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Introduction 

Let u be a non-zero linear functional satisfying the 
following first-order linear differential equation 

(Eu)'+Fu=O 

where E and F are non-zero polynomials, with E a 
monic polynomial. 

When the linear functional u is regular then it is said 
to be semiclassical [6,7J. 

Notice that a linear functional u is said to be regular 
[4,7J if there exists a monic polynomial sequence (MPS) 
{Bn}n20 where deg Bn = n, n 2: 0, such that 

(u, BnBm) = Tnbn,ml n, m ~ 0, Tn #- 0, n 2: o. 
Besides regular functionals, the equation (.) can have 
as solutions linear functionals defined as a finite sum 
of Dirac masses and their derivatives. In such a case 
there exists a non-zero polynomial q, such that q,u = O. 
More precisely, if u = L:~I L;::-;,I Mi,jDU) (X-Xi), then 

q,(x) = rr:~1 (x - Xi)k,. Obviously, such linear function
als u are not regular. For this reason, we introduce in a 
natural way the concept of weak-regularity linear func
tional u as follows. 

A non-zero linear functional u is said to be weakly
regular if for a polynomial q, such that q,u = 0, then 
q, = O. Regular linear functionals are weakly-regular (in 
general the converse is not true, see Remark 1.6). 

In this paper, we are dealing with weak-semiclassical 
linear functionals, i.e., when the linear functional u sat
isfying (*) is weakly-regular. The aim of our contri
bution is to give essentially a necessary and sufficient 
condition for the weak-regularity of a nOll-zero linear 
functional u satisfying (.). 

The paper is organized as follows. In Section 1, we 
introduce the basic notations and tools that will be 
used throughout the paper. Next, we define the weak
regularity of a linear functional and we analyze some 
properties like the stability by the shifting perturbation 
of the linear functional as well as the left multiplication 
of the linear functional by a polynomial. We conclude 
this section introducing the notion of admissible pair of 
polynomials. In section 2, our main results are proved. 
We obtain a necessary and sufficient condition in order 
to a non-zero linear functional u satisfying a first-order 
linear differential equation (Eu)' + Fu = 0 be weakly
regular. This yields the definition of weak-semiclassical 

functional. In section 3, we prove (Proposition 3.2) 
that the classical functionals are the only weakly-regular 
functionals satisfying (Eu)' + Fu = 0, where E and F 
are two polynomials, E monic, degE S 2, degF = 1, 
and the pair (E, F) is admissible. This result general
izes one by Geronimus on classical functionals, see [5J. 
In section 4, the results of section 3 are used to char
acterize semiclassical polynomial sequences, which are 
orthogonal with respect to regular functionals u given 
by Au = ABv, where A and B are two monic polynomi
als, .A E C*, and v is a classical linear functional. 

1. Definitions and background 

Let P be the linear space of complex polynomials in 
one variable and P' its topological dual space. We de
note by (u, f) the action of u E P' on f E P and by 
(u)c,n:= (u, (x - c)n), n 2: 0, the moments of u with 
respect to the sequence {(x - c)n}n>O. In particular, if 
c = 0, then we will denote (U)n := (U)O,n, n 2: O. 

We define the following operations in P'. For any lin
ear functional u, any polynomial h, and any eEC, let 
Du = u', hu, (x - c)~lu, and a(u) be the linear func
tionals defined by duality 

(u', f) .:= -tu, n, f E P, 

(hu, f) := (u, hf) , f E P, 

((x - C)~IU, f):= (u, Oc(f)), f E P, 

(a(u), f):= (u, a(f)), f E P, 

where Oc(f)(x) = f(x) - (c) and a(f)(x) = f(x2). No
x-c 

tice that 

f(x)a(u) = a(J(x2)u) , f E P. (1.1) 

Let {Bn}n>o be a monic polynomial sequence (MPS), 
degBn = n, n 2: 0, and {un}n>O its dual sequence, 
Un E P', n 2: 0, defined by (un, B;;') := Dn,m, n, m 2: 0, 
where Dn,m is the Kronecker symbol. 

The linear functional Uo is said to be the canonical 
functional associated with the MPS {Bn}n>o. 

We remind the following results [2,4, 7J. 

