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Abstract. In this contribution we are focused on some spectral transforma-
tions of Hermitian linear functionals. They are the analogues of the Christoffel
transform for linear functionals, i. e. for Jacobi matrices which has been deeply
studied in the past. We consider Hermitian linear functionals associated with
a probability measure supported on the unit circle. In such a case we compare
the Hessenberg matrices associated with such a probability measure and its
Christoffel transform. In this way, almost unitary matrices appear. We ob-
tain the deviation to the unit matrix both for principal submatrices and the
complete matrices respectively.
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1. Introduction

1.1. Christoffel transforms on the unit circle

Let u be a linear functional in the linear space A of Laurent polynomials with
complex coefficients, i. e. A = span{z"},cz. u is said to be Hermitian if

(u, 27" = (u, 2™) for every n € IN.
Let S be the Hermitian bilinear form in IP such that
S(p,q) = (u,p(2)q(z™")), p.qeP.

Let T denote the Gram matrix of S with respect to the canonical basis

{#"}nen. The entries t,, , of T are
bt = (u, 2™7").

In other words, T' is an Hermitian Toeplitz matrix. T;, will denote the leading
principal submatrix of 7" of order n. We will assume tgo = 1.
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Definition 1.1 ([2]).

(i) S is said to be quasi-definite if 7T}, is nonsingular for every n € IN.
(ii) S is said to be positive definite if det T;, > 0 for every n € IN.

In a positive definite case it is very well known (see [2], [6]) that u has an
integral representation

(u,p(2)) = / " p(ei®) du(0),

where p is a nontrivial probability measure.
Proposition 1.2. S is quasi-definite (resp. positive definite) if and only if there
exists a sequence of monic polynomials { Py }nen with

(i) deg P, =n,

(i) S(Pn, Pn) = knln,m with k, #0 (resp. k,, >0).

The sequence { P, },ecn is said to be the sequence of monic orthogonal poly-
nomials with respect to S. { P, }nen satisfies the Szego recurrence relations ( see

(2], [6])
Poy1(z) = 2P, (2) + Poy1(0)PE(2), n >0,
Pri(2) = (1= IPasa(0)) 2Pa(2) + Pas ()P (2), 130,

where P (z) = 2" P, (27 "') is said to be the reversed polynomial of P, (see [2], [6]).
The n-th kernel K, (z,y) associated with S is defined by

Kooy = 37 HEPT

n
k
7=0 J

In the positive definite case, the n-th kernel polynomial is associated with the
following extremal problem

win{ [ 7 )2 du(®) : degp < n. ply) = i},

Indeed, the value of this minimum is

An(y) = —

Kn(y,y)

For each complex number y, A, is decreasing in n and thus we can define
Aooly) = lim An(y)
27
= inf{/ p(e”)[>dp(0) : p € P, p(y) = 1} > 0.
0

Ao 18 said to be the Christoffel function associated with . One of the main results
about the behavior of the Christoffel function is the following.



Proposition 1.3 ([9], Thm. 2.2.1). Let 1 be a nontrivial probability measure on the
unit circle. Then

(i) If [yl > 1, then Aso(y) = 0.
(i) If [yl =1, then Ao (y) = 1 ({y})-

(iii) If Z [P (0)]2 = 400, then Ao (y) = 0 for every y with |y| < 1.

(iv) Ifz |Pn(0)]? < 400, then Moo (y) > 0 for every y with |y| < 1. Furthermore,

1;[ 1—|P,(0

If P = [Py(z),P1(z),...]Y, then there exists a lower Hessenberg matrix Hp
such that

zP = HpP.
The entries h; ; of Hp are
—1Pa(0)P;(0), if 0<5 <,
hij =4 1, it j=101+1,
0, otherwise.

Next, consider the Hermitian bilinear form

Sa2(p,q) :==8((z —a)p, (z —)q), p.geP. (1.1)
Proposition 1.4 ([8]).

