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1. Introduction and main results.

Weighted Sobolev spaces are an interesting topic in many fields of Mathematics. In the classical books
[Ku], [KS], we can find the point of view of Partial Differential Equations. See also [T] and [HKM]. (The
main topic of [HKM] is non-linear Partial Differential Equations and its applications to quasiconformal and
quasiregular maps.) We are interested in the relationship between this topic and Approximation Theory in
general, and Sobolev Orthogonal Polynomials in particular.

The specific problems we want to solve are the following:

1) Given a Sobolev scalar product with general measures in R, find hypotheses on the measures, as
general as possible, so that we can define a Sobolev space whose elements are functions.

2) If a Sobolev scalar product with general measures in R is well defined for polynomials, what is the
completion, P*2, of the space of polynomials with respect to the norm associated to that scalar product?
This problem has been studied in some very particular cases (see e.g. [ELW1], [EL], [ELW2]), but at this
moment no general theory has been built.

3) What are the most general conditions under which the multiplication operator, M f(z) = z f(z),
is bounded in the space P*2? We know by a theorem in [LPP] that the zeroes of the Sobolev orthogonal
polynomials are contained in the disk {z : |z| < [[M]|}. The location of these zeroes allows to prove results
on the asymptotic behaviour of Sobolev orthogonal polynomials (see [LP]). In this paper we answer the
question stated also in [LP] about general conditions for M to be bounded (see Section 5). A more detailed
study of this operator can be found in [R2].

This last question is very close to the definition of Sobolev spaces associated to these norms, the study
of their completeness and the density of C**° functions. The problem of the definition of Sobolev spaces has
been solved in [RARP] with the concept of p-admissible measures (see definitions 8 and 9 below); in that
paper we also prove their completeness under very general conditions, not only for p = 2, but for 1 < p < co.

One of the main problems in the theory of weighted Sobolev spaces is the study of the density of smooth
functions. In particular, when all the measures are finite, have compact support and C°(R) is dense in
a Sobolev space that is complete, then the closure of the polynomials is the whole Sobolev space. This
is deduced from Bernstein’s proof of Weierstrass’ theorem, where the polynomials he builds approximate
uniformly up to the k-th derivative any function in C*([a,b]) (see e.g. [D, p.113]).

For the case L?(R, 1), a classical result by M. Riesz gives conditions to obtain the density of polynomials
when g is not of compact support (see [R], [F, Chapter I1.4]). In [R3] we can find results on density of
polynomials in weighted Sobolev spaces in R.

Here we prove density theorems for C*°(R), with 1 < p < oo. See also [R3] for other results with
1 < p < o0, and [R1] for the case p = co. When the measures have compact support, this implies density
theorems for C'2°(R) (multiplying by a suitable C°(R) function).

These generalized Sobolev spaces can be extended to the context of curves instead of R (see [APRR]).

We should remark that there exists another generalization of Sobolev spaces in the context of metric
spaces (see [H], [M]). In these papers the treatment of this topic is from a different point of view.
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Now, let us state our main results here. We refer to the definitions in the next section. Let us present
first the theorem about completeness, which is proved in [RARP].

Theorem A. ([RARP, Theorem 5.1]) Let us consider 1 < p < oo, an open set Q C R and a p-admissible
vectorial measure = (o, ..., px) in Q with (Q, u) € C. Then the Sobolev space WP (Q, 1) is complete.

Remark. The condition (Q, ;1) € C is not very restrictive (see Definition 16 and its remarks in Section 3).

We cannot obtain such a general result for the density of C*°(R); we need some additional hypotheses
on the measures. The measures we are dealing with have been divided in five types and we have results
which allow “gluing” these measures (see theorems 4.2, 4.3 and 4.4 below).

These are our main results on density.

Theorem 4.1. Let us consider 1 < p < 0o and u = (uo, ..., pr) o p-admissible vectorial measure in [a,b)].
If 11 is a measure of type 1,2,3,4 or 5, then C2°(R) is dense in the Sobolev space W*P([a,b], u).

Theorems A and 4.1 have the following important consequence.

Corollary 4.1. Let us consider 1 < p < oo and p = (po,--., k) a p-admissible vectorial measure in [a,b].
If 11 is a measure of type 1,2,3,4 or 5, then W*P([a,b], ) is the closure of the polynomials in the norm of
WE([a, ], ).

Observe that we cannot expect C2°(R) to be dense in W#([a,b], u) since C([a,b]) is not dense in
L>([a,b]). In [R1] one of the authors studies what is the closure of smooth functions in Wk

In the following theorems we present density results for measures which can be obtained by “gluing”
simpler ones (for example, gluing measures of types 1 to 5).

Theorem 4.2. Let us consider 1 < p < 0o and —c0o < a < b <c<d<oo. Let p = (lo,...,ux) be a
p-admissible vectorial measure in [a,d], and assume that there exists an interval I C [b,c] with (I, 1) € Co
and pi(I) < oo for 0 < j < k. Then C*(R) is dense in W*P([a,d], ) if and only if C*°(R) is dense in
W (0, ], 1) and W (b, d), ).

Remark. If a,d € R, we can write in Theorem 4.2 C$°(R) instead of C*°(R).

Theorem 4.3. Let us consider 1 <p < oo and {a,}, {bn} strictly increasing sequences of real numbers (n
belonging to a finite set, to Z, Z or Z™) with apy1 < by for every n. Let us consider (o, 3) := Uy (an, by)
with —oo < a < B < oo and a p-admissible vectorial measure, [, in (o, B]. Assume that for each n there
ezists an interval I, C [apt1,by] with (I, 1) € Co and pi(I,) < 0o for 0 < j <k. Then C>*°(R) is dense in
WkP([a, B], 1) if and only if C°(R.) is dense in every W*P([an, by], i).

Corollary 4.2. Let us consider 1 < p < oo and {an}, {bn} strictly increasing sequences of real numbers (n
belonging to a finite set, to Z, ZT or Z™) with any1 < by, for every n. Let us consider (o, 3) := Uy (an, by)
with —oo < o < 3 < 00 and a p-admissible vectorial measure, p, in [c, B]. If, for each n, (4, b,) s of type

1,2,3,4 or 5, then C®(R) is dense in W*P([a, 8], ).
The main result about the multiplication operator is the following.

Theorem 5.1. For 1 < p < oo, if u is a p-admissible vectorial measure in [a,b] of type 1,2,3 or 4, and
the multiplication operator is well defined in W¥*P([a,b], ), then it is bounded. The result is also true for
measures of type 5 verifying the additional condition wy, < cwi_1 in [ag — 8, a9 + 8] N [a, b].

In the paper, the results are numbered according to the section where they are proved. Now we present
the notation we use.

Notation. In the paper k¥ > 1 denotes a fixed natural number; obviously WoP(Q, ) = LP(Q,pu). All
the measures we consider are Borel and positive. Also, all the weights are non-negative Borel measurable
functions. If the measure does not appear explicitly, we mean that we are using Lebesgue measure. We allow
measures j; which are not necessarily o-finite but always assume that du; = d(p;)s + wj dz, where (pu;)s is
singular with respect to Lebesgue measure and w; is a Lebesgue measurable function (which can be infinite
in a set of positive Lebesgue measure). We denote by supp v the support of the measure v. If A is a Borel

set, |A|,x,, A, int(A) and #A denote, respectively, the Lebesgue measure, the characteristic function, the
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closure, the interior and the cardinality of A. By f) we mean the j-th distributional derivative of f. When
we work in the space W*P (), 1) we denote by W*="P(Q), i) the space W*="P(Q, (., ..., ur)). We say that
an n-dimensional vector satisfies a one-dimensional property if each coordinate satisfies this property. P,
denotes the set of polynomials with degree less than or equal to n, and a, b arbitrary real numbers with
a < b; they are finite unless the contrary is specified. Finally, the constants in the formulae can vary from
line to line and even in the same line.

The outline of the paper is as follows. Section 2 presents most of the definitions we need to state our
results. We collect and prove some useful technical results in Section 3. In Section 4 we prove the results on
completeness. Finally, we prove the results for Sobolev orthogonal polynomials in Section 5.

Acknowledgements. We would like to thank F. Marcellan for suggesting us this problem and H. Pijeira
for many useful references.

2. Definitions.

There are two standard ways to define classical Sobolev spaces W*P(Q) (with 1 < p < c0) in an open
subset €2 of an Euclidean space:
(1) the completion of smooth functions C*°(2) with the norm

1w = D 11D Iy

|| <k
where ||g||, denotes the L?(2) norm of g with respect to Lebesgue measure, and

(2) the functions f belonging to LP()) such that their weak derivatives up to order k belong also to
Lr(Q).

