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ARTICLE INFO ABSTRACT

Keywords: In this paper, a novel anisotropic membrane lattice with nearest and next-nearest interactions (long-range
Membrane lattice forces) has been continualized through different standard and non-standard continualization procedures, which
Next-nearest interactions enables the development of new non-classical continuum models capable of accurately capturing the scale

Dispersive behaviour
Continualization
Pseudo-differential operator
Natural frequencies

effects, present in the matter due to its discrete nature. The performance of these continuum models is assessed
by means of both dispersion and natural frequencies analyses, where the discrete model is considered as a
reference. In addition, the appearance of certain physical inconsistencies in some of the developed models
is analysed, concluding that these only appear for those developed with continualizations based on Taylor
expansion. Interestingly, the non-standard models suitably capture the dispersive behaviour of the discrete
one, without both physical inconsistencies and higher-order spatial derivatives, thus avoiding the need for
extra boundary conditions when finite solids are involved.

1. Introduction today, with recent works based, among others, on the strain gradient
elasticity or on the modified couple stress theories, which are widely

It is well known that matter is essentially discrete, presenting in- implemented to solve problems concerning rods (Khakalo and Niiranen,
ternal structures that can influence its dynamic behaviour. This phe- 2018; Barretta et al., 2019), beams (Zhang et al., 2020; Abdelrahman
nomenon is known as size-effect, and can arise in several problems, et al., 2021), membranes (Shang et al., 2019; Harbola et al., 2021)
where materials with a significant internal structure are involved, thus or plates (Thai et al., 2018; Liu et al., 2021). However, all these
leading to the occurrence of characteristic lengths that introduce a size models are considered axiomatic, and therefore depend on non-classical
dependence in the behaviour of the solid. This characteristic length is parameters, whose value must be determined by experimental tests.
not accounted by classical continuum models (failing in this type of For this reason, the continualization of discrete lattice systems emerges

problems), and may be present in micro- and nano-scale engineering
problems using nano- and micro-electromechanical systems (Rahmani
et al.,, 2022; Papkova et al.,, 2022), such as robotics (Braun et al.,
2005; Yin et al.,, 2021) and biosensing (Eom et al., 2011; Caldas
et al., 2017), as well as in macro-scale problems, such as metamate-
rials (Lee et al., 2017; Zaera et al., 2018; Dunn and Wheel, 2020) and
composites (Wisnom, 1999; Rafiee et al., 2017; Civalek et al., 2021).
These size-effects can be accurately captured by means of discrete
models, which address each element of the internal structure individ-
ually, this meaning that a higher calculation cost is required to solve
them (large number of degrees of freedom). This is why Cauchy and
Voigt in the 19th century, and Cosserat brothers at the beginning of
the 20th century developed non-classical continuum models, capable
of capturing the size-effects with a lower calculation cost. In the 1960s
these models made a comeback with works carried out by Mindlin
(1963), Toupin (1962) or Eringen (1966), Eringen and Edelen (1972), order derivatives, such as the use of an enriched kinetic energy, pro-
among others. Nonetheless, the interest in this issue is still ongoing posed by Rosenau (2003), or the Regularization technique suggested by

as an alternative. These systems consist of periodically repeated cells,
and by applying continualization methods to them, non-classical con-
tinuum models are derived, whose scale parameters are linked to the
geometrical and mechanical properties of the lattice.

The Born-von Karmén or Lagrange lattice (see Andrianov et al.
(2021) for more details on this naming) is the simplest system for un-
derstanding the size-effects in the discrete media. This lattice consists of
a chain formed by particles and springs that undergo deformation when
the particles are longitudinally displaced. Different standard (based on
Taylor expansions) continualization techniques were applied to it by
Polyzos and Fotiadis (2012), thus yielding to non-classical continuum
models with high-order differential equations. On the other hand,
non-standard continualization procedures (based on pseudo-differential
operators) have been widely employed in order to avoid these high-
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Bacigalupo and Gambarotta (2019). Challamel et al. (2018) consider
a variant of this lattice in order to reproduce the Eringen’s nonlocal
model. Andrianov et al. apply a continualization approach based on the
composite equations to both one-dimensional (Andrianov and Awre-
jecewicz, 2003; Andrianov, 2002; Andrianov and Awrejcewicz, 2005)
and two-dimensional (Andrianov et al., 2010) lattice systems with near-
est interactions. In Andrianov and Awrejcewicz (2005, 2008), they also
employ two-point Padé approximants for the continualization of this
kind of lattices, reaching similar results. Nonetheless, the application
of the two-point Padé technique to lattice systems with next-nearest
interactions cancels the contribution of springs connecting next-nearest
neighbours when saw-tooth oscillations are imposed in the limiting case
(short-wavelength propagation at the limit of the Irreducible Brillouin
Zone), thus resulting in the same continuum models derived when only
nearest interactions are considered. A lattice system like the Born—von
Karmén lattice, but including next-nearest interactions is studied by
Goémez-Silva et al. (2020) and Gémez-Silva and Zaera (2022b), apply-
ing to it several standard and non-standard continualization methods.
The idea of including next-nearest interactions in lattice systems was
proposed by Gazis and Wallis (1965), Mindlin (1965) and Rosenau
(1987), among others, which arises from non-local theories of long-
range forces suggested by Eringen and Edelen (1972) in the early
1970s, with the aim of capturing some unexpected performances ob-
served in experimental tests. Di Paola et al. (2010) consider a lattice
system with multiple neighbours interactions, where the stiffness of the
springs decays with distance.

Lattice beams systems, considering bending deformation through
rotational springs, have been also studied by Wang et al. (2013),
Challamel et al. (2014), Hache et al. (2017) and Gémez-Silva and
Zaera (2021). Shear deformations can be also considered by including
transverse springs, as it is suggested in Zhang et al. (2013), Duan et al.
(2013), Gomez-Silva and Zaera (2022a), thus deriving non-classical
Timoshenko beam models.

In the context of membranes, lattice systems with nearest interac-
tions have been explored in the last years with works such as that
of Andrianov and Awrejcewicz (2008), who employ a standard con-
tinualization method, or such as of Lombardo and Askes (2010) and
Hérisson et al. (2018), which also propose a non-standard continu-
alization procedure using Padé approximants. In these works, both
dispersion relations and natural frequencies of the discrete model are
studied. However, the governing equations of the non-classical con-
tinuum models obtained in these works present high-order spatial
derivatives, which means that they need extra boundary conditions to
be solved when finite (bounded) solids are treated, whose meaning is
unclear. This issue was addressed by Rosenau (1987), who reached
a low-order continuum model by employing Schrodinger operators.
Bacigalupo and Gambarotta (2021) employ the Regularization method,
leading to a non-classical model that captures the size-effects though
cross space-time derivatives with low spatial order. Andrianov and
Awrejcewicz (2008) suggest an approach based on two-points Padé
approximants for the continualization of a membrane lattice with near-
est interactions, which also leads to a low-order continuum model.
Gomez-Silva and Zaera (2022) analysed an anisotropic membrane lat-
tice, applying to it several standard and non-standard continualization
procedures, and performing an analysis of both dispersion relations and
natural frequencies, identifying the correlations between them. On the
other hand, Zaera et al. (2018) proposed a square nonlinear membrane
lattice, formed by particles linked to each other by means of linear
springs and to the ground by nonlinear ones. They employed standard
continualization method, investigating the existence of solitary waves.

