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ABSTRACT

We characterize the set of functions which can be approximated by continuous functions in the L
norm with respect to almost every weight. This allows to characterize the set of functions which can be

approximated by polynomials or by smooth functions for a wide range of weights.
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1. INTRODUCTION

If I is any compact interval, Weierstrass’ Theorem says that C(I) is the largest set of functions which
can be approximated by polynomials in the norm L*°([I), if we identify, as usual, functions which are equal
almost everywhere. There are many generalizations of this theorem (see e.g. the monographs [L], [P], and

the references therein).

Our goal is to study the polynomial approximation of functions with the norm L (w) defined by

(L.1) [f 1l zoe () := esssup | f(2)|w(z),

where w is a weight, i.e. a non-negative measurable function, and we follow the convention 0-occ = 0. Notice
that (1.1) is not the usual definition of the L® norm in the context of measure theory, although it is the
correct one when working with weights (see e.g. [BO] and [DMS]).

One of the authors studied this problem in [R1], in the case of bounded weights. In the current paper we
obtain several improvements of the results in [R1], and besides we manage with general unbounded weights.
If w is not bounded, then the polynomials are not in L*°(w), in general. Therefore, it is natural to bear
in mind the problem of approximation by functions in C'(R) or C*°(R). An important tool which allows
to improve the results in [R1] is a lemma (see Lemma 2.4 in Section 2) which deals with the regularity of
functions near the “worst” points of w (in this lemma we study all bad points simultaneously). Another key

idea is using covering lemmas similar to the ones in Harmonic Analysis (see Section 3).

Now, let us state the main result. It characterizes the functions which can be approximated by continuous
functions, smooth functions or polynomials. Our hypothesis about the weight is not restrictive at all:
although we have tried, we have not been able to construct any weight which does not fulfill such condition.
We refer to the definitions in the next section.

Theorem 2.1. Let w be an admissible weight and
Ho:={f € L®(w): [ is continuous to the right at every point of R",
[ is continuous to the left at every point of R™,
for each a € ST, e;ilgrn\f(x) — f(a)|w(z) =0,
for eacha e S™, egﬁsﬂ;rﬁnﬁ(x) — fla)|w(z)=0}.
Then:
(a) The closure of C(R) N L% (w) in L*°(w) is Hp.
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(b) If w € L;S.(R), then the closure of C*°(R) N L (w) in L*>°(w) is also Hy.
(¢) If suppw is compact and w € L°(R), then the closure of the space of polynomials is Hy as well.
(d) If f € HyN L*(suppw), S; U Sy UST US, is countable and |S| = 0, then f can be approzimated

by functions in C(R) with the norm || - || Loc (w) + || |21 (supp w) -
If w is not bounded, we can also characterize the completion of smooth functions and polynomials.

Theorem 2.2. Let us consider a weight w with compact support. If p,, = 0, then the closure of the space of
polynomials in L°°(w) is {0}. If p,, is not identically 0, the closure of the space of polynomials in L™ (w) is

the set of functions f such that f/py is in the closure of the space of polynomials in L (|py|w).

The weight |py,|w is bounded (since p,, € L>(w)) and has compact support; therefore, if |p,|w is

admissible, then by Theorem 2.1 we know which is the closure of the space of polynomials in L (|p.,|w).

Theorem 2.3. Let us consider a weight w such that there exists a minimal function f, for w. Then

the closure of C°(R) in L*(w) is the set of functions f such that f/f, is in the closure of C°(R) in
L (| fw|w).

The weight |fy,|w is locally bounded (since f,, € LS (w)); therefore, if |f,|w is admissible, then by

loc
Theorem 2.1 we know which is the closure of C*°(R) in L*(|fy|w).

The simultaneous approximation with the norm ||-|| 7o () +||-|| 21 (supp w) 18 an important tool to deal with
the problem of approximation in weighted Sobolev spaces W#°(wg, w1, ...,ws). Consequently, Theorem
2.1 is key to characterize the functions which can be approximated by smooth functions or polynomials, in
Wk (wg,wy, ..., wx) (see [PQRT1] and [PQRT2)).

The analogue of Weierstrass’ Theorem with the norms W*®(ug, 11, ..., pux) (with 1 < p < o) can be
found in [RARP1], [RARP2], [R3]; [APPR] and [RY] deal with the case of curves in the complex plane
instead of intervals. The results for p = 2 have important consequences in the study of Sobolev orthogonal

polynomials (see [LP], [LPP] and [R2]).

Acknowledgements. We would like to thank Professor Guillermo Lépez Lagomasino and the referees for
their careful reading of the manuscript and for many helpful suggestions. Also, we would like to thank

Professor Miguel Jiménez for his construction of a non-admissible weight.

2. APPROXIMATION IN L*°(w)

Let us start with some definitions.



Definition 2.1. A weight w is a measurable function w : R — [0, 00]. If w is only defined in A C R, we

set w:=0in R\ A.

Definition 2.2. Given a measurable set A C R and a weight w, we define the space L (A, w) as the space

of equivalence classes of measurable functions f : A — R with respect to the norm

[f1lLoe (Aw) = ess sup |f (@) |w(z).
€

The main results in this paper can be applied to functions f with complex values, splitting f into its real
and imaginary parts. From now on, if we do not specify the set A, we are assuming that A = R; analogously,
if we do not make explicit the weight w, we are assuming that w = 1.

Let A be a measurable subset of R; we always consider the space L!(A) with respect to the restriction

of the Lebesgue measure on A.

Definition 2.3. Given a measurable set A, we define the essential closure of A, as the set
essclA:={zeR: |[AN(z—0,2+0)] >0, Vé>0},

where |E| denotes the Lebesgue measure of the set E.

Definition 2.4. If A is a measurable set, f is a function defined on A with real values and a € esscl A,
we say that esslimzea, 4 f(z) =1 € R if for every € > 0 there exists 6 > 0 such that |f(z) — 1] < ¢
for almost every x € AN (a — d,a + ). In a similar way we can define esslimgea, »—q f(r) = 00 and
esslimyea 5o f(x) = —00. We define the essential superior limit and the essential inferior limit in A as

follows:

esslimsup f(z) ;= inf  esssup  f(z),
T€EA, z—a 6>0 z€AN(a—d,a+6)
essliminf f(x) := su essinf ).
T€A, z—a f( ) 5>Ig z€AN(a—6,a+6) f( )

If we do not specify the set A, we are assuming that A = R.

Remarks.
1. The essential superior (or inferior) limit of a function f does not change if we modify f on a set of
zero Lebesgue measure.

2. It is well known that

esslimsup f(x) > essliminf f(x),
T€EA, z—a T€EA, x—a

esslim f(z) =1 if and only if esslimsup f(z) = essliminf f(z) = 1.
T€EA, z—a TEA, z—a T€EA, z—a

3. We impose the condition a € esscl A in order to have the unicity of the essential limit. If a ¢ esscl A,

then every real number is an essential limit for any function f.
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Definition 2.5. Given a weight w, the support of w, denoted by supp w, is the complement of the greatest

open set G C R with w =0 a.e. on G.

It is clear that suppw = esscl{z € R : w(z) > 0}. It is also clear that L (w) = L°°(supp w,w).
Since obviously esscl (esscl A) = esscl A and suppw = esscl{z € R : w(x) > 0}, it follows that suppw =

esscl (suppw). This fact allows to state the following definition.

