ. This phenomenon has reflect on the flow stress evolution 
and therefore on the strain hardening of the material. It proves that the rate sensitivity by itself 
modifies the local material response.   
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Fig. 3.34. Evolution of (a) strain rate, (b) flow stress and (c) strain hardening as a function of plastic strain in the 

necking for χ=100 MPa and χ=400 MPa at V0=75 m/s. 
 

Since with increasing χ the rate sensitivity of the material is augmented, the number of 
fragments also does it monotonically for the range of impact velocities analyzed in this study, Fig. 
3.35. 
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Fig. 3.35. Number of fragments as a function of the impact velocity for different values of χ 

 
Thus, for large values of χ plasticity is spread along the ring, delaying the failure time and 

increasing the number of pieces into which the sample is fragmented, Figs. 3.35-3.36.  
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Fig. 3.36. Plastic strain contours at failure time and ring fragmentation for different values of χ and two impact 
velocities. 

 
Subsequently, the effect of parameter χ on the strain localization for the conventional dynamic 

tension test configuration is analyzed.  
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3.3.5.1.2 The conventional dynamic tension test 
 

As reported for the ring expansion configuration, increasing χ augments the strain of instability 
for the whole range of impact velocities analyzed, Fig. 3.37. Such effect is more remarkable as the 
impact velocity increases since the rate sensitivity of the material is strongly influenced by the value 
of χ, Fig. 3.37. 

 
It has to be noted that in determined cases, due to waves disturbances, the heterogeneity in the 

strain field of the active part of the specimen occurs at the beginning of loading.  It causes that εlocal/ 
εglobal ≠ 1  at the first stages of the test, Fig. 3.37-b. Such effect vanishes with deformation increase.  
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Fig. 3.37. Evolution of the local plastic strain as a function of the global plastic strain for different values of χ.  

(a) V0=60 m/s, (b) V0=80 m/s, (c) V0=120 m/s. 
 

Thus, variation of χ allows for observing properly the influence that viscous drag term has on the 
CIV  value, Fig. 3.38.  
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Fig. 3.38. Strain of instability versus impact velocity for different values of χ. 

 
Let us analyze the evolution of the input and output forces as a function of time at V0 = 100 m/s 

and V0 = 110 m/s, Fig. 3.39. In the case of χ=100 MPa both forces do not find equilibrium, the 
sample behaviour is unstable, the CIV  starts.  However, for χ=400 MPa input and output forces meet 
in time, the specimen failure is delayed, the CIV  has not been reached.  
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Fig. 3.39. Output and input forces at V0=100 m/s and V0=110 m/s for (a)-(c) χ=100 MPa and (b)-(d) χ=400 MPa. 

 
This observation has main relevance. In order to understand how the viscous drag term may 

affect the CIV value let us conduct the following analysis. 
 
From Eq. 3.5. is concluded that the CIV is only dependent on elastic and plastic wave speed. For 

the cases of χ=100 MPa and χ=400 MPa it has been reported in Fig. 3.38. a difference in the CIV  
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value ( ) elastic  range + plastic range

400MPa 100MPa
CIV 15m / s

χ= →χ=
∆ ≈ . However the contribution of the elastic range to such 

difference is only ( ) elastic range

400MPa 100MPa
CIV 0.6m / s

χ= →χ=
∆ ≈ . In fact, due to the reduced initial yield stress of 

annealed OFHC copper the CIV  value is basically controlled by the plastic range. Therefore, the 
addition of the viscous drag term influences the material strain hardening (plastic wave speed) in the 
necking zone. Since for an imposed strain rate value the strain hardening is not affected by the value 
of χ (as previously demonstrated, Fig. 3.31), then in the necking zone the strain rate level must be 
influenced by the value of χ. 

 
Previous expectations are confirmed in Fig. 3.40 where the evolution of strain rate in the necking 

is depicted as a function of strain for different values of χ. In the case of χ=100 MPa the strain rate is 
clearly larger at the beginning of loading, the material reaches early instability. Increasing rate 
sensitivity reduces the strain rate level in the necking at the beginning of loading, plasticity is spread 
along the specimen. In addition, relevant differences are observed in the stress level taking place in 
the necking, Fig. 3.40. 

 

100

1000

104

105

0 0,15 0,3 0,45 0,6 0,75 0,9 1,05 1,2 1,35 1,5

X100
X400
E

E
qu

iv
al

en
t s

tr
ai

n 
ra

te
, ε

p (
s-1

)

.

Equivalent plastic strain, ε
eq

Numerical results

Theoretical strain rate

χ = 400 MPa
χ = 100 MPa

To = 293 K

5000 s-1

Material: OFHC copper

α = 0.00005

Vo = 100 m/s

CIV

Strain of instability

Strain of instability

Difference in the 
strain rate level

Measurement point

Local behaviour

(a)

0

100

200

300

400

500

600

700

800

900

1000

0 0,15 0,3 0,45 0,6 0,75 0,9 1,05 1,2 1,35 1,5

X100
X400

Equivalent plastic strain, ε
eq

χ = 100 MPa
χ = 400 MPa

Numerical results
Local behaviour

To = 293 K

5000 s-1

Material: OFHC copper

α = 0.00005

Vo = 100 m/s

Strain of instability

Strain of instability

E
qu

iv
al

en
t s

tr
es

s,
 σ

eq
 (

M
P

a)

 (b) 

100

1000

104

105

0 0,15 0,3 0,45 0,6 0,75 0,9 1,05 1,2 1,35 1,5

B
D
E

χ = 400 MPa
χ = 100 MPa Numerical results

Local behaviour

E
qu

iv
al

en
t s

tr
ai

n 
ra

te
, ε

p (
s-1

)

.

Equivalent plastic strain, ε
eq

To = 293 K

5500 s-1

Material: OFHC copper

α = 0.00005

Vo = 110 m/s

CIV

Difference in the 
strain rate level

Measurement point
Strain of instability

Strain of instability

Theoretical strain rate

(c)

0

100

200

300

400

500

600

700

800

900

1000

0 0,15 0,3 0,45 0,6 0,75 0,9 1,05 1,2 1,35 1,5

B
D

Numerical results
Local behaviour

χ = 100 MPa
χ = 400 MPa

To = 293 K

5500 s-1

Material: OFHC copper

α = 0.00005

Vo = 110 m/s

Strain of instability

Strain of instability

Equivalent plastic strain, ε
eq

E
qu

iv
a

le
nt

 s
tr

es
s,

 σ
eq

 (
M

P
a)

(d) 
Fig. 3.40. Evolution (a) of strain rate and (b) stress as a function of plastic deformation in the necking zone for χ=100 

MPa and  χ=400 MPa at V0=100 m/s and V0=110 m/s. 
 

Thus, in the necking, the strain hardening is modified by increasing the value of χ, Fig. 3.41. The 
celerity of the plastic waves is affected, Fig. 3.41. This behaviour is a plausible explanation for the 
CIV  variation when different values of χ are applied.  
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Fig. 3.41. (a) Strain hardening and (b) plastic wave celerity evolution as a function of plastic deformation in the necking 

zone for χ=100 MPa and  χ=400 MPa at V0=100 m/s. 
 

It is observed that increasing χ spreads plasticity along the active part of the specimen, Fig. 3.42.  
It considerably delays the strain localization process. The transversal displacement of the specimen at 
failure time is clearly increased with χ, Fig. 3.42.  The material augments its capability for absorbing 
energy.  
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Fig. 3.42. Plastic strain contours at failure time for χ=100 MPa and χ=400 MPa and different impact velocities. 
 

However, the place where necking appears is hardly influenced by the phonon drag stress term, 
Fig. 3.43. Such behaviour was expected since during homogeneous deformation the material strain 
hardening is not appreciably affected by the value of χ, Fig. 3.43. Outside the instability the 
deformation rate is the quite similar for different values of χ. The wave propagation is not altered, 
nor the necking position. (Only in the necking the value of χ causes substantial differences in the 
deformation rate level). 
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Fig. 3.43. Transversal displacement of the active part of the specimen for different values of χ.  

(a) V0=40 m/s, (b) V0=60 m/s, (c) V0=120 m/s. 
 

The transversal displacement of the specimen at failure time is clearly increased with χ, Fig. 
3.44. Stronger plasticity gradients are found around the necking with the decrease of χ, Fig. 3.44. 
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Fig. 3.44. Derivative of the transversal displacement of the active part of the specimen for different values of χ.  
(a) V0=40 m/s, (b) V0=60 m/s, (c) V0=80 m/s. 

 
Next is analyzed the influence of parameter α on flow localization for ring expansion and 

conventional dynamic tension configurations. 
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3.3.5.2 Influence of parameter α 
 

In Fig. 3.45. is shown the evolution of the viscous drag stress versus strain rate for different 
values of α. The increase of α modifies the starting point where dislocations drag phenomenon takes 
place, Fig. 3.45. The plateau regime where no longer rate sensitivity is induced by the viscous drag 
term is modified too, Fig. 3.45. The slope of the rate sensitivity remains constant but shifted with 
strain rate, Fig. 3.45.  
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Fig. 3.45. (a) Viscous drag stress component as a function of the strain rate for different values of α. (b) Derivative of the 

viscous drag stress component as a function of strain rate for different values of α. 
 

The flow stress evolution as a function of plastic strain for two values of α and different strain 
rate levels is plotted in Fig. 3.46-a-b. Although the variations of α conducted certainly modify the 
material flow stress level, its strain hardening (plastic waves speed) remains approximately 
invariable for the whole range of strain rates considered, Fig. 3.46-c-d. So, eventual differences in 
the adiabatic temperature increase due to variations of α will not change the analysis conducted 
subsequently.  
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Fig. 3.46. (a)-(b) Flow stress evolution as a function of the plastic strain for different values of α. (c)-(d) Strain 

hardening evolution as a function of plastic strain and stress for different values of α. 
 

In the following section of the document is examined the influence of the parameter α on the 
formation of plastic instabilities using ring expansion configuration.  

3.3.5.2.1 The ring expansion test 
 

In Fig. 3.47. is analyzed the evolution of the local plastic strain (in the necking) with the global 
plastic strain (of the whole specimen) for all the values of α considered and different impact 
velocities. 

 
In the case of V0 = 50 m/s, Fig. 3.47-a. as the value of α increases, the strain of instability value 

also does it (in the case of α=0.00001 the viscous drag term is not even operative). However, 
different trend concerning the strain of instability evolution with α is observed for V0 = 100 m/s, Fig. 
3.47-b. In this case, the largest value of α does not match with the most stabilized material. Such 
behaviour is repeated for higher impact velocities, Fig. 3.47-c. This observation is of main interest. It 
occurs because the strain rate level for α=0.0005 (homogeneous strain rate level) is already close to 
the starting point of the plateau regime of the viscous drag component. The strain rate applied to the 
sample has exceeded the maximum rate sensitivity of the material. The increasing strain rate does not 
involve a remarkable stress increase. The physical interpretation to such phenomenon is that the 
relativistic effects have already taken place. The rate sensitivity of the material is basically due to the 
thermally activated mechanisms (thermal stress component). In our particular case this rate 
sensitivity is quite reduced (before the viscous drag regime, most FCC metals show reduce rate 
sensitivity [Follansbee 1986, Voyiadjis and Abed 2005, Rusinek and Rodríguez-Martínez 2009, 
Rusinek et al. 2010]) and the material becomes prone to instabilities formation. 
 

Opposite behaviour is observed when the lowest value of α is applied to the viscous drag term. 
In this case, the increase of rate sensitivity caused by the viscous drag term is considerably delayed 
Fig. 3.47. For the range of impact velocities analyzed in this work, the material hardly get the 
benefits of the increasing strain rate provided by the viscous drag effect, Fig. 3.47. 
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Fig. 3.47. Evolution of the local plastic strain as a function of the global plastic strain for different values of α. 

(a) V0=50 m/s, (c) V0=100 m/s, (c) V0=150 m/s. 
 

The strain of instability is increasing with impact velocity for all the values of α considered but 
for α=0.0005. In this last case, once the maximum rate sensitivity provided by the viscous drag 
formulation is overcome, the strain of instability is quickly reduced, Fig. 3.48.  

 
Such behaviour is of main importance. It seems to probe that the rate sensitivity by itself is the 

main responsible of the increasing ductility of most metals under dynamic loading.  
 
It must be noticed that beyond a certain value of impact velocity, intermediate values of α are 

more effective in order to stabilize the material behaviour, Fig. 3.48. However, it is expected that 
with increasing velocity the strain of instability in the cases of α=0.00005 and α=0.0001 will suffer a 
decrease (when the reduction of the material rate sensitivity will take place) as reported for 
α=0.0005. 
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Fig. 3.48. Strain of instability as a function of the impact velocity for different values of α. 

 
In Fig. 3.49. is analyzed the strain rate evolution in the necking versus plastic the strain in the 

cases of α=0.0001 and α=0.0005 for V0 = 50 m/s and V0 = 150 m/s. At low impact velocity, V0 = 50 
m/s, the strain rate in the necking bifurcates before from the theoretical one in the case of the lowest 
value of α analyzed, Fig. 3.49-a. Opposite behaviour is found for V0 = 150 m/s, Fig. 3.49-b.  
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Fig. 3.49. Strain rate in the necking versus plastic strain in the necking in the case of α=0.0001 and α=0.0005.  

(a) V0=50 m/s, (b) V0=150 m/s.  
 

Then, it is possible to understand the evolution of the local stress reported in Fig. 3.50. In the 
case of V0 = 50 m/s the stress level for α = 0.0001 drastically increases after instability formation and 
overpasses the flow stress predicted in the case of α = 0.0005, Fig. 3.50-a. This behaviour is not 
repeated if higher impact velocity is applied V0 = 150 m/s, Fig. 3.50-b. 
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Fig. 3.50. Strain rate in the necking versus plastic strain in the necking in the case of α=0.0001 and α=0.0005.  

(a) V0=50 m/s, (b) V0=150 m/s.  
 

Thus, in the case of α=0.0005 the number of fragments is no longer monotonically increasing 
with the applied velocity. The maximum number of pieces into which the ring is fragmented occurs 
for the maximum rate sensitivity of the material, Fig. 3.51. As the rate sensitivity due to the viscous 
drag term decreases the number of fragments also does it, Fig. 3.51. Such trend is clearly visible in 
Fig. 3.51. up to a plateau in the relation fragments/impact velocity takes place. At that point the 
viscous drag term does not longer provide rate sensitivity. The deformation mechanism thermally 
activated is the only one component of the flow stress providing of rate sensitivity to the material. 
From this analysis can be concluded that the rate sensitivity is one of the main mechanisms involved 
in the material fragmentation.  
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Fig. 3.51. Number of fragments as a function of the impact velocity for different values of α. 

 

Thus in Fig. 3.52. is shown that the increasing rate sensitivity delays localization spreading 
plasticity along the ring. At high rate sensitivity condition, Fig. 3.52-b-c., the complete failure of the 
sample takes place in a very short period of time which generates large number of fragments of short 
length, Fig. 3.52.  
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Fig. 3.52. Plastic strain contours at failure time and ring fragmentation for different values of α and V0=150 m/s. 
 

Subsequently, the effect of parameter α on the strain localization for the conventional dynamic 
tension test configuration is analyzed. 

3.3.5.2.2 The conventional dynamic tension test 
 

In Fig. 3.53. is illustrated the evolution of the local plastic strain as a function of the global 
plastic strain for all the values of α considered and different impact velocities. The influence of α in 
the strain of instability is analogous to that reported for the ring expansion case. Beyond a certain 
impact velocity the largest value of α does not correspond with the most stabilized material, Fig. 
3.53.  
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Fig. 3.53. Evolution of the local plastic strain as a function of the global plastic strain for different values of α. 

(a) V0=60 m/s, (b) V0=80 m/s, (c) V0=120 m/s. 
 

It must be noticed that in the case of α = 0.0005 the maximum strain of instability does not 
match with the proximity of the CIV appearance but with the maximum rate sensitivity of the 
material, Fig. 3.54.  
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Fig. 3.54. Strain of instability as a function of the impact velocity for different values of α. 

 
Such observation is confirmed in Fig. 3.55. where input and out forces are compared for all the 

values of α considered and two different impact velocities. In the case of V0 = 60 m/s the sample 
behaviour is stable for all the cases analyzed, Fig. 3.55. In the case of V0 = 100 m/s and α = 0.00001 
the CIV  has already started, for the rest of α values the specimen response is stable, Fig. 3.55. 
Specially for α = 0.0005 equilibrium between output and input forces is easily achieved, Fig. 3.55-h. 
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Fig. 3.55. Output and input forces for different values of α and two impact velocities, V0=60 m/s and V0=100 m/s. 



Advanced constitutive relations for modeling thermo-viscoplastic behaviour of metallic alloys subjected to impact loading  
 

 106

 
Next is depicted the evolution of strain rate and flow stress versus plastic strain in the necking 

for  α = 0.00001 and α = 0.0001 at V0 = 100 m/s, Fig. 3.56. At the beginning of loading the 
difference takes place in the strain rate level, Fig. 3.56-a. Such change in the deformation rate 
modifies the material flow stress, Fig. 3.56-b.  
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Fig. 3.56. Evolution (a) of strain rate and (b) stress versus plastic deformation in the necking for α=0.0001 and 

α=0.00001 at V0=100 m/s. 
 

Consequently, the strain hardening rate and therefore the plastic wave celerity are affected, Fig. 
3.57. modifying the CIV  value as previously reported.  
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Fig. 3.57. (a) Strain hardening and (b) plastic wave celerity evolution versus plastic deformation in the necking for 

α=0.0001 and α=0.00001 at V0=100 m/s. 
 

Previous considerations concerning the local behaviour of the material depending on the value of 
α introduced into the drag formulation have their reflection on the global specimen response. Thus, at 
low impact velocities, V0 = 60 m/s, the maximum elongation of the sample corresponds to the 
maximum value of α, Fig. 3.58. On the contrary, in the case of V0 = 120 m/s and greatest value of α 
necking is brought forward and elongation of the specimen reduced, Fig. 3.58. Smallest elongation 
always corresponds to the lowest value of α. 
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Fig. 3.58. Plastic strain contours at failure time for different values of α and two impact velocities, 

 V0=60 m/s and V0=120 m/s. 
 

From the analysis conducted in this part of the document it has been revealed the influence that 
rate sensitivity has on controlling instabilities formation under dynamic loading. Next, our attention 
will be focused on the role played by the strain hardening.  

3.4 Influence of strain hardening on flow localization under dynamic 
tension 

 
Let us go through the effect that strain hardening has on flow localization. For it, the extended 

RK  model to martensitic transformation is applied. The first step concerns to the methodology 
developped to examine the influence of strain hardening on flow localization under dynamic tension 

3.4.1 Methodology 
 

The steps followed are described below: 
 

1. The extension of the RK  model to martensitic transformation introduced in Section 2.6. 
is used. Its strengths lie on a simple formulation facilitating its implementation into FE 
code.  
 

2. The AISI 301 Ln2B is choosen as reference material to analyze the effect that the stain 
hardening has on the formation of plastic instabilities. This material shows marked 
increase of strain hardening due to martensitic transformation allowing for a proper 
analysis of the problem.  

 
3.  Next, the numerical models developed are validated for the ring expansion case and for 

the conventional dynamic tension case. 
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4. An analysis of the influence of the strain hardening on the formation of instabilities is 
conducted using both, the ring expansion configuration and the conventional dynamic 
tension configuration. Comparison between both configurations is indispensable in order 
to determine the effect of the boundary conditions on the flow localization. The analysis 
is expressed in the following terms: 

 
a. Ring expansion test 

i. Influence of the strain hardening on the strain of instability. 
ii.  Influence of the strain hardening on the number of pieces into which the 

ring is fragmented. 
iii.  Influence of the strain hardening on the failure time. 

 
b. Conventional dynamic tension test 

i. Influence of the strain hardening on the strain of instability. 
ii.  Influence of the strain hardening on the CIV . 

iii.  Influence of the strain hardening on the input and output forces registered 
in the sample. 

iv. Influence of the strain hardening on the position where the necking takes 
place 

v. Influence of the strain hardening on specimen elongation at failure 
 

5. In order to provide of generality to the analysis, it is conducted a parametric study on the 
influence of the parameters of the extra strain hardening function on the flow 
localization.  

3.4.2 Theoretical considerations 
 

Under determined loading conditions metallic alloys may exhibit a strong increase of strain 
hardening. For example, at low strain rates austenitic steels may show martensitic transformation 
within determined range of initial temperatures. In such a case, a drastic increase of the strain 
hardening may occur, Fig. 3.59-a.  Moreover, in the case of metals having FCC and HCP crystal 
lattices twinning deformation mode may take place at high deformation rate. Low stacking fault 
energy (SFE) of these crystallographic structures enhances twins appearance which may lead to a 
sudden increase of the material strain hardening, Fig. 3.59-b.  
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Fig. 3.59. (a) Extra strain hardening under static loading due to martensitic transformation. (b) Extra strain 

hardening under dynamic loading due to twinning [El-Magd and Abouridouane 2006]. 
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Thus, in order to examine the influence of such processes of increasing strain hardening on the 
formation of instabilities under dynamic tension the formulation reported in Eq. 2.30., Section 2.6. 
has been used. Such formulation allows for defining martensitic transformation or twinning effect 
(sudden increase of material strain hardening) on the macroscopic behaviour of the material.  

 
 The material model corresponding to the steel 301 Ln2B (extended RK model to martensitic 

transformation) has been chosen for this study, Tables 2.21-2.22. Temperature and strain rate 
sensitivities of the hardening function are neglected for the whole analysis conducted in the 

following sections of this work, ( ) ( ) ( )g T 1
p p p

T T T T
0

, ,T
=

λ=
σ = σ ε ε → σ = σ εɺ . It will allow us to isolate 

the effect of strain hardening, Eq. 3.7.  
 

( ) ( )p p

T 0 01 exp
ξ

 σ ε = σ ⋅ − −λ ⋅ ε      (3.7) 

 
In Fig. 3.60. the overall stress is decomposed into its respective stress components. The extra 

strain hardening operates beyond a certain value of plastic deformation. It drastically increases the 
material flow stress until saturation condition is reached, Fig. 3.60. 
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Fig. 3.60. Decomposition of the overall flow stress into its respective stress components. 

 
The hardening function moves up the flow stress of the material from that predicted by the 

original RK  formulation (σT=0 MPa is the lower limit for our material configuration) up to that 
corresponding to the value of the material constant σ0 (σT=500 MPa is the upper limit for our 
material configuration) (Eq. 3.7.), Fig. 3.61. These three material models will be used during the first 
part of the analysis in order to evaluate the influence of strain hardening on the formation of plastic 
instabilities, Table. 3.2. 

 
Lower limit  Strain hardening function Upper limit  
σT=0 MPa σ0 =500 MPa ξ=17 λ0=10 σT=500 MPa 

Table 3.2. Material configurations used to analyze the effect of strain hardening on the formation of plastic 
instabilities under dynamic loading. 
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Fig. 3.61. Flow stress evolution versus plastic strain for the three material configurations analyzed and two strain rate 

levels.  
 

The strain hardening function increases the plastic wave celerity. It is expected that it will delay 
instabilities formation in comparison with the lower limit and the upper limit configurations, Fig. 
3.62. Moreover, it can be predicted that the upper limit configuration will be prone to instabilities 
formation. It shows the same strain hardening (certain differences are reported due to the adiabatic 
heating) than the lower limit configuration, but larger flow stress level. By means of the application 
of Considère criterion ( =pd / dσ ε σ  [Considère 1885]) to both material models such expectations 
seems to be confirmed, Fig. 3.62. This point will be matter of discussion along the following sections 
of the document when the numerical results will be presented.  
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Fig. 3.62. Strain hardening evolution versus plastic strain and versus flow stress for the three material configurations 

considered and two different strain rate levels.  
 

The analytical temperature increase during loading for the material configurations considered 
and two different strain rates is plotted in Fig. 3.63. Before the strain hardening function becomes 
active, the increase of temperature of the lower limit and the strain hardening configurations 
matches. When the hardening function becomes operative the adiabatic temperature drastically 
augments getting closer to the temperature increase predicted by the upper limit model.  

 
During the analysis conducted in the following sections of the document it will be checked that 

potential modifications of the material response under loading will be intrinsically tied to the strain 
hardening effect and not to the differences in the adiabatic temperature increase predicted by each 
material model.  
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Fig. 3.63. Temperature evolution versus plastic strain for the three material configurations considered and two different 

strain rate levels. 
 
It is important to notice the reduced rate sensitivity exhibited by all the material configurations 

considered, Figs. 3.64-3.65. Because of the strong influence of the strain hardening formulation on 
the material behavior, the effect of the rate sensitivity on the instabilities formation is expected to be 
relegated to a secondary role. This consideration will be confirmed along the following sections of 
this document.  
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Fig. 3.64. Evolution of the flow stress versus strain rate for the three material configurations considered and different 

values of plastic deformation.  
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Fig. 3.65. Evolution of the rate sensitivity versus strain rate for the extra strain hardening configuration at room 

temperature and εp=0.2. Comparison with annealed OFHC copper.  

3.4.3 Implementation of the extended RK model to martensitic 
transformation into FE code and validation of the numerical model 

 
Following the same procedure reported in Section 3.3.1, the implementation into the FE code of 

the material models used to analyze strain hardening effect on flow localization is validated.  
 
Perfect matching is observed between analytical predictions and simulation results for both 

numerical configurations, Fig. 3.66. It validates the implementation of the models.  
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Fig. 3.66. Comparison between numerical results and analytical predictions for the material models considered. Ring 

expansion test, V0=100 m/s. 
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Fig. 3.67. Comparison between numerical results and analytical predictions for the material models considered. 

Conventional dynamic tension test, V0=80 m/s. 