In this paper, a novel anisotropic (establishing a spring stiffness
ratio in x and y directions) membrane lattice, considering next-nearest
interactions is proposed. Several standard and non-standard continual-
ization methods are applied, looking for new non-classical continuum
models that do not include higher-order spatial derivatives in their
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Fig. 1. Discrete reference model. Lattice made up of periodic square cells with
dimensions d x d.

governing equations. The ability of these new non-classical contin-
uum models in capturing the size-effects is evaluated by comparing
their dynamic behaviour with that of the discrete one, taken as a
reference. For this purpose, dispersion relations as well as natural
frequencies for a fixed-edge configuration are analysed for square and
rectangular membranes. The correlation between both dispersion and
natural frequencies analysis is provided, examining the influence of
the next-nearest interactions. In addition, the occurrence of physical
inconsistencies in some of these new models is discussed.

This paper is structured as follows. The Section 2 introduces the dis-
crete reference model, founding its dispersion relation, and analysing
the influence of the next-nearest interactions. Subsequently, several
standard and non-standard continualization methods are applied in
Section 3 to the discrete model, thus obtaining novel non-classical
continuum models and their corresponding dispersion relations. In
Section 4, finite solids are treated by means of a natural frequencies
analysis of the fixed-edge configuration for both discrete and low-
order continuum models. Then, a discussion of the results is presented
in Section 5, evaluating the capability of the continuum models in
capturing the behaviour of the discrete one, as well as examining the
appearance of certain physical inconsistencies. Finally, the conclusions
drawn from this work are set out in Section 6.

2. Discrete reference model

In this section, the rectangular lattice system, which is going to
be considered as a reference, is presented. Fig. 1 shows some of the
particles that constitute the lattice, which are repeatedly assembled
at equal distance d (considered as a characteristic length) in x and
y directions. Therefore, the lattice system is made up of a set of
particles with mass M that covers an area L, X L, = (dN,) x (dN),
where N, and N, are the number of spaces between particles in x
and y directions, respectively. These particles are connected to their
nearest neighbours in x and y directions by means of elastic linear
springs of stiffness k! and k;, respectively. In addition, each particle
is also linked to their next-nearest neighbour in x and y directions
through secondary linear springs of stiffness k2 and ki, respectively.
Both types of springs undergo strain in z direction, so they provide a
resorting force in that direction, which is proportional to the relative

vertical displacement between particles, this displacement being v, ;,
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Fig. 2. Iso-frequency contours corresponding to the dispersion relations of the discrete
model with « = = 0.2 (value of the dimensionless frequency 2 given by the colour
scale). Irreducible Brillouin Zone delimited by the square of vertices A, B, C y D. (a)
K=1 (b) K=5.

i=0,..,Nyj=0,..,N,. On the other hand, the position of each
partlcle can be deflned in the plane by x; = id, i = 0,..., N, and
y; =jd, j=0,...,N,. Taking into account the previous considerations,
the elastic potential energy of the whole system can be defined as
1 Ny—1 Ny 1 N, Ny-1
1 2 1 2
W=z z ka( i+1,j ~ Ui,j) + 3 Z z ky(vi,j+1 - Ui,j)
i=0 j=0 i=0 j=0
(@)
1 N2 Ny , 1 N, Ny=2 )
2 2
DN ACEYET IS, ey (02 = v1) s
i=0 j=0 i=0 j=0

whereas the total kinetic energy results
1 2
Y3 (Y @
i=0 j=0

Knowing that the Lagrangian of the system is defined by £L = T-W,
and employing the Euler-Lagrange equation

oL _d [ oL
_2() ®
0v,~’ T dt
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where (') corresponds to the time derivative, the following governing
equation for the discrete model is reached

1 1
ke (Vig1 = 201 + vimy ) + Ky (0141 = 20, +v3jp)
2 2 vy @
+kx(v,-+2,j - 2v; J T Ui 21) +ky(v,~’j+2 2U jtij- 2) —012 s
which can be rewritten in dimensionless form as
(Biprj — 20, + iy ;) + K(Tyj1 — 20, +0;j1)
%7, 5)
_ 5J
+a(v,—+2J—2 i+ Ui 2j)+ﬁlC( ,j+2—211”+v,j 2) F,
where
1 2 k2
- Vi j k, ky ky y
v, =—; T=t®;, o=1\—; K=—; a=-—7; = —=. 6
M M kL k! ¢ Kl ©

The dispersion equation of the discrete model can be obtained by
assuming the following plane wave as a solution of Eq. (5)
5,0 =V K T4 K 3=00) @
where V is the amplitude, and K, = K, d, Ey = K,d and Q =
w/® are the dimensionless wavenumber in x and y directions and
the dimensionless frequency, respectively, K,, K, and o being their
respective dimensional counterparts. On the other hand, X; = x;/d =i,
i=0,...,N, and }j = yj/d =j,j=0,....N, refer to the dimensionless
discrete position variables corresponding to the particle i, j. Therefore,
introducing Eq. (7) in Eq. (5), the next dispersion relation is obtained

Q= \/2[(1 — cos(K,)) + K(1 - cos(K ) +a(1 - cos2K ) + (1 - cos(zfy))],

(8

which states the relation between frequency and wavenumber, de-
pending on the dimensionless parameters X, « and p. Note that these
parameters are always positive, a and # providing the ratio between
the stiffness of the springs connecting the nearest and the next-nearest
particles, whose value must be « > —1/4 and f > -1/4, since
lower values of these parameters would lead to the appearance of
imaginary frequencies, which does not make sense in a lattice like
the one considered here (see Kunin (2012) for more details on this
type of restrictions in lattices with next-nearest interactions). On the
other hand, due to the fact that the interaction force between particles
decays with distance (Di Paola et al., 2010), it can be considered that
the value of k| and k| is significantly higher than that of k] and &3,
respectively. Furthermore, in practical cases it is common to consider
only positive values of these parameters, so in this paper we consider
that 0 < « = # < 0.2, assuming the same value for both parameters for
simplicity.

