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Abstract

In this work we study the problem of orthogonality with respect to a sum of measures or
functionals. First we consider the case where one of the functionals is arbitrary and quasi-
definite and the other one is the Lebesgue normalized functional. Next we study the sum of
two positive measures. The first one is arbitrary and the second one is the Lebesgue normalized
measure and we obtain some relevant properties concerning the new measure. Finally we con-
sider the sum of a Bernstein—Szegd measure and the Lebesgue measure. In this case we obtain
more simple explicit algebraic relations as well as the relation between the corresponding
Szegd’s functions.
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1. Introduction

The study of the sequence of polynomials orthogonal with respect to a sum of
measures or functionals in terms of the initial ones is an interesting question. It has
been solved when some additional conditions on the measures or functionals (for in-
stance one of them is a singular measure with finite support) are considered. Probably
it is necessary to assume some additional conditions on the measures or functionals
in order the problem is well-posed.

In this work we study the problem in a particular case where one of the func-
tionals is arbitrary and quasi-definite and the other one is the Lebesgue normalized
functional. In this case we deduce a necessary and sufficient condition for the quasi-
definite character of the new functional and we also obtain the explicit expression
for the corresponding sequence of orthogonal polynomials. This transformation in
the linear functional appears in a very natural way in the study of Laguerre-Hahn
affine functionals which are not semiclassical (see [1]).

Indeed we consider a quasi-definite hermitian linear functional % which is
semiclassical. We denote by {c,} its moments and by G(z) the formal series G(z) =
> (cn/2"). We assume that G is not a rational function. Then there exist poly-
nomials A # 0 and B # 0 such that A(z)G'(z) + B(z)G(z) = 0 with z2A(1/z) +
A(z)B(1/z) = 0. If we consider the functional P=9+ Lo, where ¥y is the
Lebesgue normalized functional and we denote by G (z) the formal series associated

with 2 , then G (z) = G(z) + 1 and therefore the following equation holds:
A(2)G'(z) + B(2)G(z) — B(z) = 0.

Thus Zisa Laguerre—Hahn affine functional which is not semiclassical.

On the other hand, it is easy to see that this transformation preserves the Laguerre—
Hahn affine character of this functional.

In the second part of the work we will consider the sum of two positive measures,
one is arbitrary and the second one is the Lebesgue measure and we obtain some
properties of the new measure as well as the corresponding sequence of orthogonal
polynomials. The addition of the Lebesgue normalized functional to a positive defi-
nite linear functional can be read in terms of Toeplitz matrices. Taking into account
that the entries of an infinite Toeplitz matrix 7' with positive definite principal sub-
matrices 7, are the moments of a positive Borel measure supported on the unit circle,
the problem under consideration means that we modify the moment of order zero by
the addition of a constant. This idea appears in the Pisarenko modelling problem [7].

Assume a finite positive definite hermitian Toeplitz matrix 7, is given. Consider
the problem of designing a discrete stationary stochastic process {x(p) : p € Z} of

zero mean and having the entries 7y, 71, .. ., t,, of T, as its n 4 1 first covariances:
tir = E[x(p)x(p — k)]
for k =0, ..., n. Stated in such general form the problem admits infinitely many

solutions. Let us restrict our attention to the particular situation where the process



{x(p) : p € Z} is further required to be made by adding two uncorrelated stationary
stochastic processes {y(p) : p € Z}and {z(p) : p € Z} with {z(p) : p € Z} the out-
put of a discrete white noise generator of variance A as large as possible. Thus one
must have

ty =ck +Adko, k=0,1,....n,

cx = E[y(p)y(p — k)] and where X assumes the largest possible nonnegative value.

Consider the covariance matrix C,, = T,, — A1, associated with the process {y(p) :
p € Z}. As C,, is required to be a covariance matrix it must be nonnegative definite.
Thus the maximum value of X is identified at once as the smallest eigenvalue of
T,,. The positive function f(z) = cg 4+ 2¢1z + - - - associated with the matrix C,, is
uniquely defined as a rational lossless function of degree n, i.e.,

n

el 4z
F@ =2 hng— +ie.

m=1

with h,, > 0, m = 1,2, ..., n. As a straightforward consequence we get

n
=y hje".
j=1

This shows that the process {y(p) : p € Z} can be modelled by adding up the
outputs of n sinusoidal wave generators of amplitude \/E ,j=1,2,...,n, whose
phases ¢; are uncorrelated random variables of zero mean.