Definition 2.6. Given a weight w we say that a € supp w is a singularity of w (or singular for w) if

essliminf w(z) =0.
xrESupp w, r—a

We say that a singularity a of w is of type 1 if esslim,_,, w(z) = 0.

We say that a singularity a of w is of type 2 if 0 < esslimsup,_,, w(z) < co.

We say that a singularity a of w is of type 3 if esslimsup,_,, w(z) = co.

We denote by S and S; (i = 1,2, 3), respectively, the set of singularities of w and the set of singularities
of w of type 1.

We say that a € S (respectively a € S;") if a verifies the property in the definition of S; when we take

the limit as # — a™ (respectively z — a~). We define S* := S U Sy U ST and S~ :=S;7 US, US;.
Remark. The sets S and S5 are closed subsets of supp w.

The current definition of singular point is much more restrictive than the one in [R1]. Consequently, the
set of singular points is smaller than in [R1] (recall that S C supp wj; this does not hold with the definition in
[R1]): if we consider, for example, a Cantor set C' C [0, 1] of positive length and take w as the characteristic
function of C, we have S = ); however, with the definition of [R1], the set of singular points would be R.

This fact is crucial, since singular points make our work more difficult.

Definition 2.7. Given a weight w, we define the right reqular and left regular points of w, respectively, as

Rt .= {a €suppw : essliminf w(z) > 0}, R = {a esuppw: essliminf w(x) > O}.

rEsupp w, r—a™t reEsuppw, r—a
Remark. Notice that RT U S; USy USS =suppw =R~ US] US; US; .

Definition 2.8. Given a weight w and € > 0, we define A; := {z € suppw : w(zx) > e} and AS :=

suppw \ Ae.
We collect here some useful technical results which were proved in [R1].

Lemma A ([R1, Lemma 2.4]). If A is a measurable set, we have:

(1) esscl A is a closed set contained in A.



(2) |A\ essclA] =0.
(3) If f is a measurable function in AUessclA, a € esscl A and there exists essliMyeesscl A, s—a f(2),

then there exists esslimyea, o—q f(z) and

li = li .
lim fo) = esslim  f(x)

(4) If |A] > 0 and f is a continuous function in R we have

Hf||L<>°(A): sup |f(=x)].

x€esscl A

Lemma B ([R1, Lemma 2.2]). Let us consider a weight w and a € S1. Then, every function f in the closure

of C(R) N L™ (w) with the norm L (w) verifies

esslim  f(z)w(z) =0.

TESUpp w, r—a

Remark. A similar result is true if a € Sfr oracS;.

Lemma C ([R1, Lemma 2.6]). Let us consider a weight w and a € S. Then, every function f in the closure

of C(R) N L™ (w) with the norm L (w) verifies

inf (esslimsup |f(z)|w(z)) =0.

e>0 TEAS, x—a

Lemma D ([R1, Lemma 2.7]). Let us consider a weight w and a € Sy. If

inf (esslimsup |f(z)|w(z)) =0,

e>0 TEAS, x—a
then we have esslimycgupp w,z—a f(2) w(z) = 0.
Remark. A similar result is true if a € S]” or a € S} .
Lemmas B, C and D were proved in [R1] with z in some interval, instead of & € suppw. However the

same proof is still valid.

Next, let us prove some technical lemmas.

Lemma 2.1. Let us consider a weight w and a € suppw. If esslimsup, cquppw, z—a W(T) =1 € (0,00], then

for every function f in the closure of C(R) N L (w) with the norm L*®(w), we have that

esslim f(z) = f(a), for every 0<e<I.

T€A:, x—a
Furthermore f € NesoClesscl A.); in particular, f is continuous to the right at each point of R and

continuous to the left at each point of R™.



Remark. Notice that the functions in L>°(w) are defined in supp w; therefore, the continuity is referred to

this set. Recall that we identify functions which are equal almost everywhere.

Proof. We have for every § > 0

ess sup w(zx) >1>0,
z€supp w N(a—d,a+4d)

and then
|{z e suppwn(a—d,a+0): wx)>e}| >0,
for every § > 0 and 0 < € < [. This implies that a belongs to esscl A, for every 0 < e < .

Ifge C(R)NL>®(w), 0 <e<!landd >0, we have

ellgllo a.nfa—s,a+s)) < 19l o (A.[a—5,a+6],w) -

Since esscl (A; N [a — §,a + d]) is a compact set and g € C'(R), Lemma A (4) gives

. < oo _ .

x€esscl (ggﬁ—é,aﬂ-é]) |g(3€)| - ”g”L (A<na—d,a+0],w)

Consequently, if {g,} € C(R) N L*(w) converges to f in L*°(w), then {g,} converges to f uniformly in
esscl (AcNfa—d,a+6]) and f € C(esscl (A: N]a—d,a+d])) for every § > 0. Therefore f € C'(esscl A,) for

every € > 0. This fact and Lemma A (3) give that, for 0 < ¢ < I, there exists

esslim f(z)=  esslim  f(z) = lim fl@) = f(a).

TEA:, x—a r€esscl A, x—a zr€esscl A, x—a

If y € RT, then there exists €, > 0 with ess infy cqupp wn(y,y+6) w(x) > €, and consequently suppw N [y, y +
d] Cesscl A.. This fact and f € C(esscl A.) give that f is continuous to the right at y. If y € R™, a similar

argument allows us to conclude that f is continuous to the left at .

Definition 2.9. We say that a function g preserves the continuity of f if g is continuous to the right at
every point in which f is continuous to the right, and g is continuous to the left at every point in which f

is continuous to the left.

It is obvious that if g preserves the continuity of f, then g is continuous at every point in which f is

continuous.

Lemma 2.2. Let us consider a weight w. Assume that a € Si and a € (a,00)\ S. Then, for any fired

17 >0 and f € C(suppw \ S) N L*(w) with

inf (‘esslimsup |f(z)|w(z)) =0,

>0 €A, x—at

there exist b € (a,a+ 1)\ S and a function g € L*(w) N C([a,b]), preserving the continuity of f, such that
g = f in SuppU}\ [a’a b): Hf _g||L°°(w) <n (and Hf _g”Ll(suppw) <n fo € Ll(suppw)). Furthermore, Zf
f is not continuous to the left at a, g can be chosen with the additional condition g(a) = 0 or even g(a) = A

for any fired X € R.



Remark. A similar result is true if a € S| and a € (—o0,a) \ S.

Proof. Since a € (a,00) \ S and (a,00) \ S is an open set, there exist intervals [y.,y,] C (a,a+ 1/n)\ S,
for each n. We assume first that we can choose [y}, v,] C suppw, for every n. Choosing y,, smaller if it is
necessary, we can assume that there exist £, > 0 with [y}, y, +&,] C suppw N ((a,a + 1/n) \ S), for every
n; this fact and the last statement of Lemma 2.1 give that f € C([yl,yn + &x]).

Let us assume that f(y,) > 0. Consider the convex hull C of the set {(z,y) € R?: = € [y}, y,] and y >
f(x)}. Since f € C([yL,yn]), we have that 0C \ ({z =y, y > f(y2)} U{x = yn,y > f(yn)}) is the graph of
a convex function H,, € C([y},y,]) with H,(y}) = f(y}) and H,(y,) = f(y»). Then, we can find a function
hn € C(la,yn)) with |hy,| < |f| and sgn h,, = sgn f if hy, # 0in [y, ynl, hn(yn) = f(yn) and b, = 0 in [a,yl]:
If H,(t) = 0 for some t € [y.,y,), we can choose h,, = 0 in [a,t] and h,, = H,, in [t,y,]; if H, > 0in [y}, y,],
we can choose h,, = 0 in [a, s] (with s € [y}, yn)), hn = Hy in [t,y,] (with ¢ € (s,9,)), and h,, a straight line
in [s,t].

