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In a recent work we have proved that if ('U(), '1£1) is a ~-coherent pair of linear functionals, then 
at least one of them must be a classical discrete linear functional under certain conditions. 
In this paper we present a similar result for D ",-coherent pairs and the description of all 
~-coherent pairs. Furthermore, by using a limit process we recover the classification of all 
coherent pairs of positive definite linear functionals. 
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1. INTRODUCTION 

The concepts of coherent pair and symmetric coherent pair have been introduced 
by A. Iserles et al. in [7] in the framework of the study of orthogonal polynomials 
associated with the Sobolev inner product 

(j, g)s = J fg dl-£o +).. J f' g' dl-£l, (1) 

li li 

where 1-£0 and 1-£1 are non-atomic positive Borel measures on the real line such 
that 

k ;::: 0, i = 0,1. 
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2 1. AREA, E. GODOY AND F. MARCELL.AN 

In fact, coherence means that a relation between the MOPS (monic orthogonal 
polynomial sequence) {Pn(X)}n and {Tn(x)}n, associated with the measures J.Lo 
and J.LI respectively, 

Tn(x) = P~+I(;) - Un P~(x), n 2: 1, 
n+ n 

where {Un}n is a sequence of non-zero complex numbers, is satisfied (see 
also [10, 11]). 

In a similar way [3J, we have introduced the concept of .6.-coherent pairs: 
Let 11.0 and 11.1 be weakly quasi-definite linear functionals of order Mo and M1 , re­
spectively, and denote by {Pn(X)}~~o and {Tn(x)}~,,;o the corresponding MOPS 
associated with 11.0 and 11.1, respectively. We say that (11.0,11.1) is a .6.-coherent 
pair of linear functionals if and only if 

T. ( ) 
_ APn+l(x) _ .6.Pn(x) 

n x - Un, 
n + 1 n 

1 $; n $; min{Mo - 1, Md, 

where A stands for the forward difference operator Ay(x) = y(x+1)-y(x) and 
{un}n is a sequence of non-zero complex numbers. Moreover, in [3] we have 
proved that if (11.0,11.1) is a .6.-coherent pair of linear functionals at least one of 
the functionals must be a classical discrete linear functional . .6.-coherent pairs of 
linear functionals are a rather useful tool when dealing with approximation over 
discrete sets. 

The aim of our present contribution is to determine all .6.-coherent pairs of 
linear functionals. Moreover, we introduce and characterize the Dw-coherent 
pairs of linear functionals, being 

Dwf = f(x + w) - f(x), 
w 

By using limit properties for linear functionals, the classification given by Meijer 
in the continuous case [9] is reached. In this way we cover two goals. The 
first one is to present the concept of coherence for two measures as an inverse 
problem relating two sequences of orthogonal polynomials. Despite the origin 
of the coherence in the framework of Sobolev inner products, notice that it is 
basically a problem concerning the standard orthogonality. The next step, of 
course, is the analysis of the corresponding Sobolev orthogonal polynomials when 
(11.0, 11.1) is a A-coherent pair of positive linear functionals. Some results have been 
obtained when 11.0 = 11.1 is the Meixner linear functional [4J. The second goal is 
to recover the continuous case from the discrete case. In some sense, we follow 
the same approach as the stated in [2J. There, the authors have obtained the 
Krall-type polynomials as a limit case of perturbed classical discrete orthogonal 
polynomials, by adding mass points at the end of the interval of orthogonality. 

The structure of the paper is as follows. In Section 2 we give the basic def­
initions, notations and auxiliary results. In Section 3 we present the classifi­
cation of all A-coherent pairs. Finally, in Section 4, by using limit properties 
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of Dw-coherent pairs we recover the classification of coherent pairs of linear func­
tionals given by Meijer in [9]. 

2. AUXILIARY RESULTS 

Let lP' be the linear space of polynomials with complex coefficients and let lp" be 
its algebraic dual space. We denote (u,p) the duality bracket for u E lp" and 
pE lp', and we denote by (U)n = (u, xn), with n 2: 0, the canonical moments of u. 