(i) S2 is quasi-definite if and only if K,(a,a) #0 for every n € IN.
(ii) If {Qn(2)}nen denotes the sequence of monic orthogonal polynomials with
respect to So, then

Qn(z) = . (Pn+1(2) - %Kn(&a)) )

Z—

S5 is said to be the canonical Christoffel transform of the bilinear form S.

2. Polynomial perturbations of positive measures

If S is a positive definite bilinear form, then Ss is also a positive definite bilinear
form [3]. We can introduce the sequence of orthonormal polynomials {¢p tnen
associated with S, where

1

on(z) =kn 2 P,(2).
We will denote {t, }nen the corresponding sequence of orthonormal polynomials
associated with Ss. Thus we get

(z = )Y(z) = Mp(2),



where ¥(z) = [to(2),%1(2),...], ©(2) = [po(2),p1(2),...]t, and M is a lower
Hessenberg matrix with entries m; ; given by

orr1(@)p;(a) g i<
\/Kz+1(a,a)Kl(a7a)7 1 VAR l,
e Riiraa: if j=1+1, (2.1)
0 if j>1+1.

Proposition 2.1.
(i) MM*=1.
(i) M*M = I — Ao(a)p(a)g" (@),

where I is the infinite unit matriz.

Proof. (i) From the orthogonality of {¢y, }nen and {¢,, }new with respect to S and
S5 respectively, we get

I Sa (¥(2),¥4(2)) = S ((z — ) (2), (z — )¢ (2))
= S(Mep(2), ¢'(z)M") = MS (p(2), ¢'(2)) M* = MM*.

(ii) For j =0,1,...

2
MEMO = Kol lo141 ()]
() 5 (00 + |j(a )? Z Ko (o, ) Ka (o)

Kiza(oe) ! .
Kj(a,a) + |§DJ | ; (K[(a Ol) Kl+1(ava))

1= Aoo(@)lp; (@)

For k < j

|801+1 )|2
;@) Ko, a)

M(*k)M(j) = m@k( a)pj(a) + pr(a

_ « il — 3 1 o 1
= @k( )90]( ) K (a,q) +Z<K[(C¥,O¢) K[+1(O¢,Ol))

= —er(a)p;(a)As(a). .

According to Proposition 1.3, M is a unitary matrix if |y| > 1, and for |y| = 1,
Aoo(y) = 0. Furthermore, if |y| < 1 and > 2 |P,(0)|* = 400, then M is unitary.
An analogous result for the leading principal submatrices of M is the follow-

ing.

Proposition 2.2. Let M, be the leading principal submatriz of order n of M, then

(i) M, M} =1, — Ig?(lio(ﬁj)en v, where I, denotes the unit matriz of order n
and e, =[0,...,0, 1} is a column vector of order n.
(ii) MM, =1, — ( Tlaa) 2n 7, where @, = [po(a), p1(),. .. on_1(a)]t.



The matrix M, is said to be “almost” unitary (see [7], [9]) in the sense that
its first n — 1 rows constitute an orthonormal set and the last row is orthogonal
to this set, but is not normalized.

Proof. (i) For 0 < k < n — 2, we deduce

k
* . a)|? 2
(M) (i (M) ®) = ol N ™ ooy () +
=0

— lor1 ()| Ky(ona)
- Kk-%—l(:;-j—olf)Kk(ava) Ko, o) + Kkj—l(ava) =1L

Ki(a,a)
Kk-i-l (Oé, Oé)

On the other hand,

M)y (M) "D = e lenlall Z i

o) _ | _ Kaalona)
K, (a,a) K, (a,a) *

Now, for k < j, we get

(Mn)(k) (M)

Z prt1(@)pjri(e)lpi(a)]? _ _per1(@eipa(a) K (a,0)
\/Kk+1(o¢ a)Ky (a, a)\/K]_H(a o) Kj(o,a) \/Kj+1(o¢,a)Kj (e, ) Kpy1(a,a)

Prr1(a)pjt1(a) 2 _ K. —
\/Kk+1(04 a)Ky(o,a)Kjt1(a,0)Kj(a,q) (lzg |@l(04)| Kl(a7a)> =0.

