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Chapter 1

BACKGROUND

1.1 Introduction

If mathematical models are an approximation to the behavior of nature, nu-
merical methods provide an approximation to the solution of the former. The
majority of such models take the form of partial differential equations (PDEs)
which relate variables whose values are confined to a given domain. Except
for the most simple cases, the PDE and/or the domain under consideration are
complex enough to rule out the possibility of finding an exact solution, and a
suitable numerical approach is required to simulate the modeled phenomenon.
Fortunately, the advent of computers and increasingly sophisticated computing
algorithms over the last half century have turned numerical simulations into
more and more reliable tools covering an increasingly wider range of applica-
tions.

Loosely speaking, numerical methods transform a PDE defined over a con-
tinuum into a finite set of equations which are later solved (exactly or approx-
imately) by the mathematical machinery of matrix algebra. In order to do so,
the PDE, its approximate solution, and/or the domain are discretized. Let us
focus on the discretization of the latter, for instance, a spatial domain. Main-
stream numerical methods, such as finite differences (FD), the finite element
method (FEM), or finite volumes (FV), discretize domains into a grid, mesh,
or any set of points with a fixed connection among them. The generation of a
well-behaved mesh is not a trivial question except in very regular geometries,
and has become an area of scientific computing for its own sake. Indeed, there
are situations in which mesh generation turns into the chief difficulty, largely
exceeding the computational effort required to obtain the approximate solution
once the mesh is available. They include problems where the mesh must be
reconstructed or enlarged over time, such as those dealing with impact, frag-
mentation or crack propagation. Also included are free-boundary problems
(like those arising in fluid mechanics or finance modeling), where the domain
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is part of the solution and cannot be predicted in advance. Another example
is provided by the simulation of large deformations in continuous mechanics,
where the approximation quality of the mesh may break down under the de-
formation. Finally, PDEs which give rise to sharp features or discontinuities,
like non-linear hyperbolic laws, are also hard to handle over structured meshes.

Motivated in part by these difficulties, meshless (or meshfree) methods are
an emerging alternative to traditional, mesh-based numerical methods. Mesh-
less methods have been around for some 20 years now; compared to FEM
(which originated in the fifties) or FD (which date back even earlier), meshless
methods are still in their infant stages. Therefore -notwithstanding the substan-
tial progress achieved in the last decade- the landscape is still characterized by
a multiplicity of versions, a lack of sound theoretical foundations to some of
them and many open questions. In order to classify a scheme as ’meshless’,
we will borrow the criterion used in [48]: ’A method is considered meshless if
the basic equations governing the discrete model of a boundary-value problem
do not depend upon the availability of a well defined mesh. Some meshless
methods do have a weak dependence on background meshes that may support
numerical quadrature calculations. Such methods are still regarded as meshless
if there are no fixed connectivities among the nodes’. Based on this definition,
the first meshless method was probably the Smoothed Particle Hydrodynamics
(SPH), presented in 1977 [133] for simulating fluid flows.

Following SPH, plenty of methods have arisen which can be broadly divided
into three groups: 1) particle methods, like SPH (we will comment on them
later); 2) meshless methods which work on the weak form of the PDE, and which
-for lack of an ’official’ name- will be referred to as weak meshless methods,
and 3) methods based on the collocation of the PDE (i.e. the strong form of the
PDE). The results of this Thesis concern only the application of one particular
collocation meshless method known as Kansa’s method; in the remainder of this
Section we will very briefly review some of the most representative methods
in the other categories. A detailed discussion and comparison of different
meshless and particle methods can be found in [19] [118].

1.1.1 Particle Meshless Methods

Here, we will address only SPH. It is a Lagrangian scheme initially intended
to deal with astrophysical problems and later extended to fluid flow problems
-the numerical support is advected with the flow [139]. The scheme works by
dividing the fluid into a set of discrete ’fluid elements’ whose concentration
reflects the local density. These particles have a spatial distance (known as the
’smoothing length’), over which their properties are ’smoothed’ by a kernel
function. This means that any physical quantity of any particle can be ob-
tained by summing the relevant properties of all the particles which lie within
two smoothing lengths. Notice that, although the particles are not connected,
the partitioning of the domain into volume elements is difficult, specially in
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3D. Other inadequacies which SPH has been blamed for are instability and
poor accuracy (unless a large number of nodes is used) [21]. For an updated
monography on particle meshless methods the reader is referred to [130].

1.1.2 Weak Meshless Methods

Nayroles et al. were the first to incorporate interpolation through moving least
squares [113] into a Galerkin scheme to formulate the Diffuse Element Method
(DEM) [145]. Moving least squares are also at the heart of the Element-Free
Galerkin Method (EFGM), introduced in 1994 by Belytschko et al. [21], which
may be seen as an improved version of the DEM. The key feature of the EFGM
is the existence of a background auxiliary square grid used to support the nu-
merical quadratures needed for the weak formulation [20]. However, since the
background grid has only to cover the domain, but need not be fitted to its
boundaries, the computational cost associated to its generation is negligible.
The EFGM has been succesfully applied to many solid mechanical problems
and has become one of the most popular meshfree methods. The main draw-
back of both the EFGM and the DEM is the computational cost of evaluating
Shepard’s interpolant [160], since it is necessary to solve a system of equations
at each point where it is needed. Liu and coworkers [129] developed the Repro-
ducing Kernel Particle Method (RKPM) in 1995 through revisiting SPH. It is,
however, a Galerkin formulation. Contrary to the previous DEM and EFGM,
it originates from wavelets rather than from curve-fitting. Babuska and Me-
lenk identified certain similarities between FEM and meshfree methods and
formulated a general framework, the Partition of Unity Finite Element Method
(PUFEM) [9]. Their ideas have been present in later methods, such as [81].
Atluri and Zhu (1998) invented the Meshless Local Petrov-Galerkin (MLPG)
method [6] that requires only local background cells for quadrature. One of
the key differences to all the other methods mentioned so far is that those cells
may be as simple as overlapping circles. See [7] for details on the MPLG and
its applications, which have taken place predominantly in mechanic problems.

Weak meshless methods represent a natural evolution of the ideas under-
lying in FEM. Although the final system of equations does not depend on
the mesh, like in FEM, a background partition of space covering the domain
-inexpensive to construct- is needed in many weak meshless methods for nu-
merical quadratures. It can be said that in weak meshless methods the emphasis
is placed on the nodes, not on the elements. This notion allows them to out-
perform FEM in problems ill-suited for meshes, such as large deformations or
crack propagation. On the other hand, weak meshless methods have also some
disadvantages compared to FEM. For instance, due to the costly evaluation of
the interpolant, they are usually slower. The accuracy of the quadrature over
the background mesh is typically poorer, so that a larger number of Gauss
points must be taken into account. Another issue concerns the enforcement of
essential (Dirichlet) boundary conditions, which are effortlessly dealt with in
FEM but require special devices in a Galerkin meshless formulation, such as
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Lagrange multipliers, Nitsche’s method, or even coupling with finite elements
along the boundary.

1.1.3 Collocation meshless methods

This third kind of meshless methods work on the strong form of the PDE and
may be regarded as a generalization of FD formulas to scattered stencils. The
first such method was perhaps put forward by Liszka and Orkisz in 1977 [128].
Yet the breakthrough was the method invented by Kansa in 1990 [102][103]. He
extended interpolation with multiquadrics to the solution of PDEs by having
the involved differential operators act on them (the method will be explained
in the next Section). The simplicity of the computer codes and the high accu-
racy achieved stirred up interest in Kansa’s method, which became an object of
ongoing research. It was soon realized that the use of multiquadrics was not
essential and that they could be replaced by many other possible Radial Basis
Functions (RBFs) φ(r) : [0,∞) 7→ R. Contrary to meshed methods, the approx-
imation space is not just made up of low-order polynomials but spanned by
a superposition of translates of the selected RBF. Moreover, collocation meth-
ods do not require the evaluation of integrals and therefore the background
mesh is redundant. For this reason they are often called ’truly’ meshless meth-
ods -though this apparent advantage over weak meshless methods has not yet
proven decisive. Collocation meshless methods stand also on a weaker theo-
retical basis than their weak counterparts, and have a reputation of being less
stable and accurate [130] -yet we are not aware of any systematic comparison
between them. It is admitted, however, that weak meshless methods provide
a better approximation to the exact solution along and close to boundaries
with derivative (Neumann) boundary conditions. On the other hand, any kind
of boundary condition can be straightforwardly incorporated into collocation
meshless methods, which means an implementation advantage over the weak
ones.

A different collocation meshless method than Kansa’s -although closely
related- is the RBF Method of Fundamental Solutions (RBF-MFS) [78] [79],
which is based of ideas dating back to Kupradze and Aleksidze in 1964 [112].
To simplify the nomenclature we will refer to the RBF-MFS method simply as
MFS from now on. The MFS is an evolution of the Boundary Element Method
(BEM) [150] which adopts many features of RBF collocation. In the BEM, only
the domain boundary must be discretized in terms of boundary elements, thus
reducing by one the dimensionality of the problem. The approximation is then
sought in the form of a superposition of translates of the fundamental solution
of the elliptic operator -which is singular at the origin- centered at the boundary
nodes. Since the BEM works with the weak formulation, it calls for special in-
tegration techniques for singular functions in order for the boundary integrals
to be carried out. As a result, BEM codes are rather sophisticated and this has
limited its popularity. The key notion of the MFS is to choose as RBF precisely
the singular solution of the PDE, but centered on a set of nodes lying outside the
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Figure 1.1: Discretization of an irregular domain according to four different
numerical methods: FEM (upper left), MLPG (upper right), MFS (lower left)
and Kansa’s method (lower right). In FEM, the elements are used both for
interpolation and for quadrature. The MLPG interpolant is based only on
nodes but requires background cells for quadrature. Both the MFS and Kansa’s
method work on the strong formulation of the PDE and no quadrature is
needed. If the PDE is linear and homogeneous, the MFS does not require
interior collocation nodes, and the RBF centers are all placed outside of the
domain.
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domain where the PDE is defined -for instance, on a circumference encompass-
ing the domain. In this way, singularities do not show up in the computations,
the interpolation space is known to contain the solution of the problem, and the
expansion coefficients can be found (by collocation on boundary nodes) so that
the boundary conditions are enforced. The major drawback of the primitive
pre-RBF MFS is that its application was limited to very few operators other than
the Laplacian and Helmholtz operator, and that only for homogeneous PDEs
[119]. In the RBF version, the MFS has been improved along the lines of the
Dual Reciprocity Method (DRM) [144] so that now also non-homogeneous and
time-dependent problems may be taken into consideration (see for instance
[1]). A comparison between the MFS and Kansa’s method may be found in
[119].

Finally, we mention the Boundary Knot Method (BKM) introduced by Chen
[36]. It is similar to the MFS but choosing as RBF just the non-singular part of
the fundamental solution to the given operator. Since the singularities at the
origin have been removed, there is no need to place the RBF centers outside
the domain like in the MFS, and the same set of boundary nodes used for col-
location serve as well as RBF centers -thus overcoming a certain ambiguity in
the MFS. The BKM has been shown to deliver excellent results in Helmholtz’s
equation, and can also be applied to harmonic and convection-diffusion PDEs
[97].

As a closing note, we mention some recent books on meshless methods
which cover in detail also collocation meshless methods -somewhat neglected
in the previously existing literature. They are [65] [39], which stress on imple-
mentation issues and applications, and [169] [31], which focus on the theoretical
aspects.

1.2 Asymmetric RBF Collocation (Kansa’s Method)

1.2.1 Interpolation based on Radial Basis Functions

Radial Basis Functions first appeared in the interpolation of multivariate scat-
tered data. Consider a function f : Rd 7−→ R which takes on the known
values f1, f2, . . . , fN over the points ~z1,~z2, . . . ,~zN. RBF-interpolation attempts to
reconstruct f as:

f (~x) ≈
N∑

i=1

αiφ(||~x − ~xi||2) +

M∑

j=1

λ jp j(~x) (1.1)

The translations of the chosen RBF φ(r) : R+ 7−→ R are specified by the set
of arguments {~xi, i = 1, . . . ,N}, which are usually called ’centers’. Due to its
radial dependence (ri = ||~x − ~xi||2), φ is insensitive to the spatial dimension d.
The M monomials p j(~x) form a basis of the spaceπd

β of polynomials up to degree
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β in Rd. M and β are related through the generalized Tartaglia’s construction,

M =
( β + d

d
)
. For instance, if β = 2 and d = 2, then {p1, p2, p3, p4, p5, p6} =

{1, x, y, x2, xy, y2}. The necessity of this polynomial basis will be discussed later.
The sought-for coefficients {αi, i = 1, . . . ,N} ∪ {λ j, j = 1, . . . ,M} are determined
by having the RBF interpolant pass through the set of data, i.e. (1.1) is collocated
on the data points ~z1, . . . ,~zN. Usually -but not necessarily- the set of collocation
points and that of RBF centers are the same, i.e. {~xi = ~zi, i = 1, . . . ,N}. We will
assume that this is the case here. Collocation leads then to the following set of
equations:

N∑

i=1

αiφ(||~xk − ~xi||2) +

M∑

j=1

λ jp j(~xk) = fk, k = 1, . . . ,N (1.2)

Due to the presence of the monomial terms p j in (1.1), M further equations are
required in order to get a square system. They are the so-called orthogonality
conditions

N∑

i=1

αip j(~xi) = 0, j = 1, . . . ,M (1.3)

In order to join (1.2) and (1.3) into a matrix equation, it is useful to define:

Φ =



φ11 . . . φ1N
...

. . .
...

φN1 . . . φNN

 (1.4)

P =



p11 . . . p1M
...

. . .
...

pN1 . . . pNM

 (1.5)

α = (α1, . . . , αN)T (1.6)

λ = (λ1, . . . , λM)T (1.7)

f =
(

f (~x1), . . . , f (~xN)
)T

(1.8)

The coefficients of the RBF interpolant then obey
(

Φ P
PT O

) (
α
λ

)
=

(
f
0

)
(1.9)

where O and 0 are M ×M and M × 1 padding zero matrices, respectively;
φi j = φ(||~xi − ~x j||2) and pi j = p j(~xi). The left-hand side matrix of (1.9) is called
collocation matrix. Notice that the collocation matrix is symmetric. Also, as long
as φ(r) has global support, the collocation matrix will be fully populated, thus
requiring O(N3) flops for inversion.
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1.2.2 Application to PDEs

Kansa was the first to modify the above setting for the numerical solution of
PDEs [102] [103]. In order to illustrate the mechanics of his method, consider a
linear boundary value problem like

Lu(~x) = q(~x) if ~x ∈ Ω
Bu(~x) = g(~x) if ~x ∈ ∂Ω (1.10)

where L and B are the interior and boundary operators, respectively. An
approximation to the solution u is sought in the form of an RBF expansion like
(1.1):

u(~x) =

N∑

i=1

αiφ(||~x − ~xi||2) +

M∑

j=1

λ jp j(~x) (1.11)

The PDE (1.10) is discretized by collocating (1.11) on the N collocation nodes
which model the domain and its boundary. For the sake of clarity, assume
that {~x1, . . . , ~xI} are the I interior nodes and {~xI+1, . . . , ~xN} are the N − I boundary
nodes. Let us define

ΦL =



Lφ11 . . . Lφ1N
...

. . .
...

LφI1 . . . LφIN

 (1.12)

PL =



Lp11 . . . Lp1M
...

. . .
...

LpI1 . . . LpIM

 (1.13)

ΦB =



BφI+1,1 . . . BφI+1,N
...

. . .
...

BφN1 . . . BφNN

 (1.14)

PB =



BpI+1,1 . . . BpI+1,M
...

. . .
...

BpN1 . . . BpNM

 (1.15)

q =
(

f (~x1), . . . , f (~xI)
)T

(1.16)

g =
(
g(~xI+1), . . . , g(~xN)

)T
(1.17)

where Lφi j = (Lφ)(||~xi − ~x j||2), Lpi j = (Lp j)(~xi), Bφi j = (Bφ)(||~xi − ~x j||2),
Bpi j = (Bp j)(~xi).
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The collocation equations for the PDE (1.10) can be written in matrix form
as


ΦL PL
ΦB PB
PT O


(
α
λ

)
=


q
g
0

 (1.18)

We will keep the name of collocation matrix for the matrix on the left-hand
side of (1.18), as in the interpolation set-up. Notice that, contrary to that case,
the collocation matrix is not symmetric in Kansa’s method.

1.2.3 Solvability

In both the interpolation setting (1.9) and the differential (Kansa’s) scheme
(1.18), the existence of a unique RBF approximation depends on whether the
collocation matrix is non-singular. In the interpolation case, assume first that
no monomial terms are present in (1.1), i.e. M = 0. If the RBF φ is such that
it gives rise to a definite positive matrix regardless of the discretization nodes
(assumed distinct), invertibility of the collocation matrix is guaranteed, andφ is
said to be positive definite onRd. But many successful RBFs (like multiquadrics)
fail to be positive definite. Solvability still can be proven through the addition
of a polynomial for a wider class of RBFs known as strictly conditionally positive
definite [138]:

Definition. A function φ : R+ 7→ R is strictly conditionally positive definite
of order β if for every set of distinct data points ~x1, . . . , ~xN ∈ Rd

N∑

i=1

N∑

j=1

µiµ jφ(||~xi − ~x j||2) > 0 (1.19)

for all µ1, . . . , µN satisfying

N∑

i=1

µip(~x) = 0 (1.20)

for all polynomials p ∈ πd
β.

As it can be seen, a positive definite RBF is strictly conditionally positive
definite of order 0. Table 1.1 lists several RBFs along with the degree of the
polynomial that must be appended in order to guarantee solvability of (1.9).

In the PDE case, while it has been theoretically proven that the Kansa’s
method is a valid and consistent scheme for solving PDEs [76], there is no proof
that the collocation system (1.18) is invertible, even for a definite positive RBF
(or a strictly conditionally positive definite RBF augmented with the proper
low-order polynomial). However, singular cases should be extremely rare in
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practice [95]. For that reason, the trailing polynomial terms are often dropped.

A variation of Kansa’s method introduced by Fasshauer [53] and later stud-
ied by Franke and Schaback [76] can be proven to lead to a symmetric, non-
singular linear system under mild conditions. This scheme is known as sym-
metric RBF collocation. However, along with the theoretical advantage of being
provably solvable, the symmetric approach has the disadvantage of introducing
more derivatives, which entails more computational complexity (especially in
non-linear problems) and calls for a higher smoothness of the RBF employed.
This may account for the preference for the original asymmetric collocation
method in practical applications. In [53], both methods are compared showing
a slightly better performance of the symmetric one.

1.2.4 Globally supported RBFs

Some of the most popular RBFs are listed below (Wendland’s RBF family is
missing, but they are compactly supported and will be commented on later).
The parameter c appearing in some RBFs is adjustable by the user and known as
’shape parameter’, because it dictates the flatness of the RBF profile. All these
RBFs have originated in interpolation theory, where many of them have been
proven to be the ’smoothest interpolant’ with respect to different criteria. In the
PDE setting, the chosen RBF must possess an adequate degree of smoothness
to match at least the derivative order of the PDE.

Table 1.1: Some globally supported Radial Basis Functions in Rd.
Name φ(r) Restrictions β Smoothness Convergence

Generalized Multiquadric (r2 + c2)
s
2 s > 0, s < 2N dse C∞ spectral

Generalized Inverse Multiquadric (r2 + c2)−s s > 0 0 C∞ spectral
Gaussian exp[−(r/c)2] 0 C∞ spectral
Scaled Matérn (r/c)νKν(r/c) ν > 0 0 Cbν−1c spectral
Polyharmonic (odd d) rs s > 0, s < 2N ds/2e Cdse−1 algebraic
Polyharmonic (even d) r2s log (r) s > 0, s ∈N 1 + s C2s−1 algebraic

The most studied RBF is perhaps the multiquadric, φ =
√

r2 + c2, which was
invented by Hardy to model the gravitational field of the Earth [85]. In a famous
review of 29 interpolation method over scattered data by Franke in 1982 [75],
Hardy’s multiquadric was ranked first according to several criteria, followed
by Duchon’s thin-plate spline (TPS), φ(r) = r2 log (r) [50]. Notice in Table 1.1
that spectral (exponential) convergence is reserved to infinitely smooth RBFs
which in turn depend on a free parameter c [173] but, as far as we know, no strict
link has been yet established. In fact, the Matérn RBF has finite smoothness but
has outperformed multiquadrics in applications [143].
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1.2.5 Accuracy

The superior accuracy of the RBF collocation method is supported by many
studies. In the interpolation problem of smooth functions, Madych and Nel-
son [134]) have theoretically proven that for a class of RBFs which includes
the multiquadric and the Gaussian, the error converges at the exponential rate
O(λ1/h), where 0 < λ < 1 and h is the maximum mesh size. Moreover, the
derivatives also converge exponentially as the density of data centers increases
-albeit at a lower rate. Such results have been further refined for some of the
most popular RBFs. For the Gaussian, Wendland [168] established an error
bound like O

√
1/h. For the multiquadric, Madych [136] gave O(eacλc/h), which

incorporates the shape parameter c, and a is a positive constant. This result is
of great importance as it opens up the possibility of improving the accuracy
while keeping the size of the point set fixed, at virtually no extra computational
cost -we will come back to this critical point later.

Regarding Kansa’s method, there are not yet theoretical bounds of the con-
vergence rates, despite exponential convergence being reported in numerous
numerical experiments. In PDE problems, multiquadrics have been found to
outperform finite differences [40], the finite element method [120], and the pseu-
dospectral method [115]. In [40], Cheng et al. fitted the convergence patterns of
Gaussian and multiquadrics for elliptic problems to the error estimateO(λ

√
c/h).

For inverse multiquadrics and a constant shape parameter, they found that the
convergence rate was as high as O(h7) -compared with O(h2) achieved by FD.
Such a rate can only be matched with spectral methods -which are nonetheless
restricted to regular domains. Whenever n > d, where d is the dimension of
the space, a convergence rate like O(hn) is known as superconvergence, while
n < d is called algebraic convergence. Notice that superconvergence is implied
by many of the estimates for RBF collocation. The combination of superconver-
gence and the fact that, due to their radial dependence, RBFs are ’blind’ to the
dimension of the space where they operate, makes RBF collocation free from
the ’curse of dimension’ -which plagues schemes with algebraic convergence
rates such as FEM and FD- and therefore ideally suited for problems involving
many independent variables. In fact -for interpolation problems- it has been
proven by Buhmann [30] that the multiquadrics do converge spectrally and
faster as d increases.

It has been pointed out that the accuracy of the multiquadric interpolant
depends not only on the point set density but on the shape parameter as well.
Consequently, there are two independent ways to improve the quality of the nu-
merical approximation: either by increasing the size of the numerical support
(decreasing h), or by increasing the value of c, the shape parameter. A com-
bination of both leads to superconvergence -the h − c multiquadric collocation
scheme. The name refers to the h − p scheme in FEM [8], where superconver-
gence can also be obtained by refining the mesh (h) and increasing the degree
p of the polynomial interpolation within each element. But while the h − p
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scheme may be difficult or cumbersome to implement, the multiquadric h − c
convergence scheme comes at the same computational cost. In fact, this is the
case until the collocation matrix becomes too ill-conditioned and breaks down,
for the attainable improvent for a given h is limited by the stability of the linear
collocation system.

As c � ∞, the profile of the multiquadric
√

r2 + c2 becomes flatter and flatter
and the dependence on the radial coordinate ’washes away’ far from the origin.
As a consequence, the influence at a point of several distant multiquadrics be-
comes indistinguishable from one another, which carries over to their entries at
the collocation matrix. Therefore, the system condition worsens as the shape pa-
rameter increases -together with the accuracy- until numerical blow-up caused
by round-off error occurs. Although we have focussed on the multiquadrics
case, the same trade-off between accuracy and stability has been observed for
other RBFs like the Gaussian and the inverse multiquadric, and there is specu-
lation [40] that it holds for any infinitely smooth RBF whose shape is controlled
by a shape parameter. This phenomenon, known as ’Schaback’s uncertainty
principle’ [155] is so inherent to RBF collocation that it ultimately dictates the
best accuracy which can be realized for a given point set: that corresponding
to the largest value of the shape parameter before reaching the numerical pre-
cision. Increasing the latter is, however, not a practical alternative, because the
condition number also grows exponentially with the parameter c [40].

Schaback’s previosly stated uncertainty principle poses distinct challenges
to RBF collocation, and has in fact largely influenced the direction of research.
For a given point set, problem and machine precision, the error curve versus the
shape parameter will feature a minimum (which separates the h−c convergence
rates seen above from the onset of numerical instability due to ill-condition).
Therefore, the problem of finding the optimal value of the shape parameter is of
practical importance. Since it remains open, we will delay further discussion
to the next Section. On the other hand, ill-conditioning emerges as the main
issue in RBF collocation, for it affects not only the ultimate size of problems
manageable by the method but also the performance. We will address the main
approaches that have been devised to counter it next.

1.2.6 Stability

Due to the global support of most of the available RBFs, the matrices are full
and extremely ill-conditioned even for relatively modest support sizes (say
100-1000 RBF centers). In order to improve the conditioning of the system of
collocation equations -both in the interpolation and in the PDE framework- one
or several of the following recipes have been applied:

• Compactly supported RBFs. The prototype for a compactly supported
RBF (CSRBF) is that of Wendland’s [165], although various authors have
also designed their own [29][105]. Wendland’s CSRBFs, based on trun-
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cated polynomials, are positive definite, have an arbitrary degree of
smoothness Ck, (see, e.g. [54] for the first even values of k) and vanish
beyond a user defined threshold distance σ. Therefore, only the entries
in the collocation matrix corresponding to collocation nodes lying closer
that σ to a given CSRBF center are nonzero, leading to a sparse matrix.
However, the interest in CSRBFs waned as it became evident that, in or-
der to obtain a good accuracy, the overlap distance σ should cover most
nodes in the pointset, thus resulting in a populated matrix again.

• Precondition. The use of pre- and postconditioners based on the con-
struction of Approximate Cardinal Basis Functions (ACBFs) from the
RBFs themselves has also been succesfully tested both in the interpola-
tion [12] and in the PDE setting [122]. Other preconditioning strategies
revolve around affine space decomposition [124] or are designed to take
advantage of the particular form (Toeplitz) of RBF collocation matrices
[10].

• Domain decomposition. As the former, this idea has also been inherited
from FEM. Instead of solving the whole system as a block, the point set is
split into several smaller, overlapping subsets which are inverted sequen-
tially until convergence. The basic algorithm (see Appendix) is easy to
program and has shown very good results for RBF interpolation [13] and
in Kansa’s method [121] [177]. In [123], Ling and Kansa demonstrated
that combining ACBF preconditioning with domain decomposition also
speeds up the inversion of the overall system compared with direct in-
version.

• Local methods. In this kind of RBF collocation schemes, the approxima-
tion at a given point is built in terms of a local stencil of multiquadrics (or
any other suitable RBF) -in a FD fashion but on a scattered point set. Be-
cause the global support of the approximation is given up, conditioning
issues are milder, thus making larger point sets computationally possible.
One such method is the Local Radial Basis Function-based Differential
Quadrature (LRBFDQ) method, introduced by Shu et al. [161].

1.2.7 Applications

Meshless methods in general and RBF collocation methods in particular are still
in their early stages and cannot yet compare with well-established numerical
methods such as FD or FEM, which over the years have reached theoretical
maturity and have been tested against benchmark problems in most areas of
interest to science and engineering. However, RBF collocation has found its
way to plenty of applications, showing an ascending trend in the last few
years. Among others, Kansa’s method or its variations have been applied to
(the list is far from being complete): initial value problems [91], the 1D Burg-
ers’ equation [92], shallow-water equation and tide prediction [93], the Black-
Scholes equation arising in financial problems [94][61], the 2D Buckley-Leverett
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equation used to simulate oil reservoir evolution [18], structural topology op-
timization [164], 3D simulation of the collision of two black holes [49], steady
fluid-mechanical problems [176][137][35][42], the numerical computation of
eigenmodes of elliptic operators [151], 2D steady Navier-Stokes equations with
heat transfer [45], natural convection [172], groundwater flow applications [3],
mechanical engineering [67][68] or atmospheric circulation [70].

1.3 Open Questions and Current Developments

1.3.1 The ’optimal’ shape parameter

According to the previous discussion, the shape parameter of a C∞ RBF affects
the performance of Kansa’s method in a two-fold way: through the accuracy
and the conditioning of the discretized PDE. Due to Schaback’s uncertainty
principle, these two aspects cannot be independently optimized. Therefore, for
any problem with a sufficently smooth solution, an optimal value of the shape
parameter will occur which represents a compromise between them. Notice
that such optimal value (or optimal set of values, in the event that the shape
parameter is allowed to vary among the RBF centers) has been now identified
as the largest one before round-off error takes over. Despite the efforts devoted
to the issue of predicting a (near) optimal value of the shape parameter -all
other variables assumed fixed- it remains an open question. Several heuristic
approximations, however, have been suggested, most of which deal with the
multiquadric RBF.

Hardy favoured the simple c = 0.815h, where h is the average distance be-
tween closest neighbors [85]. Other popular recipes are c = k/

√
N (where k is

a constant and N is the number of centers) [75], and ci = kdi (where di is the
distance to the closest neighbor of center i) [28]. Carlson and Foley showed
that the optimal constant c is function-dependent (referring to the function to
be interpolated or to the solution of the PDE) [32]. They concluded that a small,
constant c be used if the function varies rapidly, but a large one in case it has
large radius of curvature. This idea was refined by Kansa and Hon [105], who
experimented with a linear combination of shape parameters according to the
radius of curvature. Kansa in particular has researched the more complex no-
tion of varying shape parameters [104] For strictly monotonic functions, he used
an ad-hoc power-law distribution of c′s in order to postpone ill-conditioning
[102][103]. More recently, Wertz et al. [170] showed the benefits of letting c
be orders of magnitude larger at the boundary centers than at the interior cen-
ters. These observations were corroborated by Fornberg and Zuev [73], who
have recently looked into the idea. In [72], Fornberg and Wright applied a
Contour-Padé algorithm to push the shape parameter beyond the ill-condition
limit. While this method would allow in principle for any value of c, it is only
applicable for small N.
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Algorithms for finding a ’near optimal’ value of constant c have been pro-
posed by Golberg et al. [77] and Rippa [153]. The former use cross-validation
in solving PDEs with the MFS, while the latter efficiently adapts the ’leave-one-
out’ strategy to multiquadric interpolation. Cross-validation has been further
researched in a recent paper by Fasshauer and Zhang [64]. In PDE applications,
the currently dominant approach seems to be to seek for the constant c value
which minimizes the residual to the PDE (monitored through some estimator
like the root-mean square (RMS)) [40]. Notice that the residual can always be
computed once the RBF approximation is available, but finding the shape pa-
rameter(s) which minimizes it is a non-linear problem, which might be tackled
with gradient-based non-linear solvers. Since for even a very small number of
nodes that problem is computationally intractable, the curve residual/shape pa-
rameter must be constructed through the succesive solution of the collocation
equations. In order to figure out the minimum of the curve residual/shape pa-
rameter without carrying out many system inversions, methods such as that of
Brent’s [27] may be employed. Other possible optimization approaches could
rely on genetic algorithms or on simulated annealing.

1.3.2 Node location

Another critical issue is the optimal location of collocation nodes and RBF cen-
ters. While most implementations of Kansa’s methods use the same set of points
in both cases, there is no theoretical justification for doing so. Notwithstanding
what seems to be a lack of studies which look into this implementation aspect
of the method in a systematic way, several recipes have become standard. They
include a general preference for balanced point sets and an adequate oversam-
pling of the regions where high gradients take place. Most of the node-location
algorithms are adaptive (like e.g. [126]). Of particular interest are two re-
cent adaptive algorithms which are independent of the RBF and the problem
solved: the Residual Subsampling Algorithm (RSA) of Driscoll and Heryudono
[47] and the Greedy Algorithm (GA), proposed by Ling et al. [125] and further
developed in [127] and [116]. Both the RSA and the GA rely on the residual
sampled over a fine mesh in order to append new nodes to the existing point
set. The RSA focuses on reproducing steep features of the solution, while the
GA iteratively constructs the pointset of ’minimal’ size for a given residual tol-
erance. Moreover, it deals without difficulty with domains of irregular shape
and is provably invertible. It is described with some detail in the Appendix.