3.4.4 Analysis and results for reference material 
 

The next step is to analyze the effect of strain hardening on the flow localization for the ring 
expansion configuration. Lower limit, upper limit and strain hardening function material models are 
used for that task.  
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3.4.4.1 The ring expansion test 
 

In the ring expansion case numerical simulations within the range of impact velocities 10 m/s ≤ 
V0 ≤ 150 m/s have been carried out. 

 
In Fig. 3.68. is shown the evolution of the local plastic strain versus the global plastic 

deformation for different impact velocities and the three material configurations considered. For the 
whole range of impact velocities the maximum strain of instability is reached by application of the 
strain hardening function, Fig. 3.68. As it was expected the upper limit configuration becomes prone 
to instabilities formation, Fig. 3.68. In comparison with the other material models, it shows a quite 
reduced strain of instability within the whole range of impact velocities, Fig. 3.68.   
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Fig. 3.68. Evolution of the local plastic strain versus the global plastic strain for the configurations analyzed 

(a) V0=75 m/s, (b) V0=100 m/s, (c) V0=125 m/s, (d) V0=150 m/s. 
 

For the cases of lower limit and upper limit configurations, the strain of instability shows the 
expected increase with impact velocity, Fig. 3.69. However, it must be noticed that if the strain 
hardening function is applied, the strain of instability does not exhibit relevant changes with impact 
velocity (so, with material rate sensitivity), Fig. 3.69-a. In Fig. 3.69-b. is proven that such effect is 
not related to differences in the temperature increase predicted by each constitutive relation. If 
isothermal conditions of deformation are applied the strain of instability is just moved up for the 
whole range of impact velocities, Fig. 3.69.  
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Fig. 3.69. Strain of instability as a function of impact velocity. 

 (a) Adiabatic conditions of deformation. (b) Isothermal conditions of deformation. 
 

Previous considerations are of main interest. If the hardening function is applied, instability 
takes always place for approximately the same stress level, once the maximum hardening rate is 
overcome, close to the saturation stress condition, Fig. 3.70. Thus, the effect of rate sensitivity on the 
material ductility seems to be hidden by the strong influence of strain hardening; which is controlling 
the localization process. 
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Fig. 3.70. (a) Flow stress evolution versus plastic strain and (b) evolution of the strain hardening versus stress in the 

necking for the three material configurations analyzed.  
 

In Fig. 3.71. is depicted the evolution of the strain rate and the stress in the necking as a function 
of the plastic strain. If the hardening function is applied the bifurcation of the local deformation rate 
from the theoretical one is delayed until the hardening rate of the material starts to decrease. 
However, in the case of application of the lower limit and the upper limit models strain localization 
seems to be also influenced by the rate sensitivity of the material (that in this particular case is quite 
reduced), Fig. 3.71. 

 



Advanced constitutive relations for modeling thermo-viscoplastic behaviour of metallic alloys subjected to impact loading  
 

 116

0

200

400

600

800

1000

1200

1400

1600

1800

2000

100

1000

104

105

0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1 1,1 1,2 1,3 1,4 1,5

B

C
D

Equivalent plastic strain, ε
eq

E
qu

iv
al

en
t s

tr
es

s,
 σ

eq
 (

M
P

a)

E
quivalent strain rate, ε

p  (s
-1)

.

Local behaviour
(in the necking)

Equivalent stress

Equivalent strain rate

Material: AISI 301 Ln2B

To = 293 K

Vo =75 m/s
Lower limit

(a)

0

200

400

600

800

1000

1200

1400

1600

1800

2000

100

1000

104

105

0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1 1,1 1,2 1,3 1,4 1,5

B

C
D

Equivalent plastic strain, ε
eq

E
qu

iv
al

en
t s

tr
es

s,
 σ

eq
 (

M
P

a)

E
quivalent strain rate, ε

p  (s
-1)

.

Equivalent stress

Equivalent strain rate

Local behaviour
(in the necking)

Material: AISI 301 Ln2B

To = 293 K

Vo =150 m/s
Lower limit

(b) 

0

200

400

600

800

1000

1200

1400

1600

1800

2000

100

1000

104

105

0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1 1,1 1,2 1,3 1,4 1,5

B

C
D

Equivalent plastic strain, ε
eq

E
qu

iv
al

en
t s

tr
es

s,
 σ

eq
 (

M
P

a)

E
quivalent strain rate, ε

p  (s
-1)

.
Equivalent stress

Equivalent strain rate

Local behaviour
(in the necking)

Material: AISI 301 Ln2B

To = 293 K

Vo =75 m/s

Strain hardening function

(c)

0

200

400

600

800

1000

1200

1400

1600

1800

2000

100

1000

104

105

0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1 1,1 1,2 1,3 1,4 1,5

B

C
D

Equivalent plastic strain, ε
eq

E
qu

iv
al

en
t s

tr
es

s,
 σ

eq
 (

M
P

a)

E
quivalent strain rate, ε

p  (s
-1)

.

Equivalent stress

Equivalent strain rate

Local behaviour
(in the necking)

Material: AISI 301 Ln2B

To = 293 K

Vo =150 m/s
Strain hardening function

(d) 

0

200

400

600

800

1000

1200

1400

1600

1800

2000

100

1000

104

105

0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1 1,1 1,2 1,3 1,4 1,5

B

C
D

Equivalent stress

Equivalent strain rate

Local behaviour
(in the necking)

Material: AISI 301 Ln2B

To = 293 K

Vo =75 m/s
Upper limit

Equivalent plastic strain, ε
eq

E
qu

iv
al

en
t s

tr
es

s,
 σ

eq
 (

M
P

a)

E
quivalent strain rate, ε

p  (s
-1)

.

(e)

0

200

400

600

800

1000

1200

1400

1600

1800

2000

100

1000

104

105

0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1 1,1 1,2 1,3 1,4 1,5

B

C
D

Equivalent stress

Equivalent strain rate

Material: AISI 301 Ln2B

To = 293 K

Vo =150 m/s
Upper limit

Local behaviour
(in the necking)

Equivalent plastic strain, ε
eq

E
qu

iv
al

en
t s

tr
es

s,
 σ

eq
 (

M
P

a)

E
quivalent strain rate, ε

p  (s
-1)

.

(f) 
Fig. 3.71. Evolution of the stress and strain rate in the necking as a function of plastic strain for the three material 

configurations considered and different impact velocities.  
 

It seems that for certain value of strain hardening rate (in absence of material damage, wave 
propagation or any other disturbance mechanism) strain localization may not take place. In 
following sections of the document this matter will be extensively discussed.  

 
Next the dynamic tension test is analyzed. 

3.4.4.2 The conventional dynamic tension test 
 

In the case of the conventional dynamic tension test numerical simulations within the range of 
impact velocities 10 m/s ≤ V0 ≤ 240 m/s have been conducted.  

 
For this configuration is clear that the largest strain of instability corresponds to the application 

of the strain hardening function for the whole range of impact velocities considered, Fig. 3.72.  
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Fig. 3.72. Evolution of the local plastic strain versus the global plastic strain for the three configurations analyzed 

(a) V0=60 m/s, (b) V0=80 m/s, (c) V0=100 m/s, (d) V0=140 m/s. 
 

In Fig. 3.73. is reported the evolution of the strain of instability versus the impact velocity for 
the three material configurations analyzed under adiabatic and isothermal conditions of deformation. 
Strain of instability values predicted by the three models seem not to be strongly affected by the 
adiabatic heating, Fig. 3.73.  
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Fig. 3.73. Strain of instability versus impact velocity. (a) Adiabatic condition. (b) Isotheral condition. 

 
In the case of application of the strain hardening function, before the CIV  is reached, 

localization of deformation only takes place once the maximum hardening rate is overcome, Fig. 
3.74. For this material configuration, as it was observed in the ring expansion case, strain localization 
is controlled by the material hardening rate. 
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Fig. 3.74. (a) Flow stress evolution versus plastic strain in the necking, (b) evolution of the strain hardening versus stress 

in the necking and (c) evolution of the plastic wave speed versus plastic strain in the necking for the three material 
configurations analyzed. 

 

The CIV -starts for lower limit and upper limit models is 
upper  limit

0lower  limit
CIV V 120 m / s= ≈ , Figs. 3.73-

3.75. Slightly larger value of the plastic waves speed defined by the lower limit configuration 
(certain differences in the plastic wave speed for both models are observed caused by the adiabatic 
heating, Fig. 3.74-c) is balanced by the larger contribution of elasticity to the CIV  value in the case 
of upper limit configuration, Eq. 3.5. In the case of strain hardening function application, the CIV  is 
considerably delayed due to the large increase of the plastic wave speed predicted by the model, 

0strain hardening
CIV V 200 m / s= ≈ , Fig. 3.75-b.  
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Fig. 3.75. Output and input forces for the material configurations considered at V0=120 m/s. 

 
Previous considerations are revealed analyzing the evolution of the strain rate in the necking as a 

function of the plastic strain, Fig. 3.76. If lower limit or upper limit configurations are used the strain 
rate in the necking quickly overpasses the theoretical one at the beginning of loading, leading to early 
strain localization (strain of instability represented in Fig. 3.76 comes from Fig. 3.72), Fig. 3.76.  If 
the strain hardening function is considered, the rate of deformation in the necking is controlled and 
restricted to values under the theoretical one until the maximum hardening-rate of the material is 
overcome, Fig. 3.76.  
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Fig. 3.76. Evolution of the strain rate and the flow stress in the necking as a function of plastic strain for the three 

material configurations considered and different impact velocities. 
 

Finally, is necessary to check that the considerations reported for the local material behaviour 
are reflected in the global specimen response. At failure (a constant failure strain is imposed 

=p

f 1.5ε ), the sample elongation is much larger when the strain hardening function is applied, Fig. 

3.77., improving the capability of the material for absorbing energy. Smallest specimen elongation 
corresponds to the upper limit configuration, Fig. 3.77. 
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Fig. 3.77. Plastic strain contours at failure for the three material configurations analyzed and different impact velocities. 
 

The position where necking takes place is coincident for the lower limit and the upper limit 
configurations, Fig. 3.78. It was expected since, as it was introduced previously, the wave 
propagation process for these two material models does not exhibit notable differences.  
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Fig. 3.78. Transversal displacement of the specimen at failure for the three material configurations analyzed and 
different impact velocities. 

 
In order to go further in this investigation, a parametric study on the influence of strain 

hardening function parameters on the material response when it is subjected to dynamic tension is 
conducted in the following sections of the document. 

3.4.5 Influence of strain hardening formulation parameters on the flow 
localization 

 
Let us maintain the constants of the original RK formulation as those corresponding to steel 301 

Ln2B, Table 2.21. The constants of the strain hardening function will be varied using the values 
listed in Table 3.3. The values in bold will be kept as the reference values (when varying one 
parameter the other one will take the value in bold). 
 

ξ  (MPa) 
0λ  (-) 

10 50 200 1000 3 5 10 15 
Table 3.3. Value of the strain hardening function constants used for the parametric study. 

 
Next, the effect of parameter ξ on the flow localization under dynamic tension is analyzed. 
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3.4.5.1 Influence of parameter ξ 
 

In Fig. 3.79-a. is depicted the evolution of the strain hardening function versus strain for 
different values of ξ. The increase of ξ delays both the plastic strain where the extra strain hardening 
becomes operative and the plastic strain where the extra strain hardening reaches saturation. 
However, the hardening rate remains unaltered but shifted along strain, Fig. 3.79-b.  
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Fig. 3.79. (a) Flow stress predicted by the strain hardening function versus plastic strain. (b) Derivative of the strain 

hardening function versus plastic strain. 
 

In the following section of the document is examined the influence of parameter ξ on the 
formation of plastic instabilities using ring expansion configuration. 

3.4.5.1.1 The ring expansion problem 
 

For the whole range of initial impact velocities considered as the value of ξ increases the strain 
of instability also does it, Fig. 3.80.  All the material configurations analyzed get the benefits of the 
strain hardening function (it might have been possible that instability would have taken place before 
the strain hardening function becomes operative if larger values of ξ would have been considered) 
and the instability takes place close to the saturation stress condition, once the maximum hardening 
rate is overcome, Fig. 3.81.  
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Fig. 3.80. Evolution of the local plastic strain with the global plastic strain for the configurations analyzed 

(a) V0=75 m/s, (b) V0=100 m/s, (c) V0=125 m/s, (d) V0=150 m/s. 
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Fig. 3.81. Evolution of stress versus plastic strain in the necking for different values of ξ at V0=100 m/s. 

 
Thus, the strain of instability remains approximately constant for the whole range of impact 

velocities considered under both adiabatic and isothermal conditions of deformation (in the case of 
isothermal conditions of deformation the strain of instability is slightly moved up in comparison with 
adiabatic conditions of deformation), Fig. 3.82.  
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Fig. 3.82. Strain of instability as a function of impact velocity under (a) adiabatic and (b) isothermal conditions of 

deformation. 
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Next, it is shown the evolution of strain rate and stress in the necking for different impact 
velocities and all the values of ξ considered, Fig. 3.83. The deformation rate in the necking follows 
the theoretical one until, as previously commented, the maximum hardening rate is overcome. It 
seems to be confirmed that in an idealized material configuration free of disturbances there is certain 
value of hardening rate for which localization may not take place, Fig. 3.83.  
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Fig. 3.83. Evolution of the strain rate and flow stress in the necking as a function of plastic strain for all the values of ξ 

considered and different impact velocities. 
 

Finally, in Fig. 3.84. is shown the number of fragments as a function of the impact velocity for 
the material configurations analyzed in this section of the document (a constant failure strain is 
imposed =p

f 1.5ε ). It seems that the increase of ξ leads to larger number of fragments. Such is 

consistent with the observations reported along this document since augmenting the value of ξ the 
material ductility is increased too. However, the low rate sensitivity of the material configuration 
used provokes that the number of pieces into which the ring is fragmented is quite reduced (at least 
in comparison with the number of fragments reported in previous sections of this document when the 
viscous drag stress term was analyzed) , Fig. 3.84. Therefore, it becomes difficult to evaluate with 
precision the influence of ξ on the number of fragments. 
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Fig. 3.84. Number of fragments as a function of the impact velocity for different values of ξ. 

 
Next the conventional dynamic tension test is analyzed. 

3.4.5.1.2 The conventional dynamic tension test 
 

In Fig. 3.85. is depicted the evolution of the local plastic strain as a function of the global 
deformation of the sample. In the case of ξ=10 the local strain and the global strain match until 
instability takes place, Fig. 3.85-a. Up to here there are not differences in comparison with any other 
material configuration analyzed in this document.  

 
However as the value of ξ increases the difference takes place. In the case of ξ=1000 is clearly 

visible that for a certain value of global deformation the local strain bifurcates, but, instead of 
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following an uncontrolled increasing it gets a second stage of stable behaviour, Fig. 3.85-a. Then, the 
local plastic deformation follows the global strain but moved up, Fig. 3.85. Depending on the impact 
velocity such behaviour is also repeated for ξ=50 and ξ=200, Fig. 3.85.  
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Fig. 3.85. Evolution of the local plastic strain versus the global plastic strain for all the values of ξ analyzed. 

(a) V0=40 m/s, (b) V0=80 m/s, (c) V0=120 m/s, (d) V0=140 m/s. 
 

The explanation for such behaviour can be deduced from the following graphs, Fig. 3.86. If 
ξ=10 is applied the strain rate in the necking is continuously decreasing and going under the 
theoretical value until the strain of instability is reached, Fig. 3.86. If ξ=1000 is applied the strain rate 
in the necking starts to increase since the beginning of loading and instability is reached before the 
strain hardening function becomes operative. Due to instability progression the local strain quickly 
augments and the strain hardening function becomes operative, then the strain hardening of the 
material drastically increases, Fig. 3.86. It leads to the reduction of the local strain rate and the 
instability progression is stopped until the maximum hardening rate of the material is overcome, Fig. 
3.86. Then, the instability starts to progress again, Fig. 3.86.  
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Fig. 3.86. Evolution of the strain rate and the flow stress in the necking as a function of plastic strain for all the values of 

ξ considered and different impact velocities. 
 

This phenomenon is another proof for concluding that for certain value of strain hardening rate 
the instability may not take place.   
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On contrary to the ring expansion case, the increasing order of ξ does not match with the 

increasing strain of instability, Fig. 3.87.  Due to the wave disturbances determined values of ξ are 
more effective at low impact velocities and some other at high impact velocities, Fig. 3.87. At low 
impact velocity, the material takes advantage of using large values of ξ. Instability does not 
propagate before the maximum hardening rate of the material is overcome, Fig. 3.87. However at 
high impact velocities, is possible that the CIV  was reached before the strain hardening became 
operative. In such a case, the material ductility becomes drastically reduced, Fig. 3.87.  
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Fig. 3.87. Strain of instability as a function of impact velocity. 

 
Previous considerations can be observed in Fig. 3.88. where input and output forces for the 

material configurations analyzed are shown for 0V 180 m / s= . In the case of ξ=1000 the sample 

behaviour is unstable. The CIV  has been overcome. However in the case of ξ=200 output and input 
forces meet, the CIV  is still not reached.   
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Fig. 3.88. Output and input forces for the material configurations considered, V0=180 m/s. 

 
From previous analysis is demonstrated that the potential benefits of increasing strain hardening 

are subordinated to the boundary value problem approached. Wave interactions are able to annihilate 
the beneficial effect of the strain hardening on the material ductility. The suitability of a material for 
absorbing energy under dynamic loading is dependent on the boundary value problem approached. 

 
Next is discussed the effect of the parameter λ0 on the flow localization. 

3.4.5.2 Influence of parameter λ0 
 

In Fig. 3.89-a. is depicted the strain hardening function versus plastic strain for different values 
of λ0. The increase of λ0 augments the hardening rate of the material. In addition it moves forward 
both the plastic strain where the strain hardening function becomes operative and the plastic strain 
where the strain hardening function reaches saturation, Fig. 3.89-b.  
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Fig. 3.89. (a) Flow stress predicted by the strain hardening function versus plastic strain for different values of λ0.  

(b) Derivative of the strain hardening function versus plastic strain for different values of λ0. 
 

In the following section of the document is examined the influence of parameter λ0 on the 
formation of plastic instabilities using ring expansion configuration. 
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3.4.5.2.1 The ring expansion test 
 

In Fig. 3.90. is depicted the evolution of the local plastic strain versus the global deformation of 
the sample for different values of λ0 within a wide range of impact velocities.  Low values of λ0 delay 
flow localization increasing the ductility of the material. In the cases of λ0=5, λ0=10 and λ0=15 the 
strain localization is induced for, approximately, the same stress level, close to the saturation of the 
hardening function, Fig. 3.90. This agrees with previous considerations reported along this 
document.  
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Fig. 3.90. Evolution of the local plastic strain as a function of the global plastic strain for the configurations analyzed 
(a) V0=75 m/s, (b) V0=100 m/s, (c) V0=125 m/s, (d) V0=150 m/s. 

 
However in the case of λ0=3 the instability takes place just after the maximum hardening rate is 

overcome, far from the saturation stress level, Fig. 3.91. This consideration is very interesting since it 
reveals the role that the hardening rate plays by itself, Fig. 3.91. 
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Fig. 3.91. Evolution of the strain rate and the flow stress in the necking as a function of plastic strain for all the values of 

λ0 considered and different impact velocities. 

 
Thus, the strain of instability in the cases of λ0=3 and λ0=5 is quite similar for the whole range of 

impact velocities. The strain hardening finds an optimum configuration depending on the value of λ0 
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which enhances ductility of the material improving its capability for absorbing energy under dynamic 
solicitations, Fig. 3.92.  
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Fig. 3.92. Strain of instability as a function of impact velocity 

 
Finally the number of fragments as a function of the impact velocity is shown in Fig. 3.93. It 

seems that the material configurations which showed the largest values of ductility are those 
exhibiting the greatest number of fragments, Fig. 3.93. Such behaviour agrees with the 
considerations reported along this document. However, the low rate sensitivity of the material 
configuration used provokes that the number of pieces into which the ring is fragmented is quite 
reduced (at least in comparison with the number of fragments reported in previous sections of this 
document when the viscous drag stress term was analyzed), Fig. 3.93. Therefore, it becomes difficult 
to evaluate with precision the influence of λ0 on the number of fragments 
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Fig. 3.93. Number of fragments as a function of the impact velocity for all the material configurations analyzed. 

 
Next the conventional dynamic tension test is analyzed. 

3.4.5.2.2 The conventional dynamic tension test 
 

The first step is to compare the local plastic strain in the necking versus the global plastic strain 
for the material configurations considered and different initial impact velocities, Fig. 3.94. It can be 
observed that the decreasing order of λ0 does not lead to increasing strain of instability as it was 
reported in the ring expansion case, Fig. 3.94. The value λ0=3 leads to early strain localization, Fig. 
3.94. As it was mentioned before, λ0 finds an optimal value for enhancing the ductility of the 
material.   
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Fig. 3.94. Evolution of the local plastic strain as a function of the global plastic strain for the material configurations 

analyzed. (a) V0=60 m/s, (b) V0=80 m/s, (c) V0=120 m/s, (d) V0=140 m/s, (e) V0=160 m/s. 
 

It can be observed in Fig. 3.95. that if λ0=3 the strain of instability is far from the saturation 
stress of the material. The flow stress level corresponding to instability in this material configuration 
is much lower than the one reported for the other material configurations. If λ0≠3 instability takes 
place close to stress saturation; once the maximum hardening rate has been overcome, Fig. 3.95. 
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Fig. 3.95. Evolution of the strain rate and the flow stress in the necking as a function of plastic strain for all the values of 

λ0 considered and different impact velocities. 
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In addition, the CIV  is strongly influenced by the value of λ0. In the case of λ0=3 the CIV  is 
early reached, 

0
03

CIV V 120m / s
λ =

= ≈ , Fig. 3.96.  However for the rest of the material 

configurations checked the CIV  takes much larger values, Fig. 3.96.  
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Fig. 3.96. Strain of instability as a function of impact velocity 

 
Previous considerations can be observed by the comparison of the input and output forces 

reported in Fig. 3.97. At 0V 80 m / s=  Fig. 3.97-a-c., output and input forces meet in time for both 

values of λ0 considered. However at higher impact velocity 0V 160 m / s=  the specimen behaviour in 

the case of λ0=3 becomes unstable whereas in the case of λ0=5 both forces still find agreement, Fig. 
3.97. 
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Fig. 3.97. Output and input forces for λ0=3, λ0=5 and different initial impact velocities. 

 
Moreover, previous observations have their influence on the sample response during loading. At 

failure (a constant failure strain is imposed =p

f 1.5ε ), maximum specimen elongation is reached in 

the case λ0=5. Intermediate values of λ0 become more effective in order to increase the material 
ductility, Fig. 3.98. 
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Fig. 3.98. Plastic strain contours at failure for different values of α and two impact velocities, V0=60 m/s and V0=120 
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Based on the thermo-viscoplastic behaviour of metals described in the previous chapter, 
it has been developed a numerical methodology to analyze the material mechanisms 
responsible for absorbing energy under dynamic loading. It has been demonstrated that an 
accurate description of the strain hardening and strain rate sensitivity of metallic alloys is 
indispensable in order to evaluate their suitability for bearing hard mechanical solicitations. 
Application of such knowledge to study the behaviour of metallic sheet subjected to impact 
by non-deformable projectiles is conducted in the next chapters of the Thesis. 
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CHAPTER 4  
 

IMPACT BEHAVIOUR OF METALLIC 
ALLOYS FOR PROTECTION 
APPLICATIONS 
 
 
Abstract 

 
In this chapter of the Thesis the thermo-mechanical behaviour of two metallic alloys is 

examined, the mild steel ES and the AA 2024-T3. The thermo-viscoplastic characterization 
of the materials is conducted and discussed. They have interest for many application fields 
like automotive or aeronautical industries. Different experimental setups for perforation of 
metallic sheets have been used in order to provide a proper description of the thermo-
mechanical processes taking place under impact loading. Infrared thermography technique is 
used to determine the role that plastic instabilities formation have on their performance under 
perforation. It is developed a methodology which combines advanced measuring techniques 
with numerical simulations supported by the accurate description of the material behaviour. 
The role that adiabatic heating, strain hardening, strain rate sensitivity and temperature 
sensitivity play in the absorption of energy during perforation is extensively discussed.  
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4 CHAPTER 4. IMPACT BEHAVIOUR OF METALLIC 
ALLOYS FOR PROTECTION APPLICATIONS 

4.1 Introduction 
 
Among impact and impact related problems, perforation and penetration of thin metallic plates 

by non-deformable projectiles has long been of interest, and several studies on the subject are 
available in literature [Honda et al. 1930, Masket 1949, Nishiwaki 1951, Zaid and Paul 1958, 
Backman and Goldsmith 1978, Zukas et al. 1990, Zukas et al. 1992, Corbett et al. 1996, Borvik et al. 
1999, Piekutowski 1999, Piekutowski 2001, Borvik et al. 2002a, Borvik et al. 2002b, Borvik et al. 
2004, Gupta et al. 2006, Gupta et al. 2007, Gupta et al. 2008, Arias et al. 2008, Rusinek et al. 2008b, 
Rusinek et al. 2009a]. So far, most progress has been made during experimental investigations of the 
normal perforation of metal plates, and a large number of studies can be found in the literature most 
of them tied to the failure mode mechanisms. During such kind of impact loading, petalling as a 
failure mode commonly appears when ogival, conical or hemispherical projectiles are applied 
[Edwards and Mathewson 1997, Atkins et al 1998, Borvik et al. 2002a, Shen et al. 2002, Gupta et al. 
2008, Rusinek et al. 2009a]. The failure mode seems to be strongly dependent on the impact velocity. 
Petalling can be replaced by failure mode of crack opening when impact velocity is close to the 
ballistic limit. In this situation a decrease of the circumferential strain during loading slows the crack 
progression [Shen et al. 2002]. Moreover, when the impact velocity is very high, the perforation 
process is governed by inertia effects and the failure mode changes from petalling to complete 
fragmentation of the zone affected by impact, inducing appearance of debris cloud as final stage of 
the process [Piekutowski 1993, Piekutowski 2001].  