If f(yn) <0, we can construct h, in a similar way. If f(y,) = 0, we can take h,, = 0.

If we can not find [y}, y,] C suppw, for every n, then there exist intervals (y,, z,) C (a,a+1/n)\supp w,
for each n, since (a,a + 1/n) \ suppw is an open set. Furthermore, we can choose y,, € suppw for every n,
since a € S;". We define h,, := 0 in [a, y,].

Let us define now the function f,, as

hy(z), if x € [a,yn],
o= { |
f(z), if x € suppw \ [a,yn].
Let us remark that f,, is continuous in [a,y,] and preserves the continuity of f, except perhaps at = a.

Notice that |f,| < |f| and sgn f, =sgn f if f, # 0, in [a, y,] N supp w. Hence

Ilf = falleoc ) = If = fallze(ayn),w) < Lo ((ayyn]w) 5

and this last expression goes to 0 as n — oo, since esslim,eguppw, z—a+ f(2) w(r) = 0, as a consequence of

the remark to Lemma D. If f € L!(suppw), we also have

Hf - anLl(suppw) = ||f - anLl([a,yn]fWSUppw) < ||f||L1([a,yn]ﬂSuppw)’

and this expression goes to 0 as n — oco. Notice that f,,(a) = 0; it is easy to modify f,, in a small right neigh-
borhood of a in order to have f,,(a) = A, for fixed A € R, since a € S]”. We take \ = ess imy esupp w,o—a- f(T)

if this limit exists; then f,, preserves the continuity of f. This finishes the proof of the lemma.

Lemma 2.3. Let us consider a weight w. Assume that a € S5 and a € (a,00) \ S. Let us fit n > 0 and

f € C(suppw \ S) N L>®(w) such that



(a) infoso (esslim SUD e e, p—at |f(2)] w(z)) =0,

(b) esslimyeca, zq+ f(x) = f(a), for every e > 0 small enough.
Then, there exist b € (a,a+1)\ S and a function g € L= (w)NC([a,b]), preserving the continuity of f, with
g=f insuppw\ (a,0), |[f = gllr=@) <n (and |f = gllL1(suppw) <1 if f € L' (suppw)).

Remark. A similar result is true if « € S; and a € (—00,a) \ S.

Proof. For each natural number n, let us choose ¢,, > 0 with lim,, . &, = 0 and

z?j;%?g |f(z)| w(x) < % .
Let us consider now 0 < §,, < 1 with lim,,_,o d, = 0 and
(2.1) esssup  |f(z)|w(x) < 1 .
ze(a,a+6,)NAZ n
We can take d,, with the additional property |f(z) — f(a)| < 1/n for almost every x € (a,a + 0,) N Ac,,.

Since a € (a,00) \ S and (a,00)\ S is an open set, there exist intervals [y}, y,] C (a,a+6,)\ S, for each
n. We assume first that we can choose [y., y,] C supp w, for every n. Choosing y, smaller if it is necessary,
we can assume that there exist ¢, > 0 with [y}, y, +,] C suppw N ((a,a + 6,) \ S), for every n; this fact
and the last statement of Lemma 2.1 give that f € C([yL,yn + €n])-

Let us assume that f(y,) > f(a). We consider the convex hull C of the set {(x,y) € R?/z €
[yh,val and y > f(2)}. Since f € C([yh, yal), we have that OC\ ({ = yby > F(y)}U{w =y, y > Fun)})
is the graph of a convex function H, € C([yl,y,]) with H,(y}) = f(yt) and H,(y,) = f(yn). Then,
as in the proof of Lemma 2.2, we can find a function h,, € C([a,y,]) with |h, — f(a)| < |f — f(a)| and
sgn (hn — f(a)) = sgn (f — f(a)) if hn # f(a) 0 [y, Yn), hn(yn) = f(yn) and by, = f(a) in [a,y,].

If f(yn) < f(a), we can construct h, in a similar way. If f(y,) = f(a), we can take h, = f(a).

If we can not find [y}, y,] C suppw, for every n, then there exist intervals (y,, z,) C (a,a+1/n)\supp w,
for each n, since (a,a + 1/n) \ suppw is an open set. Furthermore, we can choose y, € suppw for every n,
since a € S;". We define h,, := f(a) in [a, yn].

Let us define now the function f,, as

fole) = { hn(z), Tf x € |a,yn],
flx), if z €suppw\[a,yn].
Let us remark that f,, is continuous in [a,y,] and preserves the continuity of f.
Notice that |, — £(a)| < |f — £(a)] and sgn (fu — f(a)) = sgn (f — £(a)) if fu # F(a), in [a, ya] Nsupp w.

Recall that |f(x) — f(a)| < 1/n for almost every x € [a,y,] N A, . Hence

2
(2.2) If = fallLe(aynina., w) < 21f = f(@)llze(a,yn]na., w) < - 1wl Zoe (fa,yn)) -
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Notice that ||w] e ((a,y,) is uniformly bounded for n large enough, since a € Sy .

Inequality (2.1) gives

2
1 = Fallz i, 0 < 20F = F(@) o, w0 < 2 e ogainag, o + 217 @)en < = +2|f(@)len

This inequality and (2.2) give

2 2
1F = Fallze oot < = + 21 @l + = 0l agn)

If f € L*(suppw), we also have

”f - anLl(suppw) = ”f - fn”Ll([myn]ﬂsuppw) < 2Hf - f(a)”Ll([a,yn]ﬁsuppw) :

This finishes the proof.

Lemma 2.4. Let us consider a weight w, and subsets T+ C S*\ Sf and T~ C S\ Sy . Let us take
f € L>®(w) such that for every a € T,

(al) inf.so (esslim SUPgeae, o—at |f(7)] w(z)) =0,

(b1) esslimyeca. 4o+ f(x) = f(a) =0, for every e > 0 small enough,
and for everya € T,

(a2) inf.so (esslim SUPgeAe, g—a- |/ (@)] w(z)) =0,

(b2) esslimyca. 4—a- f(x) = f(a) =0, for every e > 0 small enough.
Then, for each n > 0, there exists a function g € L (w) which preserves the continuity of f, is continuous
to the right at every point of T and is continuous to the left at every point of T~ , with || f — gl e (w) <1
(and ||f — gllLrsuppw) < n if f € L' (suppw) and [TT UT~| = 0). Furthermore, we have g = f = 0 in

TTuT~.

Remark. If f € L*(w), esslim,ca, ,.q+ f(z) = f(a) for every ¢ > 0 small enough, and a € S5, then

esslimsup, .+ w(z) = co and esslim,ca_ ,q+ f(2) =0. A similar result is true for a € S5 .

Notice that this result allows to manage simultaneously every point of S; U.S5 , in opposition to lemmas

2.2 and 2.3, which deal only with one point of S;" U S; and S5 U S5 .

Proof. The heart of the proof is to modify f in a sequential way; in each step we obtain a smaller function
near the points in S;' usSs.

