A canonical family of multiple orthogonal polynomials for Nikishin systems
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Abstract

For any pair of compact intervals A; and As of the real line such that A;NAs = ()
we obtain two pairs of absolutely continuous probability measures (pi,p2) and
(71, 2) supported on A; and Ag, respectively, such that
- for appropriate constants C1 and Co, (1, pe) is the Nikishin system generated by
(p1,Cy71) and (11, 72) the Nikishin system generated by (71, Copq),

- the polynomials of multiple orthogonality with respect to the Nikishin system
(1, p2) and indices {...,(n,n),(n 4+ 1,n),...} satisfy a recurrence relations with
constant coefficients of period 2,

- 1/111(2) and 1/f2(z) are the functions which describe the ratio asymptotics of mul-
tiple orthogonal polynomials with respect to an arbitrary Nikishin system N (o1, 09)
verifying supp(o;) = A;, and o > 0,7 = 1,2, almost everywhere on A;. Analogously,

1/71(z) and 1/72(2) give the ratio asymptotics for N (o9, 01).

Keywords and phrases: Hermite-Padé orthogonal polynomials, multiple orthogonal poly-
nomials, Nikishin system, varying measures, ratio asymptotics.
AMS Classification: Primary 42C05, 33C25; Secondary 41A21.

1 Introduction

Let X = (01, 09) be a system of positive Borel measures such that, for each k = 1,2,
o) is supported on a compact interval Ay = [ag, br] C R (which does not reduce to a
single point) and A; N Ay = . Let N(X) = (s1, $2) be the Nikishin system generated by
>.. That is,
dsi(x) = doy(x), dss(x) = d9(x)doy ().

i) = [

z—x

For any measure p,
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The general definition of a Nikishin system was given in [14] where the author called
them MT systems. Such systems have attracted great attention in connection with the
extension of the asymptotic theory of orthogonal polynomials and the convergence of
simultaneous Hermite-Padé approximation.

For each multi-index n = (ny,ny) € I, where

I=1{(0,0),(1,0),(1,1)...,(21),...},

we consider the monic multiple orthogonal polynomial @), satisfying
/:EVQn(I)dSk(x) =0, 0<v<n—1, k=1,2.

In [14] it was shown that any multi-index (nq,n2) € I is normal. This means that
deg ), = nq + ng and is uniquely determined by the orthogonality conditions and has
degree |n| = ny + ne. (Regarding normality, for more general classes of multi-indices and
Nikishin systems, see also [5], [6], and [7]). Since for any n € I there exist unique k € Z
and ¢ € {0,1} such that |n| = 2k + ¢, for convenience we write Qo y; = Qn.

Consider the 3-sheeted Riemann surface

2
R=J R
k=0
formed by the consecutive “glued” sheets
Ro:=C\A;, Ri:=C\(AIUA), Ry:=C\A,y,

where the upper and lower banks of the slits of two neighboring sheets are identified. Let
F;, 1= 1,2, be the single valued rational function on R whose divisor consists of a simple

pole at 00 and a simple zero at co® with the normalization
F(z)=x+0(1), x— 00, (1)

and let {F};}7_, be the different branches of F; corresponding to the different sheets R,
of R. When supp(oy) = Ay and o}, > 0 a.e. on Ag, k= 1,2, in [2, Theorem 1.2] it was
proved that

lim QQ+—<(>) — Fio(e), i=1,2, )
uniformly on compact subsets of C\ A;. This result on ratio asymptotics extends E.A.
Rakhmanov’s theorem given for standard orthogonal polynomials on the real line.

Remarks.



1. The limits F;((z) are expressed in [2, Theorem 1.2] in a different way, but the
equivalence between both expressions is an immediate consequence of Liouville’s

theorem and Cardano’s formulas.

2. Ratio asymptotics of multiple orthogonal polynomials for Nikishin systems also
hold when each oy, is supported on Ay U e, where e;, is a denumerable set without

accumulation points in R\ A, and o}, > 0 a.e.. This is proved in [13, Theorem 4.1].