Thus {y(p) : p € Z} is modelled as y(p) = 3" _| /hpyePont9n) and, in par-
ticular, ¢,y = E[y(p)y(p — k)]. The values 6,,, m = 1,2, ..., n, are called the Pis-
arenko model frequencies. They can be obtained by an efficient numerical procedure
(the split Levinson algorithm) [2] when #; € R.

Finally, as an example the sum of a Bernstein—Szegd measure and the Lebesgue
measure is analyzed. We obtain explicit algebraic relations as well as the relation
between the corresponding Szegd’s functions.

2. Algebraic properties

Let A be the linear space of Laurent polynomials, that is, 4 = span{z; k € Z}
and let #: A — C be a linear functional which is quasi-definite and hermitian. If
we denote the moments of the functional ¥ by ¢, = £ (z") for every integern € Z,
we say that

(1) & is hermitian if Vn > 0, c_, = ¢,;

(i) & is quasi-definite (positive definite) if the principal submatrices of the Toeplitz
moment matrix associated with the sequence {c, } are nonsingular (resp. positive
definite), i.e., Vn > 0, A, = det(ci_j);szo #+ 0 (resp. > 0).



We denote by (, ) ¢ the bilinear form defined by (P (z), Q(2)) ¢ = L (P(z2) Q(1/2)).
When & is positive definite, it is well-known (see [6]) that there exists a finite
positive Borel measure u supported on [0, 27r] such that

2 )
= / 2Tdud), z=-¢".
0

Next we recall some definitions (see [6]).
A sequence of polynomials {7, (z)} is said to be a sequence of polynomials or-
thogonal with respect to a linear functional % if

(i) Vn > 0, deg(P,) = n,
(11) Vn,m = 0, (P, (2), Py(2)) e = kn(sn,m with k;, # 0.

If the leading coefficient of each P, is 1, then {P,(z)} is said to be the monic
orthogonal polynomial sequence with respect to ¥, (MOPS(¥)).

When & is positive definite { P, (z)} is the orthonormal polynomial sequence with
respect to & if foreveryn =0, 1,2, ...

(Pa(@). P}z = 1P}, = 1.

The following result is also well-known.
Let % be a hermitian linear functional. Then the following conditions are equiv-
alent:

(1) & is quasi-definite.
(i1) There exists a sequence of polynomials orthogonal with respect to £

If & is a quasi-definite and hermitian linear functional and {®,(z)} is the corre-
sponding MOPS(.¥), we define the nth kernel K, (z, y) by

n

1 I
Ku(z.y) =) — B @)D,
k=0 ¢k

with e = (Py(2), Pk (2)) -
If we denote by P, the linear space of algebraic polynomials of degree at most 7,
then the reproducing property for the nth kernel is very well-known

(Kn(z,5), P(2)) 9 = P(y), YP €P,.

An analog reproducing property holds for the derivatives. Indeed if we denote by
n S—
©./) 1 )
K = — D ()P
PRACRIED o B@e ).
k=0
then

0. -
<Kr(z ])(Z,)’)’ P(x)y = PUW(y), VYPecP,.



Next we assume that . is a quasi-definite and hermitian linear functional and we
denote by {®,(z)} and {K,,(z, y)} the corresponding MOPS(¥) and the sequence of
n-kernels respectively. Let #¢ be the linear functional associated with the Lebesgue
normalized measure, that is, Zo(1) =1 and L") =0 for n > 1. Consider the
linear functional ¥ = ¥ + %. R

Next we study necessary and sufficient conditions in order to . be quasi-definite.

Theorem 1. Let £ be a quasi-definite and hermitian linear functional with
MOPS(Z) {®,} and let & = L + Lo with L the Lebesgue normalized linear
functional. Then the following statements are equivalent.