A related topic is that of the boundary treatment. Like in many other
numerical schemes, the quality of the RBF interpolant is poorer close to the
boundaries, especially if the derivatives of the solution (and not the solution
itself) are enforced on the boundary nodes. Quoting [3]:

”In case of a mixed Neumann condition the method is much less accurate
at nodes on and adjacent to the Neumann boundary. This is one of the main
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numerical disadvantages of the Kansa’s method. To overcome this drawback,
improved schemes were proposed in [66], [71], [115]. Their strategy is based
on an additional arbitrary set of nodes adjacent to the boundary and located
inside or outside the domain.”

One last topic which has been much less adressed in the literature regards
the ’optimal’ RBF for a given problem. For example, it is well known that
Hardy’s multiquadric is a solution to the biharmonic operator, and polyhar-
monic splines are multiples of fundamental solutions of iterated forms of the
Laplacian (according to the dimension parity d of the space, see Table 1.1). Fur-
ther fundamental solutions to various differential operators which are suitable
for their use in a scattered collocation setting have been presented by Chen and
coworkers [37] [38].

1.3.3 Time-dependent and non-linear problems

Up to now, Kansa’s method has been predominantly applied to 1D and el-
liptic boundary value problems. However, there is also research concerning
multidimensional parabolic [119] and hyperbolic [108][43] PDEs. In order to
incorporate time dependence into the formulation, several approaches have
been envisaged:

• The method of lines (MoL). In this approach, the coefficients of the RBF
expansion (1.11) are time-dependent and solved for step-by-step by a
collocated version of the MoL. The spatial derivatives are constructed
in terms of RBFs while the time derivatives are accounted for by either
a) some ODE scheme such as Euler’s method or Runge-Kutta [103], or
b) deriving a recurrence relation in time for the RBF coefficients. The
former scheme is easy to code but issues regarding its stability remain to
be solved [152]. On the other hand, b) entirely bypasses FD schemes for
the time derivatives but is dependent on whether an analytical solution
(in terms of matrix functions) is available for the problem, which in turn
restricts it to linear or linearizable time-evolution problems [106] [107].
Details and examples of this technique can be found in [108] and [60].

• The RBF-Laplace transform. Proposed by Moridis and Kansa [141], this
approach also separates space and time variables in order to perform a
numerical Laplace transform of it. It has the advantage of being exact
in time, and is recommended whenever the PDE is linear in time and
evaluations of the RBF approximation are only required at a small number
of observation times. However, the scheme is not directly applicable to
non-linear evolutionary PDEs.

• RBF with space-time dependence. Although this approach has been rare
in practice, it is appealing and theoretically possible. An example regard-
ing a 1D Burgers’ equation can be found in [47].
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Regarding non-linear problems, we highlight the three following solution
approaches:

• Iterative procedures based in fixed-point-like substitution, such as those
in [131]. Such schemes are usually simple to implement but its conver-
gence may be suboptimal or not well justified.

• Posing the problem as a system of non-linear algebraic equations for the
RBF coefficients and feeding it to specialized black-box solvers (like Mat-
lab’s fsolve), which run a all-purpose routines such as those of Powell’s
or Levenberg-Marquardt’s. Such methods map the solution of the non-
linear algebraic system to the minimum of a residual surface in the RBF
coefficient space, and perform a descent-based search for it. We use the
term ’black box’ because since they construct the derivatives (or secants)
required for the search in terms of finite differences, they are outside the
RBF paradigm. This approach has been used mainly in one-dimensional
problems but there are examples in 2D as well [42]. Based on our nu-
merical observations, there are at least two drawbacks to this approach.
In the first place, multiquadric expansions (and probably other RBFs as
well) have a tendency to be trapped into local minima. Secondly, the
non-linear iterations are very sensitive to the system condition, which
further hampers the use of large values of the shape parameters required
for optimal results.

• Linearization of the PDE. This approach has been developed by Fasshauer
[58][59] for non-linear elliptic PDEs in the framework of Kansa’s method.
The strategy consists in recasting the non-linear PDE into a sequence of
linear elliptic ones which are iteratively solved. In this way, the problem
remains always in the space spanned by the independent variables rather
than in the interpolation space. It has the drawback to require a lineariza-
tion of the original PDE but can take full advantage of the spectral rate of
convergence of Kansa’s method [26].

1.3.4 Non-smooth functions and noisy data

Since the RBF approximation is constructed in terms of translates of smooth
functions, non-smooth features of the solution or the boundary (such as in-
coming corners) can hardly be expected to be fully captured by it. Moreover,
since the best performing RBFs, such as the multiquadrics, are infinitely dif-
ferentiable, even low-order singularities of the solution cannot be reproduced.
Several strategies are possible to deal with this difficulty: a) appending non-
smooth terms to the RBF expansion which account for the singular features of
the solution, like in [47]; b) use a local-based RBF version instead of Kansa’s
method [35]; and c) replace exact collocation by least-squares approximation.
We regard a) as the most accurate (whereas the least general) approach. In
[151], they solved an elliptic eigenvalue PDE in a domain with a non-smooth
boundary by adding analytical terms which accounted for the special behavior
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at the sharp corners. In the interpolation set-up, other approaches to tackle
discontinuous functions have been: the RSA [47], which concentrates centers
and collocation nodes around the discontinuity, while decreasing the shape
parameter in such a way that ill-conditioning break-down is prevented, and
Jung’s suggestion [101] of letting c = 0 on multiquadrics at both sides of the
discontinuity in 1D problems. Notice that in that case the RBF interpolant ef-
fectively contains two non-smooth terms per discontinuity.

Analogously, the fact that the RBF interpolant passes through the data points
assumes that those data are exact. In the event that they were contaminated by
noise, interpolation is not the best approach, and should be replaced by least-
squares approximation [62] [63] or by noise removal prior to the collocation.
Implicit Smoothing is a particularly RBF-friendly technique for this purpose
[16].

1.3.5 Large systems

Compared to traditional, meshed approximation schemes, the RBF collocation
method works with a number of nodes which may be orders of magnitude
lower. There are indeed few instances of Kansa’s method in the literature with
more than 5000 RBF centers. This is partly due to the superior performance
of the RBFs in reconstructing smooth functions, but also to the computational
difficulties involved in inverting large, full, and extremely ill-conditioned ma-
trices such as those arising in RBF collocation. In fact, the ability of future
RBF implementations to deal with systems with a high number of degrees of
freedom (DoF) is likely to play an important role in whether RBF collocation
finds its way to realistic engineering applications.

Many approaches intended for improving the condition of the equation sys-
tem may as well be understood as strategies for increasing the problem DoFs.
Particularly, several recent advances in the meshless simulation of fluids rely on
local versions of RBF collocation. The same applies to domain decomposition,
the use of truncated RBFs, or a combination thereof.

A different computational aspect of large meshless systems pertains the
cost of massive evaluations of the RBF approximation. Consider, for instance,
a non-linear PDE which is solved iteratively over a fixed point set of N nodes.
Assume that, at every interation, k derivatives (perhaps including the function
itself) must be computed on every node. The straightforward evaluation of the
RBF interpolant of N terms over them (which may be expressed as a matrix-
vector multiplication) costs O(N2) flops, which is prohibitive for N >> 1 (say
more than 10000 RBF centers). The Fast Multipole algorithm [11] developed
for RBF evaluation by Beatson and coworkers [41][14] reduces this cost to the
much lower O(N log N) flops. While the Fast Multipole algorithm is not trivial
to code, once it has been constructed for the required derivatives individually,
it can be reused for any PDE of the same order [28].
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1.4 Scope and Objectives

The methodology of this Thesis is nearly entirely contained within the frame-
work of Kansa’s method. Moreover, only two-dimensional elliptic PDEs have
been addressed by this meshless method, which explicitly leaves time-dependent-
, interpolation-, and any kind of one-dimensional differential problems outside
its scope. The exceptions are the FEM formulation in Chapter 2, and the hyper-
bolic PDE treated in Chapter 3 (the Levels Sets equation) within the numerical
framework of FD.

In this work, meshless methods have been applied with the purpose of
investigating their performance in real-life -albeit admittedly simplified- engi-
neering problems. Therefore, the spirit of it is mainly practical and heuristic.
We have not researched into the theoretical aspects of the RBF collocation
method which we have used, nor have we invented new general-purpose im-
plementation algorithms. Rather, we have surveyed many of the existing ideas
and tested them against take-them-as-they-are mathematical models. It must be
pondered that, given the youth of the RBF collocation method, the toolbox of
available strategies is swarming with ideas that have not yet been adequately
tested, or just tested against favourable, rather academic problems. We will
try to support this claim with a few examples directly taken from our expe-
rience. While free-boundary problems have been identified as a target group
for meshless methods, there are rather few instances of application in the lit-
erature. Another example is the topical ’best selection’ of the shape parameter
c in the multiquadric

√
r2 + c2: while there are good recipes for interpolating

smooth functions, they are of limited use if non-smooth features take place
in the solution -which is a very common occurrence in engineering problems.
And yet another one: non-linear problems have been predominantly adressed
by resorting to black-box routines which run on finite differences in the coeffi-
cient space, and may be suboptimal in RBF interpolation. Of course, these three
examples should not be taken as a criticism of the cited methodology, but as
a realization that RBF collocation methods are not yet ripe enough for joining
the main stream of numerical methods. Again, this is only due to their recent
appearance and to the fact that, until a short time ago, they were developed by
just a small group of researchers. It has taken years for their pioneering results
to become more widely known, and right now the field seems to be booming.
As more and more contributions add to the wealth of experience of RBF col-
location, it should be only a matter of time that this kind of ’truly’ meshless
methods will finally find its way into engineering applications, in competition
with well-established methods.

The aim of this thesis is to identify difficulties arising in the solution of
engineering problems through Kansa’s method and to provide working strate-
gies to circumvent them, based on ideas suggested in the literature. The initial
motivation was the simulation of Plastic Injection Molding (PIM). This is a
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challenging fluid-mechanical problem with a direct effect on the related indus-
try. The basic mathematical model and its approximate solution with finite
elements are well tested by now, and a successful software market has built
around the commercial codes. From a numerical point of view, PIM has several
features which make it appealing for a meshless description. Most notably, it
is a free-boundary problem confined to a domain which typically has involved
shapes and obstacles (the mold), and therefore is difficult to mesh. Also, the
variable which basically drives the flow -the pressure field- is governed by
an elliptic PDE and, due to the polymer viscosity, does not present shocks or
discontinuities (other than the advancing front). As it has been discussed in
Section 2, smooth elliptic PDEs are another target problem for Kansa’s method.
RBF collocation is still lacking confrontation with FEM on non-academic prob-
lems, and PIM seems suitable for it.

Nonetheless, PIM presents so many difficulties that we have had to content
ourselves with treating them individually or in a simplified setting. For this
reason, a quantitative comparison with FEM over the complete process has not
been carried out. Instead, we have focussed on the likely qualitative advan-
tages of a meshless formulation in the strong form, and have only compared
the results with those of FEM in each of the separate subproblems. The con-
sideration of these subproblems have, in turn, drawn the attention to related
topics and some spin-offs have generated which depart from the original PIM
problem.

Although we have not formally done so, the work presented in this Thesis
could be logically divided into three parts:

• Meshless solution of a free-boundary problem (Chapters 2 and 3). A new
numerical method for a simplified PIM problem (the isothermal Hele-
Shaw approximation for power-law viscosity) has been investigated. It
combines Kansa’s method for the solution of a non-linear elliptic equation
with a front-capturing technique (Level Sets) for simulating the pressure-
driven interface evolution. A qualitative comparison with FEM is made.
This ’part’ raises some questions about the meshless formulation which
are adressed in the following Chapters.

• Elliptic problems with non-smooth boundary conditions and how they can be
dealt with in the framework of RBF collocation. Firstly, we realize that
certain combinations of boundary conditions result in the occurrence of
non-smooth features in the pressure field (Chapter 3). Secondly, we enrich
the RBF expansion with special terms to remove the singularities from the
RBF interpolation space (Chapter 4). Finally, we apply this technique to
other well-known benchmark problems such as Motz’s problem, a heat
conduction problem, and the lid-driven Stokes flow in a square cavity
(Chapters 4 and 5).

• Solution of a non-linear p-Laplace equation through a meshless-specific operator-
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Newton algorithm. The pressure equation which arises in our PIM ap-
proximation above is a non-linear p-Laplace equation. It is solved in
Chapter 3 with an fixed-point-like iterative method, and later in Chapter
6 with the more sophisticated Newton method proposed by Fasshauer to
take full advantage of the meshless collocation setting.

The remainder Chapters of this Thesis are arranged as follows.

Chapter 2 presents the mathematical model for PIM and the method of
solution with finite elements for the pressure equation in some detail, as well
as the power-law model for viscosity which has been actually chosen. Most
of the contents in this Chapter are not original but have been compiled from
classical sources. We have written our own FEM code and confronted it with
real injection-molding experiments carried out by the Material Science group
at Universidad Carlos III (Madrid). This Chapter is meant to review the state-
of-the-art in simulation of PIM, as well as to illustrate the main features (and
shortages) of the established FEM description of the problem.

Chapter 3 presents a novel meshless description of PIM based on Kansa’s
method. It also discusses the difficulties with the modeling of the injection gates
which are inherent to a collocation formulation, and shows that special bound-
ary collocation of the PDE -a technique very well suited to Kansa’s method-
ameliorates to a great extent, but fails to entirely solve, the arising Gibbs os-
cillations. Finally, the meshless pointset is associated with a background FD
grid to solve the Level Set equation that simulates the fluid advection. Due to
the neglection of thermal effects, this formulation is admittedly inadequate for
engineering purposes. Yet it is able to reproduce the evolution of the fluid in a
very natural manner while being much easier to implement than the FEM for-
mulation. Nonetheless, it must be pointed out that the former statement only
applies if Neumann boundary conditions are enforced along the injection en-
try. If it is the pressure that is set by the injection machine (which is a common
experimental situation), the resulting Gibbs phenomenon mentioned above
prevents mass conservation. This is clearly inadmissible and casts doubts on
the ability of Kansa’s method to deal with this kind of problems. This difficulty
is adressed in the following Chapter.

Chapter 4 begins by surveying traditional recipes for the numerical treat-
ment of elliptic problems with boundary singularities. This is in fact a common-
place in meshed methods and Trefftz collocation methods, but has been much
more rare in the RBF collocation setting. The boundary singularity which takes
place in the Newtonian PIM problem is the same which occurs in the well-
known Motz problem, considered the benchmark reference for this topic. It
is shown that enriching the RBF interpolant with particular solutions of the
Laplacian valid in a vicinity of the origin effectively removes the singularity -a
technique borrowed from traditional methods. Moreover, the spectral conver-
gence of the RBF interpolant is recovered. When adapted to the potential flow
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problem (with the help of Schwarz’s algorithm for domain decomposition), the
enriched RBF interpolant is able to reproduce the harmonicity of the solution,
and therefore, to comply with mass conservation. Finally, it is shown that the
enriched RBF solution outperforms FEM in accuracy and efficiency.

Chapter 5 represents a disgression with respect to the main PIM problem.
In it, the notion of enriching the RBF interpolant with singularity capturing
functions is applied to two further benchmark problems which feature jump
discontinuities along the boundary. They are a problem of heat conduction in
a box, and the Stokes flow inside a lid-driven square cavity. It is shown that
our method improves greatly on the plain (i.e. not enriched) Kansa’s method
and also on a local RBF collocation method proposed for the same benchmark
problems.

Chapter 6 retakes the issue of the non-linear p-Laplace equation which gov-
erns the pressure field. It is solved by means of an operator-Newton algorithm
which recasts the original non-linear PDE into a sequence of linear ones. To this
end, the p-Laplace operator is analytically linearized and it is proven that each
linear iterate is an elliptic equation, therefore well suited for Kansa’s method.
Compared with the iterative solution in Chapter 3, this Newton scheme con-
verges superlinearly, regardless of factors such as RBF shape parameter or the
type of boundary conditions enforced along the injection entry. A possible
improvement based on the Greedy algorithm cited in the previous section is
investigated, to conclude that in both cases (with and without adaptive collo-
cation), it is a noise-like phenomenon brought about by the residual’s build up
that brings convergence to standstill. In order to counter it, a recent smoothing
technique specially well suited to RBF collocation is employed, with inconclu-
sive yet promising results.

Since a number of different questions have been dealt with, we have pre-
ferred to append the relevant discussion and directions for future work at the
end of every Chapter. In order to sum up the work done, however, the contri-
butions and the open questions are listed in the closing Conclusions, before the
Appendix.
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Chapter 2

STATE-OF-THE-ART
SIMULATION OF PLASTIC
INJECTION MOLDING

2.1 Introduction to Plastic Injection Molding

In 1872 John Wesley Hyatt patented the first injection molding machine to pro-
duce billiard balls. The technology leaped forward in 1946, when James Hendry
built the first screw injection molding machine, revolutionizing the plastics in-
dustry. Plastic injection molding (PIM) is a process whereby molten polymer
is fed into a usually thin cavity in order to manufacture small plastic parts. To-
day, there is a need for computational tools in part design and optimization of
the production cycle, with the software market being currently dominated by
MoldFlow. The production of a plastic part consists of several stages, the first
of which is the filling of the cavity. This is a free-boundary, non-Newtonian,
non-isothermal, transient fluid-mechanical problem. The first mathematical
contribution meaningful for engineering purposes was that of Hieber and Shen
[88], who used finite differences (FD) and the generalized Hele-Shaw model
for the polymer flow proposed by Kuo and Kamal [111]. The same authors
made a major breakthrough short afterwards with their 2 1

2 D model [89], which
relies on the finite element method (FEM) to describe the mold plant and on
FD to account for the direction along the mold thickness. This model was the
blueprint for many ulterior developments like commercial software and the
inclusion of new phenomena. A review of the trends in PIM simulation may
be found in [51].

The object of this Chapter is to present the basic formulation of the problem
in mathematical terms, with special focus on the FEM solution of pressure,
which drives the flow. It is organized as follows. In Section 2, the govern-
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ing equations are derived based on the Hele-Shaw approximation. Once the
mathematical problem is posed, Section 3 deals with the FEM treatment of the
instantaneous pressure equation, which is the cornerstone of the whole formu-
lation. Section 4 address the most common techniques for simulating the front
motion. Section 5 briefly reviews some of the remainder topics concerning the
physical modeling or the numerical solution to the flow. Section 6 reports in-
jection experiments which were performed for comparison purposes. Section
7 then concludes the Chapter.

2.2 Governing Equations

A mathematical model to describe the process of filling a thin cavity of arbitrary
planar shape by injecting a non-Newtonian fluid will be derived next. The
process will be considered as unsteady and non-isothermal. For simplicity, it
will be assumed that the fluid is incompressible (ρ = constant) and that the
specific heat Cp, and thermal conductivity κ, are also constant. To model the
flow of an injected fluid in a mold, we start off from the conservation equations
for mass, momentum and energy,

∂ρ

∂t
+ ∇ · (ρ v

)
= 0 (2.1)

ρ

(
∂u
∂t

+ u
∂u
∂x

+ v
∂u
∂y

+ w
∂u
∂z

)
= − ∂p

∂x
+

(
∂τxx

∂x
+
∂τxy

∂y
+
∂τxz

∂z

)
(2.2)

ρ

(
∂v
∂t

+ u
∂v
∂x

+ v
∂v
∂y

+ w
∂v
∂z

)
= − ∂p

∂y
+

(
∂τxy

∂x
+
∂τyy

∂y
+
∂τyz

∂z

)
(2.3)

ρ

(
∂w
∂t

+ u
∂w
∂x

+ v
∂w
∂y

+ w
∂w
∂z

)
= − ∂p

∂z
+

(
∂τxz

∂x
+
∂τyz

∂y
+
∂τzz

∂z

)
(2.4)

ρCp

(
∂T
∂t

+ u
∂T
∂x

+ v
∂T
∂y

+ w
∂T
∂z

)
= κ

(
∂2T
∂x2 +

∂2T
∂y2 +

∂2T
∂z2

)
+ ηΦ (2.5)

where p is the pressure, T the temperature, (u, v,w) the fluid velocity field,
η the viscosity, Φ the dissipation function, and ταβ the viscous stress tensor.

The above equations for incompressible flow are simplified when introduc-
ing the following standard approximations:

• Creeping flow: assuming that the Reynolds number is small implies that
the inertia terms are negligible with respect to the viscous terms.

• Small thickness: assuming that the thickness of the injection molded parts
is small compared to its planar dimensions implies that only velocity
gradients in the thickness direction have to be included in the viscous
stresses.
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Combining these two assumptions leads to the so-called Hele-Shaw approxima-
tion [86] [156], in this case generalized to a non-Newtonian fluid. Integrating
the momentum equations along the vertical direction from the mid-plane, and
taking into account that by symmetry

∂u
∂z

(z = 0) =
∂v
∂z

(z = 0) = 0 (2.6)

results in
∂u
∂z

=
z
η

∂p
∂x
,

∂v
∂z

=
z
η

∂p
∂y

(2.7)

(2.8)

A new integration in the vertical direction yields,
∫ b

z

∂u
∂z̃

dz̃ =

∫ b

z

∂p
∂x z̃
η

dz̃ ⇒ u = −∂p
∂x

∫ b

z

z̃
η

dz̃ (2.9)

∫ b

z

∂v
∂z̃

dz̃ =

∫ b

z

∂p
∂y z̃

η
dz̃ ⇒ v = −∂p

∂y

∫ b

z

z̃
η

dz̃ (2.10)

where b is the half-gap and the no slip boundary condition, u(z = b) = v(z =
b) = 0, has been used. Integrating these equations along the vertical direction
results in the following averaged horizontal velocities,

ū =
1
b

∫ b

0
u dz = −1

b
∂p
∂x

S, v̄ =
1
b

∫ b

0
v dz = −1

b
∂p
∂y

S (2.11)

where S is the fluidity,

S =

∫ b

0

z2

η
dz (2.12)

Thus, the velocity vector is in the direction of −∇p. Analogously, the continuity
equation is integrated along the half-height,

∫ b

0

[
∂u
∂x

+
∂v
∂y

]
dz =

∂(bū)
∂x

+
∂(bv̄)
∂y

(2.13)

Introducing the values of the average horizontal velocities (2.11) into the inte-
gral form of the continuity equation (2.13) produces

∂
∂x

(
S
∂p
∂x

)
+
∂
∂y

(
S
∂p
∂y

)
= 0. (2.14)

This is an elliptic, non-linear equation whose solution yields the pressure field
and from (2.9)-(2.10) the velocity field. The boundary conditions for pressure
are

p = 0 (front)
p = pIN
or
S ∂p
∂n = f


(injection) ∂p

∂n = 0 (walls) (2.15)
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where pIN and f are respectively the prescribed profiles of pressure and
fluid velocity along the injection segment. Notice that, in general, the viscosity
is a function of the shear rate (γ̇) and the temperature, η = η(γ̇,T)). From
(2.9)-(2.10), the shear rate in the Hele-Shaw approximation becomes:

γ̇ =

√
u2

z + v2
z =
|∇p| z
η

(2.16)

A similar analysis shows that in the energy equation, heat conduction in the
z direction is large compared to heat conduction in the planar direction, and
only the averaged planar velocity is taken into account for convection. Thus,
the energy equation simplifies to,

ρCp

(
∂T
∂t

+ ū
∂T
∂x

+ v̄
∂T
∂y

+

)
= κ

∂2T
∂z2 + η γ̇2 (2.17)

with the boundary conditions:

T(x, y, z = b) = Tw
∂T
∂z

(x, y, z = 0) = 0 (2.18)

where Tw is the mold temperature. Finally, an initial plastic domain Ω(t = 0)
with an initial front ∂Ω(t = 0) must be specified along with the initial conditions
for T. Summing up, the complete mathematical model for the injection mold-
ing just described involves mass, momentum and energy balance equations,
combined with constitutive laws for non-Newtonian fluids. The location of the
advancing fluid front must be determined as a part of the solution, hence, this
is a free boundary problem. At each time step the solution is obtained through
the following stages:

1. Solve the two dimensional nonlinear elliptic PDE (2.14) with correspond-
ing boundary conditions (2.15), to obtain the pressure distribution p(x, y).
The pressure gradient is also obtained.

2. Compute average planar velocities using (2.11) to obtain (ū(x, y), v̄(x, y)).
The planar velocities (u(x, y, z), v(x, y, z)) can also be obtained through
(2.9) and (2.10).

3. Update the front location ∂Ω(t) using (ū, v̄) to advance the front and obtain
Ω(t+∆t) and ∂Ω(t+∆t) at the new time. Several alternatives are available
to implement this step.

4. Solve the three dimensional parabolic equation (2.17) and obtain T(x, y, z)
at the new time.

5. Compute the shear rate γ̇ according to (2.16).

6. Use the constitutive equation to compute η = η(T, γ̇).

7. Use (2.12) to compute S(x, y).
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8. Go back to step 1.

The three main steps in this procedure are the solution of a non-linear
elliptic equation for the pressure (step 1), the motion of the front, which may
involve the solution of an advection equation (step 3), and the solution of a
convection-diffusion equation for the temperature (step 4).

2.3 FEM Solution for the Pressure Field

2.3.1 Galerkin’s method for elliptic PDEs

For the sake of the discussion we rewrite the elliptic PDE for pressure as

{ ∇ · (S∇p) = 0 if(x, y) ∈ Ω(t)
S ∂p
∂n + qp = g if (x, y) ∈ ∂Ω(t)

(2.19)

By properly choosing q and g, the Robin boundary condition covers all possible
Dirichlet or Neumann BCs on different portions of the boundary. Wherever a
natural boundary condition occurs, q = 0, and a Dirichlet boundary condition
of the form p = pIN is reproduced by letting q � ∞ and g = qpIN (however, the
actual implementation in FEM is different, as we shall see later). Multiply (2.19)
by an arbitrary test function N and integrate over Ω (dropping the argument t):

∫

Ω

∇ · (S∇p)NdΩ = 0 (2.20)

assuming that N s at least C1 over Ω, use Green’s formula to obtain
∫

Ω

∇ · (NS∇p)dΩ −
∫

Ω

S∇p · ∇NdΩ =

∮

∂Ω
NS

∂p
∂n

dl −

−
∫

Ω

S∇p · ∇NdΩ =

∮

∂Ω
N(g − qp)dl −

∫

Ω

S∇p · ∇NdΩ = 0 (2.21)

Replace the original problem by this: find p such that (2.21) holds for ∀N. This
equation is called the weak form of the differential equation. Obviously, any
solution of the differential equation is also a solution of the weak problem. The
reverse is true under some restrictions on the domain and on the coefficient
functions; in that case, the solution of the weak problem is also called the weak
solution of the differential equation.

The solution p and the test function N belong to some space U. In order
to discretize (2.21) into an algebraic system, Galerkin’s method projects the
weak form of the differential equation onto a G-dimensional function space
ŨN = span(N1, . . . ,NG) ⊂ U. This ammounts to requesting N to lie in ŨN rather
thanU, and seeking for the best approximation to p inside ŨN.
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2.3.2 Finite Element formulation for triangular elements

The discussion will follow closely that of [109]. Assume that the domain
Ω where (2.14)-(2.15) is to be solved is modeled by a cover of θ triangles
m = 1, . . . , θ and V vertices {(xi, yi), i = 1, . . . ,V}. In particular, this means
that ∂Ω is modeled by a polygonal line. The corresponding FEM formulation
for three-node elements (the triangle vertices) consists in projecting the weak
form of (2.14) onto each the basis functions made up of ’hat’ functions N(l)

i (x, y)
defined by

• N(l)
i (x, y) is linear within the element l,

• N(l)
i (x, y) vanishes outside the element l, and

• N(l)
i (x j, y j) = δi j, where δi j is Kronecker’s delta.

The approximate pressure at a point (x, y) within a given element l is linearly
interpolated as

p(x, y) =

3∑

i=1

N(l)
i pi (2.22)

where pi, i = 1, 2, 3 are the nodal values of the pressure at the vertices (labeled in
anti-clockwise sense). Galerkin’s method requires that each of the test functions
be orthogonal to the residual,

∫

Ω

N(l)
i ∇ · (S∇p)dΩ = 0 (2.23)

Since the shape functions N(l)
i vanish outside the element l, the above con-

dition is equivalent to
∫

A(l)
N(l)

i ∇ · (S∇p)dA(l) = 0 (2.24)

where A(l) is the element domain, with boundary Σ(l). Applying the divergence
theorem,

∫

A(l)
S∇p · ∇N(l)

i dA(l) =

∮

Σ(l)
N(l)

i S∇p · ~ndΣ(l) i = 1, 2, 3 (2.25)

It is convenient to switch to area (or barycentric) coordinates (ξ(l)
1 , ξ

(l)
2 , ξ

(l)
3 ),

which are defined by

ξ(l)
1 =

A(l)
1

A(l)
ξ(l)

2 =
A(l)

2

A(l)
ξ(l)

3 =
A(l)

3

A(l)
(2.26)

Here, we commit an abuse of notation and let A(l) denote also the area of the
element, given by

A(l) =
1
2

(x1y23 + x2y31 + x3y12) (2.27)
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where we have introduced the shorthand notation xi j and yi j for xi − x j and
yi − y j, respectively. Some isolines of area coordinates are shown in Fig. 2.1.
The partial areas A(l)

j , j = 1, 2, 3 are defined as follows: for a point P inside the

element l, A(l)
1 is the area of the triangle PV2V3, where Vi is the ith vertex of A(l).

Analogously, A(l)
2 = PV3V1 and A(l)

3 = PV1V2. Notice that

A(l) = A(l)
1 + A(l)

2 + A(l)
3 (2.28)

Figure 2.1: Area coordinates (ξ1, ξ2, ξ3) for an equilateral triangle.

Although a vertex (xi, yi) may belong to several triangles (which will be the
most common case), we will restrict the following analysis to a single element.
Therefore, we drop the superindex l for the time being. Element-based area
coordinates are related to the global cartesian sytem by the following identities:


1
x
y




1 1 1
x1 x2 x3
y1 y2 y3




ξ1
ξ2
ξ3

 (2.29)

Inverting the system,

(ξ1 ξ2 ξ3)T =
W
2A

(1 x y)T (2.30)

where for later use we have defined

W =


x2y3 − x3y2 y23 x32
x3y1 − x1y3 y31 x13
x1y2 − x2y1 y12 x21

 (2.31)
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Working with area coordinates, the test functions Ni take the particularly
simple form:

Ni = ξi i = 1, 2, 3 (2.32)

and thus the pressure may be expressed as

p(ξ1, ξ2, ξ3) = ξ1p1 + ξ2p2 + ξ3p3 (2.33)

Using formulas (2.33), (2.30), and (2.32) the partial derivatives for N and p
in terms of the nodal pressures and cartesian coordinates can be obtained. In
order to evaluate the left-hand side (LHS) of (2.25),we will assume that S is
constant over the element. For instance, for N1 (the shape function associated
to the vertex labeled 1 in the considered element), this would yield

∫

A
S∇p·∇N1dA =

S
4A

(
(y2

23+x2
32)p1+(y31y23+x13x32)p2+(y12y23+x21x32)p3

)
(2.34)

Concerning the right-hand side (RHS) of (2.25),
∮

Σ

N1S∇p · ~ndΣ =
1
2

S
∂p
∂n2
|Σ2| + 1

2
S
∂p
∂n3
|Σ3| (2.35)

where |Σ2| and |Σ3| are the lengths of the sides Σ2 and Σ3, respectively (see
Fig. 2.2, left). To obtain the above result, we have made use of the fact that, by
linearity, ξ1 vanishes along the side Σ1 and

∮

Σ1∪Σ2∪Σ3

S∇p · ~ndΣ = S
∂p
∂n2
|Σ2|

∫ 1

0
t dt + S

∂p
∂n3
|Σ3|

∫ 1

0
(1 − t) dt (2.36)

It is useful to define

Q1 =
1
2
|Σ2|S

∂p
∂n2

+
1
2
|Σ3|S

∂p
∂n3

(2.37)

Q2 =
1
2
|Σ3|S

∂p
∂n3

+
1
2
|Σ1|S

∂p
∂n1

(2.38)

Q3 =
1
2
|Σ1|S

∂p
∂n1

+
1
2
|Σ2|S

∂p
∂n2

(2.39)

which can be identified as the nodal flow rates at node i = 1, 2, 3 for the
considered element. We will address their computation later. Writing together
the Galerkin equations for the shape functions associated to each of the element
nodes, we arrive at

S
4A


y2

23 + x2
32 y31y23 + x13x32 y12y23 + x21x32

y23y31 + x32x13 y2
31 + x2

13 y12y31 + x21x13

y23y12 + x32x21 y31y12 + x13x21 y2
12 + x2

21




p1
p2
p3

 =


Q1
Q2
Q3

(2.40)
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Figure 2.2: Left: notation used for the element boundary. Right: Attached
elements used to illustrate the assembly of the stiffness matrix.

