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1 Introduction

In this paper we discuss the estimation of binary choice models with individual effects
when the data are time series of independent cross-sections, that is, when we observe
independent samples of individuals over time. This kind of models are relevant for
empirical applications. For example, when we estimate demand systems using house-
hold data, we find that, for some goods, a substantial percentage of households do
not buy the good (alcohol and tobacco are clear examples). If this is the case, we will
need to consider the household decision of whether to buy the good, and therefore,
we will need to estimate a binary choice model. An important issue in this kind
of models is that in many cases, the household purchasing decision is influenced by
some household characteristics that are unobservable to the econometrician. If these
unobservable effects are correlated with the explanatory variables, the model cannot
be identified using a single cross-section. Nevertheless, if the unobservable effects are
constant over time, the model can be identified using panel data.

The problem that arises at this stage is that for some countries, as for the UK,
there are no panel data on household expenditures. However, in most of those coun-
tries a large survey on household consumption is carried out with a regular periodicity
(in the UK the Family Expenditure Survey provides detailed information on annual
expenditures). The difference of this type of data, compared to panel data, is that we
observe different individuals for different periods of time. Therefore, the estimation
methods for panel data can no longer be used with the individual observations.

Deaton (1985) proposed an alternative approach to estimate linear models of
individual behaviour using micro data. If we have time series of independent cross-
sections, we can divide the population into groups (cohorts) on the basis of a certain
characteristic. This characteristic has to be constant over time for each individual
in the population. The variable most widely used to define the cohorts in applied
research is the year of birth. The key idea of this approach is that at the population
level, the groups contain the same individuals over time, and therefore, the cohort
population means have a panel structure. Although we do not observe the cohort

population means, we can nevertheless consider the cohort sample means as estimates



of the cohort population means, what will provide a panel with measurement errors.
The advantage compared to the usual errors in variables problem is that, in this
case, we can estimate the variances of the measurement errors using the individual
data. For linear models, Deaton (1985) and Collado (1997) showed that the estimated
variances can be used to correct the classical estimators for panel data.

‘The researcher has to decide how to define the cohorts. Notice that the larger
the cohorts are, the less important the measurement error problem will be. However,
since the cross-section dimension of the data set is finite, if the cohorts contain a
large number of individuals, the number of groups will be small, and therefore, the
cross-section dimension of the cohort panel will not be very large. In most applied
research using cohort data (see Browning, Deaton and Irish (1985), Attanasio and
Weber (1993) and Blundell, Browning and Meghir (1994)), the sample is divided in a
small number of groups with a large number of observations to avoid the measurement
error problem. Verbeek and Nijman (1992) analyze the conditions for this approach
to be valid for linear models. The definition of the cohorts is an interesting question
for applied research, nevertheless, in this article, we will not discuss the cohort design.

When we estimate linear models with individual effects using panel data, the
usual approach is to transform the model into first differences or deviations from
time means to eliminate the individual effects (see Hsiao (1986), and Arellano and
Bover (1990) among others). Unfortunately, this approach is no longer possible in the
case of binary choice models and we need additional assumptions for identification.
Chamberlain (1984) proposed to parameterize the conditional expectation of the in-
dividual effects as a linear function of the explanatory variables. Then, the latent
variable on each period is a function of all leads and lags of the explanatory variables,
and the reduced form parameters can be estimated using panel data. Once we have
the reduced form estimates, the structural parameters can be estimated by minimum
distance. The problem of this approach, when we have time series of independent
cross-sections, is that any individual is just observed one period, and therefore, we do
not observe any lead or lag of the explanatory variables. In this article, we propose
to use the cohort sample means instead of the individual observations as explanatory

variables. Consequently, we will have a model where the explanatory variables are



correlated with the disturbances. However, under normality, the covariance between
the explanatory variables and the disturbances is a known function of the variances of
the measurement errors. As mentioned above, the measurement error variances can
be estimated using the individual observations. Therefore, we can correct the clas-
sical estimators for binary choice models and we will show how to obtain consistent
estimates of the reduced form parameters. Using the reduced form estimates, we will
derive an optimal minimum distance estimator of the structural parameters.