As an illustrative example, Fig. 2 shows the dispersion relation of a
lattice with « = # = 0.2, for £ =1 and K = 5. In this figure, the surface
defined by Eq. (8) is presented in form of iso-frequency contours. It
can be seen how for £ = 1, Fig. 2(a), the shape of the iso-frequency
contours is circular for low wavenumbers, it meaning isotropic charac-
ter, which disappears for high wavenumbers. However, in the case of
K =5, Fig. 2(b), the anisotropic character of the lattice is emphasized,
the shape of the iso-frequency contours not presenting circular shape
even for very low wavenumbers. Notice how the dispersion relation is
periodic in both x and y directions, with period 2z, it being symmetric
with respect to the axes K, = r and Ey = x. For this reason, only the
study of dispersion relation in the Irreducible Brillouin Zone (IBZ) is of
interest, this being enclosed by the square of vertices A, B, C and D in
Fig. 2 (0 < EX <m0< Ey < ). Moreover, the iso-frequency contour
shows symmetry with respect to the straight line between vertices A
and C when K = 1, feature that disappears for K = 5.

In order to analyse the dispersion relation in the IBZ, it is plotted
along the edges A-B-C-D-A in Fig. 3. Both £ =1 and K =5 cases have
been considered, for different values of a. Note how both cases agree
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Fig. 3. Dispersion diagram of the discrete model along the edges of the IBZ. Representation of both £ =1 and £ =5 cases.

Fig. 4. Square unit cell of the lattice system.

along the axis A-B, the K =5 case losing the symmetry with respect to
the axis A-C, as it has been mentioned above.

3. Continualization procedures

Although the discrete accurately captures the size-effects, it involves
a high computational cost. Therefore, the main goal of this work is to
obtain non-classical continuum models, capable of reliably capturing
the behaviour of the discrete one, considered as a reference. To this
end, different standard and non-standard continualization methods are
applied to the discrete model, as it is explained in the following
sections.

3.1. Standard continualization techniques

The standard continualization procedures are based on extending
the discrete displacement variables by means of Taylor’s series as

_ 00 = 100, =, 100, =3 10D -4 s
o i =0+ —qd + = —(qd)* + - —(qd)’ + — —(gd)* + 0o — );

Uigg,j =V (ﬁq 2022([1 )+ 6}3(4 ) 2 0}4(11 )+ e
9

_ _ 0v = 10*0 - 10%0, = 1 0, = »
Vijag =VE —=¢ +—T(qd)21—j(qd)3+——_4(qd)410 —= )

0y 2 55 6 5y 24 55 oy

(10)

where 0(x,y,7) is the continuous displacement variable such thus
v; j(r) = v(x;,y;,7). Note that when dimensionless variables are em-
ployed, d = d/d = 1, so the approximation order is specified by the
order of the dimensionless spatial derivative (Andrianov et al., 2010;
Goémez-Silva et al., 2020).

In the following, two different standard continualization procedures
will be used. On the one hand, the displacement variables of the
discrete governing equation are expanded by Taylor’s series. On the
other hand, these series are directly applied to the Lagrangian of the
system. These two models will be denoted throughout this paper as
Standard I and II models, respectively.

3.1.1. Standard I model

Disregarding terms higher than second order, in both x and y
directions, when Egs. (9) and (10) are applied in Eq. (5), the following
continuum governing equation is obtained

27 25 27
Ry Sty an
ox 9y° Ot
where
by =1+4a; by=1+4p. (12)

This equation is similar to the classical governing equation of
anisotropic membranes, but including factors b, and b,, which account
for long-range forces by means of the dimensionless parameters « and
B. For this reason, this model will be called as Classical model in this
paper, whose dispersion relation can be found by assuming the plane
wave

=V ei(fx?+zyi—ﬂr)’ 13)

as a solution of Eq. (11), it leading to

—=2 —2
Q=1\/bK +bK K, 14

which shows isotropic character when K = 1, it being anisotropic for
K # 1, feature that applies to all the continuum models developed
in this work. On the other hand, although this model successfully de-
scribes the propagation of long waves (K— 0), it fails when size-effects
play a role (high wavenumbers). Aiming to capture the dispersive
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Fig. 5. Comparison of dispersion curves of the continuum models with that of the discrete one, considered as a reference. Exhibition of (a) £ = 1 and (b) K = 2 cases with

a=p=0.1.

behaviour of the discrete model with greater accuracy, terms up to the
fourth order are considered when Eq. (5) is expanded, it resulting in
the non-classical continuum governing equation

0’0 ; 'D + ( 0’0 B a“v) 0% as)
11—~ S T )T
% oxt 97 oyt/) or?
where two scale parameter a; and a, appear
1+ 16a 1+16p
__ . ap=— : 16
@ 2 ® 12 16
The dispersion relation of this model reads
—2 —4 —2 —4
.Q:\/ble+a1Kx+IC<b2Ky+a2Ky>. 17)

3.1.2. Standard II model

This model is developed by employing the continualization proce-
dure that Polyzos and Fotiadis (2012) suggest for axial lattice systems.
This continualization method consists in expanding the discrete dis-
placement variables in the Lagrangian of the discrete model. To this
end, we employed the cell displayed in Fig. 4, which includes the
primary springs connecting particles with indices (i, ;) and (i,j + 1),
and (i,j) and (i + 1, /), and the secondary ones linking particles with
indices (i, j) and (i, j +2), and (i, j) and (i +2, j). Therefore, the discrete
potential energy density reads

J— 1 _ _ 2 _ _ 2

W= 3 [(Ui+1,j - Ui,j) + IC(Ui,j+l - Ui,j) ]
1 _ _ 2 _ _ 2

+§ [a(vi+2,/‘ - Ui,j) + ﬁ]C<Ui,j+2 - Ui,j) ]

where W, = W,/(d%k,), W, being its dimensional counterpart. Ex-
panding Eq. (18) via Taylor’s series up to second order, it yields to

. _ 2= 2 _ 2= 2
szl 0_2+1M +£ ()_l_}+lg
2\0x 252 2\ dy 20;2

_ 5\2 _ o\ 2
+2a<a—£+u> +2ﬂlC<a—'_j+ﬂ> .
X 5% a9y

(18)

19)

Taking into account Eq. (19), and the classical dimensionless kinetic
energy density

_\2
= 1(ov
T === 2
$ 2(07)7 20

where T, = T,/(I%k,), T, being its dimensional counterpart, the La-
grangian of this model can be determined by

L= // (T, - W,)dxdy, 1)
S

where § is the area of an equivalent continuous membrane, and L=
L/k,, L is its dimensional counterpart. Therefore, applying Hamilton’s
Principle to Eq. (21), the next governing equation is obtained

%o v < %v v v

g e, -0, ) = 2 (22)
ox° oxt 2 oy az2

where

by=1+4a; by =1+4p; a1=1+416“; a2=1+416ﬂ. (23)

This governing equations is formally equivalent to that of the Stan-
dard I model, the only difference being in the value of the scale
parameters a; and a,. Hence, the dispersive behaviour of this model
is given by Eq. (17).