Lemma 1.1. For any u E P' and any integer m 2: 1, 
the following statements are equivalent 

i) (u, Bm~l) oF 0, (u, Bn) = 0, n 2: m. 
ii) There exist Av E <C, 0 S 11 S m - 1, Am~1 oF 0 

such that u = L::':OI AvUv. 
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ii) =} i). Let </> be a polynomial such that </>u = a. 
We can always write </>(x) = A(x2) + xB(x2) where A 
and B are polynomials. For every p E IP', one has 

a = < </>u,p(x2) >=< U, </>(x)p(x2) > 
= < U, A(x2)p(x2) >=< 17(u), A(x)p(x) > 
= < Au(u),p(x) > . 

Then, A17(u) = a. So, from the weak-regularity of 17(u) 
we deduce A = a. On the other hand, 

a = < </>u,xp(x2) >=< u,x</>(X)p(X2) > 
= < u,x2B(X2)p(x2) >=< 17(u),xB(x)p(x) > 
= < xB17(u),p(x) > . 

Then, xBa(u) = a. So, B = a taking into account the 
weak-regularity of 17(u). Thus </> = a. 0 

Notice that if u is a symmetric regular linear func
tional then xu is a weakly-regular functional that is not 
regular. 

1.2. Admissibility pair of polynomials, Let (E, F) 
be a pair of polynomials, where E monic, deg E = t, 
degF=p2': 1,ands(E,F) :=max(t-2, p-1). Notice 
that (s(E, F) 2': a, because deg F 2': 1). For this pair of 
polynomials, we introduce 

• the admissibility coefficients 

tln(E,F) = nEI,+2)(a)-(s+2)FI'+1)(a), n 2': a; (1.6) 

•• the sequence of polynomials 

Fm = F - (m -l)E', m 2': 1. (1.7) 

Definition L8, The pair (E, F) is said to be admissible 
when its admissibility coefficients satisfy 

tln(E, F) t- a, n 2': a. (1.8) 

From an admissible pair of polynomials, we can deduce 
other admissible pairs. Indeed, we have the following 
result. 

Lemma L9, When (E, F) is admissible, then for each 
integer m 2: I, we have 

i) degFm 2': 1, where Fm = F-(m-1)E', m 2': 1. 
ii) s(E, Fm) = s(E, F) := S. 

iii) The pair (E, Fm) is admissible and 

tln(E,Fm) = tln+(m_l)(,+2)(E,F), n 2': a. 

Proof. Assume there exists an integer, m 2': 1, such that 
Fm is a constant polynomial. Since deg F 2': 1, then 
m 2': 2. In this case, s = t - 2 = p - 1 and the coeffi
cient of xP in Fm is (p!)-l Flp) (a) - (m -1)t = a. Then 
tl1m_1)t(E, F) = a, and this contradicts the admissibil
ity condition of the pair (E, F). Hence, i) holds. The 
admissibility condition of the pair (E, F) yields 

deg(Fm) = max(p, t - 1) = s + 1, m 2': 1. (1.9) 

Thus, 
s(E, Fm) = max(t - 2, s) = S. 

Hence, ii) holds. 

From i), ii), and (1.6), one has 

tln(E, Fm) = nEI'+2)(a) - (s + 2)F,\:+1) (a) 

(n + (m - 1)(s + 2))E(,+2) (a) 

- (8 + 2)FI,+1)(a) 

= tln+1m_1)(,+2)(E, F), n 2': a. 

Thus, the admissibility condition of the pair (E, Fm) 
follows from the admissibility of the pair (E, F). Hence, 
iii) holds. 0 

For each fixed (a, b) E C' x C, we can consider the 
shifted pair (E, F) given by 

E(x) := a-t E(ax + b) ; F(x):= a
,
- t F(ax + b). 

(Lla) 
Let denote 8 = max(l- 2, p-l), where I = deg(E) and 
p = deg( F). Thus 

l=t, p=p, 8=3. (Lll) 

As a consequence the following result holds. 

Lemma LlO, If (E, F) is admissible, then (E, F) is 
also admissible. Furthermore, 

tln(E, F) = a,+2-t tln(E, F), n 2': 0, (Ll2) 

Proof. If (a, b) E e x C, then 

tln(E,F) = nEI,+2) (a) - (s + 2)FI'+1)(a) 

= a,+2-t ( nE i,+2)(O) - (s + 2)FI'+1)(a)) 

= a,+2-t tln(E, F), n 2': a. 