 
Substantial efforts have been invested in order to physically understand and mathematically 

describe the phenomena taking place during ordnance penetration. A number of analytical models 
have been proposed over the years [Forrestal et al. 1994, Ben-Dor 1998, Forrestal and Warren 2008, 
Ben-Dor 2009, Ben-Dor 2009], but the complexity of perforation events often limits the general use 
of closed-form analytical solutions. The information obtained from such analytical models becomes 
limited. Thus, advances are still required on the understanding of the deformation behaviour of the 
material during perforation. 

 
For such goal, in this document is developed a methodology which combines advanced 

measuring techniques with numerical simulations supported by the accurate description of the 
material behaviour. This section is devoted to the analysis of the complex phenomena which take 
place during perforation processes. The goal of this investigation is not restricted to a description of 
the failure mode of impacted plates. The deformation mechanisms of materials which reside behind 
the absorption of energy under perforation have to be identified. Such determination will allow us to 
optimize materials in charge of bearing dynamic solicitation during their service life.  
 

Two metallic alloys are examined, the mild steel ES and the aluminium alloy 2024-T3. They 
have interest for many application fields like automotive and aeronautical industries. The thermo-
mechanical characterization of the materials is conducted and discussed. Their thermo-viscoplastic 
behaviour is described by the constitutive descriptions developed in chapter 1. Different 
experimental setups for perforation of metallic sheets have been used in order to provide a proper 
description of the thermo-mechanical processes taking place under impact loading. The role that 
adiabatic heating, strain hardening, strain rate sensitivity and temperature sensitivity play in the 
absorption of energy during perforation is extensively discussed.  
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4.2 Impact behaviour of steel ES 
  
It has been conducted an experimental and numerical analysis on the impact behaviour of ES 

mild steel sheets subjected to perforation by non-deformable hemispherical projectiles.  Experiments 
have been carried out using pneumatic cannon within the range of impact velocities 5 m/s ≤ V0 ≤ 60 
m/s. The tests were recorded using infrared high speed camera. It allowed obtaining temperature 
contours during impact. Assuming adiabatic conditions of deformation, temperature increase ∆T may 
be related to plastic deformation. It makes possible to evaluate the critical failure strain p

fε   that leads 

to the collapse of the target. For that task, the temperature measurements are coupled with numerical 
simulations and with analytical predictions of the material behaviour obtained by means of the RK  
constitutive description [Rusinek and Klepaczko 2001].  

4.2.1 Thermo-viscoplastic behaviour of the mild steel ES 
 

Mild steel ES has considerable relevance since it is widely used in several engineering fields as 
for example in automotive industry for building structural elements responsible for absorbing energy 
under crash or impact. The application field of this material makes relevant to understand its 
response under impact loading. The ES steel has been frequently studied and a significant number of 
works dealing with the thermo-viscoplastic behaviour of this metal can be found in the literature 
[Zhao and Gary 1996, Klepaczko et al. 1999, Mouro et al. 2000, Rusinek et al. 2005, Larour et al. 
2005, Haugou  2006, Rusinek and Zaera 2007, Rusinek et al. 2007, Rusinek et al. 2009a]. Mild steel 
ES consists of a ferrite–pearlitic (BBC) structure, where layers of pearlite lie between whole grains 
of ferrite. Its average grain size is 16 mφ = µ . The chemical composition of the mild steel ES (% of 
weight) is reported in Table 4.1. 

 
Mn Al Cr C Ni S Cu Si P N Ti 

0.203 0.054 0.041 0.03 0.018 0.011 0.009 0.009 0.008 0.0063 0.002 
Table 4.1. Chemical composition of the mild steel ES (% of weight) [Rusinek et al. 2007, Rusinek et al. 2009a]. 
 
In agreement with experimental evidences reported in [Rusinek and Klepaczko 2001, Rusinek et 

al. 2007] the ES steel behaviour can be considered isotropic. The isotropic behaviour showed by this 
material make it attractive for analyzing dynamic processes. It is widely accepted that material 
modeling can be conducted using J2 theory facilitating the implementation of its constitutive 
equations into FE code.   

4.2.1.1 Literature review 
 

The thermo-viscoplastic characterization of the mild steel ES has been subjected to investigation 
by different laboratories during the last decades [Zhao and Gary 1996, Klepaczko et al. 1999, Mouro 
et al. 2000, Rusinek et al. 2005, Larour et al. 2005, Haugou  2006, Rusinek and Zaera 2007, Rusinek 
et al. 2007, Rusinek et al. 2009a].  

 
Special relevance has gathered the works due to Rusinek and co-workers [Rusinek 2000, 

Rusinek and Klepaczko 2001, Rusinek et al. 2005, Rusinek et al. 2007]. Based on those 
investigations a brief review of the thermo-viscoplastic behaviour of this material is presented in this 
section of the document.  
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In Fig. 4.1. is analyzed the flow stress evolution as a function of plastic strain for different strain 
rates at room temperature. It can be observed that this material shows important ductility but reduced 
flow stress and strain hardening, Fig. 4.1.  
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Fig. 4.1.  Flow stress versus plastic strain for different strain rate values at room temperature [Rusinek et al. 2007]. 
 
Low strain hardening makes this material prone to instabilities formation, especially under 

dynamic solicitation [Rusinek et al. 2005, Rusinek and Zaera 2007] as can be observed in Fig. 4.2.  
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Fig. 4.2. Evolution of failure strain versus strain rate at different initial temperatures [Rusinek et al. 2005]. 
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Moreover, mild steel ES possesses high strain rate and temperature sensitivities as reported in 
Figs. 4.3-4.4. Such observations agree with the theoretical considerations for BCC metals reported in 
chapter I of this Thesis.    
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Fig. 4.3.  Strain rate effects on the material flow stress. (a) T0= 300 K, (b) T0= 213 K [Rusinek et al. 2005]. 

 

0

100

200

300

400

500

0 0,05 0,1 0,15 0,2 0,25 0,3 0,35 0,4

N
om

in
al

 s
tr

es
s,

 σ
 (

M
P

a)

Nominal strain, ε

Mild steel ES

0.1 1/s

213 K

233 K

273 K

293 K

393 K

 
Fig. 4.4. Temperature effect on flow stress for mild steel ES at 0.1 s-1[Rusinek et al. 2005]. 

 
Moreover, tensile tests at room temperature for different strain rates have been performed in 

order to complement the mechanical characterization of the material conducted by Rusinek and co-
workers [Rusinek 2000, Rusinek and Klepaczko 2001, Rusinek et al. 2005, Rusinek et al. 2007].   

4.2.1.2 Temperature measurements on ES steel samples subjected to tensile 
testing 

 
The tensile tests have been recorded using infrared high speed camera, and the temperature 

increase in the material during loading has been obtained. It means the major contribution of this 
work to the characterization of this material. Due to the relation existing between material 
temperature increase and plastic deformation, infrared measurements provide valuable information of 
the deformation field of the material during loading. It allows estimating the susceptibility of the 
material for instabilities formation. Therefore, it will help to determine the suitability of the material 
for absorbing energy under impact loading.  

 
The geometry and dimensions of the tensile specimens are reported in Fig. 4.5. 
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Fig. 4.5. Geometry and dimensions of the tensile specimens (mm). 
 
The infrared camera used for measuring temperature contours features variable “snap shot” 

integration from 10 µs to 10 ms and frame rates up to 200 FPS (Frames per Second) in full frame 
mode and 6000 FPS in sub-windowing mode. Such features allow having high definition and 
elevated frame-rates [Rodríguez-Martínez et al. 2010a]. 

 
In order to get the maximum emissivity from the target, the steel sheets were covered with soot 

whose emissivity was estimated 95.0=η  (before loading, the temperature registered by the camera 
on the soot-coated sample-surface must fit the room temperature) [Guzman et al. 2008, Guzman et 
al. 2009, Rodríguez-Martínez et al. 2009]. 

 
The equation of energy balance provides the relationship between strain and temperature 

variation during loading. Assuming hypo-elastic plastic material behaviour is possible to set Eq. 4.1.  
 

( ) ( )p2 e
ij ijij

p p

E
T T : T tr

C C 1 2

β αλ ⋅∇ − = − ⋅σ ε + ⋅ ⋅ ⋅ ε
ρ ⋅ ρ⋅ − ⋅ν

ɺ ɺ ɺ           (4.1) 

 
Where λ is the coefficient of diffusivity, T is the absolute temperature, Tɺ  is the temporal 

temperature variation, β is the Taylor-Quinney coefficient, ρ is the material-density, CP is the specific 

heat at constant pressure, ijσ  is the stress tensor,  pijεɺ  is the plastic strain rate tensor, α  is the 

coefficient of thermal expansion, E is the Young’s modulus, ν  is the Poisson’s coefficient and 

( )e
ijtr εɺ  is the trace of the elastic strain rate tensor.  

 
In the following graphs, Fig. 4.6, is reported the maximum variation of temperature during 

loading in the case of p -10.01 sε =ɺ . A small decrease of temperature is found at the beginning of 
loading. That corresponds to the elastic regime, Eq. 4.2., that under uniaxial tension leads to 
temperature decrease (due to material volume variation).  

 

( ) ( )2 e
ij

p

E
T T T tr

C 1 2

α ⋅− = −λ ⋅∇ + ⋅ ⋅ ε
ρ⋅ ⋅ − ⋅ν

ɺ ɺ     (4.2) 

 
In the plastic range, the temperature is uniformly (and approximately linearly) increasing with 

stress and strain until necking takes place, Fig. 4.6. Then, a sudden increase of temperature leads to 
the failure of the sample. Maximum temperature recorded during the test is close to T 6 K∆ = , Fig. 
4.6. 
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Fig. 4.6. (a) Maximum temperature increase versus plastic strain and flow stress evolution versus plastic strain. 

 (b) Maximum temperature increase versus time.  
 

The temperature contours during loading are shown in Fig. 4.7. The increase of temperature is 
focused around the central part of the specimen where instability will take place. It seems that even 
for such global low loading rate the local effects play a role in the material behaviour. Beyond a 
certain loading level, the strain and strain rate fields seem not to be uniformly distributed along the 
active part of the specimen. It leads to the heterogeneous distribution of temperature reported in Fig. 
4.7.  After sample failure temperature recorded starts to decrease due to heat transfer and the material 
reaches thermal equilibrium with surrounding environment. 



Advanced constitutive relations for modeling thermo-viscoplastic behaviour of metallic alloys subjected to impact loading  
 

 146

 
Material: ES steel - To = 26.12 °C – η=0.95 – Strain rate=0.01 s-1 

   

 
 
 
 
 
 

Temp (K) 

 

t=7.470 s t=13.110 s t=17.160 s 

   
t=21.270 s t=25.320 s t=29.820 s 

   
t=30.600 s t=33.480 s t=35.970 s 

Fig. 4.7. Temperature contours during loading. Picture resolution 320×256 pixels. 
 

Tests at higher strain rates have been performed. At p -10.05 sε =ɺ  the maximum temperature 
during the test reaches ∆T = 27 K, Fig. 4.8.  
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Fig. 4.8. (a) Maximum temperature increase versus plastic strain and flow stress evolution versus plastic strain. 

 (b) Maximum temperature increase versus time. 
 

In Fig. 4.8-a. it can be observed that the relation between temperature increase and plastic strain 
is not linear. According to Eq. 2.9., such non-linearity may come from the dependence that the 

inelastic heat fraction posseses on plastic strain, ( )pβ → β ε .  

 
Moreover, it has to be noted that the local effects in the necking zone become of main relevance, 

Fig. 4.8. In fact, the heat generated in the centre of the specimen is not being diffused (at least not in 
a relevant way), Fig. 4.9. In the necking zone the material seems to behave under adiabatic 
conditions of deformation. It means that when instability takes place, the strain rate is considerably 
increased (in comparison with that corresponding to the global sample deformation [Borvik et al. 
2003a]), leading to local dynamic behaviour of the material. It agrees with the observations reported 
in Fig. 4.8-a. Before failure of the specimen the increase of temperature versus plastic strain is highly 
non-linear, Fig. 4.8.   
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Material: ES steel - To = 26.12 °C – η=0.95 – Strain rate=0.05 s-1 

   

 
 
 
 
 
 

Temp (K) 

 

t=2.340 s t=3.540 s t=4.680 s 

   
t=5.490 s t=6.150 s t=6.210 s 

   
t=6.450 s t=6.750 s t=7.140 s 

Fig. 4.9. Temperature contours during loading. Picture resolution 320×256 pixels. 
 

At higher loading rate, p -10.1 sε =ɺ  the heat generation in the necking zone is much higher than 
in the rest of the specimen, Fig. 4.10. Maximum temperature increase in the necking reaches ∆T = 40 
K. It is reasonable to suppose adiabatic conditions of deformation in the necking zone. Instability 
formation and progression causes the peak of temperature reported in Fig. 4.10.  
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Fig. 4.10. (a) Maximum temperature increase versus plastic strain and flow stress evolution versus plastic strain. 

 (b) Maximum temperature increase versus time. 
 
As it was reported for p -10.05 sε =ɺ , in the case of p -10.1 sε =ɺ  the relation between temperature 

increase and plastic strain is not linear, Fig. 4.10-a. In fact, comparing Figs. 4.6-4.8-4.10 it seems 
that such non-linearity increases with strain rate. It seems to probe that the inelastic heat fraction may 

have also certain dependence on strain rate ( ) ( )p p p,β ε → β ε εɺ . Interesting considerations 

concerning the dependence of β  on the loading conditions are reported in [Macdougall 2000, 
Guzmán et al. 2008, Rusinek and Klepaczko 2009, Guzmán 2009, Guzmán et al. 2009]. A strong 
influence of the testing loading rate on the increase of temperature is then observed. Local rate and 
temperature effects in the necking govern the failure of the material even at low loading rates; Fig. 
4.11.   
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Material: ES steel - To = 26.12 °C – η=0.95 – Strain rate=0.1 s-1 

   

 
 
 
 
 
 

Temp (K) 

 

t=2.010 s t=2.490 s t=3.150 s 

   
t=3.330 s t=3.540 s t=3.690 s 

   
t=3.720 s t=3.810 s t=4.110 s 

Fig. 4.11. Temperature contours during loading. Picture resolution 320×256 pixels. 
 
Next, the behaviour of the mild steel ES is defined using the RK  model 
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4.2.2 Constitutive relation for the ES steel 
 
The suitability of the original RK formulation for describing the thermo-viscoplastic behaviour 

of the ES steel was already demonstrated in the works [Rusinek 2000, Rusinek and Klepaczko 2001, 
Rusinek et al. 2005, Rusinek et al. 2007]. Therefore, in this section of the document only a brief 
corroboration of such agreement between experiments and model predictions is shown.  

 
The material constants for calibration of the RK  model are listed in Table 4.2. 

 

0B  (MPa) ν  (-) 
0n  (-) 2D  (-) 0ε  (-) *

0σ  (MPa) *m  (-) 1D  (-) Tm (K) minεɺ (s-1) maxεɺ (s-1) θ
*  

591.6 0.2 0.2852 0.19 0.018 406.3 2.8 0.48 1600 10-5 107 0.59 
Table 4.2. Constants determined for mild steel ES for RK model [Rusinek 2000, Rusinek and Klepaczko 2001, Rusinek et 

al. 2005, Rusinek et al. 2007]. 
 
In Fig. 4.12. is shown the satisfactory description of the flow stress and of the strain hardening of 

the material provided by the RK  constitutive description.  
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Fig. 4.12.  Flow stress versus plastic strain for different strain rates at room temperature. Comparison between 

analytical predictions and experiments [Rusinek et al. 2007]. 
 

In addition it must be noticed the proper definition of the material rate sensitivity predicted by the 
RK  model, Fig. 4.13 
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Fig. 4.13.  Strain rate sensitivity definition of mild steel ES provided by the  RK model and comparison with 

other constitutive descriptions [Rusinek et al. 2007, Klepaczko et al. 2009]. 
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Next, the experimental setup used for perforation of the ES steel sheets is introduced. 

4.2.3 Experimental procedure for perforation of metallic sheets 
 
A scheme of the sample used for the perforation tests is shown in Fig. 4.14. The thickness of the 

specimen is h = 1 mm and its surface is At = 140 × 140 mm2. The active part of the sample after it is 
screwed and clamped on the support is Af = 100 × 100 mm2.  
 

 
Fig. 4.14. Dimensions and geometry of the specimens used in the experiments (mm). (Design R. Bernier) 

 
Several screws symmetrically placed are used to attach the steel sheet to the clamping support, 

Fig. 4.14. It allows eliminating potential sliding effect during the tests. Moreover, the mass of the 
hemispherical projectile used is Mp = 0.063 kg and its dimensions are shown in Fig. 4.15.   

 

 
Fig. 4.15. Projectile used in the perforation tests. (Design R. Bernier) 

 
The projectiles were made of Maragin steel which exhibits high yield stress σy > 1 GPa, much 

higher than that corresponding to the ES steel under dynamic conditions of deformation. In addition, 
the projectiles underwent a heat treatment in order to increase their hardness. A foam sabot was used 
in order to get the perpendicularity of the impact during the tests. It allowed launching these 

LP =   100 mm 

Φp =  10 mm 
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projectiles whose diameter was considerably smaller than the diameter of the barrel, φp < φb = 22 
mm.  

4.2.3.1 The pneumatic cannon 
 
In order to analyze the mechanical behaviour of the steel sheets within the impact velocity range       

5 m/s ≤ V0 ≤ 60 m/s, a gas cannon has been used [Segreti et al. 2004, Rusinek et al. 2009a], Fig. 
4.16-b.  This technique allows measuring the initial velocity just before the impact takes place. Such 
measurement is carried out using 3 sources of light Bi coupled to 3 laser diodes Ci and 3 time 
counters, Fig. 4.16-a. When the projectile passes through a source of light, Fig. 4.16-a, a time counter 
is trigged. This procedure is repeated 3 times defining two time intervals ∆t12 and ∆t23, Fig. 4.16-a. 
With knowledge of the distance between the 3 sources of light it is possible to measure two 
instantaneous projectile-velocities ij0V . Their average 0V  was used to define the impact velocity 

values reported along this document. 
 

 

 
(a)                                                                                   (b) 

Fig. 4.16. (a) Scheme of the facility used for measurement of the impact velocity. (b) Description of the experimental 
setup (LPMM ). 

  
This experimental technique allows for an accurate definition of the ballistic limit Vbl for the 

boundary value problem examined in this work.  
 

Post-mortem measurement of the targets-deflection was conducted using a 2D-profilometer, Fig. 
4.17-a.  It allowed measuring the profiles of the impacted plates with an accuracy of 3 µm ± 1 µm. 
Since the measurements are carried out after impact, the displacement of the steel sheets comes 
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exclusively from plastic deformation, Fig. 4.17-b. Elastic recovery cannot be taken into 
consideration.  
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Fig. 4.17. (a) Profilometer used to measure the permanent deflection of the plates. (b) Measurement of the post-mortem 

deflection of the target. 
 
Additionally, the perforation tests were recorded using an infrared high-speed camera.  

4.2.3.2 Experimental temperature measurements using infrared camera 
 

The infrared camera was placed in different positions depending on the impact velocity. In the 
case of initial velocity below the ballistic limit, the camera was placed on the impact axis, on the 
back of the sheet steel, (Position 1). In the case of impact velocity above ballistic limit, the camera 
was placed with a small angle θ≈15°, in relation to the impact axis in order to guarantee the safety of 
the device, (Position 2) Fig. 4.18. The distance from the camera to the target remained approximately 
constant for both camera placements. During the tests it was checked that such camera angle (θ≈15°) 
allowed for a complete view of the rear side of the target during the impact process; temperature 
contours recorded during perforation were well defined. It is feasible to assume that the position of 
the camera during the tests involving perforation did not affect the temperature measurements. 

 

  
Fig. 4.18. Placements of the infrared camera during the tests depending on the impact velocity. 

 

Infrared camera 

Infrared camera 

Sheet steel 

Projectile 

Impact side Temperature measurement side 

Configuration below the ballistic limit 

Configuration above the ballistic limit 

 

20 cm 

Position 1 

Position 2 

probe 

V0 

θ≈15° 



Chapter 4. Impact behaviour of metallic alloys for protection applications 
  

 155 

It must be noticed that in the area surrounding the projectile impact, the soot coating was ejected 
during the high velocity tests and the emissivity was reduced to η=0.64. This last value was obtained 
from the original target-surface (before loading, the temperature registered by the camera on the 
original target-surface must fit the room temperature), Fig. 4.19. Therefore, after recording the 
impact, the video images must be properly interpreted using the camera-software. Suitable emissivity 
value is assigned to the images depending on the target-zone analyzed, Fig. 4.19. Assuming η=0.64 
and η=0.95 as limiting values for the emissivity of the target during perforation, the maximum 
discrepancy in the temperature measurement is close to 15%. 

 

 
Fig. 4.19. Post-mortem estimation of the emissivity value depending on the target zone. 

 
Measurements of the temperature increase in the material-target during impact ∆T(t) were 

obtained, Figs. 4.20-4.21.  
 

Temperature measurements (°C) (rear side of the plate). V0 = 25 m/s, Troom = 24.13 °C, η= 0.95 
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Fig. 4.20. Temperature in the rear side of the target for different stages of the impact process. 
 V0= 25 m/s and Troom = 24.13 °C.  (a) Tmax= 34.15°C ;(b) Tmax=67.78°C ; (c) Tmax=84.74°C ;(d) Tmax=86.75°C ; 

(e) Tmax=76.85°C ; (f) Tmax=48.98°C. Picture resolution 80×64 pixels. 
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In view of Figs. 4.20-4.21., is possible to set two well differentiated stages during the impact. A 

drastic increase of temperature in a short period of time takes place at the beginning of loading. 
During this period let us assume adiabatic conditions of deformation in the target-zone affected by 
the impact. This first stage is followed by an exponential decrease of temperature (slower) due to 
heat transfer, Figs. 4.20-4.21.  Finally, the material reaches thermodynamic equilibrium with the 
surrounding-environment Fig. 4.20-4.21.  
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Fig. 4.21. Evolution of the maximum increase of temperature in the target as a function of time, V0= 25 m/s. 

  
The analysis of the experiments and the estimation of the critical failure strain leading to the 

target collapse are conducted along the following sections of the document.  

4.2.4 Analysis of the perforation process  
 
In this section of the document is analyzed the impact behaviour of the ES steel. 

4.2.4.1 Study of the perforation mechanisms  
 
The ballistic limit value found from experiments is Vbl ≈ 45 m/s. In Fig. 4.22. are shown final 

stages of the impact process for different initial impact velocities. In the case of impact velocity 
above the ballistic limit V0 ≈ 48 m/s, well developed petalling is observed, Fig. 4.22-a. A small 
decrease of the initial velocity, ∆V0 = - 6 m/s, strongly modifies the final stage of the impact process, 
Fig. 4.22-b. In Fig. 4.22-b the cracks generated at the dome of the contact projectile/plate did not 
have sufficient energy to progress (local deformation induced by the projectile in the target did not 
allow for crack propagation). Cracks were quickly arrested and the projectile was stopped before 
reaching complete perforation of the steel sheet. In the case of initial velocity under the ballistic 
limit, Fig. 4.22-c. is observed a zone affected by severe plastic deformation in absence of cracks 
(Zone I). It corresponds to the contact projectile/sheet steel. Outside of Zone I, large permanent 
bending takes place (Zone II).  
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(a)       (b) 

(c) 
Fig. 4.22. Final stage of the impact process for initial velocities close to the ballistic limit. 

 
It has been observed a global response of the target during the perforation tests. The impact 

velocity range applied during the tests allows to the stress-waves generated by the impact to cover 
the whole steel sheet before rebounding of the projectile (in the case of impact velocity below the 
ballistic limit) or perforation of the target (in the case of impact velocity above the ballistic limit) . 
Deflection of the plate starts just beside the embedded perimeter, Fig. 4.23. Bending effect is 
enhanced by the small thickness of the target. Close to the ballistic limit the deflection of the plates 
reaches δp=10 mm in the zone directly affected by the impact. Large bending allows for radial sliding 
along the contact-zone projectile/plate leading to necking formation close to the dome of the contact 
zone projectile/plate [Rusinek et al. 2009a, Rodríguez-Martínez et al. 2010a]. Necking involves 
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localization of deformation acting as precursor of the onset of cracks, large plasticity values are 
expected in the necking zone [Rusinek et al. 2009a, Rodríguez-Martínez et al. 2010a]. When cracks 
are formed, they propagate radially leading to a (approximately) symmetric failure mode of the 
target.  
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Fig. 4.23. Post-mortem deflection of the target for different initial impact velocities.  

 
According to the previous considerations, cracks have long distance to cover until they are 

arrested on the rear side of the plate. It causes formation of long petals as final stage of the 
perforation process [Rusinek et al. 2009a]. No plug ejection was observed during the tests (due to 
formation of cracks at the dome of the contact zone projectile/plate).   

4.2.4.2 Analysis of the temperature fields during perforation  
 

By using infrared recording is possible to analyze localization of deformation (plastic 
instabilities appearance: necking formation, onset of cracks and their subsequent propagation) 
which is responsible for target-failure during perforation.   