3.2. Non-standard continualization techniques

Now, we are going to employ non-standard continualization tech-
niques, which are based on the use of the shift operator to expand the
discrete displacement variables (see Maslov (1976), Shubin (1987) for
more details) as follows

(o]

- 1 h— O tq0s—

Ditpjea = D 71 (P05 +409)"'T;; = XTVG, o pqEZ, (24
h=0 """

where d5 and d; refer to the dimensionless spatial derivatives in x and
y directions.

In this section, this pseudo-differential operator is going to be
employed in four different ways. Firstly, a continualization procedure
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proposed by Rosenau (1987) for a square membrane lattice only with
nearest interactions is employed, which makes use of Schrodinger op-
erators. On the other hand, the Regularization procedure, suggested by
Bacigalupo and Gambarotta (2021) for a square membrane lattice with
nearest interactions, and prestressed cable-net instead of linear springs,
is also considered. Subsequently, the shift operator is introduced in the
energy of the system, following two different approaches, thus leading
to two Enriched Kinetic Energies, never before proposed for lattice
systems like the one here studied. In the remainder of the paper, these
models will be called as Schrodinger, Regularization, EKE I and EKE II,
respectively.

3.3. Schrédinger model

Rosenau (1987) applied a continualization method based on
Schrodinger operators to different lattice structures different from the
one studied here. According to this procedure, the governing equation
of the Standard I model, Eq. (15), can be rewritten by means of
pseudo-differential operators as

2— 2 2 2 25
lea__Lz)+Pylalej+4Px2a__§+4Py20__sz=a_lzj’ 25
o0x oy ox dy a7
where
62 02 az 63
Z = y y
Px,:1+1—;; Px2:1+?"; Pyl:l"'ﬁ; Py2:1+?. (26)

The above four operators are considered Schrodinger ones, and thus
invertible. Since next-nearest interactions are considered in this case,
two operators depending on the derivative in each x- and y-directions
are involved, which can be related as suggested by Rosenau (1987) for
a one-dimensional lattice with next-nearest interactions as follows

Y.
PszBlexl+Bx2Px2=l+1_za?; (27)
14
Pa, =B, P, +ByP,=1+ I—;wy, (28)
where
1 a 1 B
B., = i B, = ;, By=——; B,=——, 29
AT 1t 2" 1+a T+ 2T 1+p (29

and

_ 1+4a, 1448

- - . 30
T Tva T Tep (30)

Since both Egs. (27) and (28) are Schrodinger operators, these can
be inverted as

R . 7. Ty
L =13l = <1—1—;@;><1—an>. @31

Then, multiplying Eq. (25) by Eq. (31), and disregarding terms
higher than fourth order, it results in

0%v %0 '
b] e b2KT —as G
x ay dx~ 0y (32)
0%0 0 00 0°0
S T U o S TS 6" 5 2.’
ot 0x~ 072 dy odr? 0x~ 0y d72
where
by =1+4a; by =1+4p; (33)
(1+4a)y, . K(1+48)7, e ¥y YxYy
a, = L A =-—=; as=—;, a5=——,
3 12 12 T2 T 12 6T 144
34)

size-effects being taken into account by means of the terms with spatial
cross derivatives (those multiplied by a; and a¢) that, although formally
of higher order, they do no require the use of extra boundary condi-
tions (Rosenau, 1987). On the other hand, the terms with space-time
cross derivatives increase the compliance of the model according to the
dispersion relation

—2 —2
b K, +b,KK  +a;K2K?
Q=

. (35)
—2 —2
l+a,K +asK +agK2K?

3.3.1. Regularization model
Bacigalupo and Gambarotta (2021) propose a continualization pro-
cedure, which they apply to a square membrane lattice not considering
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next-nearest interactions. This method is going to be used in this
section, and is based on expressing the cross spatial derivative of the
continuous displacement by means of the central difference scheme as

Vigtitl — Victitl — Uil i1 + Uimy;

— +1,j+1 —1,j+1 +1,j-1 ~1,j-1
=6;(%yU77=IJ !1_211 i—lj-1

%5 i) 4d (36)
Oty _ =0ty _ Oc—0y |, ,—0v—0p

0%
0xdy

e

From Eq. (36), and bearing in mind the Fourier transform and
the properties of pseudo-differential operators (Bacigalupo and Gam-
barotta, 2019, 2021), we can obtain the expression

49505

Vi (e‘)y — e_af) (e% — e_’%Y) x5

37)

s
XjsYj

which relates both discrete and continuous fields. On the other hand,
the shift operator, Eq. (24), is applied to the discrete governing Eq. (5),
it resulting in

[(eof_m o) 4 1o
0%D;

20> 20\ | = _ ij
+ﬂIC(e v—2+e J)] Ui'/__aTZ .

—2+4+e" Y) X5 —2 4 e 2

(38)

Therefore, if Eq. (37) is introduced into Eq. (38), considering again
that o; (@) = 0(x.,y;, 1), the following continuous pseudo-differential
governing equation is obtained

(P1 +KP, +aPy+ ﬁICP4)v =P % (39
where

40505(e% — 2+ 7%
p = 5( ) : (40)

P, = H (41)

P, = ; (42)
>

Py = ' : 2 (43)

P = , 44

If Egs. (40) to (44) are expanded via Taylor’s series as
1

P 02— I (0% +20207): (45)

) 02— E (0 +20202): (46)
Py~ 402+ %(a; ~ 0202); “47)
Py 40 + %(a; — 0202); (48)
Pyl = 2 (24 02) + 55 (024 02), (49)

and terms higher than second order are disregarded, the following
continuous governing equation can be reached

%v v 0*v v v

byj— +bhK— = — —ay——— —as———, (50)
% 9> 072 ox*or2 07012

where

by =1+4a;: by=1+4p; a4=as=%. (51)

Note that this model neither presents high-order spatial derivatives,
in this case not appearing the scale parameters a; and a¢. The dispersion
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relation of this model reads

—2 —2
b K_+bKK
0= |y (52)

—2
1+a4K +asK,

3.3.2. Enriched kinetic energy I (EKE I) model

This model is developed by employing an enriched kinetic energy,
which is obtained by following a procedure similar to that proposed
by Rosenau (2003) for 1D axial lattices. This procedure consists in
expressing the first spatial derivative of the continuous displacement
via the progressive difference scheme

i_ﬁ oo = Dir1j41 = Virly ~ Vijal +5i,j’ (53)
oxy Xi-Yj i 32
which, introducing the shift operator, Eq. (24), turns into
O5+05 - -
r%&uxjj (e x+y—e’k—ey+1)v,~’j. (54)

In this way, the next relation between discrete and continuous
displacement fields is achieved

Oz —

T e (o)

which can be expanded through Taylor’s series up to second order as

(55)