Hence, i) follows. o 

When the pair of polynomials (E, F) is admissible 
and deg E 2': 1, we deduce the following results. 
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Lemma 1.11. Let (E, F) be an admissible pair of poly
nomiais, where degE 2: 1, and c is a zero of E. Then 
for each integer m 2: 1, we get 

i) degFm 2: 1, where Fm = F - (m - l)O,(E). 
ii) s(E, Fm) = s(E, F) := s. 

iii) The pair (E, Fm) is admissible, and 

t!.n(E,Fm) = t!.n+m_l(E,F), n 2: 0. 

Proof Assume there exists an integer m 2: 1 such that 
Fm is a constant polynomial. Since deg F 2: 1, then 
m 2: 2. In this case, s = t - 2 = P - 1 and the coeffi
cient of xP in Fm is (P!)-l Flp)(O) - (m - 1) = 0. Then 
t!.m-l (E, F) = 0, and this contradicts the admissibil
ity condition of the pair (E, F). Hence, i) holds. The 
admissibility condition of the pair (E, F) means that 

deg(Fm) = max(p, t - 1) = s + 1, m 2: 1. (1.13) 

Thus, 

s(E, Fm) = max(t - 2, s) = s, m 2: 1. 

Hence, ii) holds. For m 2: 1, from i), ii), and (1.6) one 
has 

t!.n(E, Fm) = nEI8+2) (0) - (s + 2)F,\:+I) (0). 

Since t ::; s + 2, it follows that 

EI8+2) = (s+2)(0,(E))18+1) 

Thus, 

t!.n(E, Fm) = (n + m _1)EI8+2)(0) - (s + 2)FI,+I)(0) 

= t!.n+m-l (E, F), n 2: 0. 

Hence, iii) holds. 0 

For the sequel, we need the following results. 

Lemma 1.12, Let (E, F) be a pair of non-zero poly
nomials, where E monic, deg E 2: 1. If E and F are 
coprime, then 

i) There exists an integer /1 2: 1 such that E and 
Fm = F - (m - l)E' are coprime, m 2: /1. 

ii) For each zero c of E, there exists an integer 
{) 2: 1 such that E and Fm = F - (m - l)O,(E) 
are coprime, m ;::: {). 

Proof. Assume that for each integer /1 2: 1, there exists 
an integer m~ 2: /1 such that E and F - (m~ - l)E' 
have a common zero. Then there is a zero c of E and 
two different integers mJ,l.", ~ 1, v = 1,2 respectively, 
such that (F - (m~" - l)E') (c) = 0, v = 1,2. This 

yields F(c) = 0, that contradicts the fact that E and F 
are coprime. Hence, i) holds. Let c be a zero of E. Two 
cases must be analyzed. 

CaseI. Let assume c is a simple zero of E. Sup
pose that for each integer {) 2: 1, there exists an in
teger m~ 2: {) such that E and F - (m~ - l)O,(E) 
have a common zero. Then it will exist a zero c of E 
and two different integers mn" 2: 1, v = 1, 2 such that 
(F - (m~" - 1)O,(E)) (c) = 0, v = 1,2. This leads to 
F(c) = 0, in contradiction with the fact that E and F 
are coprime. 

Case2. c is a zero of E with multiplicity at least two. 
For every zero e of E, we have 

Fm(O = F(e) - (m - l)O,(E)(O = F(e) i' 0, m 2: 1. 

Hence, ii) holds. o 

As a consequence, for a pair of non-zero polynomials 
(E, F), where E is a monic polynomial, deg E 2: 1, and 
where E and Fare coprime, we can associate the integer 

/L(E,F):=min{k 2: 1: EandFm are coprime,m 2: k}. 
(1.14) 

2. Main Results 

Let (E, F) be a pair of polynomials, with E monic, 
degE = t, degF = pE NU {-oc}, and s:= s(E,F). 
Consider the functional equation 

(Eu)' + Fu = 0, u Ell". (2.1) 

Lemma 2.1. Let u E IP'" a solution of(2.1). When the 
pair (E, F) is admissible and the (s+ 1)- first moments 
(u)o, ... , (u), are fixed, then u is unique. 