Definition 1. A linear functional u : lp' ..... C is said to be weakly quasi-definite 
if there exists 1::; M::; 00 such that the principal submatrices Hk = [(ui+j)]7,j=o 
are non singular for 1 ::; k ::; M and, if M ¥ 00, HM+l is a singular matrix. We 
shall call M de order of the linear functional u. 

Note that when M = 00 this definition coincides with the concept of quasi­
definite linear functional given in [5, p.16]. 

Given a weakly quasi-definite linear functional u, there exists a family of monic 
polynomials {Pn(X)}~=o orthogonal with respect to u, i.e. Pn(X) = xn+ terms of 
lower degree, for every 0 ::; n ::; M, and (u, PnPm) = r n8n,m, r n ¥ 0, for every 
o ::; n, m ::; M. Such a sequence will be called monic orthogonal polynomial 
sequence (MOPS). 

Definition 2. Given a complex number c, the Dirac functional Dc == 8(c) is 
defined by (8e ,p) :=p(c), for p E JIl'. 

Definition 3. Let u be a linear functional. For each polynomial p we define 
the linear functional p(x)u as follows, (pu, q) := (u,pq), for every q E lp'. For 
each complex number c we introduce the linear functional (x - C)-lU by means 

of ((x - C)-lu,q):= (u, q(%2::::~(e)), for every q E JIl'. 

Note that (x - C)-l((X - c) u) = u - (U)ODe, while (x - c)((x - C)-lU) = u. 

Definition 4. Let w be a nonzero real number. The difference operator Dw is 
defined by 

D ()
._p(x+w)-p(x) 

wp x .- , 
w 

'7p E P. (3) 

When w = 1, Dl becomes the forward difference operator Do. 

In what follows we shall always assume that w ¥ o. 

Definition 5. For u E JIl'/, we introduce the linear functional Dwu as 
(Dwu,p):= -(u, Dwp) for every p E JIl'. 

It is easy to check that Dw[pu] = p (x-w) Dwu+Dwp (x-w) tt, for every pE JIl' 
and u E JIl". 
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4 1. AREA, E. GODOY AND F. MARCELLAN 

Definition 6. A linear functional u is said to be a classical discrete linear 
functional if u is weakly quasi-definite and there exist polynomials 4J and '1/;, with 
deg (4J) ~ 2 and deg ('I/;) = 1 such that 

.6.[4Ju] = 'l/;u. (4) 

The corresponding MOPS associated with u is said to be a classical discrete 
MOPS. 

Classical discrete linear functionals are the corresponding to Hahn, Meixner, 
Kravchuk and Charlier MOPS [6]. Charlier and Meixner functionals are quasi­
definite linear functionals [5] and therefore the corresponding MOPS is an infinite 
sequence. On the other hand, Kravchuk and Hahn linear functionals are weakly 
quasi-definite linear functionals because they satisfy a finite orthogonality rela­
tion and the corresponding functionals have a finite supporting set. For classical 
discrete polynomial sequences we give in Table 1 the polynomials 4J and 'I/; ap­
pearing in the distributional equation (4). 

If u is a classical discrete linear functional, then it can be represented as 

b-l 

(u,p) = L p(Xi) e(Xi), Xi+l = Xi + 1, 'ip E lP', (5) 

being a, b nonnegative integer numbers (or b = +00). Explicit expressions for the 
weight function e are given in Table 2 for each classical discrete family [12]. 

Let {Rn(x)}n be a classical discrete MOPS satisfying a three-term recurrence 
relation 

(6) 
R-1(x) = 0, Ro(x) = 1, "Yn '" 0, 

such that the linear functional u for which {Rn(x)}n is orthogonal satisfies the 
distributional equation (4). If we define a new sequence of monic polynomials 
{Sn(X)}n by means of 

(7) 

then {Sn (x)} also satisfies the three-term recurrence relation 

(8) 

with /3n = wf3n, "Yn = W
2 "Yn, where f3n and "Yn are given in (6). Moreover, 

{Sn(X)}n is the MOPS for a linear functional u'" which satisfies the distributional 
equation 

DOl [4JOluOl] = 'I/;OluOl' with 4JOl(X) = 4J (~), 

If the linear functional u is defined by (5) then the linear functional UOl is given by 
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Table 1. Polynomials in the distributional equation A[4>"] = 1/;" for each 
classical discrete family 

p,.(z) 4>(z) I/;(z) 