It is well known and easy to verify that the polynomials @, (x) satisfy the recurrence

relations

Q-2(z) = Q-1(x) =0, Qo(z) =1

3
IQn(x) = Qn—i—l(x) + O‘;Qn(l‘) + ﬂ;Qn—l(«r) + V:LQn—Z(x% n = O, 17 o ( )

for certain real constants o, 8%, v*. Moreover, as proved in [3, Theorem 1.2], when the
polynomials have ratio asymptotics as expressed in (2), the coefficients of the recurrence
have limits with period 2. More precisely, there exist real constants «, 3;,; such that

: I : P e
lim o5, ,;, = a;, lim 85, =06, lim v, ., =, 1=01
n—oo n—oo

n—oo

Remark. When A; = [a,0], Ay = [0,1] and there is ratio asymptotics, the values
of the constants o, 5;,7:, ¢ = 0,1, are given in [3, Section 4.5]. Notice that in this case
A; N Ay = {0} # 0 and is not considered in the present paper.

Here, we prove that

(Fli(z)’ ng(z)) = (), Bal2)) al;lao (%zg

where 1, are probabilities supported on A, 73, are probabilities supported on As, and

aF2,2(Z)) — R(2).R(2)),

_ 7 (x)dp, (z Tgx:——% i (x)dr ().
a(o) = A @i (), o) = (@) ()

[e.9]

o » defined by the recurrences

Moreover, the sequence of polynomials (P,)

TPonti(x) = Pongiv1(2) + e Popti(2) + Bk Ponti-1(x) + Y Ponyi—2(x),
i=0,1, n=01,...

(4)

with initial conditions P, = P_; = 0, Fy = 1, corresponds to the sequence of multiple

orthogonality with respect to the Nikishin system (pq,u2) = N (1, arayzTt). 1f the

starting point was a Nikishin system on (Ag, A;), then #(Z) and % would give the ratio

asymptotics for the corresponding multiple orthogonal polynomials.



Since the polynomials (4) are defined by recurrences with (periodic) constant coef-
ficients they are the analogues of the second kind Chebyshev polynomials in standard
orthogonality. Therefore, we call them Chebyshev-Nikishin multiple orthogonal polyno-
mials, and Chebyshev-Nikishin measures the corresponding orthogonality measures.

In Section 2, we obtain the algebraic equations satisfied by the functions F} in terms
of the constants «;, §;,7; as well as some relations between these constants. In Section 3,
the measures are described and it is proved that they form a Nikishin system. Finally, in

Section 4, we prove the orthogonality conditions for the sequence of polynomials (F,)>2,.

2 Algebraic equations

First of all, let us find the equations satisfied by the algebraic functions F; and Fj in

terms of the limits of the recurrence coefficients.

Theorem 2.1. i) The coefficients of the recurrence relation (4) verify
fo=p1:=08, 7= +0(c1— ap). (5)
i1) The functions Fy, Fy, given in (1) satisfy Fy — F» = a1 — .
i1i) The algebraic equations for F; are

FP—(z+ a1 —200)F2 + {(c1 — ap)(x — ) + B +7 =0
FP — (v + ap — 200)FZ + {(cg — 1) (x — ay) + B} Fy + v = 0.
Proof. Since Fi(z) — Fy(z) is a bounded function on the compact Riemann surface
R (it is sufficient to look at the divisor of both functions), by Liouville’s theorem, this
function is constant. Let C' # 0 be the constant such that Fi(z) — Fy(z) = C. Then,
C = —Fy(c0M) = Fi(00®) since Fy(co®) = 0.
From the recurrence relation (3) we have
Qan k() _
QQ(n—1)+k(fC)

Qaonrhi1(7) Py Qanik(T) s Qanik-1(7)

n n+k ~ /N + ’y*n :

QQ(n71)+k($) anth QZ(n71)+k(1‘) anth Q2(n71)+k(x) anth

Taking limits as n — oo, k = 0,1, using (2) we obtain algebraic expressions on the sheet

RO which can be extended to the whole Riemann surface which allow us to write
27 =Fi(2) Z + oo Z + By Fi(2) + o,

(6)
20 =Fz2)Z+a1Z+ 0 Fo(z)+7, z€R,
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where Z = Fi(z)F3(z). Then

lim (Fi(2) Z+aoZ+ BoFi(z) +v) = lm (Fy(2)Z + a1 Z + (1 Fa(z) + )

Z—00 k zZ—00

and for £k =1 and k = 2 we get

% = BiFa(c0M) + 7

7
50F1(00(2))+’70:’71- )

Then vy = —31C + GoC + v and Gy = (1 := [ follows. Using that Fi(z) — Fy(2) = C,

deleting one equation in (6) from the other, we deduce that
0= (C+ (w0 —a1))Z+BC+v%—n.

