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1. INTRODUCTION

The concepts of coherent pair and symmetric coherent pair have been introduced
by A. Iserles et al. in [7] in the framework of the study of orthogonal polynomials
associated with the Sobolev inner product

(f.9)s = /fg dpo +A/f’g’du1, (1)
R R

where po and p1 are non-atomic positive Borel measures on the real line such
that

/:ckdp..-(z) < co, k>0, 1=0,1.
R
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In fact, coherence means that a relation between the MOPS (monic orthogonal
polynomial sequence) {Pn(z)}n and {Tn(z)}n, associated with the measures po
and py respectively,

! ’;
To(z) = PZ’:_(;) —0on P"éz), n>1,

where {o.}r is a sequence of non-zero complex numbers, is satisfied (see
also [10, 11]).

In a similar way [3], we have introduced the concept of A-coherent pairs:
Let o and u; be weakly quasi-definite linear functionals of order My and M, re-
spectively, and denote by {Pn(z)}°; and {Tn(z)}2%, the corresponding MOPS
associated with uwp and w1, respectively. We say that (uo,u1) is a A-~coherent
pair of linear functionals if and only if

APn+1(I) —on APn(z)

Tn(z) = o "

, 1<n<min{Mo -1, M},

where A stands for the forward difference operator Ay (z) = y (z+1)—y(z) and
{0n}n is a sequence of non-zero complex numbers. Moreover, in [3] we have
proved that if (wo,u1) is a A-coherent pair of linear functionals at least one of
the functionals must be a classical discrete linear functional. A-coherent pairs of
linear functionals are a rather useful tool when dealing with approximation over
discrete sets.

The aim of our present contribution is to determine all A-coherent pairs of
linear functionals. Moreover, we introduce and characterize the D.-coherent
patrs of linear functionals, being

pupofEre=f@ o
w

By using limit properties for linear functionals, the classification given by Meijer
in the continuous case [9] is reached. In this way we cover two goals. The
first one is to present the concept of coherence for two measures as an inverse
problem relating two sequences of orthogonal polynomials. Despite the origin
of the coherence in the framework of Sobolev inner products, notice that it is
basically a problem concerning the standard orthogonality. The next step, of
course, is the analysis of the corresponding Sobolev orthogonal polynomials when
(w0, u1) is a A-coherent pair of positive linear functionals. Some results have been
obtained when uo = u is the Meixner linear functional [4]. The second goal is
to recover the continuous case from the discrete case. In some sense, we follow
the same approach as the stated in [2]. There, the authors have obtained the
Krall-type polynomials as a limit case of perturbed classical discrete orthogonal
polynomials, by adding mass points at the end of the interval of orthogonality.

The structure of the paper is as follows. In Section 2 we give the basic dei-
initions, notations and auxiliary results. In Section 3 we present the classifi-
cation of all A-coherent pairs. Finally, in Section 4, by using limit properties



of D, -coherent pairs we recover the classification of coherent pairs of linear func-
tionals given by Meijer in [9].

2. AUXILIARY RESULTS

Let P be the linear space of polynomials with complex coefficients and let P’ be
its algebraic dual space. We denote (u,p) the duality bracket for v € P’ and
p € P, and we denote by (u)n = (u,z"), with n >0, the canonical moments of u.

Definition 1. A linear functional u : P — C is said to be weakly quasi-definite
if there exists 1 < M < oo such that the principal submatrices Hx = [(u,-.,.j)]ﬁj:o
are non singular for 1 < % < M and, if M # co, Hum41 is a singular matrix. We
shall call M de order of the linear functional u.

Note that when M = oo this definition coincides with the concept of quasi-
definite linear functional given in [3, p.16].

Given a weakly quasi-definite linear functional u, there exists a family of monic
polynomials { Pn(z)}2L, orthogonal with respect to u,i.e. Pn(z) = 2™+ terms of
lower degree, for every 0 < n < M, and (u, P,Pn) = Tnénm, ['n # 0, for every
0 < n, m <M. Such a sequence will be called monic orthogonal polynomial
sequence (MOPS).

Definition 2. Given a complex number ¢, the Dirac functional §. = 8(c) is
defined by (8., p) := p(c), for p € P.