Let us now recover the element superindex l. The 3 × 3 symmetric matrix
on the LHS is called the element stiffness matrix, K(l). The element equations
are usually written as



k(l)
11 k(l)

12 k(l)
13

k(l)
21 k(l)

22 k(l)
23

k(l)
31 k(l)

32 k(l)
33




pα
pβ
pγ

 =



Q(l)
1

Q(l)
2

Q(l)
3

 (2.41)

where pα,pβ, and pγ are the nodal pressures at the vertices labeled as 1, 2, and
3 in the element l. In general, these nodes belong to more than just one element
and thus appear in several such element equations. In order to solve for the
nodal pressures over the entire solution domain, the element equations must
be assembled. This is done next in a particularly simple setup for illustration
purposes.

2.3.3 Assembly of element equations over a mesh

Consider the mesh of only two elements depicted in Fig. 2.2 (right). Adding
together the element equations for both elements, the nodal pressures are the
solution of the following system of equations:



k(1)
11 k(2)

12 0 k(1)
13

k(1)
21 k(1)

22 + k(2)
11 k(2)

12 k(1)
23 + k(2)

13
0 k(2)

21 k(2)
22 k(2)

23
k(1)

13 k(1)
32 + k(2)

31 k(2)
33 k(2)

33





p1
p2
p3
p4


=



Q(1)
1

Q(1)
2 + Q(2)

2
Q(2)

3
Q(1)

4 + Q(2)
4


(2.42)

where notice that nodes 2, 3, 4 are labeled as 1, 2, 3 in element (2). A realistic
FEM model will of course have θ >> 2 elements. The system of non-linear
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equations has the general form:

K(p1 . . . pV)T = (Q1 . . . QV)T (2.43)

Notice that the above system is non-linear since the elements of the global stiff-
ness matrix K on its LHS are dependent on S and therefore on the values of the
pressure gradient. A numerical approach for solving it will be discussed later.

It can be proven that for nodes which are inside the flooded domain of the
mold (i.e. not lying along the injection gates, the walls, or the front), the total
sum of nodal flow rates is zero. This reflects mass conservation. Therefore, most
of the entries in the RHS are zero and only those associated to the boundary
nodes must be addressed, wich is done next.

2.3.4 Incorporation of the boundary conditions

The natural (Neumann) boundary conditions are conveyed onto the nodal flow
rates Q:

• If a node lies on a side Σw along the wall portion of the boundary, then
∂p/∂n = 0 along that segment and therefore its contribution to the corre-
sponding Q factor in the element to which Σw belongs is zero.

• If a node lies on a side Σe along an injection gate for which the flow profile
is prescribed, then S∂p/∂n|Σe| is known.

The unknowns corresponding to nodes with essential (Dirichlet) boundary
conditions are redundant in the system (2.43) since the nodal pressures are data
in this case:

• For a node k lying on the flow front, p = 0. This is implemented by
eliminating pk, and deleting the kth row and column in the stiffness matrix,
and the kth element of the RHS in (2.43).

• For a node k lying on an injection segment along which the pressure is
set, the equations system is rearranged so that the nodal flow rate Qk is
the unknown to be solved for.

2.3.5 Solution of the non-linear algebraic system

Gauss-Seidel iteration may be illustrated as follows. Consider a simple system
with a stiffness matrix that is 3 × 3:


k11 k12 k13
k21 k22 k23
k31 k32 k33




p1
p2
p3

 =


Q1
Q2
Q3

 (2.44)
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we start with an estimate of the pressures. If we denote the new value of
pressure obtained after one iteration by p′, we get:

p′1 = (Q1 − k12p2 − k13p3)/k11

p′2 = (Q2 − k21p′1 − k23p3)/k22 (2.45)
p′3 = (Q3 − k31p′1 − k32p′2)/k33

For the next iteration, p′ is replaced by p′′, and so on. Iterations stop when
the difference between pressures calculated on two consecutive iterations is
less than a specified tolerance. Convergence can be sped up by using an over-
relaxation factor 1 ≤ β ≤ 2. In this case, instead of p′i we use pi + β(p′i − pi). For
a system consisting of N nodes, the method of succesive over-relaxation takes
the form:

p′i = pi +
β

kii

(
Qi −

i−1∑

j=1

ki jp′j −
N∑

j=1

ki jp j

)
(2.46)

The jth line of the assembled stiffness matrix relates p j with the pressures
at the nodes in the triangles that node j belongs to. Therefore, most of the
entries in K are zero, and a routine for the inversion of large sparse matrices is
advantageous.

2.3.6 Alternative FEM formulation

An alternative FEM formulation which uses triangular elements with quadratic
shape functions was used in the seminal paper [89]. In it, each element l has 6
nodes (labeled between square brackets in element (4) in the mesh shown Fig.
2.3), and the instantaneous pressure field across it is of the form:

p(l)(x, y) =

6∑

k=1

H(l)
k (x, y)p(l)

k (2.47)

where k = 1, 2, 3(4, 5, 6) correspond to the three vertex (midside) nodes, p(l)
k

are the nodal pressures on element l and H(l)
k (x, y) are quadratic interpolation

functions, which verify:

H(l)
k (x(l)

m , y
(l)
m ) = δkm, 1 ≤ k,m ≤ 6 (2.48)

and

H(l)
k (x, y) =



N(l)
k (x, y)[2N(l)

k (x, y) − 1], 1 ≤ k ≤ 3
4N(l)

1 (x, y)N(l)
2 (x, y), k = 4

4N(l)
2 (x, y)N(l)

3 (x, y), k = 5
4N(l)

3 (x, y)N(l)
1 (x, y), k = 6

(2.49)

Notice that the N(l)
k (x, y), k = 1, 2, 3 are the linear shape functions defined in

(2.30) and (2.32), and thus the H(l)
k (x, y) vanish outside of the element. Let us

introduce the following notation:
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• TRI(n) = {l1, l2, . . .} is the set of triangles containing node n.

• INDEX(n, l), which can take on the values 1, . . . , 6, is the element-wise
label of node n inside the element l according to the anti-clockwise index-
ation shown in Fig. 2.3.

Figure 2.3: Mesh of quadratic triangular elements. For instance, TRI(3) = {2, 4},
INDEX(11, 4) = 6 (see text for explanation).

Substitution of (2.47) into the orthogonality condition for each of the test
functions H(l)

n associated to node n leads -after some manipulation that can be
found in Appendix B of [89]- to the assembled system

∑

l∈TRI(n)

6∑

j=1

(
S(l)

3∑

m=2

D(l)
i jm

)
pk = 0 (2.50)

where i = INDEX(n, l), j = INDEX(k, l), S(l) is the value of the fluidity thoughout
element l (evaluated at its centroid, say) and the D(l)

i jm are listed below:

D(l)
1 jm = 3

2 H(l)
1m, − 1

2 H(l)
4m, − 1

2 H(l)
6m, 2H4m, 0, 2H(l)

6m

D(l)
2 jm = − 1

2 H(l)
4m,

3
2 H(l)

2m, − 1
2 H(l)

5m, 2H(l)
4m, 2H(l)

5m, 0

D(l)
3 jm = − 1

2 H(l)
6m, − 1

2 H(l)
5m,

3
2 H(l)

3m, 0, 2H(l)
5m, 2H(l)

6m

D(l)
4 jm = 2H(l)

4m, 2H(l)
4m, 0, 4(H(l)

1m −H(l)
5m), 4H(l)

6m, 4H(l)
5m

D(l)
5 jm = 0, 2H(l)

5m, 2H(l)
5m, 4H(l)

6m, 4(H(l)
2m −H(l)

6m), 4H(l)
4m

D(l)
6 jm = 2H(l)

6m, 0, 2H(l)
6m, 4H(l)

5m, 4H(l)
4m, 4(H(l)

3m −H(l)
4m)



(2.51)
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and H(l)
km stands for

H(l)
km =



wT
mkwT

mk/6A(l) k = 1, 2, 3
wT

m1wT
m2/6A(l) k = 4

wT
m2wT

m3/6A(l) k = 5
wT

m3wT
m1/6A(l) k = 6

(2.52)

where the wT
mk are entries of the matrix WT as defined in (2.31). The treatment

of the boundary conditions is similar to that in the linear-element formulation.
The known values of nodal pressures (or segment flows) along the injection
gates are substituted in (2.50) rendering it inhomogeneous (see [88] for details).
Like (2.43), (2.50) is a non-linear system since B(l)

i j depends itself on the pressure
field.

2.4 Fluid Advance

2.4.1 The marker particle method

This method consists in enlarging the FEM mesh with new elements which are
added as the melt front advances. After computing the pressure field and the
nodal velocities on the element vertices lying along the current frontline, the
new frontline is defined by the polygon joining the location of the advanced
fluid particles, and the region of the mold between the current and the new
frontlines is meshed. This scheme was used in the first simulations of PIM but
later largely dropped in favour of the method of volumes of control. While
it allows for a defined frontline, it may give rise to a distorted mesh and is
inefficient in handling the the collisions between the melt and the walls or with
itself.

2.4.2 The method of volumes of control

In this approach, the whole mold is meshed in advance and each vertex is
assigned a control volume defined by the polygonal region formed by joining
the mid-sides of a triangular element to its centroid by a straight line segment
(see Fig. 2.4). Once the fluid velocity is available, the flow rates into each node
on the flow front can be computed. Since the time step is known, the node
can be tested to see if it is full. Once the node is filled, the front is advanced
by incorporating all nodes connected to the last node to fill into the flow front.
An example of the mechanics is explained in detail in [109]. Notice that mass
conservation is implicit in this procedure. On the other hand, it gives up the
notion of a sharp frontline.

The reader is referred to [51] (and the references therein) for details about
the different front advancement techniques. In the last years, front-capturing
methods (such as Level Sets) have begun to be coupled with FEM in PIM
problems.
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Figure 2.4: Volume of control. The arrow represents the velocity of the fluid at
that element.

2.5 Further Physical Aspects of PIM

We briefly comment next on some further aspects which are important for a
realistic simulation of PIM, but which have not been included in our imple-
mentation for the sake of simplicity. Again, the reader is referred to [51] (and
references therein) for further details.

2.5.1 The energy equation and the isothermal approximation

The pressure field (and thus the fluid motion) is coupled to the temperature
T(x, y, z, t) of the flooded portion of the mold at time t through the terms ū, v̄, and
η(γ̇,T) appearing in the energy equation (2.17). Finite differences (FD) along
the gap direction z are usually employed to solve numerically for T [89] [109].
Notice that the FD treatment of the convection term ρCp(ū∂T/∂x + v̄∂T/∂y)
is not straighforward, since ∇p (and therefore the planar averaged velocity)
is not continuous across inter-element nodes. In order to avoid instability,
the convection term at each node must be averaged according to an upwinding
scheme over its value at the centers of the elements surrounding the given node.

If the mold walls are at the same temperature as the incoming molten
polymer and the viscosity is independent from T, the flow is isothermal and the
energy equation can be dropped. Such a radical approximation is physically
poor and unrealistic -in fact, one of the challenges in the simulation of PIM is to
understand the trade-off between fluid motion and thermal effects. However,
it allows us to focus on the solution of the pressure field and the advance of the
polymer front, which is our goal in this Thesis.
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2.5.2 The power-law model for viscosity

Moreover, we have considered excusively the power-law model for viscosity,

η(γ̇,T) = g(T)γ̇n−1 (2.53)

where g(T) and n > 0 are polymer-specific.

Figure 2.5: Viscosity η vs. shear rate γ̇ for the feedstock in Section 6. Best fit of
n for a power-law model at T= 443 K.

The good agreement of (2.53) with the rheology of an actual polymer is
shown in Fig. 2.5, where η(γ̇,T = 443K) is fitted for working values of the shear
rate (further details are given in Section 6). In the isothermal approximation,
g(T) = g(T0) =constant. then

S =
n

√
|∇p|1−n

g(T0)
b2+1/n

2 + 1/n
(2.54)

We will also assume that the mold width is constant (b(x, y) = constant), so that
equation (2.14) simplifies to

∂
∂x

(∣∣∣∇p
∣∣∣γ ∂p
∂x

)
+
∂
∂y

(∣∣∣∇p
∣∣∣γ ∂p
∂y

)
= 0 (2.55)

where γ = (1 − n)/n. In the isothermal approximation, the case γ = 0(n = 1)
corresponds to a Newtonian fluid and the case γ , 0 to a non-Newtonian fluid.
From (2.11) the averaged horizontal velocities are given by

ū ∝ −
∣∣∣∇p

∣∣∣γ ∂p
∂x

v̄ ∝ −
∣∣∣∇p

∣∣∣γ ∂p
∂y

(2.56)
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The pressure obeys a 2D q-Laplace (or q-harmonic) equation

4qp := ∇ · (|∇p|q−2∇p) = 0 (2.57)

where q = 1 + 1
n . The parameter p is usually used instead of q but here it is

reserved for pressure.

2.5.3 Other effects not considered here

• Fountain flow: the Hele-Shaw approximation is poor in a vicinity O(b) of
the advancing front, where the flow can be hardly regarded as planar.

• Frozen layers: the molten polymer in contact with the upper and lower
walls of the mold (the lids) cools down faster and may solidify before the
whole cavity has been filled. Among other effects, this means that the
effective gap width is in fact b(x, y, t).

• Modeling of the runners: in order to account for the pressure drop along
the conduction system through which the melt is fed into the mold, a
special treatment of it is required.

2.6 Experimental Validation

Aside from the restrictions described in Section 5, our own PIM simulation
program combines quadratic triangular finite elements with volumes of con-
trol. The code is written in FORTRAN while the PDETool in MATLAB 7.0 was
used for mesh generation. The sparse linear systems arising in the non-linear
pressure iterations are solved with ITPACK [82]. Actual injection-molding ex-
periments were carried out in order to validate the code, which are described
in this section. The results of this comparison were presented in [22].

The feedstocks used were based on polyethylene and wax binder loading
with different amounts of a prealloyed gas atomised M2 HSS powder spherical
in shape developed in previous studies [87]. A twin screw mixer (Rheomex
CTW 100p, ThermoHaake) was used to produce them. Rheological behavior
of the mixtures was evaluated by Kayeness/Dynisco capillary rheometer with
L/D relation of 30. These experimental rheology data have been fitted with
a power-law model. At an injection temperature of T0 = 443K, the best fit is
obtained with g(T0) = 20400 kg./m.s. and n = 0.368 (Fig. 2.5).

Experimental injection data have been obtained from an Arburg injection
machine 220-S using the mould shown in Fig. 2.6, composed of 3 simple pieces
(rectangle, tensile, and toroid parts) with volumes 2.28, 1.7 and 0.84 cm.3 re-
spectively. The overall flow rate has been 10 cm.3/s. during the first 1.0 s. and 15
cm.3/s. during the last 0.25 s. The corresponding pressure time history recorded
in the nozzle is shown in Fig. 2.7 (left, ascending curve).
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Figure 2.6: Mold

Our objective is to use the numerical model previously described to un-
derstand and reproduce the measured data. However the experimental setup
is rather complex so that it is not straightforward to numerically simulate the
experiment. In fact, the pressure time history includes not only the time to fill
the 3 pieces, but also the time to fill the feeder and gates. Filling of the pieces
is the last part of the injection process. The last 0.25 s. of injection at 15 cm.3/s.
should fill 3.75 cm.3 out of the 4.8 cm.3 overall volume. The remaining 1.05 cm.3

are filled at 10 cm.3/s. and therefore the total injection time is 0.355 s. Further-
more, the boundary condition needed in the simulation is the pressure at the
gate of each piece, while the pressure recorded is the pressure at the nozzle and
does not include pressure losses along the sprue. Therefore, this pressure loss
has been manually adjusted by enforcing the simulation filling time to match
the exact one, which is known. The pressure time history conveniently scaled
has been used to model the filling process evolution which is shown on the
left side of Fig. 2.7 (left, ascending curve). Notice that the values have been
normalized so that the pressure at the gates is zero when injection begins. The
evolution of the total filled volume compares reasonably well with the volume
fed by the injection machine, which was experimentally measured (right side
of Fig. 2.7). Despite the many approximations introduced and the rather coarse
meshes used, conservation of mass was enforced up to about a 10% error.
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Figure 2.7: Left: screenshot of the injection machine with pressure (ascending
curve) and flow rate. Right: FEM results compared to experiment.

2.7 Discussion

The theoretical understanding of the physical processes involved in plastic in-
jection molding and the numerical simulation of it have greatly evolved from
the pioneering work of the mid 70’s and have by now reached commercial ma-
turity. The state-of-the art approach to it, based on FEM, offers both adaptivity
to complex geometries and a realistic prediction of the front patterns through-
out the filling stage. The last feature is at least partially based on the adequate
enforcement of mass conservation provided by the FEM formulation.

However, finite elements and free-boundary problems are usually difficult
to combine. As we have seen, either low-efficient fluid particle tracking tech-
niques are used or the notion of a neatly defined frontline at every time step
must be foregone. Moreover, critical quantities such as the averaged planar ve-
locities are not continuous between elements, which calls for the introduction
of numerical artifacts such as upwinding in order for the computation of tem-
peratures to be stable. Also, since the interpolation order is at most quadratic,
the element mesh must be adequately refined in intricated regions of the mold
such as narrow passages or curved walls. For real-life molds, the generation of
a well-behaved mesh may well exceed the simulation time. Finally, the coding
of the FEM program is cumbersome and prone to errors, which makes it not
ideally suited for numerical testing. All this considerations lead us to explore
a meshless formulation of the problem in the next Chapter.
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Chapter 3

A MESHLESS SOLUTION
OF PLASTIC INJECTION
MOLDING

3.1 Outline

This Chapter puts forward a meshless formulation of plastic injection mold-
ing (PIM). Given the novelty of the approach [23][25], it concerns itself with
a simplified form of the physical model of the molten polymer flow, namely
the isothermal approximation under the power-law rheology which was intro-
duced in the preceeding Chapter. In Section 2, the non-linear pressure equation
is discretized by means of the asymmetric RBF collocation (or Kansa’s) method,
choosing the popular multiquadric as RBF. Although the actual melt is highly
non-Newtonian, we study the case of an hypothetical Newtonian fluid in the
first place, for it leads to a simpler, linear algebraic system that can be inverted
straightforwardly and thus serves to illustrate the mechanics of the meshless
method. Section 3 analyzes the RBF approximation to the instantaneous pres-
sure field arising in a fixed domain which can be regarded as the initial condition
to the free-boundary problem. We report that Kansa’s method is highly sen-
sitive to the modeling of the injection gates (through which the melt enters
the mold), and that results are greatly improved if a special (and inexpensive)
boundary treatment is introduced. Section 4 is devoted to the simulation of
the melt front displacement across the mold. Instead of tracking the frontline,
we capture it at every time step using a gridded implementation of the Level
Set method. Finally, Section 5 ponders the overall approach and discusses the
pros and cons of this formulation as a viable alternative to the well-established
simulation of PIM with finite elements.
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3.2 Meshless Formulation of the Pressure Equation

3.2.1 Kansa’s method

Recall that the pressure field at a given instant when the filled portion of the
mold is Ω in the isothermal Hele-Shaw approximation is given by

∂
∂x

(∣∣∣∇p
∣∣∣γ ∂p
∂x

)
+
∂
∂y

(∣∣∣∇p
∣∣∣γ ∂p
∂y

)
= 0 (3.1)

where γ = (1 − n)/n and n models the rheology of the polymer assuming a
power-law viscosity. The thickness b is also assumed constant throughout the
mold. The boundary conditions are

p = 0 (front)
p = pIN
or
S ∂p
∂n = f


(injection) ∂p

∂n = 0 (walls) (3.2)

The case γ = 0 corresponds to a Newtonian fluid and leads to a Laplace equa-
tion, while the case γ , 0 corresponds to a non-Newtonian fluid, and (3.1)
becomes a non-linear q-Laplace PDE of index q= γ + 2. In dimensionless vari-
ables, the components of the averaged horizontal velocity are given by

ū = −
∣∣∣∇p

∣∣∣γ ∂p
∂x

v̄ = −
∣∣∣∇p

∣∣∣γ ∂p
∂y

(3.3)

In order to solve (3.1)-(3.2) we use Kansa’s method [102] [103]. The idea is to find
an approximate solution in the function spaceS= span

{
φ

(‖ · − ~xk ‖
)

: ~xk ∈ X
}
,

where φ is a globally supported RBF and X a set of N RBF centers. Thus,

p(~x) =

N∑

k=1

αk φk(~x), φk(~x) ≡ φ (‖ ~x − ~xk ‖
)

(3.4)

Among the many available RBFs we have chosen the multiquadric (MQ),

φk
(
~x
)

=
√
‖ ~x − ~xk ‖2 + c2

k (3.5)

first proposed by Hardy [85] and which has been used extensively both for
interpolation and for the solution of PDEs. To specify the MQ basis (3.5), one
must specify both the centers {~xk} and the shape parameters {ck}. The reader is
referred to Chapter 1 (and references therein) for details concerning the prop-
erties and open problems associated to the MQ-RBF. Having specified the MQ
basis functions, the problem reduces to determining the unknown coefficients
αk (k = 1, . . . ,N). They are computed by collocation on N nodes, in the domain,
Ω, and on its boundary, ∂Ω, where either the PDE (3.1) or the appropriate
boundary conditions from (3.2) are respectively imposed. Although it is not in
general mandatory, the set of collocation nodes will coincide here with that of
RBF centers.
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3.2.2 Newtonian case

In this case, (3.1) reduces to a Laplace equation. The system of i = 1, . . . ,N
collocation equations is

∑N
k=1 αk∇2φk(~xi) = 0 if ~xi ∈ Ω (3.6)

∑N
k=1 αkφk(~xi) = 0 if ~xi ∈ ∂Ω)F (3.7)

∑N
k=1 αk∇φk(~xi) · ~n(~xi) = 0 if ~xi ∈ ∂Ω)W (3.8)

∑N
k=1 αkφk(~xi) = pIN(~xi) if ~xi ∈ ∂Ω)D (3.9)

∑N
k=1 αk∇φk(~xi) · ~n(~xi) = f (~xi) if ~xi ∈ ∂Ω)N (3.10)

where ∂Ω)F, ∂Ω)W , ∂Ω)D, and ∂Ω)N stand for the portions of the boundary along
the front, the walls, the Dirichlet injection gates, and the Neumann injection
gates respectively, and ~n(~x) is the unit outward normal to ∂Ω at ~x.

3.2.3 Non-Newtonian case

For convenience, equation (3.1) can be rewritten as

∣∣∣∇p
∣∣∣γ ∇2p +

∂
∣∣∣∇p

∣∣∣γ

∂x
∂p
∂x

+
∂
∣∣∣∇p

∣∣∣γ

∂y
∂p
∂y

= 0 (3.11)

Substituting (3.4) into (3.11) and collocating it at node ~xi results in

∣∣∣∇pi

∣∣∣γ ∇2pi +
∂
∣∣∣∇pi

∣∣∣γ

∂x
∂pi

∂x
+
∂
∣∣∣∇pi

∣∣∣γ

∂y
∂pi

∂y
= 0 (3.12)

where

pi =

N∑

k=1

αk φk(~xi) (3.13)

∂pi

∂x
=

N∑

k=1

αk
∂φk

∂x
(~xi),

∂pi

∂y
=

N∑

k=1

αk
∂φk

∂y
(~xi) (3.14)

∇2pi =

N∑

k=1

αk

(
∂2φk

∂x2 (~xi) +
∂2φk

∂y2 (~xi)
)

(3.15)

∣∣∣∇pi

∣∣∣γ =




N∑

k=1

αk
∂φik

∂x


2

+


N∑

k=1

αk
∂φik

∂y


2

γ/2

(3.16)
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∂
∣∣∣∇pi

∣∣∣γ

∂x
= γ




N∑

k=1

αk
∂φik

∂x


2

+


N∑

k=1

αk
∂φik

∂y


2

γ/2−1

×

×



N∑

k=1

αk
∂φik

∂x




N∑

k=1

αk
∂2φik

∂x2

 +


N∑

k=1

αk
∂φik

∂y




N∑

k=1

αk
∂2φik

∂y∂x



 (3.17)

∂
∣∣∣∇pi

∣∣∣γ

∂y
= γ




N∑

k=1

αk
∂φik

∂x


2

+


N∑

k=1

αk
∂φik

∂y


2

γ/2−1

×

×



N∑

k=1

αk
∂φik

∂x




N∑

k=1

αk
∂2φik

∂x∂y

 +


N∑

k=1

αk
∂φik

∂y




N∑

k=1

αk
∂2φik

∂y2



 (3.18)

φik = φk(~xi),
∂φik

∂x
=
∂φk

∂x
(~xi),

∂φik

∂y
=
∂φk

∂y
(~xi) (3.19)

∂2φik

∂x2 =
∂2φk

∂x2 (~xi),
∂2φik

∂y2 =
∂2φk

∂y2 (~xi),
∂2φik

∂x∂y
=
∂2φk

∂x∂y
(~xi) (3.20)

The derivatives up to second order of the multiquadric RBF are listed in the
Appendix. Thus, equation (3.12) is a non-linear algebraic equation on the N un-
knowns {αk}, which is enforced in Np PDE collocation nodes ~xi, (i = 1, . . . , Np).
In addition, there are Nb algebraic equations resulting from collocation of the
boundary conditions on Nb boundary nodes. The problem reduces to the solu-
tion of N non-linear equations on the unknowns αk, k = 1, . . . ,N.

To solve equation (3.12), we use an iterative procedure based on linearizing
equation (3.12) according to,

∣∣∣∇p(n)
i

∣∣∣γ ∇2p(n+1)
i +

∂
∣∣∣∇p(n)

i

∣∣∣γ

∂x
∂p(n+1)

i

∂x
+
∂
∣∣∣∇p(n)

i

∣∣∣γ

∂y
∂p(n+1)

i

∂y
= 0 (3.21)

where the superscript refers to the iteration number. Equation (3.21) represents
a system of Np linear equations on the N unknowns {αk, k = 1, . . . ,N}. A similar
procedure is used to linearize the equations resulting from Neumann boundary
conditions, so that the boundary nodes provide an additional set of Nb linear
equations. Thus, at each iteration a system of N = Np + Nb linear equations has
to be solved to compute the N RBF coefficients {αk}.

To start the iterations we use as a first approximation the solution of the
Laplace equation (γ = 0). Then we proceed with the iterations checking the
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convergence of the procedure by computing the residual at the collocation
nodes,

R(n+1)(~xi) =
∣∣∣∇p(n+1)

∣∣∣γ ∇2p(n+1) +
∂
∣∣∣∇p(n+1)

∣∣∣γ

∂x
∂p(n+1)

∂x
+
∂
∣∣∣∇p(n+1)

∣∣∣γ

∂y
∂p(n+1)

∂y
(3.22)

The residual of the Neumann boundary conditions is similarly computed. We
stop the iteration when max

(∣∣∣R(n+1)(~xi)
∣∣∣
)
, i = 1, . . . ,Np ≤ 10−3.

3.3 RBF Solution

3.3.1 Newtonian case

Let us consider the rectangular mold shown in Fig. 3.1 (left), where the injected
fluid is shown in dark. We set an injection pressure p = 1 and zero pressure
on the moving front. The domain is discretized into No interior centers and Nb
boundary centers. Although it is not necessary, results are better if the point set
is evenly distributed so that these N = No + Nb centers are taken from a finite
element mesh.

p=0 

p=1 

∂ p/∂ x=f(y) 
 

{ 
∂ p/∂ x=0
 
 

0 1

0

0.5

1

x

y

Interior nodes: 50
Boundary nodes: 28
RBF centers: 106  
                  

Figure 3.1: Left: first problem geometry. Right: point set in the non-linear case,
including PDEBC. Collocation nodes (circles) and RBF centers (crosses).

As predicted by the theory, the accuracy of the solution is strongly depen-
dent on the shape parameter c j. As the shape parameter increases, so does
the accuracy , but the condition number of the resulting linear system rapidly
skyrockets. In order to spot a near-optimal shape value, we use Hardy’s recipe
[85]: a constant shape parameter c j = c = 0.815h, where h is the average distance
from each center to its closest neighbor. Other authors [140] use non-constant
shape parameters such as c j = θh, where θ is a constant factor. For our balanced
point set, the average distance between nodes is h ≈

√
π/(8 N) = 0.0374. Thus,

[85] suggests a value of the shape parameter c j = 0.03. By manually tuning it
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Figure 3.2: Pressure distribution at collocation centers in the Newtonian case.
Left: without boundary treatment. Right: with NaK.

we find an optimal value of the shape parameter (c j ≈ 0.1), which minimizes
the average error. We obtain the RBF solution shown in Fig. 3.2 (left). It can be
seen that large errors occur, specially near the mold entrance and the wall. The
maximum error at the collocation centers is 0.778. The solution is even worse
for other values of the shape parameter.

A well known feature in all RBF approximations is how relatively inaccurate
they are at boundaries - as shown by the previous examples, this is specially
true in the case of non-smooth boundary conditions. To overcome this problem
Fornberg et al. proposed the Not-a-Knot (NaK) method [71], which is based
on the idea of using the boundary nodes only as collocation points to enforce
the boundary conditions, but not as RBF centers for the RBF expansion of
the solution. Accordingly, we modified our point set as follows: for interior
nodes both sets of centers coincide. However, for each collocation center on
the boundary, a new RBF center is introduced which is located in the direction
normal to the boundary at a distance equal to h. The right side of Fig. 3.2 shows
the pressure distribution obtained with the Not-a-Knot method using a constant
shape parameter (c j = 0.0245). Notice that the large errors in the vicinity of
the boundary have disappeared and that the maximum error at the collocation
centers has decreased to 0.0435. Slightly better results can be obtained with a
non-constant shape parameter c j = θh. It should be pointed out that both the
average error and the maximum error are slightly smaller than those obtained
with finite elements over a mesh with the same vertices as the point set nodes.

3.3.2 PDE collocation on the boundary (PDEBC)

A different alternative to improve accuracy near the boundaries was proposed
by Fedoseyev et al. [66]. Based on the observation that the residuals to the
PDE are typically larger close to the boundary, they enforced both the PDE and
the corresponding boundary condition on the Nb collocation nodes along the
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Figure 3.3: Left: convergence of iterative solution procedure for eq. (3.21).
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∣∣∣ dΩ as a function of c for N = 106 (solid) and N = 337 (dashed).

boundary. For a second order PDE, this means that there are Nb new collocation
equations. In order for the number of collocation equations to match that of
unknowns, the RBF interpolant must be enlarged with Nb RBF centers. They
are usually placed at a distance λ off the boundary along the unit outward
normal, i.e. outside the actual computational domain. In [66], they determined
λ by minimizing the residuals. Since this approach is non-linear and expensive,
we have set λ ≈ h, where h is the mean distance between closest neighbors in
the point set. The RBF interpolant is now

p(~x) =

N∑

k=1

αk φk(~x) +

N+Nb∑

k=1+Nb

αk φk(~x) (3.23)

and {~xk, k = 1 + N, . . . ,N + Nb} are the extra exterior nodes for PDEBC. Notice
that no collocation equation is enforced on them.

3.3.3 Non-Newtonian case

Fig. 3.1 (right) shows the initial distribution of collocation nodes and RBF
centers. There are No = 50 interior collocation nodes (red circles), Nb = 28
boundary collocation nodes (blue and black circles), and N = 106 RBF centers
(crosses). The interior and boundary nodes are used both as collocation nodes
and as RBF centers, plus the exterior centers for PDEBC. PDE collocation is
enforced in Np = No + Nb = 78 nodes, while boundary condition collocation
is enforced in Nb = 28 nodes. Thus, there are a total of N = 106 non-linear
equations for the N = 106 unknowns αk, (k = 1, . . . , N). The Np PDE collocation
nodes are again taken from a finite element mesh.