Proof The admissibility condition of the pair (E, F) re
quires that p 2: 1. Then, s 2: 0. The functional equation 
(2.1) is equivalent to the following recurrence relation 
for the corresponding moments 

8+2 t!.n,v(E,F) L I (U)n+v-l = 0, n 2: 0, (2.2) 
v=o v. 

where t!.n,v(E, F) := nE1v)(0) - vF1v-l)(0), ° ::; v ::; 
s + 2. Suppose that v E IP'" is other solution of (2.1). 
Then, the linear functional W = v - u satisfies 

8+2 t!.n,v(E, F) L I (W)n+v-l = 0, n 2: 0, 
/.1=0 V. 
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where Fv = F - (v -1)E'. Notice that A' E - AFv of 0,. 
Otherwise, A' E = AFv. Since E and Fv are coprime E 
divides A, a contradiction. Taking into account q, is a 
polynomial of minimal degree such that q,u = ° then 
q, = AEv divides Ev~I(A'E-AFv). So, E divides AFv. 
But E and Fv are coprime then E divides A, a contra
diction. Thus, 

q,(x) = Ek(X). 

From (2.5) and from (2.1) , we get 

Ek~IFkU = 0. 

Since E and Fk are coprime, there exist two polynomials 
Si, i = 1,2 such that 

Then, 

SI(X)Ek(X) + S2(x)Ek~I(X)Fk(X) = Ek~I(X). 

Multiplying by u, we get Ek~IU = 0. This contradicts 
the fact that q, = Ek has minimal degree and satisfies 
q,u = 0. Hence, the weak regularity of U follows. 0 

A 2.2 . E and Fare coprime and !"(E, F) 2 2. 

Lemma 2.8. Let u E p" satisfy (2.1), with pseudo
class t 2 1, E and F coprime polynomials, and 
!"(E, F) 2 2. Then the following statements are equiva
lent. 

i) u is weakly-regular. 
ii) E"IE,F)~IU of 0. 

Proof. From the assumption, let consider the linear 
functional v = E"IE,F)~IU. From Property 1.5, i), u 
is a weakly-regular linear functional if and only if v of ° 
and v is weakly-regular. From (2.1), when v of 0, it 
satisfies 

(Ev)' + F"IE,F)V = 0, 

where E and F"IE,F) - (m - I)E' = Fm+"IE,F)~1 are 
coprime, m 2 1. Since E and E' + F"IE,F) = F"IE,F)~I 
are coprime, then the pseudo-class of v is t 2 1. There
fore, from Lemma 2.7 v is weakly-regular. Hence, u is 
weakly-regular if and only if E"IE,F)~IU of 0. 0 

A2.3 . E and F are not coprime. Let denote Ll. the great
est common divisor of E and F, with E = Ll.E and 
F = Ll.F, deg Ll. 2 1. Moreover, we can associate with 
the pair of polynomials (E, F) the integer !"(E, F). 

Proposition 2.9. Let U E p" be a linear functional 
such that (2.1) holds with pseudo-class t 2 1, and G be 
the greatest common divisor of E and F, with E = G E 
and F = GF. The following statements are equivalent. 

i) u is weakly-regular. 
ii) (i). If deg E = 0, then deg F 2 1 and Gu of 0. 

(ii). If deg E 2 1, then GE"IE,F)~IU of 0. 

Proof. Consider v = GE"(E,F)~IU. The linear func
tional U is weakly-regular if and only if v of ° and v 
is weakly-regular. But, if v of 0, then 

(Ev)' + F"IE,F) v = 0, 

where E and F"IE,F) - (m - I)E' = Fm+"IE,F)~1 are 

coprime, m 2 1. Since E and i:' + F~{E.F) = F"(E,F)~1 
are coprime, then i = deg E is the pseudo-class of v. 
Two cases appear. 

(i). t = 0. According to Lemma 2.6 the non-zero linear 
functional v is weakly-regular if and only if deg F 2 1. 
In this case, u is weakly-regular if and only if Gu of ° 
and degF 2 1. 