Evaluating at co)) (or 0o(®)), it follows that 3C +~y—~1 = 0. Therefore, Fy(2)— Fy(z) =
a; —ag = C and vy = 7 + f(ag — ap). Finally, the equations of Fi(z) and F5(z) can be
obtained after writing F, in terms of Fy or F} in terms of Fy in (6). O

Remark. In [11, Theorem 3.1] a system of equations is given which allows to derive
the algebraic equations satisfied by Fi, F5, in terms of the endpoints of the intervals
A1, Ay. Combining those results with ours you can obtain the values 71,7, 3, a1, ag in
terms of the endpoints of the intervals.

Now, consider the functions of second type

o) = [ LW o) ) = /

r—1

@, (1)

Tx—t

dUZ(t).
In [9, Proposition 1] it is proved that for the multi-index (nq,n2) € I and n = n; + na,
/x”q)n(x) dos(z) =0, v=0,1,...,n9 — 1.

Consequently, ®,,(x) has at least ny zeros on A,. Moreover, it is shown in [9, Proposition
3] that @, (z) has exactly ng zeros in C\ Ay, they are all simple, and lie in the interior
of Ay. Let Qn2(x) be the monic polynomial defined by the zeros of ®,(z). They also
prove in [9, Proposition 2] that @, (z) and @, 2(z) satisfy full orthogonality relations with

respect to certain varying measure. More precisely,

/ 2 Qu(2) 5212(8) ~0, 0<v<n-1,

v Q1 (t) doy(t) doy(x) _
[ [ S e

5
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When supp(oy) = Ay and o}, > 0 a.e. on Ay, k= 1,2, in [2, Theorem 4.1] it is proved
that the polynomials @, » also have ratio asymptotics; that is, there exist functions Ry (z)

and Rs(z) such that
lim Denti2(2) Ri(z), i=0,1,
n—0oo Q2n+i—l,2(z)

uniformly on compact sets of C \ A,. Moreover, if we denote @n(m) = knQn(x), Ky > 0,

doy o) and @n,Z(x) = K'n,2Qn,25 /fn,2 > 07 the

IQn,2(m)‘ N
orthonormal polynomial with respect to the varying measure [ Cﬁfl_(;) | gzljgﬂ {é;j((af))', in [2,

Corollary 4.1] the ratio asymptotics of Q,(z) and @ng(aﬁ) is deduced. In particular, this

the orthonormal polynomial with respect to

gives that the following limits exist and are different from zero

. Ron+i . Ron+i,2 .
lim ——— = k; lim ————= = k;o, 1=0,1.
79 1,2 )
n—00 Kon+ti—1 n—=00 Kon4i—1,2

Then, using the orthogonality relations satisfied by the polynomials, we have

nai(t Q2n z(t) do (t)
Ponyi() f%x—jt()dal(t) - anﬂ',z(%) Qanti-1(T) f int an;,z(t) (8)

DPonsi—1() B f%;—:l(t)dal(t) B Qonti—12(2) Qanti(x) [ Q§n+i—tl(t)Q doy(t) o
r— 2n+4i—1,2

Q3nii(®) _ doi (1)
n+1i n+i— li? ' f - .
Qon+iz(®) Qaontio1(2) K3piiq lz—t]  [Q2nti,2(t)] (A1, Ay)

B Q2n+i—1,2($) Q2n+i($) m%nﬂ- f Qi (D doy(t)
lz—t]  |Q2nti—1,2(t)]
where ¢;(A1, Ay) is 1 or —1 depending on ¢ and on the relative position of A; and A,. In

10, Corollary 3], it is proved that the measures @2 t)- 2010 are converge weakly to the
AT |Qn,2(1)]

Chebyshev measure of the interval A;. Consequently, using (8) and the results mentioned
above, we find that there exist functions A;(z) such that

o n+1 .
lim L(x) = A;(z), i =0,1,
n—oco ®gy, ;1 ()
uniformly on compact subsets of C\ (A; U Ay).
Analogously, one proves that there exist functions B;(z) such that
U .

lim on+i(T)

n—oo ‘I’2n+z‘—1($)

= Bl(x), 1= O, 1,
uniformly on compact subsets of C\ As.