(ii) For 1 < k< n—1,

n—1
\ I ) o (@) 2l (a) 2
(M) (M)W = Tl + ) B aod o)

n—1
_ Kii(wa) 2 1 1
= Kk(la,a) + [px(a)] lz; (Kz(a,a) Kz+1(a,a)>
K1 (a,a) 2 1 1
= e +ler(@)? (Km,a) - Kn<a,a>>

_ _ ler(@)]?
=1 K, (a,a)?

as well as

i
L

. _ [po(e) Plrs (@)
(M) 0) (M) = Kiea (oo) K (o)
l

o 1
= |900 | Z(Kl(aa) Kz+1(0¢,0¢)>

= 1-

I
o

K,L(oz a)”



Now, for k < 7,

G) — pr(a)p;(a) /K 1(04 04) lo111 () pr(a)p; ()
( )(k)( )] - \/K (aa)KJJ ) ] (a,x) +Z KL+1(aa)KzaJa)

_er(@)p;(e) + or() j(Oé) lerir()]?

Kj(a,a) K41 (o,0) K (o,0)
1=
n—1
— 1 1 1
= —or(@)e; (@) | maay — Z (Kl(a,oz) - KL+1(OL704))
1=j
= e 0
Notice that for a = 0, ¢, = 9, for every n € IN. Thus M,, = (H,), and we
recover some very well known results of the literature (see [5 ] [7], [9])-
Let L be the lower triangular matrix such that ¢(z) = Li)(2).

Proposition 2.3 ([8]).
(i) L= (H, —ol)M*.
(i) Hy—al = ML.

Therefore, to compute Hy, — al, we consider the QR-factorization of the
matrix (H, —al)*, i. e. we assume the column vectors are linearly independent.

(Hy —ad)* = OR,

where Q has orthonormal column vectors and R is an upper triangular matrix
with nonnegative diagonal entries. Hence

H, —al = R*Q".
Proposition 2.4 ([8]). L = R* and M = Q*.
This is the unit circle analog of the result obtained in [1] for Jacobi matrices.

Example. We consider the bilinear forms

S(q) = / Wp(ei%q(em%da and

0 le? — B> 27

2 ; —_ewaLQd@
S2(p,q) = / p@QM@wﬂgyjﬁ%gg

0

with |5] < 1 and |a| =1 (see [4]). It is straightforward to prove that the sequence
{¢n}nen is given by

wo(2) = (1 =182, ¢n(2)=2""Yz—p), for n>1.

N



Hence

H, - ol =

0 .-
1 0
—a 1 ’

and the n-th kernel polynomial K, (z, ) associated with S is

Ku(z,0) =1 |87+ Z( A ()

As a consequence

z

Kn(a,a) =1~ 16> +nla - 5%

The entries my, ; of M are

myj =

_ ala=Ba-|8P)?

\/Kl(a,a)KHl(a,a)’
Ja—B[2al 1

VEi(,0)Kipa(a,a)’

| _Ki(o,2)
K1,+1(a,a) ?

0,

if j=0,
if 1<j<l,
it =141,

otherwise.

From (i) of Proposition 2.3, the matrix L is obtained by means of the expression
L = (H, — ol)M*. From this we obtain a lower bidiagonal matrix with entries

VK1 (o, ),
—oy/ Tt

Kry1(oa)
K, (a,a)

lr; =

0,

j =7r = 0’
j =T—- ]-a
(2.3)
Jj=r,
otherwise.

Thus, by (i) of Proposition 2.3, the entries izm- of the matrix Hy — ol are

>

=

Ko(a,a)
— (Oé — 6 + am)
ol (-|p) ¥ (a-B)’
\/K1(a,a)K,r(a,a)KTJrl(a,a)
VK (o) Krqo(a,a)

Kria(a,a) ’

la—pg]|> K, (a,0)
-G (Kr(a,a) B Kr+1((1704)) ’

ja—plta" I+

if r=5=0,

if j=0,r>1,

if j=r+1,
if 1<j=r
if 1<j<m

 VE (@)K () K (aa) K ()

0,

otherwise.
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