It is well-known that these two definitions are equivalent for 1 < p < oo (see e.g. [A, p.52], [Ma, p.12]).
However (1) and (2) coincide with the completion of C°°(R"™) only for smooth domains (see e.g. [A, p.54],
[Ma, p.14]).

It is possible to define some particular weighted Sobolev spaces, where the weights considered are powers
of d(x) = dist(z, K) with K C 99, and even h(d(z)) with h a monotone function, following the text [Ku]. If
we want to define more general weighted Sobolev spaces we can use the approach in [KO]. Before we state
the definition in [KO], let us observe that the distributional derivative of a Sobolev function is also a function
belonging to L,.(£2). In order to get the inclusion

LP(Qu) C Li,.(Q),  forl<p< oo,
a sufficient condition, by Holder inequality, is that the weight u satisfies u='/P=1) ¢ LI (Q) (see [KO,
Theorem 1.5] or Lemma A below). With this fact in mind we can understand the definition in [KO]:
Given a weight u in € let us denote by M, (u), for 1 < p < oo, the closed set

My(u) == {z €Q: uw P~V (y)dy = 0o for every neighbourhood U (z) of x}
QMU (x)

Given w = (wq)|a|<k & vectorial weight in € we can define the exceptional set B := U|q<xMp(wa) and
the Sobolev space W*P(Q, w) with weight w, as the set of all functions f € LP(Q2\ B, wy) such that their
weak derivatives D*f are elements of LP(Q\ B,w,) for all a with |a| < k.

With this definition, the weighted Sobolev space W*? (2, w) is a Banach space (see [KO, Section 3]).

In general, this is not true without removing the set B (see some examples in [KO]). However, note that
if some w,, is identically zero, then M,(w,) = Q and Q\ B = .

But now, we want to define a more general class of Sobolev spaces appearing in the context of orthogonal
polynomials. Since we are interested in orthogonal polynomials on the real line we only need to consider
the case Q C R. In this field it is usual to work with Sobolev spaces for which the measures w;(z) dz are
changed by general measures dy;(z) and some of them may have y;(6Q) > 0; so we consider in our definition
Sobolev spaces in €2, where €2 is an open set. Therefore, in general, these spaces do not match the definition
in [KO].

Let us start with some preliminary definitions.



Definition 1. We say that two functions u,v are comparable on the set A if there are positive constants
¢1,¢2 such that civ(z) < u(z) < cov(x) for almost every x € A. Since measures and norms are functions
on measurable sets and vectors, respectively, we can talk about comparable measures and comparable norms.
We say that two vectorial weights or vectorial measures are comparable if each component is comparable.

In what follows, the symbol a < b means that a and b are comparable for a and b functions, measures
OT norms.

Obviously, the spaces LP(A, u) and LP(A,v) are the same and have comparable norms if u and v are
comparable on A. Therefore, in order to obtain results on completeness or density we can change a measure
4 to any comparable measure v.

Next, we shall define a class of weights which plays an important role in our results.

Definition 2. We say that a weight w belongs to By([a,b]) if and only if

wt eLl/U"_l)([a,b})7 for 1<p< oo,
w™t € L([a,b]), for p=oc.

Also, if J is any interval we say that w € By(J) if w € B,(I) for every compact interval I C J. We say
that a weight belongs to B,(J), where J is a union of disjoint intervals U;c aJ;, if it belongs to By(J;), for
1€ A

Observe that if v > w in J and w € B,(J), then v € B,(J).

This class contains the classical Muckenhoupt A, weights appearing in Harmonic Analysis (see [GR]).
The classes B,(£2), with 2 C R™, and A,(R") (1 < p < o0) have been used in other definitions of weighted
Sobolev spaces in [KO] and [K] respectively.

Definition 3. We denote by AC([a,b]) the set of functions absolutely continuous in [a,b], i.e. the functions
f € C(la,b]) such that f(x) — f(a) = [ f'(t)dt for all x € [a,b]. If J is any interval, ACioc(J)denotes the
set of functions absolutely continuous in every compact subinterval of J.

Definition 4. Let us consider 1 < p < oo and a vectorial measure p = (ug, ..., pk). For 0 < j < k we
define the open set

Q; :={z € R : 3 an open neighbourhood V of x with w; € B,(V)}.

Observe that we always have w; € B,(€;) for any 0 < j < k. In fact, ; is the greatest open set U with
w; € B,(U). Obviously, £; depends on p and g, although p and p do not appear explicitly in the symbol
Q;. Lemma A below gives that if f) € LP(Q;,w;) with 0 < j < k, then f) € L} (Q;), and therefore
fUD € AC). () if 1 < j < k.

Hypothesis. From now on we assume that wj; is identically 0 on the complement of €2;.
We need this hypothesis in order to obtain complete Sobolev spaces (see [KO] and [RARP]).

Remark. This hypothesis is satisfied, for example, if we can modify w; in a set of zero Lebesgue measure
in such a way that there exists a sequence a,, \, 0 with w;l{(an, oo]} open for every n. If w; is lower
semicontinuous, then this condition is satisfied.

Let us consider 1 < p < 0o, w = (wo, . ..,w) a vectorial weight in an open set Q@ C R and y € Q. To
obtain a greater regularity of the functions in a Sobolev space we construct a modification of the weight w
in a neighbourhood of y, using Muckenhoupt weighted version of Hardy inequality (see [Ma, p.44] or Section
3 below). This modified weight is equivalent in some sense to the original one (see Theorem B).

Definition 5. A vectorial weight W = (W, . . ., W) is a right completion of w with respect to y, if Wy, := wy,
and there is an € > 0 such that W; := w; in the complement of [y,y + €| and

w,(x) == w;(x) +w;(x), forx ely,y+el and0<j <k,
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where W; is any weight satisfying:
i) @ € L[y, y+e)) if 1 < p < o0,
i) w; € L®([y,y +e€]) if p= oo,
111) Ap(wj,@j-&-l) < 00, with

Ap(u,v) :==  sup (/ u) 0™ | L (e s for 1< p < oo,
y

y<r<y-te

y+e
Ao (u,v) := ess sup u(r)/ vl

y<r<y-+e

Example. It can be shown that the following construction is always a completion: we choose w; := 0 if
Wit1 ¢ Bp((y,y+el); f W1 € Bp([y,y +¢]) we set w;(z) :=11n [y,y +¢|; and if W41 € Bp((y,y +€]) \
B,([ly,y + €]) we take w;(z) :=1 for z € [y +¢/2,y +¢], and

; d g (" -0y P _ (0= D@ (@)Y .
w;(x) —%{</L WL ) }— (fy"'a**l/ ))p , if 1 <p<oo,
Wil
- d )
() = [T IEE s + 2= (07T geey) » P =1,

w;(x) ::min{l, (/y+€wj_+11)1}, if p= o0,

for x € (y,y +¢/2).

Remarks.

1. We can define a left completion of w with respect to y in a similar way.

2. If for every 0 < n < n9 < € we have Wj11 ¢ By((y,y + 7)), then there exists some 6 > 0 such that
every w; must be 0 almost everywhere in (y, y + ¢) (where ¢ is the constant corresponding to w). Moreover,
the constant ¢ depends on 7 and W;41, but not on w;.

3. lf w;+1 € By(ly,y+¢]), then A, (w;,w;41) < oo for any weight w; € L*([y,y +¢]) if 1 <p < oo and
for any bounded weight w; if p = co. In particular, A,(1,W;41) < oo.

4. If w, v are two weights such that w; > cv; for j = 0,...,k and v is a right completion of v, then
there is a right completion @ of w, with @w; > ¢7; for j = 0,...,k (it is enough to take w; = ¥;). Also, if
w, v are comparable weights, T is a right completion of v if and only if it is comparable to a right completion
w of w.

5. The hypotheses i) and ii) are not restrictive at all; if we are interested in the regularity of Sobolev
functions we must choose weights without “big” singularities.

6. We always have wy = wy, and w; > w; for 0 < j < k.

7. If W is a right completion of w with constant € > 0, the weight w* = (@, ..., w;) defined by

ey Jwix),  xEly,y+9],
@={ e etbyis

for some 0 < § < ¢, is a right completion of w with constant 4.

Definition 6. For 1 < p < oo and w a vectorial weight in an open set @ C R, we say that a point y € Q
is right j-regqular (respectively, left j-regular), if there exist € > 0, a right completion W (respectively, left
completion) and j < i < k such that w; € By(ly,y + €]) (respectively, By(ly — ¢,y])). Also, we say that a
point y €  is j-reqular, if it is right and left j-reqular.
Remarks.

1. A point y € Q is right j-regular (respectively, left j-regular), if at least one of the following properties
is verified:

(a) There exist ¢ > 0 and j < ¢ < k such that w; € B,([y,y +¢]) (respectively, B,([y —¢,y])). Here we
have chosen w; = 0 and w = w.