On the other hand, from the orthogonality relations satisfied by @, with respect to
o1 and of ®,,(x) with respect to oy it follows that

2B, (2) :/wdal(t) _ /wdal(t), n> 1,

x—1 r—t
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and
x¥,(x) = /lf—i(?dag(t) = /%d(h(ﬂ, n > 2.

Consequently, the functions ®,,,n > 1 and ¥,,, n > 2, satisfy the same recurrence relations
as the polynomials @,,,n > 0.
Theorem 2.2. The functions of second kind satisfy

. (I)2n+i<z> . ‘I’2n+z’(2) .
lim ————— = F;1(2), lim —————— = Fjs(z), 1=1,2,
oo <D2n+i71(2) 71( ) 00 ‘I/2n+¢71(2) 72( )

and the convergence is uniform on compact subsets of C\(A1UA)) and C\ Ay, respectively.
Proof. Since ®,(z),n > 1, satisfy the same recurrence relations as @Q,(x), we may

deduce as in Theorem 2.1 the equations (6) for Ay and A;, obtaining

_ BAotm
.CL’—CYO—Al %-al—Ao.

(9)
Therefore,
(BAL+7)(x — a1 — Ag) = (BA +71)(z — g — Ay)
or, equivalently,
(B(x —a1) + )4 — (B(x — o) + 7)Ao = n(z — ao) — Yoz — az).

Taking into account that v = v + B(a1 — ap), the last equality leads to

(B(z — ap) +70) (A1 — Ag) = (a1 — ap)(B(z — ap) +0)-

Should = 7 = 0, on account of (6), we would have F} = = — ag and Fy = x — oy which
is impossible. Therefore, A1 — Ay = a; — ap. Substituting Aj in terms of A; in the first
equality of (9) and A; in terms of Ay in the second equality, we see that A; and Ag satisfy
the same algebraic equations as F; and Fj, respectively. From (8), it is easy to deduce
that Ag(co) € C\ {0} and A;(o0) = 0. Therefore, A; = Fy; and Ay = F»;. Analogously,
one proves that B; = F} 3 and By = Fj . O

Dividing 2@, (z) by @,(x) in the recurrence relation and taking limits, one sees that

Fio(z) =2z—ay+0(1/2), Fop(z) =2z—a1 +0(1/2) z — 00.

Using that Fy — F5 = oy — ag, Fi1(00) = Fya(oco) = 0, and that from the algebraic
equations [[5_, Fix(2) = =0, [Ti—g Fox(2) = =71, one immediately obtains that

— 1
Fia(z) = —2 2 1 0(1/22), Fia(z) = o —ag + O(1/2),
Qap — Qo2 1 (10)
For(2) = ap — a1 + O(1)2),  Faalz) = —— = + O(1/22).
] — Qg 2



3 Chebyshev-Nikishin measures

From the proof of [2, Theorem 2.1] we know that the analytic functions @, (z) and
O, () satisty

w1 (2)@n(7) = Qnia (2)@, () # 0, x € Ay,

P41 (2) P (2) — Pppa (2) @7, () # 0, 7 € Ay
This allowed the authors to show that the zeros of the polynomials @),, and @), » interlace
those of @11 and Qn+1 2. An immediate consequence is that in the decomposition in
simple fractions of Q” ( ) and % all the residues have the same sign (recall that the
zeros of ), and Qn’g are simple). Therefore, since we are considering monic polynomials,
and there is ratio aymptotics, there exist probability measures p, po supported on Ay,

and 71, 7o supported on A,, such that

Qon(2) o~ Qon— 1()_A
PGl SR g, <P
i nt1202) o Qon-12(2) _ o
B Gaae) ORI SGTL —RE

for some real constant C'.