(ii). t 2 1. The non-zero linear functional v is weakly
regular, from Lemmas 2.7 and 2.8. In this case, u is 
weakly-regular if and only if GE"(E,F)~IU of 0. 0 

Remark 2.lO. When the linear functional u solution of 
(2.1) satisfies (u)o of 0, and is weakly-regular, then we 
must have deg F 2 1. If not, F(x) = A E <C, then 
(Eu), + AU = ° holds. So, from ((Eu), + Au,l) = 0, 
we get >,,(u)o = O. Hence, >.. = 0, and, as a consequence, 
Eu = 0. This contradicts the weak-regularity of u. 

2.2. Weak-semiclassical and semiclassical func
tionals. Let introduce the following definitions. 

Definition 2,11. The linear functional u is said to be a 
weak-semiclassical functional when it is weakly-regular 
and satisfies (2.1), where the pair (E,F) is admissible. 

Notice that every semiclassical linear functional u is 
also regular [71. A weak-semiclassical functional u sat
isfies an infinity number of first-order linear differential 
equations: for X E 11', u also fulfils 

(EIU)' + FlU = 0, 

with EI(x) = X(x)E(x), and FI(X) = X(x)F(x) -
X'(x)E(x). So, if 8 = 8(E, F) = max(t - 2,p - 1) 
and taking into account the admissibility condition of 
the pair (E, F), Le Ll.q(E, F) of 0, then we get SI = 
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s(Ej, F j ) = s + q, Hence, we can associate with the 
weak-semiclassical functional u a subset h( u) of nonneg
ative integers such that m belongs to h(u) if and only 
if m = s(E2' F2) where (E2' F2) is an admissible pair of 
polynomials satisfying (2,1). 

Definition 2,12, The minimum element s of h(u) is 
said to be the cla,s of u. When s = 0, the weak
semiclassical (resp, semiclassical) functional is called 
weak-classical (resp. classical) functional. 

Lemma 2,13, Let u be a weak-semic1assical functional 
such that 

(Eiu)'+Fiu=O, with Si = max(ti-2,Pi-1), i = 1,2. 

Let denote by E the greatest common divisor of E j and 
E2, Then, there exists a polynomial F such that 

(Eu)' + Fu = 0, 

with s = max(t - 2,p - 1) = Si - ti + t, i = 1,2, where 
t = degE and P = degF. 

Proof. See in [8] Lemma 3,3 and replace regularity by 
weak-regularity, 0 

Proposition 2,14, For each weak-semiclassical func
tional u, the pair (E, F) that realizes the minimum of 
h(u) is unique. 

Proof. See in [8] Proposition 3.4 and replace regularity 
by weak-regularity. 0 

Proposition 2,15. The class of the weak-semiclassical 
functional u satisi'ying (2.1) is s if and only if 

IT ( I F(c) + E'(c) I + I (u, BcF + B;E) I ) > 0, 
c 

where c belongs to the set of zeros of E. 

Proof. See in [8] Proposition 3,5 and replace regularity 
by weak-regularity. 0 

Proposit.ion 2.16. Let u be a weak-semiclassical func
tional satisi'ying (Eu), + Fu = 0, where E monic, 
t = degE, p = degF 2: 1, and s = max(t - 2,p - 1). 
The following statements are equivalent, 

i) The pseudo-class of u is t, 
ii) The class of u is s. 

Proof. It is a straightforward consequence of Lemmas 
2,3 and 2.13. 0 

Remark 2,17. Let u be a weak-semiclassical functional 
satisfying (2.1), with deg E 2: 1. For each zero c of E 
and an integer m 2: 1, let consider the following linear 
functional 

v(m, c) = (x - c)m~ju, 

Obviously, v(m, c) is weakly-regular and satisfies 

(Ev(m,c))' + Fmv(m, c) = 0. 

From Lemma 2.9, the pair of polynomials (E, F) is ad
missible and has associated a nonnegative integer num
ber s. Thus, there exists an integer number k ;::: 1 such 
that (v(k, c))o -I 0, Otherwise, one has (u, (x-c)m~j) = 
0, m 2': 1. Then u = 0, a contradiction. 