As a first numerical experiment we consider the case of a Neumann bound-
ary condition at the inlet gate with the following parabolic profile: ∂p / ∂x =
102 (y − 0.5)2 − 1. The left of Fig. 3.3 shows, for different values of the shape
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parameter, ck =constant, how the maximum residual at the collocation cen-
ters decreases during the iterative process. It can be observed that the rate of
convergence increases with decreasing shape parameter. However, this fact
only means that the non-linear set of algebraic equations resulting from RBF
collocation is solved faster the lower the shape parameter of the RBF basis
functions. But does this mean that the error of the solution decreases with
decreasing shape parameter? To check this, we use equation (3.22) to compute
the residual, not at the collocation nodes, but at the nodes of an independent
fine mesh. To characterize the accuracy of the solution we use

∫
Ω

∣∣∣R(~x)
∣∣∣ dΩ. It is

shown in the right of Fig. 3.3 as a function of the shape parameter. Notice that
the total residual decreases with increasing shape parameter until a minimum
is reached at approximately c = 0.04. If the number of RBF centers increases,
the value of the optimal shape parameter decreases and the residual decreases.
This is shown by the dashed line which corresponds to N = 337 RBF centers. A
similar behavior was observed in the linear case.
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Figure 3.4: Left: RBF residuals (N = 106, c = 0.04). Asterisks show the location
of RBF centers. Right: imposed pressure gradient at x = 0 (solid), pressure
gradient from RBF solution for N = 106 (dashed) and N = 337 (dotted).

The left part of Fig. 3.4 shows the RBF residuals and the location of the RBF
centers. Notice that the residuals are different from zero only in the entrance
region, where the discontinuity in the second derivatives cannot be correctly
reproduced in the functional space spanned by the smooth RBF basis func-
tions. Notice also that the residuals are zero at the RBF centers (where the PDE
is collocated), but they exhibit large oscillations between them. More closely,
Fig. 3.4 (right) shows the normal pressure gradient at the wall x = 0 where the
overshoot at y = 0 can be clearly seen. We also observe an oscillation around
the points of discontinuity in ∂p/∂x which is present even in the high resolution
solution (N = 337).

As a second example we consider the case of Dirichlet boundary conditions
at the inlet gate (p = 1). The left part of Fig. 3.5 shows the RBF solution in the
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RBF centers, while the right part shows the RBF solution in a fine, regular mesh.
Notice the oscillation around p = 1 of the RBF solution at the inlet gate. The
residuals there are even higher, since there is a discontinuity in first derivatives.
In fact,

∫
Ω

∣∣∣R(~x)
∣∣∣ dΩ = 0.54.
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Figure 3.5: Left: RBF solution at collocation nodes (N = 106). Right: RBF
solution over a fine, regular mesh. Notice the overshoots at the injection gate
edges.

The hint required to trigger the non-linear iterations is provided by the
solution of a Laplace equation over the same pointset. In the first example
(Neumann boundary condition at the inlet gate), the root mean square error
of the solution at the collocation nodes is 5.6 × 10−4. In the second example
(Dirichlet boundary condition), the root mean square error is 3.4 × 10−3.

3.4 Front Motion

Once the pressure field is known, equation (3.3) provides the averaged pla-
nar velocity. Of particular relevance are the velocities in the advancing front
which are needed to update its location. Marker particle techniques [158] and
volume-of-fluid techniques [146] are two methods which have been often em-
ployed to model moving fronts. However, they have severe drawbacks which
hamper their use. Since the seminal work of Osher and Sethian [148], Level
Set methods and Fast Marching methods have been shown to be accurate and
numerically efficient techniques, which do not have any of the drawbacks of
traditional methods, and which have been successfully employed in a great
variety of applications [149][158].

The Level Set method considers the moving front as the zero level set of a
higher dimensional function ψ(~x, t). The evolution of the front under a normal
velocity field vn(~x, t) is obtained by evolving the Level Sets function according
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to the hyperbolic equation

∂ψ

∂t
+ vn|∇ψ| = 0 (3.24)

which defines the motion of the front isolinesψ(~x, t) = constant. It is an Eulerian
formulation since the frontline is captured, rather than tracked, by the implicit
function ψ. Solving (3.24) requires the normal velocity field vn, and an initial
Level Set functionψ(x, 0) with the property that its zeroth level set corresponds
to the initial front. Otherwise, the initial Level Set function is fairly arbitrary
although a signed distance function is often used. In a fluid-mechanical prob-
lem like this, it is the front vector velocity that is known rather than vn. In this
case, the Level Sets equation (3.24) reduces to an advection equation,

∂ψ

∂t
+ V · ∇ψ = 0 (3.25)

where the extended velocity V has to be defined throughout the domain. The
front, defined as the the locus ψ(~x, t) = 0, will move correctly provided that,
along the front, the fluid velocity (ū, v̄) coincides with V. Elsewhere, the ex-
tended velocity field is physically meaningless and only required to be smooth.

We solve (3.25) with finite differences (FD) over a background square grid
of size 4x which engulfs the domain and the RBF point set. Therefore, in order
for (ū, v̄) = V along the frontline, it suffices that both vector fields are the same
on the grid points in a narrow band surrounding it. To define an extended
velocity in the remainder of the grid, we have also used the fluid velocity on
the FD nodes behind the frontline (RBF-interpolated from the known values on
the RBF collocation nodes) and ahead of the frontline (RBF-extrapolated from
them). The extended velocity field just described has proven fast and adequate
over the entire evolution of the front, not only at the beginning. Since the
advection equation is hyperbolic, we have used an upwind FD scheme to solve
it numerically:

ψn+1
i, j = ψn

i, j − νx ūi j



(
ψn

i, j − ψn
i−1, j

)
if ūi, j ≥ 0(

ψn
i+1, j − ψn

i, j

)
if ūi, j < 0

− (3.26)

− νy v̄i j



(
ψn

i, j − ψn
i, j−1

)
if v̄i, j ≥ 0(

ψn
i, j+1 − ψn

i, j

)
if v̄i, j < 0

(3.27)

where νx = ∆t/∆x, νy = ∆t/∆y, and where subscripts i ( j) refer to the horizontal
(vertical) discretization and superscript n to the time discretization (t = n ∆t). As
boundary conditions we extrapolate the Level Set function. Thus, for instance,
at the left boundary (i = 1), ψn

0, j = 2ψn
1, j − ψn

2, j and, therefore,

ψn+1
1, j = ψn

1, j − νx ū1 j

(
ψn

2, j − ψn
1, j

)
− νy v̄1 j



(
ψn

1, j − ψn
1, j−1

)
if v̄1, j ≥ 0(

ψn
1, j+1 − ψn

1, j

)
if v̄1, j < 0
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The time step is defined by a CFL condition

∆t =
0.9

max



∣∣∣ūi j

∣∣∣
∆x

+

∣∣∣v̄i j

∣∣∣
∆y



. (3.28)

At each time step, the Level Set function is updated from (3.25) and a set of
points lying along the new location of the front are computed by interpolating
the Level Set function in the finite difference mesh. At the next time step, these
points become RBF collocation centers, where the boundary condition p = 0 is
enforced, while the old boundary centers become interior RBF centers. How-
ever, a filtering operation is needed to eliminate points of the front that are too
much close to one another or to some interior point, for this would render the
computation of the pressure very ill conditioned. The filtering is carried out
by computing the distance of each point to its closest neighbor, and deleting
the point if that distance is below a predefined threshold. In any case, as the
front advances, the number of RBF centers increases and therefore the size and
condition number of the linear system resulting from equation (3.21) increases.
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Figure 3.6: Left: front location at times 0, 2.02, 4.27, 6.21, 8.30, 10.08, 12.04, 14.24
and 16.24. Right: total injected area (solid line) and total area filled (dashed
line) as a function of time.

The left part of Fig. 3.6 shows the evolution of the front in a rectangular
mould over a FD grid 30×30. A good way to assess the accuracy of the method
is to check if mass conservation is satisfied. At each time step, the mass (area)
injected can be computed by numerically integrating ū along the inlet gate.
Also, the total area filled by fluid can be computed since we know the location
of the front at each time step. The right part of Fig. 3.7 compares the total area
injected as a function of time with the area filled by fluid. There is good agree-
ment which shows the accuracy of the method. The results are much worse in
the case of Dirichlet boundary conditions (p = 1) at the inlet gate. This should
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Figure 3.7: Distribution of RBF centers and collocation nodes for t = 0 (upper
left), t = 6.1 (upper right) , t = 16.8 (lower left) and t = 24.1 (lower right).

be expected since in the case of Neumann boundary condition there are dis-
continuities in second derivatives which produce large residuals near the inlet
gate, while in the case of Dirichlet boundary conditions the discontinuities are
in first derivatives and therefore much larger residuals occur.

To further test the suitability of the method, we have used the same rectan-
gular mould shown in Fig. 3.1, but with an elliptic inset placed in the center
of the mould. As before, we use a Neumann boundary condition at the inlet
gate with the parabolic profile; ∂p / ∂x = 102 (y − 0.5)2 − 1. The upper left
of figure (3.7) shows the domain, and the initial location of RBF centers and
collocation nodes. The other figures show the evolution of the filling fluid and
the RBF centers for t = 6.1, 16.8 and 24.1 respectively. These RBF centers and
collocation nodes are used to solve equation (3.11) with the RBF method. As
time progresses, the number of RBF centers increases (106 at t = 0, 367 at t = 6.1,
733 at t = 16.8 and 961 at t = 24.1). Thus, the resulting linear system grows and
the computing time per time step increases.

Notice in the lower left of Fig. 3.7 that the front appears not well defined.
This is due to the filtering operation needed to eliminate nodes which are too
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Figure 3.8: Pressure and frontline past the elliptic insert, when p = 1 is enforced
along the injection inlet.

close to each other, which often results in eliminating nodes that are located
in the advancing front. Notice also in the lower right of the figure, how the
method is able to handle properly the collision of the two fronts past the elliptic
obstacle. These changes in topology are difficult to handle with other methods.
Fig. 3.8 shows the pressure field in the Dirichlet case, together with the frontline.

Fig. 3.9 shows the evolution of the Level Set function ψ(~x, t) which is ob-
tained by solving (3.25). For t = 0 (upper left) this function is initialized to
the signed distance from the front. Then, ψ is advected with the velocity field
obtained by RBF interpolation of velocities in the centers located in the nar-
row band. No re-initialization has been necessary. Notice in the lower right
snapshot that when two fronts collide and produce a change in topology, no
difficulty is encountered. The front is always the zero level set of function ψ,
and the two fronts coalesce into a new smooth front. However, the Level Set
function has become very flat and, therefore, small errors in its computation
may lead to high errors in the location of the front. This can be avoided by re-
initializing the level set function to a signed distance function, when min(|∇ψ|)
becomes smaller than a predefined value.

Finally, Fig. 3.10 shows the evolution of the advancing front as time pro-
gresses. For clarity, subsequent time steps are plotted in different colors (red,
blue). It shows the nodes located in the front for different time steps spaced
approximately every 3 time units.
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Figure 3.9: Level Set function evolution: t = 0 (upper left), t = 6.1 (upper right),
t = 16.8 (lower left) and t = 24.1 (lower right).
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Figure 3.10: Front evolution. From left to right: t = 0,3.258, 6.261, 9.134, 12.08,
15.16, 18.47, 21.10, 24.07

3.5 Discussion

Meshless methods appear appealing for the numerical simulation of free-
boundary problems [93][96][17] [18][99][100][178] due to their simplicity and
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flexibility. Since no connectivity between the nodes which make up the nu-
merical support is required, discretization of the deforming PDE domains can
be easily handled, regardless of the very irregular (and often unpredictable)
shapes that fluids may take on during their evolution. The straighforward way
in which nodes are added into the RBF point set seems the more efficient if
compared with the difficulties associated to the enlargement, or remeshing, of
a finite element mesh.

Moreover, combining a meshless method with front capturing allows for a
sharp description of the frontline in terms of RBF nodes -and is, as far as we
know, a novel contribution of this work. Not only can the front boundary con-
ditions be enforced exactly on the front, but the point set is naturally enlarged
by keeping the front nodes from previous time steps. There are, however, at
least two points that may be raised. The first one is that using a FD background
grid spoils the meshless quality of the overall approach. The second issue is the
conservation of mass in the Level Set method. Here, we only address the former.

It is worthwhile to point out that, while the background FD grid may not
be the most elegant of solutions, it poses no restriction on the extent to which
the involved shapes (mold, instantaneous fluid domain) may be irregular. This
is so because they have only to be embedded in, but not fitted to, the FD grid.
However, it would be desirable that both the pressure field and the Level Set
function were supported over the same meshless discretization of the domain,
instead of running of independent numerical supports. This would also allow
for a more efficient formulation of the numerical simulation: the whole mold
could be modeled in advance in terms of scattered nodes, and as the zeroth
level set advances over them, the point set nodes holding a negative value of
the Level Set function would be labeled as active and included into the subset of
meshless nodes used for the solution of the pressure equation (see Fig. 3.11). To
our best knowledge, there is yet no fully operative formulation of the Level Set
method over a meshless support. It seems to be due to the lack of a theoretical
bound equivalent to the CFL condition (3.28) with finite differences. Up to now,
the time steps are manually adjusted like in [164]. Moreover, there are hints that
the solution of advection equations by the method of lines for global meshless
interpolants might be unconditionally unstable in the presence of non-periodic
boundary conditions [152]. Recent developments at least have been limited to
problems with spherical symmetry [70] [74]. The practical interest of meshless
Level Sets grant further research in this direction.

Compared to the FEM formulation in Chapter 2, the treatment of the prob-
lem through Kansa’s method is strikingly simple. However, the RBF approxi-
mation has also shown weaknesses of its own. We have found that large errors
occur near the mold entrance, where a discontinuity in the boundary condition
takes place. However, these large errors are ameliorated by using the method
proposed by Fedoseyev et al.[66]: on the boundary nodes, enforce collocation
of both the PDE and the boundary condition. We have also found that, near the
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Figure 3.11: Alternative definition of the time-dependent point set (see Discus-
sion).

mold entrance, the residuals can be quite large (specially in the case of Dirichlet
boundary conditions which introduce discontinuities in the first derivatives).
These large residuals may lead to erroneous volume sources/sinks in the inte-
rior which result in violation of mass conservation. In fact, since the method
uses the strong form (collocation) approach, conservation is not guaranteed.
A possible alternative would be to use the weak form (Galerkin) approach
[166][167] to improve mass conservation in all cases. An entirely different ap-
proach, as will be discussed in the next two Chapters, is the enrichment of the
RBF interpolant with properly chosen non-smooth terms.
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Chapter 4

ENRICHED RBF METHOD
FOR PROBLEMS WITH
BOUNDARY
SINGULARITIES

4.1 Outline

The poor performance of the RBF method in solving Laplace’s equation in the
preceding Chapter is due to the presence of non-smooth features in the solution
pressure surface. They are, in turn, brought about by the abrupt change which
takes place in the nature of the boundary conditions at both ends of each injec-
tion gate. Since the boundary conditions are an inherent part of the physical
model, we seek to modify the RBF scheme to overcome this difficulty. With
this goal, we incorporate analytical information into the RBF interpolant along
the lines of a well-known procedure used in traditional, meshed numerical
methods when tackling these kind of elliptic non-regular problems.

This Chapter is organized as follows. In Section 2, the two main points about
elliptic PDEs with boundary singularities which are relevant to their numerical
treatment are made, namely that a) the solution may not be differentiable, and
that -in that case- b) the interpolation space containing the numerical solution
must be correspondingly enlarged with non-differentiable terms. In Section
3, the special difficulties that non-smooth functions pose to RBF collocation
are discussed and some precedents in the literature are briefly reviewed. The
notion of enriching the RBF interpolant with singularity-dependent functions is
applied in Section 4 to the Motz’s problem, widely considered as the benchmark
test for numerical methods dealing with elliptic singular PDEs. Some insight
regarding the effect of the enrichment on the properties of the RBF scheme is
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gained, especially concerning the convergence rate. Section 5 establishes the
connection between the Motz’s problem and the Newtonian flow presented in
Chapter 2. The numerical experiments in Section 6 demonstrate the feasibility
of the approach and how it restores mass conservation in the simulation of
incompressible flow with Kansa’s method. In particular, it is shown that, if
properly enriched, Kansa’s method can attain better results than (vanilla) FEM
in this kind of problems. Finally, Section 7 presents the conclusions.

4.2 Elliptic PDEs with singular boundary conditions

In many problems of engineering interest governed by elliptic partial differen-
tial equations, boundary singularities arise when there is an abrupt change in
the boundary conditions (along a smooth boundary) or if there are re-entrant
corners. These singularities degrade the accuracy and the convergence of stan-
dard numerical methods. In the context of finite differences (FD), the finite
element method (FEM) or the boundary element method (BEM), the usual ap-
proach to try to overcome these difficulties is to use grid refinement in the
vicinity of the singularity. However, adaptive grid refinement schemes cause
a significant increase in computational cost and their efficiency is not always
satisfactory.

A different alternative is to use special methods which incorporate analyt-
ical information into the numerical scheme about the form of the singularities
of the problem. From the seminal work of Motz [142] these special methods
have often been used to improve the accuracy. The main idea is to use the
asymptotic form of the solution in a small region in the vicinity of the singular
point, and a conventional numerical scheme in the rest of the domain. The
coefficients of the asymptotic series are unknown, and are determined by some
type of matching to the numerical solution on a set of nodes in the boundary
between the two regions. For the case of the Laplace and Poisson equations
in 2-D, the method has been used with FD [171][175] and FEM [69] [147][163].
With the BEM, the solution in the whole domain is approximated by the leading
terms of the local asymptotic expansion, and the coefficients of the expansion
are determined by minimizing the residuals of the boundary conditions in a set
of boundary nodes [4] [52][90].

Around a singularity, the solution of a two dimensional linear elliptic prob-
lem may be written as an infinite asymptotic series containing the eigenfunc-
tions of the elliptic operator [110][83]. For instance, the solution of Laplace’s
equation in the vicinity of a singular point at the vertex ~x0 of a sector (between
two straight segments of the boundary) is

u = w +

∞∑

i=1

Airβi qi(θ) (4.1)
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In the above formula, r and θ are the polar coordinates centered at ~x0,
βi are the eigenvalues (real) arranged in ascending order, qi(θ) the associated
eigenfunctions, which are analytic, and w a smooth function. The eigenpairs
rβi qi(θ) obey both the Laplace equation and the boundary conditions at the
portion of the boundary around the singularity. Notice that, if βi < 1, the
corresponding ith term in the expansion (4.1) for |∇u| is unbounded as ‖ ~x−~x0 ‖�
0.

4.3 RBF interpolation of non-smooth functions

The reason why the RBF method is inaccurate when dealing with this type of
problems is the inability of the RBF expansion to capture the discontinuities of
the solution. In fact, the RBF method fails to yield optimal results whenever the
exact solution exhibits a sharp feature that does not belong to the interpolation
space of the smooth RBF used. Such features will be generally referred to as
singularities, and may be jump discontinuities (finite or infinite), or points at
which some low order derivative becomes undefined or unbounded.

What we have observed when solving PDEs with discontinuous or non-
smooth boundary conditions through the RBF method is the appearance of
overshoots in the vicinity of the singularities [23][25]. Similar oscillations ap-
pear when interpolating functions with jump discontinuities -it is the Gibbs
phenomenon [114]. We have experimented several techniques trying to over-
come this difficulty, such as: clustering nodes around the singularities, PDE col-
location on the boundary (PDEBC)[66], domain decomposition method [122]
and fine tuning the shape parameter in the vicinity of the singularity [101][74].
None of these approaches provides adequate results. The situation is similar
to the loss of accuracy undergone by the RBF approximation in the vicinity
of a corner in the eigenvalue problem analyzed by Platte and Driscoll [151].
There, the exact solution has also singular behavior, due in this case to the non-
smoothness of the boundary. They also did not observe improvement either
through boundary collocation of the PDE nor through node clustering around
the singularity. Instead, they restored convergence by using a similar approach
to that used by Alves et al. [2] to improve the accuracy of the method of the
fundamental solution (MFS). Namely, enriching the RBF basis with the lowest
terms of the series expansion of the locally exact solution of the elliptic operator.

In this Section, we propose a method to improve the accuracy of Kansa’s
method in dealing with this kind of problems which is based on the addition
of analytical information into the numerical scheme in order to capture the
discontinuity. They may be used in different domains as long as the PDE to be
solved and the exact form of the singularity are the same. However, instead
of using a series expansion of the locally exact solution like in most enriched-
meshed methods, we just add singular terms into the RBF interpolant which
absorb the local singular behavior of the solution, and let the RBF functions
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interpolate the smooth remainder of it.

For the sake of the argument, consider a general linear, two-dimensional,
elliptic PDE with a finite boundary singularity at the origin like

Lu(~x) = f (~x), ~x ∈ Ω (4.2)

Bu(~x) = g(~x), ~x ∈ ∂Ω (4.3)

we will seek an approximation to the solution u in the form of an enriched
RBF interpolant of the form

u(~x) =

N∑

j=1

α jφ j(‖ ~x − ~x j ‖) +

n∑

k=1

αN+kµ(r, θ) (4.4)

where {φ j, j = 1, . . . ,N} is the set of N RBFs centered at {~x j, j = 1, . . . ,N},
(r, θ) are the polar coordinates centered at the singularity (the origin), and
the {µk(r, θ), k = 1, ..., n} is a set of special functions designed to capture the
required behaviour at the origin and to comply with the differential operators
L (globally) and B (in a vicinity ε of it):

Lµk(r, θ) = 0, ∀r > 0 (4.5)
Bµk(r, θ) = 0, if ε > r > 0 (4.6)

In order for the system of collocation equations to be square of dimension
N + n, n side equations must be supplemented. We follow [46] in enforcing the
same orthogonality conditions that are required for enriching polynomial terms
whenever they are added into the interpolant,

N∑

i=1

αiµk(ri, θi) = 0 k = 1, . . .n (4.7)

where (ri, θi) are the polar coordinates of the ith RBF center. Notice that, if
PDEBC holds, this set is larger than that of the collocation nodes (since it also
takes the outlying centers into account).

It is worthwhile to comment on the differences between the above procedure
and enriched traditional (meshed) methods. First, our method does not require
to solve analytically the spectrum of L but to figure out heuristically what is
the most relevant asymptotic behaviour at the singularity in order to enrich the
MQ interpolant with it. In the second place, we do not restrict the action of the
special functions to a subdomain around the singularity, but allow them to act
in the whole domain Ω, thus eliminating the need for domain decomposition
and solution matching characteristic of the enriched traditional methods. Far
away from the origin, the special functions µk(r, θ) may depart from the BCs,
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but the flexibility of the MQs makes up for it. Therefore, the basic idea is to
remove the non-smooth features in f (~x) or g(~x) by means of the µk(r, θ) terms,
implicitly recasting the problem into a smooth one which is suitable for the
MQs:

N∑

j=1

α jLφ j(‖ ~x − ~x j ‖) = f̃ (~x), ~x ∈ Ω (4.8)

N∑

j=1

α jBφ j(‖ ~x − ~x j ‖) = g̃(~x), ~x ∈ ∂Ω (4.9)

where -by hypothesis- neither

f̃ (~x) = f (~x) −
n∑

k=1

αN+kLµk(r, θ) (4.10)

nor

g̃(~x) = g(~x) −
n∑

k=1

αN+kBµk(r, θ) (4.11)

contain singularities. Although the preceding analysis refers to a single
singularity at the origin, it is straightforward to carry it over to the case where
several point singularities lie along the boundary.

Nonetheless, there are situations where extending the special functions to
the global domain is not advisable. For instance, if they grow exponentially
with the distance to the discontinuity (as it happens in the Motz problem to be
studied next) and the characteristic length of the domain is much larger that
one. In such cases, the evaluation of the special functions on collocation nodes
far away from their origin may cause numerical instability. Since in general the
inclusion of the singular terms in the RBF interpolant will only be benefitial in
the portion of the domain surrounding the associated singularity, it might be
convenient to modify the scheme in such a way that the augmenting terms are
confined to it. At least two approaches can be envisaged:

1. Domain Decomposition Methods (DDMs). One of them consists in par-
titioning the geometry into overlapping subdomains and employing the
classical Schwarz’s alternating algorithm (see Appendix) for solving the PDE.
In this approach, the singular terms associated to each singularity only
exist in the subdomain containing it.

2. Matching the µk(r, θ) with a spline that vanishes at a finite distance. The
problem with this approach is that such a spline does not satisfy Laplace’s
equation and therefore contribute to an increase in the residuals. For this
reason we have chosen the DDM approach in our experiments.
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4.4 The Motz Problem

4.4.1 Introduction

The Motz problem [142] can be considered as a benchmark problem for testing
the performance of numerical methods in the solution of elliptic problems with
singular boundary conditions. The problem (as modified by Wait and Mitchell
[163]) consists in solving Laplace’s equation in the domain depicted in Fig. 4.1.
In this problem, the partial derivatives are singular at the origin, where ∂u/∂x
undergoes an infinite jump. In fact, it can be proven that

∂u
∂x

{
= 0, if x ≤ 0
∼ 1/

√
x if x > 0 (4.12)

(4.13)

Figure 4.1: The Motz problem.

Albeit non-smooth, the solution of the Motz problem is continuous at the
singular point. Moreover, it may be expressed as a series

u(r, θ) =

∞∑

k=1

r
2k−1

2 cos
[(2k − 1

2

)
θ
]

(4.14)
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where r and θ are polar coordinates (see Fig. 4.7). The above solution is valid
in the entire solution domain. Notice that each term in the series complies
with both the differential equation and with the boundary conditions in the
neighborhood of the origin. In [154], the first 20 coefficients Ai were computed
exactly by a conformal mapping technique, and it was shown that the radius
of convergence is at least 2. For completeness, they are compiled in Table 4.1.

Table 4.1: Leading coefficients of Rosser and Papamichael
Coefficient Value Coefficient Value

A1 401.1624537452 A11 0.0073023017
A2 87.6559201951 A12 -0.0031841139
A3 17.2379150794 A13 0.0012206461
A4 -8.0712152597 A14 0.0005309655
A5 1.4402727170 A15 0.0002715122
A6 0.3310548859 A16 -0.0001200463
A7 0.2754373445 A17 0.0000505400
A8 -0.0869329945 A18 0.000023167
A9 0.0336048784 A19 0.000011535
A10 0.0153843745 A20 -0.000005295

Despite its simplicity, the Motz problem poses a challenge to numerical
methods that the singular behavior close to the origin cannot be reproduced
unless the interpolant is enriched with analytical terms especially designed
to capture it. Kansa’s method is not an exception and the accuracy of the
straightforward approximation is poor, as we shall see next.

4.4.2 Enriched RBF solution

In order to capture the singularity, we enrich the RBF interpolant with the n
lowest terms of (4.14)

u =

N∑

i=1

αiφi(~x) +

n∑

k=1

αN+kr
2k−1

2 cos
[(2k − 1

2

)
θ
]

(4.15)

where the chosen RBF is the multiquadric,

φi(~x) =
√
‖ ~x − ~xi ‖ +c2 i = 1 . . .N (4.16)

The N MQ centers are arranged into a square grid of constant h over the
rectangular domain in Fig. 4.1, plus the extra layer of centers at a distance h off
the boundary as required for PDEBC. To characterize the accuracy of the RBF
approximation we use a fine grid of j = 1, . . . ,Nev evaluation nodes and define
the root mean square (RMS) of the error ε as

RMS(ε) =

√√√
1

Nev

Nev∑

j=1

[u(~x j) − uex(~x j)]2 (4.17)
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where u(~x j) is computed from (4.15) and uex(~x j) is the reference solution taking
the first 20 terms in the expansion (4.14) as given in Table 4.1. In the ensuing
discussion, it is convenient to define the kth Motz’s function as

fk(r, θ) = r
2k−1

2 cos
[(2k − 1

2

)
θ
]

k = 1, 2, . . . (4.18)
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Figure 4.2: Left: MQ-only solution of the Motz problem. Right: Enriched
solution (MQs+first Motz’s function).
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Figure 4.3: Left: Contribution of the MQs to the solution. Right: Contribution
of the first Motz’s function.

As expected, the MQ-only interpolant cannot provide a good fit for the
non-smooth solution of the PDE and gives rise to Gibbs oscillations around the
origin, as shown on the left side of Fig. 4.2. On the contrary, the singularity
at the origin is neatly reproduced if the interpolant is enriched with just the
lowest term f1 (right side). Fig. 4.3 illustrates the role of the two parts of the
RBF solution in (4.15). The Motz’s function f1 (right) is responsible for fitting
the singular shape of the solution surface around the origin, thus removing
any non-smooth features from the remainder MQ expansion. The left side of
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Fig. 4.3 shows that the MQs are now effectively interpolating a surface which
is smooth everywhere. As we shall see later, the fact that the MQs are in prac-
tice dealing with differentiable surfaces (once the singular terms absorb the
non-differentiable points), leads to the restoration of exponential convergence
which is usual for Kansa’s method. Notice also that the contribution of f1 (in
Fig. 4.3, right) departs greatly from the solution far away from the origin. In
particular, it only complies with the boundary conditions close to it. Because
of the flexibility of the multiquadric, the MQ contribution makes up for it, so
that both parts of the interpolant merge seamlessly into a global approximation
which is valid everywhere.

Although it might be thought that the deterioration of the quality of the
RBF solution brought about by the Gibbs oscillations would be restricted to
the vicinity of the origin (where the oscillations take actually place), Fig. 4.4
(left) show that this is not the case. Four different gridlike point sets made
up of N = 96, 291, 586, and 981 nodes (h = 1/5, 1/10, 1/15, 1/20, respectively)
are compared. It is clear that the gain in accuracy for all of them amounts at
least half an order of magnitude. Moreover, the MQs+ f1 curves (solid) exhibit
convergence as c � ∞, while the MQ-only ones (dashed) are insensitive to the
shape paramenter. The addition of f1 allows to take full advantage of tuning
the MQ shape parameter, so that the respective minima of the solid- and dashed
curve for each point set are at least one and a half order of magnitude apart.

Finally, we comment on the gain in accuracy obtained if higher Motz’s
functions are included into the RBF interpolant (shown in Fig. 4.4, right).
Since such functions make up a basis for the exact solution, the improvement
should not be surprising. However, we can see that -for the optimal shape
parameter for each of the curves- there is little improvement in adding more
than three enriching functions. We remark that, contrary to Trefftz methods, is
not only the { fk(r, θ)} in series (4.15) that are being collocated, but there are also
multiquadrics that do not belong to the exact solution basis.

4.4.3 Convergence

As it was already pointed out, the removal of non-smooth features from the MQ
contribution in the enriched interpolant (4.15) should convey the restoration of
the well-known exponential h-c convergence established for RBF collocation.
Madych [136] gave an error estimate for multiquadrics as O(eacλc/h), where h is
the mesh constant, c the shape parameter, and a and λ < 1 are constants. This
result has a great impact in the numerical solution of PDEs, because it implies
that the accuracy can be increased either by refining the mesh (thus increasing
the computational cost), or by simply increasing the shape parameter c. How-
ever, as c increases the multiquadric functions become flatter and the resulting
system becomes ill-conditioned. This trade-off, also known as ’Schaback’s un-
certainty principle’ dictates in practice a minimum of the error at some finite
value of the shape parameter. In the presence of singular points, however, this
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Figure 4.4: Left: Effect of the first Motz’s function on the accuracy. Right: Effect
of several Motz’s functions (N=981).

pattern is not longer valid. Indeed, the vanilla Kansa’s method for the Motz’s
problem loses any c-convergence as it is shown by the dashed curves in Fig. 4.4
(left). Once f1 is included (solid line), the error curves become smooth again,
and decrease as c � ∞, featuring a neat minimum in the case N = 291. In
the cases N = 586 and N = 981, it is assumed that the minimum would take
place beyond the numerical break-down caused by machine round-off error.
Although Madych’s results [136] were derived for the interpolation problem,
several authors have numerically investigated the convergence properties of
the RBF method in the solution of PDEs, and have also found exponential con-
vergence for that type of problems. However, there is no agreement in the
exact form of the dependence of the error on c and h. Hu et al. [98] follow
Madych in considering that the error goes like O(λc/h) and their results -for the
inverse multiquadric (IMQ) and for the Gaussian radial basis (GRB) functions-
seem to agree with this dependence. Cheng et al. [40] carry out a numerical
investigation to show that using IMQ their results converge at the exponential
rate O(λ

√
c/h).