Fix n > 0. Conditions (al) and (b1) give that for any a € T there exist 6:1, 5;”,1 > 0, such that
|f(z)|w(x) <n/2, for a.e.x € [a,a+5],]N ALy,
’ a,l
[f(z)| <n/2, for a.e.xe[a,a—i—é;l]ﬂA;l,

11



and [f(a+67,)| <n/2.

In a similar way, for any a € T, there exist £, ;,0, ; > 0, such that
|f(z)|w(x) <n/2, for a.e.x € [a—4,,,a]N AZ;J ,
|f(z)] <n/2, for a.e.xe[a—(S;l,a]ﬂAs;l,

and |f(a - 5,,)] < n/2.

It = {(UaeT+ [a,a + 5;1]) U (UaeT— [a — 5;1,a])} Nsuppw, and Tf := suppw \ 71, we define

max { min { f(z),n/2}, —n/2}, it xel,
g1(z) := .
f(z), if xeTy.

From the definition of 5;1, 0,1, 1t follows that g preserves the continuity of f: Let us assume that f is

continuous to the right at x; if there exists ¢ > 0 with [,z +4¢)Nsuppw C T} or [z,z+¢)Nsuppw C T7, the
result is clear; if there exists € > 0 with (z,2 +¢) Nsuppw C Tf and = € Ty, then |f(z)| < n/2 and g1 = f

in [z,x +¢) Nsuppw (if * = a + &, then |f(z)| < n/2; if z = a, then f(x) = 0); otherwise, there exists

a1’
a decreasing sequence {z,} converging to x with |f(x,)| < n/2, which implies |f(z)| < n/2 and, therefore,
g1(x) = f(x); on the one hand, if g1(y) = f(), then |g1(s) — g1(2)] = |f(y) — f(x)] and on the other hand,
there exists ¢ > 0 with |g1(y) — g1(z)| < |f(y) — f(z)] for y € [z,z +¢) Nsuppw if g1(y) # f(y). These
facts give |g1(y) — g1(x)| < |f(y) — f(x)| for y € [x,2 4+ &) Nsuppw. If f is continuous to the left at x, the
argument is similar.

We also have |g1| < |f| and sgn g1 = sgn f. These facts imply that

If = g1ll o (w) = max { sup 1 = 911l Lo (fasator 1y S I = 91l e as ,a],w)}
a€T+ ot a€T- ot

= max { asellzl?+ Hf - gl||Loo([a,a+6;1]ﬂA::1,w)v ase%“p— ”.f — g1 ||Lw([a_6;1,a]nA:717w)}

a,

a,1’

< maxqy su oo e su . - e
>~ {aEZP+ Hf”L ([a’a_‘_é‘tl]mAe:l’w)’aejP* ||fHL ([a—$§ a]ﬂAeil,w)}

a,

<n/2.

We define g,, inductively. Conditions (al) and (b1) give that for any a € T there exist 0 < e, < et

a,n — “an—1

0<dF, <6 such that

a,n—1»

|f(z)|w(x) < n/2", for a.e.x € [a,a+d),]N AEL ,

)

|f(x)] <n/2", for a.e.x €[a,a+0;,] NA~+

and \f(a+5;:n)| <n/2m.

Conditions (a2) and (b2) give that for any a € T~ there exist 0 < ¢, , <€ 0<6,, <4, such

a,n—1 a,n—1

that
|f(z)|lw(z) <n/2m™, for a.e.x € [a—6,,,a]NAS |

€a,n

|f(z)] <n/2", for a.e.x €la—6, ,,a]NA_- |

€a,n
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and |f(a — 07.,)| < n/2".

If T, := {(User+ la,a+6,]) U (User- [a — 8, ,,a]) } Nsuppw, and TS := suppw \ Ty, we can define

(2) max{min{gn_l(x),n/Q"},—1]/2”}, if xeT,,
gn(x) 1=
gn-1(), if xeTy.

From the definition of 6;n, dq.n, it follows that g, preserves the continuity of g, 1 and, in particular, of f.

We also have |g,| < |gn-1] < |f| and sgn g,, = sgn g,,—1 = sgn f. These facts imply that
”gn _ganHLOO(w):maX{ sup ||gn _g”*1||L°°([a7a+62'n],w)’ sSup ”gn _g”*1||L°°([a76;n,a],w)}
a€eT+ > acT— s

:maX{ sup ||gn - g”—1||L°°([a,a+6;in]ﬁAc+
€a

acT+ yw)? aSel;R ||gn ~9n-1 ||L°°([a—6;n,a]ﬂAC7 ,w)}

n €a,n

< —_ c 5 — oo - c
_maux{asequ+ llgn 1||Loo([a7a+5;r,n]mAE;n7w) asequ— l|gn 1||L ([a_aa,ma]nAE;n,w)}
<n/2".
Notice that ||gn — gn—1l Lo (supp w) < 1/2", since T), € Tj,_1. Recall that, for any measurable set A C R,
L>°(A) denotes the standard L* space in A with weight equal to 1.

Since {|gn(x)|}n is decreasing in n, and sgn g, = sgn f, we have that g,(x) converges to some g(z) at

every x € suppw. If m < n, we obtain that

lgn = gmllLoowy < n/2" 4 +0/2"T <n/2™ lgn — gmll Lo suppw) < /2" 4+ 4+ n/2mTE <n/j2m

Therefore {g,} is a Cauchy sequence in L>°(w) and L (suppw); it follows that {g,} converges to g both in
L*>°(w) and L (supp w).

Then || f — gllo(w) < >pey /2" =n and g preserves the continuity of f. If a € TF, given any € > 0,
we can choose n with 7/2" < &; then |g(z)| < |gn(z)| < n/2" < € for every z € [a,a + 6, ,] Nsuppw. In
particular, g(a) = 0, and hence g is continuous to the right at a. A similar argument gives that ¢ = 0 and ¢
is continuous to the left at every point of T~.

If f € L*(suppw), then there exists 6 > 0 such that fE |f] < n for every measurable set E C suppw
with |[E| < §. If [TTUT™| = 0, we can choose (5;1,5I1 with the additional property |T1| < . Then

Hf_g”Ll(suppw) < HfHLl(Tl) <.

Definition 2.10. A weight w is said to be admissible if a € (a,00)\ S for any a € S{ U SJ, and a €
(—00,a)\ S for any a € Sy U S, .

In order to characterize the functions which can be approximated in L°(w) by continuous functions,
our argument requires that w is admissible. This hypothesis is very weak; in fact, it is difficult to find a
non-admissible weight. For a weight to be non-admissible there must exist a whole interval contained in S.

In particular, any weight with |S| = 0 (for example, of finite total variation) is admissible. Any weight which

13



is equal a.e. to a lower semi-continuous function is admissible; in particular, if there exist pairwise disjoint
open intervals {I,,} with w € C(I,,) and |suppw \ U, I,,| = 0, then w is admissible. Next, we give an example

of Miguel Jiménez of a non-admissible weight; we reproduce it with his kind permission.

Example. Hereby we construct a bounded weight w on [0, 1], whose support is the whole interval, with
essential inferior limit 0 at every point of the interval of definition and that is not equal 0 almost everywhere.
This example is easily extended to the real line as a 1-periodic function.