Definition 3. Let u be a linear functional. For each polynomial p we define
the linear functional p(z)u as follows, (pu,gq) := (u,pq), for every ¢ € P. For
each complex number ¢ we introduce the linear functional (z — ¢)~'u by means

of ((z —c)"tu,q) = <-uy 513-3—:%9>, for every g € P.

Note that (z —¢)™*((z — ¢) u) = u ~ (u)od., while (z—c)}((z —¢)  u) = =.
Definition 4. Let w be a nonzero real number. The difference operator D, is
defined by

Dup (z) i= M—“’J—"i*—) Vp e P. (3)

When w =1, D; becomes the forward difference operator A.

In what follows we shall always assume that w # 0.

Definition 5. For u € P/, we introduce the linear functional D,u as
(Dwu,p) = —(u, Dyp) for every p € P.

It is easy to check that D,[pu] = p(z—w) Dou+Dop (z—w) u, for every p € P
and u € P’
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Definition 6. A linear functional w is said to be a classical discrete linear
functional if u is weakly quasi-definite and there exist polynomials ¢ and ¥, with
deg (¢) < 2 and deg (%) =1 such that

Alpu] = Yu. (4)

The corresponding MOPS associated with u is said to be a classical discrete
MOPS.

Classical discrete linear functionals are the corresponding to Hahn, Meixner,
Kravchuk and Charlier MOPS [6]. Charlier and Meixner functionals are guasi-
definite linear functionals [5) and therefore the corresponding MOPS is an infinite
sequence. On the other hand, Kravchuk and Hahn linear functionals are weakly
quasi-definite linear functionals because they satisfy a finite orthogonality rela-
tion and the corresponding functionals have a finite supporting set. For classical
discrete polynomial sequences we give in Table 1 the polynomials ¢ and ¢ ap-
pearing in the distributional equation (4).

If u is a classical discrete linear functional, then it can be represented as
b—1
(wp)= S pz)e(@), sw=zi+l, VpeP, (5)

z;=a

being a, b nonnegative integer numbers (or b = +o0). Explicit expressions for the
weight function g are given in Table 2 for each classical discrete family [12].

Let {Rx(z)}n be a classical discrete MOPS satisfying a three-term recurrence
relation

ZRA(z) = Rni(z) + BrnRn(z) + ¥nRn-1(z) )
6
R_i(z) =0, Ro(z)=1, 71 #0,

such that the linear functional u for which {Rn(z)}n is orthogonal satisfies the
distributional equation (4). If we define a new sequence of monic polynomials
{Sn(z)}» by means of

n T
Sn(z) =w" Ry (:) ; M
then {Sn(z)} also satisfies the three-term recurrence relation
25n(2) = Sn41(2) + BnSn(2) + FuSn-1(z), (8)
with En = whn, ¥, = w?vn, where B and vn are given in (6). Moreover,
{Sn(z)}n is the MOPS for a linear functional u, which satisfies the distributional
equation

Dufpoul=bous,  with (@) =9¢(2), w@=1¢(Z). ©

If the linear functional u is defined by (5) then the linear functional u, is given by



Table 1. Polynomials in the distributional equation A[¢u] = yu for each

classical discrete family

Pals) o(=) o)
Charlier c&“)(z)
u bz
(u>0)
i (v:8)
Meixner m}'*/(z) pv o) by =2 (1= )
(v>0,u€(0,1))
Kravchuk &{P)(z; N) N Np-—=z
-z r=-z
(p€(0.1),NELY) P
hn Al ANz N
Hahn h % (= N) (N=z=1)(z+6+1) | (N=1)(8+1)—s(a+s+2)
(e,8>=1,N€Lt)

Table 2. Weight function ¢ for each classical discrete family

Pn(z) o(z) z

Charlier ¢{#)(z) e”F Lt X
(k>0) T(z+1)

Meixner ms:”“)(z) u:(l - u)’r(:r + '7) N

(v>0,u€(0,1))

Kravchuk 8 (z; N)
(p€(0,1),N€ZF)

Hahn k(™A (z; N)
(a,8> -1, NeLt)

I+ DI()

(N) P R

x

T(N)(a+8+2)

Tat DB+ 1) T(at B+ N+1)

I'(a+ N=-z)T(B+z+1)
D(N-z)T(z+41)

{0,1,..., N}

{0,1,2,..,N-1}




b—1

(ww,p) = Z o(zi)p(wzi), Vp e P, (10)

z;=a

being ¢ and % the polynomials relative to the linear functional w in the distri-
butional equation (4).
Moreover, if we consider