The results of this fit for our error data is shown in Fig. 4.5. Without enrich-
ment, a convergence pattern can hardly be made out from the data (left side).
With the enrichment through f1(right), however, the exponential convergence
of the error is readily apparent from these results (aside from some outliers due
to blow-up caused by ill-condition). However, the experiments for the four
resolutions fail to collapse into a single curve. Therefore, the error convergence
is not simply O(λ

√
c/h), as was the case in Cheng et al. [40] experiments, but an

additional dependence on h is apparent. In fact, if we plot our results as a func-
tion of λ

√
c/h−b/h, the error of all the different numerical experiments (removing

the outliers) coalesce into a single curve,

ε = 6.54 × 0.5
√

c−0.1478
h (4.19)

and therefore λ = 0.5 and b = 0.1748 (Fig. 4.6).
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Figure 4.5: Left: Loss of spectral convergence for MQ-only interpolant. Right:
Restoration of spectral convergence through the addition of one singularity-
capturing function.
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Regarding the convergence pattern if more enriching terms than just f1 are
present, the following comments are in place. From Fig. 4.4 (right side), we
can see that the convergence curves for n = 3, 5, and 10 are not as smooth
as the curve for n = 1. Moreover, since the three curves for n=3, 5, and 10
collapse together at about c = 0.5, the mean rate of convergence (with respect
to c) has dropped for each of them as n grows. Trying to justify it, one could
argue that, as more and more terms of the exact solution are included, the
contribution of the MQs in the interpolant becomes smaller; on the other hand,
the c-convergence is linked to the multiquadrics alone.

4.5 Application to incompressible flow problems

In this Section we return to our original Newtonian flow problem in Chapter 3.
The boundary value problem is

∇2u = 0 if ~x ∈ Ω (4.20)

u = 10 if ~x ∈ ∂Ω)I, u = 0 if ~x ∈ ∂Ω)F,
∂u
∂n

= 0 if ~x ∈ ∂Ω)W (4.21)

where ∂Ω)I, ∂Ω)F, and ∂Ω)W are respectively the portions of the boundary
along the injection segment, the front, and the walls. Because of the change
of the boundary condition from Dirichlet to Neumann, the pressure surface
u(x, y) is non-differentiable at either end of ∂Ω)I. Therefore, as long as each
of the injection gates is a straight segment and the pressure is fixed (u0)and
constant along it, the arising singularity at every gate edge is the same as that
of the Motz problem at the origin (Fig. 4.7). In practice, these restrictions are
fairly weak, since the injection gate uses to be placed on a straight wall and
the Dirichlet BC corresponds to the case where the injection machine exerts a
programmed pressure. As it was demonstrated in Chapter 2, a straightforward
application of Kansa’s method produces overshoots at the gate edges of the
mold and fails to conserve the total mass.

According to (4.1), the solution of the Laplacian close to the ith gate edge of
coordinates (Xi,Yi) can be expressed as

u = w +

∞∑

k=1

αk fk(ri, θi) (4.22)

where w is the smooth part of the solution, fk are the Motz’s functions intro-
duced in (4.18) and (ri, θi) are the polar coordinates centered at each juncture
point,

ri =
√

(x − Xi)2 + (y − Yi)2 (4.23)

θi = arctan
( y − Yi

x − Xi

)
(4.24)
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Figure 4.7: Polar coordinates centered at a singularity

Motivated by this, and following the approach in [151], we supplement
the MQ expansion with n ’singular terms’ centered at each of the edges. The
interpolant is now

u =

N∑

i=1

αiφ(‖ ~x − ~xi ‖) +

2J∑

j=1

n∑

k=1

αN+( j−1)n+k fk(r j, θ j) (4.25)

In the above formula, the summatory over i already includes the exterior
RBFs for PDEBC and J is the number of injection gates. Based on the discussion
in the previous Sections, we expect that the suplementary terms fk will absorbe
the non-smooth features of the solution at each injection edge j, also providing
a locally good approximation to it. The remainder of the RBF interpolant, made
up of MQs (or whichever other RBF), can be regarded as the smooth part w of
the solution u in (4.22).

4.6 Numerical Examples

In order to test the performance of the RBF interpolant enriched with singularity-
capturing functions, we have conducted two numerical experiments. The in-
tegration domains for (4.21) have been chosen to be irregular and non-convex.
They are depicted in Fig. 4.8 and will be referred to as ’elbow’ and ’bugle’.

The RBF interpolant is made up of N multiquadrics plus 2n enriching Motz’s
functions. The MQ centers are evenly scattered throughout the domain at an
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average distance to the closest neighbour given by < h >, plus the required ex-
tra centers for PDEBC, which are set off at a distance < h > of every boundary
node in the direction of the outward normal. The shape parameter is the same
for all of the RBF centers. In addition to them, one more extra layer of interior
nodes has been arranged at < h > /2 off the boundary (but inside the domain),
with the goal of increasing accuracy close to it [46]. Also, the nodes have been
removed from several straight corners. All in all, the effect of such tweakings
on the accuracy is small.

Instead of performing an exact inversion of the collocation algebraic system,
we have rather employed Penrose’s pseudoinverse (implemented by the MAT-
LAB command pinv). At condition numbers below the ill-condition threshold
(which is about κ = 1014 in our double-precision MATLAB environment), the
pseudoinverse is indistinguishable from the inverse, and beyond it, it is equiv-
alent to inverting the system with singular value decomposition (SVD). With
MATLAB’s default parameters, the pseudoinverse provides better stability for
ill-conditioned systems up to κ ≈ 1018) and allows for picking the shape param-
eter from a wider range without the concern of triggering a sudden numerical
blow-up.

For lack of an analytical solution, a FEM approximation has served as a
reference solution. The FEM solution has been obtained with the PDETool of
MATLAB 7.0. In order to optimize accuracy, the solver runs in the ’adaptive’
mode, which means that the mesh is adaptively refined throughout several
iterations. The final mesh of NFEM vertices is therefore denser in regions con-
taining corners, narrow passages or high gradients. However, since we would
like to sample the RBF interpolation over an evenly distributed set of moni-
toring points, we linearly interpolate the values of the FEM reference solution
yielded by the adaptive mesh over a different, balanced set of Nev << NFEM
scattered points, which are also generated by the PDETool. The magnitude of
Nev means a trade-off between an adequate sampling of the boundary region
(along which the largest errors take place) and a reasonable CPU time (for in-
terpolation of the RBF approximation).

In each of the experiments, the quality of the RBF solution is assessed
through the RMS values of the error ε (with respect to FEM reference solution)
and of the residual R. The latter is simply the root mean square of

R = −∇2u (4.26)

sampled over the set of evaluation nodes. Not only does it measure how
well the RBF expansion interpolates the Laplacian (as it is actually done in
Kansa’s method to solve the PDE), but has also the physical interpretation of
the extent to which mass conservation is hold (or violated). A related test of the
harmonicity of the numerical solution is obtained by computing the total flow
of ∇u along the boundary, whose exact value is zero by virtue of the divergence
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theorem. Let us define the in- and outflows as the line integrals

ΦI =

∫

ΓI

∂u
∂n

dl (4.27)

ΦF =

∫

ΓF

∂u
∂n

dl (4.28)

where ∂u
∂n stands for the derivative of u along the outward normal. Because of

the impenetrability of the walls, the flow balance

4Φ = ΦI + ΦF (4.29)

vanishes in the case of the exact solution, and furnishes an estimate of the
harmonicity of the numerical solution. Since the fluid velocity is proportional
to the pressure gradient, the physical interpretation of 4Φ is also the extent to
which the mass is conserved as it flows through the mold. ΦI is straightforward
to compute analytically in as long as ΓI is a straight segment, while we have
preferred Simpson’s quadrature over a partition of ΓF into 5000 subintervals
for ΦF.

Figure 4.8: ’Elbow’ and ’bugle’ domains. The dashed- and thick lines depict
the injection gate and the front, respectively. The colored sector is the overlap
between DDM subdomains.

4.6.1 Elbow

The ’elbow’ domain is shown on the left side of Fig. 4.8 It is inscribed in the
square [−1, 1] × [−1, 1] with the centers of the upper and lower circular archs
at (0, 0) and (−1,−1) respectively. The left straight side of the domain therefore
has length 1 with the injection gate centered on it and having length 1/2.
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The adaptive finite element mesh holding the reference solution is made
up of N = 25034 vertices and 49408 triangular elements. The FEM solution
is interpolated over Nev = 7769 nodes for evaluation purposes.The RBF point
set consists of 599 evenly distributed nodes (including the outlying ones), plus
2 × n, n = {0, 1, 2, 5, 10}Motz’s functions.

For increasing values of c/ < h >, the results yielded by the vanilla RBF
method, listed in Table 4.2, are to be compared with those obtained when only
one Motz’s function (the first one) is included (Table 4.3 ). It is apparent that all
the estimators RMS(ε), RMS(R), and 4Φ, drop by at least one order of magni-
tude, thus a similar improvement as in the Motz’s problem in Section 4. Also
for n = 1, notice that the inflow grows (in absolute value) with c/ < h >, while
the outflow decreases. For this reason, the estimator 4Φ must be interpreted
with care. As we can see, however, the minima of |4Φ| , RMS(ε), RMS(R) take
place at about the same value of the shape parameter. This behaviour allows
us to regard 4Φ as a trustworthy indicator of convergence. For comparison
purposes, the flows of the reference FEM solution were also computed (they
are easy to compute exactly, for the gradient is constant in every element, and
therefore the flow profile along a segment is staggered). The FEM inflow and
outflow were −4.599 and 4.585, respectively, thus yielding 4ΦFEM = −0.014. On
the other hand, if the collocation nodes in the RBF point set (which are gener-
ated as well by MATLAB’s PDETool) were the vertices of a mesh, the resulting
value of the flow balance for that FEM approximation would be 1.322. It must
also be noted that, notwithstanding the fact that most of the entries in Tables
4.2 and 4.3 take place beyond our ill-condition threshold (about 1014), results
are numerically stable. While the use of the pseudoinverse does not necessarily
improve the results beyond the ill-conditioning, it prevents -or at least puts off-
a numerical blow-up. It is also worthwhile to notice that the inclusion of the
enriching function (and its matching side condition) in the collocation system
does not affect the conditioning of the algebraic system.

Fig. 4.9 shows the effect of adding more Motz’s functions into the inter-
polant. There is only a noticeable change from n = 1 to n = 2. Beyond that,
no consistent inmprovement can be made out, as proved by the crossing of
the curves for n = 10 and n = 5, for instance. A similar situation is apparent
for the absolute value of the flow balance, which is shown on the right side of
the figure. In fact, the only Motz’s function which captures the singularity at
the BC junctions is the first one, which is the only one whose first derivatives
are discontinuous. For the { fk(r, θ), k > 1} the singularity takes place in the kth

derivative. Finally, it must be remarked that this domain was also solved using
DDM. The results are not listed because they are very similar to those obtained
with a single domain. In the next example, however, we will see that DDM is
critical.
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Table 4.2: Elbow domain, n = 0
c/ < h > RMS(ε) RMS(R) Inflow Outflow 4Φ κ

3.16 0.15 10.21 -4.710 3.425 -1.285 6.8×108

4.47 0.21 14.93 -4.758 3.209 -1.549 5.8×1010

5.48 0.24 17.55 -4.786 3.116 -1.670 1.3×1012

6.32 0.14 8.62 -4.681 3.800 -0.881 1.6×1013

7.07 0.15 8.67 -4.686 3.739 -0.947 1.2×1014

7.75 0.04 1.73 -4.613 4.257 -0.357 7.5×1014

8.37 0.03 0.74 -4.603 4.281 -0.322 3.6×1015

8.94 0.04 0.52 -4.596 4.285 -0.310 1.5×1016

9.49 0.06 0.11 -4.583 4.324 -0.259 6.7×1016

10.00 0.06 0.02 -4.582 4.328 -0.254 4.2×1017

10.95 0.06 0.016 -4.583 4.325 -0.257 3.8×1018

11.40 0.06 0.018 -4.583 4.321 -0.262 9.5×1019

11.83 0.06 0.019 -4.583 4.318 -0.265 2.9×1017

12.25 0.06 0.022 -4.584 4.311 -0.274 1.1×1018

Table 4.3: Elbow domain, n = 1
c/ < h > RMS(ε) RMS(R) Inflow Outflow 4Φ κ

3.16 0.0012 0.193 -4.582 4.563 -0.0195 2.8×108

4.47 0.0025 0.216 -4.582 4.558 -0.0243 2.5×1010

5.48 0.0034 0.247 -4.582 4.552 -0.0302 1.4×1012

6.32 0.0015 0.123 -4.580 4.563 -0.0176 3.2×1013

7.07 0.0014 0.105 -4.580 4.564 -0.0169 8.2×1013

7.75 0.0014 0.106 -4.580 4.562 -0.0180 3.4×1014

8.37 0.0016 0.043 -4.578 4.577 -0.0007 1.4×1015

8.94 0.0018 0.027 -4.578 4.579 0.0009 5.1×1015

9.49 0.0017 0.0130 -4.578 4.578 -0.0003 1.8×1016

10.00 0.0015 0.009 -4.578 4.577 -0.0012 5.0×1016

10.49 0.0014 0.005 -4.579 4.577 -0.0019 1.6×1017

10.95 0.0013 0.005 -4.579 4.576 -0.0026 1.7×1017

11.40 0.0013 0.004 -4.579 4.576 -0.0033 8.6×1017

11.83 0.0013 0.004 -4.579 4.575 -0.0044 1.7×1018

12.25 0.0016 0.004 -4.579 4.574 -0.0054 2.0×1018
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Figure 4.9: Elbow: error and flow balance

4.6.2 Bugle

This domain is obtained by removing a wedge of amplitude 2.1294 radians
from the anular region between two circles of radii 0.5 and 1.1 whose centers
are offset a distance 0.5 along the y-axis. The wedge vertex is the center of
the inner circle, which is taken as the origin. The injection gate is the seg-
ment x = 0, 0.8 ≤ y ≤ 1.2. The resulting shape features a narrow channel and
is highly irregular. In fact, Kansa’s collocation scheme is useless unless the
domain decomposition method (DDM) is applied to partition it into two over-
lapping injection- and front subdomains. They are defined by artificial straight
boundaries radiating at angles 0.08 and 3π/4 radians from the origin, along
which extra nodes are added to enforce a Dirichlet boundary condition. Both
subdomains are then solved sequentially through the classical Schwarz’s alter-
nating algorithm until convergence, which typically takes place in fewer than 10
iterations (see Appendix). The point sets are shown in Fig 4.10. Notice that new
points have been placed off the artificial boundary in order to perform PDEBC
also along it.

The FEM solution is supported by an adaptive mesh of NFEM = 89644
vertices and 177400 triangles, and is linearly interpolated on a point set of
Nev = 7329 evaluation nodes. As pointed out above, solving this problem with
Kansa’s method over a single point set leads to very poor results, even if es-
pecial functions are included. However, as we shall see, the combination of
Kansa’s method, proper enriching functions, and the DDM renders very sat-
isfactory results. The RBF interpolant for the injection subdomain consists of
463 MQ centers plus 2n, n = {0, 1, 2, 3, 5, 10}Motz’s functions, while that for the
front subdomain is made up of just 385 MQ centers. The nodes in the overlap-
ping region belong to both subdomains. The action of the enriching functions
is therefore restricted to the injection subdomain.

The effect of including the first Motz’s function into the RBF interpolant
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Table 4.4: Bugle domain, n = 0
c/ < h > RMS(ε) RMS(R) Inflow Outflow 4Φ κ

1.00 0.046 1.07 -0.675 0.524 -0.151 1.2×109

1.41 0.028 0.96 -0.782 0.562 -0.220 8.6×109

1.73 0.025 1.01 -0.800 0.577 -0.223 9.5×1010

2.24 0.023 1.16 -0.791 0.588 -0.202 4.8×1012

3.32 0.024 1.41 -0.752 0.587 -0.165 5.9×1016

3.87 0.026 1.48 -0.741 0.579 -0.163 2.5×1017

4.47 0.030 1.52 -0.735 0.565 -0.170 2.5×1018

5.00 0.034 1.55 -0.732 0.551 -0.182 1.2×1019

5.48 0.039 1.55 -0.731 0.534 -0.197 1.9×1019

5.92 0.044 1.55 -0.730 0.518 -0.212 3.6×1018

6.32 0.048 1.55 -0.730 0.502 -0.227 1.6×1019

6.71 0.053 1.54 -0.730 0.486 -0.243 2.2×1020

7.07 0.058 1.52 -0.730 0.471 -0.259 2.4×1019

7.42 0.010 0.44 -0.725 0.656 -0.069 2.9×1019

7.75 0.018 0.26 -0.725 0.606 -0.119 2.2×1019

8.06 0.031 0.57 -0.707 0.549 -0.159 2.6×1019

Table 4.5: Bugle domain, n = 1
c/ < h > RMS(ε) RMS(R) Inflow Outflow 4Φ κ

1.00 0.0267 1.00 -0.673 0.699 0.026 1.2×109

1.41 0.0134 0.77 -0.780 0.711 -0.069 8.6×109

1.73 0.0126 0.66 -0.798 0.713 -0.084 9.5×1010

2.24 0.0098 0.54 -0.788 0.714 -0.074 4.8×1012

3.32 0.0037 0.36 -0.750 0.713 -0.036 5.9×1016

3.87 0.0021 0.30 -0.739 0.713 -0.025 2.5×1017

4.47 0.0013 0.26 -0.732 0.713 -0.019 2.5×1018

5.00 0.0008 0.23 -0.729 0.713 -0.016 1.2×1019

5.48 0.0014 0.22 -0.727 0.712 -0.015 1.9×1019

5.92 0.0011 0.20 -0.726 0.712 -0.014 3.6×1018

6.32 0.0009 0.19 -0.725 0.712 -0.013 1.6×1019

6.71 0.0009 0.18 -0.725 0.712 -0.013 2.2×1020

7.07 0.0010 0.17 -0.724 0.712 -0.013 2.4×1019

7.42 0.0020 0.19 -0.724 0.711 -0.014 2.9×1019

7.75 0.0008 0.16 -0.724 0.715 -0.009 2.2×1019

8.06 0.0025 0.25 -0.705 0.718 0.014 2.6×1019
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upon the estimators RMS(ε), RMS(R), and 4Φ is again to let them drop by
roughly one order of magnitude, compared to the MQ-only solution. In fact, the
MQ-only solution in Table 4.4 -even with domain decomposition- can hardly be
regarded as harmonic, as it yields unacceptable flow balances, with violations
of mass conservation of the order of 20% or even larger. Again, this can be fixed
by the inclusion of a singularity-capturing function at both ends of the injection
gate, as shown in Table 4.5. The convergence with respect to c/ < h > is more
clear than in the ’elbow’ domain: all the three estimators drop steadily with
it, until reaching a common minimum for the three of them, neatly located at
c = 7.75 < h >. Contrary to the ’elbow’ case, there is no advantage in adding
further Motz’z functions than just the first one (the one which is singular), as
is apparent in Figs. 4.11 and 4.12. This is somewhat surprising because the
shapes of the ’elbow’ and the injection subdomain are rather alike. The curves
for n = {1, 2, 3, 5, 10} converge together in a smooth manner until the onset
of ill-condition at about c = 3.5 < h >. From the graphs it is also clear that
the convergence of the triplet RMS(ε), RMS(R), and 4Φ is exponential -at least
in the final stretch of the shape parameter before ill-condition (approximately
between c = 1.5 < h > and c = 3.5 < h >, where the condition number is
κ ≈ 1016). The enriched-RBF inflow, outflow, and flow balance compare well
also in this domain to those of the reference FEM solution, namely−0.714, 0.720,
and 0.006.
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Figure 4.10: Bugle: DDM subdomains. The green, red, purple, navy, and
light-blue points are the PDE, front Dirichlet, artificial Dirichlet, Neumann col-
location nodes and the outlying MQ centers for RBF. The green circles indicate
PDEBC.
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Figure 4.11: Bugle: error and residual
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Figure 4.12: Bugle: flow balance and condition number

4.7 Discussion

The work presented in this Chapter pretends to establish a framework for the
RBF collocation method in elliptic PDES with singular boundary conditions,
via the enrichment of the RBF interpolant with the proper singularity-capturing
functions. As we have seen in the case of Newtonian flow in PIM, the effect of
sharp features in the solution may be devastating for the validity of straight-
forward RBF approximations. Moreover, the presence of singularities causes
the loss of one of the most interesting properties of RBF collocation, namely its
spectral convergence.

It has been suggested [120] that Kansa’s method may be superior to the
FEM in solving elliptic boundary-value problems, due to its simpler coding,
meshless quality and spectral convergence. We have tested this comparison
focusing on mass conservation, which is critical in the numerical simulation of
incompressible flows. The FEM works on the weak, or variational, formula-
tion of the PDE. By construction, harmonicity of the numerical approximation
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Figure 4.13: Flow conservation of RBF vs. FEM in the ’bugle’ domain.

is built-in, since the divergence theorem has been implicitly applied on each
element when deriving the system of equations for the nodal values, and be-
cause interpolation is linear within each element (Chapter 2). Therefore, the
Laplacian of the FEM solution is zero everywhere. On the other hand, Kansa’s
method collocates the strong formulation of the PDE at certain points in the
domain. There is no safeguard in Kansa’s method to enforce flow conservation
or harmonicity of the RBF interpolant (since the RBFs are not divergence-free
in the first place). As we have seen, even natural-looking problems of potential
flow can be intractable by vanilla Kansa’s method, unless a specialized treat-
ment be undertaken.

The enrichment with singular functions (as long as they are available for
the concrete problem) seems a simple and unexpensive modification of Kansa’s
method, which enables it to be competitive also in this kind of non-regular el-
liptic problems. Fig. 4.13 compares mass conservation for the ’bugle’ domain
in Section 5 as computed by FEM (running on the adaptive-mesh mode) and
Kansa’s method with multiquadrics plus the first Motz’s function f1. The y-axis
represents the absolute value of the flow balance relative to the mean flow, while
the x-axis is the number of nodes. The enriched RBF approximation clearly out-
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performs the FEM solution both in convergence rate and in efficiency, before
breaking down due to round-off error at about N = 2500. Before it, there is a
range where the convergence is approximately potential, with an exponent five
time higher than that of FEM. The shape parameter is c = 55 < h >, where < h >
is the average distance between nodes. In the case of FEM, the fact that the
mesh is adaptive and hence there is a large distribution of distances to closest
neighbors may account for the rather unusual exponent.

Contrary to Trefftz methods (where the coefficients of an approximation to
the analytical solution, usually in the form of a truncated series, are sought
for through collocation), it is the combination of RBFs and analytical terms that
solves the PDE. Except in very simple geometries, the analytical terms µk(r, θ)
alone are not flexible enough to reproduce the solution everywhere in the
domain, for several reasons. Firstly, they are designed to match the boundary
data close to their center and will not, in general, comply with the BCs away
from it. In the second place, there may be regions of the domain further
away from the center than the radius of convergence of the series. Finally,
since the singular functions may be increasing with the radius, a collocation
scheme based only in analytical terms may run fast into ill conditioning. On
the other side, the RBFs in (4.15) act as a sort of ’glue’, putting together the
analytical terms associated to the various singularities into a single, global
approximation. Due to their flexibility, the RBFs can twist to compensate the
effect of the singular terms on the BCs along the distant portions of the boundary.
In some sense, the MQ part of the RBF interpolant could be seen to interpolate a
Laplace’s boundary value problem whose solution is smooth everywhere, since
the singularities on the boundary have been removed (by construction) by the
enriching functions. In that case, spectral convergence should be restored by
the proper enrichment of the interpolant. We have seen that this is indeed the
case in the Motz and related Newtonian PIM flow problems discussed in this
Chapter. In the following Chapter, we will apply the enriched Kansa’s method
to two further problems.
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Chapter 5

APPLICATION TO OTHER
BENCHMARK PROBLEMS

5.1 Outline

In this Chapter, we apply the technique introduced in Chapter 3 to other bench-
mark problems taken from the literature. They are the problem of heat conduc-
tion in a two-dimensional box and the Stokes flow in a lid-driven square cavity.
Both of them have been addressed, in connection to the RBF-MQ method, in a
recent paper by Chantasiriwan [35]. In that paper, Chantasiriwan reports the
better performance of the local RBF method (introduced in [161], and to be re-
viewed later in this Chapter) in dealing with problems which exhibit boundary
discontinuities -compared to the straighforward Kansa’s method. He argues
that, in such non-regular problems, not only do the accuracy and convergence
rate of Kansa’s method decrease noticeably with respect to regular elliptic PDEs
(as we have seen in Chapter 4), but also does the best value of the shape pa-
rameter lie at the bottom of a narrow and steep valley. This represents a great
practical inconvenience since the best value of c cannot (yet) be determined in
advance. Then he proves that all of the three difficulties are noticeably allevi-
ated with the local RBF method.

Our own numerical experiments reproduce the results reported in [35] and
demonstrate the superiority of the enriched Kansa’s method over both vanilla
Kansa’s and the local methods. For the sake of clearity, we will refer often to
Kansa’s method -both vanilla and enriched- as ’global’, to distinguish it from
the local RBF method.

This Chapter is organized as follows. Section 2 introduces the local RBF
method. Section 3 is concerned with the heat conduction problem, Chantasiri-
wan’s first benchmark problem. Section 4 treats the Stokes flow in a box. As
we shall see, the implementation of the enriched global RBF method is more
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sophisticated than in the preceding examples (Motz’s problem, the Newtonian
PIM flow, and the heat conduction problem), since not just one, but several
special functions are required in order to capture all the singularities arising
in the system of three coupled elliptic PDEs. Section 5 presents the closing
remarks.

5.2 The Local RBF-based Differential Quadrature
(LRBFDQ) Method

The main drawback of the global RBF collocation method is that, as the number
of nodes increases, the resulting system of equations becomes ill-conditioned.
Several procedures have been proposed to overcome this difficulty. A very
promising one is the local RBF-based differential quadrature (LRBFDQ) pro-
posed by Shu et al. [161]. Although it uses RBF functions as with Kansa’s global
collocation method, the approach is conceptually different. Kansa’s method
discretizes the functional space and computes a solution, which is valid in all
the domain, and which belongs to a certain functional space spanned by a
set of RBF functions. The LRBFDQ method discretizes the physical space and
computes the solution in a discrete set of points ~xi. Thus, the unknowns in the
global method are the coordinates αi of u(~x) on the basisφi

(
~x
)
, while in the local

method the unknowns are the values ui at the nodes ~xi. To compute the values
of ui, the LRBFDQ method approximates any partial derivative appearing in
operatorsL andB at ~x, by a weighted linear sum of values uk in a set of nb nodes
in the vicinity of ~x. Thus, for instance, the Laplacian at node ~xi is approximated
by

∇2u(~xi) =

nb∑

k=1

wi,k uk (5.1)

The coefficients wi,k are computed by substituting in (5.1) the set of radial basis
functions,

∇2φ j
(
~xi
)

=

nb∑

k=1

wi,k φ j(~xk), j = 1, 2, . . . , nb (5.2)

where for simplicity we use the notation φ j
(
~x
)

to replace φ j

(
‖ ~x − ~x j ‖

)
. Since

both φ j(~xk) and ∇2φ j(~xi) are known, equation (5.2) is a system of linear equa-
tions whose solution yields the unknown coefficients wi,k (k = 1, . . . , nb).

Once the coefficients wi,k are determined for each RBF center and for each
derivative appearing in operators L and B, collocation of the PDE and the
boundary conditions at the RBF centers results in a system of N x N equations
whose solution yields the values of ui. The main advantage of this approach is
that the resulting system of equations is sparse (each line of the resulting matrix
has nb non zero elements) and does not suffer from ill-conditioning. Thus, it
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may be used to solve large 2D or 3D problems.

In order to improve the accuracy of the solution in problems with discon-
tinuous boundary conditions, we use singular functions which capture the
behavior of the solution near the discontinuity. In the case of the global RBF
method our approach is to enlarge the functional space of the solution by in-
cluding additional singular basis functions,

u
(
~x
)

=

N+Ns∑

i=1

αi φi
(
~x
)

(5.3)

where Ns is the number of singular functions used. The functions φi, i =
N + 1, . . . ,N + Ns are singular functions specially selected to reproduce the
singular behavior of the solution.

In the case of the local method, since we do not discretize the functional
space, it is not possible to use the technique just described of enlarging the
functional space of the RBF method. Instead, what we do is to modify the
problem by introducing a new variable ũ,

u(~x) = ũ(~x) + us(~x) (5.4)

where us is a special function selected in such a way that the resulting problem
defining ũ is regular. Generally us satisfies the homogeneous equation (Lus(~x) =
0) and absorbs the discontinuities in the boundary conditions.

5.3 Heat conduction in a box

We consider the heat conduction problem analyzed by Chantasiriwan [35]
which involves a discontinuous Dirichlet boundary condition on the top side
of a square domain. The equations describing the problem are,

∇2T(x, y) = 0 0 ≤ x ≤ 1, 0 ≤ y ≤ 1 (5.5)

∂T
∂x

(0, y) = 0,
∂T
∂x

(1, y) = 0,
∂T
∂y

(x, 0) = 0, (5.6)

T(x, 1) =

{
0 0 ≤ x ≤ 0.5
1 0.5 < x ≤ 1 (5.7)

To measure the accuracy of the solution we use an average relative error at
the RBF centers defined as [35],

ε =

√√∑N
i=1(Ti − T̄i)2

∑N
i=1 T̄2

i

(5.8)
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Figure 5.1: Dependence of average relative error on shape parameter. Left:
Global RBF method. Right: Global RBF method with singularity capturing
function.

where Ti is the numerical solution and T̄i is the exact solution. Notice the
sharp minimum occurring in the vicinity of the optimal shape parameter which
implies that a small deviation from the optimal value of c may result in a
significant loss in accuracy. To improve the accuracy of the numerical solution
we enlarge the functional space spanned by the RBFs with new function which
captures the discontinuity in the boundary condition. Thus, we add

φN+1 (x) =
θ + π

2π
, θ = arctan

y − 1
x − 0.5

(5.9)

where c is the shape parameter, and look for a solution in the space spanned by
this basis,

T (x) =

N+1∑

i=1

αi φi (x) (5.10)

The coefficients αi are determined by collocation of the Laplace equation in
the interior nodes and collocation of the boundary conditions on the boundary
nodes. Since there are N + 1 unknowns and N collocation nodes, an additional
equation is required. Like in Chapter 3, we require the following compatibility
condition,

N+1∑

i=1

αi φN+1 (xi) = 0 (5.11)

The right-hand side of figure (5.1) shows the average relative error obtained
with this method and compares it with that obtained with the standard global
RBF method. We observe improvements of several orders of magnitude in
the results and a significant increase in the location of the optimum shape
parameters, which implies a wider range of values of the shape parameter for
whom the method works satisfactorily.
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Figure 5.2: Dependence of average relative error on shape parameter. Left: Lo-
cal RBF method. Right: Local RBF method with singularity capturing function.
Number of neighbours, n = 10.

Chantasiriwan [35] also showed that the local RBF method performs better
than the global method because it is less sensitive to the shape parameter. The
left hand side of figure (5.2) shows clearly this behavior. In fact, there is a large
range of values of the shape parameter for which the error is almost constant.
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Figure 5.3: Dependence of average error on shape parameter for different
number of neighbours. Number of nodes, N = 441.

To improve the accuracy of the solution obtained with the local method we
modify the problem by introducing a new temperature T̃ defined by

T(x, y) = T̃(x, y) + Ts(x, y) (5.12)

where Ts is a harmonic function satisfying the discontinuous boundary condi-
tion,

Ts(x, y) =
θ + π
π

, θ = arctan
(

y − 1
x − 0.5

)
. (5.13)
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T̃(x, y) satisfies the following problem,

∇2T̃(x, y) = 0 0 ≤ x ≤ 1, 0 ≤ y ≤ 1 (5.14)

∂T̃
∂x

(0, y) =
y − 1

π
[
(y − 1)2 + (0.5)2] (5.15)

∂T̃
∂x

(1, y) =
y − 1

π
[
(y − 1)2 + (0.5)2] , (5.16)

∂T̃
∂y

(x, 0) = − x − 0.5
π [1 + (x − 0.5)2]

, (5.17)

T̃(x, 1) = 0 (5.18)

In this problem the singularities have been removed and therefore should be
more appropriate for the LRBFDQ local method. In fact, the right hand side of
figure (5.2) shows the results obtained by using the LRBFDQ on the modified
problem, which are clearly better than those obtained by using directly the
LRBFDQ in the original problem. In both cases nb = 10 and for each node, both
in the interior and in the boundary, we use its 10 nearest neighbors. As was
previously observed by Chantasiriwan [35], increasing the number of nearest
nodes does not necessarily lead to a higher accuracy. This is clearly shown in
Fig. (5.3) which shows that the error decreases when nb increases from 5 to 15.
However, for nb = 20 the error does not decrease further and the range of values
of the shape parameter for which a solution can be obtained is considerably
reduced.