Express the set of rational numbers lying in (0,1) in form of a sequence {r;}, k = 1,2,... Define
Yin = (rk — 1/2nFkHL e 4 1/2"‘””‘1) N(0,1),n=1,2,... and Z, := Uz Yi,n. Then {Z, }, is a sequence
of open sets in (0,1), whose lengths decrease to zero. Define X,, := [0,1] \ Z,. Then {X,}, is a sequence
of closed sets in [0, 1] whose lengths increase to 1. Set g, as the characteristic function of the set X,, and
Jn = Z?:l gj/j2~

The following properties can be verified without any trouble: {f,}, is an increasing sequence of positive
functions that converges uniformly to a function w on [0, 1]. The function w is a weight bounded by >~ 1/n?.
The support of f, is the set X,, and since the lengths of X,, increase to 1, the support of w is [0,1]. For
every n and every z € [0, 1], the essential inferior limit of f,, at  is 0. Since w — f,, < 1/n? uniformly, the

weihgt w has this same property at . Finally neither f,, nor w are reduced to 0 almost everywhere.

Notice that this concept of admissible weights is different from the one in [APRR], [RARP1], [RARP2],
[R1], [R2], [R3] and [RY].

Proposition 2.1. If w is an admissible weight, then the closure of C(R) N L (w) in L (w) is
H:={feL®w): [ is continuous to the right in every point of R",
[ is continuous to the left in every point of R™,
for each a € ST, ;I;g (esslimsup |f(z)|w(z) ) =0 and,

Tz€AL, z—a't

ifa¢SF, esslim ) f(x) = f(a), for any e > 0 small enough,

e, T—a

for eacha € 57, ir>1% (esslimsup |f(z)|w(z) ) =0 and,
€

TEAS, x—a~

ifa¢ Sy, weiss ligCr f(x) = f(a), for any e >0 small enough} .

€

If w e L2 (R), then the closure of C*°(R) N L>®(w) in L (w) is also H. Besides, if suppw is compact and
w € L*®(R), then the closure of the polynomials is H as well.
Furthermore, if f € H N L'(suppw), S; U Sy U S; U Sy is countable and |S| = 0, then f can be

approzimated by functions in C(R) with the norm || - || Lo w) + || - | 1 (supp w) -
Remark. Recall that we identify functions which are equal almost everywhere.
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Proof. Lemmas 2.1 and C give that H contains C(R) N L>(w). In order to see that H is contained in
C(R)NL>(w), let us fix f € H and € > 0.

Lemmas 2.2, 2.3 and 2.4 are the keys in order to obtain a continuous function which approximates f; we
only need to paste them in a precise way and in an appropriate order. Another important ingredient in the
proof is a covering lemma (Theorem 3.1) which is proved in Section 3, in order to make this proof clearer.

If we apply Lemma 2.4 with T* := S5 and T~ := S , we obtain a function g; € L>(w) which preserves
the continuity of £, is continuous to the right at every point of S5~ and is continuous to the left at every point
of S5, with || f — g1/ oo (w) < €/3 (and || f = g1 ]| 11 (supp w) < /3 if f € L*(suppw), since [S5 US| = |S| =0).
Recall that g1(a) = 0 for every a € S5 U S; .

Since w is admissible, lemmas 2.2 and 2.3 give that for each a € S5 N(S;7USY) there exist b, € (a,a+1)\S
and a function g, € L*(w) N C([a,by]), preserving the continuity of g;, with g, = g1 in suppw \ (a,bs),
llg1 — gall Lo (w) < €/3. We define in this case U, := (a,b,). Without loss of generality, we can assume that
there are no points of Sz in U,, since esslimsup,_,,+ w(z) < oo implies that w is essentially bounded in a
right neighborhood of a.

In a similar way, for each a € S5 N (S; U S, ) there exist b, € (a — 1,a) \ S and a function g, €
L (w) N C([ba, a]), preserving the continuity of g1, with g, = g1 in suppw \ (ba, a), |91 — gall L) < €/3.
We define in this case U, := (b,, a) and we also have S3 N U, = 0.

Let us define A := (S N (S UST))U (ST N(S; USy)). Since we have Sz N (UsealUs) = 0, we deduce
that any U, intersects at most another neighborhood U,, (in this case, one of them is a right neighborhood
and the another one is a left neighborhood). Then, without loss of generality, we can assume that {U,}aca
are pairwise disjoint (if this was not so, smaller neighborhoods can be taken). This fact implies that A is
a countable set, and we can write A = Upa,. Then lemmas 2.2 and 2.3 guarantee that we can choose g,
with [[g1 — a, |21 (suppw) < 27"€/3 if f € L (suppw).

We define the function go as

ga (), if x €U, for some a € A,
gg(x) =

g1(x), in other case.

We have that || f — g2l o) < 2¢/3 (and || f — g2l (suppw) < 2¢/3 if f € L' (suppw)).

It is clear that go is continuous in suppw except perhaps at the points of the set B := ((S; U S5) \
S;)YU((STUSy )\ Sy). Lemmas 2.2 and 2.3 guarantee that for each a € B there exist 0 < r1(a),72(a) < 1
and a function g, such that, if we define U, := (a —r1(a), a+72(a)), then g, € L*>®(w)NC(U,), g, preserves
the continuity of g2, go = g2 in suppw \ Ua, and [|g2 — gallpw) < /6 (if a € BN R™, we take g, = g2 in

(a —r1(a),a), i.e. g remains unchanged on the left-hand side of the left regular points; if a € BN RY, we
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take g, = g2 in (a,a + r2(a))). Notice that, as in the construction of g, we can assume that there are no
points of S5 in (a — r1(a),a + ra(a)).

Next, let us prove that ri(a) and ro(a) can be chosen such that 20/21 < ry(a)/re(a) < 21/20: This is
obvious if r1(a) = r2(a). Then, without loss of generality, we can assume that r1(a) < r2(a); if a+7r1(a) ¢ S,
using lemmas 2.2 and 2.3, we can obtain another approximation h, of g2 in the interval (a —r1(a),a+7r1(a));
if a+7r1(a) € S, then a+71(a) ¢ S5 US; , and there is a point a+73(a) ¢ S as close as we want to a+71(a),
since w is admissible; then we can obtain another approximation h, of g2 in the interval (a —ri(a), a+rs(a)).

Since {U, }4cp is an open covering of B, Theorem 3.1 in the next section guarantees that there exists a

sequence {a,} C B such that B C U,U,,, each U,, intersects at most two U,

Am

’s, and no U, is contained
in another U,,, . Consequently, the intersection of two intervals does not meet another interval, i.e. Uy, N
Ua; N (Uri,jUq, ) = 0.

Let us define [, 3] := U, . Assume that U, N U,, # 0, with a; < a;; then Uq, NUq, = [0, 3;] and

[aj, 3] N U,, =0 for every k # i,j. We define the functions

Bi —x

— s
Ya;,a; (m) ‘= Ya;,a; (l‘) = 6 .
1

X
@) 5 g ()

Notice that g,, ., € C(laj, (i]) and satisfies ga,.a; () = 9a; (), a;s,a; (Bi) = 9a; (Bi), and

Bi —x

9as,0: =921l Lo (jory ) ) < || 57— (9as (2) —g2())
B — «a
i j

LU—Oéj

9
L>([aj,0 HK; —
([ J» i]’w) g 7

(gaj (1‘)—92(1')) HLOO([Oéjxﬂi]:w)< g

If we define the function g3 as

g2(x), if € suppw \U,U,,,
g(z) = Ja; (), if ¢ €Uy, v & UmzilUa,,,
Gai,a; (T) if x €U, NU,,,

then g3 is a continuous function in suppw, ||g2 — g3/ Lo (w) < €/3 and || f — g3 oo (w) < €.