— -
XisYj

Ei,j 2 Q-0 (56)
where

.1 2, 32
0, =1 2(a;+a;) 12(@ +0? )+4(hr (57)

which leads to the following enriched kinetic energy density (see
Appendix)

N\ 2 — 2 — 2
= 1]|(ov 1 00 0%
TS_E[(E) +ﬁ<<azaf) +<ayar> >] (58)

Regarding the potential energy density, for this model we are going
to employ one similar to the classic one, but accounting for next-nearest
interactions. For this purpose, Eq. (18) is expanded via Taylor’s series
until first order, it yielding to

w.o=Llp (% dv
W, =3 [b1<a)_c> +b21C<ay> ] (59)

which introduce next-nearest interactions by means of the parameters
b, and b,. Applying the Hamilton’s Principle to the Lagrangian of the
model, defined by Egs. (21), (58) and (59), the following continuous
governing equation is obtained

25 25 25 4— 4
PN g A AL (60)
ox dy- 0T 0x° 072 0y or?
where
by=14+4a; by,=1+4p; a4=a5=%. (61)

This governing equation is formally equivalent to that of the previ-
ous one, the only difference being the value of the scale parameter as,
so the dispersion relation of this model can be given by Eq. (52).

3.3.3. Enriched kinetic energy II (EKE II) model

Now, we are going to follow a procedure similar to the previous
one, in this case using the central difference scheme instead of the
progressive one, thus leading to the expression given by Eq. (37).
Therefore, expanding Eq. (37) through Taylor’s series up to second
order, it results in

v~ 0, -0, (62)
where

0.1-1(645).
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Table 1
Values of the parameters for the different continuum models.
b, b, a a, az a, 2 ag
Classic 1+4a 1+4p 0 0 0 0 0 0
Standard 1 1+4a 1+4p - s - 45h 0 0 0 0
Standard II 1 +4a 1+4p - “:ﬁ s 0 0 0 0
Schrédinger 1+ 4a 1448 0 0 (1+;‘;’)h K’(l::l’)r‘ % 1% %
Regularization 1 +4a 1+4p 0 0 0 1/6 1/6 0
EKE I 1+ 4a 14+4p 0 0 0 1/12 1/12 0
EKE II 1+4a 1+4p 0 0 0 1/3 1/3 0
K=1 K=2
80 L Tt 80 T Ty T
---------- Classic H s Classic % foi i
- = =Standard I : HE - = =Standard I | ™, HE
70 F|=-=-— Standard II B 70 F|=-=-= Standard II : |i B
=—P— Schrodinger v d : =—P— Schrodinger N
—a— Regularization —8— Regularization il
1
i

Fig. 7. Comparison of relative errors of the continuum models. Exhibition of (a) X =1 and (b) K =2 cases with a =0.1.

which leads to the following enriched kinetic energy density (see
Appendix)

= _1|(aw\ 1 (PN, (DY
T,==|{=—) +3 — + | = .
2 (\or 3 dxar dyor
In this case, we also consider the equivalent classical potential
energy density, given by Eq. (59). Hence, applying the Hamilton’s

Principle to the Lagrangian of the model, Eq. (21), the next continuous
governing equation is reached

(64)

0’0 v _ 0% *v *v

by TI; 2 le) = —12) -4 “ —as —— -, (65)
ox Yy ot ox 072 dy or?

where

by=14+4a; by,=1+4p; a4:a5:l. (66)

3
which is also formally equivalent to those of the two previous models,
the difference lying again the value of the scale parameter a;. There-
fore, the dispersion relation of this model is defined by Eq. (52) as
well.

In order to summarize all the continuum models developed in this
paper, the following general governing and dispersion equations are
employed

%o ' %0 ' 0
1—_2—a1—_4+lC szz—az—_4 —(13__2 _2=
ox ox dy dy dx~dy 67)
_ 0% 0*v 0*v %0

= —04 — —05 — +a6 — 5
o2 0%2972 0y 972 0%29y% 012

— —4 —2 —4 —2—
b K, +a K, + ]C(bZKy + aZKX) +aK,K,
Q=

—2 —2 —2—2 ’ (68)

l+a,K +asK, +acK K,
which depend on the parameters b;, b,, a, a,, a3, a,, a5 and a5, whose
values are presented for each continuum model in Table 1.

4. Solution for fixed-edge boundary conditions

In this section the influence of the boundary conditions on both
discrete and continuum models will be studied. For this purpose, a
frequency analysis is carried out, in which the most common problem
of membranes is studied, which is the configuration in which all their
edges are fixed. In this study only the non-standard models will be
addressed, since the rest need extra boundary conditions to be imposed,
whose physical meaning is unclear.

4.1. Continuum models

Although the model here considered do not require extra boundary
conditions, they introduce non-classical parameters, so the boundary
conditions needed to solve them may differ from the classical ones.
To known the corresponding boundary conditions, we propose an
axiomatic model, which is based on the potential energy

—\ 2 _\ 2 — 2
— 1 v v 0%
WFE[”I(%) “’”C(%) +“3<a%ai> ]

(69)
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Fig. 8. Comparison of relative errors of the continuum models. Exhibition of (a) £ =1 and (b) KX =2 cases with a =0.2.

and the kinetic one and
_ _\2 —\2 —\2 35—\ 2 Yo b —a, 2\ XE 2
oo (Y wa(Z2Y ha(Z2) wa(Z2Y] 9 Mo ()T __p 76)
2|\ or dxor dyor oxyor Y by K — as? — (a3 — agf2?)
So, applying the Hamilton’s Principle to the Lagrangian of the the next spatial solutions can be found
axiomel.tic mode%, de.fined by Egs. (21), (69) and (70), the following X = A, cos(n) + Ay sin(r%); 77
governing equation is reached
020 020 0*D 020 0*D %D 950 YO = B, cos(yy) + B, sin(yy). (78)
b+ m -t 5 = S mas a5 e '
ox oy 0x”dy ot 0x-or? 0y 072 0x 0y or2 Introducing now the solution o(x,y,7) = X(X)Y (3)¢’*" in Egs. (72)
(71) and (73), the boundary conditions read
XY ®) =0; (79)

which is formally equivalent to those of the non-standard models. On
the other hand, the Hamilton’s Principle also provides the correspond- or
ing boundary conditions