  
In the zone directly affected by the impact, from the first contact until the onset of cracks takes 

place, the temperature is continuously increasing, Fig. 4.24. Maximum temperature increase, ∆Tmax ≈ 
160 K if η = 0.64 (∆Tmax ≈ 135 K if η = 0.95), corresponds to the loading-time involving necking 
development and onset of cracks, Fig. 4.24-b-c. Such temperature level strongly reduces the strain 
hardening of the ES steel [Rusinek et al. 2005], promoting crack propagation.  
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 Temperature measurements (°C) (rear side of the plate). V0 = 47 m/s, Troom = 24.13 °C η= 0.95 η= 0.64 

(a) (b)   (c) 

Temp (°C) 

 

Temp (°C) 

 

 

(d) 

 

(e) 

 

(f) 

Fig. 4.24. Temperature level (°C) along the impact process for an impact velocity leading to target-perforation, 
observation of debris cloud, V0 = 47 m/s and Troom = 24.13 °C.  Picture resolution 80×64 pixels. 

 
Measuring the temperature level on the impact zone (on the rear side of the plate) the following 

curves are obtained for different loading times, Fig. 4.25-a-b (six stages of Fig. 4.24. correspond to 
six stages depicted in Fig. 4.25-a-b.). It can be observed that the temperature increase is not 
symmetrically distributed around the centre of the target, Fig. 4.25. Such phenomenon could be 
attributed to intrinsic material defects which induce certain asymmetry (quite reduced in agreement 
with Fig. 4.22) in the distribution of plastic deformation around the impact zone. Material defects 
become influential on the target failure at low impact velocities, close to the ballistic limit value. At 
high impact velocities (much higher than the range of impact velocities covered in the experiments of 
the present work) initial material defects have not time to growth due to fast failure of the target.  
Then it is expected that such asymmetry in the temperature field will not take place. Maximum 
temperature level is located on the petals-edge (cracking interface). 
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Fig. 4.25. Maximum temperature increase in the impact zone at V0 = 47 m/s (a) η=0.64 and (b) η=0.95. 

(c) Measurement points of the temperature increase. 
 
Out of the cracking interface, temperature increase is much more reduced, Figs. 4.24-4.25. In Fig. 

4.26. is shown the temperature increase inside a circular surface centred on the impact-point as a 
function of time. Radius of the circular surface corresponds approximately to the projectile-radius; 
measurement zone includes the cracking interfaces. Maximum temperature level (it corresponds to 
the cracking interfaces) is much greater than the average temperature of the whole area. Strong 
temperature gradients take place surrounding the cracks, Figs. 4.24-4.25-4.26. 
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Temperature increase in the zone directly affected by impact V0 = 47 m/s, η= 0.64 
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Fig. 4.26. Temperature increase in the impact zone. V0 = 47 m/s. 
  
Temperature-increase is found to be dependent on the impact velocity. For the whole range of 

impact velocities tested, as the initial velocity increases the maximum temperature recorded also 
does it, Fig. 4.27-a. Moreover, in Fig. 4.27-a. is observed an important gap between the maximum 
temperature registered in the case of impact velocity under or above the ballistic limit. In the range of 
37 m/s ≤ V0 ≤ 42 m/s (in that range of impact velocities the projectile starts to pierce the target) the 
slope of the curve ∆Tmax/V0 is maximum, Fig. 4.27-b. For such a range of impact velocities, small 
increments on the impact energy lead to large increments on the local temperature.  
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Fig. 4.27. (a) Maximum temperature increase and (b) rate of maximum temperature increase as a function of initial 

impact velocity. 
 
Previous observations may be tied to the role that deformation rate has on the material behaviour 

[Hu and Daehn 1996, Altynova et al. 1996]. Therefore, in order to provide a proper interpretation of 
the experimental temperature-dependent measurements, it is necessary to estimate the strain rate 
level induced in the target-material by the impact. It will allow for estimation of the critical strain 
leading to material-failure.  
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4.2.4.3 Estimation of the critical failure strain leading to target failure 
 
For this task, let us carry out the procedure described along the following sections of this 

document. 

4.2.4.3.1 Considerations on dissipative effects 
 
Although it is known that potential damage mechanisms taking place during perforation generate 

dissipative effects [Abu Al-Rub and Voyiadjis 2006, Perzyna 2008], let us assume their role 
negligible in comparison with the effect due to viscoplastic homogeneous flow stress. Moreover, ES 
steel is not susceptible of strain-induced martensitic transformation during loading unlike other steels 
such as the austenitic ones. Thus, no effect related to potential phase transformation processes has to 
be taken into account in the heat generation [Rusinek and Klepaczko 2009]. In the plastic range, at 
high rate of deformation the material behaves under adiabatic conditions of deformation. In such a 
case, the contributions to Eq. 4.1. due to the heat conduction and due to the elastic range (it was 
shown in Figs. 4.6-4.8-4.10. the small contribution of the thermo-elastic effects) can be neglected. 
Thus, the following expression can be derived Eq. 4.3. 

 
p

ij ij
p

T :
C

β= ⋅σ ε
ρ⋅

ɺ ɺ       (4.3) 

 
As it was previously reported, mild steel ES can be assumed as an isotropic material. In such a 

case, by integration of the previous expression, temperature increase is defined by Eq. 2.9’. 
 

( ) ( )
p

e

p p p p

p

T , , ,T d
C

ε

ε

β∆ ε σ = σ ε ε ε
ρ ∫ ɺ           (2.9’) 

 

Where ( )p p, ,Tσ ε εɺ is the equivalent stress (considered dependent on plastic strain, strain rate 

and temperature), pε is the current equivalent plastic strain, pεɺ  is the equivalent plastic strain rate 

and eε  is the elastic strain corresponding to the initial yield stress.  
 
Under these assumptions there is a univocal relation between temperature increase and 

equivalent plastic strain for an imposed deformation rate. In order to take advantage of such 

consideration, a proper definition of the material behaviour ( )p p, ,Tσ ε εɺ  is necessary.  

4.2.4.3.2 Analytical description of the temperature increase 
 
Using flow stress definition provided by the RK  relation now it is possible to particularize Eq. 

2.9’. to ES steel. Thus, the temperature increase is decomposed into the contributions due to the 

internal stress ( )p p, ,Tµσ ε εɺ  and due to the effective stress ( )* p ,Tσ εɺ , Eq. 4.4. 

 

( )p
internal stress effective stressT , T T∆ ε σ = ∆ + ∆  (4.4) 

 
By integration of Eq. 4.4, the following expression is derived, Eq. 4.5 
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( )p p p p p p * p p

p 0 p 0

E(T) E(T)
T , ( , ,T) d ( , ,T) ( ,T) d

C E C E µ
β β

 ∆ ε σ = ⋅σ ε ε ⋅ ε = ⋅ σ ε ε + σ ε ⋅ ε ρ⋅ ρ⋅∫ ∫ɺ ɺ ɺ  (4.5) 

 
However, under adiabatic conditions of deformation, temperature is strain dependent pT f ( )= ε . 

The previous expression, Eq. 4.5. is solved numerically in order to obtain the temperature increase. 
Coupling Eq. 4.5. with experiments and with numerical simulations an inverse method for estimating 
the failure strain of the material-target during the perforation tests is proposed in the following 
sections of the document. However, it must be noticed that fracture models based on a constant strain 
value are a simplification for defining ductile failure. In further investigations it would be advisable 
to develop a methodology to gather explicitly the potential influence of the stress state and the strain 
rate on the material failure definition.  

4.2.4.3.3 FE simulation of the impact process in order to estimate the strain rate level in 
the target during perforation. 

 
Once it is possible to obtain the temperature increase depending on strain (for an imposed 

deformation rate) using Eq. 4.5., it is necessary to get an estimation of the strain rate level in the 
target-material during perforation. 

  
For that task, numerical simulations of the perforation process have been conducted using the 

FE code ABAQUS/Explicit .  
 

According to the observations reported in [Rusinek et al. 2009], the numerical simulations have 
been conducted using a fully 3D description of the problem.  The mesh used for the target is shown 
in Fig. 4.28. It presents radial symmetry to avoid appearance of spurious generation of cracks. The 
zone directly affected by the impact has been meshed with 222.400 8-node tri-linear elements with 
reduced integration (C3D8R in ABAQUS notation). In this zone ten elements are placed along the 
thickness. In order to reduce the computational time, beyond the zone directly affected by the impact 
is defined a transition zone using 50.413 tetrahedral elements. This technique allows decreasing the 
number of elements along the thickness of the plate. In this transition zone the amount of elements 
along thickness is varied from ten to two. After the transition zone, the mesh is defined using 
C3D8R elements until getting the perimeter of the target. This optimum configuration has been 
obtained from a convergence study using different mesh densities. 

 
Since the experimental observations revealed absence of erosion on the projectile-surface after 

the impact (the projectile was not deformed plastically in any test), the projectile has been defined as 
rigid body, Fig. 4.28. It enables to reduce the computational time required for the simulations. A 
constant friction coefficient value µ=0.1 has been used to define the contact projectile/plate [Rusinek 
et al. 2008b]. 
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Fig. 4.28. Numerical configuration used in the simulations. 
 
The impact velocities applied in the numerical simulations are those covered during the 

experiments.  
 
The procedure for estimation of the strain rate level during perforation is the following:  
 

• Maximum material-deformation allowed during the simulations is p 1.5ε = . Let us 
assume that during the experiments the local strain is lower than that value (such 
assumption will be verified in the next section of the document when analytical 
predictions and experiments will be compared).  

 
• As soon as deformation reaches p 1.5ε =  in one integration point, the simulation is 

stopped (It could be automatically stopped before reaching such a condition if the 
elements distortion becomes excessive).  

 
• Finally, the strain rate contours predicted by the simulations are analyzed as a function of 

the loading time. 
 

In Figs. 4.29-4.30. are shown deformation rate fields for two initial velocities (V0 = 25 m/s and  
V0 = 50 m/s) and different stages of the impact process. They correspond approximately to the 
maximum and to the minimum of the impact velocities covered during the experiments. Maximum 
strain rate values are located along the contact-zone projectile/target, where localization of 
deformation takes place (In Figs. 4.29-4.30. is visible the onset of necking precursor of failure). For 
all the loading conditions shown in Figs. 4.29-4.30. the maximum strain rate level is varying within 
the range 3 1 p 4 110 s 10 s− −≤ ε <ɺ . Such values are within the range of strain rates where the RK  model 
defines properly the behaviour of the ES steel as previously reported in Fig. 4.12-4.13.  
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Fig. 4.29. Numerical estimations of strain rate contours during perforation, V0 = 25 m/s. 

  
  

 
 
 

 

 
 

 
 
 
 
 
 

 

 
Fig. 4.30. Numerical estimations of strain rate contours during perforation, V0 = 50 m/s. 

     
Thus, let us assume that range of strain rate, 3 -1 p 4 -110  s 10  s≤ ε <ɺ , for coupling the experimental 

temperature measurements with the analytical predictions of the RK  model. It will allow for 
estimation of a lower and an upper limit of the critical failure strain of the material during the 
perforation tests.   
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4.2.4.3.4 Coupling of experimental temperature measurements with analytical predictions 
of RK model and results obtained from numerical simulations 

 
In Fig. 4.31. is depicted the temperature increase predicted by the RK  model versus plastic strain 

for different strain rates Fig. 4.31-a, and versus strain rate for different deformation levels Fig. 4.31-
b. Let us tie the maximum temperature measured during experiments ∆Tmax ≈ 150 K (which 
corresponds to target failure condition using η = 0.64 as it was previously reported) to the critical 
failure strain, p

fε  . To obtain such a value of temperature ∆Tmax ≈ 150 K for the range of strain rates 

estimated ( ≤ <3 -1 p 4 -110  s 10  sεɺ ) is necessary at least  p 0.95ε =  in the case of p 4 110  s−ε =ɺ  or 
p 1.15ε =  in the case of p 11000 s−ε =ɺ , Fig. 4.31. This range for the critical failure strain 

p
f0.95 1.15≤ ε ≤  (values considerably lower than that used to estimate the strain rate level during 

perforation, p
f 1.5ε = ) is in agreement with experimental results and analytical predictions reported 

for steels for example in [Pandolfi et al. 1999, Triantafyllidis and Waldenmyer  2004, Borvik et al. 
1999].  
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Fig. 4.31. Analytical predictions of the RK model for the temperature increase in ES steel. (a) Temperature increase as a 

function of plastic deformation, (b) temperature increase as a function of strain rate 
  
Numerical simulations of the impact process are conducted using the critical failure strain 

previously estimated. Next, they are compared with experiments. 

4.2.4.4 Comparison between experiments and numerical simulations 
 

Numerical simulations of the perforation process using p
f 1ε =  (average value of those obtained 

previously) as failure criterion (erosive failure criterion involving element deletion) are conducted. In 
Fig. 4.32. it is observed that the numerical estimation of the ballistic limit matches with that obtained 
from experiments (Vbl-numerical ≈ Vbl-experimental ≈ 50 m/s). In addition, the numerical prediction of the 
failure mode of the specimen fits properly the experimental observations, Fig. 4.32. Radial cracks 
take place at the dome of the interface projectile/target, Fig. 4.32. Petalling development and large 
bending effect are in agreement with Fig. 4.32. Finally, it must be noted that the maximum 
temperature increase registered during the simulations agrees with the experimental temperature 
measurements reported in previous sections of this document, Fig. 4.32. 
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Numerical estimations of the temperature contours during perforation. V0 = 50 m/s ≈ Ballistic limit 

 

 
 

 
 
 

 

 
 

 

Fig. 4.32. Numerical estimations of temperature contours during perforation, V0 = 50 m/s 
  

It must be noticed that this simplified failure criterion allows obtaining numerical results in 
agreement with experiments due to the particularities of the boundary value problem approached. 
Since the target is very thin, the stress field along the thickness of the plate is rather constant during 
the perforation process (plane stress state), Fig. 4.33.  
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Fig. 4.33. Numerical estimation of stress contours during perforation. V0 = 60 m/s  
 

Moreover, failure of the target is due to ductile hole enlargement and subsequent necking which 
involves stress triaxiality values σ* 

≥ 1/2, Fig. 4.34.  
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Vo = 60 m/s 

 

 

Just before failure of the target Just after failure of the target 

t=260 µs t=284 µs 

Fig. 4.34. Numerical estimation of triaxiality contours during perforation. V0 = 60 m/s  
 

For ductile metals, within that range of stress states, the failure strain becomes rather 
independent of triaxiality as reported for example in Dey et al. [Dey et al. 2004], Fig. 4.35. 
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Fig. 4.35. Estimation of the failure strain versus triaxiality by the Johnson-Cook failure criterion for Weldox 460-E 

ferritic steel [Dey et al. 2004]. 
 

Thus, following an inverse methodology of analysis an estimation of the critical strain leading to 
material-failure during the perforation tests has been derived. In addition, the procedure followed in 
this study shows up the role played by the local phenomena that, in impact problems, lead to plastic 
instabilities appearance and subsequent material failure.  

 
Next, the impact behaviour of the AA 2024-T3 is examined.  
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4.3 Impact behaviour of aluminium alloy 2024-T3 
 

In this part of the document the impact behaviour of the AA 2024-T3 is examined. First, the 
thermo-mechanical characterization of the material is conducted. Then, it is modeled using the 
extended MRK  model to viscous drag effects. Based on such understanding of the material 
behaviour, perforation tests of AA 2024-T3 sheets are conducted. For that task two different 
experimental setups are used, a drop weight tower and a pneumatic gun. The results are compared 
with those previously reported for the mild steel ES.  

4.3.1 Thermo-viscoplastic behaviour of the aluminium alloy 2024-T3 
 

The AA 2024-T3 is an aluminium alloy, with Cu and Mg as the alloying elements. It shows 
good machinability and surface finish capabilities. It is a high strength AA  of adequate workability. 
It is widely used in aircraft structures where stiffness, fatigue performance and good strength are 
required. Other applications comprise hydraulic valve bodies, missile parts, munitions, nuts or 
pistons. The application fields of the AA 2024-T3 make relevant to analyze and understand its 
behaviour under impact loading. The chemical composition of the AA 2024-T3 (% of weight) is 
reported in Table 4.3. 

 
Mn Si Cr Ti Fe Mg Zn Cu 
0.6 0.5 0.1 0.15 0.5 1.5 0.25 4.3 

Table 4.3. Chemical composition of the AA 2024-T3 (% of weight). 
 

The thermo-viscoplastic behaviour of the material has been characterized in tension under wide 
ranges of strain rate and temperature. The tensile specimens used for this task are analogous to those 
used in the case of ES steel, Fig. 4.36.  

 
In Fig. 4.36. is shown the flow stress evolution as a function of plastic strain under quasi-static 

loading. This alloy shows high yield stress and strain hardening which enhances ductility and 
toughness, Fig. 4.36. 
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Fig. 4.36. Flow stress evolution versus plastic strain for different strain rates at room temperature.  

 
Quasi-static tensile tests have been recorded using infrared camera, Fig. 4.37. Due to the relation 

existing between material temperature increase and plastic deformation, infrared measurements 
provide valuable information of the deformation field of the material during loading. It allows 
estimating the susceptibility of the material for instabilities formation. Therefore, it will help to 
determine the suitability of materials for absorbing energy under impact loading.  
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In the case of p -10.001 sε =ɺ  is observed that before instability takes place, the maximum 

increase of temperature in the specimen is quite reduced (and approximately constant during the 
whole test), ∆Tmax ≤ 1 K, Fig. 4.37. Such value is much more reduced than that observed for the ES 
steel under the same loading conditions (and than that observed for steel AISI 304 and steel TRIP 
1000 as it will be discussed later on this document). This behaviour is certainly caused by the high 
thermal conductivity of AA, KAA = 237 W/(m·K), which leads to homogenous temperature field 
during loading, Fig. 4.38. The heat generated in the AA  samples is quickly diffused and the material 
is deformed under thermodynamic equilibrium with the surrounding environment. Only when 
necking takes place is observable a relevant increase of temperature (transient adiabatic conditions 
of deformation during necking formation and progression), Fig. 4.38. After failure, temperature 
rapidly decreases until reaching the environmental temperature, Fig. 4.37-4.38. 

 
In Fig. 4.37. is illustrated the thermo-elastic effect, Eq. 4.2., occurring at the beginning of 

loading, Elasticity

AAT 0.1 K ∆ = − .   
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Fig. 4.37. (a) Temperature variation as a function of strain for AA 2024-T3 and steel AISI 304. (b) Temperature 

decrease due to thermo elasticity.  
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Material: AA 2024-T3 - To = 26.12 °C – η=0.95 – Strain rate=0.001 s-1 

Temp (K) 

 

t=42.510 s t=93.000 s t=123.360 s 

   
t=160.050 s t=183.360 s t=208.020 s 

Fig. 4.38. Temperature contours during loading. Picture resolution 320×256 pixels. 
 

Next, is shown the evolution of the material flow stress versus strain under different high 
loading rates, Fig. 4.39. It has to be highlighted that the material strain hardening is not being 
diminished with the deformation rate increase. Such characteristic is expected to provide to this alloy 
of good performance under dynamic events like crash or impact as it will be analyzed later in this 
document.  
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Fig. 4.39. Flow stress evolution versus plastic strain for different strain rates at room temperature.  

 
In Fig. 4.40. is illustrated the flow stress evolution as a function of strain rate for different plastic 

strain values. The AA 2024-T3 shows quite reduced (and almost linear) rate sensitivity in the range 
-1 p -10.001 s 10 s≤ ε ≤ɺ . Such behaviour is in agreement with the observations reported in [Kumar et 

al. 1968, Follansbee 1986, Regazzoni et al. 1987, Rusinek and Rodríguez-Martínez 2009, Rusinek et 
al. 2010] for FCC metals. Beyond that rate level the flow stress rate starts to increase, Fig. 4.40. As it 
was discussed in Section 2.4.1., such behaviour is certainly related to the viscous drag effects. In AA  
drag regime uses to become operative within the range -1 p -1100 s 1000 s≤ ε ≤ɺ . Unfortunately during 
testing it was not possible to go beyond p -1200 sε =ɺ . Due to low density and stiffness of the material 
(in comparison with other metals like steel, copper or tantalum widely analyzed in the international 
literature), the recorded force/displacement signal was subjected to strong disturbances. It made 
impossible to obtain a proper description of the material behaviour within the range p -1200 sε ≥ɺ . In 
future works it would be advisable to provide an accurate definition of the drag regime using, for 
example, direct impact shear tests [Klepaczko 1994].  
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Fig. 4.40. Flow stress evolution versus strain rate for different plastic strain levels.  

 
A remarkable characteristic of this alloy is the strong increase of the strain hardening with the 

temperature decrease, Fig. 4.41. It means that the temperature sensitivity is dependent on plastic 
strain (and therefore the rate sensitivity is dependent on plastic strain).  Because of that, the ductility 
of the material seems to be improved at low initial temperatures (within the range of temperatures 
considered in this work, 223 K < T0 < 373 K), Fig. 4.41. It is obvious that such behaviour makes this 
alloy of main interest for aeronautical applications in which the service temperature is usually within 
the range 213 K ≤ T0 ≤ 293 K.   
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Fig. 4.41. (a) – (c) Flow stress evolution versus plastic strain for different strain rates and initial temperatures. 

 (b) – (d) Strain hardening evolution versus plastic strain for different strain rates and initial temperatures 
 

Based on previous considerations, the thermo-viscoplastic behaviour of the AA 2024-T3 is 
modeled using the extended MRK  model to viscous drag effects.   

4.3.2 Constitutive relation for the aluminium alloy 2024-T3 
 

Following the procedure detailed in Section 2.3.2 and Section 2.4.2.2 the following material 
constants for calibration of the extended MRK  model to dislocations drag effects are obtained, 
Tables 4.4-4.5.  

 
Y (MPa) 

0B  (MPa) ν  (-) 
0n  (-) 2D  (-) ξ2(-) ξ1(-) Tm (K) minεɺ (s-1) maxεɺ (s-1) *θ  (-) 

300 1000.2 0.07023 0.4805 0.0292 0.00845 0.001159 900 10-5 107 0.9 
Table 4.4. Constants determined for AA 2024-T3 for thermal and athermal components of the MRK model. 

 
χ  (MPa) α  (-) 

286.7 0.00005368 
Table 4.5. Constants determined for AA 2024-T3 for the viscous drag component of the MRK model. 

 
The predictions of the constitutive description fit properly flow stress and material strain 

hardening from low to high loading rates, Fig. 4.42.  
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Fig. 4.42. Flow stress evolution versus plastic strain for different strain rates at room temperature and comparison with 

analytical predictions.  
 

Moreover, the rate sensitivity of the material is also well described by the model and only some 
uncertainties may take place at very high strain rates in the drag regime definition, Fig. 4.43. 
However, let us assume that well developed viscous drag effect takes place in this material in 
agreement with the considerations reported for AA  in [Kumar et al. 1968, El-Magd 1994, El-Magd 
and Abouridouane 2006]. 
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Fig. 4.43. Flow stress evolution versus strain rate for different plastic strain levels at room temperature and comparison 

with analytical predictions.  
 

Moreover, it is remarkable that the model exhibits the capability for describing the strain 
hardening variations due to initial temperature effect, Fig. 4.44. As it was previously mentioned, this 
fact is of main relevance for aeronautical applications where this alloy is widely used. 
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Fig. 4.44. Flow stress evolution versus plastic strain for different strain rates and temperatures and comparison with 

analytical predictions. 
 

The experimental facilities used to conduct the perforation tests are described below.  

4.3.3 Experimental procedure for perforation of metallic sheets 
 

Two different experimental setups have been used for analyzing the impact behaviour of AA 
2024-T3 sheets. High velocity impact tests were conducted using the experimental technique 
described in Section 4.2.3.1 Additionally; low velocity impact tests were conducted using a drop 
weight tower. It allows for low temperature testing, which is consistent with the application field of 
this alloy.  

4.3.3.1 The drop weight tower 
 

In order to conduct low velocity perforation tests a drop weight tower has been used [Sánchez-
Sáez et al. 2007], Fig. 4.45. It allows for perpendicular impact on the metallic sheets within the range 
of impact velocities 0.5 m/s ≤ V0 ≤ 4.5 m/s. Since the mass of the impactor is chosen by the user, a 
wide range of impact energies can be covered. The drop weight tower has a climatic chamber, 
allowing variation of the testing temperature, T0 = 288 K and T0 = 213 K. A thermocouple was 
connected to a temperature controller regulating the opening of an electrovalve, which allowed a 
controlled volume of liquid nitrogen to enter the chamber. Thus, the testing temperature can be 
accurately defined by the user.  
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Fig. 4.45. Schematic representation of the drop weight tower (UC3M) [Gomez-del Río et al. 2005].  

 
 The tested square specimens presented a size of At = 100×100 mm2 and a thickness of h = 1 mm. 

They were clamped by screws all around the active surface of Aa = 80×80 mm2. The screws were 
symmetrically fixed in order to not disturb the test, Fig. 4.46. The device used to clamp the metallic 
sheets had a transparent side made of PMMA.  Such an arrangement allowed filming the perforation 
process using a high speed camera. 

 
   

Clamping     Specimen support 

(a) 
 

(b) 

Fig. 4.46. Experimental device used to clamp the specimen during perforation tests (Design: S. Puerta and J. 
Puerta). (a) Clamping, (b) Specimen support. 

 
The steel striker used has a conical shape, Fig. 4.47., its larger diameter is φp = 20 mm and its 

mass Mimp = 0.105 kg. After machining, the striker was oil quenched, thereby increasing the yield 
stress of the material up to σy ≈ 1.0 GPa. It permitted to avoid its damage or erosion during 
perforation, Fig. 4.47.  
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Fig. 4.47. Conical striker used during perforation tests (Design: S. Puerta and J. Puerta). 