Lemma 3.1. The constant C' in the definition of T1(z) is equal to o 710)2 and the mea-

sures satisfy the relations

i) Ha(z) — 11(2) = (a1 — o) pa(2)H2(2),

i) alz) = Rle) = e ML),
iid) To(z) — 7i(2) = (alj—l%)? 71(2)7a(2).

Proof. From (8), (10), Theorem 2.2, and the fact that the measures are probabilistic,

it is clear that

_ 2) = 0 (2N (2 Q)= 1%
Fro(z) = /711(2)’ Fia(2) ozo—cn(l +(C; 1(2)in(2), Fia(2) 1072

= < ap — (1 H2\% 22(%2) = n ?22.
Faale) = =50 Faa(2) = (o — o 205, Faale) = =220

Using these relations, the equality Fo(2) — Fao(2) = a1 — ap immediately gives 7).

The expression F o(2) — Fy2(2) = oy — ap means that

o —aQp 71
14+ O?l (Z) a1 — O

7/:2(2) =01 —



which is equivalent to —v;(1 + C71(2))72(2) = (1 — 9)*C7i(z). Due to the behavior at
00, this implies that C' = (al_j;op. Consequently, (1 + C71(2))72(2) = 71(z) which is 7).

Now, from Fi1(z) — F21(2) = a1 — o, we deduce that

"o ~ ~ fi2(2)
1 ~ (an — o
p—— (14 C7(2)u1(2) — (ag — aq) = 02) a — ag
and using that (1 + C71(2))72(2) = T1(2) we obtain ). O

From the existing relations between the Cauchy transform of the measures p, 7%, and
the algebraic functions F; and F3, it is clear that these measures are absolutely continuous.
We denote by p;, and 7;, their Radon-Nikodym derivatives. We express by ﬁki and ?ki the
boundary values of these functions on Af and AF respectively.

The measures p; and 71 define the Nikishin systems (p1, o), (71, 72). In the same way
that (pq, o) gives the ratio asymptotics of polynomials defined by a Nikishin system on
Ay in which the second generating measure is supported on A, (71, 7) gives the ratio
asymptotics of polynomials defined by a Nikishin system on Aj for which the second

measure of the generating system is supported on A;. This is the next result.

Theorem 3.1. The measures jy and 7, k = 1,2, satisfy the following relations
dpn() = — 2= F(@)dpn(2),  dn(e) = iy (2)dr (2).
(a1 — ag)? (a1 — ap)?
Moreover, 71(z) and To(2) are the functions which describe the asymptotic behavior of
orthogonal polynomials of a Nikishin system on Ao where the second generating measure

18 taken on .

Proof. Since [i;(2)71(2) vanishes at infinity, we can write

MR = o5 [P g

where I' is a positively oriented closed simple curve with A; and A, in its interior and z
in the exterior of I'. For k = 1,2, let ', be any positively oriented closed simple curve
surrounding A, which leaves A, k # 7, in the exterior. Then
A 1 1 (§)71(E) 1 / 11 (§)71(8)
= — ———df+ — —— d£.
m(2)m(z) 2me /1“1 z—& &+ 2mi Jp, 2—¢ ¢
Taking limits when I'y and 'y shrink to A; and Aj respectively, using the Sokhotski

formula, we obtain

iy () — ) (z)7(z 7 (2) — 7 (2) iy (x
ﬂl(z)ﬂ('z):%m/A (/h()zlil:i ) ()der%m/A( ()z—i«))u()d

X



Z—X Z—X

[ BERE 4, [ SR,

From ii) of Lemma 3.1, it follows that

| (G ageno - ) <2

_ _/AQ (ﬁﬁl(x)ﬂ(x) + T;@:)) Zd_mx

Then, both integrals represent entire functions. Since they take the value zero at infinity,

by Liouville’s theorem, both integrals are identically equal to zero and we conclude that

- Ti(z)dp (z To(x :—L/Hﬂc T1(T).
() = AW dn(a), () = — T (x)dn (2)