(bIX;@Y@) -3 <(a3 - aﬁfzz)X;&)YW@)) - a4~QX;®Y®> s

=0 at 09S; (72)
— 1 —
or +<b21CX(§)Yy(y) -3 <(a3 - aﬁgz)xﬁmyy(yv - aS_QX(E)Y?@) s =0,
ba—5—1<a ] +a ] >+a o' - nx 80
tox  2\V gz Coxayrarr)  loxor2 ) T 80)
T 1 e e e the natural one, Eq. (80), differing from that of the classical model,
+<b21Ca—f -3 <a3 _20_ +as—; _U > +as a‘aUZ> ~ny=0 at 95, unless a; = a;, = a5 = a5 = 0. In this work, we are going to solve the
y 0x~dy 0x~dyor? yor fixed-edge problem, so the next boundary conditions are imposed
73
73 X0 = XN =Y = Y(N,) =0. 81)
where S is the edge domain, n; and n; being the components of its Implementing the four boundary conditions given by Eq. (81) in
normal vector. Applying separation of variables such that v(x,y,7) = Egs. (77) and (78), it results in A, = B, = 0 and
X(X)Y ()€’ is assumed as a solution of Eq. (71), it results in i
n=—; m=1,2,... (82)
b XezY + by KX Y5 — a3 Xz Yo + Q2XY — 0, QP XY Ny
- a5Q2 XYy + a2 Xz Yo = 0, 74 r=g n=l2.. (83)
y
where the subscripts ()7 and ()5 refer to the spatial derivatives in X and Consequently, from Eq. (74), and bearing in mind Egs. (75), (76),
y directions, respectively. Rewriting Eq. (74) as (82) and (83), the following expression can be found
2\ Y 2
X+ (oK — a5 )7 -Q 2 n n? n2m?
=— = -5, (75) Q= —(by —az22)m? + (b, K — a3922) — + (a5 — ag2?) ——,
X (bl—a492—(a3—0692) m,n Nx ( 1 3 ) (2 3 )N'Z (5 6 )NZN)%
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Fig. 9. Correlation between dispersion curves (DC) and natural frequencies (NF) of the square fixed-edge membrane. Comparison of the discrete model with the non-standard and
Classic continuum ones, considering N, =4, and £ =1 (a) or £ =2 (b).
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Fig. 11. Dimensionless natural frequencies of a square (N = 1) membrane with K = 1 for fixed-edge configuration and « = # = 0.2. Representation of continuum and discrete

models as a function of N,.

(84)

which provides the dimensionless frequencies of the continuum models
for modes (m,n), N' = L,/L,=(N,+1)/(N,+1) being the ratio between
the number or particles in x and y directions. On the other hand, the
corresponding vibration shape (considering unit amplitude) reads

O(X, ) = sin(#x) sin(ry). (85)

4.2. Discrete model

In the case of the discrete model, the natural frequencies can be
found as follows. If 7, ;(7) = Ei’je’ﬂ’ is considered as a displacement
solution of Eq. (5), it results in

(Bevry =20 +Bicr ) + K (Toya =20, + T )

(86)
+a(5i+2yj —25,3]-+E,v_2’j)+ﬁIC(D,-,j+2—25i_j+ )+Q v;; =0.

Ujj-2

Taking into account the vibration shape of the fixed-edge continuum
configuration, Eq. (85), the following Ansatz of v; ; can be assumed

- . (mmi\ . (nxj
v;j =U,sin sinf — |; m=
; N, N,

as Hérisson et al. (2018) propose for a square isotopic membrane lattice
without next-nearest interactions. Introducing Eq. (87) into Eq. (86),

N,

(87)

11

the following expression, providing the natural frequencies of the dis-
crete model for modes (m, n), is reached

Qm’n=[<2—2cos(g—j>>+ﬁ<2 2005<NN
+a<2—2cos<2;\;m>>+ﬂlc<2 2009 ))]

X
m=1,2,...,N

Note that expressions of natural frequencies for both discrete and
continuum models, depend on the parameters K and N, which account
for the anisotropy and the geometry of the rectangular lattice.

(88)

2n7r

5. Discussion of results

In this section, the capability of the new continuum models to
capture the behaviour of the discrete one is going to be evaluated in
two different ways. Firstly, their dispersion curves will be compared
to that of the discrete model, subsequently, relating these curves with
the natural frequencies. Finally, a natural frequency analysis will be
conducted by following the procedure explained in Section 4. In order
to provide more insight into both analyses, the relative errors of the
continuum models will be presented, which are given by

| 'Qcontinuum —

‘Qdiscrere | % 100.

(%) =
‘Qdiscrete

(89)
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Fig. 12. Relative errors of a square (N = 1) membrane with K =1 for fixed-edge configuration and a = g = 0.1. Comparison between continuum models as a function of N,.

5.1. Dispersion analysis

The dispersion curves of the continuum models along the edges of
the IBZ (defined in Section 2), together with that of the discrete one,
are displayed in Figs. 5 and 6 for « = f = 0.1 and « = f = 0.2,
respectively. In these figures, two different solids, one with £ = 1
(a) and K = 2 (b), are considered. As it can be seen, the dispersion
of all the continuum models match around vertex A of the IBZ (low
wavenumber range), accurately reflecting the behaviour of the discrete
one, irrespective of the value of K. Nevertheless, it does not occur for
higher wavenumber ranges (size-effects play a role), where each model
shows different behaviour, which change with the value of K.

Analysing the performance of the continuum models, it can be
observed that the Standard I model shows imaginary frequencies for
certain wavenumbers. This means that short waves grow exponentially
in time, which does not make sense in a conservative system without
any external energy source (see Metrikine and Askes (2002) for more
details on this matter for a 1D rod lattice). Another physical feature
that is worth assessing is whether the new continuum models present a
maximum velocity at which disturbances can be propagated (Metrikine
and Askes, 2002; Goémez-Silva and Zaera, 2022). To this end, the
modulus of the group velocity of the continuum model

2 2
. 0Q 0Q
7| = <T> + <T> ,
K, K,
where Ex = |K|cos(0) and fy = |K|sin(8), 0 being the angle that

define the direction of wave propagation, has been tested in the short-
wavelength limit. Therefore, after evaluating Eq. (90) when K| - oo,

(90)

12

it has been verified that the group velocity of the Standard models
is unbounded for any value of a. This does not occur in the non-
standard models, which include the scale parameter a5, increasing their
compliance.

Now, the continuum models are assessed more closely by means of
their relative error curves, presented in Figs. 7 and 8 for a« = f = 0.1
and a = p = 0.2, respectively, accounting for both £ = 1 and £ = 2
cases. In Fig. 7, it can be seen how the Regularization model is the one
that shows the best performance for K = 1, the EKE II model presenting
the lowest error at vertices B and D of the IBZ. For K = 2, both models
exhibit a similar behaviour, the EKE I model lowering its error for high
values of fx and fy (around vertex C of the IBZ). On the other hand,
Fig. 8 shows how, when long-range interactions become more relevant
(a = 0.2), the Regularization model shows very low errors around the
vertex C of the IBZ, it increasing at vertex B and D, where the EKE II
model is the one that best captures the behaviour of the discrete model.
These performances appear in both £ = 1 and K = 2 cases. Note that
the EKE I model again decreases its error around the vertex C for K = 2,
but in this case it being higher than for « = 0.1. As it can be seen, the
Schrédinger model behaves in a similar way to the EKE I model (both
a = 0.1 and a = 0.2), except around the limit of the IBZ, where the error
of the former increases, while that of the latter decreases. Moreover, the
Schrodinger model worsens its behaviour when K = 2.