5.4 Stokes flow in a lid-driven cavity

5.4.1 Introduction

The governing equations of Stokes’ flow for the velocity-vorticity formulation
in steady-state can be derived from the Navier-Stokes equations by neglecting
the inertia and are given as follows

∇2~ω = ~0 (5.19)

∇2~u = −∇ × ~ω (5.20)

Here ~u is the velocity vector and ~ω is the vorticity vector, which is defined as

~ω = ∇ × ~u (5.21)

In two dimensions, if (u, v) are the planar components of the velocity vector
and ω~k is the associated vertical vorticity vector, then ω becomes

ω =
∂v
∂x
− ∂u
∂y

(5.22)
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and the vorticity transport (5.19) can be expressed as

∇2ω = 0 (5.23)

Equation (5.20) that governs the (u, v) velocity splits as follows

∇2u = −∂ω
∂y

(5.24)

∇2v =
∂ω
∂x

(5.25)

In steady-state conditions, solution of (5.23), in conjunction with the Poisson
equations (5.24) and (5.25), gives the velocity and vorticity distributions over
the domain. For the sake of completeness, we note that there is an alternative
formulation of 2D Stokes’ flow as a biharmonic PDE for the streamline function
ψ

∂4ψ

∂x4 + 2
∂2ψ

∂x2

∂2ψ

∂y2 +
∂4ψ

∂y4 = 0 if (x, y) ∈ Ω (5.26)

∂ψ

∂y
(x, y) = u(x, y) if (x, y) ∈ ∂Ω (5.27)

∂ψ

∂x
(x, y) = −v(x, y) if (x, y) ∈ ∂Ω (5.28)

as long as ψ is defined as

∂ψ

∂y
= u,

∂ψ

∂x
= −v (5.29)

In terms of ψ, the vorticity becomes

ω = − ∂
2u
∂ψ2 −

∂2ψ

∂y2 (5.30)

Therefore, the biharmonic problem (5.26)-(5.28) is equivalent to three harmonic
problems for u, v, and ω. These harmonic problems can be solved iteratively
because the velocity components at the boundary are given, while (5.22) may
be used as the boundary condition for ω. We now focus on the Stokes flow in
a lid-driven square cavity, whose domain Ω is sketched in Fig. 5.4 (left). It was
solved with multiquadrics by Young et al. [176] using the global RBF method,
and by Chantasiriwan [35] using both the global and the local RBF method.
Both authors used the velocity-vorticity formulation of the problem, equations
(5.23)-(5.25). These equations are to be solved with the following boundary
conditions,

u(0, y) = u(1, y) = u(x, 0) = 0, u(x, 1) = 1 (5.31)
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v(0, y) = v(1, y) = v(x, 0) = v(x, 1) = 0 (5.32)

ω(x, y)
∣∣∣
∂Ω

=
∂v
∂x

(x, y)
∣∣∣∣∣
∂Ω
− ∂u
∂y

(x, y)
∣∣∣∣∣
∂Ω

(5.33)

In each iteration, equations (5.24, 5.25) are solved with the right-hand side
evaluated from the previous iteration. Then, equation (5.23) is solved with the
boundary condition (5.33) evaluated from the velocity fields just computed.
The resulting procedure converges reasonably fast.

u = 1, v = 0

u = 0, v = 0

u = 0
v = 0

u = 0
v = 0

x

y

Γ
1

Γ
2

Γ
3

y

x

θ

r

Figure 5.4: Left: Domain for the lid-driven cavity. Right: Detail of one of the
two upper corners, where the enriching functions are centered.

5.4.2 Enriching functions

Based on the discussion in Chapter 4, the discontinuity in the BC for u at both up-
per corners is likely to trigger oscillations in the MQ interpolant. Consequently,
we will enrich the RBF interpolant with the proper singularity-capturing func-
tions whose analytical form will be deduced in the following. The main differ-
ence between this and the previously treated problems is that just one singular
function (per upper corner) for u will not suffice to bring about an improve-
ment in the performance of Kansa’s method. The reason why several singular
functions are needed in this case is that we are dealing with a system of three
coupled elliptic PDEs, and the enriching functions in the solution of one of them
may generate a singularity in the right-hand side (RHS) of the other. Therefore,
the complete set of enriching functions for u,v, and ω must take care of all of
the crossed singularities which arise. We seek a solution of the system of PDEs
(5.23) to (5.25), together with the BCs (5.31) to (5.33) in the form

u(x, y) =

N∑

j=1

α(u)
j φ j(x, y) +

2∑

i=1

Mu∑

k=1

λ(u)
i,k µk(ri, θi) (5.34)
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v(x, y) =

N∑

j=1

α(v)
j φ j(x, y) +

2∑

i=1

Mv∑

k=1

λ(v)
i,k ηk(ri, θi) (5.35)

ω(x, y) =

N∑

j=1

α(ω)
j φ j(x, y) +

2∑

i=1

Mω∑

k=1

λ(ω)
i,k βk(ri, θi) (5.36)

where φ j(x, y) =
√

(x − x j)2 + (y − y j)2 + c2 is the multiquadric, {µk(ri, θi)},
{ηk(ri, θi)}, and {βk(ri, θi)} are the singularity-capturing functions for u ,(Mu of
them), v (Mv), and ω (Mω) at both upper corners i = 1, 2, and N is the num-
ber of MQ centers. The coefficients to be determined through collocation are
{α(u)

k , α
(v)
k , α

(ω)
k } and {λ(u)

k , λ
(v)
k , λ

(ω)
k }. In this problem PDEBC is switched off so

N is also the number of collocation nodes, arranged in a square grid over the
domain in Fig. 5.4 (left). Notice that we use the same point set for the three
numerical solutions u, v and ω. By symmetry of the problem, the set of en-
riching functions centered at both upper corners must be the same (with their
corresponding polar coordinates as argument). They are

r1 =
√

(x + 0.5)2 + (y − 1)2, θ1 = arctan
( y − 1
−0.5 − x

)
(5.37)

for the left-upper corner, and

r2 =
√

(x − 0.5)2 + (y − 1)2, θ2 = arctan
( y − 1
0.5 − x

)
(5.38)

for the right-upper corner. To simplify the discussion which follows, we will
refer to the left-upper corner at (−0.5, 1) as the origin, and will abuse of the
notation (r, θ) instead of (r1, θ1). The reference system is sketched in Fig.5.4
(right). For that system,

x = r cos(θ) y = −r sin(θ) (5.39)

∂r
∂x

= cos(θ)
∂r
∂y

= − sin(θ) (5.40)

∂θ
∂x

= −sin(θ)
r

∂θ
∂y

= −cos(θ)
r

(5.41)

• We seek µ1(r, θ) such that it captures a finite jump discontinuity of u at
the origin and ∇2µ1 = 0. Therefore,

µ1(r, θ) = θ (5.42)

Notice that it is just the singular part of the enriching function that is
needed, as the regular part will be taken care of by the multiquadrics in
the expansion. While the proper analytic form - i.e. strictly complying
with the local BCs- of µ1(r, θ) would be 1 − 2θ/π, it suffices to keep θ.
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However, µ1 alone cannot regularize the problem for the multiquadrics,
because the derivatives of µ1 induce a singularity in the RHS of the BC
for ω which is singular at the origin -the kind of the singularity being an
infinite jump:

∂µ1

∂y
= −cosθ

r
(5.43)

• In order to absorb the singularity brought about by the presence of µ1 in
the interpolant for u, we enrich the RBF interpolant for ω with

β1(r, θ) =
cosθ

r
(5.44)

which in turn creates the following singularities at the origin in the RHS
of the Poisson equations for u and v:

∂β1

∂x
= −cos(2θ)

r2 (5.45)

∂β1

∂y
=

sin(2θ)
r2 (5.46)

• We first tackle the singular source term for v through the addition of
η1(r, θ) such that

∇2η1 =
∂2η1

∂r2 +
1
r
∂η1

∂r
+

1
r2

∂2η1

∂θ2 = −cos(2θ)
r2 (5.47)

The solution of the above equation (save a constant) is

η1(r, θ) = cos(2θ) (5.48)

which in turn will generate a new singularity in the BC for ω, since

∂η1

∂x
= −2 sin(2θ)

∂θ
∂x
∼ sin(θ)

r
(5.49)

where ∼ specifies the singular behavior. The same treatment holds for u:

∇2µ2 =
∂2µ2

∂r2 +
1
r
∂µ2

∂r
+

1
r2

∂2µ2

∂θ2 =
sin(2θ)

r2 (5.50)

µ2(r, θ) = sin(2θ) (save a constant) (5.51)

−∂µ2

∂y
= 2 cos(2θ)

∂θ
∂y
∼ cos(θ)

r
(5.52)
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Moreover, η1 undergoes a finite jump along the local portion of the bound-
ary as η1(r, 0) = 1 and η1(r, π/2) = −1. A new function η2 = θ must be
introduced to compensate for the finite jump that η1 induces in the BC for
v.

• Three new special functions would be needed to cope with the singular
behavior of ∂η1/∂x and ∂µ2/∂y at the origin of ω, namely

β2 =
sinθ

r
(5.53)

as well as β3 = cosθ/r = β1, and β4 = ∂η2/∂x ∼ β2. The two last terms are
therefore redundant.

• Finally, since

−∂β2

∂y
=

cos(2θ)
r2 (5.54)

∂β2

∂x
=

sin(2θ)
r2 (5.55)

induce a new singularity at the RHS of the equations for u and v, two
further special functions µ3 and η3 must be included into their respective
interpolants, such that ∇2µ3 ∼ cos(2θ)/r2 and ∇2η3 ∼ sin(2θ)/r2, respec-
tively. Namely

µ3 = cos(2θ) (5.56)

η3 = sin(2θ) (5.57)

We notice that ∂µ3/∂y ∼ cos(θ)/r = β1 and ∂η3/∂x ∼ sin(θ)/r = β2. Con-
sequently, no new singularities occur in the system that have not been
taken care of, and the set of enriching functions is closed. The diagram
below should help to clarify the dependence of the enriching functions
on one another. Although the set of special functions has been derived
for a system of coordinates centered at the left-upper corner (replacing r
and θ by r1 and θ1) , it carries over to the right-upper corner (using then
(r2, θ2)).

µ1 = θ // β1 = cosθ
r

//

uullllllllllllll
η1 = cos(2θ)

²²uullllllllllllll

µ2 = sin(2θ)

55llllllllllllll
β2 = sinθ

r

))SSSSSSSSSSSSSS

uukkkkkkkkkkkkkk
η2 = θoo

µ3 = cos(2θ)

<<xxxxxxxxxxxxxxxxxxxxxx
η3 = sin(2θ)

iiSSSSSSSSSSSSSS

95



The collocation system for each of the interpolants (5.34)-(5.36) is comple-
mented respectively with the following sets of compatibility conditions, in
order to match the number of coefficients in each case:

N∑

j=0

α(u)
j µk(r1 j, θ1 j) = 0

N∑

j=0

α(u)
j µk(r2 j, θ2 j) = 0 k = 1, . . . ,Mu = 3(5.58)

N∑

j=0

α(v)
j ηk(r1 j, θ1 j) = 0

N∑

j=0

α(v)
j ηk(r2 j, θ2 j) = 0 k = 1, . . . ,Mv = 3(5.59)

N∑

j=0

α(ω)
j βk(r1 j, θ1 j) = 0

N∑

j=0

α(ω)
j βk(r2 j, θ2 j) = 0 k = 1, . . . ,Mω = 2(5.60)

In order to solve the system of PDEs we use the following iterative proce-
dure:

1. Compute ∂ωn−1/∂y and ∂ωn−1/∂x.

2. Introduce the source terms in (5.24)-(5.25) and solve the two resulting
linear systems of equations to compute un and vn.

3. Use these iterates to compute the value of ∂vn/∂x − ∂un/∂y on the collo-
cation nodes along the boundary.

4. Compute ωn.

5. If max1≤i≤N |ωn
i − ωn−1

i | exceeds 10−4 go back to 1.

As an initial guess it may be taken, for instance,

ω0 =

{
1 if (x, y) ∈ ∂Ω
0 if (x, y) ∈ Ω

(5.61)

5.4.3 Numerical results

The exact solution for this problem can also be found by using the method
of variable separation [159]. Let ψn ∼ eλn yFn(x), which yields the following
eigenfunction:

Fn(x) = x sin(λnx) − 0.5 tan(0.5λn) cos(λnx) (5.62)

The eigenvalues are determined from

sin(λn) = −λn (5.63)
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Figure 5.5: Global method: sensitivity to shape parameter for vanilla MQ
(black) and MQ + 16 special functions (red). Left: Accuracy. Right: Residual.

The method proposed by Hansen [84] may be used to find eigenvalues. After
getting λn and Fn, the exact solution is obtained from a linear superposition of
ψn and their conjugates:

ψREF(x, y) =

∞∑

n=1

[
anFne−λn y + a∗nF∗ne−λ

∗
n y + bnFne−λn(1−y) + b∗nF∗ne−λ

∗
n(1−y)

]
(5.64)

Coefficients in (5.64) may be found from the method proposed by Shankar [159].
Table 5.1 shows values of the exact velocity components at 30 selected points
along the midlines in the square cavity. To characterize the accuracy of the RBF
approximation, we define

ε =

√√∑30
i=1( fMQ,i − fREF,i)2

∑30
i=1 f 2

REF,i

(5.65)

where fMQ,i and fREF,i stand for the RBF and exact value of the velocity com-
ponent f at point i. As mentioned previously, we use a set of N uniformly
distributed nodes both as RBF centers and as collocation points. However,
since the enriching functions are infinite at the two upper corners, we delete
the points (−0.5, 1) and (0.5, 1) from the set of RBF centers and collocation
points.

Fig. 5.5 (left) compares the error estimator ε obtained with the global collo-
cation method to that obtained when the RBF functional space is expanded with
the 16 special functions described above. Notice a significant improvement for
all point sets and in the whole range of shape parameters. Also observe that,
using special functions, the optimal value of the shape parameter does not lie
at the bottom of a valley. On the contrary, the error decreases with increas-
ing shape parameter until the matrix becomes ill-conditioned and the iterative
procedure fails to converge. Even more significant is the improvement in the
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compliance with the continuity equation. We define the residual, R, as

∂u
∂x

+
∂v
∂y

= R(x, y) (5.66)

Since the flow is incompressible, R should be zero everywhere. Values of R dif-
ferent from zero represent volume sources or sinks and, therefore, violation of
continuity. In many problems [23]-[25], these type of errors are more relevant
than errors in the dependent variables and, therefore, should be minimized
as much as possible. Figure 5.5 (right) shows the mean square residual, R̄ =(√(∑Nev

i=1 R2
i

)
/Nev

)
, on a fine regular grid of Nev nodes (Nev = 51x51 = 2601).

Notice that in the space spanned by the RBFs, the value of R̄ is very weakly
dependent on the shape factor, c, and on resolution, N. However, in the space
spanned by the RBF functions together with the special functions (5.34)-(5.36),
the value of R̄ is much smaller than in the previous case, and decreases with
increasing c or N. Again, this behavior continues until a critical value due to
ill-conditioning.

The effect of enriching the interpolant on the resolution close to the singular
corners is evident in Figs. (5.6) through (5.9), which correspond to a 21 × 21
pointset.
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Figure 5.6: Vorticity (plain MQs).
Notice the corner oscillations.
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Figure 5.7: Vorticity (full enriched
MQs). Notice the infinite jump.

It is possible to improve further the enriched method by using Penrose’s
pseudoinverse instead of directly inverting the system. This approach was
already commented on in the previous Chapter, the idea being that results are
stable for a wider range of c. As we can see in Fig. 5.10, the error curves of the en-
riched interpolants now extend beyond the ill-conditioning threshold (green),
dropping by a further order of magnitude. Since the pseudoinversion also pre-
vents numerical breakdown in this range, smooth minima appear. We believe
that the pseudoinverse approach deserves more study, which is however out
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Table 5.1: Comparison to reference solution along midlines

Horizontal velocity (u)

x y uREF u8 u0 u1

0 0.9766 0.86477 0.864773 0.859493 0.867327
0 0.9688 0.82077 0.820776 0.81633 0.822307
0 0.9609 0.77685 0.776868 0.773241 0.777566
0 0.9531 0.7342 0.734216 0.731355 0.734254
0 0.8516 0.26154 0.26164 0.264029 0.259739
0 0.7344 -0.06245 -0.0623189 -0.0602617 -0.062992
0 0.6172 -0.18968 -0.189552 -0.189504 -0.189184
0 0.5 -0.20519 -0.205073 -0.206531 -0.204569
0 0.4531 -0.19577 -0.195648 -0.19747 -0.195379
0 0.2813 -0.13515 -0.134983 -0.137218 -0.136458
0 0.1719 -0.0903 -0.0901287 -0.0919229 -0.0921294
0 0.1016 -0.05855 -0.0584131 -0.0595356 -0.0591555
0 0.0703 -0.04272 -0.0425991 -0.0435304 -0.0416115
0 0.0625 -0.03853 -0.0384169 -0.0393589 -0.0367854
0 0.0547 -0.03423 -0.0341214 -0.0351143 -0.0317385

Vertical velocity (v)

x y vREF v8 v0 v1

0.4688 0.5 -0.05096 -0.050947 -0.0475188 -0.0520265
0.4609 0.5 -0.06272 -0.0627133 -0.0588651 -0.0638747
0.4531 0.5 -0.07385 -0.0738399 -0.069758 -0.0750173
0.4453 0.5 -0.08447 -0.0844638 -0.0802902 -0.0856097
0.4063 0.5 -0.12965 -0.12965 -0.126047 -0.13035
0.3594 0.5 -0.16581 -0.165812 -0.162899 -0.166073
0.3047 0.5 -0.1837 -0.183705 -0.180916 -0.183722
0 0.5 0 2.2635e-005 -1.15596e-005 8.18749e-007
-0.2656 0.5 0.18228 0.182321 0.179423 0.182226
-0.2734 0.5 0.18341 0.183453 0.180561 0.183368
-0.3437 0.5 0.17352 0.173563 0.170654 0.173704
-0.4062 0.5 0.12975 0.129789 0.126104 0.130465
-0.4219 0.5 0.1132 0.113237 0.109221 0.114116
-0.4297 0.5 0.10415 0.104192 0.100038 0.105169
-0.4375 0.5 0.09457 0.0946113 0.0903669 0.0956744

ε 0.000169972 0.00948598 0.00358637

RMS div(~v) 0.00154801 0.140075 0.787771

MAX div(~v) 0.0273605 1.55918 18.5334

Optimal c 0.6 0.5 0.45
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Figure 5.8: Streamlines (plain
MQs). Notice displacement at cor-
ners.
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Figure 5.9: Full enriched MQs. No-
tice accuracy at corners.

of the scope of this Chapter. In order to gather numerical evidence about it,
we have compiled the results for all the four point sets 11 × 11,21 × 21,31 × 31
and 41 × 41 in table 5.2. For the point set 21 × 21, Table 5.1 lists the numerical
results for u and v along the midlines for 0, 1 and 8 enriching functions (at each
corner). In this case the pseudoinverse was employed for all of the three. The
c parameter has been chosen to be that which yields the best RMS values of
error and residual in each case. It is worthwhile to remark that the addition
of just one enriching function (µ1) does not result in any improvement (see the
column labeled u1/v1).

Finally, Figs. (5.11)-(5.18) demonstrate graphically how the selected en-
riching functions indeed remove all the singularities from the solutions, thus
letting the MQs with smooth sufaces to interpolate. All these figures refer to
the optimal c in the ’fully enriched’ (u8 and v8) column of Table 5.1.

5.4.4 Results of the local method

In the case of the local RBF method, it is not possible to expand the functional
space of the solution. As was explained in Section 2, what should be done is to
modify appropriately the problem in order to eliminate the singularities. For
the cavity problem, since there are 3 coupled PDEs, one has to be careful in
choosing new dependent variables which will absorb the singularities. After
some algebra, it is easy to see that defining new dependent variables

u
(
~x
)

= ũ
(
~x
) − 1

π2 − 4

(
2πθ + π sin 2θ + 2 cos 2θ + 2 − π2

)
(5.67)

v
(
~x
)

= ṽ
(
~x
) − 1

π2 − 4
(− 4θ + 2 sin 2θ − π cos 2θ + π) (5.68)

ω
(
~x
)

= ω̃
(
~x
)

+
1

π2 − 4

(
8

sinθ
r
− 4π

cosθ
r

)
(5.69)
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Figure 5.10: Global method: extension of the stable range of the shape param-
eter through Penrose’s pseudoinverse (green).
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θ = arctan
(

1 − y
0.5 − x

)
, r =

√
(1 − y)2 + (0.5 − x)2 (5.70)

equations (5.23)-(5.25) simplify to

∆ũ(x, y) = − ∂ω̃
∂y

(x, y) (5.71)
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Figure 5.15: Enriching terms for v.
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Figure 5.17: Enriching terms for w.
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∆ṽ(x, y) =
∂ω̃
∂x

(x, y) (5.72)

∆ω̃(x, y) = 0 (5.73)
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Figure 5.19: Local method: dependence of ε on shape parameter. Left: original
singular formulation. Right: modified regular formulation (red).

and the boundary conditions at y = 1 and x = 0.5 become,

ũ(x, 1) = ṽ(x, 1) = 0, ω̃(x, 1) =
∂ṽ
∂x

(x, 1) − ∂ũ
∂y

(x, 1) (5.74)

ũ(0.5, y) = ṽ(0.5, y) = 0, ω̃(0.5, y) =
∂ṽ
∂x

(0.5, y) − ∂ũ
∂y

(0.5, y) (5.75)

These are complemented with conditions u(x, 0) = v(x, 0) = 0, ω(x, 0) =
∂v/∂x − ∂u/∂y and ∂u/∂x(0, y) = ∂ω/∂x(0, y) = 0, v(0, y) = 0 (by symmetry).
Thus,

ũ(x, 0) =
1

π2 − 4

(
2πθ + π sin 2θ + 2 cos 2θ + 2 − π2

)
(5.76)

ṽ(x, 0) =
1

π2 − 4
(− 4θ + 2 sin 2θ − π cos 2θ + π) (5.77)

ω̃(x, 0) =
∂ṽ
∂x

(x, 0) − ∂ũ
∂y

(x, 0) (5.78)

∂ũ
∂x

(0, y) =
sinθ

r (π2 − 4)
(2π + 2π cos 2θ − 4 sin 2θ) (5.79)

ṽ(0, y) =
1

π2 − 4
(− 4θ + 2 sin 2θ − π cos 2θ + π) (5.80)

∂ω̃
∂x

(0, y) = − 4
r2 (π2 − 4)

(2 sin 2θ − π cos 2θ) (5.81)

In this way, we define a new problem for ũ, ṽ and ω̃, with no singularities
neither in the equations nor in the boundary conditions.

The right side of figure (5.19) compares the average relative error in horizon-
tal velocity using the local method applied to the original singular formulation
to that resulting from the regular modified formulation (5.71)-(5.81). In this
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Figure 5.20: Local method: root mean square value of ∇·v at collocation nodes.
Black: original singular formulation. Red: modified regular formulation.

case the improvements are less significant than those observed with the global
formulation, but there is still approximately a factor 2 of improvement. Much
more significant are the improvements in the compliance with the continuity
equation as can be seen in figure (5.20). Notice that in the original formulation
the residual in the continuity equation is very weakly dependent on shape pa-
rameter and resolution. In fact, the accuracy of ∇ · v is mainly dependent on
the accuracy in the computation of the first derivatives ∂u/∂x and ∂v/∂y, and
this accuracy is mainly dependent on the number of neighbors used to com-
pute those derivatives. However, in the case of the regular formulation, the
residuals decrease with increasing shape factor and with increasing resolution,
and approximate a constant value for large values of the shape parameter. This
value is between one and two orders of magnitude smaller than that obtained
using the regular formulation. Even grater improvements are obtained when
comparing the maximum value of the residual (max |∇ · v|) which occurs in the
vicinity of the two upper corners. In fact, with the original singular formula-
tion this maximum increases with increasing resolution, while with the regular
formulation the maximum decreases with increasing resolution.

5.5 Discussion

In this Chapter, we have applied Kansa’s method enriched with singularity-
capturing functions to two problems taken from the literature. Contrary to the
problems tackled in Chapter 4, where the solution was not differentiable at iso-
lated points along the boundary, in this Chapter the singularities are boundary
discontinuities -thus of a higher order. Our numerical tests prove, however,
that as long as the proper special functions can be identified, the notion of
enriching the RBF interpolant with them can also deal satisfactorily with such
problems. As shown in the Stokes’ cavity flow, the analytical preprocessing of
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the problem may not be a straightforward step.

This work was motivated by a recent paper by Chantasiriwan [35], where
the LRBFDQ method (local method) has proven its ability to significantly im-
prove on the standard version of Kansa’s method in problems with boundary
discontinuities. In turn, as the numerical experiments show, the local method is
outperformed by the enriched version of Kansa’s method. It must be admitted,
however, that the local method is general and does not require the addition
of problem-dependent analytical data. If this data are available, we have also
adapted the idea of capturing the singularity with special functions to the local
method, also showing some improvement.

Many other topical problems feature similar singularities to those analyzed
in this Chapter. A special challenge is posed by the Navier-Stokes flow in
a lid-driven square cavity. It would be interesting to study the effect of the
enrichment on the range of Reynolds number for which the eddy structure
is reproducible by the RBF method. To this purpose, there are a number of
difficulties that should be overcome: first, the governing PDE is non-linear, and
secondly, it might well happen that the flow viscosity could, by itself, smooth
up the effects of the boundary discontinuities, thus rendering the enriched-RBF
approach redundant.

105



Table
5.2:G

lobalm
ethod:results

for
the

fully
enriched

cavity
using

pseudoinverse

N
=

11×
11

N
=

21×
21

N
=

31×
31

N
=

41×
41

c
ε

R
M

S(∇· ~v)
cond

]
ε

R
M

S(∇· ~v)
cond

]
ε

R
M

S(∇· ~v)
cond

]
ε

R
M

S(∇· ~v)
cond

]
0.100

0.34081
1.2492

7.7e+
004

0.02826
0.0833

1.4e+
007

0.01126
0.0312

1.4e+
009

0.00513
0.0146

1.1e+
011

0.125
0.17025

0.6224
1.6e+

005
0.01869

0.0514
7.1e+

007
0.00716

0.0202
1.9e+

010
0.00266

0.0078
4.3e+

012
0.150

0.09587
0.3403

3.3e+
005

0.01369
0.0382

3.8e+
008

0.00453
0.0130

2.8e+
011

0.00134
0.0042

1.7e+
014

0.175
0.05779

0.1938
6.9e+

005
0.01042

0.0298
2.1e+

009
0.00283

0.0084
4.2e+

012
0.00065

0.0023
6.9e+

015
0.200

0.03759
0.1179

1.5e+
006

0.00799
0.0232

1.2e+
010

0.00174
0.0055

6.4e+
013

0.00031
0.0014

4.1e+
018

0.225
0.02692

0.0824
3.3e+

006
0.00609

0.0179
7.1e+

010
0.00107

0.0039
1.0e+

015
0.00014

0.0010
1.6e+

020
0.250

0.02145
0.0677

7.2e+
006

0.00461
0.0138

4.2e+
011

0.00064
0.0029

1.7e+
016

0.00012
0.0010

4.2e+
020

0.275
0.01851

0.0608
1.6e+

007
0.00347

0.0108
2.5e+

012
0.00037

0.0017
6.0e+

018
0.00011

0.0009
1.9e+

020
0.300

0.01678
0.0562

3.6e+
007

0.00261
0.0086

1.5e+
013

0.00022
0.0018

1.6e+
019

0.00012
0.0010

1.1e+
021

0.325
0.01552

0.0522
8.0e+

007
0.00195

0.0076
8.7e+

013
0.00020

0.0013
1.0e+

020
0.00015

0.0009
2.1e+

021
0.350

0.01451
0.0487

1.8e+
008

0.00149
0.0064

5.1e+
014

0.00023
0.0011

5.5e+
020

0.00015
0.0007

1.4e+
021

0.375
0.01357

0.0455
4.1e+

008
0.00112

0.0059
3.1e+

015
0.00012

0.0009
2.0e+

020
0.00022

0.0011
1.2e+

021
0.400

0.01266
0.0423

9.2e+
008

0.00083
0.0040

1.9e+
016

0.00016
0.0011

8.8e+
019

0.00013
0.0009

2.5e+
021

0.425
0.01174

0.0390
2.1e+

009
0.00062

0.0031
2.8e+

017
0.00023

0.0012
3.4e+

020
0.00009

0.0008
3.4e+

020
0.450

0.01081
0.0356

4.7e+
009

0.00046
0.0025

8.3e+
018

0.00017
0.0010

2.1e+
020

0.00016
0.0007

3.5e+
021

0.475
0.00994

0.0323
1.1e+

010
0.00037

0.0019
4.6e+

018
0.00026

0.0015
2.8e+

020
0.00017

0.0008
6.5e+

021
0.500

0.00907
0.0291

2.4e+
010

0.00030
0.0021

4.5e+
019

0.00022
0.0012

3.5e+
021

0.00015
0.0008

8.1e+
020

0.525
0.00824

0.0265
5.3e+

010
0.00028

0.0019
1.5e+

020
0.00010

0.0008
1.5e+

023
0.00018

0.0009
8.2e+

020
0.550

0.00749
0.0246

1.2e+
011

0.00027
0.0016

7.3e+
019

0.00014
0.0009

1.3e+
020

0.00032
0.0013

1.5e+
021

0.575
0.00682

0.0238
2.6e+

011
0.00040

0.0021
2.5e+

020
0.00017

0.0012
8.6e+

020
0.00014

0.0010
4.2e+

021
0.600

0.00622
0.0239

5.6e+
011

0.00017
0.0015

7.0e+
019

0.00026
0.0014

4.9e+
020

0.00021
0.0011

3.2e+
022

0.625
0.00571

0.0249
1.2e+

012
0.00023

0.0012
2.9e+

019
0.00032

0.0010
3.7e+

020
0.00032

0.0016
1.4e+

021
0.650

0.00527
0.0264

2.6e+
012

0.00027
0.0023

1.1e+
020

0.00025
0.0012

1.5e+
021

0.00021
0.0015

2.5e+
021

0.675
0.00488

0.0285
5.5e+

012
0.00043

0.0020
7.8e+

019
0.00018

0.0006
3.1e+

020
0.00023

0.0008
1.0e+

022
0.700

0.00460
0.0306

1.1e+
013

0.00056
0.0028

3.2e+
020

0.00036
0.0014

1.2e+
021

0.00031
0.0016

1.8e+
021

0.725
0.00435

0.0330
2.4e+

013
0.00034

0.0016
1.9e+

020
0.00030

0.0013
7.8e+

020
0.00021

0.0021
1.3e+

021
0.750

0.00410
0.0276

4.9e+
013

0.00048
0.0018

8.6e+
019

0.00030
0.0013

7.5e+
021

0.00026
0.0017

7.6e+
020

0.775
0.00377

0.0246
1.0e+

014
0.00019

0.0016
8.0e+

019
0.00025

0.0010
8.3e+

020
0.00017

0.0008
5.8e+

021
0.800

0.00349
0.0156

2.0e+
014

0.00053
0.0046

4.0e+
019

0.00030
0.0010

5.1e+
020

0.00048
0.0016

1.4e+
021

106



Chapter 6

A MESHLESS SOLUTION
TO THE p-LAPLACE
EQUATION

6.1 Outline

This Chapter is a self-contained and somewhat extended adaptation of [26].
In it, the non-linear pressure equation derived in Chapter 3 is revisited and
solved through a more efficient, superlinear method of Newton type. The p-
Laplace equation is a non-linear elliptic PDE which plays an important role in
the modeling of many phenomena in areas such as glaciology, non-Newtonian
rheology or edge-preserving image deblurring. In Section 2 we have linearized
it and applied a scheme introduced by G. Fasshauer which allows to solve it
in the framework of Kansa’s method. In order to confirm the validity of the
approach, a 2D example (the pressure distribution in Hele-Shaw flow) has been
numerically solved in Section 3. The convergence and accuracy of the method
are discussed, and the reasons which ultimately bring convergence to standstill
are conjectured. Two possible improvements are suggested. Section 4 deals
with the adaptive location of nodes implemented through a recently published
greedy algorithm. A second idea, based on smoothing up the linearized PDE
is suggested in Section 5. Section 6 concludes the Chapter.