(b) Thereexiste >0, <i<k,a>0,0<0dp, withd, :=(i—j)p—1if1 <p<ooand e :=9—j—1,
such that

wi(z) > alz —y°, for almost every = € [y, y + €]

(respectively, [y —e,y]). See Lemma 3.4 in [RARP].

2. If y is right j-regular (respectively, left), then it is also right i-regular (respectively, left) for each
0<i<j.

3. We can take i = j + 1 in this definition since by the third remark after Definition 5 we can choose
W =w +1€By(ly,y+e]) for j <l<i,ifj+1<i.

4. If we define
ko :=max{0 < j <k : 3In >0 with w; € B,((y,y +1])},

the completion W in Definition 6 can be chosen as W; = w; for kg < j < k and Wx, = wi, € Bp((y,y + €]).
This is an immediate consequence of remarks 2 and 7 to Definition 5.

When we use this definition we think of a point {b} as the union of two half-points: {b"} and {b~}.
With this convention, each one of the following sets

(a7b) U (b,c) U {b+} = (avb) U [b+7c) # (avc) )
(a,0) U (b,c) U{b™} = (a,b"] U (b, c) # (a,¢),

has two connected components, and the set (a,b) U (b,c) U{b~} U{b"} = (a,b) U (b,c) U {b} = (a,c) is
connected.

We only use this convention in order to study the sets of continuity of functions: we want that if
f € C(A) and f € C(B), where A and B are union of intervals, then f € C(A U B). With the usual
definition of continuity in an interval, if f € C([a,b)) NC([b, ¢]) then we do not have f € C([a, ¢]). Of course,
we have f € C([a,c]) if and only if f € C([a,b"])NC([bT, c]), where, by definition, C([bT, c]) = C([b,c]) and
C([a,b"]) = C([a,b]). This idea can be formalized with a suitable topological space.

Let us introduce some more notation. We denote by Q) the set of j-regular points or half-points, i.e.,
y € QU if and only if y is j-regular, we say that y* € QU) if and only if y is right j-regular, and we say
that y~ € QU) if and only if y is left j-regular. Obviously, Q%) = (§ and Qg U---uQ C QU). Observe
that Q) depends on p (see Definition 6).

Remark. If 0 < j < k and [ is an interval, I C Q)| then the set I\ (Qj41 U---U Q) is discrete. If
yt eI\ (Qj41U---UQy), there exist € > 0, a right completion w and j < i < k with w; € By([y,y + ¢€]).
Then there exist § > 0 and ¢ < < k with w; € B,((y,y + d]) and consequently (y,y +6) C Q11 U---UQy
(see the second remark to Definition 5). Obviously the same is true for y—.

Definition 7. We say that a function h belongs to the class AC1,c(Q9)) if h € AC)oe(I) for every connected
component I of QU).

Definition 8. We say that the vectorial measure pn = (pio, . .., pux) is p-admissible if (u;)s(R\ QW) = 0,
for 1 < j <k, and (ur)s = 0. We say thal a p-admissible vectorial measure, u, is strongly p-admissible if
supp(p;)s € QU for 1 <j<k—1.

We use the letter p in p-admissible in order to emphasize the dependence on p (recall that Q) depends
on p).
Remarks.

1. Observe that there is not any restriction on supp(gg)s-.

2. Every absolutely continuous measure is p-admissible, and even strongly p-admissible.

3. We want to remark that this definition of p-admissibility does not coincide with the one in [HKM].
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Definition 9. (Sobolev space in the closure of an open set.) Let us consider an open set & C R and a
p-admissible vectorial measure u = (o, - - ., ux) in Q. We define the Sobolev space W*P (U, 1) as the space
of equivalence classes of

VEP(Q, p) = {f Q= C/ f9 e AC1(QD) for j=0,1,....k—1 and

||f(j)||LP(§,uj) < oo forj=0, 1,...,k},

with respect to the seminorms

b . 1/p
o = (ZW,,) o dor 1Sp<oo,
7=0

1l @y 3= 08 1O
Remarks.
1. This definition is natural since when the (u;)s-measure of the set where | )| is not continuous is
positive, the integral [ |f()|Pd(u;)s does not make sense.
2. If we consider Sobolev spaces with real valued functions, every result in this paper also holds.

An example of Sobolev space as we have just defined is the following: W?2:2([0, 6], i), where

6 1 5 3
1122 0.1, = / R IFO)R + / F12VE + / FVE3 4+ [P + / P23 - ).

In this example, wy € Ba([4,6]), w1 € Ba([0,1] U [3,5]), we € Ba([1,3)), and consequently Qo = (4,6),
Q1 = (0,1)U(3,5) and Qs = (1,3); therefore, QM) = [1,3) and Q) = [0, 5]. Observe that 3 is right 0-regular
since w1 € B2([3,5]), and that 3 is left O-regular since we can take w; = 1 in [1,3]. If we add d, to p1, we
obtain a p-admissible measure (and the Sobolev space is well defined) if and only if a € [1,3). We can add
d, to o for any a € R, and we can not add §, to g for any a € R. Obviously, in this definition f/(1) stands
for f/(11), since f' € ACoc([1,3)).

In the results on density we consider the following five types of measures.

Definition 10. Consider 1 < p < co. We say that a vectorial measure p = (ug, ..., pg) in [a,b] is of type 1
if it is p-admissible, finite and wy, € By([a,b]).

Observe that the finiteness of 1; is not an important restriction if every polynomial must be integrable
(and the function 27 in particular). Observe also that a function f € WP ([a,b], u) is very regular if p is of
type 1 (Lemma A below says that f*~1) € AC([a,b])), since we are working with dimension one.

Definition 11. Consider 1 < p < co. We say that a vectorial measure = (uo, ..., pug) in [a,b] is of type 2
if it is strongly p-admissible, finite and there exist real numbers a < a; < ag < az < aq < b such that

(1) wg € Bp([a1,ad]),

(2) ifa < a1, then w; is comparable to a non-decreasing weight in [a,as], for 0 < j <k,

(3) if as < b, then w; is comparable to a non-increasing weight in [ag,b], for 0 < j < k.

Observe that the measures of type 1 are also of type 2.

Definition 12. Consider 1 < p < co. We say that a vectorial measure p = (uo, - .., ) in [a,b] is of type
3 if it is strongly p-admissible, finite and there exist real numbers a < a1 < as < agz < aq4 < b and integers
k1, ko > 0 such that

(1) wk € By(la1,a4]),

(2) if a < ay, then wj is comparable to a non-decreasing weight in [a, as], for ky < j <k,

(3) if as < b, then wj is comparable to a non-increasing weight in [ag,b], for ko < j <k,

(4) a is right (k1 — 1)-reqular if k1 > 0 and b is left (ko — 1)-regular if ko > 0.
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Observe that the measures of type 2 are also of type 3.

Definition 13. Consider 1 < p < co. We say that a vectorial measure = (lg, ..., ug) i [a,b] is of type 4
if it is p-admissible, finite and there exist ag € [a,b] and positive constants ¢, & such that

(1) wi(x) < clz— aglPwg—1(x) for almost every x in [ag — 6, ap + 6] N [a, b],

(2) wk € By([a,b] \ {ao}),

(3) ifk>1, ag is (k — 2)-regular.

Remark. If ag = a (respectively, ag = b), condition (3) means that a is right (k — 2)-regular (respectively,
b is left (k — 2)-regular).

The last type of measures that we consider is a variant of measures of type 4.

Definition 14. Consider 1 < p < co. We say that a vectorial measure p = (1o, ..., k) in [a,b] is of type 5
if it is p-admissible, finite and there exist ag € [a,b] and positive constants ¢, 0 such that

(1) ifp > 1, wi(z) < clz — aglP~! for almost every x in [ag — 0, a0 + 0] N [a,b]; if p = 1, wy can be
modified in a set of zero Lebesque measure in such a way that lim,_,q, wi(x) =0,

(2) wi € By([a,b] \ {ao}),
(3) ifk>1, ag is (k— 2)-regular.

Observe that by condition (1) we know that the weight w;, does not belong to B, ([ag — 9, ap + ] Nla, b]).

3. Technical results.

One of the classical results we are using in this paper is the known Muckenhoupt inequality, that we
state as follows.

Muckenhoupt inequality. Let us consider 1 < p < oo and po, 1 measures in (a,b] with wy := dpy /dx.
Then there exists a positive constant ¢ such that

H /:g(t) |

for any measurable function g in (a,bl], if and only if

< cllgllzr(ap), u)

Lp((avb]nu'o)

Ap(o pa) := sup pro((a T[wr | ooy gy < 00

In our proofs we use some technical results which appear in [RARP]. For completeness we include the
statements here. Some of them use Muckenhoupt inequality.

