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Abstract—General filter architecture using co- and counter-
propagation signals are studied. A specific configuration based on
a Sagnac loop within a ring resonator is analyzed. Novel tuning,
apart from conventional tuning, is achieved by changing the cou-
pling ratio of a coupler through the adjustment of the equivalent
loop length. Full equations describing the filter behavior in passive
and active configurations, and simple closed-form formulas to
compute the tuning, tolerance, and full-width at half-maximum
are reported. The performance of these devices is discussed for
their application as selective or channel-dropping ultra-narrow-
band filters. The effect of losses and their dispersion properties
are also discussed. These devices can be conveniently implemented,
using silicon- or InP-integrated optic technology, for they have
high free spectral ranges.

Index Terms—Microresonators, optical filters, ring resonators,
Sagnac loop, tuning and optical couplers.

I. INTRODUCTION

TUNABLE optical filters will be essential components in
future reconfigurable optical networks. They should have

ultra-narrow-bandwidth for use in dense-wavelength-division
multiplexing (DWDM) systems with carrier spacing of 50 GHz
or less. On the other hand, the utilization of subcarrier-
multiplexed (SCM) data channels in DWDM optical networks
has many potential important roles including packet addressing,
performance monitoring using subcarriers, and network man-
agement and control. These systems require an efficient method
to monitor, extract, and potentially erase subcarrier information.
In this respect, optical filtering techniques have been used to
simplify SCM receiver designs [1]. These filters must have high
rejection ratios and free spectral ranges (FSRs) in the order of
tenths of gigahertz. Narrow-band optical filters are also useful
in photonic links that engage in high-speed optical RF signals.
Another interesting approach is to have filter structures that can
be monolithically integrated in a chip.

Common filter technology available includes arrayed-
waveguide gratings, thin-film dielectric interference filters,
conventional fiber Bragg gratings (FBGs), fiber Fabry–Pérot
filters, and Mach–Zehnder (MZ) interferometers. A complete
review, including most of these technologies, can be seen in
[2]–[4]. However, these devices have difficulty providing either
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notch or bandpass filters with ultranarrow bandwidths. These
requirements can be covered by optical filters based on ring
resonators (RRs) and loop mirrors [4]–[12]. These ring-based
filters have been utilized in numerous linear and nonlinear
optical applications [10], including biochemical sensors [14]
and all-optical switches [13]. Even various compound RRs
[15]–[17] and discontinuity-assisted RRs [18], which are con-
structed by an RR and a reflective section within it, are reported
and analyzed by different methods. However, these filters are
tuned by varying the phase delay of the waveguides, and the
reflective section is implemented either by a Fabry–Pérot cavity,
by a grating, or by a waveguide with a different refractive
index.

Tunable filters based on RR and a Michelson interferometer
(MI) as the reflective element in the feedback path are reported
in [19], with the MI made of a directional coupler and two
identical FBGs. But in this MI configuration, the fabrication
tolerances impose a limit in the balance of the interference
paths, and consequently, in the filter behavior. The use of a
Sagnac interferometer as the reflective element [20] alleviates
this problem, because of its common-path architecture. This
configuration is experimentally tested in its passive form in
[21]. In any of these configurations, it is necessary to have a
variable coupling coefficient, and its accuracy and tolerances
must be analyzed. Tolerance effects on an RR with a FBG filter
in transmission mode within it are reported in [7], where it was
also proposed that it be controlled by using a variable loss or
gain. Coupling coefficient tolerance effect, in terms of tuning
capabilities, has not yet been analyzed.