4 z
Sn(z) = Sn(z +a) = w"Rn (;+a>, aeC, (11)

v
the sequence {Sn(z)}n is orthogonal with respect to the linear functional do
defined by

(fo,p) =) o(z)p(wzi—a), (12)

which satisfies
\'2 v v A\ \%
D, [¢w1\iw] =Yutu, With ¢u(z)=4du(z+a), 2Yu(z)=vu(z+a). (13)

Definition 7. If {Ra(z)}n is a classical discrete MOPS and {gn(r)}n is the

v
sequence of polynomials defined in (7), we shall say that {S,(z)}x is a w-classical

discrete MOPS. If 2, is the linear functional satisfying (13), then . is said to
be a w-classical discrete linear functional.

Let us introduce an extension of the concept of A-coherent pairs, which will
be used later.

Definition 8. Let uo and u; be two weakly quasi-definite linear functionals
whose MOPS are {Pn(z)}°, and {T(z)}},, respectively. We define (uo, u1)

n=0
as a Dy-coherent pair of linear functionals if

Dan.H(SL‘) -0 DuPn(Z)

Tn(z) = n+1 n

1<n<min{Mo -1, M}, (14)

where {6,}, is a sequence of non-zero complex numbers.

The following theorem characterizes the D.-coherent pairs of linear func-
tionals.

Theorem 1. Let (uo,u1) be a Du-coherent pair of linear functionals, whose
MOPS are {Pn(z)}20, and {T.(z)}M,, respectively, where My > 7. Let us
consider the polynomial

0102
1287

Bz(z) = c1(z—w) Duc2(z—w)—c2(z—w) Ducs(z~w) =

(z=8§)(z—m), (15)

where



en(z) = op 2B _Tomal@) (u1,T3),

H

tn th—1 (16)
1<n <min{Mo—1, M,}.

One of the following situations hold

1. If { =n+w, then uo is a w-classical discrete linear functional satisfying
D, [¢(z — w) uo] = ¥o(z) uo. Moreover,

bz —w)uo = ‘2:’; (z = &) ur. (17)

2. Ifé€#n and £#n+w, then_uy is a w-classical discrete linear functional
verifying Dy{A(z + w) u1] = ¥1(z) w1. Furthermore,

0102
i1t

0102
tit2

A(z)uo = (z =€) Dour, (18)

(z — &) uy, 71(2) uo =

where m1(z) = ¥ (z) = D,A(z). Finally, if A(E) =0 then =1(£) =0.

The proof of this theorem is essentially the same as in [3] for A-coherent pairs
following the scheme given in [9).

3. CLASSIFICATION OF ALL A-COHERENT PAIRS

In this Section, we shall assume that w = 1 and (uo, 1) is 2 A-coherent pair
of linear functionals, being {Pn(z)}n and {Tn(z)}» the corresponding MOPS
associated with wg and w1, respectively. From now on, only non-negative definite
linear functionals will be considered.

Theorem 1 proves that if (wo,u1) is a A-coherent pair of linear function-
als, then at least one of the functionals must be a classical discrete linear func-
tional, i.e. Charlier, Meixner, Kravchuk or Hahn.

Let us show that the A-coherent pairs of linear functionals have a similar
classification to the one given in [9] for the continuous case. The classification of
all D,-coherent pairs could just be done in the same way taking into account the
Definition 7.

3.1. wuo ts a classical discrete linear functional

If the zeros £ and 7 of the polynomial Bz(z) in (15) are related by n = £ + 1,
by using Theorem 1 (with w = 1) we know that wup is a classical discrete linear
functional. Thus, we obtain

(z =€) u1 = ¢o(z) uo, (19)

Algo(z) uo] = Yo(z) uo. (20)



In Theorem 1, £ may be complex, but in the computations below we always
assume £ to be real.