 
The striker was attached to the instrumented bar of the drop weight tower, whose mass was Mbar 

= 0.761 kg. Additional mass was added to the setup for a final value Mtotal = 18.787 kg (for a final 
range of impact energy 59 J ≤ Ei  ≤ 190 J). A load cell placed on the striker enabled to record the 
force versus time signal. The velocity and the displacement of the striker during perforation can be 
obtained by integration of the force-time history [Santiuste et al. 2010]. After impact (if there was no 
perforation of the plate), an anti-rebound system held the striker to avoid multi-hits on the specimen.  

 
The post-mortem measurement of the targets-deflection was conducted using a laser device 

following the experimental technique developed by Varas [Varas 2009]. The laser is coupled to an 
articulated beam which is aligned with the plates. Then the laser is connected to a voltmeter which 
provides a voltage depending on the distance laser/plate. Taking as reference the undeformed border 
of the metallic sheet is possible to know the displacement suffered by the target due to the impact. 
Details of this technique are given in [Varas 2009]. 

4.3.3.2 The pneumatic cannon 
 

The description of the facilities used to conduct (and analyze) the high velocity impact tests was 
already carried out in Section 4.2.3.1 

4.3.4 Analysis of the perforation process 
 

Next the impact behaviour of the AA 2024-T3 sheets is examined. 

4.3.4.1 The drop weight tower tests 
 

In this section of the document are presented the results obtained using the drop weight tower 
setup. 

4.3.4.1.1 Test at room temperature 
 

In order to estimate accurately the ballistic limit value, the residual velocity is compared to the 
initial velocity, Fig. 4.48. Residual velocity value is assumed as the speed of the striker 
corresponding to the failure time. Failure time is considered as the velocity for which the projectile 
pierces the target and ballistic limit is taken as the maximum speed of the striker for which no crack 
is generated in the plate. The fitting of the data depicted in Fig. 4.48. exhibits the characteristic shape 
of the curves obtained from perforation processes [Borvik et al. 1999, Borvik et al. 2002a, Gupta et 
al. 2006, Gupta et al. 2007, Gupta et al. 2008, Arias et al. 2008, Rusinek et al. 2008b, Klepaczko et 
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al. 2009]. The ballistic limit value obtained from the experiments performed at room temperature is 

bl T 288 K0
V 0.8 m/s

=
≈ , Fig. 4.48. 
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Fig. 4.48. Residual velocity versus impact velocity at room temperature. 

 
For the range of impact velocities considered, the mechanisms involved in the perforation 

process do not vary with the initial velocity in a relevant way. The slope of the curve force/striker 
displacement sF/∂ ∂δ  remains approximately constant regardless of the impact velocity, Fig. 4.49. 

However the failure of the target sF/ 0∂ ∂δ =  takes place for larger striker displacement as the impact 

velocity increases, Fig. 4.49. 
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Fig. 4.49. Evolution of the impact force as a function of the striker displacement for different impact velocities at room 

temperature. 
 

The material increases its capability of absorbing energy with the augment of the impactor 
velocity. Such effect of the impact velocity (and therefore of the increasing strain rate) on the 
energy absorbed by the target enhances the applicability of this material for building structures in 
charge of bearing dynamic solicitations. Larger bending effect is observed with the impact velocity 
increase, Fig. 4.50.  
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Fig. 4.50. Permanent bending of the target for different impact velocities at room temperature. 

 
The analysis of the post-mortem specimens reveals that petalling is the recurring failure mode 

for all the perforation tests, Figs. 4.51-4.52. It has been noticed that neither the rolling direction nor 
boundary conditions influence the initiation or the propagation of cracks. The number of main petals 
occurring for each test oscillates between four and five, Figs. 4.51-4.52. The appearance of four or 
five petals is consistent with the observations reported in [Landkof and Goldsmith 1993, Wierzbicki 
1999]. This number corresponds to a minimum of total rate of energy dissipation. A larger number of 
petals would be expected for initial velocities out of the range of impact velocities applied in the 
present study, [Rodríguez-Martínez et al. 2008, Rusinek et al. 2009a]. For impact velocities higher 
than a specific value, the energy lost by a projectile quickly increases. This is a consequence of the 
influence of inertia effects in the mechanisms of perforation. The perforation process becomes less 
efficient. 
 

 
Fig. 4.51. Petalling failure mode for V0 = 2.0 m/s and T0 =288K.  

 
 

 
Fig. 4.52. Petalling failure mode for V0 = 1.0 m/s and T0 =288K.  
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Petalling is caused by the reduced thickness of the target and by the conical shape of the striker 

[Landkof and Goldsmith 1993, Wierzbicki 1999, Rodríguez-Martínez et al. 2008, Rusinek et al. 
2009a]. At the beginning of loading, the deformation is localized in the small area corresponding to 
the interface projectile/plate, Fig. 4.54-a. That area of the target is strongly deformed and bent until 
failure time, Fig. 4.54-a. When the failure time is reached, several small cracks are generated at the 
dome of the interface projectile/plate, Fig. 4.53 - 4.54-b. Those cracks propagate until they reach the 
rear side of the plate due to the circumferential strain induced in the target by the passage of the 
striker, Fig. 4.53-4.54-c-d. 
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Fig. 4.53. Schematic representation of petalling formation during perforation of metallic sheets by hemispherical 
projectiles [Rusinek et al. 2009a]. 

 
 As a consequence, several petals are formed, Figs. 4.53-4.54. These observations are in 

agreement with the experimental evidences and the numerical estimations reported by [Landkof and 
Goldsmith 1993, Wierzbicki 1999, Lee and Wierzbicki 2005, Rodríguez-Martínez et al. 2008, 
Rusinek et al. 2009a, Rodríguez-Martínez 2010]. 
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AA 2024-T3 - V0 =3.25 m/s 

 

 
(a) 

 

 
(b) 

 

 
(c) 

 

 
(d) 

Fig. 4.54. Different stages of the perforation process for V0=3.25 m/s and T0=288K. (a) Localization of deformation and 
onset of cracks. (b) Cracks progression and generation of petals. (c) Development of petalling. (d) Complete passage of 

the impactor and petalling failure mode. 
 

Next, it is analyzed the effect of testing temperature in the material response. 

4.3.4.1.2 Test at low temperature 
 

In this section of the document the effect of the initial temperature on the perforation process is 
studied. The tests performed at T0 = 288 K are compared to those conducted at T0 = 213 K. It must be 
noted that before testing at low temperature, the aluminium sheets (already clamped and screwed) 
were subjected to the testing temperature for 20 minutes (as mentioned before, high thermal 
conductivity of the material leads to small exposition time for achieving thermal equilibrium with 
surrounding temperature). Such a period of time was considered as suitable in order to reach 
thermodynamic equilibrium material-target/testing-temperature. 
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The first observation concerns the failure mode of the target. No influence of the initial 

temperature on the perforation mechanisms has been observed for the whole range of impact 
velocities considered. The final stage of the perforation process is the development of petals, Figs. 
4.55-4.56. 

 
 

 
Fig. 4.55. Petalling failure mode for V0 = 4.0 m/s and T0 =213K.  

 
 

 
Fig. 4.56. Petalling failure mode for V0 = 2.0 m/s and T0 =213K.  

 
However, the difference occurs with the energy absorbed by the target, Fig. 4.57. At low 

temperature the target absorbs approximately 20 % more of energy than at room temperature, Fig. 
4.57. 
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Fig. 4.57. Energy absorbed by the target as a function of the impact velocity for different initial temperatures. 
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At low temperature the ballistic limit is increased from bl T 288 K0
V 0.8 m/s

=
≈  to 

bl T 213 K0
V 1.1 m/s

=
≈ . In the case of V0 = 1 m/s and T0 = 213 K the striker does not generate any crack 

in the target, Fig. 4.58. However, it was observed in Fig. 4.52. that for the same impact velocity and 
T0 = 288 K several cracks, precursor of petalling, took place. 

 
 

 
Fig. 4.58. Absence of cracks for V0 = 1.0 m/s and T0 =213K.  

 
Permanent bending of the impacted specimens is greater at low temperature for the whole range 

of impact velocities tested, Fig. 4.59. In the case of T0 = 213 K the target absorbs a larger amount of 
energy in the form of plastic work. The material seems to increase its ductility with the decrease of 
the initial temperature as it was already mentioned (at least for this range of testing temperatures), 
Fig. 4.59. Such observation is reflected in the force/striker displacement evolution.  
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Fig. 4.59. Permanent bending of the target for different impact velocities and initial temperatures 

 
For the highest impact velocities, Fig. 4.60-a-b, the force level for both initial temperatures is 

superimposed until target failure in the case of T0 = 288 K takes place. As the impact velocity gets 
closer to the ballistic limit, in the case of T0 = 213 K the slope of the curve force/striker displacement 
becomes reduced delaying target failure, Fig. 4.60-c. 
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Fig. 4.60. Evolution of the force as a function of the striker displacement for different impact velocities and initial 

temperatures. 
 

From this analysis seems clear the suitability of AA 2024-T3 for mechanical applications 
requiring of service conditions at low temperature.  
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Next, it is examined the behaviour of this alloy under perforation at higher impact velocities 

using the pneumatic cannon configuration already introduced in Section 4.2.3.1.   

4.3.4.2 The pneumatic cannon tests 
 

Experiments within the range of impact velocities 10 m/s < V0 < 45 m/s are conducted. The 
ballistic limit found from the tests is Vbl ≈ 25 m/s. This value is quite lower than that reported for the 
steel ES (Vbl-ES ≈ 40 m/s). However it must be taken into account that the AA 2024-T3 plates absorb 
more energy than the ES steel sheets per unit of material density, Vbl-AA 2024-T3/ρ> Vbl-ES/ρ.  

 
In Fig. 4.61. are shown final stages of the impact process for different initial impact velocities. 

Necking failure is visible in the case of impact velocities close to the ballistic limit Figs. 4.61-a-b. 
Onset of cracks takes place along the necking zone, Fig. 4.61-a-b. In the case of impact velocity well 
above the ballistic limit, Fig. 4.61-c. those cracks have propagated radially resulting in petals 
formation, Fig. 4.61.  
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(a) 

 
 

(b) 

(c) 
Fig. 4.61. Final stage of the impact process for initial velocities above the ballistic limit. 

 
However differences with the failure mode observed for the ES steel sheets are reported. In the 

case of AA 2024-T3 deflection of the sheets at failure is much more reduced, Figs. 4.62-4.63. Such 
behaviour limits the radial sliding along the contact-zone projectile/plate during perforation. Material 
stretching and subsequent necking takes place far from the dome of the contact projectile/target. 
Thus, the cracks ocurring in the necking zone have short distance to cover until they are arrested on 
the rear side of the target. Petals formed have limited length.  
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Fig. 4.62. Post-mortem deflection of the target for different initial impact velocities. 
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Fig. 4.63. Post-mortem deflection of the target for AA 2024-T3 and steel ES for V0≈40 m/s. 

 
Next, numerical simulations of the impact process are conducted.  

4.3.4.2.1 Numerical analysis of the impact process 
 

The numerical configuration used is that already presented in Section 4.2.4.3.3. The failure 
strain of the material has been estimated in p

f 0.4ε = . Such value is obtained following the procedure 

reported in [Rusinek and Zaera 2007] and according to the experimental observations reported by 
[Bao and Wierzbicki 2004] for similar a AA . 
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From the numerical estimations the ballistic limit found is Vbl ≈ 27 m/s, Figs. 4.64-4.65. Such 

value is a bit larger than that obtained from experiments. However the difference ∆Vbl = Vbl-numerical - 
Vbl-experimental ≈ 2 m/s can be assumed in complex dynamic events like high velocity perforation.  

 
Moreover, the failure mode of the target predicted by the simulations is in agreement with the 

experimental observations. The localization process takes place since the beginning of loading along 
the whole contact-area projectile/plate, Figs. 4.64-4.65. Petals development is the final stage of the 
perforation process.  
 

AA 2024-T3 – V0=32.5 m/s  
 
 
 

 

 

 
 
 
 
 
 
 

 

t=320 µs 

 
t=460 µs 

Fig. 4.64. Numerical estimations of plastic strain contours during impact, V0 = 32.5 m/s. 
 
From the simulations it has been observed that the maximum temperature increase in the 

material is approximately ∆Tmax ≈ 90 K, Fig. 4.65. It is located in the petals zone. Such value is 
much lower than that experimentally measured (and numerically predicted) in the case of the ES 
steel.  That is consistent with the different behaviours of both metals.  
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AA 2024-T3 – V0=40 m/s  
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Fig. 4.65. Numerical estimations of temperature contours during impact, V0 = 40 m/s. 
 
The suitability of the numerical model used (constitutive relation, failure criterion mesh 

configuration) has to be highlighted. 
 
 
 
 
This chapter dealt with the impact-perforation behaviour of two metallic alloys used for 

protection applications, mild steel ES and steel AA 2024-T3. These materials are thermo-
mechanically characterized, analytically modeled and subjected to perforation by non-
deformable projectiles. Their deformation mechanisms are tied to their answer under impact-
perforation. Based on the constitutive relations developed in chapter 1, numerical models of 
the perforation test have been built. The numerical results obtained are in agreement with the 
experiments in terms of ballistic limit prediction and failure mode definition. Plastic 
instabilities formation and progression is revealed as the mechanism behind material failure 
in the impact tests.   
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CHAPTER 5  
 

IMPACT BEHAVIOUR OF METALLIC 
ALLOYS WITH MARTENSITIC 
TRANSFORMATION FOR PROTECTION 
APPLICATIONS 
 
 
Abstract 

 
In this chapter of the Thesis the thermo-mechanical behaviour of two metallic alloys is 

examined, the steel AISI 304 and the steel TRIP 1000. These metals show martensitic 
transformation under determined loading conditions. It makes them attractive for many 
engineering applications, especially for building structural elements responsible for 
absorbing energy under impact loading. The thermo-viscoplastic characterization of the 
materials is conducted and discussed. In addition, different experimental setups for 
perforation of metallic sheets have been used in order to provide a proper description of the 
thermo-mechanical processes taking place under impact. X-ray diffraction technique is used 
to determine the potential martensitic transformation taking place during loading.  
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5 CHAPTER 5. IMPACT BEHAVIOUR OF METALLIC 
ALLOYS WITH MARTENSITIC TRANSFORMATION FOR 
PROTECTION APPLICATIONS 

5.1 Introduction 
 

In the last decades, manufacturers have tried to minimize the production time and costs, while 
improving the properties and the quality of the products. This is also the case for important economic 
sectors like the automobile, naval or civil industries, which have invested substantial efforts in 
developing new generations of steels for light-weight structures capable of bearing strong 
mechanical and thermomechanical loading. In order to fulfil these objectives, new alloys with high 
strength, ductility and toughness have been developed. Among them, the high strength TRIP steels 
have become of great relevance.  

 
As discussed in Section 2.6. and Section 3.4. this type of steels show martensitic transformation 

from FCC austenite (γ) to BCC martensite (α’) under determined loading conditions strongly 
dependent on strain, strain rate and temperature. This transformation phenomenon is desirable during 
impact loading since it increases the strength and ductility of the material retarding plastic 
localization as described by [Fischer et al. 2000, Delannay et al. 2008, Curtze et al. 2009, Da Rocha 
and Silva de Oliveira 2009, Jiménez et al. 2009] and extensively discussed in chapter 3 of this 
Thesis.  

 
Thus, the TRIP steels are nowadays in widespread use in the automotive industry, for example 

in crash-box structures, bumpers or side pannels. These components are responsible for absorbing the 
kinetic energy during a crash or accident and may be subjected to dynamic loading during their 
service life. However, most of the works available in the open literature are restricted to the study of 
martensitic transformation phenomenon under quasi-static loading [Bouaziz and Guelton 2001, Al-
Abbasi and Nemes 2003, Bouaziz et al. 2008, Curtze et al. 2009]. The transformation mechanisms 
under high strain rate have been rarely studied. The potential appearance of martensitic 
transformation under real service conditions is not clear in many cases. 

 
In this chapter of the Thesis the thermo-mechanical behaviour of two metallic alloys is 

examined, the steel AISI 304 and the steel TRIP 1000. These metals show strain induced 
martensitic transformation under determined loading conditions. It makes them attractive for many 
engineering applications, especially for building structures responsible for absorbing energy under 
impact loading. The thermo-viscoplastic characterization of the materials is conducted and discussed. 
In addition, different experimental set-ups for perforation of metallic sheets have been used in order 
to provide a proper description of the thermo-mechanical processes taking place under impact. X-ray 
diffraction technique is used todetermine the potential martensitic transformation taking place during 
loading. The role that martensitic transformation plays in the absorption of energy during the 
perforation process is extensively discussed.  
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5.2 Impact behaviour of steel AISI 304 
 

In this part of the document the impact behaviour of the steel AISI 304 is examined. First, it is 
conducted a thermo-mechanical characterization of the material. Then, it is modelled using the 
extended RK  model to viscous drag effects. Based on such understanding of the material behaviour, 
perforation tests of AISI 304 sheets are conducted. For that task two different experimental setups 
are used, a drop weight tower and a pneumatic gun. The results are compared with those previously 
reported for mild steel ES and AA 2024-T3.  

5.2.1 Thermo-viscoplastic behaviour of the steel AISI 304 
 

Steel AISI 304 is the most versatile and most widely used stainless steel. It has excellent 
forming and welding characteristics. Extensively used in a variety of industries, its typical 
applications include pipelines, heat exchangers railings, springs or threaded fasteners. The 
application fields of the AISI 304 make relevant the understanding of its thermo-viscoplastic 
behaviour under wide ranges of strain rate and temperature. The chemical composition of the 
material is given in Table 5.1. 

 
C Mn Cr Ni Mo Cu Si Nb 

0.06 1.54 18.47 8.3 0.30 0.37 0.48 0.027 
Table. 5.1. Chemical composition of steel AISI 304 (% weight) [De et al. 2006] 

 
On undeformed state its microstructure is constituted by 100 % of austenite (it is not magnetic in 

the as-received state). AISI 304 belongs to the type called high-alloy TRIP steels. They are 
austenitic steels containing large amount of alloying elements as Cr  and Ni, improving pitting and 
corrosion resistance and controlling martensitic transformation. The martensitic transformation is 
basically ruled by the “Magee effect” [Magee 1966] as reported in [Delannay et al. 2008, Fischer et 
al. 2000, Leblond et al. 1989]. 

 
By means of dilatometry, the martensite starts temperature of this material has been determined 

lower than that corresponding to liquid nitrogen temperature, MS < 77 K (Unfortunately it was not 
possible to determine the value with precision for T0 < 77 K). The martensitic transformation may 
take place under determined loading conditions. Identification of such loading conditions will 
provide valuable information for evaluation of the suitability of this material for absorbing energy 
under dynamic events. For that task the procedure outlined in the next section of the document is 
followed. 

5.2.1.1 X-ray diffraction technique 
 
X-ray diffraction technique (XRD) has been used in order to examine the potential martensitic 

transformation taking place in this material. It is a very efficient non-destructive technique that 
enables to determine accurately the volume fraction of each phase as well as the average stress in 
each one. Thus, two different goals are pursued: 

 
• Measurement of the stress of the phases both during loading (in situ tensile test are 

performed for that task) and in the post-mortem specimens.  
 

• Measurement of the martensite volume fraction in the post-mortem specimens. 
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XRD is based on Bragg’s law that provides the condition for a plane wave to be diffracted by a 
family of lattice planes, Eq. 5.1. 

 
 

λ=θ nsin.d2 hkl       (5.1) 
 

where dhkl is the lattice plane spacing (interreticular distance) of a {hkl} plane family, θ is the 
incident Bragg angle, λ is the wavelength of the incident X-ray beam and n is an integer 
corresponding to the order of reflection, Fig. 5.1.  
 

 

X-rays, λ 

 
Fig. 5.1. Principle of X-ray diffraction (d0 and θ0 are respectively the lattice spacing and the Bragg angle corresponding 

to a stress free state). 
 
When Bragg’s law is satisfied, diffraction occurs and peaks of scattered intensity are observed. 

5.2.1.1.1 Measurement of the stress of the phases  
 
For stress determination, the classical sin2ψ method has been used considering the lattice plane 

spacing dhkl of a {hkl} plane family as an internal strain gauge [Hauk 1997, Inal et al. 2006]. Stress 
of the phases is determined on the surface of the specimens using a portable PROTO goniometer. It 
enables to analyze elaborately shaped parts since the sample stays fixed during the whole analysis 
(the beam is moving around the specimen), Fig. 5.2. 

 

 
Fig. 5.2. Portable PROTO goniometer used for XRD measurement (ENSAM Metz). 

Moving beam 

Specimen 
support 
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The BCC phase (martensite in AISI 304) is analyzed by using a chromium anticathode 

(λ=2.2897Å); in order to obtain optimum results (best accuracy), the analysis of the planes {211} 
corresponding to an angle 2θ =156.1° has been conducted.  
 

The FCC phase (austenite) is analyzed by using a manganese anticathode (λ=2.102 Å); in order 
to obtain optimum results, the analysis of the planes {311} corresponding to an angle 2θ =151.0° has 
been conducted.   

5.2.1.1.2 Measurement of the martensite volume fraction in the post-mortem specimens 
 

The volume fraction of each phase has been calculated using a SEIFERT XRD 3003 PTS 
goniometer, Fig. 5.3., taking into account the intensity of diffraction peaks for both phases, 
martensite and austenite. 

 

 
Fig. 5.3. Goniometer used for calculation of the martensite volume fraction (ENSAM/Metz). 

 
In the case of AISI 304, a material containing two phases, the volume fraction of  martensite is 

obtained from Eq. 5.2. 
 

'
'

'

I RV 1 1 .I R
γ α

α
α γ

     = +     
     

     (5.2) 

 
where 'Iα  and γI  are the intensity of the diffraction peaks for martensite and austenite respectively, 

'Rα  and γR  are coefficients depending on several parameters such as the absorption factor, the 

Lorentz polarisation factor, the multiplicity factor of the analysed planes families, the volume of the 
crystal lattices and others [Hauk 1997]. Furthermore, Vα’ + Vγ = 1. Both phases (austenite and 
martensite) were analyzed by using an iron anticathode (λ=1936 Å). 
 

In the following section is conducted the thermo-mechanical characterization of this material. 
Two different experimental setups have been used for characterization of the thermo-viscoplastic 
behaviour of the material. Regular tensile tests under wide ranges of strain rate and temperature. 
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Unconventional in situ tensile tests for examination of the martensitic transformation under static 
loading at room temperature.  

5.2.1.2 Tensile in-situ tests  
 

In situ tensile tests are performed under quasi-static loading at room temperature. The specimen 
geometry and dimensions used during the tests are depicted in Fig. 5.4.  

 
 

 
 

Fig. 5.4. Geometry and dimensions of the in situ tensile specimens. 
 

The sample is mounted in a micro tensile machine originally developed in ENSAM/Metz, Fig. 
5.5.  Such reduced dimensions of the sample answer to the space constraints imposed by the testing 
technique. The testing machine is placed under the range of the PROTO goniometer. The 
longitudinal direction of the active part of the sample is aligned with the direction of the movement 
of the PROTO goniometer beam.  

 

 
Fig. 5.5. Experimental setup for in situ test (ENSAM/Metz). 

 
The first step is to compare the macroscopic stress-strain curve obtained from the experiments 

with results provided in the literature [Hecker et al. 1982, Tomita and Iwamoto 2001]. Satisfactory 
agreement is found from the comparison, Fig. 5.6. At room temperature and low loading rate the 
AISI 304 shows an initial yield stress close to p 0

300 MPa
ε =

σ ≈ , Fig. 5.6-a. This material possesses 

notable strain hardening which enhances material ductility. Strain hardening keeps approximately 
constant until determined value of plastic deformation is reached, p 0.25 ε ≈ , Fig. 5.6-b. Beyond that 
point the material flow stress sharply increases, Fig. 5.6-a.  
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Fig. 5.6. (a) Flow stress evolution versus strain and comparison between our experiments and those reported in [Hecker 

et al. 1982, Tomita and Iwamoto 2001]. (b) Strain hardening evolution versus strain under static loading at room 
temperature. 

 
From the in situ stress measurements conducted it is revealed that such strain hardening increase 

is caused by martensitic transformation, Fig. 5.7. Beyond p 0.27 ε > the volume fraction of 
martensite starts to be relevant and the martensite stress can be determined (volume fractions 
Vα’<10% do not allow for a proper stress determination using XRD).  
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Fig. 5.7. Overall flow stress evolution and martensite stress evolution as a function of plastic strain under static loading 

at room temperature.   
 

The stress in austenite during loading has also been determined. For all the tests conducted 
austenite acts as the soft phase of the material, Fig. 5.8. Repeatability of the measurements must be 
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highlighted. It was previously mentioned that the volume fraction of martensite was not relevant 
until p 0.27ε ≈ , however in Fig. 5.8. it can be seen that martensite (at least an small amount 
Vα’<10%) appears since the beginning of loading (the overall flow stress is larger than the austenite 
stress from very low values of plastic deformation). In order to induce the visible extra strain 
hardening reported in Fig. 5.6-a. large volumes of martensite is required, Vα’ > 10 %. 
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Fig. 5.8. Overall flow stress evolution and austenite stress evolution as a function of plastic strain under static loading 

and room temperature.   
 

The volume fraction in the specimens tested has been determined, Fig. 5.9. The amount of 
martensite varies between Vα’≈55 % in both ends of the active part of the specimen and Vα≈70 % in 
the necking zone, Fig. 5.9. It has to be noted that such amount of martensite is larger than that 
determined in the literature by means of magnetic techniques, Fig. 5.10. The accuracy of the latter 
method has been recently questioned by the scientific community.  
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Fig. 5.9. Volume fraction of martensite after testing along the active part of the specimen.  
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Fig. 5.10. (a) Actual volume fraction of martensite formed during straining at room temperature in tension at low and 

high strain rate at room temperature [Hecker et al. 1982]. (b) Formation of martensite by tensile plastic strain at various 
deformation temperatures [Angel 1954].  