In this paper, we report a detailed study of the general
architecture of a tunable filter, based on an RR and a reflective
section in the feedback path, working in its passive and active
forms, depending on the application. The filter response is
calculated using two different methods, the transfer matrix
formalism and the z-transform technique, and the same ex-
pressions are obtained independently. Losses are included in
the model. Simple equations are shown for helping the design
process when using a specific reflective section, a Sagnac loop.
The present analysis is restricted to couplers characterized
by two parameters, the power coupling coefficient, and the
power excess loss. Tuning is achieved by changing the phase
delay in the ring or Sagnac waveguides and additionally by
changing the coupling coefficient of the Sagnac loop. Simple
closed-form formulas describing the novel tuning process are
derived in its active and passive configurations, along with
the requirements for having a certain operation as a bandpass
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or bandstop filter. Measurements on a fiber-optic prototype
validating the theoretical model, and the tunability, are reported
elsewhere [21]. Coupling coefficient tolerance effect, in terms
of tuning capabilities, is also analyzed. These filters can be
implemented in optical fiber technology and in silicon- or InP-
integrated optic technologies, because photonic circuits with
equivalent components have already been developed. Some of
them are a monolithically integrated Sagnac interferometer for
an all-optical controlled-NOT gate [22], filters using active RRs
[23], [24], passive single- and double-RRs [8], [25]–[27] and
microcavities [28]. The resonant frequencies of the proposed
device can be shifted by changing the equivalent loop length by
carrier injection [29] or local heating [30], as in any RR-based
device. The transfer function can be tailored by changing the
loop loss; and if III–V materials are used in the fabrication,
this can be done by electroabsorption [31]. The filter resonant
frequencies can also be changed by tuning the coupling ratio,
which up to now is technologically possible by adjusting the
taper–resonator gap fabricated by stretching a standard optical
fiber [28]; by a micromechanical-fiber variable-ratio coupler,
using microelectromechanical systems (MEMS) actuated de-
formable waveguides [32], or by using electrical control of
waveguide-resonator coupling in an MZ coupler configuration
[33], [34]. Although present analysis is particularized to cou-
plers characterized by two parameters, general equations can
be particularized to each technological solution.

The paper is focused on the presentation of the architecture,
and it is structured as follows. Section II presents the general
architecture and its basic theoretical description, including the
transfer function for the different output ports. In Section III,
a specific scheme using a Sagnac loop is described in its ac-
tive and passive forms, and tuning equations are reported.
Section IV elaborates on different filter applications, closed-
form expressions for calculating some relevant design pa-
rameters, coupling-ratio tolerances, and the filter dispersion
properties. Finally, Section V elaborates on the summary and
conclusion.

II. FILTER ARCHITECTURE AND GENERAL EQUATIONS

In this section, we present the general architecture of the
proposed filter, which consists of compound devices in a ring
configuration with a reflective section. From a digital filter point
of view, they are infinite impulse response (IIR) filters whose
poles can be located radially using a gain or loss and axially
using a coupling coefficient K. For a filter made up of a single
stage, this property implies that tuning can be achieved through

the K value. The transfer function of the filter is derived using
two methods: the general matrix formalism, as in [16], and the
z-transform technique [4].

The filter architecture is shown in Fig. 1. It is made up of
an RR, a transmission–reflection function (TRF), which repre-
sents the reflective section, and different transmission functions
before and after the TRF. This TRF has a transfer function in
reflection and in transmission named FR and FT, respectively.

A. General Equations Using the Matrix Formalism

The transfer-matrix method is used for calculating the trans-
fer function of a compound device that is made of concatenated
elementary devices; and each of them can be represented by
its own transfer matrix. In our filter, there are clockwise and
counterclockwise propagation, so the device is unfolded into
two simple traveling-wave resonators connected by the TRF
(Fig. 2), as reported in [16], where a compound-fiber RR is also
analyzed. Afterwards, the transmission matrix of the coupler,
the waveguides, and the TRF will be used.

The transfer function of the filter can be straightforwardly
obtained by applying

[
E1

E3

]
= [ac][g][TRF][g′][ac′]

[
E ′r

1

E ′
3

]
(1)

where E′r
1 is the reflected output at port E1, E ′

3 is the input
power at port E3 (which in our analysis is equal to 0), while E1

is the input and E3 is the output (see Fig. 2). The expressions
of the matrices of (1) can be seen in Appendix A.

From the above expressions, it can be derived that the output
transfer function at port E3 is given by (2), shown at the bottom
of page, where K1 and γ1 are the coupling coefficient and the
excess loss of the input coupler, respectively. α and β are the
waveguide attenuation and the propagation constant, respec-
tively, LT is the total waveguide length, and la is the waveguide
length connecting the input coupler and the TRF (see
Fig. 1), ΠN

1 (Txi
) and ΠM

1 (Tyi
) are the N transmission trans-

fer functions between the input coupler and the TRF, and the
M transmission transfer functions between the TRF and the
input coupler, respectively.

From (2), it is observed that the TRF position within the RR
has no importance, because there is no dependence on la. But
it is important in deriving the reflected output transfer function
at port E1, which is given by (3), shown at the bottom of the
next page.