Charlier c~)(z) 

(I" > 0) 
I" I"-Z 

Meixner m~"''')(z) 
1"(-1+z) W'f - z (1 - 1") 

(-1 > 0.1" E (0.1)) 

Kravchuk k~')(z; N) Np- z 
N-z 

(p E (0.1). NE :1\+) p 

Hahn h~""")(z; N) 
(N-z-l)(z+13+1) (N -1)(13+ 1)- z(a+ 13+2) 

(a.13 > -1.N E :1\+) 

Table 2. Weight function ~ for each classical discrete family 

p,.(z) ~(z) z 

Charlier c~)(z) e-P. J.J. " 
r(z+ 1) 

N 
(I" > 0) 

Meixner m~"''')(z) 1""(1 - I"prex + '"() 
N 

(-1 > O. I" E (0.1)) rex + 1) r(-1) 

Kravchuk k~)(x; N) C) p"(1 - p)N-" {0.1 • ... • N} 
(p E (0.1). NE :1\+) 

r(N) r(0+13+2) 

Hahn h~""")(x; N) rea+ 1) r(13+1) rea+13+ N+l) 
{0.1. 2 •.... N-l} 

(0.13 > -1.N E :1\+) X r(a+N-x)re13+ x+ 1) 
r(N-x)re x+ 1) 

5 
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6 1. AREA, E. GODOY AND F. MARCELLAN 

b-l 

(Uw,p) = L e(Xi)p(WXi), 'ip E P, (10) 

being 4> and 'I/; the polynomials relative to the linear functional U in the distri­
butional equation (4). 

Moreover, if we consider 

V n (X ) Sn(X)=Sn(X+O')=w Rn Z;;+O', 0' E C, (11) 

v 
the sequence {S n(X)}n is orthogonal with respect to the linear functional i;.w 
defined by 

b-l 

(i;.""p) = L e (Xi)p (W Xi - a), (12) 

which satisfies 

v v 
with 4>w(X) = 4>w(X + 0'), 'l/;w(X) = 'l/;w(X + 0'). (13) 

v 
Definition 7. If {Rn(x)}n is a classical discrete MOPS and {S n(x)}n is the 

v 
sequence of polynomials defined in (7), we shall say that {S n (x)} n is a w-classical 

discrete MOPS. If i;.w is the linear functional satisfying (13), then i;.w is said to 
be a w-classical discrete linear functional. 

Let us introduce an extension of the concept of .D.-coherent pairs, which will 
be used later. 

Definition 8. Let Uo and Ul be two weakly quasi-definite linear functionals 
whose MOPS are {Pn(X)}~~o and {Tn(x)}~~o, respectively. We define (uo, Ul) 
as a Dw-coherent pair of linear functionals if 

1 :5 n :5 min {Mo - 1, Md, (14) 

where {un}n is a sequence of non-zero complex numbers. 

The following theorem characterizes the Dw-coherent pairs of linear func­
tionals. 

Theorem 1. Let (uo, Ul) be a Dw -coherent pair of linear functionals, whose 
MOPS are {Pn(X)}~~o and {Tn(x)}~~o, respectively, where Ml > 7. Let us 
consider the polynomial 

where 

6



CLASSIFICATION OF ALL t..-COHERENT PAIRS 7 

(16) 
1::; n::; min {Mo-I, Md. 

One of the following situations hold 

1. If ~ = 7) + w, then uo is a w-classical discrete linear functional satisfying 
Dw[~(x - w) uo] = ~o(x) Uo. Moreover, 

(17) 

2. If ~ #- 7) and (. #- 7) + w, then _Ul is a w-classical discrete linear functional 
verifying Dw[A(x + w) ul] = '\bdx) Ul. Furthermore, 

(18) 

where 7l"l(X) = ~l(X) - DwA(x). Finally, if AW = 0 then 7l"1(~) = o. 
The proof of this theorem is essentially the same as in [3] for D.-coherent pairs 

following the scheme given in [9]. 