(1) Pis quasi-definite.
(2) The matrix A,, is nonsingular as well as

eo+1+#0, and
_ —_— T
en+1+ (q>n(0>, " q>f,"‘“(0>) A1 (0,0, 2V O) 0,
forn > 1,
where

A, = diag(1, (1)2, ..., ((n — DH?) + K1
with

Koot = (K, 0,007 7L,
Moreover, the MOPS {5,1} with respect to Zis given by

6;1(1) 0,0 0,1 0 1
) | K¢z 0 k%P0 ... K9V, 0
| 20
= 5" (0) :
|4, . A,
(pgz—l)(o)
(D
forn > 1.

Proof. Let {5n (z)} be the MOPS(g). If we write

n—1
D, (2) = Dp(2) + D otn ;D (2),
Jj=0
then for j =0,...,n — 1, we have

0= (,(2), ?;(2)) 7 = (B (2), D; (2)) v + (B (2), P;(2)) 7,-



Since (@, (2), ®;(2)) ¢ = ay je; and

R i 3% 0o (0)
(@n(2). D@Dy =Y —a

k=0
thenfor j =0,...,n — 1, we get

)

1 <80 0)

ej (k1)2

Qp,j =
e
J

k=0
Hence
n—1 =(j)
~ (1))
Dy (2) = Pplz) — Y~

Jj=0

ik K7 @ 0). 2)

Finally, if we evaluate at the point z = 0 the preceding equation as well as its
derivatives up to the (n — 1)th order derivative we get the following linear system
n—1 o
318D + K0, 0)]

j=0

3. (0)
(2

or equivalently with matrix notation

=090), i=0,....,n—1,

@, (0) ?,(0)
A, : = :
A0 2" (0)
((n=1)H? "

Taking into account the existence and uniqueness of the family of monic orthogo-
nal polynomials with respect to the linear functional ¥, we deduce the matrix A, is
nonsingular in order to the existence and uniqueness of the solution of the above lin-
ear system. Notice that if % is positive definite then the matrix A, is positive definite
because it is the sum of two positive definite matrices (see [3]). As a consequence

3,,(0) @, (0)
: =A,! :
AR () (n—1)
(n=D))2 Pn 7(0)
Hence
®,(2) = Pu(2) — (K"V(2,0), K"V (2, 0), ..., K" Dz, 0))
®,(0)
x A7 : , (3)

")

from which (1) follows.



Moreover, if Pis quasi-definite and we denote by ¢; = (51{ (2), 5k(z)) 7, then

04 = (1(2), Py (2) 5= (B, (2), Du(2)) 7 + (B (2), P(2)) 7,

=K iy (k)
D, (0)D,” (0
= @,2), ‘P(z)y+1+§ %

= ep+ 1+ (@,00), ..., @fﬂ‘“w»A;‘
X (@,(0), ..., 2"~ DoyT.

Converse/l\y, since A, is non/s\ingular, we deﬁng 5,1 (z) by (1). It is immediate to
prove that {®,} is the MOPS(¥) and therefore . is quasi-definite. Indeed for i =

0,....,n—1,
(Dn(2), Di(2)) 5= (Bu(2), Di(2)) & + (Bu(2), Di(2)) 2,

n—1 %(j)
D,
=<¢n<z> S 2 O e g, ‘P(Z)>

gl H2 P
i k) (k)
2, (0)9;7(0)
L3 5 070
k=0 (k')2
k=0 k!)2 k=0 (k')z

On the other hand, from the hypothesis (&50 (2), Po(2)) 5 # 0, and forn > 1

(D,(2), Pu(2)) 3 = (Bn(2), Pu (D)) 2 + (B0 (2), Pu(2))
= ey + 14 (0,00),..., 27" (0)A;!
X (®,(0), ..., 8"~ D)t £ 0. g

Next we are going to see that relation (1) can be given explicitly in terms of @, (z).
Let us consider the Christoffel-Darboux formula (see [6])

ent1(1 = 2K (2, y) = &5 QP (3) — Puy1 (D) Py ().