6.2 Introduction

The motivation for this work is the simulation of injection molding, a process of
industrial relevance whereby molten polymer is driven into a cavity (the mold)
in order to manufacture small plastic parts. If the polymer viscosity obeys a
power law and the mold is thin compared to its planar dimensions, the classi-
cal mathematical model of injection molding is the Hele-Shaw approximation
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[89]. In the remainder of this paper, we will restrict ourselves to isothermal
Hele-Shaw flows, which physically arise whenever the fluid viscosity does
not depend on temperature. In this case it suffices to solve the following 2D,
non-linear, elliptic equation

div( |∇u|γ ∇u) = 0 (6.1)

whose solution yields the pressure distribution u(x, y) in the filled region of
the mold. Exponent γ completely characterizes the polymer rheology, and
is typically γ ≈ 1/2. We will assume dimensionless units: the independent
variables in this problem have been scaled in such a way that the maximal fluid
velocity is one (the reasons for this criterion will be evident in Section 3). If the
pressure profile (pIN) is set along the injection gates by the injection machine,
the boundary conditions are

u = pIN (injection) ∂u/∂n = 0 (walls) u = 0 ( f ront) (6.2)

From this pressure field, the average planar velocity < ~v > can be computed
and the location of the advancing front can be updated:

< ~v >= − |∇u|γ ∇u (6.3)

Although the boundary conditions (BCs) (6.2) are the most usual in commercial
software, the rate Q at which the polymer is fed can be alternatively used. In
this case, assuming that there is a single injection segment Γ, and always in
dimensionless units,

∮
Γ
|∇u|γ (∂u/∂n)dl = Q. Instead, we will make the further

assumption that the profile of < ~v > along the injection segment, qIN, is known.
The proper BCs for this situation are therefore non-linear,

− |∇u|γ ∂u/∂n = qIN (injection) ∂u/∂n = 0 (walls) u = 0 ( f ront) (6.4)

We will refer to (6.2) and (6.4) as Dirichlet-injection and Neumann-injection BCs,
respectively.
The numerical simulation of the Hele-Shaw flow requires coupling a) some
method for solving equation (6.1) at every time step with b) some technique
to advance the front to its new position, until the mold domain has been com-
pletely filled. In the state-of-the-art approach a) is accomplished through finite
elements (FEM), whereas for b), either the volume-of-flow (VoF) method is
used, or the nodes along the front are tracked to their new positions. The latter
option entails remeshing around the front at every time step, while the former
avoids it at the price of forgoing a sharp frontline. Another disadvantage of
FEM is the fact that the numerical interpolant is not differentiable along element
borders, so that an averaging, upwind process is required in order to compute
gradients on element nodes. In [25], an alternative, meshless framework was
proposed for solving this problem combining the method of asymmetric Radial
Basis Function (RBF) collocation for pressure with Level Sets for capturing the
front motion. We believe that this approach has the potential to overcome some
difficulties inherent to the FEM formulation.
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Eq.(6.1) is a p-Laplace (also called p-harmonic) equation of index p = γ + 2.
The p-Laplace operator

−4pu := div( |∇u|p−2 ∇u) (6.5)

has been regarded as a counterpart to the Laplace operator for non-linear
phenomena. The equation 4pu = 0 has been the subject of extensive mathe-
matical research for its own sake (see for instance [5]). In the remainder of this
paper, we will consider the 2D case only (i.e. u ∈ Rd with d = 2), and will
report on our recent progress in solving the non-linear elliptic PDE (6.1) in a
meshless numerical environment. We believe that this approach could also be
applied to other topical two-dimensional PDEs involving the p-Laplace oper-
ator as the core nonlinearity, such as the Perona-Malik equation for non-linear
(edge-preserving) image denoising or the problem of finding the minimal sur-
face resting on a given boundary.

6.3 Asymmetric RBF Collocation

6.3.1 Kansa’s method

The idea of using RBFs to solve PDEs was first introduced by Kansa [102, 103].
Consider the boundary-value problem (BVP) L(u) = f (~x) in domain Ω with
boundary conditions along ∂Ω given by G(u) = g(~x), where L and G are linear
operators. Ω is discretized into a set of N = NI + NB scattered nodes (called
centers) χ = {~xi ∈ Ω, i = 1...NI } ∪ {~x j ∈ ∂Ω, j = NI + 1...NI + NB } and an
approximate solution to the PDE is sought in the form of a linear combination
of RBFs {φk(~x), k = 1...N} centered at each of them,

u(~x) =

N∑

k=1

αk φk(~x), φk(~x) ≡ φ(‖ ~x − ~xk ‖) (6.6)

Having L and G operate on the RBF, the unknown coefficientsαk are determined
by appropriate collocation of either the PDE or the BC on N points, which
usually -but not necessarily- are the same set of centers:

N∑

k=1

αk Lφk(~xi) = f (~xi), i = 1, ...,NI (6.7)

N∑

k=1

αk Gφk(~x j) = g(~x j), j = NI + 1, ...,NI + NB (6.8)

Inversion of the linear system (6.7)-(6.8) is guaranteed for positive-definite
RBFs. In the event of a non-positive-definite RBF, positive-definiteness can be
restored by adding a low order polynomial to (6.7)-(6.8) plus suitable constraints
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for the additional coefficients. However, even if the system (6.7)-(6.8) is formally
solvable, it may be extremely ill-conditioned in practice. This drawback is
compounded by ‘Schaback’s uncertanty principle’, which establishes a trade-
off between accuracy and ill-condition in RBF collocation.

PDE collocation on boundary (PDEBC).Accuracy can be greatly improved
(especially in presence of Neumann BCs) by enforcing the PDE on the boundary
nodes also [66]. In this case expansion (6.6) must be supplemented with NB
extra RBF centers {~xm ,m = N + 1, ...,N + NB} in order to match the NB new
collocation equations. Since these extra centers are not to be collocated on, they
may lie outside the PDE domain. With them, the RBF interpolant takes on the
form

u(~x) =

N∑

k=1

αk φk(~x) +

N+NB∑

m=N+1

αm φm(~x) (6.9)

6.3.2 Non-linear Equations

In the event of a non-linear PDE the collocation equations (6.7)-(6.8) give rise
to a non-linear system of algebraic equations. An entirely different approach
is the operator-Newton method, which was first introduced by Fasshauer in the
context of meshless methods [55] [59], and which is sketched below:

Algorithm 1

• Let Hu = 0 be an elliptic non-linear PDE in Ω and L a linearization of it

• Pick an initial guess uk=0 of solution. We seek v such that H(u + v) = 0

• For k = 1, 2... until convergence

– Compute residual Rk = −Huk−1

– Solve Lkvk = Rk by Kansa’s method, where Lk = L(uk−1)

– Perform the smoothing of the Newton update, ṽk = Skvk

– Update the previous iterate, uk = uk−1 + ṽk

The idea behind the operator-Newton method is therefore to recast the
nonlinear elliptic PDE into a succession of linear elliptic problems, whose coef-
ficients are determined by the previous iterate. The smoothing step is optional
(if S = I, smoothing is skipped) and designed to counter the phenomenon of
lack of derivatives, which takes place whenever the numerical solution of the
linearized PDE prevents the Newton iterations from achieving full quadratic
convergence rate [56] [57]. Since Kansa’s method has been shown to possess
spectral convergence [40] in the solution of linear elliptic PDEs, Algorithm 1
is well suited to the RBF collocation framework, especially when the solution
domain Ω has an irregular shape (such as that of an expanding fluid).

110



6.4 Linearization of the p-Laplace Equation

6.4.1 Linearization of the PDE

Let us define flow fluidity as S(u) := |∇u|γ so that eq. (6.1) may be rewritten as
H(u) := div(S(u)∇u) = 0. In order to linearize this equation, we assume that

|∇u| � |∇v| (6.10)

and expand S(u) in a Taylor series around the origin, retaining only terms to
first order in |∇v| / |∇u|,

S(u + v) ≈ S(u) + γ |∇u|γ−2 (∇u · ∇v) (6.11)

Therefore the truncation criterion is
( |∇v|
|∇u|

)2 ≈ 0. It will be useful to define
~Ku := γ|∇u|γ−2∇u, so that S(u + v) ≈ S(u) + ~Ku · ∇v. Now

H(u + v) ≈ H(u) + div[S(u)∇v] + div[(~Ku · ∇v)∇u] + div[(~Ku · ∇v)∇v] (6.12)

The only remaining term which is not linear in v is the last one. Notice that

|(~Ku · ∇v)∇v| ≤ |~Ku| · |∇v|2 = γ|∇u|γ+1
( |∇v|
|∇u|

)2
= γ| < ~v > |

( |∇v|
|∇u|

)2 ≈ 0 (6.13)

and therefore

div[(~Ku · ∇v)∇v] ≈ 0 (6.14)

as long as | < ~v > | = O(1). Hence the convenience for normalizing the velocity
field when recasting the independent variables into dimensionless form. The
third term may be rewritten as

div[(~Ku · ∇v)∇u] = div[(∇u · ∇v)~Ku] (6.15)

It is also worthwhile noticing that

~Ku · (∇v · ∇)∇u = ∇v · (~Ku · ∇)∇u = ∇v · ∇S(u) (6.16)

After some manipulation we finally arrive at

H(u + v) ≈ H(u) + S(u)∇2v + ∇v · ∇S(u) + ~Ku · (∇u · ∇)∇v +

∇S(u) · ∇v − (2 − γ)∇u · ∇S(u) − γS(u)∇2u
|∇u|2 (∇u · ∇v) (6.17)

Now particularize to R2 and define

A(x, y) = S
[
1 +

γ

|∇u|2
(∂u
∂x

)2]
(6.18)

B(x, y) =
2γS
|∇u|2

(∂u
∂x

)(∂u
∂y

)
(6.19)

C(x, y) = S
[
1 +

γ

|∇u|2
(∂u
∂y

)2]
(6.20)

~D(x, y) = 2∇S +
(γ − 2)∇u · ∇S + γS∇2u

|∇u|2 ∇u (6.21)
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where we have dropped the u in S(u). Then, in order for H(u + v) = 0, the
correction v must obey the following linear PDE:

A
∂2v
∂x2 + B

∂2v
∂x∂y

+ C
∂2v
∂y2 + ~D · ∇v = R (6.22)

where R(x, y) := −H(v) is the residual of the current iterate u to the nonlin-
ear PDE (6.1). We will refer to R as nonlinear residual (to distinguish it from the
linear residual r, i.e. the residual of the RBF approximation to (6.22), which will
appear in the ensuing discussion). Since 4 = B2 − 4AC = −4(1 + γ)S2 < 0, (6.22)
is elliptic everywhere and can be always reduced to canonical form. As a guess
of the solution (iteration 0), it seems natural to solve a Laplace equation (which
would correspond to γ = 0) with the same BCs as in (6.2) or (6.4).

6.4.2 Linearization of the BCs

Dirichlet-injection case. In this case no linearization is needed and the BCs for
the correction are homogeneous if the guess complies with (6.2),

v = pIN−u (injection)
∂v
∂n

= −∂u
∂n

(walls) v = −u ( f ront)(6.23)

Neumann-injection case. Here, the BC operator Gu := |∇u|γ ∂u
∂n must be linearized

G(u + v) ≈ |∇u|γ ∂u
∂n

+ γ
∂u
∂n
|∇u|γ−2(∇u · ∇v) (6.24)

Therefore, the BCs for v are

|∇u|γ ∂v
∂n

+ γ
∂u
∂n
|∇u|γ−2(∇u · ∇v) = qIN − |∇u|γ ∂u

∂n
:= RBC (injection) (6.25)

∂v
∂n

= −∂u
∂n

(walls) v = −u ( f ront) (6.26)

where RBC is the residual to the non-linear BC. As the iterations progress and
both R � 0 and RBC � 0, v becomes the solution of a Laplace PDE with homoge-
neous BCs (if u0 complies with the BCs of the non-linear problem) and vanishes.

There are a number of qualitative differences between this problem and the
test problem analyzed in [59]. First, the present nonlinearity is a differential
operator rather than a function of the solution. Secondly, both Dirichlet and
Neumann BCs must be enforced, instead of only Dirichlet. Finally, the highest
gradients take place along the boundary. In order to meet the latter two features,
we have slightly modified Fasshauer’s Algorithm 1 to incorporate PDEBC.
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6.5 The Test Problem

6.5.1 Motivation

In order to validate the proposed method, we have solved (6.1) in a non-trivial
domain. It is a square box [0, 1]×[− 1

2 ,
1
2 ] with an elliptical insert ( x−1/2

a )2+( y
b )2 = 1,

with a = 2, b = 3. The meshless discretization of such a domain is shown
(for the injection-Dirichlet case) in Fig.(6.1). Most of the nodes stem from an
n × n = 30 × 30 grid from which those inside the insert have been removed
and 2n = 60 further nodes have been added in order to model the internal,
elliptical wall. There is also an additional layer of nodes at half-grid-constant
distance of the boundary, which is intended to improve the accuracy of the
RBF approximation close to the boundary, especially along the portions of it
with Neumann BCs. As long as there are no coincidental nodes, no minimal
distance among nodes has been enforced (it happens to be hmin = 0.0018). The
set of RBF centers is the same as that of collocation nodes plus a set of extra
centers required for PDEBC, which are placed outside the mold at a distance
h = 1/29 (the grid constant) along the outward vector. The exponent γ is 0.6
(which models polyethylene). The mold has been taken from [25] with minor
modifications, the most important of which is that the side x = 1 has been
removed to be replaced by a freely moving frontline.

The RBF that we have used is the scaled Matérn function M2,11,c (see the
Appendix for the definition). Since it is positive definite, there is no need for
including polynomial terms into the RBF interpolant. The same RBF was used
in [143] and found to significantly outperform MQs. Here, we have chosen to
restrict c below the ill-condition threshold and found a nearly optimal value of
c = 0.1, which gives rise (in our collocation point set) to a condition number of
about 1013. It performs indeed better than a MQ RBF with an equal or lower
condition number (in the best case, the MQ delivers half of the accuracy of
M2,11,0.1) and, more importantly, is more stable with respect to the condition
number. However, the Matérn RBF is more expensive to compute and has two
tunable parameters, instead of just one as the MQ.

The injection gate is the segment x = 0,−ξ ≤ y ≤ ξ, ξ = 0.15, highlighted
with an arrow in Fig.(6.1). Along it we have enforced either Neumann (6.4) and
Dirichlet (6.2) BCs. In the former case, the profile is

qIN(y) = 0.9
(
1 − 3

( y
ξ

)2
+ 2

( |y|
ξ

)3)
(6.27)

such that the exact solution is smooth at both ends (0,±ξ) of the injection
segment. In the injection-Dirichlet, the prescribed pressure pIN(y) is the exact
solution of the problem with injection-Neumann BCs and profile like (6.27).
Consequently, both versions of the problem have an identical solution. In lack
of an analitical solution, a FEM approximation computed over 75209 triangles
has been used as reference. It is shown in Fig.(6.2).
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Figure 6.2: FEM solution.

6.5.2 Numerical Results

In order to trigger the Newton iterations, an initial guess of the solution must be
provided to Algorithm 1. For simplicity, we have used as a guess the solution
of the Laplace equation on the same domain and under identical BCs as the
non-linear problem. However, other numerical experiments (not reported here)
suggest that the scheme is reasonably robust with respect to the starting guess,
especially in the Dirichlet-injection case.

Fig.(6.3) shows the performance of the proposed method throughout the
first seven iterations. Concretely, at iteration k, the error ε to the FEM solution,
the non-linear residual R, and the linear residual (to the linearized equation) r
are monitored over a fine mesh of 2228 nodes scattered throughout the domain
(and different from the collocation point set). The ’exact’ solution values over
this evaluation mesh have been linearly interpolated from the much finer FEM
computational mesh. The goodness of the estimates ε, R, and r, is characterized
by its root mean square (RMS) values, which is defined for a vector a of N
elements as

RMS(a) =

√∑i=N
i=1 a2

i

N
(6.28)

We first focus on the Dirichlet-injection case (solid line in Fig.(6.3)). Starting
from ≈ 0.01, the RMS(ε) drops by two orders of magnitude in the two first
Newton iterations (exhibiting a clearly superlinear convergence rate), and then
stalls (although actually it keeps on dropping for a few more iterations, albeit
at a negligible rate). Figs.(6.6)-(6.9) demonstrate how the operator-Newton
scheme accurately predicts the correction required to match the current error
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-notice that the algorithm itself of course ignores the true solution. Concerning
R, it increases at first, and then also drops steadily until leveling off at about
the 3rd − 4th iteration. The fact that the interpolation non-linear residual R does
not drop down to zero (or the error ε, for that purpose) is not surprising since
the RBF method enforces the sequence of linear PDEs (and therefore the non-
linear PDE) on a finite set of collocation nodes only. Indeed, the residual to
the non-linear PDE averaged among the collocation nodes does drop to about
10−10 in some ten Newton iterations (not shown). However, the global accuracy
depends on the collocation point set which models the domain and on the RBF
interpolation space containing the numerical solution.

For the Neumann-injection case (broken line), the starting guess is shown
in Fig.(6.5). Compared to the FEM solution in Fig.(6.2), the 0th error is apparent
to the naked eye. Next, the RMS(ε) decreases superlinearly during the first
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three iterations, but then ’bounces’ and levels off, after some oscillations, at
about 0.001. In both injection versions, the gain in accuracy from the guess is
of the same order of magnitude. The performance of the numerical scheme
in the Neumann case is understandably poorer, since derivative BCs are tra-
ditionally more difficult to deal with and because the accuracy of the RBF
interpolation worsens roughly by an order of magnitude per derivative -which
also fits the gap between the RMSs(ε): 0.0001 and 0.0013. On the other hand,
the asymptotic non-linear residual (chiefly made up of second derivatives) is
very similar in both cases: 0.054 and 0.062. The quality of the approxima-
tion provided by the RBF-Newton scheme can be assesed by comparison with
the accuracy of interpolation of the FEM solution with the same set of nodes
and RBFs (without the exterior centers for PDEBC). Such interpolation values
are: RMS(interpolation error)=5.9 × 10−5, RMS(non-linear residual)=0.52, and
MAX(|nonlinear residual|)=4.73 (the residual is based on derivating the inter-
polation solution).

Finally, it is apparent that the plots of the linear residual r merge with
those of R. Moreover, the lines for R and r may cross but their collapsing
together neatly signals the end of convergence of the error to the FEM solution.
Since both estimates are available without knowledge of the exact solution, this
phenomenon could furnish an efficient stopping criterion (without need to wait
for the collocation non-linear residual to converge). The numerical equivalence
of R and r means that the RBF scheme is no longer capable of capturing the
features of the current linear PDE, because they take place among collocation
nodes. Since the linear residual is defined as

r = R − A
∂2v
∂x2 − B

∂2v
∂x∂y

− C
∂2v
∂y2 − ~D · ∇v (6.29)

the fact that r = R means that the RBF method is effectively ’seeing’ a Laplace
equation, whose solution is zero by virtue of the homogeneous BCs. There-
fore, v vanishes and the convergence stagnates. Inversely, R is in turn affected
by the linear residual r, which shows overshoots in intrincated or oversam-
pled regions (like corners or where several RBF centers are too closely packed).
Such spurious oscillations contaminate the non-linear residual R throughout
the iterations until eventually masking it up. The final non-linear residual that
remains in the pointset after convergence has stalled resembles noise, for it has
zero average and is evenly distributed, except for the overshoots -see Fig.(6.14).
The situation could be loosely summed up with the insight that the non-linear
asymptotic residual settles at a value which is not the true R, but a value of it
contaminated with the linear residual of the iterations prior to convergence.

Based on the above analysis, at least two improvement strategies, which
turn out to be complementary, may be devised, namely: a) reducing the linear
residual at each linearized iteration, and b) filter the spurious features out of
the coefficients of the iterated PDEs. Regarding the first approach, it may be
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implemented by adaptively choosing the collocation nodes and the RBF centers,
while keeping the size of the discretization support approximately constant, or
by simply refining the point set (the effect of this on the injection-Neumann
problem can be seen in the columns labeled I in Table (6.2). As for b), we have
tried out a simple idea related to the smoothing step of Algorithm 1, which will
be explained in the following section.

6.6 Adaptive Collocation

The Greedy Algorithm (GA) of Ling et al. [125] is a variation of Kansa’s method
which adaptively constructs the sets of RBF centers and collocation nodes seek-
ing the minimization of the generalized residual (which includes the residuals to
both the PDE and the BCs). As far as we are aware of, results of the GA have
only been reported concerning harmonic problems on very irregular shapes
and Dirichlet BCs, and they show a remarkable improvement on the efficiency
over the plain Kansa’s method. The GA is described in some detail in the Ap-
pendix.

We have adapted the GA to the p-Laplace equation, with the idea of check-
ing whether such an adaptive collocation method would be able to reduce the
residual overshoots which bring the convergence of the operator-Newton to
standstill. The outcome has been definitely negative. As it seems, the GA is
even more sensitive to noise than Kansa’s method on a (balanced) scattered
grid. While sampling on the latter has -to a certain extent- a filtering effect,
the GA gets itself trapped in regions where the noise-like features are larger. A
newer version of the GA [127], which is based on least-squares approximation
rather than on strict collocation, would no doubt be a better choice for testing
adaptivity, but it has appeared too late for being used in this Thesis.

Even though, we think that our results with the GA are worth reporting.
Let us restrict ourselves to the hint iteration (a Laplace equation), which -as
long as there are no boundary singularities- yields a smooth solution. We
have compared the performance of the GA with that of Kansa’s method for the
same domain studied in Section 3 but without the elliptical hole (for the sake of
simplicity). The only major difference between this problem and those reported
in the seminal paper concerns the BCs, which here are of Neumann type on a
large portion of the boundary (including the injection gate). Nonetheless, the
presence of them downgrades noticeably the performance of the GA, according
to our numerical experiments. Particularly, it is necessary to feed the GA
with a much larger density of possible test functionals along the Neumann
boundaries. In any case, the GA is less robust than in the Dirichlet-only case,
with a very shaky convergence as more degrees of freedom (DoFs) are added
into the pointset. Fig. 6.10 shows the convergence of the generalized residual
for the first 500 DoFs (with c = 0.3162). It can be seen that the generalized
residual drops on average according to a clear pattern. The arrow shows the
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point set which yields the best results (shown in Fig. 6.11). With 446 RBFs (and
collocation nodes) it delivers a maximum residual evaluated over a fine mesh
(R) of 0.00472 at a condition number about 1010. The estimate over the 3622
available test functionals, which drives the GA, is 0.00479, which is remarkably
accurate. Moreover, Kansa’s method over a gridlike pointset with PDEBC for
roughly the same point set size and condition number delivers R = 0.18, thus
nearly four times larger.
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Figure 6.10: Convergence of the
Greedy Algorithm.
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6.7 Implicit Smoothing

6.7.1 Noise Removal in Interpolation Problems

Loosely speaking, the basic idea of denoising is to remove from a set of data
those features whose characteristic length is below a given threshold. Convo-
lution of the data with a low-pass filter is one such technique which allows a
global interpretation of the denoising process: it attenuates (or supresses) the
high frequencies present in the Fourier transform of the data. The usefulness of
low-pass filters lies in the following two facts: the spectral components of the
noise are typically higher than those of the data (which amounts to a shorter
physical scale), and, if the highest frequency corresponding to a genuine struc-
ture in the signal can be established a priori, the filter cut-off frequency can be
adjusted accordingly.

Since the action of a low-pass filter also removes the sharp features from
the signal, convolution with a filter is also known as smoothing. The linear
nature of the RBF representation enables a simple and unexpensive form of
filtering through basic function substitution called implicit smoothing. We will
just sketch the procedure and refer the reader to [15] for details. Consider the
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RBF expansion of a function u

u =

N∑

i=1

λiφ(|~x − ~xi|) (6.30)

By linearity, convolution with a linear filter ψ is

ũ := u ? ψ =

N∑

i=1

λi

(
φ(|~x − ~xi|) ? ψ

)
(6.31)

Therefore, if

ϕ := φ ? ψ (6.32)

is another RBF, denoising amounts to a change of basis in the interpolation
space. In order to perform the filtering, one only has to interpolate the noisy data
with the RBFφ, retain the expansion coefficients and replaceφ by the smoothed
up RBF ϕ. Both RBFs are implicitly related by the smoothing parameters (such
as the cut-off frequency). The applicability of this technique is restricted to the
triplets of viable functions (φ,ψ,ϕ) for which the relation (6.32) holds. A list
of the possibilities currently available may be found in [15]. Among them, the
scaled Matérn RBF is particularly simple, since

Md,α,c ?Md,β,c = Md,α+β,c (6.33)

The scaling parameter c can be interpreted in the physical space as the
distance below which detail becomes severely blurred. For a gridded set of
collocation points, it is natural to identify c ≈ h (with h the grid constant),
because any feature below that length should be safely removable without loss
of information, since the point set is not expected to capture it in the first place.
For a point set made up of scattered data, determination of c is more elusive.
We stress the heuristic nature of this approach, which performs surprisingly
well in practical interpolation problems [33]. We will next try to take advantage
of it in the PDE setting.

6.7.2 Application to PDEs

In order to illustrate the idea of smoothing up PDE coefficients, consider the
following Poisson equation:

∇2u(x, y) = RHS, (x, y) ∈ Ω u(x, y) = f (x, y), (x, y) ∈ ∂Ω (6.34)

The domain Ω is a box [0, 1] × [− 1
2 ,

1
2 ], discretized into 30 × 30 gridded

collocation nodes. h = 1/29 is the grid constant and an external layer of RBFs
has been added at a distance h off the boundary for PDEBC. The RBF is M2,5,c=h

and f (x, y) = e−x2 cos(y). In order to assess the effect of noise on the RHS of
(6.34), we have carried out three numerical experiments:
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• RHS= ∇2 f (x, y) (Clean RHS)

• RHS= ∇2 f (x, y) + Jδ (Noisy RHS without smoothing)

• RHS=
(
∇2 f (x, y) + Jδ

)
?M2,2,c=h (Noisy RHS smoothed up)

J = 5 is the amplitude of the noise and δ is a Gaussian distribution (of mean
zero and unit variance and standard deviation). The results of the tests are
shown in Table (6.1). It can be seen that the effect of the filter is small on the
accuracy but evident on the residual. In the noisy and unsmoothed case, the
residual is dominated by the RHS noise. The Matérn filter M2,2,c=h removes
a fair amount of this noise from the residual without essentially affecting the
signal, for the errors remain the same. The histogram in Fig.(6.12) shows
the normalized distribution of the ’extracted’ noise compared with the (also
normalized) noise distribution. Fig.(6.13) shows the ’remaining’ noise in the
RHS after smoothing. It is remarkable how the filter has eliminated all of the
noise components except those of the smallest amplitude, even though the noise
amplitude J is not considered among the smoothing parameters. The points
of interest to the application of implicit smoothing to the operator-Newton
method are however these two: a) the residual to the elliptic PDE is easily
masked up by the PDE coefficient noise, and b) the convolution with a proper
filter can remove an important part of the noise both from the coefficients and
from the residual.
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Figure 6.12: RHS(after smoothing) mi-
nus RHS(noisy source)
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Figure 6.13: RHS(after smoothing) mi-
nus RHS(clean source)

Table 6.1: Poisson equation with a noisy RHS
Clean RHS Noisy RHS without smoothing Noisy RHS smoothed up

RMS(ε) 4.5 × 10−6 0.012 0.013
MAX(ε) 1.9 × 10−5 0.036 0.038
RMS(r) 0.02 4.80 1.46
MAX(r) 0.11 18.54 6.86
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6.7.3 Fasshauer’s Method with PDE Coefficient Smoothing

We have introduced implicit smoothing into the operator-Newton iterations in
a diferent fashion than Algorithm 1. Instead of smoothing up the correction
at every iteration, it is the set of coefficients to each linearized PDE that are
smoothed up.

Regarding the implementation, we have adopted an approach in which
the RBF involved in the operator-Newton iterations is independent from those
involved in the smoothing process. At each iteration, the nodal values of each
PDE coefficient are computed through Kansa’s method with the RBF M2,11,c=0.1,
and captured on the same set of collocation nodes by the first scaled Matérn in
the implicit smoothing triplet, the M2,5,c=h. Then, they are interpolated on the
same nodes by the ’smoothed up’ RBF M2,7,c=h, and this new vector of nodal
values represents the smoothed up PDE coefficient.

As long as the collocation pointset remains fixed throughout the iterations,
the smoothing of any quantity defined by a nodal vector reduces to a matrix-
vector multiplication, where the (interpolation) matrix is computed at the be-
ginning and stored. This makes of implicit smoothing a particularly efficient
regularization technique.

Table 6.2: Effect of smoothing on Newton iterations
RMS(ε)

it 20 × 20 30 × 30 40 × 40
0 0.10304 0.10195 0.10205
1 0.02920 0.03266 0.03382
2 0.00498 0.00519 0.00322 0.00438 0.00309 0.00358
3 0.00259 0.00253 0.00019 0.00187 0.00032 0.00329
4 0.00387 0.00252 0.00188 0.00172 0.00164 0.00245
5 0.00335 0.00276 0.00112 0.00088 0.00072 0.00208
6 0.00357 0.00267 0.00148 0.00120 0.00117 0.00193
7 0.00348 0.00266 0.00130 0.00097 0.00094 0.00127
8 0.00352 0.00266 0.00139 0.00103 0.00106 0.00153
9 0.00350 0.00264 0.00135 0.00095 0.00100 0.00076
10 0.00351 0.00264 0.00137 0.00095 0.00103 0.00123
11 0.00351 0.00263 0.00136 0.00091 0.00101 0.00047
12 0.00351 0.00263 0.00136 0.00089 0.00102 0.00101
13 0.00351 0.00264 0.00136 0.00087 0.00102 0.00032
14 0.00351 0.00265 0.00136 0.00086 0.00102 0.00085
15 0.00351 0.00266 0.00136 0.00085 0.00102 0.00026

I S I S I S

Table (6.2) shows the effect of PDE coefficient smoothing on the error in the
injection-Neumann BC version. For three different point sets based on 20 × 20,
30×30, and 40×40 grids, RMS(ε) is listed without (columns labeled I) and with
smoothing (label S). In all cases, the iterated PDEs are solved with the RBF
M2,11,0.1, whereas the implicit smoothing is implemented with the triplet M2,5,t
(capturing RBF), M2,2,t (filter), and M2,7,t (smoothed RBF).

The smoothing length t (scaling parameter of the filter Matérn M2,2,t) is set to
the corresponding value of the grid constant, i.e. 1/19, 1/29, and 1/39. Implicit
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smoothing is applied from the second Newton iteration only. The reason is that
for the two first iterations a superlineal convergence rate is indeed observed and
therefore there should be no need for regularization. The effect of smoothing is
different depending on the PDE coefficient. Coefficient A(x, y), for instance, is
fairly smooth (see Fig.(6.4)) so that the application of smoothing only slightly
’files’ the central peak. The effect on R, on the other hand, is quite remarkable
as it can be seen in Figs.(6.14) and (6.15). Altogether, filtering the coefficients
seems to lead to some improvement in the injection-Neumann case, despite the
simplicity of the idea. However, in the Dirichlet-injection case (not shown),
smoothing lacks any noticeable effect. It might be due to the fact that the error
is already very close (twice as much) to the error of interpolating the exact
solution.
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Figure 6.14: Residual it=2.
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Figure 6.15: Smoothed up residual
it=2.

6.8 Discussion

This paper builds up on our previous work on the Hele-Shaw flow which mod-
els plastic injection molding [23] [24] [25]. This problem features a non-linear,
unsteady, and free-boundary flow confined inside a potentially irregular 2D
geometry, and therefore well suited to meshless discretizations. Here, we have
focused on the numerical solution of the p-Laplace equation for the pressure.
The numerical solution of non-linear PDEs through asymmetric RBF colloca-
tion (Kansa’s method) is still under-represented in the literature. Most authors
have relied on general-purpose routines such as Powell’s method or Levenberg-
Marquardt’s. Recall that this approach looks to solve the non-linear system of
equations directly in the RBF coefficient space. Gradient-based solvers equate
the solution of it with the point where minimum of a given functional takes
place. The required derivatives for the search are constructed in terms of finite
differences. Moreover, they are very sensitive to the ill-conditioning of the sys-
tem. Based on our numerical observations, we claim that this approach cannot
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take full advantage of the approximation properties of the RBF interpolant, if
only because the shape parameter cannot be pushed to the limit as needed for
the best results.

Instead, we have preferred to investigate the operator-Newton algorithm
proposed by G. Fasshauer, which recasts the non-linear PDE into a sequence
of linear ones. Thus, the original problem remains in the physical space and
inside the conceptual framework of Kansa’s method, and can fully benefit from
its excellent performance in solving elliptic PDEs. Although the linearization
of the p-Laplace equation is not trivial, our numerical examples show good re-
sults, with the accuracy of solving the non-linear PDE coming very close to that
of interpolating the exact solution after just a few operator-Newton iterations.