 
Since the greatest volume fraction of martensite is located in the necking it seems that plastic 

deformation is the dominant mechanism which resides behind the transformation phenomenon in this 
material. The free energy supplied by the material straining relegates to a secondary role the increase 
of temperature (inhibitor of martensitic transformation) due to conversion of plastic work into heat 
(and due to martensitic transformation by itself which is an exothermic process [Rusinek and 
Klepaczko 2009]). Then it is necessary to investigate the temperature increase in the material during 
loading. This point is discussed in the following section of the document.  

5.2.1.3 Regular tensile tests 
 

The specimens used during regular tensile tests are analogous to those used in the case of ES 
steel and AA 2024-T3, Fig. 4.5. For determination of the temperature increase during loading, low 
rate tensile tests have been recorded using infrared camera, Fig. 5.11. The experimental procedure 
followed for the temperature increase determination is analogous to that reported for ES steel in 
Section 4.2.1.2.  

 
In Fig. 5.11. is illustrated the temperature increase taking place at  p -10.01 sε =ɺ  for the steel 

AISI 304 and the AA 2024-T3 (materials having similar flow stress level within the range <p 0.1ε  , 
Fig. 5.11-c). For the AISI 304 the temperature is increasing during the whole test whereas in the case 
of AA 2024-T3 it remains constant and close to the environmental temperature. As it was previously 
mentioned, this behaviour is certainly caused by the lower thermal conductivity of steel in 
comparison with AA  ( = ⋅ = ⋅AA SAK 237 W/(m K)  K 80 W/(m K)≫ ).  

 
In comparison with the AA , the thermo-elastic effect, Eq. 4.2., is more noticeable in the case of 

the steel AISI 304, Elasticity Elasticity

SA AAT 0.32 K > T 0.1 K ∆ = − ∆ = − .  Such observation is certainly tied to 

the larger Young’s modulus of steel alloys in comparison with aluminium alloys, SA

AA

E
3 

E
≈ . 
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Fig. 5.11. (a) Temperature variation as a function of strain for AA 2024-T3 and steel AISI 304. (b) Temperature 

decrease due to thermo elasticity. (c) Flow stress evolution as a function of plastic strain for AA 2024-T3 and steel AISI 
304under static loading at room temperature.  

 
In the following graphs, Fig. 5.12, is reported for the AISI 304 the maximum increase of 

temperature during loading in the case of p -10.01 sε =ɺ . The material temperature is continuously 
increasing with stress and strain, Fig. 5.12.  Non-linear relation between temperature increase and 
plastic deformation, Fig. 5.12., is due to both the dependence of the inelastic heat fraction on plastic 
strain (as previously discussed for mild steel ES) and the martensitic transformation [Rusinek and 
Klepaczko 2009]. 

 
When instability takes place, a sudden increase of temperature is observed, Figs. 5.12-5.13. At 

that moment high strain rate level is reached in the necking, the deformation process seems to 
become adiabatic. The heat generated in the instability is hardly diffused to the rest of the sample, 
Fig. 5.13. Maximum temperature recorded during the test is close to ∆Tmax ≈ 110 K, Fig. 5.12.  
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Fig. 5.12. (a) Maximum temperature increase versus plastic strain and flow stress evolution versus plastic strain.  

(b) Maximum temperature increase versus time.
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Material: AISI 304 steel - To = 26.12 °C – η=0.95 – Strain rate=0.01 s-1 

   

 
 
 
 
 
 

Temp (K) 
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Fig. 5.13. Temperature contours during loading. Picture resolution 320×256 pixels. 
 

Tests at higher strain rates have been performed. At p -10.05 sε =ɺ  the maximum temperature 
during the test reaches ∆Tmax ≈ 140 K, Fig. 5.14.  
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Fig. 5.14. (a) Maximum temperature increase versus plastic strain and flow stress evolution versus plastic strain. 

(b) Maximum temperature increase versus time. 
 

An heterogeneous distribution of temperature is reached since the first stages of the deformation 
process, Fig. 5.15. Temperature increase is early concentrated in the central part of the specimen, 
Fig. 5.15. There, in the necking, the material behaves under adiabatic conditions of deformation. 
Once instability takes place the evolution of temperature with global deformation goes steep, almost 
following a vertical asymptote, Fig. 5.14. Therefore, strong gradients of deformation rate are 
expected in the necking zone.  
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Material: AISI 304 steel - To = 26.12 °C – η=0.95 – Strain rate=0.05 s-1 

   

 
 
 
 
 
 

Temp (K) 

 

t=5.760 s t=7.800 s t=8.340 s 
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Fig. 5.15. Temperature contours during loading. Picture resolution 320×256 pixels. 
 

Previous considerations are patently clear when the testing strain rate is increased up to 
p -10.1 sε =ɺ , Fig. 5.16. 
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Fig. 5.16. (a) Maximum temperature increase versus plastic strain and flow stress evolution versus plastic strain. 

 (b) Maximum temperature increase versus time. 
 

In this case flow localization involves a maximum temperature increase of ∆T ≈ 140 K, Fig. 
5.16. Heterogeneous temperature distribution along the sample is observed during, almost, the whole 
test, Fig. 5.17. It has to be remarked that in this material transition between isothermal and adiabatic 
conditions of deformation seems to take place for very low values of global testing rate (at least in 
comparison with ES steel and AA 2024-T3).  
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Material: AISI 304 steel - To = 26.12 °C – η=0.95 – Strain rate=0.1 s-1 
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Fig. 5.17. Temperature contours during loading. Picture resolution 320×256 pixels. 
 
Then, the martensite stress distribution and the volume fraction of martensite are obtained along 

the active part of the tested samples, Fig. 5.18. It is of main relevance to highlight that in AISI 304 
martensitic transformation takes place for temperature increase over ∆T > 140 K, Fig. 5.18-a. This 
revelation is reported for the first time in the open literature. Even at -1100 s  it is found Vα’≈30 % in 

Homogeneous temperature 
distribution at the 

beginning of loading 

Homogeneous temperature 
distribution at the 

beginning of loading 

Heat starts to focus in 
the central part 

Instability appearance 

Temperature 
concentration 

Instability  

Temperature 
concentration 

Instability  

Temperature 
concentration 

Temperature 
concentration 

Instability  Failure and heat 
diffusion 

Failure and heat 
diffusion 

Onset of failure 
 

Failure 
Failure 

Local adiabatic conditions 
of deformation 

Local adiabatic conditions 
of deformation 

Local adiabatic conditions 
of deformation 

Local adiabatic conditions 
of deformation 



Chapter 5. Impact behaviour of metallic alloys with martensitic transformation for protection applications 
  

 207 

the necking of the tested sample, Fig. 5.18. Under highly dynamic loading martensitic transformation 
takes place in steel AISI 304.  
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Fig. 5.18.  Residual stress in martensite and volume fraction of martensite in tensile specimens tested at different strain 

rates 

 
The measured volume fraction of martensite increases as one move from the ends of the active 

part to the necking zone. Thus, the martensite stress becomes reduced close to the necking since Eq. 
5.3. must be fulfilled.  

 

' '0 V Vα α γ γ= σ ⋅ + σ ⋅       (5.3) 

 
Flow stress evolution versus plastic strain for high loading rates is depicted in Fig. 5.19. Under 

such loading conditions the material keeps elevated work hardening enhancing ductility. It is proven 
the role played by martensite in such behaviour.   
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Fig. 5.19. Flow stress evolution as a function of the plastic strain for different strain rate levels at room temperature.  

 
Finally it is examined the effect of temperature in the material behaviour under static loading. 

Two different initial temperatures are checked T0 = 77 K and T0 = 193 K, Fig. 5.20. For both cases, 
the macroscopic strain-stress evolution finds agreement with the results reported in [Tomita and 
Iwamoto 2001, Hecker et al. 1982, Huang et al. 1989].  

 
For the test at T0 = 193 K the specimen was placed inside a bath of solid carbon dioxide 

guarantying a constant temperature during loading. At this temperature the AISI 304 shows an initial 
yield stress  p 0

400 MPa
ε =

σ ≈ . At the beginning of loading the stress does not increase with plastic 

deformation in a relevant way, however for a certain value of plastic deformation p 0.125ε ≈  the 
stress level dramatically augments, Fig. 5.20-a. It is caused by large martensitic transformation. It 
proofs that in AISI 304 the martensitic transformation is strain induced for the whole range of initial 
temperatures.  

 
For the test at T0 = 77 K the specimen was placed inside a bath of liquid nitrogen guarantying a 

constant temperature during loading. The increase of strain hardening takes place for p 0.075ε ≈ .  
The post-mortem analysis revealed Vα’=100 % along the whole active part of the sample, Fig. 5.20-b.  
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Fig. 5.20. Flow stress evolution versus plastic strain at low strain rates. (a) T0=193 K, (b) T0=77 K. Comparison with 

experimental results [Huang et al. 1989, Hecker et al. 1992, Tomita and Iwamoto 2001] 
 

It has to be noted that extra strain hardening behaviour only takes place in AISI 304 at very low 
initial temperatures or very low strain rates. However the phase transformation is proven to occur 
under wide ranges of loading conditions improving material performance under dynamic solicitation.  
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In order to analyze the suitability of this material for absorbing energy under impact in the 

following section of the document is conducted the macroscopic modelling of the thermo-
viscoplastic material behaviour.   

5.2.2 Constitutive relation for the steel AISI 304 
 

At room temperature the material does not exhibit effect of strain on the rate sensitivity. 
Therefore the extended RK  model to viscous drag effects [Rusinek and Rodríguez-Martínez 2009] 
has been used for modeling the thermo-viscoplastic behaviour of the material.  It is assumed that 
using such formulation it is not possible to define the extra strain hardening observed at low 
temperatures. However, let us considered the modeling reported below as suitable for description of 
the material behaviour under dynamic loading at room temperature.  

 
Thus, by means of the calibration procedure reported in Section 2.2.1 and Section 2.4.2 the 

following set of material constants has been found, Tables 5.2-5.3.  
 

0B  (MPa) ν  (-) 
0n  (-) 2D  (-) 0ε  (-) *

0σ  (MPa) *m  (-) 1D  (-) Tm (K) minεɺ (s-1) maxεɺ (s-1) 

1243.6 0.001 0.36 0.035 0.0118 117.72 1.29 0.55 1600 10-5 107 
Table 5.2. Constants determined for the steel AISI 304 for the RK model 

 
χ  (MPa) α  (-) 

200.83 0.0009774 
Table 5.3. Constants determined for the steel AISI 304 for the viscous drag component of the extended RK model. 

 
It is observed that in Fig. 5.21. the analytical predictions of the constitutive description fit 

properly the experimental results within wide ranges of strain rate at room temperature. Flow stress 
level and material strain hardening are satisfactorily defined, Fig. 5.21. 
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Fig. 5.21. Flow stress evolution versus plastic strain for different strain rates at room temperature and comparison with 
analytical predictions. 

 
The model describes the reduced rate sensitivity characteristic of FCC metals at low strain rates 

[Kumar et al. 1968, Follansbee 1986, Regazzoni et al.1987, Rusinek and Rodrίguez-Martίnez 2009, 
Rusinek et al. 2009a] as well as the flow stress increase due to dislocations drag at high strain rates, 
Fig. 5.22.  
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Fig. 5.22. Flow stress evolution versus strain rate for different plastic strain levels at room temperature and comparison 

with analytical predictions. Comparison with experiments reported in [Follansbee 1986]. 
 

Next, perforation tests on AISI 304 sheets are conducted using the experimental facilities 
reported in Section 4.2.3.1 and Section 4.3.3.1 The results are compared with those previously 
reported for steel ES and AA 2024-T3. The goal is to examine the suitability of AISI 304 for 
absorbing energy under dynamic solicitation and to determine if martensitic transformation still 
occurs under impact loading.  

5.2.3 Experimental procedure for perforation of metallic sheets 
 
Two different experimental setups have been used for analyzing the perforation behaviour of the 

AISI 304 sheets.  

5.2.3.1 The drop weight tower 
 
The description of the facilities used to conduct (and analyze) the low velocity impact tests was 

already carried out in Section 4.3.3.1 

5.2.3.2 The pneumatic cannon 
 
The description of the facilities used to conduct (and analyze) the high velocity impact tests was 

already carried out in Section 4.2.3.1 

5.2.4 Analysis of the perforation process 
 

First, the results obtained using the drop weight tower are reported. 

5.2.4.1 The drop weight tower tests 
 

The first step is to obtain the ballistic curve residual velocity versus impact velocity, Fig. 5.23.  
following the procedure detailed in Section 4.3.4.1. The ballistic limit for AISI 304 at room 
temperature is blV 2.9 m/s≈  (much larger than that corresponding to AA 2024-T3), Fig. 5.23.  For 

that velocity the impact does not lead to any crack in the target, Fig. 5.23. In Figs. 5.24-5.25-5.26. 
can be observed that small increments in the impact velocity involve a progressive appearance of 
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necking and failure in the interface projectile/target. That necking is precursor of crack generation 
and subsequent petalling development.  
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Fig. 5.23. Residual velocity versus impact velocity at room temperature. 

 
 
 

 
Fig. 5.24. Absence of cracks, steel AISI 304, V0=2.9 m/s at room temperature. 

 
 

 
Fig. 5.25. Pierced target, steel AISI 304, V0=3.0 m/s at room temperature. 
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Fig. 5.26. Pierced target, steel AISI 304, V0=3.25 m/s at room temperature. 

 
It has to be highlighted the good performance of the steel AISI 304 under impact, at least in 

comparison with AA 2024-T3. For both materials, let us calculate the ratio of the energy absorbed by 
the target per unit of material density, Fig. 5.27.  From that comparison the AISI 304 comes clearly 
benefited, it absorbs more than double energy than the AA 2024-T3, Fig. 5.27.  It has to be noted 
that in the case of AISI 304 the amount of energy absorbed by the target (beyond the ballistic limit) 
decreases with the impact velocity, within the range of impact velocities tested, Fig. 5.27. It is a 
transient trend due to proximity of the impact velocity to the ballistic limit (optimum perforation) 
[Landkof and Goldsmith 1993, Wierzbicki 1999, Rusinek et al. 2009a]. It is expected that for larger 
impact velocities the energy absorption will increase as reported in [Borvik et al. 2002b, Arias et al. 
2008, Rusinek et al. 2009a]. 
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Fig. 5.27. Energy absorbed by the target as a function of the impact velocity at room temperature. 

 
Such good performance of the AISI 304 under impact is enhanced by the martensitic 

transformation which takes place during perforation. The impacted plates have been cut; petals and 
cracking interfaces have been examined using SEM, Fig. 5.28. For the whole range of impact 
velocities covered, martensite has been found in the tested specimens, Fig. 5.28.  
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(b) 

(a) 

 

(c) 
Fig. 5.28. SEM micrographies of petals in AISI 304 impacted plates.(a) V0=4.4 m/s, (b)-(c) V0=3.5 m/s. 

 
Unfortunately, due to complicated shape of the plates after impact, the exact volume fraction of 

martensite could not be accurately quantified. In addition, martensitic transformation seemed to be 
heterogeneously distributed showing strong dependence on grains orientation (material strongly 
deformed which makes difficult the observation of the microstructure), Fig. 5.28. However, it is 
assumed that the martensite found in the specimen may have an important role on the perforation 
process, enhancing material strain hardening (at least locally in the proximity of the cracks where the 
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maximum concentration of martensite was found) and therefore improving the capability of the AISI 
304 for absorbing energy in form of plastic work (cracks are demanding larger amount of energy to 
progress).  

 
Next, the force/striker displacement evolution for different initial impact velocities is depicted, 

Fig. 5.29. The slope of the curve force/striker displacement sF/∂ ∂δ  remains constant regardless of 

the impact velocity (such behaviour was also observed in the case of AA 2024-T3), Fig. 5.29. The 
maximum force recorded is rather independent of impact velocity, Fig. 5.29. 
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Fig. 5.29. Evolution of the impact force as a function of the striker displacement for different impact velocities at room 

temperature. 
 

Thus, in the case of those tests leading to complete perforation of the target, the recurrent failure 
mode is petalling (as it was observed for AA 2024-T3), Figs. 5.30-5.31. Neither the rolling direction 
nor boundary conditions influence the initiation or the propagation of cracks. Within the range of 
impact velocities considered, the number of petals varies between three and five [Landkof and 
Goldsmith 1993, Wierzbicki 1999].  

 

 
Fig. 5.30. Petalling failure mode, steel AISI 304, V0=3.5 m/s and room temperature.  
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Fig. 5.31. Petalling failure mode, steel AISI 304, V0=4.4 m/s and room temperature. 

 
Large permanent bending can be observed in the impacted plates (much larger than that 

reported for AA 2024-T3), Figs. 5.32-5.33. 
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Fig. 5.32. Permanent bending of the target for AISI 304 and AA 2024-T3 for V0=3.5 m/s at room temperature.  

 
Plastic work (enhanced by martensitic transformation) in form of bending acts as the main 

mechanism for absorption of energy during perforation. High work hardening exhibited by this 
material spreads plasticity along the samples during perforation (high velocity of the plastic waves). 
It homogenizes material behaviour leading to a global response to the impact by the whole plate, Fig. 
5.33. 
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Fig. 5.33. Permanent bending of the target for different impact velocities at room temperature. 
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In Fig. 5.34. is shown a sequence of images of the perforation process for 0V 4.4 m/s= . It is 

visible that before the onset of cracks take place the plate is strongly bent and deformed from the 
clamped perimeter up to the contact zone projectile/plate, 5.34-a. Failure occurs and cracks quickly 
propagate until the rear side of the target leading to petalling formation as final stage of the 
perforation process, 5.34-b-c-d.  

 
AISI 304 - V0 =4.4 m/s 
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(d) 

Fig. 5.34. Different stages of the perforation process for V0=4.4 m/s at room temperature. (a) Localization of 
deformation and onset of cracks. (b) Cracks progression and generation of petals. (c) Development of petalling. 

 (d) Complete passage of the impactor and petalling failure mode. 
 

Next, the results obtained using the gas cannon are reported. 
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5.2.4.2 The pneumatic cannon tests 
 

Experiments within the range of impact velocities 25 m/s ≤ V0 ≤ 85 m/s are conducted. The 
ballistic limit found from the tests is Vbl ≈ 75 m/s. It is necessary to highlight that in comparison with 
steel ES and AA 2024-T3, steel AISI 304 shows the largest ratio ballistic limit/material density Vbl-

AISI 304/ρAISI 304 > Vbl-2024-T3/ρ2024-T3 > Vbl-ES/ρES. This material possesses excellent mechanical 
properties for the absorption of energy under dynamic solicitations.  

 
In Fig. 5.35. is shown the final stage of the impact process for different initial impact velocities. 

Failure by necking and subsequent propagation of cracks is the recurrent failure mode of the plates. 
Large bending effect leads to radial sliding projectile/plate. Necking appears close to the dome of the 
contact projectile/plate and large petals are formed, Fig. 5.35. 
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 (c) 

Fig. 5.35. Final stage of the impact process for different initial velocities.  
(a) V0 = 72.15 m/s, (b) V0 = 74.62 m/s, (c) V0 = 78.15 m/s. 
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Such a large bending of the plates is enhanced with increasing impact velocity, Fig. 5.36. For a 
given impact velocity, 0V 48 m/s≈  AISI 304 and ES steel sheets show quite similar permanent 

deflection. In the case of ES steel such loading condition corresponds to maximum bending, however 
in the case of AISI 304 bending in still much more increased until ballistic limit is reached, Fig. 
5.37. 
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Fig. 5.36. Post-mortem deflection of the target for AISI 304 and steel ES for V0≈48 m/s. 
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Fig. 5.37. Post-mortem deflection of the target for different initial impact velocities. 

 
Thus, in order to understand such good performance of the AISI 304 under the gas cannon tests 

the procedure followed for analyzing the martensite transformation in the drop weight tower tests has 
been repeated.  Again, martensite has been found for the whole range of impact velocities, especially 
in the petals and around the cracks (strong material deformation makes difficult the observation of 
the microstructure, however traces of martensite are visible in all cases), Fig. 5.38. It is clear that for 
AISI 304, martensite is induced by material straining even under impact events. It makes this 
material propitious for bearing dynamic solicitations.  
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(a) (b) 
Fig. 5.38. SEM micrographies of petals in AISI 304 impacted plates, V0=78.15 m/s. 

 
Next, numerical simulations of the gas cannon tests are conducted. Such procedure will allow 

for estimation of the strain rate and temperature levels reached during the tests. It will provide useful 
information to analyze the loading conditions in which martensitic transformation is occurring.  

5.2.4.2.1 Numerical analysis of the impact process 
 
For the simulations of the impact on the AISI 304 sheets the numerical configuration already 

introduced in Section 4.2.4.3.3 has been used. Moreover, let us assume the same simplified failure 
criterion estimated for ES steel, p

f 1ε = .  

 
From the numerical estimations the ballistic limit found is Vbl ≈ 85 m/s, Figs. 5.39-5.40-5.41. 

Such value is a bit larger than that obtained from experiments. However the difference ∆Vbl = Vbl-

numerical - Vbl-experimental ≈ 10 m/s can be assumed in complex dynamic events like high velocity 
perforation. The suitability of the numerical model used (constitutive relation, failure criterion mesh 
configuration) has to be highlighted. 
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AISI 304 – V0=75 m/s – t=360 µs 
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Fig. 5.39. Numerical estimations of strain rate and temperature contours during impact, V0 = 75 m/s. 
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AISI 304 – V0=85 m/s ≈ Ballistic limit– t=360 µs 
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Fig. 5.40. Numerical estimations of strain rate and temperature contours during impact, V0 = 85 m/s. 
 
From the simulations it has been observed that the maximum strain rate in the material is within 

the range -1 p -11000 s 5000 s≤ ε ≤ɺ , Figs. 5.39-5.40-5.41. It leads to a maximum increase of 
temperature within the range 200 K ≤ ∆T ≤ 300 K, Figs. 5.39-5.40-5.41.  Such values are consistent 
with the experimental observation reported for ES steel if we take into consideration the larger flow 
stress level of the AISI 304. It can be concluded that even under very high temperature increase 
martensitic transformation occurs in this material, improving its performance under fast solicitations. 
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AISI 304 – V0=100 m/s – t=200 µs 

 

 
 

 
 

Strain rate contours 

 
 

Temperature contours 

 

 

Fig. 5.41. Numerical estimations of strain rate and temperature contours during impact, V0 = 100 m/s 
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5.3 Impact behaviour of steel TRIP 
 

In this part of the document the impact behaviour of steel TRIP 1000 is examined. First, it is 
discussed the thermo-mechanical characterization of the material conducted by Rusinek and 
Klepaczko [Rusinek and Klepaczko 2009]. Then perforation tests using the drop weight tower are 
carried out. Experiments at different initial temperatures T0 = 213 K and T0 = 288 K were conducted. 
The main goal is to examine the potential martensitic transformation taking place in TRIP 1000 
under dynamic loading. A comparison with those results reported for the AISI 304 is conducted. 
Optimization of materials for absorbing energy under dynamic solicitations is pursued.  

5.3.1 Thermo-viscoplastic behaviour of the TRIP 1000 steel 
 

TRIP 1000 multiphase steel belongs to the type called low-alloy TRIP  steels. This sort of steels 
is nowadays in widespread use in automotive industry, for example in crash-box structures 
construction. Such mechanical components are responsible for absorbing energy during crash or 
accident. The goal is to have advantage of the potential martensitic transformation taking place in 
this kind of material for increasing its strength and ductility during loading.  

 
Low-alloy TRIP  steels present a microstructure consisting of ferrite, bainite and retained 

austenite at room temperature. They use to contain low amount of austenite stabilisers which 
promote the phase transformation [Fischer et al. 2000, Liu et al. 2008]. Generally, in low alloy TRIP 
steels the retained austenite represents less than 20 % of the total volume, Fig. 5.42., and just a 
fraction of that austenite may be transformed during a mechanical solicitation. 

 
 

α : Ferrite
ααααb : Martensite

 
α  bα  

rγ  

γr : Austenite

 
Fig. 5.42. Scheme of the microstructure of L-TRIP steel 

 
These multiphase steels can be treated, up to a certain point, as composite materials where the 

retained austenite acts as inclusions embedded in a ferrite-bainite matrix. The martensitic 
transformation is basically controlled by the “Greenwood- Johnson effect” as reported in [Delannay 
et al. 2008].  

 
The chemical composition of the TRIP 1000 multiphase steel is given in Table 5.4 [Oliver et al. 

2007]. 
 

C Mn Si Cr P Al Ni 
0.16 1.58 1.47 0.20 0.087 0.048 0.04 

Table 5.4. Chemical composition of TRIP 1000 (% of weight) [Oliver et al. 2007]. 
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It underwent several heat treatments. After being rolled, it first was annealed in the AC1-AC3 

(beginning AC1≈1023 K and ending of austenitization AC3≈1113 K) austenitization temperature 
range, in order to obtain a maximum amount of retained austenite. Then, it was quickly cooled down 
to T ≈ 670 K, when it underwent a tempering for the formation of some bainite. It makes the carbon 
issued from the ferrite migrate to the austenite (carbon enrichment and stabilization of this last 
phase). The resulting microstructure is a multiphased material constituted of ferrite, bainite and 
about 8% of retained austenite (less than 2% on the surface and about 15% in the core: this gradient 
of composition along the thickness has been shown after a series of electropolishings every 50µm), 
Fig. 5.43. The volume fraction of each phase has been quantified using picture correlation techniques 
(Scanning Electron Microscope (SEM) observations) as well as XRD. 