(Recall that the * operator is defined by P*(z) = 7" P(1/z) if deg P = n.)
If we take derivatives up to the jth order with respect to z and evaluate at z = 0

we have
j,0 — - (j—1,0
ensr (K0, = 5K 00, 1)

=o: VO, () — V) (0B ().



Taking conjugates and interchanching y by z we can write
0, . 0,j—1
ent1 (KIE Dz, 0) = jzky 7V, 0))

= o: V0D, () — DY) (0P (2). @

Since

n+1 (k) ( ) n+1 45(”“‘1 k)(o)
k k

@,H.l(z) = Z n—]i;l and ¢n+1(z) Z MZ
k=0 ’ k=0 ’

we deduce that

5,00 _ 200

kKL 41—k

and therefore (4) becomes

0,j . 0,j—1
enir (K@ 0) = jzK " . 0))

(piln+l ])() .
(,11117) 1@ — ) 08,1,

Hence we have

o (K@ KTV 0
S G = D!

(n+1-j) ()
(p”rf“lj() )y — M

(l’l+l ) n+1 z J'

Pnt1(2) (5)
for j > 1 with the initial condition

K"0(z,0) =

1 [
(21T, ) ~ 211 P11 0)

n+
1 — |@y41(0)
_ | n+1( )| ‘DZ(Z).
€n+1
Taking into account the well-known recurrence relations for orthogonal polyno-

mials on the unit circle (see [6]) one has
=P (OF 1
€n+1 €n

’

and therefore

K29 0) = @. (6)



Notice that (5) can be rewritten with matrix notation

(0,0) ©.n)
K, (z,0) K% (2,0
en+1 ( n o e, — r M(n) = (Q*-H(Z) n+l(Z)) NG,
where
1 —7 0 - 0
0 1 —z 0
M(n) = c (ﬂn+l’n+l
0 0 0 —z
0 0 0 1
and
| ol o' e}
n! (n—1)! T
a0 L0 920 o 0
o It 2! o n!
Hence
(0,0) (0,n)
Kp 7 (z,0) K% (2,0
el ( ; 0! B n! ) (P 1(2), —=Puy1(2)) N(n)(M(n))~ I
Since
1 "
-1
-1 _ 0 Zn
M@m)~™ =1. . |
0 0 1
for 0 < j < n we get
K"z, 0 )
enit = = pj@n + D) —g; @+ DO @),
where

Pj(Z;n—i—l):Z

and
J
qj(zsn+1) = Z

k=0

(n+1-k)
o VO

n+l

_ntl 7,
— k)
=0 n+1-k)!

(k)
n+1 (O)

(k)!



On the other hand, if we take derivatives in (5) up to the pth order with respect to
z and evaluate at the point z = 0 we get

(K,E”’”(o, 0 k", 0))
€n+1

T V]
(n+1—j) o)
_ an_l - (0) p! (n+l p)( 0) — nj—i-l( ) ([7) ().
(I’l +1— ])’ (I’l +1-— p)' n+1 ( ); n+1
Thus
K700 K" P0,0
€n+1 - - .
plj! (p—DIG - D!
¢§,n++11 l)(o)q&f/l’r‘ll_[’)(o) ~ ¢(])1(0)¢(17)1(0)
T n+1—Pn+1-p) j'p!

If p < j, taking into account the telescopic character of the first member in the
above expression, we obtain that

K" (0,0 K770, 0)
eppl—————— =€ —
n+l plj! n+1 0'(j — p)!
¢(n+l—j+k) (0) ¢£:1:;1—p+k) (0)

+ n+1 :
k; m+1—j+n+1—p+k)!

k —k
AROLAO

(J =) p = k)!

with the initial condition

k0.0 1 "D (0)
0!/! e, =D
This last result follows from (6) if we take derivatives with respect to z and eval-
uate at z = 0.

3. The positive definite case

Throughout this section we assume that . is a positive definite Hermitian
functional and we denote by ! the finite Borel positive measure such that £ (z") =
f 2 Z"du(8), z = . Then P=9+ Py is also a positive definite linear func-
t10na1 and the associated measure [ is

(0) = (1'(0) + 1)d0 + p5(8), where u(8) = 11'(0)d6 + p5(6).