5.2. Correlation between dispersion relation and eigenpairs
In this section, the dispersion curves along the line A-C of the IBZ are

going to be related to the vibrational response of the bounded solids,
with the aim of completing the comparison of the behaviour of the
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Fig. 13. Relative errors of a square (N = 1) membrane with K =1 for fixed-edge configuration and a = g = 0.2. Comparison between continuum models as a function of N,.

models along the line A-C of the IBZ (not previously studied), as well
as validating the edge treatment carried out in Section 4.

As it has been described in Section 4, the mode shapes of both
discrete and continuum models are defined by harmonic functions
(Egs. (85) and (87), respectively). For this reason, the eigenpairs of the
bounded solids can be related to the dispersion curves for each model.
In Gémez-Silva and Zaera (2022) an exhaustive discussion about this
matter can be found, where it is shown how the mode shapes v,,,,
with m = n, which are characterized by stationary waves with vibration
frequency £, ,, can be produced by the superposition of four travelling
waves of the same wavenumber propagating in different directions.
Hence, the dispersion curves along the line A-C of the IBZ can be
related with the natural frequencies of modes described by Eq. (85),
with m = n, the corresponding wavenumbers being given by

am
o

X

K, =K, = o1

Fig. 9 shows both the dispersion relation along the line A and C
of the IBZ, and the natural frequencies obtained for the fixed-edge
configuration, considering N, = 4 and £ = 1 (@) or K = 2 (b). It
can be seen how the modes with m = n match accurately with the
dispersion curves, the mode m = n = N, corresponding to the vertex
C of the IBZ, which supports the validity of the edge treatment carried
out in Section 4. Moreover, it means that the trend of the dispersion
relation along the line A-C can be described by the corresponding
natural frequencies for the modes m I,...,N,. On the other
hand, it can be proven how the destructive interference of the four
travelling waves causes null amplitude at the mass positions for the

discrete system when m n = N, (see Eq. (87)). Nonetheless, the

=n
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natural frequencies corresponding to these modes (m = n = N,) refer
to the frequency at which a travelling wave with K, = K, = 7 is
propagated.

5.3. Natural frequencies

Now, we are going to carry out a natural frequency analysis for the
fixed-edge configuration, following the procedures given in Section 4.
As illustrative examples, two different membranes will be studied, one
being square (N = 1) with K = 1, and the other one being rectangular
with ' = 2 and £ = 2. Moreover, the influence of the long-range
interactions is going to be analysed, taking « = 0.1 and « = 0.2,
and considering that # = a. Several vibration modes will be showed,
presenting their dimensional natural frequencies as a function of N,,

considering NTX/(pLXLy) = 1 (see Gémez-Silva and Zaera (2022)
for more details).

5.3.1. Square membrane with K = 1

Figs. 10 and 11 show the dimensional natural frequencies of two
square (N = 1) membranes with £ = 1, considering « = 0.1 and
a = 0.2, respectively. Note that in this case, double eigenvalues arise,
corresponding to the modes (m,n) and (n,m), withn#m,m=1,...,N;
n=1,..,N,In both figures, it can be seen how all models converge
to the same frequency when N, increases, the value of this frequency
coinciding with that of the Classic model, which is length-scale free.
The reason of this performance is due to the fact that as the value of N,
grows (it means that N y also increases for a constant value of N'), the
characteristic length d = L, /N, = L,/N, becomes smaller, and hence
less significant when it is compared to the wavelength, thus losing
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Fig. 14. Dimensionless natural frequencies of a rectangular (N = 2) membrane with K = 2 for fixed-edge configuration and « = § = 0.1. Representation of continuum and discrete

models as a function of N,.

the length scale dependence. However, when N, presents low values
(length scale becomes significant), each non-classical continuum model
behaves differently, capturing the size-effects with different accuracy.
In order to analyse this accuracy more precisely, the relative errors of
the continuum models, Eq. (89), are showed in Figs. 12 and 13 for
a = 0.1 and a = 0.2, respectively. In Fig. 12 it can be observed that
for a = 0.1, the Schrodinger, Regularization and EKE I models are the
ones that show the best performance, with the exception of the mode
(m =1, n = 4) (around vertices B and D of the IBZ for the square domain
and N, =4), where the error of the EKE I model is larger than that of
the Schrodinger and EKE II model. Moreover, it can be seen how the
Regularization model shows the lowest errors at the limit of the IBZ
(N, =4 and m or n equal to 4). On the other hand, when next-nearest
interactions becomes more relevant (a« = 0.2), it can be appreciated how
the errors of the Regularization and EKE II models decrease, whereas
the errors of the Schrodinger and EKE I models increase, being the
Regularization model the one that shows the best performance in this
case, with the exception of the mode (m = 1, n = 4), where the EKE
II model exhibits the lowest error at the limit of the IBZ (N, = 4 and
n=4).

5.3.2. Rectangular membrane with K =2

Figs. 14 and 15 shows the dimensional natural frequencies of two
rectangular (N = 2) membranes with X =2 and ¢ = 0.1 and a = 0.2,
respectively (considering f = «). In these figures, it can be found how
the models behave in a similar way to that seen in the previous section,
all of them coinciding with the Classic one when N, increases, and
presenting different performances when it decreases. Analogous to the
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previous section, the relative errors of the continuum models, given
by Eq. (89), are displayed in Figs. 16 and 17, for « = 0.1 and « = 0.2,
respectively. Here, we can see how the Schrodinger, Regularization and
EKE I model are the ones that show the best performance when a = 0.1,
the error of the latter growing when next-nearest interactions become
more significant (« = 0.2), whereas the Regularization model improves
its performance in this case, presenting very low errors at the limit of
the IBZ (N, = 4 and m or n equal to 4). Note how the Regularization
model shows very small errors around vertex D of the IBZ (m =1, n =4
and N, =4), which has been also verified around the vertex B (m =4,
n=1and N, =4).

6. Conclusions

The main goal of this work has been obtaining non-classical contin-
uum models, which reflect the dynamic behaviour of the discrete one as
accurately as possible. To this end, different continualization methods
have been applied to a membrane lattice system, assessing the perfor-
mance of the new continuum models by studying both their dispersion
relations and the natural frequencies of a fixed-edge configuration. The
final conclusions drawn from this work can be summarized as follows.

An equivalent classical membrane model (accounting for long-range
forces) is obtained if the scale parameters are disregarded. In addition,
it results in the classical membrane model if it is considered that b, =
b, =1 (neglect of next-nearest interactions).