In the context of panel data, Bover and Arellano (1997) proposed a within-groups
estimator of the structural parameters. This estimator is also based on the reduced
form estimates; and it is easier to calculate than the minimum distance estimator.
In this article, we show that it is also possible to obtain a consistent within-groups
estimator using cohort data.

The paper is organized as follows. In section 2, we present a binary choice model
with individual effects. We obtain a consistent estimator of the reduced form para-
meters and we derive its asymptotic distribution. Using this estimator, we can obtain
a consistent estimator of the structural parameters by minimum distance. In section
3, we consider a within-groups estimator of the structural parameters, and we calcu-
late its asymptotic distribution. The finite sample performance of the estimators is
analyzed in section 4. We carry out some Monte Carlo Simulations and we compare

the results for different values of the parameters. Section 5 concludes.

2 A Binary Choice Model with Individual Effects

We consider the following linear model with individual effects

yh =z, 0+ n; + va, t=1,...,T,i=1,...,N) (1)
where x;; is a k x 1 vector of exogenous variables such that
E(vy | zar,y ..., zir,m;) =0

7; is the unobservable individual effect and it is potentially correlated with the ex-

planatory variables. The dependent variable ¥}, is not observed. What we observe
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is the binary variable y;; defined by y; = 1(y}; > 0), where 1(A) is the indicator
function. Given that y}, is not observable, we do need additional assumptions on the
distribution of n; to identify 8. Chamberlain (1984) proposed to parameterize the
conditional expectation of 7; given the exogenous variables as a linear function of the

Tit's:

n; = .’E;l/\l + ...+ :c;T)\T -+ 0,‘ (2)

E(Hl ‘ Iila---,xiT) =0

We can then substitute (2) in (1) to get the reduced form model

yh = Ty .o+ ZipTer + €4, (t=1,...,T7,i=1,...,N) (3)

where m;s = Mg if t # 5, my = B+ A, and €, = v + 0; is the error term, which is
uncorrelated with the z;’s. If we observed the same individuals over time (i.e. if we
had panel data), the reduced form parameters (7, ¢t = 1,...,T) could be estimated
using the classical estimators for binary choice models. Thus, once we had the reduced
form estimates, 3 could be estimated by minimum distance, or alternatively, a within-
groups estimator of 3 could be obtained as proposed by Bover and Arellano (1997).

The purpose of this paper is to obtain a consistent estimator of 8 when the
data available are time series of independent cross-sections. We will begin with the
estimation of the reduced form parameters in (3). The problem in this case is that
the z;,’s s # t in (3) are not observed since the individuals are different from period
to period. However, as explained above, the population can be divided in groups
with fixed membership over time (cohorts) on the basis of a certain characteristic
(see Deaton (1985), Collado (1997)). Let g be the random variable determining the
cohort membership for each individual (i.e. individual ¢ belongs to cohort c if and
only if g; € I.). We define the cohort population means as z%, = E(zy | g; € 1), and

we can assume that for any individual in a given cohort ¢

Tit = th + Sit, Sit Z’Ld(O,E)



Then, we can calculate the cohort sample means as

1 . 1 g 1
Tt = ne Z Tit = Ty + et where ¢, = ne Z it v~ 4id (0, g?j) (4)
gi €l¢ gi €l
where nc is the number of individuals per cohort!.

We can write (3) in terms of the cohort sample means as
=zt ...+ Zpmr+ey,  (t=1,...,T,i=1,...,N) (5)

where €, = e+ (Ti— ) = €u+T(Si—Se), Te = (T4, - - Top) T = (X, -, ZTip),
ze = (20, ..., Tp), Si = (s ooy Shp)s e = (s, - -+, Shr) 2. The problem in (5) is
that the disturbances are correlated with the z.’s. However, assuming that the joint
distribution of the disturbances and the z.’s is normal, the conditional expectation
can be estimated using the individual data. We will propose a measurement error
corrected probit estimator of the reduced form coefficients in (5).

Under normality, the conditional expectation of the disturbances given z. is given
by

E(e;, | 2c) = ME(Si = Sc | 2c) = mZ1255 @

where ¥y, = var(z,.) = X, and 2,5 =cov(s; — S, Zc) is a block-diagonal matrix with
T blocks k x k.