On the other hand, by Sokhotski’s formula

0= 5 (i ) = 3 )~ P
2m F2,0($) FQ,O(x) 2m F2,0(5U)F2,0($) 2m F2,0($)F2,1(55)
1 (Fy(z) — Fi(2) Fas(a
:_.( Lo(®) = Fiy (2)) P )7 veA,
211 —Y1
Analogously,
: 1 1 1 1 (Fio(@) = K () Fia(@)
Ml(I'):— _ I = o s Q?EAl
2mi \ Fig(z)  Fio(z) 2mi —
Hence zzgg = ::;228, x € Ar. But py(7) = 25571 (2) 1y (2) and, consequently,
F
n 1.2(2) ze€C\ As.

71(2)  (on — )2 Faal2)

Notice that % =1+ % lives on R and has for divisor a simple pole at co® and
a simple zero at oo, Except for a constant factor, these are the characteristics which
define one of the functions which describes the ratio asymptotics of Nikishin polynomials
on A, with the second generating measure on A;. So this function must be ——. We

71(z)
have analogous conclusions for 75 since

1 1
= = , 2ze€C\ As.
7'2(2) a1 — O F272(Z) \ 2

With this we conclude the proof. O
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4 Chebyshev-Nikishin polynomials

With the recurrence (3) of the Nikishin polyomials (Q,)22, we can associate the

matrices
0 1 0 0 1 0
Ay(x) = 0 0 1 , B(x) = 0 0 1 ,
_a;n _ﬁ;n T — fY;n _a;n—&—l _Bgn—&-l T — ’}gn—‘,—l
and we have
Qan () Q2(n-1)(T)
Q2n41(7) )An—1(z) QZ(n—l)—f—l(I)
Qan2(7) Qa(n—1)+2(7)
Let A(z) = lim, o An(x) and B(z) = lim,, . B, (z). Then
0 1 0 0 1 0
B(z)A(x) = 0 0 1 0 0 1
-n =0 - —% —0 -
0 0 1
= — -3 T — Qg

—Yo(r —a1) = =B —a) =B+ (r—a)(z— a)

From the vector version of the Poincaré-Perron theorem (see, for example, [4, pag.

= lim
n=oo Qon(z)  n—oo Qonoa(2)
B(x)A(z). As a consequence, Z := F} F, satisfies the equation

= Fio(z)Fo0(z) is some eigenvalue of the matrix

0 =det(B(2)A(z) — Z I)

= 7% —{(z — ) (z — a1) = 2B} 2% + {? + n(z — x) + Y0(z — a1)} Z — o

Let (P,)%, and (P7)2, be the sequences of monic polynomials defined by the recur-

rences

a:PQn(ac) = P2n+1($) + Oéopgn(ﬂf) + ﬁpgn,1<1}> + ”yOan,Q(.l’), n = 0, 1, RN
$P2n+1($) = P2n+2($) + 041P2n+1(1’) + 6P2n<x> + 71P2n—1(1’)7 n=01,...

"L‘P;n(x) = P;n—l-l(‘r) + alPQ*n(l‘) + ﬁpgn—1<x) + ,ylPQ*n—2("L‘)7 n = 07 ]-a s
xP;n—&-l(’I) = P2*n+2(x) + OzOPQ*n—i-l(x) + ﬁPQ*’n(x) + ,YOPQ*TL—l(x)7 n = 07 1’ te

11



with initial conditions Py(x) = Bj(x) = 1, P_s(z) = P*y(x) = P_1(x) = P*/(x) = 0.
Then

Pon() 0 Py, (x)

Pygi(x) | = (B@)A@)" | 0 |, | Bl | = (A@)B@)" | 0

P2n+2 (%) 1 P2*n+2 (QJ) 1
Using the relation ﬁ}ﬁ =7 = gﬁ%—;ﬂgl deduced from (6) one can prove that