If f € L'(suppw) and B is countable, we can obtain also ||g2 — g3/ 11 (suppw) < €/3 (In the same way
that we obtain the L' approximation for g;), and then || f — g3l 11 (supp w) < €-

It is easy to choose a function g € L (w) N C(R) with g = g3 in suppw. Let us define g := g3 in
supp w; then g € C(suppw). Since suppw is a closed set, the complement of supp w is a countable union of
pairwise disjoint open intervals R\ suppw = U, (a,, ). If (o, 8,) is bounded, then «,, 5, € suppw, and
we define ¢ in this interval as the function whose graph is the segment joining (o, gs(c,)) with (8,, g3(8n));
if (o, Bn) = (—o00,8,) for some n, then §, € suppw, and we define g := g3(5,) in this interval; if
(an, Bn) = (ap, 00) for some n, then «,, € suppw, and we define g := g3(a,) in this interval. It is clear that

this function is continuous in R.
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If supp w is compact and w € L>(R), the closure of the polynomials is H as well, as a consequence of
the classical Weierstrass’ Theorem.

If w e LS. (R), we split R into intervals R = Upez[2n — 1,2n + 2]. For each € > 0, there exists
gn € C([2n—1,2n+2]) (in fact, we can take g,, as a polynomial) with || f — g, || Lo (2n—1,2n+2],w) < 2-Inl=2¢,

Let us consider a partition of unity {¢,} satisfying: > ., én =1 in R, dnlign2ns1) =1, 0< ¢, <1
and ¢, € C°((2n — 1,2n + 2)). Notice that g,¢, € C°(R); hence the function g := )" gn¢, belongs to

C>(R) (since the sum is locally finite) and satisfies

1f = gl (w) = Hfz% > gntn L () <Y I = gn)nlliew) < > 27" % <.

We can reformulate Proposition 2.1 as follows:

Theorem 2.1. Let w be an admissible weight and
Hy = {f € L>®(w) : f is continuous to the right in every point of R,
f is continuous to the left in every point of R™,
for each a € ST, ejillgrn\f(x) — f(a)|w(x) =0,
for each a € S, e§i1;g1|f(as) — fla)|w(z)=0}.
Then:
(a) The closure of C(R) N L*®(w) in L>(w) is Hy.
(0) If w € LS, (R), then the closure of C*°(R) N L>®(w) in L™ (w) is also Hy.
(¢) If suppw is compact and w € L*°(R), then the closure of the polynomials is Hy as well.
(d) If f € Hyn L*(suppw), S; U Sy UST US, is countable and |S| = 0, then f can be approzimated

by functions in C(R) with the norm || - || Leo(w) + || - |21 (supp w) -

This result improves Theorem 2.1 in [R1], since we remove the hypothesis w € L*°. Furthermore, the
set of singular points is much smaller than in [R1], since S C supp w (see the comment after Definition 2.6).

Finally, the hypothesis |S| = 0 in [R1] is replaced by the weaker condition of w to be admissible.

Proof. We only need to show the equivalence of the following conditions (a) and (b):
(a) for each a € ST,
(a.1) infoso (esslimsup,c ae. s |f(2) w(x) ) =0,
(a.2) if a ¢ S, ess limyeca, zoa+ f(x) = f(a), for € > 0 small enough,
(b) for each a € ST, esslimycquppw, z—a+ |f(2) — f(a)| w(z) = 0.
(It is direct that (b) is equivalent to esslim, .+ |f(z) — f(a)| w(z) = 0 for each a € ST, since w(z) =0
for a.e.x ¢ suppw.)

The equivalence of (a) and (b) when a € S~ is similar.
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It is clear that (b) implies (a). Hypothesis (a.1) gives that for each n > 0, there exist €, > 0 with
I £z (la,a481nac,w) < 1/3 and |f(a)le < n/3. By hypothesis (a.2) we can choose 0 with the additional

condition || f — f(a)|| Lo (ja,a+5]nA.,w) < 7/3. These inequalities imply

I = F(@)ll>(a.ato)w) < IfllLe((a.arsinagw) +[f(@)le + [ = F(@)]| Lo (a.atoinac.w) <0

Now we deal with the approximation by polynomials and smooth functions.

Definition 2.11. Given a weight w with compact support, a polynomial p € L*°(w) is said to be a minimal
polynomial for w if every polynomial in L (w) is a multiple of p. A minimal polynomial for w is said to be

the minimal polynomial for w (and we denote it by p,,) if it is 0 or it is monic.

It is clear that there always exists a minimal polynomial for w (although it can be 0): it is sufficient
to consider a polynomial in L>°(w) of minimal degree. Minimal polynomials for w are unique except for a
constant factor; this fact allows to define p,,.

Let us remark that p,, = 0 if and only if the unique polynomial in L*°(w) is 0.

Theorem 2.2. Let us consider a weight w with compact support. If p, =0, then the closure of the space of
polynomials in L (w) is {0}. If p., is not identically 0, the closure of the space of polynomials in L™ (w) is

the set of functions [ such that f/py is in the closure of the space of polynomials in L™ (|p,|w).

Remark. The weight |p,,|w is bounded (since p,, € L°°(w)) and has compact support. Then we know which
is the closure of the space of polynomials in L (|p,|w) by Theorem 2.1 (notice that |p,|w is admissible if

w is admissible).

Proof. The first statement is clear, since p,, = 0 if and only if the unique polynomial in L>°(w) is 0.

We prove now the second statement. First, let us assume that f/p,, is in the closure of the space of
polynomials in L>(|p,|w). Let us choose a sequence of polynomials {g,} with ||f/pw — qnl £ (|p.jw) < 1/7.
We have that ||f — pw@nllzec(w) = If/Pw — @nllLoe(jpow) < 1/n. Consequently, f belongs to the closure of
the space of polynomials in L>(w).

Let us assume now that f/p,, is not in the closure of the space of polynomials in L% (|p,,|w). Then

there exists a constant ¢ > 0 with ||f/pw — p| L y > c for every polynomial p and, consequently,

(Ipw|w
Ilf = pwpllLoo(w) = I1f/Pw — PllLo (Ipu|w) = ¢ for every polynomial p. Since every polynomial ¢ € L>°(w) can
be written as ¢ = p,p for some polynomial p, we have that f can not be approximated by polynomials in

L (w).

Definition 2.12. Given a weight w, we define the set T := {a € R : esslimsup,_,, w(z) = oo} C suppw.
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Let us remark that T is a closed set.

Definition 2.13. Given a weight w, a function f,, € C*°(R) N L

o (w) is said to be a minimal function for

w if every function f € C*°(R) N L (w) can be written as f = f,, g, with g € C>°(R).

It is clear that minimal functions for w are unique except for a multiplication by a function in C*°(R)

without zeroes. It is also clear that a minimal function f,, verifies f,,(x) =0 if and only if z € T

Notice that R\ 7" is an open nonvoid set, since the case w = oo is excluded; then there exists some

function in C*°(R) N L (w). Consequently, it is not possible that f,, be identically zero.

The same proof of Theorem 2.2, using a minimal function instead of the minimal polynomial, gives the

following result.