Lemma A. ([RARP, Lemma 3.1]) Let us consider 1 < p < oo and w € By,((a,b)). For any compact interval
I C (a,b), there is a positive constant c1, which only depends on p,w and I, such that

lgllzrry < cillgllerw) < cillglleap)w) > for any g € LP([a,b],w).

If furthermore w € By([a,b]), there is a positive constant ca, which only depends on p and w such that

gl apn) < c2llgllirapiwy, — for any g € LP([a,b], w).

Consequently, if w € Bp([a,b]) and f' € LP([a,b],w), then f € AC([a,b]).

The following result generalizes Muckenhoupt inequality.
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Lemma B. ([RARP, Lemma 3.2]) Let us consider 1 < p < oo, t > 0 and o, p1 measures in (a,b] with
a+t <b, wy = dug/dx and wy := dpy /dzx, verifying: (1) w1 € Bp([a+1t,b]) if a+t < b; (ii) po((a,d]) < oo if
a+t <band1l<p < oo, (iii) wo € L=([a+t,b]) if a+t < b and p = co. Let us assume that A}, (pio, p11) < 00,
where

Ay (po, 1) == sup  po((a, 7)) walHLl/(p—n([r,b]) ) for 1 <p < oo,
a<r<a+t
b
ess sup wo(r)/ wit, if (110)s((a,b]) =0,
’ a<r<a-+t T
Al (pos 1) i= b b
max{ ess sup wo(r)/ wfl,/ wfl}, if (1o)s((a,b]) >0,
a<r<a-+t r «@

where « := min(supp(po)s). Then Ap(po, 1) < oo and this implies that there exists a positive constant ¢

such that
b
H/ g(s)ds

for any measurable function g in (a,b], where Ay(po, 1) is defined changing a +t by b in the definition of
AL (po, pa).-
p 7

<ec 2((a
Lr((a,b], o) lgllz ((a,b], 1)

Before we state some other results from [RARP] we need the following definitions.

Definition 15. Let us define the subspace K(Q, 1) as

K@) = {g: 00 — C/ g€ V**(QO, ylgw), llgll,,,.., (@) = -

Definition 16. Let us consider 1 < p < oo, Q an open subset of R and a p-admissible vectorial measure
in Q. We say that (Q, 1) belongs to the class Cy if there exist compact sets M,,, which are a finite union of
compact intervals, such that

1) M,, intersects at most a finite number of connected components of Q1 U --- U Qy,

ii) K(My, ) = {0},

i1) My C My,

w) Up M, = Q).
We say that (0, 1) belongs to the class C if there exists a measure py = pio + >_,.cp €m0z, With cm > 0,
{,} € QO D C N and (1) € Co, where p' = (uly, pi1,- .., px) s minimal in the following sense:
there exists {M,} corresponding to (2, pu') € Co such that if pg = (o — Cmg0sz,,, with mo € D and p" =
(10> 1o ), then K(Ma, ") # {0} if &y € My,

Remarks.

1. The condition on (£, 1) is very general. In fact, the Remark after the proof of Theorem B ([RARP,
Theorem 4.3]) that we only state below, gives that if Q(©)\ (Q; U---UQ) has only a finite number of points
in each connected component of Q) then (Q, u) € C. If, furthermore, K(Q, i) = {0}, we have (Q, 1) € Co.

2. Since the restriction of a function of K(Q, i) to M, is in K(M,, ) for every n, then (Q,u) € Co
implies K(, ) = {0}.

3. If (Q, ) € Co, then (Q, ) € C, with p/ = p.

4. As a consequence of Remark 1, if p is a measure of type 1, 2, 3, 4 or 5 in [a, b] then ([a,b], ) € C; if,
furthermore, K([a,b], u) = {0}, then ([a, ], u) € Co.

5. By the proof of Theorem B ([RARP, Theorem 4.3]) we know that if for every connected component
A of Q U---UQy, we have K(A, ) = {0}, then (Q,u) € Cp. Condition #supp |5 e = k implies
K(A, 1) = {0}

Theorem B. ([RARP, Theorem 4.3]) Let us consider 1 < p < oo, an open set @ C R and a p-admissible
vectorial measure, 1, in §). Let K; be a finite union of compact intervals contained in QW for0<j<k
and W a right (or left) completion of w. Then:



(a) If (Q, 1) € Cy there exist positive constants ¢; = c1(Ko,...,Kr_1) and cz = ca(w, Ko, ..., Kr_1)
such that
k—1
e S 9D wtiey < ooy €2 I0lhrs@m < Iolwer g Vo € VEP@ 1)
§=0
(b) If (ﬁ, u) € C there exist positive constants cz = c3(Ko,...,Ki—1) and ¢4 = c4(W, Ko, ..., Ki_1)
such that for every g € V¥P(Q, ), there exists go € VFP(Q, i), independent of Ko, ..., Ky_1, c3, c4 and w,
with
g0 = gllwrn@, ) =0,

k—1
es D 1195 ey < Mgl oy = l9lwin e callgollwrs@m < 19lwen@. -
§=0

Furthermore, if go, fo are these representatives of g, f respectively, we have for the same constants cs, ¢y

k—1
es D N9 = F ey < Mg = Flwiny: calldo = follwrr@m < 19— Flwrn@, -
j=0

We also have the following corollaries of Theorem B.

Corollary A. ([RARPLCorollary 4.3]) Let us consider 1 < p < 0o, an open set Q@ C R and a p-admissible
vectorial measure p in §). Let K; be a finite union of compact intervals contained in QU for0<j < k.
Then:

(a) If (Q, 1) € Coy there exists a positive constant ¢, = c¢1(Ko, ..., Kp_1) such that

k—1

Y M99 i) < lollwrw@,,y Y9 € VEP(p).
=0

(b) If (ﬁ, u) € C there exists a positive constant ca = co(Ko,...,Kr—1) such that for every g €
VEP(Q, 1), there exists go € VFP(Q, u) (the same function as in Theorem B), with

k—1
j+1
lgo = gllwro,o =0 2 19§ i) < llgolwro, o = l9lwes@, -
j=0

Furthermore, if go, fo are these representatives of g, f respectively, we have for the same constant co

k—1
o
e2 3 N8 = £ iy < N9 = Flyrna, -
j=0

Corollary B. ([RARP, Corollary 4.4]) Let us suppose that 1 < p < oo and that n = (po,...,Hk) S a
p-admissible vectorial measure in [a,b] with wy € By([a,b]). Then:

(a) There exists a positive constant ¢1 such that

k—1

1 3 199 o o)) < Igllweos (fa g, ) Vg e VPP([a,b], ),
=0

if and only if K([a,b], u) = {0}.
(b) There exists a positive constant ca such that for every g € V¥P([a,b], 1), there exists go with

k-1
g0 — gllwrr(fap), ) =0 C2 Z Hg(()J)”LOO([a,b]) < llgollwr((ap), ) = 9l we e ((ab], u)-
j=0
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But we need some new technical results, which are the following.

Lemma 3.1. Let us consider 1 < p < oo and w1 € By((a,b]). If wy is comparable to a non-decreasing
function in (a,b), then Ap(wy,w1) < co.

Remark. For each 1 < p < oo there exists a weight wi € L*([a, b]) with A,(wq,w1) = oo.

Proof. Without loss of generality we can assume that w; is a non-decreasing function in (a,b). In the case
1 < p < oo we have that

(/ar wl) ||w1_1HL1/(p_1)([r,b]) < (T - a)wl(T)(b - r)pilwl(r)il < (b - a)P .

The proof is similar in the case p = co.

We usually multiply Sobolev functions in the results that we prove here. The following result allows us
to control the norm of the product.

Theorem 3.1. Let us consider 1 < p < 0o, an open set & C R and p = (po, ..., i) a p-admissible vectorial
measure in Q, with (Q, 1) € Co. Assume that K is a finite union of compact intervals J, ..., J, and that for
every Jp, there is an integer 0 < k,, < k verifying J,, C QFn=1 if k. >0, and pi(Jm) =0 fork,, <j <k,
if by < k. If pj(K) < 0o for 0 < j <k, then there exists a positive constant co such that

Co ||fg||wk,p(§’ 1) < ||f||wk,p(§} u)(suglg(ff)\ + ||9||Wk,p(§, M))
I

for every f,g € VFP(Q, u) with g constant in each connected component of Q\ K.

Remarks.

1. The case p = o is also true if we change the hypothesis p finite by wy, ..., w; € L>®(K). (We only
use this hypothesis in order to obtain the inequality (3.3) below.)

2. The theorem is not true without the hypothesis p;(J,,) = 0 for k,, < j < k, if k,,, < k, as shows
the following example: Let us consider wy = w; = 1 and wy = oo in [a,b]. Then z € V2P ([a,b],w) but
-z =212%¢ V*P([a,b],w).