E3

E1
= (1−γ1)

1
2

×
[
(1−K1)

1
2 − (1−γ1)

1
2 (2−K1)(ΠTxi

)(ΠTyi
)FTe−(α+jβ)LT(1−γ1)(1−K1)

1
2 (ΠTxi

)2(ΠTyi
)2(FT2−FR2)e−2(α+jβ)LT

1−2(1−γ1)
1
2 (1−K1)

1
2 (ΠTxi

)(ΠTyi
)FTe−(α+jβ)LT(1−γ1)(1−K1)(ΠTxi

)2(ΠTyi
)2(FT2−FR2)e−2(α+jβ)LT

]

(2)
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Fig. 1. General filter architecture. Txi and Tyi are any of the N and M transmission transfer functions placed before and after the TRF, and LT is the ring total
length. The inset is a schematic of a loop Sagnac as the TRF.

Both transfer functions [see (2) and (3)] have the same de-
nominator, which can be factorized as

F1 × F2 =
[
1− (1− γ1)

1
2 (1−K1)

1
2 (ΠTxi

) (ΠTyi
)

× (FT + FR) e−(α+jβ)LT

]

×
[
1− (1− γ1)

1
2 (1−K1)

1
2 (ΠTxi

) (ΠTyi
)

× (FT− FR) e−(α+jβ)LT

]
. (4)

There is only one difference in these two factors, the term
related to FT and FR, in the first factor F1 they are added up,
and in the second one F2 they are subtracted.

The λ values, which make any of these two factors 0, are
the resonance wavelengths. Selecting FT and FR in a way
that FR is an imaginary number and FT is a real number (or

Fig. 2. Unfolded equivalent model of the compound ring resonator.

vice versa), we can have phase dependence for controlling the
resonance wavelengths location. A specific example is devel-
oped in Section III.

E ′r
1

E1
=

− (1−γ1)K1 (ΠTxi
)2 FRe−2(α+jβ)la

1−2 (1−γ1)
1
2 (1−K1)

1
2 (ΠTxi

) (ΠTyi
) FTe−(α+jβ)LT (1−γ1) (1−K1) (ΠTxi

)2 (ΠTyi
)2
(
FT2−FR2

)
e−2(α+jβ)LT

.

(3)
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B. General Equations Using the z-Transform Technique

Another approach for obtaining the compound-device trans-
fer function has been used, the z-transform technique. This
is commonly used in designing photonic filters from a digital
perspective [4]. A second-order polynomial in the denominator
is obtained, so transfer functions not available with a single
RR can be achieved. Our main purposes are to corroborate the
expressions derived in Section I-A and obtaining the pole and
zero locations for synthesis purposes, which will be described
elsewhere.

In order to be able to correctly apply the z-transform tech-
nique, the IIR of the device must have a unitary delay (τ). The
signal that passes through the TRF travels a total length LT, and
the reflected signal at the TRF travels twice this total length, so
τ = nefLT/c, where nef is the waveguide effective refractive
index, and c is the light speed in a vacuum.

The following transfer functions at port E3 are obtained
(see Appendix B):

E3

E1
= (1− γ1)

1
2 (1−K1)

1
2

[
1 +Bz−1 + Cz−2

(1− Zp1z−1)(1− Zp2z−1)

]
(5)

where Zp1 and Zp2 are the poles of the transfer function and are
given by

Zp1 =(1−γ1)
1
2 (1−K1)

1
2

N∏
i=1

Txi

M∏
i=1

Tyi
[FT+FR] (6)

Zp2 =(1−γ1)
1
2 (1−K1)

1
2

N∏
i=1

Txi

M∏
i=1

Tyi
[FT−FR] (7)

where FR and FT are, respectively, the transfer function in
reflection and in transmission of the TRF, and z−1 represents
the unit delay related to LT.
B and C are given by

B =
(1− γ1)

1
2 (K1 − 2)

N∏
i=1

Txi
·

M∏
i=1

Tyi
· FT

(1−K1)
1
2

(8)

C =(1− γ1)
N∏

i=1

Txi

M∏
i=1

Tyi
[FT2 − FR2]. (9)

This new representation of the transfer function can be used
to determine the value range of the device parameters for
designing a stable filter. The modulus of the poles [from (6)
and (7)] must be within the unit circle to avoid an infinite
transmission, i.e., laser oscillation.

The transfer function at portE3, given by (2) in Section II-A,
and by (5) in this section, are equal, and the two factors of the
denominator given by (3) are the two poles described in (6)
and (7). This is a way of verifying that all the expressions are
correctly derived.

III. RING RESONATOR WITH A SAGNAC LOOP

In this section, a specific tunable filter design is proposed.
The design includes an active RR, and the TRF in the RR
is implemented by a Sagnac Loop. A schematic of the pro-
posed filter is shown in Fig. 1, using the TRF described in
the inset. The amplifier, with a power gain G, amplifies the
clockwise and the counterclockwise signals, so no isolators are
considered.