 

 
Fig. 5.43. SEM micrograph of the TRIP 1000 steel showing mainly bainite (B) and ferrite (F) on the surface. 

 
Moreover, the martensite starts temperature of this material, MS = 135 K, has been determined 

by dilatometry (cooling rate of 20°C/s).  
 

The surface roughness of the material has been analyzed. A mechanical treatment called “skin 
pass” is applied to the TRIP 1000 steel during manufacturing process. It generates micro-plasticity 
on the surface of the sample, Fig. 5.44. 

 
 

Detail: Surface roughness 

 

Fig. 5.44. Surface roughness of TRIP 1000 steel. 
 

Micro-plasticity 
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The induced local plasticity acts as preferred place for the localization of deformation [Rusinek 
and Klepaczko 2009].  

 
Moreover, XRD has enabled to determine the residual stress in the ferritic phase in the initial 

state of the material: 25 MPa in the rolling direction (LD) and -70 MPa in the transverse direction 
(TD). These values of residual stresses are negligible in the case of a High Strength Steel (HSS) like 
TRIP 1000. Such reduced residual stress level has been induced by the previously mentioned 
mechanical treatment (“Skin pass”) which, after rolling, has been applied to the material.  
 

Next, it is discussed the thermo-viscoplastic behaviour of the TRIP 1000. The tests were 
originally performed by Rusinek and Klepaczko [Rusinek and Klepaczko 2009]. 

5.3.1.1 Literature review 
 

In order to characterize the material behaviour, tensile tests were conducted at different loading 
rates [Rusinek and Klepaczko 2009]. The specimen geometry and dimensions are analogous to those 
used in the case of ES steel, AA 2024-T3 and AISI 304, Fig. 4.5.  

 
The evolution of the flow stress as a function of plastic strain for different rates of deformation is 

shown in Fig. 5.45-a. The TRIP 1000 steel has reduced strain rate sensitivity (in the range of strain 
rates covered during the tests), Fig. 5.45-a. Such an observation is in agreement with experimental 
data reported in the literature for other HSS, [Larour et al. 2007, Rusinek et al. 2009a]. In Fig. 5.45-b 
[Rodríguez-Martínez et al. 2010b] is depicted how the logarithmic rate sensitivity decreases with the 
initial static yield stress. 
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Fig. 5.45. (a) Flow stress of TRIP 1000 as a function of plastic strain for different loading rates. (b) Evolution of the 
logarithmic strain rate sensitivity as a function of the initial static yield stress for different steel alloys [Rodríguez-

Martínez et al. 2010b]. 
 

Under quasi-static loading, the material exhibits important temperature sensitivity, Fig. 5.46-a. 
Temperature decrease leads to greater strain hardening, Fig. 5.46-b. Such behaviour comes from the 
straining of austenite and subsequent martensitic transformation [Rusinek and Klepaczko 2009]. 
Temperature sensitivity is revealed as plastic strain dependent, Fig. 5.46-c.  
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Fig. 5.46. (a) Flow stress of TRIP 1000 as a function of plastic strain for different initial temperatures. (b) Strain 

hardening of TRIP 1000 as a function of plastic strain for different initial temperatures. (c) Evolution of the flow stress 
as a function of temperature for different plastic strain values. 

 

Temperature contours during loading at p -10.01 sε =ɺ  are shown in Fig. 5.47. At the beginning of 
testing is observed Lüder’s band propagation along the active part of the specimen, Fig. 5.47. 
Beyond certain value of straining Lüder’s band phenomenon vanishes and strain hardening of the 
material starts to increase. Then, enhanced by the high flow stress level of TRIP 1000 (and by the 
phase transformation which is an exothermic process as previously discussed in the present 
document), the material temperature strongly increases. Thus, when instability takes place the 
increase of temperature is clearly focused around the central part of the specimen. The heat generated 
in the necking zone is hardly being diffused to the rest of the sample, Fig. 5.47. Transient adiabatic 
conditions of deformation take place. Maximum temperature recorded during the test at p -10.01 sε =ɺ  
was ∆Tmax ≈ 75 K, Fig. 5.47. and in the case of p -10.1 sε =ɺ  was ∆Tmax ≈ 130 K as discussed in 
[Rusinek and Klepaczko 2009]. It must be noted that such values are quite similar to those reported 
previously for the AISI 304.  
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Material: TRIP 1000 steel - To = 26.12 °C – η=0.95 – Strain rate=0.01 s-1 
 

 
 

 

 

 
 

 

 
 

Fig. 5.47. Temperature contours during loading [Rusinek and Klepaczko 2009]. 
 

Next, perforation tests of TRIP 1000 sheets are conducted using the experimental facilities 
reported in Section 4.3.3.1. The results are compared with those previously reported for steel AISI 
304. The goal is to examine the TRIP 1000 performance for absorbing energy under impact loading. 

5.3.2 Experimental procedure for perforation of metallic sheets 

5.3.2.1 The drop weight tower 
 

The drop weight tower was used to conduct the perforation tests. It is considered as suitable for 
the comparison between TRIP 1000 and AISI 304 impact behaviours (better than the gas gun setup 
also used to conduct perforation tests in this investigation) since considerable amount of information 
can be obtained from the tests (force history evolution, residual velocity, failure time...).  
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The description of the facilities used to conduct (and analyze) the low velocity impact tests was 
already carried out in Section 4.3.3.1. 

5.3.3 Analysis of the perforation process 
 

Throughout this section of the document, the effects of impact velocity and initial temperature on 
the perforation process are analyzed.  

5.3.3.1 Tests at room temperature 
 

As it was observed for AA 2024-T3 and AISI 304 petalling is the recurring failure mode for all 
the perforation tests, Figs. 5.48-5.49. Neither the rolling direction nor boundary conditions influence 
the initiation or the propagation of cracks. The number of main petals occurring for all the tests 
performed also oscillates between four and five, Figs. 5.48-5.49.  

 

  
Fig. 5.48. Petalling failure mode, steel TRIP 1000, V0=4.4 m/s at room temperature. 

 
 

     

 
Fig. 5.49. Petalling failure mode, steel TRIP 1000, V0=3.5 m/s at room temperature.  

 
In Fig. 5.50. is shown a sequence of images of a test performed at V0 = 4.4 m/s. The different 

stages of the perforation process are clearly visible; bending of the plate, localization of deformation, 
onset and progression of cracks.   
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TRIP 1000 - V0 = 4.4 m/s 

 

 
(a) 

 

 
(b) 

 

 
(c) 

 

 
(d) 

Fig. 5.50. Different stages of the perforation process for Vo=4.4 m/s at room temperature. (a) Localization of 
deformation and bending process. (b) Generation of cracks at the dome of the contact projectile/plate. (c) Propagation of 

cracks. (d) Cracks arrested on the rear side of the plate. 
 

In Fig. 5.51. the residual velocity is compared to the initial velocity. The ballistic limit value 
obtained from the experiments performed at room temperature is Vbl = 2.6 m/s, Fig. 5.51. Such value 
is lower than that obtained for AISI 304, Fig. 5.51. 
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Fig. 5.51. Residual velocity versus initial impact velocity at room temperature. 

 
Thus, it is revealed that the TRIP 1000 sheets absorb between 10 % and 15% less energy than 

the AISI 304 sheets for the whole range of impact velocities tested, Fig. 5.52. The causes which 
reside behind such difference must be identified. 

 

0

10

20

30

40

50

60

70

80

90

100

0 1 2 3 4 5

AISI 304
TRIP 1000

10 %

E
ne

rg
y 

ab
so

rb
ed

 b
y 

th
e 

pl
at

e 
, E

t (
J)

Initial impact velocity, V
0
 (m/s)

No perforation

To = 288 K

 
Fig. 5.52. Energy absorbed by the target as a function of the impact velocity for AISI 304 and TRIP 1000. 

 
Let us analyze the force evolution versus striker displacement for different impact velocities and 

both materials TRIP 1000 and AISI 304, Fig. 5.53. In the case of the TRIP 1000 sheets the slope of 
those curves sF/∂ ∂δ  is larger than in the case of AISI 304, however the striker displacement until 

failure is much reduced, Fig. 5.53. Maximum force recorded during perforation is quite similar for 
both materials within the whole range of impact velocities analyzed, Fig. 5.53.   

 
Those observations can be explained in the following way. TRIP 1000 shows larger flow stress 

level than AISI 304 at the beginning of loading, it involves the larger value of the slope of the curves 
reported in Fig. 5.53. At the same time TRIP 1000 shows much reduced strain hardening than AISI 
304 (bainite and ferrite commonly have lower strain hardening than austenite) which acts as limiting 
factor for TRIP 1000 ductility (and therefore acts as limiting factor for the striker displacement at 
failure). However both materials show similar maximum strength ≈max( 1 GPa)σ  leading 

approximately the same maximum force during the test.  
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 Fig. 5.53. Force evolution as a function of the striker displacement. Comparison between AISI 304 and TRIP 

1000 for different impact velocities.   
 
It can be assumed that in this particular boundary value problem (and for these two materials) 

material strain hardening controls the perforation process. Plastic work is revealed as the main 
mechanism for absorption of energy. That can be also observed by analyzing the post-mortem 
bending of the impacted plates, Fig. 5.54. Permanent deflection of the target (so plastic work) is 
much larger in the case of AISI 304 for the whole range of impact velocities considered, Fig. 5.54. 
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Fig. 5.54. Permanent bending of the target. Comparison between AISI 304 and TRIP 1000 for different impact 

velocities.   
 

After such analysis is clearly proven the improved behaviour under low velocity perforation 
exhibited by AISI 304 in comparison with TRIP 1000. However, is TRIP 1000 and not AISI 304 
the material specially developed for absorbing energy under such loading conditions. The martensitic 
transformation process is expected to provide to TRIP 1000 of improved ductility during dynamic 
solicitations.  

 
Thus, in order to check if such martensitic transformation occurs during the perforation process 

of the TRIP 1000 sheets XRD was used. The main problem induced by this technique is the 
difficulty in differentiating the martensite diffraction peaks from the ferrite ones, since these two 
phases have very similar crystallographic parameters. It was therefore impossible to detect 
martensite and to quantify its volume fraction directly. However, since TRIP 1000 is a martensite 
free steel in its initial state, it was possible to carry out relevant analyses by calculating precisely the 
amount of austenite in the plates after testing. Subsequently, the possible decrease of its volume 
fraction was associated to the appearance of a similar volume fraction of martensite. 

 
Thus, the volume fraction of retained austenite has been determined in different points of the 

impacted specimens, especially close to the cracking interfaces. Flat petals have also been tested 
after cutting. The results always revealed a volume fraction of austenite close to 2% on the surface of 
the specimens after failure. The gradient observed along the thickness was still the same, at least in 
the 300µm analyzed. It is the same amount of austenite observed before testing the samples. 
Therefore, it seems that there is not martensitic transformation during perforation.  
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Close to the zone directly affected by the impact this absence may be explained by the increase of 
temperature during dynamic loading. As it was previously reported, in TRIP 1000 the temperature 
increase is already important under quasi-static loading. Let us assume that during perforation local 
temperature (close to the zone directly affected by the impact austenite may be deformed) deviates 
too much from the M S temperature of this material. It makes the austenite phase stable even under 
potential large austenite deformation. Far from the zone directly affected by the impact this absence 
may be explained by reduce straining of austenite. The mechanical energy supplied to this phase may 
not be enough to promote the martensitic transformation.  A combination of both effects may be also 
a plausible explanation.  

 
In order to go further in this investigation let us perform drop weight tower tests at low 

temperature, T0 = 213 K. Such experiments are carried out in order to promote martensite formation 
during loading. In adittion, T0 = 213 K may be assumed as the minimum temperature of interest for 
automotive applications.  

5.3.3.2 Tests at low temperature 
 

Thus, in this section of the document the effect of the initial temperature on the perforation 
process is studied. The tests performed at T0 = 288 K are compared to those conducted at T0 = 213 K. 
Before testing at low temperature, the steel sheets (already clamped and screwed) were subjected to 
the testing temperature for approximately one hour (longer time time than that used for the AA 2024-
T3 tets because of the lower conductivity of steel). Such a period of time was considered as suitable 
in order to reach thermodynamic equilibrium material target/testing temperature (perfect 
thermodynamic equilibrium plate/environment was pursued in order to not disturb potential phase 
transformation during loading).  

 
The first observation concerns the failure mode of the target. No influence of the initial 

temperature on the perforation mechanisms has been observed for the whole range of impact 
velocities considered. The final stage of the perforation process is the development of petals, Fig. 
5.55. 
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Fig. 5.55. Petalling failure mode, steel TRIP 1000, V0 = 3.7 m/s and T0=213K.  

 
However, the difference occurs with the energy absorbed by the target. At low temperature the 

ballistic limit is increased frombl T 213 K0
V 2.6 m / s= =  to bl T 288 K0

V 3.1 m / s= = . In the case of V0 = 

2.9 m/s and T0 = 213 K the striker does not generate any cracks in the target, Fig. 5.56. However, for 
the same impact velocity and T0 = 288 K several cracks, precursor of petalling, took place.  

 
 

 
Fig. 5.56. Petalling failure mode, steel TRIP 1000, V0=2.9 m/s and T0=213K.  

 
Permanent bending of the impacted specimens is greater at low temperature, Fig. 5.57. In the 

case of T0 = 213 K the target absorbs a larger amount of energy in the form of plastic work.  
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Fig. 5.57. Permanent bending of the target for both initial temperatures. (a) V0= 2. 9 m/s, (b) V0 = 3.75 m/s. 
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The evolution of the force in relation to the striker displacement is shown in Fig. 5.58. for 
different initial impact velocities. The force level for both initial temperatures is superimposed up to 
a determined value of striker displacement. The testing temperature only affects the perforation 
process beyond certain deflection of the plate. Then, the difference resides in the slope of the curve 
force/striker displacement, Fig. 5.58.  
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Fig. 5.58. Evolution of the force versus the striker-displacement for both initial temperatures.  

(a) V0 = 2.9 m/s, (b) V0 = 4.0 m/s. 
 

It is necessary to investigate if such differences in the material response are due to martensitic 
transformation or they are simply related to the temperature sensitivity of the material.  

 
Following the procedure reported in the previous section it was concluded that there was not 

martensite in the impacted plates at low temperature. From these results it is assumed that the 
temperature increase during loading may not be the only one responsible for the absence of 
martensitic transformation during loading. In order to check such assumption let us carry out the 
following analysis.  

 
A complete residual stress profile has been conducted in the ferritic phase, in the two directions, 

LD and TD, of the impacted plates (both radial and circumferential stresses), Fig. 5.59.  
 

 
Fig. 5.59. Measurement points where the XRD technique was applied. 
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The stress values obtained for two impact velocities, V0 = 4 m/s and V0 = 4.4 m/s, are presented 
in Fig. 5.60. The results are introduced as a function of the distance from the border of the specimen. 
This distance can slightly vary in both directions (LD and TD) depending on the shape of the 
perforated zone (in the same way, some points close to the impacted zones could not be analysed 
because petals constituted an obstacle to X-rays). 

 
Negative values of the residual stress in ferrite are illustrated in Fig. 5.60. It indicates that this 

phase is in compressive state in TRIP 1000 (soft phase). Cementite (present in bainite) and austenite 
play the role of hard phases in this steel. During loading, the stress in ferrite is therefore inferior to 
the macroscopic stress of the material. An important part of the plastic strain required by austenite 
for the martensitic transformation is localized in the ferrite. Reduced deformation of the austenite 
phase seems to prevent martensitic transformation. The radial stress is maximum in ferrite close to 
the impacted zones. There, the discrepancy between the macroscopic stress and the one in ferrite is 
the greatest. The level of strain in ferrite is greater in the zone directly affected by the impact. 
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Fig. 5.60. Residual stress in ferrite along the distance from the border to the center of the plate for different initial 

impact velocities at T0= 213 K. (a)-(b) V0= 4.4 m/s, (c)-(d) V0=4.0 m/s. 
 
It must be noted that positive stress values in ferrite are observed for the circumferential stress in 

the reduced range 28 mm ≤ X ≤ 32 mm, Fig. 5.60-b-d. Such local behaviour may be associated to the 
curvature changes in the profiles of the impacted plates. Since the samples tested have a square 
shape, the bending effect is not symmetric, either in the radial, or in the circumferential direction 
(impact induces radial wave propagation; however, the distance to the clamped perimeter is not the 
same in all directions). In order to accommodate plastic deformation, the samples tested exhibit local 
tensile state (in the circumferential direction) in the previously mentioned target zone, 28 mm ≤ X ≤ 
32 mm.  
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This chapter dealt with the impact-perforation behaviour of two metallic alloys, steel 
AISI 304 and steel TRIP 1000. These materials are thermo-mechanically characterized, 
analytically modeled and subjected to perforation by non-deformable projectiles. Their 
deformation mechanisms are tied to their answer under impact-perforation. The potential 
martenstic transformation occurring during dynamic loading has been analyzed. Based on the 
constitutive relations developed in chapter 1, numerical models of the perforation test have 
been built. The numerical results obtained are in agreement with the experiments in terms of 
ballistic limit prediction and failure mode definition. Plastic instabilities formation and 
progression is revealed as the mechanism behind material failure in the impact tests.  
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6 CHAPTER 6. CONCLUSIONS AND FUTURE WORK 
 

6.1 Concluding and remarks 
 

Below are summarized the main findings and conclusions arising from this doctoral Thesis: 
 

• To complement the RK  model, the MRK  constitutive description has been proposed. 
The former is suitable for describing the behaviour of metals whose rate sensitivity in 
independent of plastic strain. The latter is suitable for defining the behaviour of metals 
showing dependence of strain on the volume thermally activated. Extensions to viscous 
drag effects, negative strain rate sensitivity and phase transformation phenomena are 
derived for both, RK  and MRK models. It has been proven the suitability of the 
constitutive relations developed for defining the thermo-viscoplastic behaviour of both 
BCC and FCC metallic alloys. Such a range of strain hardening laws is indispensable for 
conducting a proper analysis of the plastic behaviour of metals under transient loadings. 

 
• The constitutive relations developed have been implemented into the FE code 

ABAQUS/Explicit . It made possible to conduct a broad campaign of numerical 
simulations in order to analyze the impact of wave propagation, rate sensitivity and strain 
hardening on the formation of instabilities under dynamic loading. Both, ring expansion 
test and conventional dynamic tension test have been examined under wide ranges of 
impact velocities. It has been demonstrated that rate sensitivity and strain hardening rate 
determine ductility of metals. Therefore, they are main responsible for the capability of 
metallic materials for absorbing energy under dynamic events. 

 
• It has been analyzed the thermo-viscoplastic behaviour of steel ES under 

impact/perforation. Experiments were conducted with a gas gun within the range of 
impact velocities 25 m/s ≤ V0 ≤ 60 m/s. The tests were recorded using high speed 
infrared camera. Assuming adiabatic conditions of deformation along the contact-
interface projectile/plate, the increase of temperature is related to the plastic deformation. 
The critical failure-strain leading to target-collapse is evaluated coupling temperature-
measurements with numerical simulations and with analytical predictions of the material 
behaviour obtained using the RK  model. Following such procedure it has been estimated 
that the process of localization of deformation which is precursor of target-failure 

involves local plasticity values close to p 1ε ≈  . The application of such value of failure 
strain to numerical simulations of the perforation tests provides results in agreement with 
experiments. 

 
• The thermo-viscoplastic behaviour of AA 2024-T3 has been characterized in tension 

under wide ranges of strain rate and temperature. The material shows high strain 
hardening and elevated ductility. A remarkable characteristic of this alloy is the increase 
of the strain hardening with the temperature decrease. The temperature sensitivity is 
dependent on plastic strain. Thus, the ductility of the material is increased at low initial 
temperatures. Such behaviour makes this alloy of main interest for aeronautical 
applications. The thermo-viscoplastic behaviour of AA 2024-T3 has been modeled using 
the extended MRK model to viscous drag effects. Satisfactory agreement between 
experiments and analytical predictions of the constitutive relation are reported. Based on 
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such understanding of the material behaviour, perforation tests of AA 2024-T3 sheets are 
conducted using both a gas cannon and a drop weight tower. High velocity impact tests 
were conducted within the range 10 m/s ≤ V0 ≤ 45 m/s. Drop weight tower experiments 
were carried out within the range 0.5 m/s ≤ V0 ≤ 4.5 m/s under different initial 
temperatures, T0 = 213 K and T0 = 288 K. As it was expected the AA 2024-T3 exhibited 
a good performance under low testing temperatures. Numerical simulations of the high 
velocity impact tests were conducted. The numerical model developed allowed for a 
proper description of the perforation process in terms of ballistic limit prediction and 
failure mode. 

 
• The thermo-viscoplastic behaviour of the steel AISI 304 is examined. Two different 

experimental setups have been used for characterization of the thermo-mechanical 
behaviour of the material. First, unconventional in situ tensile tests were carried out for 
examination of the martensitic transformation under static loading at room temperature. 
The flow stress evolution as a function of plastic strain has been determined for both the 
austenite and martensite phases. It was revealed that martensitic transformation takes 
place from very low straining values. In the post mortem specimens it was measured the 
martensite volume fraction, Vα’ ≈ 60 %. Second, regular tensile tests were conducted 
under wide ranges of strain rate and temperature. Such tests were recorded using high 
speed infrared camera. The volume fraction of martensite in the post-mortem specimens 
was determined. It was revealed that the phase transformation occurs even under a 
temperature increase above ∆T > 140 K. The thermo-viscoplastic behaviour of the 
material has been defined using the extended RK  model to viscous drag effects. 
Satisfactory agreement between experiments and analytical predictions of the 
constitutive relation are reported. Moreover perforation tests at room temperature using 
drop weight tower and gas cannon are conducted. The drop weight tower tests are carried 
out within the range of impact velocities 2.5 m/s ≤ V0 ≤ 4.5 m/s. The high impact 
velocity tests are conducted within the range 25 m/s ≤ V0 ≤ 85 m/s. The AISI 304 
showed very good performance under impact loading. The cause which resides behind 
such behaviour seems to be the martensitic transformation taking place during the 
perforation tests. The impacted plates were subjected to observation using SEM.  
Notable amount of martensite was found for all the tests performed. Finally numerical 
simulations of the impact process were conducted. The numerical model developed 
allowed for a proper description of the perforation process in terms of ballistic limit 
prediction and failure mode. 

 
• The thermo-mechanical behaviour of the steel TRIP 1000 under perforation has been 

examined. The relevance of this material resides in the potential transformation of 
residual austenite into martensite under straining. In order to study the material 
behaviour under fast loading, perforation tests have been performed using a drop weight 
tower. Experiments at different initial temperatures, T0 = 213 K and T0 = 288 K, and 
impact velocities, 5 m/s ≤ V0 ≤ 4.5 m/s, were carried out. XRD method allowed 
measuring the austenite content of the samples before and after impact. The results 
always revealed the same volume fraction of austenite. The absence of martensitic 
transformation may be explained by the increase of temperature during loading in the 
zone directly affected by the impact (close to the zone directly affected by the impact 
austenite may be deformed). Moreover, residual stress analysis of ferrite showed that it 
plays the role of the soft phase during plastic deformation of the material. An important 
part of the plastic strain required by austenite for the martensitic transformation is 
localized in ferrite. In the target zones where an increase of temperature was not 
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noticeable (far from the zone directly affected by the impact), reduced deformation of the 
austenite phase prevents martensitic transformation. Under these considerations (and 
loading conditions) TRIP 1000 steel seems to behave as a regular High Strength Steel 
with an absence of martensitic transformation. 
 

In this Thesis it has been demonstrated the necessity of providing an integrated view to the 
impact processes in order to understand the mechanisms for absorption of energy that, under 
dynamic loading, are showed by metallic alloys. For that task, an original methodology has been 
developed. This procedure combines advanced measuring techniques like infrared recording or X-ray 
diffraction with numerical simulations supported by the accurate description of the material 
behaviour. Thus, this investigation led to the main findings outlined above which are of relevant for 
different industrial applications.   

6.2 Future work 
 
Some of the future researching lines are outlined below: 
 

• RK  and MRK  constitutive descriptions take into account only the instantaneous rate sensitivity 
of the material. Instantaneous strain rate sensitivity describes the rate-dependent behaviour of 
metals during continuous loading condition (current value of flow stress is an instantaneous 
function of strain, strain rate and temperature). Many of the constitutive descriptions reported 
in the literature (physical-based models as well as phenomenological models) are usually 
restricted to such application fields. However, it is known that strain rate history effects are 
present in the material deformation behaviour. Historical effects may be of relevance for 
modeling the material behaviour when it is subjected to an abrupt increase of applied 
deformation rate or to a cycling loading process. In order to take into account such 
considerations, definitions of internal state variables in the formulation of the constitutive 
description are necessary. It will allow gathering information concerning the microstructure 
evolution suring plastic deformation.  

 

• In this doctoral Thesis the Huber-Misses yield function has been used to describe the thermo-
viscoplastic behaviour of metals. J2 plasticity involves an isotropic definition of the material 
behaviour. In order to analyze metallic alloys with dependence of pressure on the yield 
condition, it would be helpful to combine the constitutive relations here proposed with advanced 
plasticity criteria like those due to Gurson or Burzyński.  

 

• Moreover, it is known that damage softening may play an important role on the behaviour of 
certain metals under determined loading conditions. Damage is known as dependent on strain, 
strain rate and temperature as well as on stress state. Thus, a description of damage phenomenon 
gathering such dependences has to be derived and combined with the constitutive relations 
introduced in this work. For such a goal, it is required a rigorous experimental methodology 
which allow us to identify accurately the loading conditions under which damage softening in 
metals is developed.  