Proof. Let us fix 1 <m <n. If k,, > 0, then f and g belong to C*~~1(.J,,,). Applying Theorem B(a) (with
Ky=:---=Ky, 1= J,) we obtain

km—1
(3.1) em 3 1B ey < Wllprn
=0

for every h € VFP?(Q, iu). Let us consider now f,g as in the hypotheses of the theorem; we have

(3.2) 1F 9l o,y < 1PN Lo, gy S0P 19 < N F i, 0 SUP l9(2)]
e zEQ

for 0 < j < k. Using (3.1) we also have for 0 <i < j < k,;,, except for j = k;,, and i = 0,

(33) £ D99 i) < € NF DG 05,0
< ellF N rllg’ sy < lflwrn@, wlollwes @, ) -
since p;(Jm) < 00. If j = k,,, and i = 0 we have, using (3.1) again,

(3.4) ||fg(km>||LP(Jm7#km) < ||f||L°°(Jm)Hg(kM)HLP(Jm,;Lkm) <clflwrog, M)HgHwk,p(ﬁ, w
We obtain as a consequence of (3.3) and (3.4)

(3.5) ||f(i)g(j_i)||LP(Jm,#_7’) <c ||f||Wk,p(5, M)”gHWk,p(ﬁ, )
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for 0 <4 < j < ky,. Applying Leibniz rule, (3.2) and (3.5) we obtain

j—1

H(fg)(j)HLv(Jm,uj) < Hf(j)QHLP(Jm,uj) +CZ ||f(i)g(j_i)||LP(Jm,uj)
(3.6) i=0

< cllf s,y (590 19@)] + 19lwn )
zeN

for 0 < j < ky, and k,, > 0 (the case j = 0 is (3.2)). If k,, = 0, we obtain

19l Le (T, o) < NF e, o) SUP19(@)| < N[ f Il (g, 1y SUP L9 ()]
€N €N

and we have proved that (3.6) is also true in this case. As a consequence of (3.6) we have
ol S 1o (S92 19+ Il )
since p;(Jm) =0 for k,,, < j <k, if k,,, < k. Besides

H(fg)(j)”Lp@\K,“j) = Hf(j)QHLp(ﬁ\K,M) < ||f||wk,p(ﬁ,#) SUE|9(~T)|7
z€Q

for 0 < j <k, since g is constant in each connected component of Q \ K.

The theorem follows now from the two last inequalities, since there is only a finite number of J,,.

Corollary 3.1. Let us consider 1 < p < 0o, u = (po, ..., k) a p-admissible vectorial measure in [a,b] with
wg € Byp([a, b)), p1,. .., i finite and K([a,b], u) = {0}. Then there exists a positive constant co such that

co Ifgllwrerap), ) < WFlwen o, mlgllwesas,  for every f,g € VFP([a,b], 1) .
Proof. It is enough to apply Theorem 3.1 and Corollary B(a), with m =1, K = J; = [a,b] and k1 = k.
Lemma 3.2. Let us consider 1 < p < 00, a1 < ag < ag, (1,02 € C, and 6, > 0. Then, there exists a
function f € Wh*°((a1,az)) such that

1) feC>®(a1,az2]\{as,a0,as4}) with a3 < ag < ag and agz,ay as close to ag as we wish.
2) f((a1 +a0)/2) = b1, f((ao + a2)/2) = B2, f(aog) = 0.
3) [ werifies

11| Loe (jag,az)) < 2182] 1l Lo (jar,a0)) < 2161l

4) NN ee(ar a0 < € where u(z) == |z — aolP~* if p > 1, and u is any integrable function in [a1, a2
with im,_,q, u(z) =0 if p = 1.

Proof. Without loss of generality we can assume that ag = 0. For 0 < a < 1, ay € (0,a2/4) and
az = —ay4 € (a1/4,0), let us consider the function

ﬂg(i—f)a, if x € [ag,a2],
oo 62(2;;4)(1;&, it €0,a,

o (=2e4) & it e e [-as,0),

b1 (%)a ) if x € [a1, —a4].

It is obvious that g € W'*°((a1, az)) and satisfies 1), 2) and 3). We want to show that ||¢'[| L» ((a, ), z-1) < €
if p > 1. We have that

a 0
||g/H1[j,P([a1,a2],|z\P*1) g/ ‘/32|p(2/a2)apap$p(a—l)xp—ldx+/ |ﬂ1|p|2/a1|apap\x|p(o‘_1)\£U|p_1dx
0 a
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aq 0
+/ |B2|P (2 as/az)*Pa; PxP~tdx Jr/ 1811P|2 as/ay|*Pa P |x|P~ dx
0 —Qq
= (1BaI” + 181277 0P~ [p + |52 (2 aa/a2)*" [p + |51 12 aa/ar|*P /p .
Let us fix a > 0 small enough so that (|32|P + |41|P)2°PaP~!/p < /2. Let us also fix now ay > 0 small
enough so that [52P(2a4/a2)*?/p + |/1|P|12 as/a1|*? /p < €/2. This finishes the proof of Lemma 3.2 with
f = g for this choice of a and a4 if p > 1.

If p =1, we can take the function

B, if x € [ayg, a2],
Z if x €0,a
h(z) == P2 if 2 €0, a4,
B if x € [—ay,0],
O, if z € (a1, —a4].

It is obvious that h € W1°°((a1,az)) and satisfies 1), 2) and 3). Also we have

aq 1 0
W or o0 =102l [ w41l [ ey,

4 —aqy
and this expression tends to (|B2| + |61]) limz—o u(x) = 0 as a4 tends to zero.
This finishes the proof of Lemma 3.2 with f = h for an appropriate choice of a4 if p = 1.

4. Proof of theorems on density.

Observe that if v is a finite measure in a Borel set D C R"™ then C.(D) is dense in LP(D,v) for
1 < p < oo. Consequently C°(R™) is dense in LP(D,v) for 1 < p < oo.

Proof of Theorem 4.1. It is enough to prove the density of C*°(R), since multiplying any function
of this class by a function in C2°(R) with value 1 in [a, ] we obtain a function in C°(R). We have in fact
the density of C2°([a — ¢,b+ ¢]) for any fixed € > 0.

If a function f belongs to V*?([a,b], i), since (a,b)(?) # ), there exists a compact interval I C (a,b)®
such that f is a continuous function on I and it belongs to V¥ ([a,b], i) with i = (fio, ft1,--.,ps) and
djip = dpo + x,dz. It is obvious that it is more complicated to approximate f in WkP([a,b], i) than

in W*P([a,b], ). Therefore, without loss of generality we can assume that K([a,?b], ) = {0} and even
([a, D], 1) € Cp in order to study the density of the set C°°(R), since (a,b)® \ ((a,b); U---U (a,b);) has at
most three points (see Remark 1 to Definition 16).

We divide this proof into five parts; each one of them is devoted to a different type of measure.
Measures of type 1. Let f € V¥?([a,b], u). Let g € C>((a,b)) € C(R) be a function which approxi-

mates f*) in the L?([a,b], wy) norm. Consider the function
k—1 j x k—1
_ Gy (@ —a) / (x—1)
W)= f (@) =+ | 9O gyt
7=0 “
(.13 _ t)k—j—l

Obviously we have that fU)(z) — hU)(z) = /x(f(k)(t) - g(t))ﬁ

This gives the inequalities

dt , for j=0,....k—1.

) x—t|FI-
19 - 10w < [ 100 - g0 < e 179~ s oy < 15 = gl
for j=0,...,k — 1, since wy € By([a,b]). Consequently, the finiteness of p; implies
Hf(j) - h(j)HLP([a,b]v/tg) <c ”f(k) - gHLp([avawk) ) for j=0,....k 1,
and then
1f = hllwsoqap < eslf® = glrrapwy . withh € C®(R).

Measures of type 2. Without loss of generality we can assume that w; is a non-decreasing weight in [a, as]
(if @ < a1) and a non-increasing weight in [ag, b] (if ag < b) for 0 < j < k.
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Let f € VF? ([a,b], u). Let us consider {11,9,13} C C2°(R) a partition of unity satisfying: 1 + s +
Y3 = 1in [a,b], V1la,a] = 1 V2laap] = 1, V3liaz,as] = 1 V1l[as—s,00) = 0, ¥2|(—c0,a5+6] = 0, V3l(ay+6,a0—6)c =
0, for some § > 0. Consider also the functions f; = fi; for i =1,2,3. If a = a1 and a4 < b (or a4 = b and
a < ay), we consider a partition of unity with only two functions. If a = ay and a4 = b, p is a measure of
type 1 in [a,b]. Then we only consider the case a < a; and a4 < b, since the other cases are easier.

Observe that by Theorem 3.1 we know that each f; belongs to V*®([a,b], i), since wy € B,([a1, a4))
and supp ¢} C [a1, a4].