3. Classical Case. 

It is well known that if s = ° and the linear func
tional u is regular then we recover the classical function
als (Hermite, Laguerre, Bessel, and Jacobi) [1,9, lO]. By 
a shift we get the following canonical classical function
als 

Cj. E(x) = 1, F(x) = 2x. 

The functional u is the Hermite functional denoted H. 

C 2 , E(x) = x, F(x) = x - a - 1. 

The functional u is the Laguerre functional denoted 
.e(a). It is regular if and only if Q -I -n, n 2: 1. 

C 3 . E(x) = x 2 , F(x) = -2(ax + 1). 

The functional u is the Bessel functional denoted B( a). 

It is regular if and only if a -I - ~, n 2: 0. 

C.' E(x) = x 2 
- 1, F(x) = -(a + (3 + 2)x + a - (3. 

The functional u is the Jacobi functional denoted 
J(a, (3). It is regular if and only if a -I -n, (3 -I -n, 
and a + (3 -I' -n - 1, n 2: 1. 

Notice that the polynomials (E, F) in the above four 
canonical classical cases, C i , i = 1, .. " 4, are coprime, 
m2:1. 

In the theory of first-order linear differential equa
tions, the weak-regularity of the functional could reach 
its regularity, what is true here. First, we need to show 
the invariance of the weak-semiclassical character by 
shifting. 
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Lemma 3.1. When u is a weak-semiclassical functional 
of class s. satisfying (2.1), then u = (ha-, 0 Lb)U is also 
a weak-semiclassical functional with the same class s. It 
satisfies (Eu), + Fu = 0, where E(x) = a-tE(ax + b) 
and F(x) = al-tF(ax + b). 

Proof The weak-regularity of u and the admissibility 
conditions of the pair (E, F) follow from Property 1.5, 
b) and Lemma 1.10, respectively. Finally, for the func
tional equation and the class of u, see [1]. 0 

Proposition 3.2. Let U be a linear functional satisfying 
(Eu), + Fu = 0, where E monic, degE <; 2, degF = 1, 
and the pair of polynomials (E, F) is admissible. The 
following statements are equiva.lent. 

i) u is regular. 
ii) For ead] integer m 2: 1, E and Fm are coprime. 

iii) u is weakly-regular. 

Proof i) '* ii),* iii). It is straightforward. 

iii) '* i). It is sufficient to show that u is regular. So 
the following four situations must be analyzed: 

C,. deg(E) = 0. We can write E(x) = 1 and 
F(x) = ex + d, c 01 0. The shifted functional v = 
(ha-, OLb)U, where (a, b) E ex <C such that a2 = (2/e) 
and b = -(d/c), satisfies 

v' + 2xv = 0, (v)o = 1. (3.1) 

The Hermite functional is the unique solution of (3.1). 
Hence, u is regular as the shifted of a regular functional. 

C 2 • deg(E) = 1. We can write E(x) = x + ~ and 
F(x) = ex + d, e 01 0. Let v = (ha -, 0 Lb)U, where 
a = (l/c), b = -~ and Cl! = ~ - d - 1. The functional 
v satisfies 

(xv)' + (x - et - l)v = 0, (v)o = 1. (3.2) 

Applying (3.2) to x n , n 2: 0, we get 

(v)n+1 = [n - (et + l)](v)n, n 2: 0, (v)o = 1. (3.3) 

Notice that" 01 -n, n 2: 1. Otherwise, there exists 
an integer no, no 2: 0, such that Cl = -no - 1. From 
(3.3), one has xn,,+lv = 0. This contradicts the weak
regularity of v, as the shifted of a weakly-regular func
tional. Therefore, v is the Laguerre functional. Thus, U 

is regular. 

C 3 . deg(E) = 2 and E has a double zero. We 
can write E(x) = (x + 0 2 and F(x) = ex + d. Since 

deg(F) = 1 and taking into account (E, F) is an ad
missible pair we get e 01 n, n 2: 0. If Cl! = -(e/2), then 

~-d " 01 -(n/2), n 2: 0. Let a = -2-' Then, a 01 0. 