In order to improve the results without affecting efficiency, we are cur-
rently following two lines of research, both of which are aimed at reducing the
noise-like residual overshoots. The first one looks into an adaptive RBF ap-
proximation along the lines of the Greedy Algorithm in [125], and is still under
investigation. The second one aims at regularization of the Newton iterates. A
particularly unexpensive and RBF-friendly way of performing it is through im-
plicit smoothing, which we have explored in this work with promising results.
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CONCLUSIONS

At least four important points that have been left unfinished, and grant further
research.

• The front-capturing scheme presented in Chapter 3 is not ’meshless’ in a
strict sense, for the Level Set equation relies on finite differences over a
grid. While this poses no restriction to the domain shape -which has only
to be contained in the grid- it would be desirable that both the pressure
and the Level Set equation be supported over the same set of scattered
nodes. Regretfully, an all-purpose meshless formulation of Level Sets is
-to the best of our knowledge- not yet available, and seems to come across
several hindrances (see Discussion in Chapter 3).

• The application of the enrichment ideas in Chapters 4 and 5 to non-linear
elliptic PDEs and, more concretely, the coupling of them with the operator-
Newton algorithm in Chapter 6 has not been investigated. Since the first
iteration of the Newton algorithm corresponds to a Laplace equation,
the available enriching terms could be added at that stage. It would
be interesting to know whether such a simple approach would suffice
to entirely remove the singularities from the problem, or new analytical
terms should be constructed and added throughout the subsequently
iterated elliptic equations, instead.

• A new version of the Greedy algorithm that has been recently pre-
sented (2008) based on least squares approximation (instead of colloca-
tion) would have been much more suitable for coupling with the Newton
algorithm in Chapter 6, due to the noise-like effect of the cummulative
residuals. Also, it would be desirable a better understanding of the
smoothing technique applied to the PDE problem in Chapter 6 -which
could lead to a more efficient and justified employment of this approach.

• Finally, a successful outcome of all of the three above points would allow
for a comprehensive meshless collocation description of Plastic Injection
Molding, including thermal effects. Such a model might be realistic and
efficient enough to stand comparison with commercial FEM codes.

To conclude this Thesis, we list the -in our view- original contributions:
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• Plastic Injection Molding has been solved with a collocation meshless
method. Moreover, in the proposed approach, the frontline is captured
rather than tracked and new nodes are added into the point set by interpo-
lating the zeroth-level Level Set function on the underlying grid (Chapter
3).

• The restauration of spectral h-c convergence for multiquadrics after re-
moval of singularities with an enriching technique has been shown for the
Motz problem (Chapter 4). The enriching technique has been applied to
two further harmonic and biharmonic benchmark problems with singular
boundary conditions (Chapter 5).

• For the case of Newtonian flow, removal of singularities based on the
above technique leads to an RBF interpolant which outperforms FEM by
orders of magnitude in efficiency, based on mass conservation. This is
particularly striking since, contrary to finite elements, Kansa’s method
works with the strong formulation of the PDE, where harmonicity is not
’built in’ in the method.

• The operator-Newton algorithm has been applied to a problem involving
a substantially more complex non-linearity than that of the seminal pa-
pers. It has been verified that Fasshauer’s approach is a very promising
way to tackle non-linear problems within the RBF framework (Chapter
6).

• The Greedy algorithm has been adapted to a slightly more difficult type of
boundary value problem involving also Neumann boundary conditions
(Chapter 6).

• Implicit Smoothing with RBFs has been interpreted and tested in the
iterative solution of non-linear PDEs (Chapter 6).
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Appendix A

Derivatives of the
Multiquadric RBF

φk (x) =
√

(x − xk)2 + (y − yk)2 + c2
k (A.1)

∂φk

∂x
=

x − xk√
(x − xk)2 + (y − yk)2 + c2

k

(A.2)

∂φk

∂y
=

y − yk√
(x − xk)2 + (y − yk)2 + c2

k

(A.3)

∂2φk

∂x2 =
(y − yk)2 + c2

k(
(x − xk)2 + (y − yk)2 + c2

k

)3/2
(A.4)

∂2φk

∂y2 =
(x − xk)2 + c2

k(
(x − xk)2 + (y − yk)2 + c2

k

)3/2
(A.5)

∂2φk

∂x∂y
= − (x − xk) (y − yk)

(
(x − xk)2 + (y − yk)2 + c2

k

)3/2
(A.6)

∇2φk =
(x − xk)2 + (y − yk)2 + 2c2

k(
(x − xk)2 + (y − yk)2 + c2

k

)3/2
(A.7)

127





Appendix B

Domain Decomposition
Method

B.1 Schwarz’s Alternating Algorithm

Consider a general partial differential equation (PDE) in the form

Lu = f (~x) ~x ∈ Ω ⊂ Rd (B.1)

Bu = g(~x) ~x ∈ ∂Ω (B.2)

where d is the dimension, ∂Ω denotes the boundary of the domain Ω, L
is the differential operator that operates on the interior, and B is a differential
operator that specifies the boundary conditions. Both the Rd � R functions, f
and g, are known. It is not required that the operators L and B be linear nor
that the PDE be elliptic.

We are seeking an approximation U to solution u over a finite set of N nodes
which model Ω. The nodal values are obtained by solving a system of algebraic
equations. Instead of doing it over the entire domain Ω, it may be convenient
to decompose it into a set of m overlapping subdomains Ω = Ω1∪Ω2∪ . . .∪Ωm.
This decomposition may be advantageous for various reasons: the size of the
discretization to each subdomain is more manageable than that of the entire
problem, or the subdomains are so shaped that they lend themselves to some
regular discretization (while the actual domain Ω does not), or the solution
behaves in such a way that it is preferable to use different discretizations over
diferent regions of the domain.

The earliest concept of domain decomposition method (DDM) was put
forward by Schwarz [157] in 1870. For the sake of the argument, assume that
Ω = Ω1 ∪Ω2 so that Ω1 ∩Ω2 , ∅. In the remainder of this section, we follow
closely the discussion in [122]. The domains Ω, Ω1, and Ω2 are open and do
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not include their boundaries; let ∂Ω, ∂Ω1, and ∂Ω2 denote their respective
boundaries. The artificial boundary Γi of Ωi, for i = 1, 2, is defined to be the
portion of ∂Ωi that is also interior to Ω. The remainder of ∂Ωi\Γi is referred to
as the natural boundary. The classical alternating Schwarz algorithm is given by

LUn
1 = f (~x) ~x ∈ Ω1 (B.3)

BUn
1 = g(~x) ~x ∈ ∂Ω1\Γ1 (B.4)

Un
1 = Un−1

2 |Γ1 ~x ∈ Γ1 (B.5)

and

LUn
2 = f (~x) ~x ∈ Ω2 (B.6)

BUn
2 = g(~x) ~x ∈ ∂Ω2\Γ2 (B.7)

Un
2 = Un

1 |Γ2 ~x ∈ Γ2 (B.8)

Figure B.1: Decomposition of domain Ω into Ω1 ∪Ω2

where Un
i is the numerical solution on the closure of the subdomain Ωi ∪

∂Ωi, i = 1, 2 after n iterations. For each subdomain, the same PDE is solved in
the interior Ωi and on the natural boundary ∂Ωi\Γi, while a Dirichlet condition
is imposed on the artificial boundary Γi so that the numerical solution on
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subdomain Ωi matches the newest approximation on Γi. The notation Un
i |D

denotes the values of Un
i restricted to the domain D. The initial guess U0

2 can
be initialized with a vector of zeros. Iterations of the algorithm above continue
until some convergence criterion is satisfied, for instance

‖U1|Γ1∪Γ2 −U2|Γ1∪Γ2‖ < τ (B.9)

where τ is a user-precribed tolerance. Once converged, the numerical solution
U throughout Ω may be taken as

U(~x) =



U1(~x)+U2(~x)
2 if ~x ∈ Ω1 ∩Ω2

Ui(~x) otherwise
(B.10)

The classical Schwarz’s alternating algorithm provided a framework for
the solution of large linear or nonlinear systems of equations resulting from
discretizations of PDEs or from interpolation fits. With the advent of comput-
ers, DDMs have been well developed for finite elements (FEM), finite volume
(FVM), finite differences (FDM), and spectral methods. The most important
features of the method are shared in all of them, namely

• Robustness with respect to the selection of subdomains.

• Fast convergence.

• The speed of convergence of the algorithm increases with the width of
the overlap between subdomains.

Improvements to the basic idea above include Krylov subspace methods,
convergence acceleration and parallelization. Suppose that Ω is split up into m
overlapping subdomains Ω j, j = 1, . . . ,m. At iteration n + 1, either

1. The artificial boundary values of each subdomain are updated from the
results of the nth step (the so-called overlapping additive Schwarz’s algo-
rithm). The main advantage of this approach is that it is parallelizable.

2. The artificial boundary value of each subdomain is updated from the most
recent results obtained from its neighboring subdomains, which is known
as the overlapping multiplicative Schwarz’s algorithm. While it is not
parallelizable, this version of the algorithm enjoys a faster convergence
than the additive one.

For further details, see, e.g., [162]. In this thesis only decomposition into
two subdomains has been made, and the multiplicative version of Schwarz’s
algorithm has been preferred.
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B.2 Application to RBF Collocation

Because of the exponential spatial convergence of many of the most popular
RBFs, the size of the discretization support in Kansa’s method is usually modest
compared to that required by traditional, meshed schemes like FEM or FDM.
Still, the extremely ill condition of the algebraic systems arising in RBF collo-
cation makes it in practice unfeasible the discretization of a single domain into
more that a few thousand of nodes. This is the reason why DDM remains a
powerful tool in the context of Kansa’s method, where it is regarded rather as
a preconditioner.

Some examples of the combination of RBF collocation and the Schwarz’s
algorithm are listed next. In [177], the multiplicative and additive versions
are compared. In [122], a comprehensive approach for the treatment of PDEs
within Kansa’s method is presented that combines DDM, approximate cardinal
basis function- preconditioning and GMRES iterations. An improvement in ef-
ficiency with respect to the standard approach is demonstrated. In [13], DDM is
applied to RBF-interpolation over a scale which would be otherwise intractable.

Our own implementation of DDM is just the algorithm (B.3-B.8) where
boundary colocation of the PDE (PDEBC) has been enforced also on the artificial
boundaries. A small improvement in the convergence rate has been detected.
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Appendix C

The Scaled Matérn RBF and
its Derivatives

The scaled Matérn RBF in Rd is defined as

Md,α,c(r) =
1

cdπd/22(d+α−2)/2Γ(α/2)

( r
c

)(α−d)/2
K(α−d)/2

( r
c

)
(C.1)

where c is a scaling parameter and Kν(z) is the modified Bessel function of the
second kind. The parameter ν > 0 controls the smoothness of the given Matérn
function, such that zνKν(z) is bν− 1c times differentiable. The value at the origin
is

Md,α,c(0) = lim
r�0

Md,α,c(r) =
Γ(α−d

2 )

(2c
√
π)dΓ(α2 )

(C.2)

In order to simplify the notation, define

Sµ(z) = zµKµ(z) (C.3)

Cd,α = πd/22(d+α−2)/2Γ(α/2) (C.4)

µ =
α − d

2
(C.5)

The derivatives of the scaled Matérn RBF are

Md,α,c(r) =
1

cdCd,α
Sµ

( r
c

)
(C.6)

∂Md,α,c(r)
∂x

= − 1
cd+1Cd,α

(x − x j

c

)
Sµ−1

( r
c

)
(C.7)

∂Md,α,c(r)
∂y

= − 1
cd+1Cd,α

( y − y j

c

)
Sµ−1

( r
c

)
(C.8)
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∂2Md,α,c(r)
∂x2 = − 1

cd+2Cd,α

[
Sµ−1

( r
c

)
− (

x − x j

c
)2Sµ−2

( r
c

)]
(C.9)

∂2Md,α,c(r)
∂y2 = − 1

cd+2Cd,α

[
Sµ−1

( r
c

)
− (

y − y j

c
)2Sµ−2

( r
c

)]
(C.10)

∂2Md,α,c(r)
∂x∂y

=
1

cd+2Cd,α

(x − x j)(y − y j)
c2 Sµ−2

( r
c

)
(C.11)

O2Md,α,c(r) =
1

cd+2Cd,α

[( r
c

)2
Sµ−2

( r
c

)
− 2Sµ−1

( r
c

)]
(C.12)
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Appendix D

The Greedy Algorithm of
Ling, Opfer and Schaback

D.1 Introduction

The Greedy Algorithm (GA) of Ling et al. [125] is an innovative approach to
asymmetric RBF collocation which tries to construct the smallest point set for a
given problem which achieves some predefined performance criteria -and with
only a few a priori assumptions about it. Moreover, contrary to the original
Kansa’s method, it is certain to deliver a solution in the form of a RBF inter-
polant without the risk of falling into a singular system of collocation equations.

In this appendix we briefly review the GA with a focus on the underlying
strategy and the practical aspects. We have skipped most of the theoretical
background to the GA, which can be found in the seminal paper and in the
recent follow-ups [116] [127].

D.2 Greedy Selection of Collocation Nodes

The fundamental notion behind the GA is to adaptively enlarge the RBF cur-
rent point set with the best pair collocation node/RBF center that are available
at every step. Like in many prior studies, it uses the residual as an estimate of
the accuracy. Then it collocates the RBF interpolant on the point in the domain
where the residual is maximum (in absolute value) -thus nullifying it. Because
the number of collocation nodes must always match that of terms in the RBF
interpolant, a new RBF center has to be added along with the new collocation
node. However, and contrary to the usual formulation, the GA does not assume
that they are coincidental, i.e. the collocation set of nodes is independent from
the set of RBF centers. In practice, both the residual is computed on and the
new RBF centers are picked from those which remain available in the respective
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finite sets provided beforehand by the user.

In order to make the discussion concrete, let us define the following linear
boudary value problem:

Lu = f (~x) if ~x ∈ Ω ⊂ Rd

Bu = g(~x) if ~x ∈ ∂Ω (D.1)

As usual, Ω ∪ ∂Ω are discretized into Nn points. We will adopt the ter-
minology of [125] and speak of test functionals rather than collocation nodes,
referring not only to the point but also to the equation which is collocated on
it. Notice that for a point along the boundary up to two test functionals (for a
second order PDE) may be defined, associated to L and B. The set of possible
collocation functionals is called the test set, which at first is made up of Nt ≥ Nn
elements. We will denote them generically as {λi, i = 1, . . . ,Nt}, regardless of
the corresponding operator. It is also convenient to use a single symbol for the
right-hand side, say θ (so that θ is f or g depending on the test functional).
This abuse of notation enables us to write down the PDE (D.1) as λu = θ.
Analogously, the interpolation space is made up of Ns functions -not only RBFs
but also special functions and polynomials can be considered. Nonetheless, in
order to keep the discussion simple we will assume that the so defined trial set
is made up exclusively of Ns RBFs -the trial functions. At set-up stage, there is
no need that Nt = Ns, and the RBF centers may or may not coincide with collo-
cation points, and may well lie outside the domain. We introduce the notation
Ξs and Ξt to denote the trial and test sets, respectively.

At the first iteration of the GA, one arbitrary element is picked and deleted
from both Ξs and Ξt, and introduced as the first elements into the accepted trial
set (χs) and the accepted test set (χt), respectively. The RBF interpolant is simply

u(1) = α1φ1 (D.2)

whose solution

α1 = θ1/λ1φ1 (D.3)

exists as long as θ1 , 0, which is in fact a mild condition on the selected first test
functional (there must be at least one non-zero test functional or the solution
would be trivial). Notice that the subindices label the elements in χt and χs.
Now, the generalized residuals

ri = θi − λiu(1) (D.4)

are computed over the Nt − 1 elements remaining in the test set, and the one
yielding R(0)

max = max(|ri|) is deleted from the Ξt, and used as the next test
functional. Deleting the already chosen functional serves the only purpose of
speeding up compuations, because the generalized residual on the collocated
test functional vanishes, all the same. A new trial function φ2 must be now
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picked (according to a criterion which will be explained later), and deleted from
Ξs . This procedure is repeated, and after k iterations the interpolant becomes

u(k) =

k∑

i=1

αkφk (D.5)

and



α1
...
αk

 =



λ1φ1 . . . λ1φk
...

. . .
...

λkφ1 . . . λkφk



−1 

θ1
...
θk

 (D.6)

and the generalized residuals are

ri = θi −
k∑

j=1

α jλ jφ j, i = 1, . . . ,Nt − k (D.7)

Let us call the matrix on the right-hand side of (D.6) A−1
k . As we shall see in the

next Section, a perturbative technique allows us to construct A−1
k ’on the fly’,

without having to invert it from scratch at each iteration. It is expected that
R( j)

max drops on average throughout the iterations j = 1, . . . , k, and the algorithm
may be stopped when it is lower than a predefined value, or if the condition
number or the maximum number of iteration hit their respective thresholds.

Regarding the selection of trial functions, the GA picks at each iteration the
available element from Ξs which a) ensures the solvability of the collocation
system so far, and b) yields the best condition number. These aspects will be
clarified in the next Section. Notice that alternative criteria for choosing the trial
functions would be possible, for instance, minimizing R(k)

max for the following
iteration. However, preference is given to stability.

D.3 Implementation Issues

After k − 1 iterations, χt = {λ1, . . . , λk−1}, χs{φ1, . . . , φk−1}, and A−1
k−1 is explicitly

available. Assume that Rk−1
max takes place at λk, which is the following test

functional to be collocated on. We adress now the criterion for picking the
following trial function φk as well as the perturbative computation of A−1

k
from Ak (these two issues turn out to be related). For all the remaining i =
1, . . . ,Ns − k + 1 trial functions in Ξs, compute

δki = λkφi − [λkφ1, . . . , λkφk−1]Ak−1



λ1φi
...

λk−1φi

 (D.8)
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Notice that the subindex i in the formula above runs over the elements in
Ξs. It can be proven that, were φi ∈ Ξt chosen as the next trial functional,
det(Ak) ∝ δki (see [125] for details). Therefore, it makes sense to choose as
φk ∈ χt

φk = min
φi∈Ξt

∣∣∣1 − |δki|
∣∣∣ (D.9)

Moreover, the associate δki must be kept for later use:

δ = min
δki

∣∣∣1 − |δki|
∣∣∣ (D.10)

The purpose of (D.9) is to avoid having both large and small values, which
would cause numerical instability (large ill-condition numbers of Ak). For
convenience, let us define the following 1 × (k − 1) and (k − 1) × 1 matrices:

uk−1 = [λkφ1, . . . , λkφk−1]TA−1
k−1 (D.11)

vk−1 = A−1
k−1[λ1φkλk−1φk] (D.12)

Once the new test functionalλk and the new trial functionφk have been selected,
the updated inverse of the collocation matrix, Ak, can be constructed from Ak−1
through application of the Sherman-Morrison-Woodbury formula [80]:

A−1
k =

(
A−1

k−1 + vk−1uk−1/δ −vk−1/δ
−uk−1/δ 1/δ

)
(D.13)

The update cost is therefore O(k2) instead of O(k3), and the cummulative
cost of the k iterated inversions is O(k3). If fact, the scheme can be regarded as
a recursive form of Gaussian elimination where the collocation points and the
elements in the interpolation space are adaptively added. Theorem 2 in [125]
shows that this algorithm generates a sequence of uniquely solvable asymmet-
ric collocation problems. It is noteworthy that the original Kansa’s method
instead cannot be guaranteed to have a solution.

The GA is fed with Nt test functionals (associated to a discretization of the
domain) and Ns trial functions. It is recommended to let Ns >> Nt. In order to
avoid redundant evaluation of the test functionals, the Nt ×Ns matrix



λ1φ1 . . . λ1φNs

...
. . .

...
λNtφ1 . . . λNtφNs

 (D.14)

should be constructed at start-up. The sets Ξt, Ξs, χt, and χs can be imple-
mented with masks. In this way, the computations at each iteration are mainly
reduced to matrix-vector multiplications. In environments like MATLAB, such
vectorization will greatly enhance the speed of the GA.
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RESUMEN: MÉTODOS SIN
MALLA PARA PROBLEMAS
ELÍPTICOS Y DE
FRONTERA LIBRE

Capı́tulo 1. Contexto

La intención de este Capı́tulo es proporcionar una visión global de los llamados
Métodos sin Malla para resolver Ecuaciones en Derivadas Parciales (EDPs). Se
caracterizan dichos métodos y se comparan con los métodos mallados tradi-
cionales (Diferencias Finitas y el Método de Elemento Finito (MEF)), haciendo
hincapié en aquellos problemas en los que la ausencia de conectividad entre
los nodos del soporte numérico resulta ventajosa. Los Métodos sin Malla se
pueden clasificar en tres categorı́as: Métodos de Partı́culas, Métodos sin Malla
Débiles, y Métodos sin Malla de Colocación. Se repasan brevemente los rep-
resentantes más caracterı́sticos de cada uno de los grupos de acuerdo a una
ordenación cronológica y de evolucion de las ideas subyacentes. A contin-
uación, se describe el llamado Método de Kansa (MK), que ha sido el utilizado
en la metodologı́a de esta Tesis, y la noción de Funciones Base Radiales (RBF).
El MK es analizado con cierto detalle atendiendo a los siguientes aspectos: res-
olubilidad, RBFs de soporte global, estabilidad y aplicaciones. A continuación
se discuten algunas de los problemas abiertos referidos al MK: el parámetro de
forma óptimo, localización de los nodos, extensión a problemas dependientes
del tiempo y no lineales, tratamiento de funciones no suaves o contaminadas
por ruido y aplicabilidad del método a problemas con un alto número de gra-
dos de libertad. Finalmente, se enmarca esta Tesis dentro del estado del arte del
MK y se describe el objetivo perseguido, que es la simulación de un proceso
ingenieril de carácter no académico mediante el MK, y el estudio de la apli-
cabilidad de diferentes estrategias surgidas en el contexto de los Métodos sin
Malla de Colocación a las dificultades que entraña la modelización matemática.
El proceso en cuestión que motiva este trabajo es el de Moldeo por Inyección de
Plástico (PIM). Dada la gran dificultad que conlleva una simulación fidedigna
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de PIM, se ha preferido dividir el problema original en varios subproblemas
que se resuelven por separado mediante el MK. El Capı́tulo concluye con un
resumen del contenido de cada uno de los Capı́tulos que constituyen esta Tesis.

Capı́tulo 2. Estado del arte en moldeo por inyección
de plástico

Este Capı́tulo resume el estado del arte en la simulación de PIM, concretamente
la fase de llenado del molde. En primer lugar, se deriva el modelo matemático de
evolución del flujo de polı́mero, basado en las ecuaciones de Navier-Stokes bajo
la aproximación de Hele-Shaw. El modelo resultante es de dos dimensiones y
media, de dominio irregular, transitorio, de frontera libre, no lineal, no Newto-
niano y no isotermo. La simulación numérica estándar del mismo ha alcanzado
la madurez comercial y se basa en un acoplamiento de los tres siguientes méto-
dos: diferencias finitas para ecuación parabólica de la temperatura, elementos
finitos para la ecuación elı́ptica de la presión y el método de Volúmenes de
Control (VC) para la evolución hiperbólica de la lı́nea de frente. Se estudia en
detalle la formulación de elementos finitos para el campo de presiones en los
casos de interpolación con elementos triangulares lineal y cuadrático. A con-
tinuación se introducen las tres siguientes aproximaciones que se mantendrán
en el resto de la Tesis: suposición de flujo isotermo (se desprecian los efectos
térmicos), renuncia a la modelización detallada de la mazarota y de la lı́nea de
frente, y suposición de que la viscosidad del fluido obedece una ley potencial.
Estas suposiciones implican que el fujo es únicamente dependiente del campo
de presiones, y que éste obedece una ecuación elı́ptica no lineal conocida como
ecuación de p-Laplace. Finalmente, se comparan resultados experimentales de
PIM con los obtenidos mediante la aproximación anterior en un programa de el-
ementos finitos elaborado a tal efecto, y se discuten las desventajas cualitativas
de una formulación numérica de PIM basada en un mallado del molde.

Capı́tulo 3. Solución sin malla del moldeo por inyec-
ción de plástico

La aproximación simplificada de PIM introducida en el Capı́tulo anterior se
plantea y resuelve mediante una formulación numérica alternativa, basada en
el MK para la resolución de la ecuacion de la presión y en la captura de la lı́nea
de frente según el método de conjuntos de nivel. En primer lugar, se considera
el problema de un hipotético fluido newtoniano cuyo campo de presiones serı́a
armónico; este caso lineal sirve para identificar las dificultades que plantea al
MK la modelización de la entrada de inyección bajo ciertas condiciones experi-
mentales. Concretamente, si la presión de inyección, y no el caudal, es impuesta
por la inyectora, el campo de presiones presenta ’picos’ a cada uno de los lados
del segmento que modeliza la entrada de inyección. La formulación estándar
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del MK no es capaz de tratar este problema y debe complementarse con un
método especial de colocación de la ecuación diferencial a lo largo del contorno.
A continuación se considera el caso de un fluido no newtoniano resolviendo la
ecuación no lineal mediante iteraciones de punto fijo. Por último, se considera
la simulación del avance del frente mediante la técnica de conjuntos de nivel,
cuya implementación sobre una retı́cula de diferencias finitas es brevemente
explicada. Combinando dicho método con la descripción anterior del campo
de presiones se logra una simulación del avance del fluido sin necesidad de
cuadraturas ni de un mallado del molde. La idea fundamental es ampliar el
soporte del MK en cada paso temporal con nuevos nodos a lo largo de la lı́nea
de frente que se obtienen mediante interpolación del conjunto de nivel cero con
la cuadrı́cula de diferencias finitas. El mayor inconveniente de este esquema
es que en el caso ya mencionado de que la presión de inyección esté experi-
mentalmente prescrita, la aproximación sin malla al campo de presiones sufre
oscilaciones de Gibbs que impiden la correcta conservación de la masa durante
el llenado del molde. Éste es un grave problema achacable, por tanto, al MK
y no a la técnica de conjuntos de nivel; y el cual se considera en el siguiente
Capı́tulo.

Capı́tulo 4. Método RBF enriquecido para problemas
elı́pticos con singularidades de frontera

Las deficiencias de la solución sin malla del Capı́tulo anterior se pueden carac-
terizar de varias formas equivalentes: a) la simulación no conserva la masa del
fluido, b) el MK no proporciona una aproximación suficientemente armónica
(en el caso newtoniano) o p-armónica (en el caso no newtoniano) al problema,
y c) el espacio de interpolación constituido por traslaciones de una RBF in-
finitamente derivable (en nuestro caso, la multicuádrica) no puede reproducir
los ’picos’ que presenta la solución exacta en el caso de que la presión de in-
yección sea experimentalmente impuesta. Ello es debido a que la presencia de
dichos ’picos’ (que en lo sucesivo llamaremos, en un sentido más amplio, ’sin-
gularidades’, refiriéndonos a puntos donde la solución o una de las derivadas
parciales de orden bajo es discontinua) origina oscilaciones de Gibbs que el
soporte global del interpolante RBF extiende más allá del entorno inmediato
de los mismos. Sin embargo, la aparición de dichas singularidades es inherente
al modelo matemático, y tiene lugar por una transición de la naturaleza de
las condiciones de contorno en el punto de la singularidad (donde pasan de
ser de tipo Dirichlet a tipo Neumann). Como solución al dilema planteado, se
propone ampliar el espacio de interpolación del MK con funciones especiales
que capturen la forma precisa de la singularidad tratada, siguiendo una idea
explotada con éxito en el MEF y en los métodos de colocación de Trefftz, pero
que apenas ha sido empleada en Métodos sin Malla de Colocación.

El resto del Capı́tulo se puede dividir en dos partes. En la primera, se
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identifica la singularidad que tiene lugar en cada extremo del segmento de in-
yección, en el caso de flujo newtoniano, con el célebre Problema de Motz, cuyas
soluciones singulares son además resolubles en forma analı́tica. Se resuelve
el Problema de Motz mediante el MK adaptando la idea anterior a la formu-
lación del MK, y se prueba que la adición de términos singulares no solamente
proporciona una solución muy exacta al problema, sino que también permite
recuperar la convergencia espectral del MK (que se pierde al interpolar super-
ficies que presenten singularidades). La segunda parte aplica la misma técnica
para recuperar la armonicidad de un flujo newtoniano en la aproximacion
PIM, donde el dominio es considerablemente más complejo y requiere la divi-
sion en subdominios, lo cual se implementa mediante el algoritmo alternante
de Schwarz. Finalmente, se realizan experimentos numéricos que demuestran
que, mediante esta modificación, el MK supera en eficiencia al MEF por entre 2
y 3 órdenes de magnitud. Este resultado es tanto más sorprendente por cuanto,
al contrario que el MEF, los métodos de colocación en general y el de Kansa en
particular no se basan en una formulación débil que presuponga de partida la
conservación del flujo.

Capı́tulo 5. Aplicación a otros problemas de referen-
cia

La técnica de enriquecimiento del interpolante RBF con funciones especial-
mente diseñadas para capturar discontinuidades introducida en el Capı́tulo 3
se aplica a otros dos problemas de referencia que también presentan singu-
laridades aisladas en el contorno. El primero de ellos es un problema elı́ptico
estacionario de distribución de temperatura en una caja cuadrada, similar al
Problema de Motz. El otro es el conocido problema del flujo de Stokes en una
cavidad bidimensional cuadrada cuya tapa se mueve a velocidad constante.
Éste es un problema biarmónico que, en la formulación de velocidad-vorticidad,
se puede descomponer en tres problemas elı́pticos acoplados, uno de los cuales
presenta dos discontinuidades de salto finito de la condición de contorno de
Dirichlet. Debido al acoplamiento entre los tres problemas, se argumenta que
una sóla función especial que capture cada una de las dos discontinuidades es
insuficiente, y un total de 8 funciones especiales son necesarias en cada una de
ellas, según se demuestra analı́ticamente y se comprueba numéricamente. El
método enriquecido de Kansa se compara ventajosamente no sólo con el MK
normal sino con otro método global de Kansa que se habı́a propuesto en la
literatura precisamente para tratar estos dos mismos problemas.
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Capı́tulo 6. Solución sin malla de la ecuación de p-
Laplace

En este último Capı́tulo, se retoma la ecuación no lineal de la presión que ya se
resolvió en el Capı́tulo 3, pero sin acoplamiento a ningún método de avance del
frente. La estrategia numérica que se aplica para la resolución de la ecuación
de p-Laplace en este Capı́tulo está basada en el método de Newton para oper-
adores formulado por Fasshauer en el contexto del MK, y consiste en remplazar
el problema elı́ptico no lineal inicial por una secuencia de problemas elı́pticos
linealizados que convergen a la solución del primero. Se realiza la linealización
analı́tica del operador y se discuten las condiciones bajo las cuales el método
de Newton para operadores debe converger en este caso. A continuación se
resuelve un problema instantáneo del Capı́tulo 3 mostrándose la convergen-
cia superlineal del esquema propuesto y la gran precision del mismo. Ello es
debido a la convergencia espectral del MK para problemas elı́pticos regulares,
lo cual convierte al método de Newton para operadores es un esquema par-
ticularmente adecuado para este tipo de problemas no lineales. Una versión
adaptativa del MK, conocida como Algoritmo Codicioso, se adapta al esquema
no lineal con resultados ambivalentes. Posteriormente, se discute el origen del
cese de la convergencia y se conjetura su relación con el residuo acumulado a
lo largo de las iteraciones lineales, asemejando éste a una contaminación por
ruido de los datos. Para mejorar los resultados, se propone eliminar dicho ’rui-
do’ mediante regularización. Ello se implementa mediante una reciente técnica
sin malla denominada Suavizamiento Implı́cito, con buenos resultados.

Conclusiones

De forma muy somera se exponen las contribuciones originales realizadas, los
problemas que han quedado abiertos y las direcciones futuras de investigación.

Apéndice

A. Derivadas de la RBF Multicuádrica.
B. La RBF Matérn Escalada y sus Derivadas.
C. El Algoritmo Clásico Alternante de Schwarz.
D. El Algoritmo Codicioso de Ling, Opfer y Schaback.
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Resumen: Métodos sin malla para problemas elı́pti-
cos y de frontera libre

La Tesis concluye con este Resumen en español que incluimos aquı́ como hom-
enaje a Bertrand Russell y su paradoja.
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