3. CLASSIFICATION OF ALL D.-COHERENT PAIRS 

In this Section, we shall assume that w = 1 and (uo, Ul) is a D.-coherent pair 
of linear functionals, being {Pn(X)}n and {Tn(x)}n the corresponding MOPS 
associated with uo and Ul, respectively. From now on, only non-negative definite 
linear functionals will be considered. 

Theorem 1 proves that if (uo, Ul) is a D.-coherent pair of linear function­
als, then at least one of the functionals must be a classical discrete linear func­
tional, i.e. Charlier, Meixner, Kravchuk or Hahn. 

Let us show that the D.-coherent pairs of linear functionals have a similar 
classification to the one given in [9] for the continuous case. The classification of 
all Dw-coherent pairs could just be done in the same way taking into account the 
Definition 7. 

3.1. uo is a classical discrete linear functional 

If the zeros ~ and 7) of the polynomial B2 (x) in (15) are related by 7) = ~ + 1, 
by using Theorem 1 (with w = 1) we know that Uo is a classical discrete linear 
functional. Thus, we obtain 

(x - ~) Ul = 4>0 (x) Uo , (19) 

D.[4>o(x) uo] = '\bo(x) Uo· (20) 

7



8 I. AREA, E. GODOY AND F. MARCELL.AN 

In Theorem 1, ~ may be complex, but in the computations below we always 
assume ~ to be real. 

3.1.1. Charlier case (c~)(x), J.l > 0). If Uo is the Charlier linear functional 

with <po(x) = J.l, 1/>o(x) = J.l - x then we obtain the following D.-coherent pairs 
(UO,Ul) where 

Ul = X ~ ~ Uo + K6(~), K;::: 0, 

i.e., 

"ip E]!P. 

It is easy to check that these indeed are D.-coherent pairs. Since 

(<po(S) uo, Tn(s) c\:,)(s)) = ((s - 0 Ul, Tn(s) c~J.L)(s)) 

= (ul,Tn(s)c\:,)(s)(s-~)) =0 

if 0 ;5 k ;5 n - 2, then the D.-coherence of (21) follows from 

(21 ) 

where the last equality is a consequence of [12, p. 36, Eq. (2.4.17)] in the monic 
form. 

3.1.2. Meixner case (mh"Y'J.L)(x), "Y > 0, J.l E (0,1)). Huo = ub,J.L) is the Meix­

ner linear functional then <Po(x) = J.l(x+"Y) and 1/>0 (x) = "YJ.l-x(l-J.l). From (19), 
(UO,Ul) are .6.-coherent pairs where 

K;::: 0, ~;5 O. 

Let us check that (uo, U1) is a D.-coherent pair. Since 

(<po(s) Uo, Tn(s)m~"Y+1,J.L)(s)) = (U1' Tn(s) m~"Y+1,J.L)(s)(s -~)) = 0 

if 0 ;5 k :::; n - 2, then 

D. b,J.L)() D. ("I,J.L)() 
T, (s) = m("Y+1,J.L)(s) _ (j mb+1,J.L)(s) = m n + 1 s _ (j mn S 

n n n n-1 n + 1 n n ' 

1:::; n:::; M1 , 

(22) 

where the last equality is a consequence of [12, p. 36, Eq. (2.4.16)J in the monic 
form. 

8
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CLASSIFICATION OF ALL A-COHERENT PAIRS 9 

3.1.3. Kravchuk case (k~)(x;N), NEV, PE(O,l)). If we denote 

uo == u(p,N) the Kravchuk linear functional (weakly quasi-definite of order N) 

which satisfies the equation (20) with ePo(x) = N - x and 7/>o(x) = Np - x, then 
P 

from (19) we obtain that (uo, tl.l) is a 6-coherent pair where 

= _1_ (p,N-I) + KC(I:) 
UI rx-eru U<" K 2: 0, e :5 0, or e 2: N - 1. (23) 

Let us check that (uo, UI) is a 6-coherent pair of linear functionals. Since 

ePo(x)uo = (N - x)u(P,N) = u(p,N-I), 

then 

(U(P,N-I), Tn(s) k~p)(s; N - 1)) = (ePo(s) Uo, Tn(s) k~p)(s; N - 1)) 

(uI' Tn(s) k~p)(s; N -l)(s - e)) = ° 
if ° :5 r ::5 n - 2, and we can write 

6k(p) (s' N) 6k(p)( N) T ( ) - k(p)( . N - 1) _ k(p) ( . N _ 1) _ n+l , _ n S; 
n S - n S, Un n-l S, - n + 1 Un n ' 

1 :5 n :5 min{MI' N - I}, 

where the last equality is a consequence of [12, p. 36, Eq. (2.4.15)] in the monic 
form. 