Theorem 2.3. Let us consider a weight w such that there exists a minimal function f, for w. Then

the closure of C°(R) in L*(w) is the set of functions f such that f/f, is in the closure of C°(R) in

L (] flw).-

Remark. The weight | f,,|w is locally bounded (since f,, € L{° (w)). Then we know by Theorem 2.1, which

loc

is the closure of C*°(R) in L*°(]| f,|w), if | fuw|w is admissible.

In order to use Theorem 2.3 we need a minimal function for w. Let us face the problem of constructing

such a minimal function.

Definition 2.14. Given a weight w, a function f,, is said to be a local minimal function for w at a € T if
fu€C®({(a—¢c,a+e))NL>®((a—¢e,a+e¢),w) for some ¢ > 0, and every function f € C®((a —e,a+¢))N

L>((a —e,a + €),w) can be written as f = f,, g, with g € C*°((a — €,a + €)).

It is clear that f,, is a local minimal function for w in a if and only if there exists € > 0 such that f,, is

a minimal function for w X (q—¢,a4<), Where xp denotes the characteristic function of the set B.

Proposition 2.2. Let us consider a weight w. If T is discrete and for every point a € T there exists a
local minimal function fy o for w in a, then there exists a minimal function f,, for w with f, = fu.. in a

neighborhood of a, for every a € T.

Proof. Since T is closed and discrete, there is no accumulation point of T; then T = {ay,}nea, with
A equal to Z, ZT, or a finite set, and {a,}nea is a monotonous sequence. Let us consider €2 > 0, the
constant appearing in the definition of local minimal function for f, 4, . There exists 0 < &, < €2 such that

{(an — €n, an +€n) fnea are pairwise disjoint. Let us consider ¢, € C°((an — €n,an +£,)) with 0 < ¢, <1

and ¢, = 1 in (an — €,/2,an +€,/2); we define also ¢ =1 -3 1 ¢n.
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We show now that f,, = ¢ + EneA &n fw,a, 1s @ minimal function for w. Notice first that f,, = fi 4, in
(an — €n/2,an + €,,/2); then, f, € C°(R) N LS. (w), since w, fi, € L7 (R \ Upea(an —€n/2,an +£n/2)).

Let us consider f € C*°(R) N L*®(w). We only need to show that f/fu, = /(¢ + >, cp Pnfuwa,) €
C*°(R). This function is smooth at every point of R\ T, since it is the quotient of two smooth functions
with non-vanishing denominator. Notice that f/fu = f/fw,a, 0 (@n —&n/2, ayn +€,/2); consequently, f/ fu

is smooth in ay, since f, q, is a local minimal function for w in a,,.

Definition 2.15. Given a weight w, we say that a € T has order n € Z" if esslimy_.q, zesupp w W(2)|2 —
a|"~! = oo and esslimsup,_,, w(z)|x — a|” < co. We say that a € T has finite order if a has order n for

some n € ZT.

Proposition 2.3. Let us consider a weight w and a € T with order n. Then (x — a)™ s a local minimal

function for w in a.

Proof. First, notice that the condition esslimsup,_,, w(x)|z —a|™ < oo implies that there exists ¢ > 0 with
(r—a)" € L>((a —e,a+¢),w).

We only need to show that for every function f € C*®((a —e,a+¢)) N L>®((a — €,a + €),w) we have
that f(z)/(x —a)” € C*((a —¢e,a + ¢)).

Since esslimsup,_,, | f(z)|w(z) < co and esslimy—.q zesuppw W(T)|z — a|"~! = oo, then we have that
esslim, g, pesuppw f(2)/(x —a)" "1 = 0.

As f € C™((a —e,a + ¢€)), we have that for every m > 0 there exists

fla) = Yo f¥ (@) (@ —a)* k! _ [0 (a)

li =
:Ell{(ll (.13 — Cl)m’ (m + 1)'

Then f(a) = f'(a) = --- = fY(a) = 0, and we have that f(z)/(z —a)” € C®((a —£,a + €)).

Notice that Theorem 2.3 (respectively Theorem 2.2) with propositions 2.2 and 2.3 give the closure of
smooth functions (respectively polynomials) in L°°(w), if every point of T has finite order (in this case we

have that T is discrete).

Our results give that for many unbounded weights the closure of C*°(R) in L*°(w) is not equal to the

closure of C(R) in L™ (w).

o0

Proposition 2.4. Let us consider a weight w such that w € Lj5,

([a—e,a)U(a,a+e]) and 1/w is comparable
to the modulus of a local minimal function for w in a. Then the closure of C*°(R) in L (w) is not equal to

the closure of C(R) in L™ (w).
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Remark. If w is comparable to |z —a|™™ in a neighborhood of a, for some n € ZT, then 1/w is comparable
to the modulus of a local minimal function for w in a (we can take (z — @)™ as this minimal function, by

Proposition 2.3).

Proof. Without loss of generality, we can assume that 1/w = |f,| in (a — ¢,a + €), where f,, is a local
minimal function for w in a, and that f,, € C*([a—e,a+c¢]). Let us choose a function ¢ € CX((a—¢,a+¢))
with ¢ =1 in (a —€/2,a +£/2).

We see now that the function

f(@) = fu(z)o(x)sin

T —a
is in the closure of C(R) in L*°(w) and it is not in the closure of C*°(R) in L*(w). Since supp f C
(a —e,a + ¢), we can assume that w =0 in R\ [a — €,a + ¢]. Hence the weight w has no singular points,
since 1/w = |fy| in (a —e,a +¢) and f, € C®([a —€,a +¢]).

It is clear that f is in the closure of C(R) in L*°(w), since f € C'(R) N L*®(w): recall that T = {a},
since w € L{S ([a — &,a) U (a,a + €]).

The function f/f, is not in the closure of C*°(R) in L°°(1), since it is not continuous at a. Then

Theorem 2.3 gives that f is not in the closure of C*°(R) in L™ (w).

3. THE COVERING LEMMAS

The following result is a Besicovitch-Vitali-type lemma; this kind of covering lemma plays an important
role in Harmonic Analysis (see e.g. [G]). The proof of Lemma 3.1 follows the classical ideas in the proof of
this kind of lemma (see e.g. [G, Chapter 3.2]). However, our situation differs from the standard one: we
cover a possibly unbounded set B by intervals which are not centered at points of B; this is the reason why

we include the details of the proof. Lemma 3.1 is the main tool in the proof of Theorem 3.1 below.

Lemma 3.1. Let B be a subset of R and M a positive number. For each a € B we are given an open
interval U, := (a — r1(a),a + r2(a)), with 0 < ri(a),r2(a) < M and 20/21 < ry(a)/r2(a) < 21/20. Then,
one can choose a sequence {a,} C B such that B C UyU,, , and {a,} can be distributed into 42 sequences

{an,} {ans}, - - {an,, } such that for each fized j we have that {U,, } are pairwise disjoint.

Remark. The proof of the lemma allows to obtain a constant greater than 21/20, but in the proof of

Proposition 2.1 we only need a constant greater than 1.
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Proof. Let us assume that the lemma is true for bounded sets B, with 14 sequences (instead of 42). If B
is not bounded, we can consider the bounded sets By, := BN [2kM, (2k + 2)M], for any integer k. Applying
the lemma to each By, 14 sequences are obtained for each k; since 0 < ri(a),r2(a) < M, an interval
corresponding to k can only intersect intervals corresponding to k£ — 1, k and k£ + 1. Hence, the lemma is
true with 3 - 14 = 42 sequences. Therefore, without loss of generality, we can assume that B is bounded.