The s-th block is

. 1 .
EiQ = COV(QS — Sesy xCS) = COV(QS — Cesy Ty + (cs) - _T)_(,Z (())

and the t-th block is

. 1 1
%y = cov(Sit — Sty Tet) = COV(Sit — Set, Tiyp + Set) = —N-—%=0 (7)

The reason why the covariances (6) and (7) are different is the following: given that

the individuals are different from period to period, the i-th individual in period ¢ is

1We are assuming that nc is constant across cohorts and over time to simplify notation, but this
assumption can be easily relaxed. 4

?Notice that the individuals are different from period to period, and therefore, in model (5), the
i index in period ¢ does not correspond to the same individual than the 7 index in period s.



not observed in any other period. Therefore, ¢;; is included in the average ¢, but ¢,
is not included in ¢.s°.

We can also calculate the conditional variance of the disturbances given z.
var(e}, | zc) = o2 + mjvar(s; — ¢¢ | zo)m

and
var(g; — G | zo) = 11 — T198505 Thp =

where X1 = var(s; — <) is a block-diagonal matrix with 7" blocks &k x k.

The t-th block is
nc—1

Etu = var(cu - Cct) = ne b)) (8)
and the s-th block s # t is
s nc+1
1 = V&I’(Cis - gcs) = ne 2 (9)

The reason why the variances (8) and (9) are different is the same as explained
above for the covariances (6) and (7).

If we define
e — E(efy | zc)

var(e}, | zc)

then &} | z. «~ i4dN(0,1). Thus, we have that

+
it T

Prob(y;; = 1| z.) = Prob(e}, > —mx. | z.) =

_// _ /Z 2—1 . ’ I E Zf‘l .
= Prob (53 > TyTe T424122499 T :L‘C> — Prob (E; < ﬂ't( TE + 212 22)

e
o+ mQm, Vo2 + mm, >

We can estimate m; (up to scale o.) by pseudo-maximum likelihood relying on

estimates of ¥ and X,. Once we have estimated 7, t = 1,2,...,7T, we can estimate
B and A by minimum distance. Let 8 = (8, X')', A= (\},..., A7), I = (m1,...,771),
[l = (#y,...,77), 7 = vec(I) and # = vec(II), the minimum distance estimator of 6
1s given by

Orp = arg ming (7 — 7(0))YW (& — 7(6))

$Notice that ¢, is the average of the measurement errors for those individuals belonging to the
same cohort than 7 in period s.



where the optimal choice for W is any consistent estimator of the asymptotic variance
of #. We obtain the asymptotic distribution of 7 in the Appendix. The asymptotic

distribution of 8,/ is given by
VC(Oup — 8) —a N(0,(DW™1D'))

where D = 0n(6)/06 and W is the asymptotic variance of #. The asymptotic variance

of f5/p can be estimated as
avar(fpp) = (DW=1D')!

where D = 0n(8,p)/06.

3 A Within-Groups Estimator for the Binary Choice
Model

We are going to consider an alternative estimator of 3 for the binary choice model.
In the context of panel data, Bover and Arellano (1997) proposed a within-groups
estimator of 3 based on a consistent estimator of 7. The advantage of this estimator,
compared to the minimum distance estimator, is that it is very easy to calculate and
it does not involve the estimation of the nuisance parameters A. The disadvantage is
that it is less efficient than the optimal minimum distance estimator. Nevertheless,
Bover and Arellano (1997) show that it is possible to obtain a linear GMM estimator
which is asymptotically equivalent to the optimal minimum distance. Following this
approach, we are going to consider a within-groups estimator of # when the data
available are time series of independent cross-sections.