Standard models accounting for the scale effects present governing
equations with high-order spatial derivatives, so they need extra bound-
ary conditions to be solved when dealing with finite (bounded) solids.
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Fig. 15. Dimensionless natural frequencies of a rectangular (A" = 2) membrane with K = 2 for fixed-edge configuration and « = § = 0.2. Representation of continuum and discrete

models as a function of N,.

Furthermore, these models present some physical inconsistencies for
short wavelengths. The Standard I model shows imaginary frequencies
for certain wavenumber values, lacking physical sense in a conservative
system without any external energy source. On the other hand, the
Standard II model does not present a maximum velocity at which
disturbances can be propagated, since the modulus of its group velocity
tends to infinity in the short-wave limit, regardless of the direction of
propagation.

All the problems outlined above can be avoided by the use of
non-standard continualization methods, the models derived from them
capturing the scaling effects by means of cross derivatives with low
spatial order. Moreover, these models include scaling parameters that
makes their velocity bounded from above, preventing the appearance
of imaginary frequencies. Note also that two scale parameters a; and
a¢ appear in the Schrodinger model, which affect two derivatives
that, although formally of higher order, are of mixed nature thus not
requiring the use of extra boundary conditions.

The dispersion curves and the natural frequencies of the square
fixed-edge membrane can be correlated, for both the discrete and
continuum models, which can be leveraged to know the trend of the
dispersion curves along the diagonal of the IBZ (A-B-C-D), through that
found in the associated natural frequencies.

We have seen how in finite membranes, size-effects become less
relevant as the number of particulates increases (the characteristic
length of the lattice system decreases if the same dimensions are kept),
the natural frequencies of all modes matching those of the Classic one
(scale-length free).
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By means of the dispersion analysis, we have seen that, when K = 1,
the Schrodinger, Regularization and EKE I model are the ones that best
capture the behaviour of the discrete model along the limits of the IBZ
(sides of the square of vertices A, B, C and D). Moreover, when next-
nearest interactions become more relevant (« p = 0.2), the error
of the Regularization model significantly decreases around vertex C,
whereas that of the EKE II model does so around vertices B and D.
These performances are similar when K = 2, in this case the EKE I
model presenting lower errors than for £ = 1. On the other hand, after
the natural frequencies analysis, it had been observed how the EKE I
model also captures the behaviour of the discrete one in some areas
within the IBZ, their errors increasing when long-range forces become
more significant.

To sum up, the continualization of a membrane lattice system with
next-nearest interactions has been addressed in this paper, looking for
new continuum models that account for size-effects. The novel non-
standard models developed can be accepted as suitable approaches
to describe wave propagation in such lattices, the Regularization and
EKE II models, particularly showing very low errors even for short
wavelengths. Interestingly, these models do not present physical incon-
sistencies and capture the size-effect through cross derivatives with low
spatial order.
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Appendix. Derivation of the enriched kinetic energy densities

Two different Enriched Kinetic Energy model have been presented
in this paper. The first one, EKE I, employs a progressive differences
scheme to express the cross spatial derivative, whereas the second
one, EKE II, uses a central differences one. Then, both expressions are
expanded via Taylor’s series leading to

v, ~0 -0 =12 (A1)
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where Q, and Q, are given by Egs. (57) and (63), respectively. Hence,
the kinetic energy of both models can be continualized as

m-133(5) -

/ [— ©; Q;)—]dS

where O Q,(=05,—0d;) is the adjoint operator of the pseudo-
differential operator Q,, so

[Qz Qlaf]ds a2

0j0,=1- 5(02+02)+0(04) (A-3)
030, =15 (2 +02) +0(a). (A4)
2%2 3 x y x

Integrating now by parts the Eq. (A.2), it results in the correspond-
ing expressions

Grants numbers
_ 7\ 35 35
() (-
2 Jo|\or 1207\ 9x%0r  oy°0r
1 aw\ 1%\ (> | [ 9o (00
_/ Z) o+ = — +( = dS——/ —V - idS;
2 Jol\oT 12 0xot dyor 2 Jos 0T ot

(A.5)

)
)-aas.

T 0°v
0x° 0t a;zar

[
9s 0T

9o
at

95

ot

T,

/[< )35

6ydr

Jdv
ot

1
2
dxdr >

ot



F. Gomez-Silva and R. Zaera

European Journal of Mechanics / A Solids 97 (2023) 104801

m=1 n=1 m=1 n=2 m=1 n=4
10 15 —— - 20 : . .
.......... Classic veeeeeenes Classic weveeennns Classic
—— Schrédinger —P— Schrddinger 15 —P— Schrédinger
—+&— Regularization 10" —&— Regularization —H&— Regularization
go\ —t—EKE I go\ =—p— FEKE I —f—FEKE I
< 3 —#— EKE TI < —#—EKEI —#—EKEII
5
oPpp—p— 0
45 7 10 20 30 50 100 100
N, N, N,
m=2 n=1 m=2 n=2 m=2 n=3
20 r= 20 25
DY R [ Classic || 1 |eeeeeeeens Classic || | |eeeeeeenn Classic
5|3 —P— Schrédinger 15 —P— Schrédinger 207 —P— Schrédinger
% ——#&— Regularization ——#&— Regularization ——f&— Regularization
§ —+—EKEI § —+—EKEI § 15 —+—EKE 1
= 107, —#— EKE II < 10 —#— EKE II = 1 —#— EKE 11
5
0 =
45 7 10 20 30 50 100 100 45 7 10 20 30 50 100
m=3 n=2 m=3 n=3 m=4 n=4
20 30 30
.......... Classic veenneeees Classic ) veeneeeens Classic
15 —P— Schrédinger —P— Schrddinger i —P— Schrddinger
—+&— Regularization 20 —+&— Regularization 20 5 —&— Regularization
S —+—EKEI S —+—EKEI = . |—+—EKEI
< 10 —#— EKE II < —#— EKE II < —%— EKE II
10 10
5
0 0 ..’\..:_; S 0
45 7 10 20 30 50 100 45 7 10 20 30 50 100 45 7 10 20 30 50 100
N, N, N,

Fig. 17. Relative errors of a rectangular (M = 2) membrane with K = 2 for fixed-edge configuration and a« = § = 0.2. Comparison between continuum models as a function of N,.

(A.6)

where /i = (n,,n,) is the vector normal to the edge. Taking into
account that the boundary terms of Egs. (A.5) and (A.6) do not play
any role when applying Hamilton’s Principle, the next expressions for
the Enriched Kinetic Energy densities can be assumed

_\ 2 — 2 -\ 2
= _1|(ov 1 0%v %0
= — —_ + — + A7
=2 <0r> 12 <a§af> <ayar> A7)
_\ 2 —\2 —\2
= 1|[(ov 1 0% 0%
=== += + A.8
272 (ar> 3 (azw) (ayw) *.8)

both of them being positive definite.
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