(1, Fix, Zy) is an eigenvector associated to the eigenvalue Z;, for B(z)A(x) and k = 0,1, 2.
Taking into account that A(x)B(z) has the same expression as B(z)A(z) but interchang-
ing the indices 0 and 1 in the entries of the matrix, it follows that (1, Fyx, Zx), k=0, 1,2,

are eigenvectors for A(z)B(zx). Then we have

with
1 1 1 1 1 1 Zy 0 0
P(x) = Fip Fia Fip , Q(r) = Foo Iy Faoo , D(z) = 0 2 0
Zo Ly Zy Zo Ly Zy 0 0 Z
Therefore,
Pgn 0 0173Zg+1 -+ GQ:,Z{LJA + CL3’3Z§L+1
Py, =PD"'P | 0 | = CL1,3FOZ(?Jrl + CL2,3F1Z11+1 + a3,3FQZ§L+1 )
Popio 1 a13Z5%% 4+ ag3 Z1H? 4 az 3 Zy+?

where a; ; for 7,7 € {1,2,3} are the entries of P~1.

The matrices P and @ have the same determinant because

det P =
1 1 1 1 1 1
= FI,O F1,1 F1,2 = Fl,o F1,1 F1,2 = H (Fl,j - Fl,k) = H (FQ,j - FQ,k)
= det Q.

12



Moreover,

F171 A 1 Z; 1 F171
Fia Zy B Zy 1 Fip
pldetp—| —| 0 % R (11)
FLQ Lo 1 Z, 1 FLQ
Fio 2 1 Z 1 Fip
ooz | |1z 1 i,

and it is clear that, if ay ; are the coefficients of P~ and by ; are the coefficients of @1,
then ay ; = by ; for j = 2,3 and for all k, and by = a1 — (a1 — a)age, k=1,2,3. As a

consequence, we have the following representation for the polynomials,
Py () = a1 325 + aga Z0 1 + az 3257, Py, (7) = Poy(),

Popyi(x) = a13F1 ZS’“ +az3Fiq Z{Hl + a3k Zz?“, (12)

* o n+1 n+1 n+1
Py () = a13Fo0 Zy" 4 agzFon Z1" + azslFan 257,

Py (#) = Ponya () — (01 — ag) Pon ().
Remark. Since |Zy| > |Z1| and |Zy| > |Z,| in a neighborhood of infinity, formulas (12)
mean that the polynomials P, and P,,,; have strong asymptotics and they behave like
Zy = (F1oF0)" in C\ Ay. This coincides with the general result on strong asymptotics

given in [1] for multiple orthogonal polynomials associated with Nikishin systems defined

by absolutely continuous measures in the Szegd class.

Theorem 4.1. i) (P,)>, is the sequence of monic multiple orthogonal polynomials
associated with the Nikishin system (1, o) and the multi-indices of the form (n,n)
and (n+1,n).

it) (P, is the sequence of monic multiple orthogonal polynomials associated with

the Nikishin system (u1, o) and the multi-indices of the form (n,n) and (n,n+ 1).

Proof. Let Z = F\F,. Recall that Z has a double pole at 0o® and simple zeros at

0o and 0o®. From (12), taking into account that fi;(z) = ﬁ(z), fa(z) = ﬁ(z), that

the determinant of P has a double pole at infinity, and the expressions of ax 3(z) given in
(11), we can write the following identities:

n+1 n+1 n+1
Z! Z Z

1
Frg T, T

111(2) Pan(2) = a1,3(2)
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Z
= alyg(Z)FZ()Zg + a273(2)F271ZIL + CL373(Z)F272251 + a273(z) <—F ! — FgJ) Z{l‘i‘
1,0

A
+as3(2) <—2 — FQQ) Zy =Py () +0(1/2""h), 2z — oo,

Fio
?—H Z;H_l
12(2) Py, (2) = a13(2) FloZy + az3(z) + azz3(z)
Fyp Fyy
=Py, 1(2) + O(l/z"“), 2 — 00,
R F Zn+1 F Zn+1
[1(2) Pani1(2) = a13(2) 25 + ap3(2) —o— + ag5(2) — 22—
Fip Fip
F; F;
= Pgn(z) + CL2,3(Z) (i — 1> Z{L—H + (l3,3(2) (ﬁ — > ZS—H
Fiy Fio
= Py,(2) + O(l/z"+2), 2 — 00,
and F Zn+1 F Zn+1
fi2(2) Py (2) = a1 3(2) 257" + ag3(2) 22— + ag 5(2) 22—
Fyyp Fyyp

= Py, (2) +O(1/2"?), 2z — oo,.