Let us come back to the model for the latent variable (1). We can consider the
random variable g defined above, which determines the cohort membership for each

individual. Taking expectations conditional on g; in model (1) we get
Yoo = ToB+ 10 + 0%, (t=1,...,T, ¢c=1,...,C)

where i, = E(zy | gi € L), yhy = E(yi; | g € L), 0t = E(n; | 9: € I.) and

vy = E(vy | gi € I.). We can write the model for the cohort population means as a
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system of equations
Yo = XB+mncet+ v, (10)

where y* = (Y2, .- Up), Xo = (&, ..., zip), vi = (v}y,...,vir),and eisa T x 1

vector of ones. We can transform the variables in (10) into deviations from time

means to eliminate the cohort effects. Let 7 = Qy?, X = QX}, and i = Qu,
where Q = It —e€e'/T

Go = X8+ (11)

Let us now consider model (3). Taking expectations conditional on g;, we can

write the system of T' equations as
yo = 'z, + et
We can now apply the deviations from time means operator () to obtain
go = QU'z; +7; (12)
From (11) and (12) we get the following set of restrictions
X:8 = Qe (13)

Notice that, contrary to what happens in the true panel case, the cohort population
means in (13) are not observed. However, we can write the set of restrictions in terms
of the cohort sample means. We can define ¥, = (Sc1,...,Scr)" and ¢, = vec(¥y).

The II matrix can be written as II' = (Ir ® 8/ + 1 ® X') and therefore
H,CC = \IJC,B +:1® )\lgc

Multiplying by @ we get
ingc = Q\IJC/B = \i’cﬂ (14)
Adding (13) and (14) we get the following set of restrictions between II and 3:

Xcﬁ = Qn’xc (15)
and multiplying by X . we obtain
X XB =Xz, (16)

8



Therefore, using a consistent estimator of II, we can obtain a within-groups estimator

of B which is consistent. This estimator is given by

c -1 /¢
e = (z xx) (z X ) )
c=1 c=1

Substracting (8 from (17) we get

c c )
Y X Xe(Bwe—B) = Z — X.B)
c=1 c=1
and using (15) we obtain
c. c
Z X X(Bwe - Z (I — 1)’z
We can rewrite the expression above as
~ C —~ —~ _1 C -~ ~
Bwe —B= <z éXC> Z(Xc ® z) vec(Il — )
c=1 c=1

and the asymptotic distribution of ch is given by

VC(Bie — B) —a N, E(X'X) 'E(X, ® 2 )WE(X, ® z.) E(X' X))

where W is the asymptotic variance of 7. The asymptotic variance of ;. can be

estimated by

-1 ¢ C -1
avar ﬁWG (Z X X > Z Xc ® xc)/WZ(Xc ® l‘c) <Z ~éj(c)
where W is a consistent estimator of W.

4 Monte Carlo Simulations

In the previous sections we have derived the asymptotic distribution of the minimum
distance estimator and the within-groups estimator for the binary choice model, using

time series of cross-section data. However, it also interesting to analyze the small



sample performance of the estimators that we have proposed. For this purpose, we
have carried out some Monte Carlo simulations for different values of the parameters
of the model.

We consider a binary choice model with just one explanatory variable, where the

model for the latent variable is
Yir = BTir +1; + vyt (18)

The data have been generated as follows. First, we have generated the cohort popu-

lation means for the explanatory variable using an AR(1) model.
Ty = Py + Wi

The initial values for the z};’s have been generated as 172dN (0,02 ), the w;, are also
iidN(0,02) and the first ten cross-sections were discarded. Notice that the variance

of the cohort population means is given by

Then, for different values of p, we will change o2 to keep constant the variance of the
cohort population means. For each cohort, we generate the individual observations

for the explanatory variable as
Tip = Ty + Sits Sit iidN(O,(fz)

We generate T x nc observations per cohort, and for each period we keep in the
sample nc observations corresponding to different individuals. The individual effects

are generated as
n;, = MZiy + ..+ Az + 6, 0; ~ ’l,’LdN(O, O'g)

and we generate the latent variable v}, using (18). The binary variable is y; = 1(
vy > 0).
We carried out experiments for different values of the variances and different values

of the correlation parameter p. The results for a thousand replications are summarized
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in table 1. The time dimension is 7' = 5, the number of cohorts C = 100 and the
number of individuals per cohort is nc = 25. The structural parameter 8 = 1 and
the nuisance parameters (the A’s) are all equal to one.