It is enough to show that each f; can be approximated in W¥P?([a,b], 1) by functions belonging to
C*(R), since f = fi1 + fo + f3 in [a, b].

(1) Approximation of fi.

Let us see first that we can approximate f; in W*?([a, b],w) by functions in C°°(R). In order to do this
approximation (with the weight w, the absolutely continuous part of 1) we follow the ideas of [Ku, Theorem
7.2], though there the weights are only of the form w;(z) = dist (z,92)* with the same a > 0 for every j.

For fixed 0 < j < k, consider the functions g(z) := l(j)(x) and gx(x) == glx + A) for 0 < X < 0.
It is clear that gy also belongs to LP([a,b],w;), since wj|[q,q,] is non-decreasing for j = 0,...,k and supp
g C la,az — 0].

Next, we show that g, tends to g in LP([a,b],w;) as A — 0. We need to estimate the integral

T = / 19(2) — g(z + )P, (x) da

Recall that g(x) = 0 for # > a — 0. Then, we have that J(X) < 2P71[J1(X) + J2()\)], where

az—08
() = / |g(@)w; (2)/? — g(a + Nw;(z + X)V/?|" da,

az—9
J2(N) 12/ |g(l‘+)\)|p|wj'(x+)\)l/p_wj(x)l/p‘l)dx.

It is clear that Ji(A) — 0 as A — 0% since g(z)w;(z)*/? € LP([a,az]) (see [SW, p.10]). On the other

hand,

p, for x € [a, a2 — ¢],

|wj($ i )\)l/p _ wj(x)l/p|p =w;(z+ )\)‘ (%)1/1) _

if we consider that 0/0 = 1. Then, we can write, since 0 < A < 0,

Ta(2) = /;2_6 9+ NPy (a4 3) (%)l/p 1 e =

a2 wi(x — M)\ /P P
:/a \g(x)|pw](x)‘(g) —1‘ X(a+/\)a2+)\75)(95)d$'

w;(z)
If we define w; := 0 in (—o0, a), w; is a non-decreasing function in (—o0, as| and we have 0 < % <1
for x < as. The following bound '

wj(z —A)

1/p P
@)~ Xerranon@ Sl@PuE). fora el

lg() P (@) (
and the dominated convergence Theorem give Jo(A) — 0 as A — 0T, since limy o+ wj(z — \) = w;(z) for
almost every = € [a, az] (w; is monotone there). Hence J(A) — 0 as A — 07,
Then, it is enough to approximate fi(z + ) in W*?([a, b],w) for A > 0 small enough.
Let {¢+}+~0 be an usual approximation of the identity: ¢:(z) = ¢(x/t)/t for allz € R,t > 0, and for some
¢ € C((—1,1)) verifying ¢ > 0 and [ ¢ = 1. Set u; the convolution u; := ¢y * (f1)x with 0 <t < X < §/2,
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when we take f; =0 on (—o0,a) U (a2 — §,00). Then u; € C°(R) and define v, := ugj = ¢ * gy for some
fixed 0 < j < k. We only need v; — gx in LP([a,b],w;) as t — 0". But

b t » 1/p
llve — 9A||Lv([a,b],w,-) = ( Ygr(zr —y) dy — / o (y) dygk(x)‘ wj(ac) dm)
a —t

t b P
s ( [ 1o -0 - n@Pus) i) "y

1/p
< sup /|g$+)\ y) — (x+)\)|pwj(x)da?)

ly|<t

< s { ( /\g o+ A y)Puy(z)dz)

ly|<t

([ o) ate 0wy ) "}

= sup {J(A — y)l/erJ 1/p}<2 sup J(s)'/7,

ly|<t 0<s<2X

and this last term tends to zero since J(A\) — 0 as A — 0T.

Therefore, given ¢ > 0, there is a function f; . € C°(R) such that ||fi — ficllwrr((a,p)w) < &

Let us show now that fl(JE) also approximates fl(j ) in the norm LP ([a,b], ;) for 0 < j < k. This is trivial
if (uj)s =0. If (1)s # 0, let us consider

a; :=inf( supp (4;)s) , B :=sup( supp (1;)s) -

Then, supp(p;)s is a compact set contained in [a;, ;). By the definition of strongly p-admissible
measure, o is right j-regular and §; is left j-regular. We also have that every = € (ay, 3;) is j-regular, by
properties of measures of type 2. Theorem B(a) gives that there exists a positive constant ¢ such that

B Lo oy 8,7 < Ibllwsr(ablwy > ¥h € VFP([a,0], 1),

since ([a,b], ) € Co. So, fl(js) also approximates uniformly fl(j) in [oj,B;], and therefore in the norm of
LP([a,b], p;), since p; is finite.

(2) Approximation of fs.
We obtain the result applying a symmetric argument to (1).

(3) Approximation of fs.

This is an immediate consequence of the first part of this theorem, since the support of f3 is contained

in [a1,a4], wy € Bp([a1,as]) and then p* = (o, ..., tr—1, ;) is a measure of type 1 in [a,b] with duj =
Atk + X(g 01100005 9%
Measures of type 3. Without loss of generality we can assume that w; is a non-decreasing weight in
[a,a0] for k1 < j <k (if a < a1) and a non-increasing weight in [as, b] for ke < j < k (if ay < b). Consider
f € VEP([a,b], u) and f; = fi; for i = 1,2,3, as in the proof of this theorem for measures of type 2. If
a=ay and ag < b (or ay = b and a < ay), we consider a partition of unity with only two functions. If a = a;
and ag = b, p is a measure of type 1 in [a,b]. Then we only consider the case a < a1 and a4 < b since the
other cases are easier. It is enough to show that each f; can be approximated by functions in C*°(R).

(1) Approximation of f.
If k&1 = 0, we can approximate f; as in the case of measures of type 2 Assume now ki > 0. The proof
in the case of measures of type 2 gives that it is possible to approximate f1 by functions in C*°(R) in the

norm of Wk=*1:P([q b], 1) , since flkl) € Wk=k1p([a, b], ). Recall that we write W*=k1P([a, b], 1) instead of
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Wh=F1P([a, b], (pgy s - - -, pr)). Without loss of generality we can assume that w; > 11in [ag, b] for ky < j <k,
since f; = 0 in this interval. Then K([a, b], (tk,, - - -, k) = {0} and even ([a, b], (tik,, - - -+ ) € Co.
If g € C*°(R) approximates fl(kl) in Wk=*1P([a, b], 1), consider the function

T — )1 T T — t)ki—1
ha) = o) + fi(ao =)+ -+ AV @ S o0 G ar

' x T —t)Fi—i—1
Then we have fl(])(ac) —hl)(z) = / (f(kl)(t> - g(t))((klt)jl),

a
Now, by Corollary A(a), we have for j = 0, ..., k;—1, since ([a,b], (ir, , - - -, i) € Co and [a, b] € QF1=1)

dt,for j=0,...,k —1.

1 = B oo ey < €15 = gllzaiy < e IF*D = gllwrmin (s -

(2) Approximation of fo.
We use the same proof with the appropriate symmetry.

(3) Approximation of fs.
We proceed as in the proof of the case of measures of type 2.

Measures of type 4. Let us assume that ag € (a,b). If ag = a or ap = b our work is simpler. Without
loss of generality we can assume that ag = 0. Let us consider a function f € V*?([a,b], ). In order to
approximate f by functions in C*°(R.), without loss of generality we can assume also that

/ |fE D Pdpg—y = 0.
{0}

This is obvious if p5—1({0}) = 0. If x—1({07}) > 0 and/or pk_1({0"}) > 0, we can change f(z) by

xkfl k—1

f(x%f“*”(ovm or  f(z)—f*V(0")

since zF~1 € C*°(R). Recall that we always write (a + 3) dg instead of adg- + 36+
For each big enough natural number n we can choose points z,, € (0,1/n] and y,, € [-1/n,0) such that

1/n 1/n
|F5D (@)l /0 duk_m)é/o [FE D @) dpns (),

0 0
|f(k_1)(yn)|p/ dp—1() S/ |fED (@)|P dpg—a () -

—1/n —1/n

(4.1)

Now, we can define the following sequence approximating f*—1:

f(k 2 (x), T & (Yn, Tn)
ho(z) =< fED(x)z/z,, = €[0,2,],
)

f(’“ V()T /yn, @ € [Yn,0].