 

• In order to complement the analysis conducted in this work for uniaxial stress state, in 
forthcoming studies it will be necessary to identify the role of strain rate and strain hardening on 
the formation of instabilities under other stress states like for example pure shear. Adiabatic 
shear bands formed under dynamic loading are responsible for material failure in industrial 
processes like high speed machining of fast cutting. The advanced constitutive descriptions 
developed in this work may be applied for such goal.  
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• It is revealed necessary to conduct an experimental campaign in order to go further in the 
understanding of the mechanisms responsible for absorbing energy under dynamic solicitation.  
Special interest must be focused on the new generations of High Strength Steels, like for 
example TRIP  and TWIP  steels. Classical testing methods must be combined with advanced 
measuring techniques like infrared thermography, image correlation and X-ray diffraction in 
order to examine the causes of strain localization. As it was described in this work, such 
experimental campaign has to cover from the uniaxial characterization of the material behaviour 
up to the structural response of the material under impact/perforation. The efforts may be 
centered on: 

 
o Application of image correlation technique to impact events like fast tension, compression and 

shear tests, perforation processes or impact of crash box structures. It will allow us to know the 
role played by strain and strain rate on the generation of plastic instabilities and failures under 
dynamic loading.  

 
o Infrared recording of dynamic events like fast tension, compression and shear tests, perforation 

processes or impact of crash box structures. It will allow us to measure the role played by 
thermal softening on the generation of plastic instabilities and failures under dynamic loading 
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APPENDIX A – The mechanical threshold stress model 
 
The constitutive relations reported along this document are derived from the Mechanical 

Threshold Stress (MTS) model reported in [Kocks et al. 1975, Goto et al. 2000, Kocks and Mecking 
2003, Banerjee 2007]. The formulation of the model is described below. It has to be noted that such 
complete constitutive formalism is complicated to be implemented directly into FE codes due to the 
complexity of each equation coupled with the great number of physical constants. That caused the 
derivation of the simplified constitutive descriptions proposed along this doctoral thesis.  

 
The thermo-viscoplastic flow stress is defined by Eq. A-1: 
 

( ) ( ) ( ) ( ) ( )( ) ( )p p p p p p

a i i

0
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Where ( )p

a ,Tσ ε  is the athermal stress component, iσ  is the intrinsic component of the flow 

stress due to barriers to thermally activated dislocation motion, ( )p

εσ ε  describes the strain 

hardening component of the flow stress, ( )p

iS ,Tεɺ and ( )p

eS ,Tεɺ  are rate and temperature dependent 

scaling factors and 
( )

0

Tµ
µ

defines the temperature dependent shear modulus [Varshni 1970, Chen and 

Gray 1996], Eq. A-2.  
 

( ) ( )0

0

D
T

exp T / T 1
µ = µ −

−
      (A-2) 

 
Where 0µ is the shear modulus at T 0 K= and D and 0T  are material constants.  

 
The athermal stress component of the constitutive description is given by Eq. A-3. 

 

( ) ( )np p

a 0 1C
d

Κσ ε = σ + ⋅ ε +       (A-3) 

 
Where 0σ is a material constant tied to long-range obstacles. The second term defines 

dependence of athermal stress on dislocations density where 1C andnare empirical material 

constants. The third term inside the brackets defines the Hall-Petch effect where Κ is a material 
constant and d  is the grain size. 

 
The thermal stress component of the constitutive description is derived by combination of an 

Arrhénius type equation, Eq. A-4. and the existing relation between free energy and mechanical 
threshold stress, Eq. A-4. 
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j
j

jp

0 j

qp

j3

j 0 j

j

G
exp

k T

G g b 1

 −∆ 
ε = ε ⋅  ⋅ 
   σ  ∆ = ⋅µ ⋅ ⋅ −     σ   

ɺ ɺ

⌢

      (A-4) 

 
Where 0 jεɺ  is the pre-exponential term, jG∆  is the free energy of thermal activation, k is the 

Boltzmann constant, 0 jg is a normalized activation energy, b is the burgers vector, j

j

σ
σ⌢

 is the ratio of 

temperature-dependent applied stress to the mechanical threshold stress, jp  and jq  are empirical 

constants defining the which describe the profile of energy barrier to dislocation motion. 
 

In previous expressions, Eq. A-4, j  enters as defined by Eq. A-5. 
 

( )p

ij i if S ,T= εɺ and 
( )
( )

p

i

p

e

j i if S ,T

j e if S ,T

 = ε


= ε

ɺ

ɺ
     (A-5) 

 

Then, the scaling factors ( )p

iS ,Tεɺ and ( )p

eS ,Tεɺ read as follows, Eq. A-6. 

 

( ) ( )

i
i

1/ p1/ q

p b 0i
i 3 p

0i

k T
S ,T 1 ln

g b T

  ⋅ ε  ε = − ⋅   ⋅ ⋅µ ε    

ɺ
ɺ

ɺ
    (A-6-a) 

 

( ) ( )

e
e

1/ p1/ q

p b 0e
e 3 p

0e

k T
S ,T 1 ln

g b T

  ⋅ ε  ε = − ⋅   ⋅ ⋅µ ε    

ɺ
ɺ

ɺ
   (A-6-b) 

 
Moreover, the strain hardening of the model ( )p

εσ ε  is given by a modified Voce law, Eq. A-7. 

 

( )e
e

p

d

d

σ = θ σ
ε

        (A-7) 

 
Where the following empirical relation are defined, Eqs. A-8 – A-12. 
 

( ) ( ) ( )e 0 e 1 e1 F Fθ σ = θ ⋅ − σ + θ ⋅ σ        (A-8) 

 

( )p p

0 00 10 20 30a a ln a a Tθ = + ⋅ ε + ⋅ ε + ⋅ɺ ɺ      (A-9) 

 

( )p p

1 01 11 21 31a a ln a a Tθ = + ⋅ ε + ⋅ ε + ⋅ɺ ɺ      (A-10) 
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( ) ( )

e

es

e

tanh

F
tanh

 σα σ σ =
α

       (A-11) 

 

( )
p

es b

3

0es 0es 0es

k T
ln ln

g b T

    σ ⋅ ε= ⋅     σ ⋅ ⋅µ ε    

ɺ

ɺ
     (A-12) 

 
Where 0θ  is the strain hardening rate due to dislocation accumulation, 1θ is saturation hardening 

rate, ( )0 j 1 j 2 j 3 ja ,a ,a ,a ,α are material constants ( )j 0,1= , esσ is the saturation stress at zero strain 

hardening  rate, 0esσ is the saturation threshold stress for deformation at T 0 K= , 0esg is the 

associated normalized activation energy, and 0esεɺ is the reference maximum strain rate. 
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APPENDIX B  
 

THREE DIMENSIONAL MODEL 
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APPENDIX B – Three dimensional model 
 
As reported, for example, in [Lubarda et al. 2003] particular relevance has the generalization of 

constitutive relations to three dimensional states of stress and strain. For it, the constitutive 
descriptions introduced in this document may be extended to 3D modeling and implemented into FE 
code by means, for example, the integration scheme proposed in [Zaera and Fernández-Sáez 2006]. 
Such procedure was already applied to the formulation of the RK model [Rusinek and Zaera 2007]. 
Thus, the main features of the algorithm proposed by Zaera and Fernández-Sáez [Zaera and 
Fernández-Sáez 2006] are described below. 
 

The yield condition is defined by Eq. B-1: 
 

( )p p
yf , ,T 0= σ − σ ε ε =ɺ       (B-1) 

 
where σ  is the equivalent stress, yσ  is the yield stress defined by the constitutive description, 

pε is the equivalent plastic strain, Eq. B-2, pεɺ is the equivalent plastic strain rate, Eq. B-3. and T is 
the temperature. 

 
p p dtε = ε ⋅∫ ɺ         (B-2) 

 

p p p
ij ij

2

3
ε = ⋅ε ⋅εɺ ɺ ɺ        (B-3) 

 
Assuming additive decomposition of the deformation tensor (hypoelastic-plastic approach), the 

tensor of total strain rate ijεɺ is written as a sum of the elastic strain rate tensor e
ijεɺ , the plastic strain 

rate tensor p
ijεɺ and the thermal strain rate tensor T

ijεɺ , Eq. B-4.  

 
e p T

ij ij ij ijε = ε + ε + εɺ ɺ ɺ ɺ             (B-4) 

 
Elastic strains are related to stress through an isotropic hypoelastic law, Eq. B-5.: 

 
e

ij ijkl klCσ = ⋅εɺ         (B-5) 

 
where ijklC  is the stiffness tensor. 

 
The thermal strains tensor is defined as follows, Eq. B-6: 

 
T
ij ijTε = α ⋅ ⋅δɺ         (B-6) 

 

where α  is the coefficient of thermal expansion and ijδ  is the unit matrix ( )ij 1 if i jδ = =  

 
To define the plastic flow, the normality rule is used, Eq. B-7.  
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p
ij

ij

f∂ε = λ ⋅
∂σ

ɺ         (B-7) 

 
where λɺ  is the rate plastic multiplier that, in J2 plasticity, can be defined by Eq. B-8: 
 

p

t

∆λλ = = ε
∆

ɺ ɺ               (B-8) 

 
And hence, the equivalency of the plastic multiplier and the equivalent plastic strain, Eq. B-9: 

 
pε = λ               (B-9) 

 
Assuming adiabatic conditions of deformation the material temperature increase is defined by 

the following relation, Eq. B-10: 
 

p
ij ij

p

T
C

β= ⋅σ ⋅ε
ρ ⋅

ɺ ɺ              (B-10) 

 
Where β  is the inelastic heat fraction and ρ is the material density. 
 
 The consistency model is used to integrate the thermo-viscoplastic rate equations, via the 

equality of equivalent stress and yield stress for updated values of plastic strain, plastic strain rate 
and temperature. In the frame of the return-mapping algorithms, the consistency condition, Eq. B-11, 
could be written in terms of the equivalent plastic strain increment corresponding to a time step, Eq. 
B-12: 

 
f 0λ ⋅ =ɺ               (B-11) 

 

( )pf 0∆ε =         (B-12) 

 
Linearising the consistency condition, the following equation is found which allows us to 

iteratively obtain p∆ε , Eq. B-13: 
 

( ) ( ) ( )
p
(k)p p p trial p p

(k) (k) (k) n 1 (k ) (k)k 1 k p p
ij ij (k ) (k) (k ) p(k)

f f f f f
f f 2G 6G 0

t T C ++

  δε∂ ∂ ∂ ∂ ∂ β ≈ + −δε + δε + + δε σ − ∆ε δε =
 ∂σ ∂σ ∆ ∂ ρ∂ε ∂ε
 

ɺ
   (B-13) 

  
where k is an iterative index. From the previous expression p

(k)δε  can be calculated, Eq. B-14. 

 

( )

( )
kp

(k)
trial p
n 1 (k)p p

(k) (k) (k) p

f

f 1 f f
3G 6G

t T C +

δε ≈
∂ ∂ ∂ β− − − σ − ∆ε

∂ε ∆ ∂ε ∂ ρɺ

   (B-14) 

 
Then, ∆λ  is updated after every iteration, Eq. B-15: 

 

(k 1) (k ) (k)+∆λ = ∆λ + δλ        (B-15) 
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All the variables could be determined from the final value of ∆λ . A more detailed explanation 

of the integration procedure can be found in [Zaera and Fernández-Sáez 2006]. 
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APPENDIX C  
 

DERIVATIVES OF THE CONSTITUTIVE 
MODELS FOR IMPLEMENTATION INTO 
FE CODE 
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APPENDIX C – Derivatives of the constitutive models for 
implementation into FE code 

 
If the integration scheme proposed in [Zaera and Fernández-Sáez 2006] is used for 

implementation into FE code of the constitutive descriptions reported in this document the first 
derivatives of the yield function (of all arguments) are required. They are reported below. 
 

The Rusinek-Klepaczko constitutive description 
 

( ) ( ) ( ) ( ) ( )p

p

p p
n ,T 1p p p

0p

,T

d , ,T
B ,T n ,T

d

ε −µ

ε

σ ε ε
= ε ⋅ ε ⋅ ε + ε

ε
ɺ

ɺ

ɺ

ɺ ɺ    (C-1) 

( ) ( ) ( ) ( ) ( ) ( )p

p

p p p p
n ,T 0 0 2 0p p

0p p
p max m

,T p

d , ,T n D ln
B ,T

d T
log

εµ

ε

 
 σ ε ε ν ⋅ ε + ε ⋅ ⋅ ε + ε
 = ε ⋅ ε + ε ⋅ −

εε ε ⋅  ε ⋅   ε  

ɺ
ɺ

ɺ
ɺ ɺɺ

ɺ
ɺ

  (C-2) 

 

( ) ( ) ( ) ( ) ( )
p

p p

p p p
n ,Tp p p0 2

0 0

m min
,

d , ,T n D
B ,T log ln

dT T T

εµ

ε ε

σ ε ε   ⋅ν ε= − ε ⋅ ε + ε ⋅ + ε + ε  ε  

ɺ

ɺ

ɺ ɺ
ɺ

ɺ
  (C-3) 

 

( )
( )

*m 1* p

* max1
0 1p p p

m m
T

d ,T m D T T
1 D log

d ln 10 T T

−σ ε     ε⋅= ⋅ ⋅σ ⋅ − ⋅    ε ε ⋅ ε    

ɺ ɺ

ɺ ɺ ɺ
   (C-4) 

 

( ) *

p

m 1* p

*max max1
0 1p p

m m

d ,T m D T
log 1 D log

dT T T

−

ε

σ ε     ε ε⋅= − ⋅ ⋅σ ⋅ − ⋅    ε ε    
ɺ

ɺ ɺ ɺ

ɺ ɺ
   (C-5) 

 

( ) *
* m

0

m

dE T T 1
E exp 1

dT T T T

   θ = − ⋅ θ − ⋅ +   
    

     (C-6) 

 

The Modified Rusinek-Klepaczko constitutive description 
 

( ) ( )
p

2
min

0
m

p

2

max D T log
* p p p n 1 1p T

0p
m

,T

p

1/2
min max

0 1 p
m m

T logd , ,T
B

Td

D T log
T

n 1 1 log
T T

−ν
  ε
  ⋅ ⋅

 ε  − − 
 
  
 

ε

ξ

 ε  ⋅  σ ε ε ε  = ⋅ ⋅ ε ⋅
 ε
 
 

  ε⋅ ⋅    ε   ε   ⋅ − ⋅ − ξ ⋅       ε     
 

ɺ

ɺ

ɺ

ɺ

ɺ ɺ

ɺ

ɺ ɺ

ɺ

    (C-7) 
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( )
( )

( )

2p

2
min

0
m

p

p

2
min

0
m

1/ 1

D T log max max
1 p pn 1p T

0
m m

* p p

p p
m

,

D T log

n 1p T
0

T log T log
B T 1

T T
d , ,T

d T

B

ξ − −ν
  ε  ⋅ ⋅

 ε  − 
 
  
 

ε Τ

  ε
 ⋅ ⋅
 ε −



 ε   ε    ⋅ ξ ⋅ ⋅      ε ε      ⋅ ε ⋅ν ⋅ ⋅ − ⋅
   
   σ ε ε    =

ε ε ⋅

⋅ ε

+

ɺ

ɺ

ɺ

ɺ

ɺ ɺ

ɺ ɺ

ɺ

ɺ ɺ

( ) ( )

2

p

2
min

0
m

1
1

max max
1 p p

1
2 m m

p
m

D T log max
1 pn 1p pT

0 2 0

T log T log
1

T 1
T T

T

T log
B D n T log 1

− + −ν
 ξ

 
 
 
 
  



  ε  ⋅ ⋅
 ε  − 

 
  
 

 ε   ε    ⋅ ξ ⋅ ⋅      ε ε      ⋅ ⋅ ξ ⋅ ⋅ − ⋅
ξ    

   
   

ε ⋅

ε ⋅ ξ ⋅  ε ⋅ ⋅ ε ⋅ ⋅ ⋅ ε ⋅ −

−

ɺ

ɺ

ɺ ɺ

ɺ ɺ

ɺ

ɺ

ɺ

21/

max
p

m m

p
m

T log

T T

T

ξ −ν
   ε  ⋅     ε    ⋅
   
   
   

ε ⋅

ɺ

ɺ

ɺ

  (C-8) 

 

( )
( )

( )

2p

2
min

0
m

p p

p

2
min

0

1/ 1

D T log max max
1 p pn 1p maxT

0 p
m m

* p p

m
,

D T log

n 1p
0

T log T log
B 1 log

T T
d , ,T

dT T

B

ξ − −ν
  ε  ⋅ ⋅

 ε  − 
 
  
 

ε ε

ε⋅ ⋅
ε

−

 ε   ε    ⋅ ξ ⋅ ⋅      εε ε       ⋅ ε ⋅ν ⋅ − ⋅     ε 
   σ ε ε    = −

⋅ ε

−

ɺ

ɺ

ɺ

ɺ

ɺ

ɺ ɺ

ɺ ɺɺ

ɺ

ɺ
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2

m

p

2
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0
m

1 1/

max max
1 p p
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2 m m
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D T log

n 1p pT
0 2 0
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1

log 1
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T
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  ε  ⋅ ⋅
 ε  − 

 
  
 

 ε   ε    ⋅ ξ ⋅ ⋅      ε ε ε        ⋅ ξ ⋅ ⋅ ⋅ − ⋅ ξ    ε 
   
   

⋅ ⋅ ε ⋅ ⋅ ε ⋅

−

ɺ

ɺ

ɺ ɺ

ɺ ɺɺ

ɺ

21/

max max
1 pp p
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m

T log T log
1 log

T T
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ξ −ν
 ε   ε    ⋅ ξ ⋅ ⋅        εε ε      − ⋅ ⋅  ε     
   
   

ɺ ɺ

ɺɺ ɺ

ɺ

  (C-9) 

 
The viscous drag stress term 

 

( ) ( )
p

vs p

p

d
exp

d

σ ε
= α ⋅χ ⋅ −α ⋅ ε

ε

ɺ

ɺ

ɺ
                              (C-10) 
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The negative strain rate sensitivity stress term 
 

 

( )

p

3 m

ns max

0

ns trans
p 3 m 0 p

ns

p p p

D T log

1
T

D T logd ,T

d T
Τ

  ε⋅ ⋅  ε  σ ⋅ −
  ε   ⋅ ⋅σ ⋅   σ ε ε   = −

ε ε ε ⋅

ɺ

ɺ

ɺ

ɺ ɺ

ɺ ɺ ɺ
          (C-11)  

          

 
( )

p

p
ns trans

p 3 0 m p
T max

2

D T log log
d ,T

dT T
ε

  εε  ⋅σ ⋅ ⋅ ⋅   σ ε ε ε  =
ɺ

ɺ ɺ

ɺ ɺɺ

        (C-12) 

 
 

The strain hardening function 
 
 

( ) ( )( ) ( )( )

( )
p

p p
1

p p p p
0 0p

p

0

df ,
1 exp exp exp exp

d

exp

ξ−

ε

ε ε     = ξ⋅ − λ ⋅ ε ⋅ −λ ⋅ ε ⋅ − −λ ⋅ ε ⋅ −λ ⋅ ε
     ε

 ⋅ −λ ⋅ −λ ⋅ ε 

ɺ

ɺ

ɺ ɺ ɺ

ɺ

     (C-13)  

 
 

( ) ( )( ) ( )( )

( ) [ ]
p

p p
1

p p p p
0 0p

p p

0

df ,
1 exp exp exp exp

d

exp

ξ−

ε

ε ε     = ξ⋅ − −λ ⋅ ε ⋅ −λ ⋅ ε ⋅ − −λ ⋅ ε ⋅ −λ ⋅ ε
     ε

 ⋅ −λ ⋅ ε ⋅ −λ ⋅ ε ⋅ −λ 

ɺ

ɺ ɺ

ɺ

ɺ

     (C-14)  

 
 

( ) 1

1 S

D S D S

dg T T M 1

dT M M M M

η−    −= −η⋅ ⋅    − −     
          (C-15)  

 

( ) 1

2

D 0 D 0 D 0

dg T T T 1
exp

dT M T M T M T

α α−         
 = − ⋅ −α ⋅ ⋅        − − −             

        (C-16)  
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APPENDIX D – Analytical derivation of the critical impact 
velocity in tension 

 
Let us consider the following boundary value problem where a semi-infinite slender bar 

extending from x  = −∞ to x 0=  is impacted with a constant velocity 0V , Fig. D-1. Let us assume 

that the impact velocity 0V  is high enough to produce plastic deformation in the material.  

Co 

σσσσe 
Vo 

Cp 

σσσσp 

x = 0 x = - 8  
Fig. D-1. Schematic representation of the elastic and  plastic wave propagation along a semi-infinite bar. 

 
The constitutive behaviour of the material is assumed of the form ( )σ ε  where σ  and ε  are the 

stress and the strain respectively. The relation( )σ ε  shows a smooth first derivative which is a 

decreasing function of strain.  
 
The uniqueness of the relation ( )σ ε  leads to the rate-independent theory of plastic wave 

propagation. A more general approach to the wave propagation phenomena in inelastic solids will 
lead to the rate-dependent theory of plastic wave propagation where rate and temperature effects 
are taken into consideration (By now, let us assume the wave celerity only dependent on strain). In 
addition, the radial contraction of the material is neglected. Under these assumptions, the equation of 
motion for an element of the bar reads as follows, Eq. D-1. 

 

( )
2 2

2x x
i2 2

U U
C  

t x

∂ ∂= ε
∂ ∂

      (D-1) 

 
The wave propagates in the longitudinal direction of the bar x , where xU  is the material particle 

displacement in that direction, t  is time, iC  is the wave speed and ε  is the strain that can be split 

into elastic eε  and plastic pε  terms. In the elastic range ( )1/ 2

0C E /= ρ  and in the plastic range 

( ) ( )1/ 2p p
pC d / dε = σ ρ ε . In the isothermal rate-independent theory of wave propagation the wave 

velocity is a constant in the elastic range, only dependent on Young’s modulus and material density. 
In the plastic range it becomes a decreasing function of the plastic deformation.  
 

Previous differential equation, Eq. D-1. can be solved by the method of characteristics. The 
definition of the characteristic line reads as follows, Eq. D-2 

 

( )dx
= C  

dt
± ε         (D-2) 

 

Then, in the elastic range 0dx / dt= C± and in the plastic range ( )p
pdx / dt= C  ± ε . Thus, Eq. D-

2. satisfied along the characteristic lines gives Eq. D-3. 
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( )dv= C d  ± ε ⋅ ε        (D-3) 

 
Along two sets of characteristics the mass velocities in both elastic and plastic ranges are given 

Eq. D-4. 
 

( ) ( )
p

0

p p p
p

0

v= C  

v C d
ε

± ε



ε = ± ε ε


∫
      (D-4) 

 
The first relation in Eq. D-4. takes place along the linear characteristics 0dx / dt= C± , so it 

corresponds to the elastic range. The second relation in Eq. D-4. occurs along the non-linear 

characteristics ( )p pdx / dt= C± ε , so it corresponds to the plastic range.  

 
Thus, Eq. D-4. defines the mass velocity which reaches a maximum at a specific value of total 

strain. Such value of strain is given by the condition ( )p
pd / d 0 C 0σ ε = → ε = which corresponds to 

saturation of the material. Higher mass velocities cannot propagate. It leads to the definition of the 
Critical Impact Velocity (CIV ) in tension.  Therefore the value of the CIV  is the integral of the wave 
speed given by Eq. D-5. 

 

( )
pme

e

p p
e p

0

CIV C d C d
εε

ε

= ⋅ ε + ε ⋅ ε∫ ∫      (D-5) 

 
The fist term of Eq. D-5 corresponds to the elastic range, where eε  is the elastic deformation 

corresponding to the initial yield stress, pe e 0ε =
ε = ε .  

 
The second term corresponds to the plastic range. In that term pmε   is the upper limit of 

integration defined as the plastic strain value for which the mass velocity (in the plastic range) 
equals the plastic wave speed leading to the CIV  phenomenon.  

 
In a more general case rate and temperature effects have to be taken into account, is the rate-

dependent theory of plastic wave propagation.  
 

Now, the elastic wave speed is defined as follows, Eq. D-6: 
 

( ) ( )
( )

1/ 2

e

E T
C T

T

 
=   ρ 

       (D-6) 

 

Moreover, the material constitutive behaviour becomes of the form ( )( )p p p, ,Tσ ε ε εɺ . A more 

complete, and closer to the reality of fast plastic deformation, is assumption of the adiabatic 
deformation. Then increase of material temperature is defined in a general case by, Eq. D-7. 
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( ) ( )
( ) ( ) ( )( )

p
max p p

p p p p p

0

,
T , , ,T d

T C T

ε β ε ε
∆ ε σ = ⋅σ ε ε ε ε

ρ ⋅∫
ɺ

ɺ     (D-7) 

 

where ( )p p,β ε εɺ  is the Taylor-Quinney coefficient, ( )Tρ  is the material density and ( )C T  is the 

specific heat at constant pressure. 
 

 
 

Then, the plastic wave celerity ( )( )p p p

pC , ,Tε ε εɺ  dependent on plastic strain, strain rate and 

temperature is given by Eq. D-8. 
 

( )( ) ( )( ) 1/ 2
p p p

p p p

p p

d , ,T1
C , ,T

d

 σ ε ε ε
 ε ε ε = ⋅
 ρ ε
 

ɺ

ɺ     (D-8) 

  
Then, the CIV  definition becomes given by Eq. D-9. 

 

( ) ( )( )
pme

e

p p p p
e p

0

CIV C T d C , ,T d
εε

ε

= ⋅ ε + ε ε ε ⋅ ε∫ ∫ ɺ     (D-9) 
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