3.1.4. Hahn case (h~a,!3)(x;N), 0',/3 > -1, N EZ+). Let us consider 

UQ = u(a,/3,N) the Hahn linear functional (weakly quasi-definite of order N - 1) 
for which, in (20), 

ePo(x) = (x+,B+1)(x-N +1) and 7/>0 (x) = (N -1)(/3+1)-(0'+/3+2) x. 

Theorem 1 gives the 6-coherent pairs (uo, uI) with 

=_1_ (a+I,/3+I,N-I)+KC(I:) K>O 1:<0 I:>N 2 (24) UI Ix-el u U <, , _, <, _, or <, _ -, 

since ePo(x) Uo = (x + /3 + l)(x - N + 1) Uo = u(a+I,/3+I,N-I). The 6-coherence 
of (ue, Ul) follows in a similar way as in the aboves cases taking into account 
[12, p. 36, Eq. (2.4.13)] in the monic form. 

9



10 !. AREA, E. GODOY AND F. MARCELLAN 

3.2. Ul is a classical discrete linear functional 

We are looking for the ~-coherent pairs (uo, Ul) when Ul is a classical discrete 
linear functional. Using Theorem 1 (with w = 1) we must consider the following 
cases: 

3.2.1. Charlier case. If Ul is the Charlier functional, then 4>1 (x) 
from (18) we obtain 

Uo = (x -~) Ul, 

To check that (uo, Ul) is a ~-coheren t pair, we have 

\4>l(S-l)UO,Pk(S)C;;Jl(S)) = \(S-~)U1,Pk(S)C;;J1(5)) 

\ Ul, Pk(S) C;;)l (S)(5 -~)) = 0 

for 0 :::; k :::; n - 1. Thus 

C;;Jl (s) = Pn+l(s) - Cl'nPn(S). 

If we apply the ~ operator to the above equality we get 

~C;;Jl(S) = ~Pn+l(S) - Cl'n~Pn(S), 

and now, by using [12, p. 36, Eq. (2.4.17)] in the monic form, we obtain 

1 :::; n :::; Mo - 1. 

p, and 

(25) 

3.2.2. Meixner case. Let Ul == u(-f,!') be the Meixner linear functional, where 
4>l(X) = p,(x + 1'). Then, by using (18) we have in this case 

p.(x + 1'-l)uo = (x -~)U1, 

and we can consider the following cases: 

1. If l' > 1, since (x + l' - 1) u(-f-l,!') = uC'l',!') then 

(x - ~) Ul = (x - ~)(x + l' - 1) uC'l'-l,!,), 

so 
L? o. (26) 

From (18) and since 7rl (x) Ul = p,(x + l' - 1) ~Ul we obtain 

hence 
7rl(X) uo = (x -~) 7rl(X) uC'l'-l,!') + K6(1 - 1'). 

From (26) and the above equation we get 

10



CLASSIFICATION OF ALL A-COHERENT PAIRS 

To check that (uo, ul) defines a .6.-coherent pair we prove 

(uo, P,,(s) m~-r,.-;'l'I")(s)) == (u(-Y-l'I"), P,,(s) m~-r,.-;.l'I")(s)(s - e)) == 0 

for 0 ~ k ~ n - 1. Thus 

m~-r,.-;.l'l"\s) == Pn+1(S) - t7nPn(s). 

Applying the .6. operator to the above relation we get 

.6.m~-r,.-;.l'I")(S) = .6.Pn+1(s) - t7n.6.Pn(S), 

and now, by using [12, p. 36, Eq. (2.4.17)] in the monic form, 

m~-Y'I")(s) = .6.Pn+1(s) _ nt7n .6.Pn(s) , 
n+1 n+1 n 

1 ~ n ~ Mo-1. 

2. If I = 1 then e = 0 and we obtain 

Uo = Ul + K6(0), K 2: O. 