The Sagnac interferometer has been used for extracting
modulated channels in a subcarrier in WDM networks [1], as
a two-position switch with FBGs [35], with an active RR as a
laser of two ultrafine lines [36], and with an RR as a birefrin-
gence magnifier [37], apart from numerous sensor applications.

In this design, it is used as a mirror with variable reflectance,
generating variable clockwise and counterclockwise signals
that interfere with each other. In comparison with other alter-
natives, such as an MI [19], it is easier to physically implement
working in a coherent regimen, because the two arms of the
interferometer are of the same fiber, making the alignment
straightforward. In the case of two physically different arms,
i.e., made of theoretically two identical FBGs, the tolerance
in fabrication could alter the desired equal length between
both paths.

The Sagnac interferometer is a device having a TRF that
partially transmits (FT) and reflects (FR), the input light. These
functions are given by

FR = j2(1− γ2)
√
K2(1−K2) (10)

FT = (1− γ2)(1− 2K2) (11)

where γ2 andK2 are the excess loss and the coupling coefficient
of the coupler connecting the Sagnac loop, respectively (see
inset of Fig. 1). In (10) and (11), waveguide attenuation and
retardation in signal propagation are not included, because both
have already been considered in general in (2) and (3).

In the following, the frequencies at which transfer functions
will have a maximum or a minimum and any condition re-
quired to effectively have them are going to be determined.
A description of how these frequencies can be tuned is also
reported.

A. Maximum Resonance Condition and Frequency Location

The maximum frequencies of the transfer function can be de-
rived by requiring both the real and the imaginary components
of the denominator of E3 to be equal to 0. This denominator,
for the specific design with a Sagnac Loop, is obtained by
substituting (10) and (11) in (3). The two factors F1 and F2

are written as

F1 =
[
1− (1− γ1)

1
2 (1−K1)

1
2G

1
2 (FT + FR)e−(α+jβ)LT

]
(12)

F2 =
[
1− (1− γ1)

1
2 (1−K1)

1
2G

1
2 (FT− FR)e−(α+jβ)LT

]
(13)
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where

FT + FR =(1− γ2)ejφs (14)

FT− FR =(1− γ2)e−jφs (15)

and

φs = ± arg

(
2
√
K2(1−K2)
(1− 2K2)

)
. (16)

Both factors F1 and F2 are 0 if

G
1
2 =

1
(1− γ1)

1
2 (1− γ2)(1−K1)

1
2 e−αLT

= Gp
1
2 (17)

and

2πk =
2πf1,2nef

c
LT ∓ φs, k = 1, 2, 3, . . . (18)

where f1,2 is the frequency in hertz and the subscripts “1” and
“2” refer to the factors F1 and F2, respectively.
Gp is a new parameter that we have defined, it is named pole

gain, and it represents the resonance condition of the maxima.
From (18), we obtain the FSR of the compound device as

FSR =
c

nefLT
. (19)

The maximum frequencies are derived from (18), and the
amplitude of the transfer function at these frequencies (the res-
onance peak) can be made arbitrarily narrow and sharp. When
Gp = 1, we obtain, according to (2), an infinite transmission,
i.e., laser oscillation. Gp can be used as a parameter to control
the peak resonance value.

B. Maximum Frequencies Tuning by Changing
the Coupling Coefficient

The poles of the transfer function are complex conjugated
numbers, which are obtained by substituting (14) and (15) into
(6) and (7), and their phases depend not only on the optical
path, but also on K2. This phase determines the maximum
frequency, which consequently, can be controlled through the
coupling coefficient. The same conclusion can be derived from
(16) and (18). If we want to tune the filter maximum of order k
to a specific frequency f0, we first obtain

k =
f0

FSR
. (20)

From (18) and (19), we obtain the maximum frequency as

f1,2 = f0 ±
cφs

2πnefLT
. (21)

Fig. 3. Normalized maximum frequency (f0) separation (f − f0)/FSR, of
an RR with a Sagnac loop, versus the coupling coefficient (K2).

From (21), it is shown that for a certain K2 value, there are
two maximum frequencies that are symmetric with respect to
f0, as can be seen in Fig. 3. It is remarked which factor, F1 or
F2, is the one responsible for every maximum frequency.