Otherwise, the functional v = T~U satisfies 

(x2v)' - 2axv = 0, (3.4) 

and applying (3.4) to xn, n 2: 0, we get (n+2")(V)n+l = 
0, n 2: 0. Since" 01 -(n/2), n 2: 0, then xv = 0. and 
this leads to a contradiction. So, it is possible to con-

sider the functional v = (ha -, OLb)U, where a = ~; d 

and b = -~. The shifted functional v satisfies 

(x2v)' - 2(Cl!x + l)v = 0, (v)o = 1, (3.5) 

where et 01 -(n/2), n 2: 0. Thus, v is the Bessel func
tional and u is regular. 

C 4 . deg(E) = 2 and E has two different zeros. We 
can write E(x) = (x + ~,)(X + 6), with 6 01 6, and 
F(x) = cx + d, where e 01 n, n 2: 0. Let v = (ha -, 0 

6 -6 ~, +6 
Lb)U, where a = --2- and b = --2-' We take 

a = c(b-a)+d-2a and (3 = c(a+b)+d+2a 
2a 2a 

The shifted functional v satisfies 

((x2-1)v)'+(--{a+i3+2)x+a-(3)v = 0, (v)o = 1, (3.6) 

with a + (3 = -c - 2 01 -n - 2, n 2: 0. Applying (3.6) 
to (x - l)n, n 2: 0, 

(n+a+(3+2)v1.n+J = -2(n+(3+1)Vl,n, n 2: 0, (3.7) 

On the other hand, applying (3.6) to (x + l)n, n 2: 0, 
we get 

(n+a+(3+2)V_l,n+l = 2(n+a+1)v_l,n, n:O: 0. (3.8) 

Suppose there exists an integer no, no 2': 0, such that 
(3 = -no - 1 (resp. a = -no - 1). Since Cl! + 
(3 01 -n - 2, n 2: 0, from (3.7), (resp. (3.8)), then 
(x - It,,+lV = 0, (resp. (.T + It,,+lV = 0). This con
tradicts the weal<-regularity of v. 

As a consequence, Cl' + (3 #- -n, n 2': 2, Cl: =f:. -n, n 2: 1, 
and (3 01 -n, n 2: 1. The functional v is the Jacobi func
tional, then u is regular. D 

Proposition 3.3. Let {Cn}n~O be a sequence ofmonic 
polynomials with dual sequence {Cn}n~O, such that 
E(X)C~+l(X) - F(X)C~+l(X) = An+lCn+J(X), n 2: 0, 
where E manic, deg E <; 2, deg F = 1, and the pair of 
polynomials (E, F) is admissible. The following state
ments are equivalent. 

i) {Cn}n~O is orthogonal with respect to Co. 
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ii) For each integer m::> 1, E and Fm are coprime. 
iii) Co is weakly-regular. 

Proof From the higher degree coefficients in the second
order differential equation, and the admissibility condi
tion of the pair (E, F), we get 

E"(O) 
An+1 = (n + 1)(n-

2
- - F'(O)) "# 0, n::> O. (3.9) 

On the other hand, we get 

(Eco)' + Feo = O. (3.10) 

i)* ii). It is a consequence of (3.10), the regularity 
of Co, and Proposition 3.2. 

ii)* iii). It follows from Proposition 3.2. 

iii)* i). From Proposition 3.2, the linear functional 
Co is regular. Thus, the sequence {Cn}n>O will be 
orthogonai with respect to Co, see in [8] Proposition 
2.9. 0 

4. Applications. 

AI_ Assume that v is a classical functional. Let u be a 
regular functional such that 

Au = ABv. ( 4.1) 

Here A E IC' and A, B are two monic polynomials. This 
kind of perturbations have been analyzed in [11]. The 
linear functional u is semi-classical. Indeed, if we assume 
that the functional v satisfies Ev' + Fv = 0, where E 
monic, deg E :s; 2, deg F = 1, and the pair (E, F) is 
admissible, then it is easy to prove that ·u satisfies 

(ABu)' + A(BF - 2B' E)u = O. (4.2) 

From Proposition 3.2, we can characterize in a natural 
way the MOPS with respect to U. Indeed 

Proposition 4.1. Let B be a monic polynomial, 
degB = t, and {Bn}n>o be the sequence of manic or
thogonal polynomials with respect to U. The following 
statements are equivalent. 

i) There exist a manic polynomial A, a non zero
constant A, and a classical functional v such that 

Au = ABv. (4.3) 

ii) There exist a integer s ::> 0, a MPS {IIn+dn2" 
deg IIn+t = n+t, n ~ 8, and nOll zero-constants 
{in, n ::> s, such that 

{inB(x)Bn+1(x) = E(x)II~(x)-F(x)IIn+t(x), 

n ::> s, (4.4) 

where (E, F) is an admissible pair of polynomials, E 
manic, deg E :s; 2, deg F = 1, and E and Fm are co
prime, m ~ 1. 