Since 

\ Uo, ( m~l~)(s) - (n + 1) I'- ~ 1 m~l'I")(s)) P,,(s)) 

= (u1' ( m~.j.i)(s) - (n + 1) I'- ~ 1 mh1'1")(S)) P,,(s)) 

+K(m~1.j.i)(0)-(n+1) 1'-~1 mh1,1") (0)) 

11 

(27) 

(28) 

= ( Ul, ( m~1i)(s) - (n + 1) I'- ~ 1 m~l'I")(S)) P,,(s)) = 0, 

for 0 ~ k ~ n - 1, using the relation 

m(l,I") (0) - (n + 1) -1'-- m(l,I")(O) - 0 
n+l I'- _ 1 n -. 

Then, we can write 

1 ~ n ~ Mo-I. 

Applying the .6. operator and taking into account the so-called .6.-difference 
representation for Meixner polynomials [6] we get 

11
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12 I. AREA, E. GODOY AND F. MARCELLA.N 

1::; n::; Mo -1, 

the t!.-coherence of the pairs (uo, uJ). 

3.2.3. Kravchuk case. Let U1 == u(p,N) be the Kravchuk linear functional, 
being cP1(X) = (N - x). Then, we have 

(x - e) U1 = (N + 1 - x) uo, 

Since U1 = u(p,N) = (N + 1 - x) u(p,N+1) then 

e ::; 0, or 

e ::; o. 

e2:N+1. 

follows in a similar way as in the Meixner case. Again we check the t!.-coherence 
finding 

if 0::; k ::; n - 1, whence 

1 ::; n ::; min {Mo - 1, N}. 

Applying the.6. operator to the above expression, and using [12, p. 36, Eq. (2.4.15)] 
in the monic form we obtain 

1::; n::; N. 

3.2.4. Hahn case. Let U1 == u(o.,/3,N) be the Hahn linear functional, where 
cP1 (x) = (x + (3 + l)(N - x-I). Then, we have 

(x - e) U1 = (x + (3)(N - x)uo, 

and we can distinguish the following cases; 

1. If ex, {3 > 0, since (x + (3)(N - x) U(o.-1,/3-1,N+l) = u(o.,/3,N) = U1 then 
(x-e) U1 = (x-e)(x+{3)(N -x) u(o.-1,/3-1,N+1) so, repeating the arguments 
used in the Meixner case, 

Uo = Ix - el u(a-1,/3-1,N+1), e::; 0, or 

To check that (uo, U1) is a .6.-coherent pair we compute 

12



CLASSIFICATION OF ALL .l-COHERENT PAIRS 13 

(uo, Pk(S) h~~~I,i3-I)(S; N + 1)) 

= (u(Q-I,i3- I,N+I), Pk(S) h~~~I,i3-I)(S; N + I)(s - e)) = 0 

if 0:5 k :5 n - 1. Then 

h(Q-I,i3- I)('N ) - P () P ( ) n+l S, + 1 - n+l S - (jn n S , 1:5 n:5 min{Mo -I,N}. 

If we apply the .6. operator to the above expression, and using [12, p.36, 
Eq. (2.4.13)] in the monic form we obtain 

h~Q,i3)(S; N) = .6.Pn +l(s) 
n+I 

1:5 n:5 min {Mo-I, N -I}. 

2. If f3 = 0 then e = 0 and 

Uo = U(Q-I,O,N+I) + K6(0), K2:: 0, 0' > o. (29) 

In this case it can be proved that (uo, UI) is a .6.-coherent pair using the 
same technique as in the Meixner case taking into account the following 
formula 

.6.h(Q-I,O)( N 1) 
h~Q,O) (s; N) = n+l S; + 

n+I 

_ (O'+n)(n-N) .6.h~Q-I,O)(s;N+I), 
(2n+0')(2n+0'+1) 

(30) 

valid for 0 :5 n :5 N - 1. From (29) we have 

/ (h(Q-I,O)(S' N +1) (n+1)(0'+n)(n-N) h(Q-I,O)(S' N +1)~ P (S)) 
\ Uo, n+!' (2n+0')(2n+0'+1) n , ) k 

=0 

for 0 :5 k :5 n - 1, since 

h(Q-I,O)(O; N + 1) _ (n + 1)(0' + n)(n - N) h~O-!,O)(O; N + 1) = O. 
n+! (2n + 0')(2n + 0' + 1) 

Thus, for 1 :5 n :5 min {Mo - 1, N}, 

13
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h(O-l,O)(S' N+I) (n+I)(Q'+n)(n-N) h(O-l,O)(S' N+l) = P +l(S)-~ P (5) 
n+l' (2n+Q')(2n+Q'+1) n, n n n . 