On the other hand, by changing φs with K2, the maximum
frequency is tuned and the greatest variation becomes equal
to FSR/2. A specific example of an RR having an FSR of
19.224 GHz, K1 = 0.1, γ1 = γ2 = 0.05, and G = 1.28, and
different K2 values can be seen in Fig. 4. The location of the
maximum frequencies is obtained with two different methods:
the first one simulates the transfer function with (5) or (2), and
the second one uses the explicit expression (21), and the same
results are obtained.

C. Minimum Resonance Condition, Frequencies
Location, and Tuning

The minimum frequencies of the transfer function can be
derived by requiring both the real and imaginary components
of the numerator of E3 to be equal to 0. This numerator is
factorized in two terms Fc1 and Fc2 given by

Fc1 =1− ((1− γ1)G)
1
2

2(1−K1)
1
2

×
[
(2−K1)FT +

√
K2

1FT
2 + 4FR2(1−K1)

]

× e−(α+jβ)LT (22)

Fc2 =1− ((1− γ1)G)
1
2

2(1−K1)
1
2

×
[
(2−K1)FT−

√
K2

1FT
2 + 4FR2(1−K1)

]

× e−(α+jβ)LT . (23)
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Fig. 4. Tuning of the transfer function of the active RR with a Sagnac loop: K1 = 0.1, γ1 = γ2 = 0.05, G = 1.28, and for K2 values of (a) 0, (b) 0.25,
(c) 0.50, (d) 0.75, or (e) 1.

At port E ′r
1 , the numerator is a polynomial of first order with

a constant phase, so there are no tuning zero frequencies.
The second term of (22) has a radical that is equal in both

factors and can be positive or negative. Our aim is to obtain a
phase dependence different to the optical path, so this second

term must be a complex number. Substituting FR and FT with
(10) and (11), respectively, the radical is negative if

K1 < −8A+ 4
√

4A2 +A (24)
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where

A =
K2(1−K2)
(1− 2K2)2

. (25)

For K2 values close to 0.5, it is greater the range of K1

values that gives complex numbers. Substituting K2 with 1−
K2 in (25), the same A value is obtained.

Assuming the designed device follows (24) and (25), the
factors Fc1 and Fc2 are 0 if

G
1
2 =

1
(1− γ1)

1
2 (1− γ2)e−αLT

= G
1
2
c = G

1
2
p

√
1−K1

(26)

and

2πm =
2πfz1,2nef

c
LT ∓ φz, m = 1, 2, 3, . . . (27)

where

φz =φz1 = −φz2

= arg

(√
−K2

1 (1− 2K2)2 + 16(1−K1)(1−K2)K2

(2−K1)(1− 2K2)

)
.

(28)

In these expressions, φz1, φz2 are the phases and fz1, fz2 are
the minimum frequencies (the “1” and “2” subscripts refer to
the factor Fc1 and Fc2, respectively).
Gc is a new parameter that we define, which represents the

minimum resonance condition and is named the zero gain.
The condition shown in (26), known in the microwave field as
critical coupling, is due to a perfect destructive interference.

From (27) and (28), we see that tuning of the minimum
frequencies is controlled through K1 and K2. A wider tuning
range is obtained for K2 close to 1, with K1 small, and a
worse tuning is achieved for K1 close to 0 and K2 close to 0,
or if K1 is close to 1 and K2 approaches 0.5 (from K2 < 0.5).
As a general rule, we select a small and fixedK1 value, and we
use K2 for tuning the device. Each minimum can be tuned up
to FSR/2.

An example of the tuning process withK2 is shown in Fig. 5
for a G value close to the Gc condition in (26): K1 = 0.4,
FSR = 19.224 GHz, γ1 = γ2 = 0.05, and G = 1.13. K1 and
K2 values follow those of (24).

IV. FILTER APPLICATIONS AND

DEVICE PARAMETERS

The active RR with the Sagnac loop can have different filter
applications depending on device parameters, such as gain,

coupling coefficients, and losses. Because the transfer function
at port E3 have poles and zeros, or frequencies at which the
amplitude goes ideally to 0 or infinity, we can have channel-
dropping or selective filters at that port. The resonance condi-
tions are different in each case, in the phase and in the amplitude
conditions, so they will be used to discern between them.