10



Hence if 1/ () is the Radon—Nikodym derivative of the measure u (see [8]) then
' (0) = /() + 1 is the Radon—Nikodym derivative of the measure 1.
If we denote by || [I,., Il Iz and || |l¢ the induced norms in the spaces Li[O, 2],

L%[O, 2m] and Lg [0, 27r], then we obtain the following results.
Theorem 2. Let {®,} be the MOPS(u) and let {5,1} be the MOPS (). If
om = lim [|@,(2)lI3 and o = lim [P, ()3,
n—oo n—0oo
then
. 2 = 2 . 2
D) T+ 1Pl < N1Pullf < 1+ co, witheo =[5~ duu(6).

(i) 1/—\}-0m <om < li-co.
(iii) [ Pnll% < co and || Dylf < co+1¥n > 0.

. —1 18
(IV) Z’;:O (j!)z < co-

Pzi(;olff we apply the extremal property of the norm of the orthogonal polynomials
we get
L [ @ull?, < 1215 + 1Pall%
<N Pallf + 12l
=Bl
< "M%
=co+ 1.

(i1) It is straightforward from (i), taking limits when n tends to co.
(iif), (iv) From @, |12 + [|®, 12 < co + 1 it follows that

12 OP

1,112 < .
B (jH?

~ C()’

j=0
which yields the result. [
Corollary 1

(1) 1 belongs to the Szego class S.
(ii) The absolutely continuous part of I, ' () = w'(0) + 1 satisfies

Al < L
w'(0)

11



Proof
(1) Applying Szeg0’s theorem (see [9,10]) we know that

i € S ifand only if g > 0.
From Theorem 2 we get that g/ > 0, and our statement follows.
(i1) Since
1 1
-~ = < 17
wi@) we)+1

we get the result. Therefore

e L'[0, 27]. O

1
w®)
Some other interesting relations between the norms are given in the next theorem.

Theorem 3. Let {®D,} be the MOPS (1) and let {5,1} be the MOPS(jx). Then

¢(1) (0) ¢(z)(0)

(i) 1®Ball3 = 1902 +1+2 i

Jj=0

n— (i) (i)
.. @, (0)®,"(0)
(i) 0< 1+ZT'
j=0
(i) 1®n 117 < 19,113

Proof

(i) It is straightforward from @, |3 = (@, @u)yu + (Bn. D)o = [l + (D
D)o

(ii) Since || @, |% < @13, then 0 < [[@y[1% — [| By % = (@, By)a, which implies
(ii).

(iii) Since || B, |2 < 9,113, then [[B,112 + @413 < Byl + |P,113, which im-
plies 0 < ||y — ||45n||2 < @13 — [@ull2. Therefore @, |2 < [|@4|2, that
can be written

n»s

1 1 j
18 0PR el o

eI SIS

Finally, in the next theorem we obtain some relations betweeen the coefficients of
the polynomials @, and @,,.

12



Theorem 4. [f{c,} is the sequence of moments of the measure i, then

3" Y0

(1) ||(D ||" =14co +Clm + - +a@n(0), and
(n—1)
_Py (0 _
1P 17, = co +c1h + o+ 5 Pa(0).
"(" ]) (n—/)(o)

(i1) ch (” <0, andZ c; " ])'

(iii) Z

| — ! = | 2
= (n I s (Y
n—1 =(j) =)
. 2,0 [— 2,70
i) Y i Gl
Jj=0
Proof

-~

(i) From |8, 1% = (P, ") + (P, 2")o = (Pu. 2")pu + 1 and [ @1}, = (Pn. 2") 0,
then (i) follows.
(i1) It is straightforward taking into account (i) and using (i) in Theorem 2.
(iii) We obtain the result using ||6,,||2ﬁ — | Dy ||i = (@, @,)p and (1).

(iv) Since
(1) 2
1P, (0)]
1®all3 = 192 +1+Z o
and
1P, || < ¢o,

from (i) the result follows. [J

4. Lebesgue perturbation of a Bernstein—Szego measure

When we choose as the first measure a Bernstein—Szeg0 measure we obtain some
additional properties reflecting the meaning of the perturbation by the Lebesgue
measure.