Applying the ~ operator to the above equation and using (30) we obtain 

h(O,O)(s' N) = ~Pn+l(S) _ n ~n ~Pn(S) 1 <_ n <_ min {Mo -1, N -I}. 
n, n+l n+I n ' 

4. THE LIMIT TRANSITION 

In [9] Meijer proved that if (uo, Ul) is a coherent pair of linear functionals (2) then 
at least one of the functionals has to be a classical continuous one, i.e. Laguerre or 
J acobi functional. He gave the classification of coherent pairs of linear functionals 
which can be represented by distribution functions. The transition from Hahn 
to Jacobi, Meixner to Laguerre, Kravchuk to Hermite and Charlier to Hermite 
polynomials is described in [12]. In this section, limit relations between Hahn 
to Jacobi, Meixner to Laguerre, Kravchuk to Hermite and Charlier to Hermite 
linear functionals are obtained. From Section 3 and using these limit relations 
we are able to recover the classification given in [9]. 

It is clear that the difference operator Dw defined in (3) converges to the 
derivative operator V = d/dx when w -- O. Given a linear functional u the 
linear functional Vu is defined [8] as (Vu,p) = -(u, Vp), "Ip E P. 

Definition 9. A sequence of linear functionals {un}n converges to u E pI if 
and only if {(Un,P)}n converges to (u,p), "Ip E P. 

From the above definition, Dwu converges to Vu when w -- O. 
Taking limit when w -- 0 in the definition (15) of the polynomial B2 (x), it 

converges to a new polynomial B(x) of degree 2 which has two zeros, ( and {). 

4.1. Hahn to Jacobi 

Let us consider the (finite) Hahn MOPS {hho ,;3)(x; N + I)};;'=o and let w = 2/N. 
The polynomials 

(31) 

are orthogonal with respect to a linear functional ~w which satisfies an equation 
of type (13) with 

v v 
4>w(x)=(I-x)(I+x+w(,8+I)), 1/Iw(x) =,B - Q' - x (2 + Q' + ,8). (32) 

If we take the limit when w -- 0 (N -- 00) in (13) we obtain 

V [(1 - x2
) v] = (,8 - Q' - x (2 + Q' + ,8)) v, (33) 

14
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which is the distributional equation of the Jacobi linear functional v = v~Q,13) 
given by 

1 
/ (0,13) )_/ ()(I-x)0(1+x)13 r(0'+f3+ 2)d 
\vJ ,P - px 2o +13+1 r(0'+I)r(f3+1) x, 'Vp E P. (34) 

-1 

Therefore, ~'" _ v~o,!3) when w _ o. 

4.1.1. Uo is a w-Hahn linear functional. Let Uo = ~'" be the linear functio­
nal satisfying (13) with tjJ", and 7/;", given in (32). From (17) we get 

(1- x)(1 + x +w(,8+ 1)uo = (x - e)U1. (35) 

When w - 0 the above equation becomes 

(36) 

Thus, we obtain that 

v(Q,13) VJ + K6(C) 
( 

(0+1,13+1) ) 

J , Ix - (I 

is a coherent pair of linear functionals (see [9, p.332]) where K 2: 0, 0' > -1, 
(3 > -1 and 1(1 2: 1. 

4.1.2. Ul is a w-Hahn linear functional. Let U1 = ~'" be the linear functio­
nal satisfying (13) with tjJ", and 7/;", given in (32). From (18) it follows 

(1 - x + w) (1 + x + w(3) uo = (x - e) U1, 
(37) 

«(3(1- x+w) - 0'(1 +x) - 2w)uo = (x -e)D",U1. 