3.1.1. Charlier case (cs,“)(z:), > 0). If uo is the Charlier linear functional

with ¢o(z) = u, Yo(z) = 4 — z then we obtain the following A-coherent pairs
(uo,u1) where

u; =

If€uo+m(e), K>0, ¢<0, (21)

ie.,

wp =3 (AIZ2O) U e, vpew,

It is easy to check that these indeed are A-coherent pairs. Since

(0() uo, Tn(s) 6 (5)) = ((s =€) w1, T(8) ()

n=0

= (w1, Ta(s)(s)(s = €)) =0
if 0 < k < n -2, then the A-coherence of (21) follows from
Al Ezu)
Tn(s) = B (s) = oncs,“_)l(s) = enerls) _ On ac (s), 1<n< M,

n+1 n

where the last equality is a consequence of [12, p. 36, Eq. (2.4.17)] in the monic
form.

3.1.2. Meizner case (mﬁ?'“)(x), ¥>0, u€(0, 1)) If uo = u{™*) is the Meix-

rer linear functional then ¢o(z)= p(z+7) and vo(z)=vyu—z(1—p). From (19),
(wo,u1) are A-coherent pairs where

U =

. i : «PE) 4 KE(e), K >0, £<0. (22)

Let us check that (uo, 1) is 2 A-coherent pair. Since

(60(s) w0, Tu(s) mTT* ) (5)) = (s, Tuls) m{T* ) (s)(s - §)) = 0

0 <k<n-2 then

Am("nu)(s) Amﬁ{"“) s
To(6) =m0 = om0 = ST L) _ o Am ),
1<n< M,

where the last equality is a consequence of (12, p. 36, Eq. (2.4.16)] in the monic
form.
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3.1.3. Kravchuk case (kg,")(z;N), N eZzZ*, pe(O,l)). If we denote

uo = uP?) the Kravchuk linear functional (weakly quasi-definite of order N)

which satisfies the equation (20) with ¢o(z) = N —z and ¥o(z) = I\/pp— z, then

from (19) we obtain that (wo,u1) is a A-coherent pair where

1
fz—¢l

Let us check that (uo, w1) is a A-coherent pair of linear functionals. Since

uPND L KE(g), K20, €<0, or £>N-1 (23)

Uy =

do(z) wo = (N —z) wP) = o (PN-1)

then

<u(p’N—1), Tu(s) K (5; N ~ 1)> = <¢D(s) o, Tn(s) kP (s; N — 1)>

= <'u.1, Tu(s) K2 (s; N = 1)(s — E)> =0
if 0 <r<n-—2, and we can write

AKP) (s (P)(e.
Ta(s) = ka)(s;N -1 - G’nkg‘p_)_l(s;N -1) = 7:»:’(311 N) o Aky (S,N)’
n

1<n<min{M;,N -1},

where the last equality is a consequence of [12, p. 36, Eq. (2.4.15)] in the monic
form.

3.1.4. Hahn case (h(n""s)(z;N), a,3>-1, N EZ"'). Let us consider

ug = u{®#™) the Hahn linear functional (weakly quasi-definite of order N — 1)
for which, in (20),

6o0(z) = (z+B+1)(z—N+1)  and vo(z) = (N=1)(B+1)~(a+B+2) z.
Theorem 1 gives the A-coherent pairs (uo, u1) with

uy= o wCFUARND L gs(e) K0, €50, or E2N-2, (24)

lz—¢l

since do(z)uo = (z + B+ 1)(z = N + 1) up = u(eF1A+1L¥ =1 The A-coherence
of (uo,uy) follows in a similar way as in the aboves cases taking into account
[12, p. 36, Eq. (2.4.13)] in the monic form.



3.2. wuy is a classical discrete linear functional

We are looking for the A-coherent pairs (wo,u;) when u; is a classical discrete
linear functional. Using Theorem 1 (with w = 1) we must consider the following
cases:

3.2.1. Charlier case. If u; is the Charlier functional, then ¢;(z) = u and
from (18) we obtain
wo=(z-§u, €50 (25)

To check that (uo,u1) is a2 A-coherent pair, we have
(915 = 1) uo, Pu(s) () = ((s = ) ua, Pu(s) 21 (5))

= (un, Pu(s) i (s)(s = §)) = 0

for 0 < k<n-—1. Thus
1 () = Pas1(s) = onPa(s).
If we apply the A operator to the above equality we get
Acl¥) (s) = APnys(s) — onAPA(s),
and now, by using [12, p. 36, Eq. (2.4.17)] in the monic form, we obtain

_APnyi(s)  mon APn(s)
- n+1 n+1 n

) (s) ., 1<n<Mo—1.