Let

do
du(8) =

27| Ak (e?) |2

13



be a Bernstein—Szeg0 measure where Ay (z) a polynomial with deg Ay = k, Ax(0) >
0 and Ag(z) # 0,Vz, |z] < 1. Let {¢,(2)} be the corresponding sequence of ortho-
normal polynomials. It is well-known that ¢, (z) = z"‘kAz (2),Vn > k.

Theorem 5. If Af(z) = Zﬁ:() ajzj with ay > 0 and ay # 0, then for each n > k:

(i) There exist Bpn—j(j = 1,..., k) such that

@n (2) = akan (2) + lgn,nflanfl(z) + -+ lgn,nfkanfk(z)- (7)
(ii) The sequences {Bnn—jln=k(j =1, ..., k) are convergent and
j—1
1Bun—j —ax—j| < \/EZ lak—]. (8
=0

(iii) [|@y — 2" <co— & forn > k.

ak

(i) o € [1+ 2l + o

Proof
(1) If we write
n
on(R) =Y Bk ®Pi(2), ©)
k=0

and take into account that (¢, (z), zf)ﬁ =0for0<j<n—k—1, then we deduce
that

(0n(2). @5 ()7 = Pu.j ;115 =0,
for j =0,...,n—k — 1. This means that g, ; =0 for j =0,...,n —k — 1. Fi-
nally, identifying the leading coefficients in (9) we get (7).
(i1)) Forn > kand j =1, ..., k from (7) we deduce

P (@n(2). Bu_j(@o {@n(2). Puej (@)
n.n—j — -

1P ;112 1P 112
B 1C0) G S I e .3
@) 11% 1P 1%
Hence

,1 _ o~

. (" D)z
Bun—j — ar—j = Zaksz—z

— 10 1%

14



Forn > k, ||[®,]|%, = (1/a}) and by Theorem 2 we get 1 + (1/af) < ”5"”;27 for
n=>k.
Therefore

ak—1z° ", Pp—j(z - B n—j - -
Nak—12" 1, @ j @) a2 NP2 a1 1277112
10113 1B 113 10 l1%

lax—1|*co lak—11%co  lax—il*co
~X ~X -
L+ 19p—jl2 ~ 1+ 1Pl l—kai2
k

< ag—i|co.

Hence we get (8).
Again, from (7), if we identify coefficients we get

Sn—=1)
(0)
— n
-1 = W= + Ban—1.
If we take limits in the above expression and since 1 belongs to the Szeg0 class,

which implies that {(52"_1)(0)) /(n — 1)!} converges, then we obtain that {8, ,—1}
converges. Proceeding in the same way, for each j =1,...,k we deduce that
{Bu,n—j} converges.

= 2 2 = 2 = 12 2
(iii) 1B — 213 = 12713 — [Bull = co+ 1 — 11Bal3 < o — 1l

1
:co——zforn>k.
a

(iv) Since gm = lim, oo [ Pnll%, = (1/a}), from (i) in Theorem 2 the result
follows. O

Corollary 2. For the measure 1 the Szeg0 function is a rational transformation of
the Szegb function for the measure .

Proof. If we apply the %" operator (see [4]) in relation (7) we get

@+ -+ = a0, 2) + Brn12®, 1)+ Bunid By 1 (2).
(10)
Since @} (z) = (@aoz* + - - -+ ax)/ax, the normalized Szegd function of measure
(see [5]) is

I ak . trar
(2) — lim @*() = aoz" +---+ax
]_[(O) n—o00

a

uniformly on compact subsets of |z| < 1.

15



If we denote (ﬁ(z) / ﬁ(O)) the normalized Szegd function of measure [, then

ﬁ(Z) T ~x%
o) o, P

uniformly on compact subsets of |z| < 1. But if By = lim,— o B,,n— and taking
limits in (10) we get
(z) . ai M(z) aoF+--+ax
©0) @+ Biz+ -+ BzZk T1(0) ~ Bizk+---+ Biz +ax

O
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