By the first inequality in (4.1) we have that

Ty B N
/0 |hn(x)|pd.uk—1(m) = |f(k 1)(5Un)|p/0 (a) d:uk—l( )< ”f (k= 1)HLP(01/n] fr—1)

and

(/Ob =) () — hn(x)|pduk,1(x))1/p _ (/Oz |fD () — hn($)|pd,uzk71(x))l/p

< NF* M e o,en), sy + IFE D Le0,1/m], 1)
<201 N Lo (o,1/n, 1) -
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Similarly,
® - p 1/p (k—1)
([ 1 9@ = @) Pdia@) " < 205 Dans/mol
and then
| fE=D — Pl 2 (a,8), pe—r) < 2 Hf(kil)||Lp([71/n71/n],uk,1) .

As n tends to infinity, this last norm converges to ||f(k:_1)HLp({0}’uk_l) =0.
Furthermore, property (1) and (4.1) give for big enough n

1/p

(/Ob |F®) () — Rl () [Pwk(x) dm)l/p = (/Om" 1B (@) = F5D (@) fan|Pws(z) da:)
< (/% |F®) () [Py, () dz>1/p + (/wn |FE D (z,) Pewp_1(z)(z/20)P dx)

0 0

< ([T ro@rme ) e ([0 p )

1/p

1/p

We can estimate || f*) — h! ||1s((a,00,w,) in & similar way. Therefore, we have proved that it is possible to
approximate the function f(*~1 in the Sobolev norm WP ([a,b], u) by functions which are in W of a
neighbourhood of 0.

Consider now the weight
wi(z) T ¢ (Yn, Tn)
1+ wg(z), z€ (Yn,xn),

i)~ |

and the vectorial measure p™ = (ftr—1, ftk,n) With dpg n () = wi n(z)dz.

Since wg,n € Bp([a, b]) by property (2) of measures of type 4, the result for measures of type 1 gives that
the function h,, can be approximated by functions of C*°(R) in the norm W1P([a,b], u™), and consequently
in the norm WP ([a,b], n), since wy(z) < wg (). This finishes the proof if k = 1.

If k > 1, conditions (2) and (3) prove that f*~2) belongs to AC([a,b]). An integration argument as in
the proof of the case of measures of type 1 or 3 (using Corollary A(a)) gives that f can be approximated by
functions of C°°(R) in the norm W2 ([a,b], u).

Measures of type 5. Let us assume that ag € (a,b). If ag = a or ag = b our work is simpler. Without loss
of generality we can assume that ag = 0. Let us consider a function f € V*?([a,b], 1). As in the proof for
measures of type 4 we can assume that f{o} |f*E=DP dpy 1 = 0.

For each big enough natural number n we can choose points z,, € (0,1/n] and y,, € [-1/n,0) verifying
(4.1). If we take

a1 :2yn7 as :2177“ 61 :f(kil)(y7b)7 62 = f(kil)('lzn)v
and € > 0, then Lemma 3.2 allows us to choose a function f,,, for each big n, verifying

42)  lfall=qozn <21 V@)l Malzeqnoy <215 V@l Ilzr (et <€

such that the function

FED@), x ¢ (yn,za),
fn(2), T € [yn, ¥n],

h(2) == {

belongs to W([a,b], #) N W% (g, 7).
Using (4.2), we also have, as in the proof of the case of measures of type 4, that

1F* = Bl ael, mer) < e 1P io/masml, u ) <€
if n is big, since ||f(k_1)||Lp({o}’M_l) = 0. Furthermore
IF®) = Rl o o), i) = IFE) = Follio(ymention) < I Lo tynsenlion) + 1 FullLe (ymmnl o) -
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Therefore, we have proved that it is possible to approximate the function f*~1) in the Sobolev norm
WLP([a,b], 1) by functions which are in W1°° in a neighbourhood of 0.

Finally, the proof finishes as in the case of measures of type 4.

This finishes the proof of Theorem 4.1.

We have examples which prove that the techniques in the proof of Theorem 4.1 for measures of type 2
do not work if we remove hypothesis (2) or (3) of this kind of measures.

Proof of Theorem 4.2. We only prove the non-trivial implication. Let us consider J = [, 5] C I and an
integer 0 < k; < k, such that J C (b, c)(kl’l) if k1 >0, and p;(J) =0for k1 < j <kif bk <k.

Let us consider f € V¥P([a,d], ) and ¢1,p2 € C°°(R) such that o1 approximates f in W*?([a, c], p)
and oy approximates f in WkP([b, d], p).

Set # € C*°(R) a fixed function with 0 < ¢ <1, =0 in (—oo,a] and # = 1 in [, 00). It is enough to
see that 0y + (1 — 6)¢; approximates f in W*P([a,d], i), or equivalently, in WP (J, 1). Theorem 3.1 gives

1f =002 — (1 = 0)p1llwrrcs,uy IIf = 0p2 — (1= 0)p1llwrr(r, w
<0 = 2)llwrrr, ) + 11 =O)(f = p1)lwrr, v
<c(lf = 2llwrru,w + I1f —1llwes, w)

since (I, ) € Co.

Remark. The same conclusion of Theorem 4.2 is achieved if we change the hypothesis (I,u) € Cy by
([a, ], p) € Co and ([b,d], 1) € Co.

Proof of Theorem 4.3. We only prove the non-trivial implication. Let us consider ¢, € C*°(R) which
approximates f in W*?([a,, b,], ). By the proof of Theorem 4.2 we know that there exist 6,, € C°°(R) and
positive constants c¢,, such that

1f = Onpn1 — (1 = 0n)@nllwer(anar bnls ) < n (IF = Onllwrre(anisbnl, ) T 11 = Crtillwrs (anss bul, w) -

Now, given £ > 0, it is enough to approximate f in [a,, b,] with error less than 27 "le min{1,¢,; ', ¢t}

Proof of Corollary 4.2. Let us fix f € V*P([a, 8], 1) and choose compact intervals I,, C (any1,bn)®
and constants ¢, > 0 such that || f||Ls((a,6),u5) < 00, where duf := dpo + -, cnX; dx (observe that f €
CO(I,)). Tf u* = (uh, g1, - - -, px), it is enough to see that we can approximate f by functions of C*°(R) in
W*P([a, B], n*). This is a consequence of theorems 4.1 and 4.3, since (I,,, u*) € Cy and each ¥ [ay b, 18 Of
type 1, 2, 3, 4 or 5 (see Remark 4 to Definition 16).

We have another “gluing” theorem. In this result it is not necessary that the intervals overlap when the
contact is at “different levels”.

Theorem 4.4. Let us consider 1 < p < 00, a < b < ¢, p a p-admissible vectorial measure in [a,c] and
0 < ko < k, with the following properties:
i) C=(R) is dense in W5P([a,b], 1),
ii) C°(R) is dense in W*P([b, ], n),
i) firo ([,1)) < 00,
) if ko >0, u;([a,c]) < oo, forj=0,...,k —1,
v) if ko <k, Wkg41 = -+ =wg =0 in [a,b],
vi) if ko > 0, wy, € By([a,b]),
vid) if ko > 0, [b, ] = (b, c)Fo=1),
viit) if ko > 0, ([b, ], (kkgs - - > pii)) € Co.
Then C°(R) is dense in W*P([a,c], u).
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Remarks.

1. These conditions are not very restrictive. Conditions 4) to iv) are natural. Condition v) includes the
case where at the contact point b the last nonzero derivative is of different order at both sides. With respect
to conditions vi) and vii), they give the necessary regularity at the contact point. Condition viii) allows us
to use Corollary A(a).

2. If —oo <a<b<c<d<ooand pis identically zero in (b, ¢), it is clear that C*°(R) is dense in
W*P([a,d],p) if and only if C*(R) is dense in W*P([a,b], u) and W*P([c,d], u1).

Proof. Let us consider f € V*?([a, ], ). By property iii) we can approximate f*0) in LP([a,b], wy,) by a
function ¢y € C°(R) with supp ¢ C [a,b— v] for some 0 < v < b— a. By property ii) we can approximate
f*o) in Wk=ko.P([b, ¢], i) by a function ¥ € C(R) with supp 12 C [b —v/2,00). Also, we can assume by
v) that [|Ya|lwr—rowr (a0 = [¥2llLe((a,b],wy,) is small.

The function h = 1)1 + 15 belongs to C°(R) (in particular, h =0 in [b — v, b — v/2]) and approximates
fko) in Wk=ko.P([a, c], ). This finishes the proof if kg = 0.

Whenever kg > 0, properties vi) and vii) give [a,c] = (a,c)*0~Y and then f(o=1) ¢ AC([a,c]). Let us
define for € R the function

o) im0+ g ST [y
b

(ko — 1)! (ko — 1)
“ (z — t)ko—1
We have u € C*°(R) and f(z) —u(z) = / (fRo) (1) — h(t))ﬁ dt . Therefore we obtain by iv)
b o—1)
ko—1 . . ko—1 . .
S D =D oo,y S 0 D MFD = uD| (o) < €2 [1F5 = Rl L1 ((ae -
3=0 7=0

By Lemma A and vi) we know that

1F5) = Rl apy < sl FE = Blloablng)-

On the other hand, since ([b, c], (ftkgs - - -, 1)) € Co, the argument in the proof of Corollary A(a) and vii)
give
1£5) — Rl g2 o,y < callFFO = hllwr—row((o.d, -

These inequalities finish the proof.