3.2.2. Meizner case. Let u; = ul"*) be the Meixner linear functional, where
61(z) = p(z + 7). Then, by using (18) we have in this case

p(z+v—1)uo = (z - &) w,
and we can consider the following cases:

1. Ifv>1,since (z4+v—1)ulT"1¥) = u("#) then

(z—8us = (z—8&)(z+7y—1)u"™W
SO
uo = (2 —§) w77 +L&(1 —7), L>o. (26)

From (18) and since w31 (z) w1 = p(z +v — 1) Auy we obtain

plz+y=1)71(z)uo = (£—€) m1(z) u1 = p(z—&) m(z)(z+v—1) (7719,

hence
71(2) wo = (z — &) m(z) w7~V + K6(1 - ¥).

From (26) and the above equation we get

10



=(z-&u"P g <o. (27)

To check that (uo, ;) defines a A-coherent pair we prove

<u° Pi(s) (1*1,u)(5)> =< =18) P (s)m ('r 1:#)( )(s—£)> =0
for 0 <k <n—1. Thus
mi ) (s) = Pasi(s) = 0n Pa(s).
Applying the A operator to the above relation we get
Am{I5HP (s) = APrga(s) — o APa(s),
and now, by using {12, p. 36, Eq. (2.4.17)] in the monic form,

(7,8) _ APn.H(S) _ non AP,‘(S) _
mn " (s) = —— T 1<n< Mg—1.

If y =1 then £ =0 and we obtain

Uy = U + KS(O), I\’ 2 0. (28)
Since

(o, (mE2(0) = (n 4 1) 222 m(9)) Pio))
= (un (mE ) = (0 +1) ;é; mi9()) Pl)
+K (ml(0) - (1) TA7 i 2(0))
= <u1, (m(,fﬁ)(s) —(n+1) M—f—l m‘ﬁ'”(s)) Pk(s)> =0,

for 0 < k < n —1, using the relation

m(0) = (n+ 1) ZEm(0) = 0.

Then, we can write
(i (8) = (nt1) SEgmi ) (s) = Pass(9)=0nPa(s), 1< < Mol

Applying the A operator and taking into account the so-called A-difference
representation for Meixner polynomials [6] we get

11
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_APusi(s)  nan APi(s)

(1,4)
ma 0 (s) n+1 n+l n '’

1SnSMo—1,

the A-coherence of the pairs (wo, u1).

3.2.3. Kravchuk case. Let u; = u®™) be the Kravchuk linear functional,
being ¢1(z) = (N — z). Then, we have

(z—=8&wu1 = (N+1-2)uo, £<o.
Since u; = u®) = (N+1-12) u(PN+D) then
uo =|z—¢luPNt, <0, or  £2N+1

follows in a similar way as in the Meixner case. Again we check the A-coherence

finding

(o, Pu(s) K2 (53 N + 1)) = (uPN*D, P(s) KB (s N +1)(s = €)) = 0

if 0 <k<n-—1, whence

kg’le(s;N +1) = Pnya(s) — o Pn(s), 1<n<min{Mo-1,N}

Applying the A operator to the above expression, and using [12, p. 36, Eq. (2.4.15)]
in the monic form we obtain

_ APnji(s)  non APn(s)
T o+l n+l n '

EP(s; N) 1<n<N.

3.2.4. Hahn case. Let u; = u(®®™) be the Hahn linear functional, where
61(z)=(z+ B +1)(N —z —1). Then, we have

(z = &) ur = (z+ B)N — z)uo,
and we can distinguish the following cases:
1. Ife,8 >0, since (z 4 B)(N — g)ule"F-1N+) = y(BN) = 4 then

(z=€) us = (2—€)(z4+8)(N —z) u(®~1F=1N+1) 5o repeating the arguments
used in the Meixner case,

uo =z —gluleHATBNID e <o o g N

To check that (uo,u1) is a A-coherent pair we compute

12



(wo, Pe(s) BEZZ "0 N 1))
= <u(°"1’5’1’N+1),Pk(s) hs:rll’ﬁ_l)(s; N+1)(s— §)> =0

if 0<k<n-—1. Then

RETVP (5N +1) = Py (s) = 0nPa(s), 1<n<min{Mo-1,N}.