The resonance conditions for the transfer function at port 3
are given by the pole and zero gains, which are plotted versus
the K1 and G values, with K2 as a parameter, at Fig. 6. It can
be seen that Gp is always greater than any Gc value, as it can
also be derived from (26). Gp only depends on the K1 value.
Gc is independent ofK1 andK2 if (24) is fulfilled. In this case,
the device has two complex conjugated zeros or two minimum
frequencies that are symmetric with respect to the minimum
frequency of the device with no reflections (K2 = 0), and there
is a unique resonance condition for both minimum frequencies
Gc. A specific example is reported in Fig. 5, for K1 = 0.4,
which corresponds to the straight line shown in Fig. 6, for
any K2 value. But if (24) is not followed, there are different
resonance conditions depending on the Fc1,2 factor, which is
0. This corresponds in Fig. 6 with the divergence in the Gc

curve at a certain point, so Gc1,2 are obtained; for example,
atK1 = 0.6 forK2 = 0.05. TheGc1,2 curves for anyK2 value
are equal for the corresponding 1−K2 value, because the same
A value is obtained for any of them in (25).

In any case, the filter is stable if the transfer function poles
are located inside the unit circle; from (6), (14), and (26), it is
derived that this condition is fulfilled if G < Gp.

The output power is obtained by substituting (10) and (11)
in either (2) or (5). In the particular case of selecting K1

and K2 values following (24) and after some simplifications,
the expression is of (29), shown at the bottom of the page,
with

A0|C| =
√

(1− γ1)(1− γ2)
√
Ge−αLT

=
√
G

Gc
(30)

D0 =
√

(1− γ1)(1−K1)(1− γ2)
√
Ge−αLT

=

√
G

Gp
. (31)

A. Designing a Selective Filter

In order to have a selective filter with a sharp response
and tunable through the coupling coefficient K2, the values
of the parameters K1 and G must be those that make the
ratio Gp/G close to 1 but still produce a stable filter, which
means the gain must always be lower than the pole gain. An

∣∣∣∣E3

E1

∣∣∣∣
2

=

(
1 +A2

0|C|2
)2 (1− 2 A0|C|

1+A2
0|C|2 cos(−βLT + φZ)

)(
1− 2 A0|C|

1+A2
0|C|2 cos(−βLT − φZ)

)
(1 +D2

0)
2
(
1− 2 D0

1+D2
0
cos(−βLT + φs)

)(
1− 2 D0

1+D2
0
cos(−βLT − φs)

) (29)
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Fig. 5. Tuning of the transfer function of the active RR with a Sagnac loop: K1 = 0.4, γ1 = γ2 = 0.05, G = 1.13, and for K2 values of (a) 0, (b) 0.25,
(c) 0.50, or (d) 0.75.

example is reported in Fig. 4 for K1 = 0.1, γ1 = γ2 = 0.05,
and G = 1.28, and different K2 values from 0 to 0.5. In this
case Gp = 1.3 (see Fig. 6).

The overall losses of the compound device control the full-
width at half-maximum (FWHM) and the amplitude of the
maximum. As an example, considering a specific design with
K1 and K2 values making φsφz ∼ 0, the amplitude of the
maximum output power in (29) is given by

∣∣∣∣E3

E1

∣∣∣∣
2

max

=

(√
Gc −

√
G√

Gp −
√
G

)2(
Gp

Gc

)2

. (32)

On the other hand, the FWHM bandwidth of the selective fil-
ter ∆f is obtained by finding the detuning where the maximum
power in (32) decreases to half its value [5]. In deriving the
FWHM, the output power is used. This is given by (29) and
the approximation near resonances. In the high finesse case,
cos(θ) ∼ 1− 1/2 θ2. By assuming K1 and K2 values, this

relationship becomes φs ∼ φz ∼ 0. This procedure yields

∆f =
FSR
π

(1−D0)√
D0

(33)

where we can see that the FWHM is independent ofK2.
The finesse can be obtained in a straightforward manner

from the previous expression.

B. Designing a Notch Filter

On the other hand, in designing a notch filter, the ratioGc/G
must be close to 1. Tuning can be achieved through the coupling
coefficientsK1 andK2, butK2 values must be within the range
imposed by (24) for a specificK1 value. In this case, the device
will always be stable. An example can be seen in Fig. 5, with
K1 = 0.4, γ1 = γ2 = 0.05, and G = 1.13, and with different
K2 values from 0 to 0.5. In this case, Gp = 1.8 > G.

In our equations, we have considered the losses and a
possible gain for compensating the losses or for giving more
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Fig. 6. Pole and zero gains, Gp and Gc, versus K1 with K2 as a parameter.
γ1 = γ2 = 0.05, of the normalized transfer function at port E3, for the active
RR with a Sagnac loop.