Proof i)* ii). Let {Cn}n>O be the MOPS with respect 
to the functional V. From Lemma 2.1, if s = degA, then 

( )B () 
~ (u, ACv+1Bn+1) ( 

B x n+1 X =V~8 A(V, C;+I) Cv+1 x), n 2: s. 

(4.5) 
On the other hand the classical sequence {Cn }n20 sat
isfies a second-order differential equation [3] 

E(X)C~+l(X) - F(X)C~+l(X) = Av+1Cv+1(X), v::> 0, 
(4.6) 

E"(O) 
where AV+1 = (v + 1)(v-

2
- - F'(O)) "# 0, v ::> O. 

Using (4.6), from (4.5) we deduce (4.4), with 

.Q An+t+l > u - n s n-n+t+l ' -' (4.7) 

n+t ( ) 
II () - "An+t+1 u, ACv+1B n+1 C' () 

n+t X - L.., '( C2 )( ) v+1 X , 
v=n-s /\11+1 /\ VI v+l n + t + 1 

(4.8) 
for n 2: s. 

ii) * i). From the assumption ii) and Proposition 
3.2, let consider the classical functional v satisfying 
(Ev)' +Fv = O. From (4.4), we get (Bv, B n+1) = 0, n ::> 
s. Thus, there exists an integer r, 0 :S r :S 8, such that 
(Bv, B r )"# O. Otherwise, since (Bv, Bn) = 0, n ::> 0, 
then Bv = O. This contradicts the regularity of v. As a 
consequence, (Bv, B n+1) = 0, n ::> s, and (Bv, Br) "# O. 

r 

From Lemma 2.1, we get Bv = L (Bv, Bv) Uv. and by 
V= 0 

using (1.4), we finally obtain (4.3), with 

A _ (u,B;) 
- (Bv, Br)' 

A(x) = t (Bv, Bv) (u, B;) Bv(x). 0 
v~o (Bv, Br) (u, Bv) 

A 2 • For each fixed I" E IC', let u(l") be the linear func
tional satisfying 

(Eu(I"))'+Fu(l") =0, (u(I"))o = 1, (U(I")) 1 =0, (4.9) 

with E(x) = x and F(x) = 2x2 - (21" + 1). If 
(u(I"))n' n::> 0, denote the moments of u(I"), we get 

(n+21"+1) 
(u(I"))n+2 = 2 (u(I"))n' n::> 0, 

(U(I"))l = 0, (u(I"))o = 1. (4.10) 
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Clearly u(I") is a symmetric linear functional. 

Proposition 4.2. For each fixed I" E e. let u(I") be the 
linear functional satisfying (4.9). The following state
ments are equivalent. 

i) u(I") is regular. 
ii) u(I") is weakly-regular. 

iii) The linear functional er(u(I")) is weakly-regular. 

Proof i) =} ii). The regularity of u(I") yields weak
regulru:ity. 

ii) =} iii). According to Proposition 1. 7 and taking 
into account that u(I") is symmetric and weakly-regular, 
we deduce that er(u(I")) is weakly-regular. 

iii) =} i). From (4.9) the linear functional er(u(I")) 
satisfies 

(xer(u))' + (x - a -l)er(u) = O,a = I" -~. (4.11) 

From Proposition 3.2, and taking into account the weak
regularity of er( u) and the admissibility condition of the 
pair (x,x - a - 1), the regularity of er(u), i.e., a # 
-n, n ~ 1 follows. Therefore, I" # -n - (1/2), n ~ O. 
Thus, u(I") will be a semiclassical linear functional of 
class one. More precisely, it is the generalized Hermite 
functional denoted 11.(1") and er(u) is the Laguerre linear 
functional [1,2, 4J. 0 
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