5. Applications to Sobolev orthogonal polynomials.

We denote by P*P([a,b], i) the completion of polynomials with the norm of W*?([a, b], 1). By a theorem
in [LPP] we know that the zeroes of the Sobolev orthogonal polynomials in W*2([a,b], 1) are contained in
the disk {z : |z] < ||M||}, where the multiplication operator (M f)(z) = xf(x) is considered in the space
P*2([a,b], ). Consequently, the set of the zeroes of the Sobolev orthogonal polynomials is bounded if the
multiplication operator is bounded.

In [LP] also appears the following result: If u is a finite measure in [a,b] sequentially dominated,
then M is a bounded operator in Pk’2([a, b], 1), where the vectorial measure p is sequentially dominated if
#supp po = oo and dp; = fj_1 dp;—1 with f;_; bounded for 0 < j < k. In that paper the authors ask for
other conditions on M to be bounded.

We have the following results.

Theorem 5.1. For 1 < p < oo, if u is a p-admissible vectorial measure in [a,b] of type 1,2,3 or 4, and
the multiplication operator is well defined in W*®([a,b], ), then it is bounded. The result is also true for
measures of type 5 verifying the additional condition wy, < cwi_1 in [ag — 0, ap + §] N [a, b].
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Remark. In this situation, Corollary 4.1 gives P*?([a,b], ) = WP ([a,b], u).

Obviously, the multiplication operator M is well defined in WkP(Q, i) if and only if it is well defined
in VFP(Q,u) (i.e. of € VEP(Q, ) for every f € VFP(Q, u)) and ||xf||Wk)p(§’M) = 0 for every f € VFP(Q, 1)

with ”fHkav(ﬁ,u) = 0. This second condition can be written as M (K(Q, 1)) C K(, p).

Theorem 5.2. Let us consider 1 < p < oo, an open set 2 C R and a p-admissible vectorial measure i
in Q2. Assume that the multiplication operator M is well defined in VEP(Q, ). Then M is well defined in
WkEP(Q, 1) if and only if KK(Q, n) = {0}.

Proof. Suppose first that K(Q,u) = {0}. Then, if f € VFP(Q,u) with Hf||Wk,p(§ u = 0 we have

= 0. Consequently floo = 0 and so ||z f]| = 0. On the other hand, we

Hf”wk,p(w’ #) Wk (W #)
also have ||f||Lp(§ o) = 0, and so f(z) = 0 for po-almost every xz. Then zf(x) = 0 for ug-almost every x
and |z f],, @) = 0- We deduce from these two arguments that

P

p . < p —
1 Wy S 1y 125 iy = 0

and therefore the multiplication operator is well defined in W*P(Q, ).

On the converse, let us suppose that there is f € V5P (€, u) such that

||f||Wk,P (W,ng(o)) - 07

but f is not identically zero in Q(°). We know that there exists an interval Iy C Q) such that flr, # 0,
and therefore there is another interval I C I such that I C Q; for some 1 <i < k and f|; # 0. If g belongs
to K(Q, ), we have that ¢ (x) = 0 for almost every x € Q;, and therefore that g¢*~1) is constant in each
connected component of ;. Then g|; € P;_1. Let us choose now h € (€, u) such that degh|; > degg|; for
all g € K(Q, i) (we have deg h|; > 0 since the function f is not identically zero in I). Then, degxh|; >degh|r;
therefore zh ¢ K(Q, i) and M is not well defined.

Proof of Theorem 5.1. We shall divide this proof into five parts; each one of them will be devoted to a
different type of measure. Remember that in our hypotheses we always have K([a,b], 1) = {0} by Theorem
5.2. Therefore ([a,b], 1) € Co, since (a,b)® \ ((a,b); U---U (a,b)r) has at most two points.

Measures of type 1. By Corollary 3.1 we have directly
Iz fllweras), w) < clzllwersqas), ol fllweras), w

for all f € V¥P([a,b], 1), since K([a,b], n) = {0}.

Measures of type 2. We can write each function f € V*?([a,b], ) as the sum f = f; + fo + f3 following
the proof of Theorem 4.1 for measures of type 2. Then we have

zfllwee s, wy < Nzfillwerap, w + 12 follwer s, w + 12 3lwee (o, 0 -

Theorem 3.1 gives for i =1,2,3
[ fillwer(a.pl, ) <l fllweras), w

with a positive constant ¢ independent of f (although ¢ depends on the partition of unity chosen). Then it
is clear that we only need to prove

lzfillweeap), ) < cllfillwerab, w

for a positive constant ¢ independent of f, since the argument for x fo is symmetric and what we have just
proved for measures of type 1 is the corresponding inequality for z fs.
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Observe that as (zf1)") = $f1(j) +jf1(j71) and ||$f1(j)||LP([a,b]’uj) < ||x||L°°([a,b])Hfl(j)HLP([a,b],#j)7 it is
enough to prove for 0 < j < k that
j—1
(5.1) 1A eetabton < elftlwen o, -
To prove this, we apply lemmas B (with a +¢ = b) and 3.1 and obtain

- - .
(5.2) 1A N e ooy = 1TV eoasantiny) < €I 1o (aan)w;) »

since l(j_l)(x) = f;z fl(j), supp f1 C [a,a2] and w; is comparable to a non-decreasing function in [a, as].
The strong p-admissibility of x4 and properties of measures of type 2 give the following inclusion
[, Bj] = [min(supp (1)), max(supp (17))] < (a,)"
if (u;)s is not identically zero. Then the finiteness of u and Theorem B(a) imply that

i—1 j—1
(5.3) £ N oot a0y < €IV llnoea,.m,)) < ellflwes as, m »

since ([a,b], u) € Cy. Obviously, this is also true if (1) is identically zero.
Now, inequalities (5.2) and (5.3) give (5.1).

Measures of type 3. We split each function f € V*?([a,b], 1) as in the previous case and also like in the
proof of the previous case, we only need to prove (5.1) for 0 < j < k. If k; < j < k, we obtain (5.1) as
in the proof of the theorem for measures of type 2. If k; = 0 we have finished. If k; > 0, since a is right
(k1 — 1)-regular, we have [a,as] C (a,b)* =1 by (2), and then the finiteness of y and Theorem B(a) give

ki1—1 ki—1 ki1—1
S ottt e = 20 WA eo(aast, i) < €1 D A Nz aan < 2 I allwes (ap), -
j=0 j=0 Jj=0

Measures of type 4. Let us denote by I the interval [ap — d,a09 + ] N [a,b] and by J the closure of
[a,b] \ [ap — &,ap + 6]. As in the proof of this theorem for measures of type 2, it is enough to show for
0<j<kand feVkP(a,b],p)

(5.4) 1F9" N Lo 0], ) < € N F e (fan), ) -

On one hand, by property (2) of measures of type 4, we know that J C (a,b)*~1). The finiteness of s
and Theorem B(a) give

(5.5) 19" pog, ) < clFY9 ™V ey < el fllwraa), ) -

for 0 < j <k, since ([a, b], ) € Co.
On the other hand, applying property (1) of measures of type 4, we obtain

(5.6) Hf(k_l)Hi,,(I’Mk) < C/I |FE=D (@) Pz — aol? dug—1 () < c ||f(k_1)||1£p([a’b}7uk_l) :

If k£ > 1, properties (2) and (3) of measures of type 4 imply I C (a,b)*=2). Then the finiteness of y and
Theorem B(a) give for 0 < j <k —1

(5.7) 1F9" Do, 1) < e lf9™ Nl poo(ry < el f llwen(fas), w) -
Then (5.5), (5.6) and (5.7) give (5.4).

Measures of type 5. The proof is similar to the case of measures of type 4, except for (5.6). Instead, it is
enough to observe

I, = / D (@) Pug(z) da < ¢ / 5D @) P () do < e F5 IR, 0 -
This finishes the proof of Theorem 5.1.
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Finally, the following obvious result allows us to study the bounds of M in each connected component

of QO

Theorem 5.3. Let us consider 1 < p < 0o, an open set @ C R and a p-admissible vectorial measure p in
Q. Let us consider also the connected components {I;}; of Q). If M is well defined in W*P(Q, i), then the
multiplication operator is bounded in W*P(Q, 1) if and only if supp po \ QO s bounded and there exists a
positive constant ¢ such that

HIJCHW"”P(IT,MQ) < C”f”Wk,p(Ti’m,i) )

for every i and every f belonging to W*P(Q, p).

[LPP]

In [R2] we find further results on the multiplication operator.
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