If we take the limit when w - 0 in these equations we obtain 

«(3 - 0' - (0' + (3) x) VD = (x - C) Vv~Q,13), (38) 

and three different situations appear [9, p.333] 

1. If 0' > 0 and (3 > 0, then (Ix - (Iv~0-1,13-1), v~O,13») is a coherent pair of 

linear functionals, being 1(1 > 1. 

2. If 0' = 0 and f3 > 0, then (v~O,13-1) + K6(1), v~,13») is a coherent pair of 

linear functionals, with K 2: o. 

3. If 0' > 0 and,8 = 0, (v~O-l,O) + K6(_I),v~0'O») is a coherent pair of linear 

functionals, where K 2: o. 

15
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4.2. Meixner to Laguerre 

Let us consider the Meixner MOPS {m~""'I')(x) t. If W =1= 0, the polynomials 

(39) 

are orthogonal with respect to a linear functional u.., which satisfies an equation 
of type (9) with 

q,..,(x) = (1 - w)((a + 1) w + x), lPw(x) = (a + 1)(1 - w) - x. (40) 

If we take the limit when w -+ 0 in the distributional equation (9) for the linear 
functional u.., we obtain 

V[xv] = (a + 1 - x) v, ( 41) 

which is the distributional equation satisfied by the Laguerre linear functional 
v = v~a) defined as 

( 
(a) ) /00 xae-% 

V L ,p = p(x) r(a + 1) dx, \fp E lP', ( 42) 

o 

where r(z) denotes the usual gamma function [1]. So, U w -+ v~a) when w -+ o. 

4.2.1. Uo is a w -Meixner linear functional. Let Uo = Uw be the linear 
functional satisfying (13) with q,.., and lP.., given in (40). From (17) we get 

(l-w)((a+1)w+x)uo=(X-e)Ul' 

When w -- 0 this equation yields 

xv~o.) = (x - () VI. 

Thus, 

( 43) 

( 44) 

is a coherent pair of linear functionals, where a > -1, K?: 0 and ( :::; 0 
(see [9, p.331]). 

4.2.2. Ul is a w -Meixner linear functional. Let Ul = u.., be the linear 
functional satisfying (13) with q,,,, and lP", given in (40). From (18) 

(1 - w)(x + wO') Uo = (x - e) Ul, (a - Q'W - x) Uo = (x - e) D",Ul. (45) 

If we take the limit in the above equations when w -+ 0 we obtain 

16
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( 46) 

We must distinguish two situations (see [9, p.331]): 

1. If a > 0, then ((x - () V~o.-l), v~o.)) is a coherent pair of linear functionals, 

where, < O. 

2. If a = 0, then (v~O) + K6(0), v~)) is a coherent pair of linear functionals, 

being K 2:: o. 

4.3. Kravchuk and Charlier to Hermite 

In case of Kravchuk (finite) MOPS {k~\x; N)}N ,let us consider w = 1 . 
n=O y'2p(1-p) N 

Then, the polynomials 

( 47) 

are orthogonal with respect to a linear functional ~w which satisfies an equation 
of type (13) with 

v v 
<Pw(x) = 1 - 2wpx, 1/Iw(x) = -2 x. (48) 

If we take the limit in (13) when w -> 0 (N -- (0), we obtain 

'Dv = -2xv ( 49) 

which is the distributional equation satisfied by the Hermite linear functional 
v = VH given by 

+00 2 

(VH,p) = J p (x) e; dx, 'ipEIP, (50) 
-00 

and then ~w -> VH when w -> O. 
Let us consider Charlier MOPS {c~)(X)}n and let w = 1/~ (IL > 0). The 

polynomials 

(51 ) 

are orthogonal with respect to a linear functional ~w which satisfies an equation 
of type (13) with 

v v 
<Pw(x) = 1, 1/Iw(x) = -2x. (52) 

If we take the limit in (13) when w -> 0 we obtain again (49). Thus ~w - VH, 
when w -> o. 

17
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Therefore, Kravchuk and Charlier linear functionals go in the limit to the 
Hermite linear functional. From Theorem 1 and using the limit relations be­
tween Kravchuk and Charlier to Hermite linear functional we obtain that for 
Hermite linear functional there cannot exist coherent pairs (see [7, p. 13] and also 
[9, p.333]). 
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