Fig. 7. Output power versus frequency of the RR with a Sagnac Loop:
K1 = 0.92, K2 = 0.75 and, G in legend represents total loss or gain effect
so including e−2αLT , γ1, γ2, and power gain.

flexibility to the designs. The effect of losses is very relevant;
it has been shown that, depending on the relation between G,
Gc, and Gp, it is possible to have a selective or notch filter.
FWHM and minimum/maximum amplitude are also dependent
on losses. Even resonance frequencies can be affected by this
parameter, if having great losses. This effect can be seen in
the example shown in Fig. 7, where the output power versus
frequency for K1 = 0.92, γ1 = γ2 = 0.075, K2 = 0.75, and
different losses, are plotted. It can be seen that the two minima
are quite close, so they can be distinguished only if gains close
toGc are used. In this case, from (26), aGc = 1.26 is obtained,
so the minima going away from this value are not shown.

C. Dispersion Properties

Potential degrading effects of a filter cascade are the dis-
persion problems caused by nonlinear filter phase responses

[2], [38]. On the other hand, these filters are used in some cases
as dispersion compensators [4]. In any case, it is very important
to know the dispersion properties of the filter. For the specific
conditions reported in (24), the output power is given by (29)
and in the z-transform domain, the transfer function can be
expressed as

E3

E1
= K0z

−2
2∏

i=1

[
(z − Zci)

(1− Zpiz−1)

]
(34)

whereK0 is a constant.
The differentiation of the transfer function phase with respect

to ω gives the group-delay time of the filter, using (29) and (34),
under the conditions imposed by (24), the following expression
is obtained:

τ = τ0
2∑

i=1

rci
cos
(
−βLT + (−1)iφz

)
− rci

1− 2rci cos (−βLT + (−1)iφz) + r2ci

−
2∑

i=1

rpi

cos
(
−βLT + (−1)iφs

)
− rpi

1− 2rpi cos (−βLT + (−1)iφs) + r 2
pi

(35)

with

rci =
√
G

Gc
; rpi =

√
G

Gp
∀i; τ0 =

1
FSR

. (36)

Dispersion measures the rate of change of the group-delay
with respect to wavelength. The per-unit length dispersion is
defined as

D = L−1
T

∂τ

∂λ
= − 2πc

λ2L2
T

τo
∂τ

∂β
(37)

which can be calculated from (35).
A proper selection of the location of the poles and zeros

allows for the control of filter dispersion.
In Fig. 8, the group-delay time for the selective filter pre-

viously designed is shown, the tuning of which is shown in
Fig. 4. In Fig. 8(a), the group-delay time is shown as a function
of frequency and K2 at a fixed value of K1, G, and losses.
The fixed values are the same as those for Fig. 4. The process
of how the group-delay, and consequently, the dispersion, is
tuned is clearly visible in Fig. 8(b), where the group-delay
time of Fig. 8(a) is shown for five specific K2 values: K2 = 0,
K2 = 0.25,K2 = 0.50,K2 = 0.75, andK2 = 1.

The group-delay time for the notch filter previously designed
is shown in Fig. 9. It is plotted as a function of frequency, at
a fixed value of K1, G, and losses, and the parameter is K2.
The fixed and the K2 parameter values are the same as those
for Fig. 5.

In Fig. 10, the group-delay time of a device as a function
of frequency is plotted. The device has a positive and negative
value and sharp and smooth responses, depending on the pa-
rameter K2. The fixed values are K1 = 0.9, and overall power
losses of 0.25 (G = 0.25, γ1 = γ2 = 0 = α).
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Fig. 8. (a) Group-delay time of the active RR with a Sagnac loop as a function
of frequency and K2 at a fixed value of K1, G, and losses. The fixed values are
the same as those for Fig. 4. (b) Group-delay time of (a) for five specific K2

values: 0, 0.25, 0.50, 0.75, and 1.

D. Coupling-Ratio Tolerance Effect on Tuning

The study of tolerance is very important because it helps
us estimate the specific tolerance of implemented devices,
depending on the basic elements that they are made of. A
study of parameter variation influence on design specifications
for an RR-based device is reported in [7]; fabrication toler-
ances and temperature effects on design specifications and on
working wavelength are taken into account, and some specific
values using fiber technology are included. But nothing is said
about coupling-ratio accuracy on wavelength tuning, which is
going to be described here for the RR with a Sagnac loop
configuration.

The tolerance study is usually made around a working design
point, which will be defined by the subscript q. The resonant
frequency location, obtained from (18) in a selective filter and
from (27) in a notch filter, depends on temperature through
LT, and nef as in any RR, but it also depends on K2 and
K1. The accuracy on these coupling coefficients determines the
resonant frequency location accuracy, and this dependence is

Fig. 9. Group-delay time of an RR with a Sagnac loop as a function of
frequency, at a fixed value of K1, G, and losses, and the parameter is K2.
The fixed and the K2 parameter values are the same as those for Fig. 5.