We considered the optimal minimum distance (MD) estimator and the within-
groups (WG) estimator and we have calculated the standard errors based on the
asymptotic distribution of the estimators. As we can see in Table 1, the finite sample
bias of both MD and WG estimators is quite small for any value of the parameters,
and it is even smaller for the WG. The standard deviation of the MD estimator
is smaller than the standard deviation of WG. This reflects the fact that the WG
estimator is less efficient than the optimal MD. Another important issue is that the
mean of the asymptotic standard errors is very similar to the standard deviation for
all the values of the parameters that we have considered. If we now compare the
performance of the estimators for the different values of p, we can see that the bias is
quite similar when the autocorrelation of the explanatory variables is not very large.
However, when p is large (p = 0.8) the bias is larger. The standard deviation of the
estimators increases with p. Finally, we are going to analyze the behaviour of the
estimators for different values of the variance of the measurement errors (¢2) and
different values of the variance of the cohort population means (02). As expected,
both the bias and the standard deviation of the estimators are smaller. the smaller
the variance of the measurement errors, while the performance of the estimators is

better the larger the variance of the cohort population means.
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Table 1
Means, standard deviations and standard errors of the estimators
C = 100, nc=25, T=H5

MD WG MD WG

o2 =1 02 =0.5

c2=1 p=0 Mean 0.9691 1.0236 0.9557 1.0338
St. Dev. 0.0624 0.0704 0.0785 0.0924
Mean SE 0.0613 0.0678 0.0794 0.0893

‘p=10.5 Mean 0.9641 1.0267 0.9501 1.0366
st. Dev. 0.0764 0.0854 0.0955 0.1104
Mean SE 0.0739 0.0836 0.0940 0.1060

p=0.8 Mean 0.9328 1.0494 0.9095 1.1188
St. Dev. 0.1068 0.1360 0.1270 0.3333
Mean SE 0.1065 0.1336 0.1375 0.4181

=05 p=0 Mean 0.9880 1.0089 0.9867 1.0138
St. Dev  0.0497 0.0511 0.0644 0.0646
Mean SE  0.0478 0.0508 0.0617  0.0655

Q
N

p=0.5 Mean 0.9873 1.0137 0.9794 1.0126
St. Dev  0.0645 0.0664 0.0810 0.0830
Mean SE  0.0602 0.0656 0.0759 0.0816

p=0.8 Mean 0.9710 1.0189 0.9640 1.0310

St. Dev. 0.0975 0.1037 0.1136 0.1252
Mean SE 0.0882 0.0999 0.1112 0.1237
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5 Conclusions

We analyzed in this paper the estimation of binary choice models with individual ef-
fects, when the data are time series of independent cross-sections. We first obtained a
measurement error corrected estimator of the reduced form parameters using the co-
hort sample means and we derived its asymptotic distribution. Based on the reduced
form estimates, we proposed a minimum distance estimator and a within-groups es-
timator of the structural parameters. We also obtained the asymptotic distribution
of those estimators.

Finally, we carried out some Monte Carlo simulations to study the small sample
behaviour of our estimators. The main conclusions are that both estimators perform
quite well in relatively small samples, but while the minimum distance has a smaller
standard deviation, the within-groups is less biased in small samples. Another im-
portant result is that the asymptotic standard errors are very similar to the standard

deviations.
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Appendix. Asymptotic Distribution of the Probit Estimator

The maximum likelihood estimator of 7, ¢t = 1,...,T), is asymptotically equiva-

lent to a Generalized Methods of Moment estimator (GMM) that uses the optimal

set of instruments (see Chamberlain (1987)). Thus, we will derive the asymptotic

distribution using the GMM estimator. The conditional expectation of y;; given z.

is given by

m(Irk + L1255 )z

o2+ mim,

E(ys | z) = Prob (EQE <

The expression above can be written as
E(yit | xe) = F(ze,m, X, L)
and therefore
E(ya — F(2c,m, 2, %s) | 7c) =0
Let uy = vy — F(xe, 7, 2, X,), the conditional variance of u; is given by
Bl |z) = F(ze,n,2,5;) x (1 = F(ze, 7, %, 22)) = 02(z.)