If we apply the A operator to the above expression, and using [12, p. 36,
Eq. (2.4.13)] in the monic form we obtain

a APnii(s) non APp(s
) Yﬁ)(S;N)= n-T-ll( )_n+l n( )’

If =0 then £ =0 and

1< n <min {Mo-1, N-1}.

o = w(@71ONN L K§(0), K >0, a>0 (29)

In this case it can be proved that (uo,u1) is a A-coherent pair using the
same technique as in the Meixner case taking into account the following
formula
ARV (s; N + 1)
n+1
(a+n)(n—N)

_ {a=1,0)/ .
2n+a)2n+a+1) Ahy, (s N +1),

R (s Ny =
(30)

valid for 0 < n < N — 1. From (29) we have

<u0, (hﬁgf'”(s;NH)- (:2:2£§€;:1521?)) h(,,°'1’°)(s;N+1)) Pk(s)>

=0
for 0 < k <n -1, since

(n 4+ 1)(a + n)(n = )

(a=1,0)/n. _
hrpr (05N +1) @2n+a)2n+a+1)

BP0, N +1) = 0.

Thus, for 1 < n < min {Mo -1, N},

13



(@=1,0),. _(r+1)(a+n)(n=N)
Fapr (5 V1) (2n+a)(2n+a+1)
Applying the A operator to the above equation and using (30) we obtain

APn.H(S) _ MoOn AP,-.(S)
n+41 n+1 n

RO (s; N) = , 1<n<min{Mo—-1,N -1}.

4. THE LIMIT TRANSITION

In [8] Meijer proved that if (a0, u1) is a coherent pair of linear functionals (2) then
at least one of the functionals has to be a classical continuous one, i.e. Laguerre or
Jacobi functional. He gave the classification of coherent pairs of linear functionals
which can be represented by distribution functions. The transition from Hahn
to Jacobi, Meixner to Laguerre, Kravchuk to Hermite and Charlier to Hermite
polynomials is described in [12]. In this section, limit relations between Hahn
to Jacobi, Meixner to Laguerre, Kravchuk to Hermite and Charlier to Hermite
linear functionals are obtained. From Section 3 and using these limit relations
we are able to recover the classification given in [9].

It is clear that the difference operator D, defined in (3) converges to the
derivative operator D = d/dz when w — 0. Given a linear functional u the
linear functional Du is defined [8] as (Du,p) = —(u, Dp), Vp € P.

Definition 9. A sequence of linear functionals {u,}» converges to u € P’ if
and only if {(un,p)}n converges to (u,p), Vp € P.

From the above definition, D, u converges to Du when w — 0.
Taking limit when w — 0 in the definition (15) of the polynomial B,(z), it
converges to a new polynomial B(z) of degree 2 which has two zeros, ¢ and 9.

4.1. Hahn t;) Jacobi

Let us consider the (finite) Hahn MOPS {A\® (z; N + 1)}, and let w = 2/N.
The polynomials

v
Sn(@) =wmhie® (EX1 v 41 (31)
w

are orthogonal with respect to a linear functional 1., which satisfies an equation
of type (13) with

Jw(x)=(1—z)(1+r+w(ﬂ+1)), zzw(z)=/3—a-z(2+a+a). (32)
If we take the limit when w — 0 (N — o0) in (13) we obtain

D[(l—zz)v]=(,B—a-:c(2+a+ﬁ))v, (33)

R0, N41) = Pny1(s)~0nPa(s).
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which is the distributional equation of the Jacobi linear functional v = v(f"ﬁ )

given by
1

a, 1-2)*(14z)°T(a+B+2
<”(J ﬂ)”’> =/"(”)( 2afg+5r(az~)u)(1?(ﬂ+1) Jiz,  wper. (9

e}
Therefore, %, — v(j"ﬁ) when w — 0.

4.1.1. wuo is a w-Hohn linear functional. Let uo = t. be the linear functio-
nal satisfying (13) with ¢, and ¢, given in (32). From (17) we get

I-z2)1+z+w@+1)uo=(z~§)u;. (35)
When w — 0 the above equation becomes
(1-2%) PP = (z = () wr. (38)
Thus, we obtain that
(a41,8+1)
(a,8) ¥y -
, t——+ K§
(”J == (<)>

is a coherent pair of linear functionals (see [9, p.332]) where X > 0, o > —1,
8> —1and |¢|> 1.