If ' is a simple closed Jordan curve that surrounds A, using Cauchy’s integral formula

and Fubini’s theorem, from these relations it follows that

1
0=— [ 2Py (2)i11(2)dz = /:U”Pgn(x)d,ul(:x), v=0,...,n—1,
211 T
1 ./ A~ X
0=— [ 2P} (2)i2(2)dz = /x”Pzn(x)d,ug(m), v=20,...,n—1,
21 Jp
1 ~ )
0= o 2" Pony1(2)iin (2)dz = /x Pania()dpa (), v=0,...,n,
i Jr
and
1 ~ v
0= 57 2Py, 1 (2)12(2)dz = /x Py 1 (x)dpa(z), v=0,...,n,
i Jr

Taking into consideration that P, = Py, and Pj, ,(2) = Popy1(2) — (01 — ) Pan () (see

(12)), the rest of the orthogonality relations immediately follow and we are done. O

Acknowledgments. The research of both authors was supported by research grant
MTM 2006-13000-C03-02 of Ministerio de Ciencia e Innovacion, Spain. I.A. Rocha also
received support from Universidad Politécnica de Madrid through Grupo de Investigacion

TACA.

14



References

1]

A1 Aptekarev, Strong asymptotics of multiple orthogonal polynomials for Nikishin
systems, Mat. Sb. 190 (1999), 3-44; English transl. in Sbornik: Math. 190 (1999),
631-669.

A.l. Aptekarev, G. Lépez Lagomasino, I.A. Rocha, Ratio asymptotics of Hermite-
Padé polynomials for Nikishin systems, Sbornik: Math. 196 (2005), 1089-1107.

AL Aptekarev, V. Kalyagin, G. Lopez Lagomasino, I.A. Rocha, On the limit behavior
of recurrence coefficients for multiple orthogonal polynomials, J. of Approx. Th. 139
(2006), 346-370.

V.1. Buslaev, Poincare’s theorem and its application to the convergence of continued
fractions, Sbornik: Math. 189 (1998), 1749-1764.

K. Driver and H. Stahl, Normality in Nikishin systems, Indag, Math. (N.S.) 5 (1994),
161-187.

U. Fidalgo Prieto, J. lllan and G. Lépez Lagomasino, Hermite-Padé approzimation
and simultaneous quadrature formulas, J. Approx. Theory 126 (2004), 171-197.

U. Fidalgo Prieto and G. Lopez Lagomasino, On perfect Nikishin systems, Comput.
Methods Funct. Theory 2 (2002), 415-426.

A.A. Gonchar and E.A. Rakhmanov, On convergence of simultaneous Padé approxi-
mants for systems of functions of Markov type, Trudy Mat. Inst. Steklov 157 (1981),
31-48; English transl. in Proc. Steklov Inst. Math. 3(157) (1983).

A.A. Gonchar, E.A. Rakhmanov, V.N. Sorokin, Hermite-Padé for systems of Markov-
type functions, Mat. Sb. 188 (1997), 33-58; English transl. in Sbornik: Math. 188
(1997), 671-696.

B. de la Calle and G. Lépez Lagomasino, Weak convergence of varying measures and
Hermite-Padé orthogonal polynomials, Constr. Approx. 15 (1999), 553-575.

G. Lopez Lagomasino, D. Pestana, J. M. Rodriguez, D. Yakovich, Computation of
conformal representations of compact Riemann surfaces. Math. of Comp. (published

on-line)

15



[12] V.A. Kalyagin, On operators associated with Angelesco systems, East. J. Approxima-
tion 1 (1995), 157-170.

[13] A. Lépez Garcia, G. Lopez Lagomasino, Ratio asymptotic of Hermite-Padé orthogo-
nal polynomials for Nikishin systems. II, Adv. in Math. 218 (2008), 1081-1106.

[14] E. M. Nikishin. On simultaneous Padé approzimants. Math. USSR Sbh. Vol. 41 (1982),
409-425.

16