The optimal set of instruments is therefore

1 OF (2,7, 5, Es)
o?(z.) om,

and the moment conditions are given by

1 OF(xc,m,Z,ZI)
T B,

E [(ytt - F("I’.Caﬂ-tﬁ 27 ZIL‘)) =0

(19)

The model is just identified, and the method of moments (MM) estimator 7}

solves the following system of equations

=0

N

1 - 1 aF(xc,m,E,Zm)
AT E it T F cs *7 27 Ex

N - (yt (SL‘ Ty ))(72(.’1,'C) 67Tt

The optimal instruments are not observable since they depend on 7, and therefore,

the MM estimator 7 is not feasible. However, we can consider m; in the instruments

as an argument to be estimated and then the MM estimator is given by
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N
1 - 1 (')F(:I:C, ﬁt, E, ZI)
AT it cy ity 722 P =
N 2 Flae T 2, )) oy =5 0 (20)

where 5%(z.) = F(xc, T, 8, 2g) X (1= F (2, 71, £, 22 ) ). The MM estimator 7, coincides
with the maximum likelihood estimator. The reason is that (20) are the first order
conditions for the maximization of the log-likelihood function.

Expression (20) can also be written as

c .
1 . 1 OF(z,, 7, 2, %;)
- ct F cy ) 27 E:l? .
D S

=0 (21)

where
1
Yot = ne Z Yit
gi €l
Unfortunately, ¥ and ¥, are not observed but they can be estimated using the
moment conditions:

nc—1

El(2i — za)(za — za)] = Y

nc

E(z. — E(zc)) (2 — E($0))I] =2z

The expectations can be replaced by their sample counterparts

1S ..
~NV5, =3
3

¢=1
where
1 1
Yo = T Z nc—1 Z (@it — Tat)(Tit — Tet)
t=1 gi €l
and
) c
=5 chc
c=1



Substituting ¥ and £, by $ and 3, in (21), our MM estimator solves the system

=0

1 N &S 1 aF(fL’C,frt,E,iz)
— — F(ae, T, 25,2,
C ;(yct (.’I; Tt )) (}2(;{;0) 87%

where 6°(z.) = F(xc,frt,ﬁl,ix) x (1— F(xc,fr;,fl,‘ix)).
The expression above can be written as
1 &
gL luafui) =0 t=1...T (22

where wee = (Yer, T)' and ¥ = (vech(2)',vech(3;)")"*. We can write the systems of T

equations in (22) as

c
1 ..
—5 Z’(/)(wmﬂ-af}l) = (23)
c=1
where w, = (wly,...,w.p) , = (fr1,...,7r) and T = vec(ﬁ). Using a Taylor

expansion we can write

L§C bwe, 7.5) = —= §C Plwe 7,7) + — §C ad)(wc’ﬁ’v)(‘— ) + 0p(1)
Ve L W= e £ Ve T A L L

1 §C , _ ]‘ §C aw(wﬁﬂ-a’y) N ]- © a@b(wct,fr?y) N ’
= Plue w0+ 75 c on' F=m+ 75 ; oy el

Let

D — E(f?w(wc,vr,v))
on

D, = E(W(ﬂgfﬁ))

The D, matrix is block-diagonal with T blocks. The ¢-th block is

awt(wcta Tty 7))

D, =F
‘ ( aﬂ't

Then, we have

C
%Zw(wc,w,w)w;ﬁ(” +D'f§j Nop(l) =0 (24)

1The vech operator vectorizes a p X p symmetric matrix by selecting the p x (p + 1)/2 elements
in the lower triangular part of the matrix.
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where 4, = (vech(Z.),vech((z. — Z)(z. — z)')’)'. We can rewrite (24) as

C
VO — ) = (D) V[Ipax D;]—\/l—a S (e, m,7) + 0p(1)

where

p(we,m,7y) = < wéwc_,_vi;v) )

and the asymptotic distribution of # is

V(G =) = N0, I DYa (1) D3

where Vj = E(p(we, 7,7)¢(we, 7,7)"). The asymptotic variance of 7 can be estimated
by

. L (T .

W = avar(#) = (D)} Ipek - D)V ( TeK ) D;?

D,
where
b, = Ly et
™ C p— or
C A
) 1 < 0v(w,, 7,%)
D, = = Z
C & dvy
and
N
V = o Zcp(wc,fr,’?)w(wc,frﬂ)/
c=1
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