4,1.2. wu; is a w-Hahn linear functional. Let u; = %, be the linear functio-
nal satisfying (13) with ¢, and 9. given in (32). From (18) it follows

l-z4+w)(l+z+wB)uo=(z—§) u,
(37)
Bl-z+w)—a(l+z)—2w)uo = (z — £) Duus.
If we take the limit when w — 0 in these equations we obtain
(1=z)w=(-0d, (B-a-(a+fz)w=(z-)D, (39)
and three different situations appear [9, p. 333]

1. Ifo > 0and 8 > 0, then (|:c —(lvf,a_l"’s-l),v(f‘a)) is a coherent pair of
linear functionals, being |¢| > 1.

2. Ifa=0and # >0, then (v(_,o"a—l)+K5(1),v(J°’ﬁ)) is a coherent pair of
linear functionals, with K > 0.

3. Ifa>0andf=0, (v(fx_l’o) + K&(—l),v(f’o)) is a coherent pair of linear
functionals, where K > 0.
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4.2. Meizner to Laguerre

Let us consider the Meixner MOPS {mg’")(z)} . If w # 0, the polynomials

Sa(z) = Wit =) (2) (39)

are orthogonal with respect to a linear functional . which satisfies an equation
of type (9) with
du(z) =1 -w)((a+1)w+z), Yo(z) = (a+1)(1 —w) —z. (40)

If we take the limit when w — 0 in the distributional equation (9) for the linear
functional u, we obtain

Dizv)=(a+1-1)w, (41)

which is the distributional equation satisfied by the Laguerre linear functional
v= v(;) defined as

oo

(429) = [ g5y 4= Vo, (42)
0

where I'(z) denotes the usual gamma function [1]. So, u, — v(LQ) when w — 0.

4.2.1. wug is a w-Meizner linear functional. Let wo = u., be the linear
functional satisfying (13) with ¢. and ¥ given in (40). From (17) we get

1I-w)((e+w+z)uo = (z - u;. (43)

When w — 0 this equation yields

2 = (z = () wr. (44)
Thus,

(at1)
(v(La)’ %?Z_ + K&(c))

is a coherent pair of linear functionals, where @ > —1, K > 0 and ( <0
(see [9, p.331)).

4.2.2. w; is a w-Meizner linear functional. Let u; = wu, be the linear
functional satisfying (13) with ¢, and . given in (40). From (18)

(I -w)(z+wa)uy = (z— &) ui, (a—aw—1x)uo =(z — &) Dyu;. (45)

If we take the limit in the above equations when w — 0 we obtain
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gvo=(z-C) v,  (e—z)uo=(z~)Doi. (46)
We must distinguish two situations (see [9, p. 331]):

1. Ifa >0, then ((z -¢) v&"'l), v(L")) is a coherent pair of linear functionals,
where ( < 0.

2. Ifa=0, then (v(Lu) + KG(O),v(I?)) is a coherent pair of linear functionals,
being K > 0.

4.3. Kravchuk and Charlier to Hermite

; @)z ALY ; -
In case of Kravchuk (finite) MOPS {k,, (z; N)}n=o’ let us consider w = by ey d
Then, the polynomials

b4 — (T Np:
Sn(z) = W™kl (w +1 p,N) (47)

are orthogonal with respect to a linear functional 2, which satisfies an equation
of type (13) with

v

v
du(z) =1- 2wpz, Yu(z) =-21z. (48)
If we take the limit in (13) when w — 0 (N — ), we obtain

Dv= —2zv (49)

which is the distributional equation satisfied by the Hermite linear functional
v= vy given by

+ oo
-z

€

(viz,p) = fp(z) =iz, We?, (50)

-0

and then ., — vy when w — 0.
Let us consider Charlier MOPS {c%)(z)}n and let w = 1/y/Z& (& > 0). The

polynomials
= e (T =
Sn(z) = w™c: (w +1) (51)
are orthogonal with respect to a linear functional %, which satisfies an equation
of type (13) with
v v
éu(z) =1, Y.(z) = —2z. (52)

If we take the limit in (13) when w — 0 we obtain again (49). Thus 2., — »x,
when w — 0.
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Therefore, Kravchuk and Charlier linear functionals go in the limit to the
Hermite linear functional. From Theorem 1 and using the limit relations be-
tween Kravchuk and Charlier to Hermite linear functional we obtain that for

Hermite linear functional there cannot exist coherent pairs (see [7, p. 13] and also
[9, p. 333)).
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