For each a € B, let us define r(a) := min{ri(a),r2(a)}. We choose the sequence {a,} C B in the
following way: let us consider a; with r(a;) > % sup {r(a) T a € B}; if we have chosen ay,...,a,, let us
consider a, 11 with r(an41) > 2 sup {r(a): a € B\ U, U---UUp,, }.

In this way we obtain a sequence {a,} C B. If this sequence is finite, then B C U,U,, . If this sequence
is infinite, then lim,_ . 7(a,) = 0. Seeking a contradiction, suppose that r(a,) > a > 0 for every n. We
define m := 21/20. Notice that the intervals in the sequence {(a, — r1(an)/(3m), an +ra2(an)/(3m))}  are
pairwise disjoint: if z € U,, NU,,, then z € (a, —7(an)/3, an +1r(ay)/3) N (ak —r(ak)/3, ar +7(ar)/3), since
ri(an)/m < r(a,). Without loss of generality, we can assume that a, < ay; therefore, x — a,, < r(a,)/3
and ap —x < r(ax)/3, and we deduce that ay — a, < r(ay)/3 + r(ar)/3; if we are in the case k < n, we
also have r(ax) > 3r(a,)/4 and r(a;) < ar — ayn, since a,, ¢ Uy, , and we conclude that r(a;) < a — a, <
r(an)/3 + r(ar)/3; hence, r(ay) < r(a,)/2, which is a contradiction. The case k > n is similar. Therefore,
lim,, oo 7(ay) = 0. If @ = a,, for some n, we have directly a € U,U,, . If a € B\ {an}n, then there exists n
with r(an41) < 27(a), and this implies that a € Uy, U -+ UU,,. Hence, B C U, Uy, .

In order to prove the second conclusion of the lemma, let us fix U,, and ask ourselves how many U,, s,
with k < n, intersect U,,,. Such Uy, ’s can be classified into two types: those verifying |a,, — ax| < 3mr(a,)
(type 1), and those verifying the reverse inequality (type 2). Let us recall that r(ax) > 3r(a,)/4 for every
k<mn.

We claim that the following is true.

Claim. There is at most one k < n with Uy, NU,,, # 0, |an, — ag| > %mr(an) and ar < a,. The same is
true if we change ay < a,, by ar > a,.

Assuming this claim to be true for the moment, we complete the proof. We define now Vj := (ak -
ir(an), ap + 3r(ay)) if k is of type 1, and Vj := (a}, — r(ay,), aj + r(a,)) if k is of type 2, where aj is the

point between ay and a,, at distance 3mr(a,) of a,.

We have that the sets V}’s are pairwise disjoint: if k; and ko are both of type 1, this is a consequence
of |ag, — ay,| > min{r(ax,),r(ar,)} > 3r(ay); if k1 and ko are both of type 2, this is a direct consequence
of the claim; if k1 is of type 1 and ks is of type 2, the claim gives that [ax, —aj, | > imr(a,) > 3r(ay), and

this implies that V,, and Vg, —are disjoint.
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Now, notice that every Vj is contained in the interval centered in a,, with radius (3m + i)r(an). Since
the radius of every Vj is ir(an)7 there is at most 12m + 1 such k’s; in fact, there is at most 13 k’s with
Uy, NU,, # 0 and k < n, since 12m + 1 < 14.

Hence, {a,} can be distributed into 14 sequences {an, },{a@ny,},--.,{an., } such that for each fixed j,

{Uanj }n, are pairwise disjoint.

Proof of the claim. Seeking a contradiction, suppose that there are ki, ks < n with Uay, NUa, # 0,
ap, — Qf; > %mr(an) (for i = 1,2) and ay, < ay, < an,. Since a, — ax, > %mT(an) by hypothesis, ax, ¢ U, ;
if k1 < k2, we also have that ax, ¢ U,,, because of the choice of ay, and, consequently, U, NU,, = 0,
which is a contradiction. If k1 > ka, we have that r(ax,) > 37(ar,) > 5%7(as); if we denote by x the distance

5 .
between a,, and Uy, , we also have mr(ax,) + & > an — ag, > smr(an), ie.

21 21
(3.1) %r(akz) + x> gr(an).
In order to find a contradiction it is sufficient to see that
21
(3.2) gr(akQ) +z> %r(an),

. .. . . . . . 3 _ 4
since this inequality implies successively (notice that ¥ =2 — 3m)

2r(ag,) +x > %mr(akz,) + mr(ay),
2r(ag,) + x> mr(ag,) + mr(ay),
an, — ag, > mr(ag, ) +mr(ay),
Uap, NUq, = 0.
Notice that r(ax,) > 157 (ay) is equivalent to 27(ay,) + g—gr(an) > 2Lr(ay); if @ > 3r(ay,), this implies
(3.2).
If < 3Ir(ay), (3.1) guarantees 21r(ay,) + 25r(a,) > 2r(ay).

This inequality implies 7(ay,) > 3tr(a,) > fr(ay), and this guarantees (3.2).

The following theorem is an improvement of this lemma.

Theorem 3.1. Let B be a subset of R and M a positive number. For each a € B we are given an open
interval Uy := (a — r1(a),a + r2(a)), with 0 < r1(a),r2(a) < M and 20/21 < ry(a)/r2(a) < 21/20. Then,
one can choose a sequence {an} C B such that B C U,U,, , each Uy, intersects at most two U,,, ’s, and no

U, is contained in another U, .
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Proof. Let us denote by {a,}, any sequence of elements of B with the properties in the statement of
Lemma 3.1. Since {ay}, is countable, we can assume that no U, is contained in another U, ; if this is
not so, we proceed to remove from the sequence (in a sequential way) those elements whose neighborhood is
contained in another U,,, .

We consider the points in {a,}, such that U, intersects U,,. Notice that there is at most 83 =
1+2(42 — 1) points in {oy, }, (including ay) with such a property, because no U, is contained in another
Ua,, and Lemma 3.1. Let us denote by {ap,,...,an,} these points (r < 83). Then we can choose at
most three nj,,nj,,nj; C {n1,...,n.}, with U, U---UU,, = U,lnj1 U Uanj2 U Uanj37 and such that for
any permutation {u,v,w} of {1,2,3}, Ua,, is not contained in Uy, ~UU,, . We denote by {al} the
subsequence obtained by deleting from {a,,} the elements {c,,...,an, } \ {an; Uay,, Uay, }. It is clear
that U,Ua,, = U,Us: and that the points in U,, are at most in two intervals of {U,1 } (even though oy does
not belong to {al} any more).

Let us denote by k the lowest integer greater than 1 with oy € {al}. The last process can be repeated,
with «, instead of ay, and {a,} instead of {a,}, obtaining a subsequence {a3} such that U,Us, = U,Ug2
and the points in Uy, U U,, are at most in two intervals of {U,z }.

Iterating this process, we obtain subsequences {a}} D {a2} D {a2} D ---. Let us denote by {a,} the

intersection of such subsequences. We have that U,U,, = U,U,, and the points in this set are at most in

n

two intervals of {U,, }. Besides, no U,, is contained in another U, . Hence, each U,, intersects at most

two U,,,’s.
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