Fig. 10. Group-delay time (picosecond) of the RR with a Sagnac loop as a
function of frequency: K1 = 0.9, G = 0.25, γ1 = γ2 = α = 0, and with K2

as a parameter.

given by

|∆f1,2| =
(
∂f1,2

∂K2

)
∆K2 +

(
∂f1,2

∂K1

)
∆K1. (38)

For the selective filter, from (16) and (18), it can be seen that
only the first term is not equal to 0 and the resonance frequency
accuracy is given by

|∆f1,2| =
FSR
2π

(
∂φs

∂K2

)
∆K2 (39)

with ∣∣∣∣ ∂φs

∂K2

∣∣∣∣ =
(

1
(1− 2K2)2

√
K2(1−K2)

)
. (40)

The previously mentioned relationship becomes more crit-
ical if K2 is close to 0.5, 0, and 1. For example, for K2 =
0.49 and ∆K2 = 0.001, relative deviation (1/φsq ×∆K2 ×
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[δφs/δK2]q × 100) is less than 10%, while for K2 = 0.3 it is
less than 0.6%.

For the notch filter, from (27) and (28), it can be seen that
both terms of (38) are now not equal to 0, and the resonance
frequency accuracy is given by

|∆f1,2| =
FSR
2π

[(
∂φz

∂K2

)
∆K2 +

(
∂φz

∂K1

)
∆K1

]
(41)

with (42) and (43), shown at the bottom of the page.
In this case, the worst accuracy is again obtained for K2

values close to 0.5. On the other hand, one term is positive and
the other is negative, so the accuracy is smaller than the bigger
term. The dominant effect always comes from K2 tolerances,
which is clear if K1 tends to 0; if K1 tends towards 1, and
(24) must be fulfilled so that this happens for K2, values close
to 0.5 and the denominator of (43) have a square term in
(1− 2K2), so again, it is dominant. For example, for K2 =
K1 = 0.49 and ∆K2 = ∆K1 = ∆K = 0.001, relative devia-
tion (1/φzq × [(δφz/δK2 + δφz/δK1)×∆K]q × 100) is less
than 10%, while forK2 = 0.3, it is less than 0.59%.

V. CONCLUSION

Novel filter architecture based on co- and counterpropagation
signals are presented. Equations describing the output field
frequency response for the different design parameters are
reported. The same expressions are derived using two different
techniques, the matrix formalism and the z-transform tech-
nique. They are particularized for a specific architecture made
of a Sagnac loop in an RR. The multireflections originated by
the loop are controlled through the gain or losses and through a
coupling coefficient that is responsible for the tuning. Simple
equations for designing and tuning are reported, along with
rules for designing tunable selective or notch filters. The effect
of losses (waveguide and coupler losses and optionally optical
gain), the filter dispersion properties, and the coupler coefficient
tolerances on resonant frequency accuracy are also discussed.

The compound device analyzed has some physical character-
istics similar to the RR ones that can be exploited in photonic
applications, which are complemented with the property of
being tunable with the coupling coefficient under specific de-
sign conditions. These properties are its notch filter amplitude
characteristics near critical coupling, and the magnification of
the signal amplitude circulating in the ring, which is associated
with energy storage. The last one can be used in designing

laser oscillators. Using the standard method of photonic filter
synthesis, the compound device can be used for designing fre-
quency filters of different orders and dispersion compensation
filters.

Previous measurements on passive notch filter in fiber-
optic technology validate the expressions derived and the novel
tuning principle. The structure can be developed using inte-
grated optics technologies.

APPENDIX A
COMPOUND RR USING THE MATRIX FORMALISMS

The filter architecture is shown in Fig. 1. The transfer-
matrix method is used for calculating the transfer function of
a compound device that is made of concatenated elementary
devices; in our filter, the decomposition used is shown in Fig. 2.
In the following, we are going to describe the expressions of the
different matrices involved.

The coupler transmission matrix is given by

[ac] =
[ 1

tac
− rac

tac

rac

tac

t2ac−r2
ac

tac

]
(A1)

tac = j [(1− γ1)K1]
1
2 (A2)

rac = [(1− γ1)(1−K1)]
1
2 (A3)

where K1 and γ1 are the coupling coefficient and the excess
loss of the input coupler, respectively.

The transfer matrix of the waveguides and the transmission
functions within them are given by

[g] =
[
ΠTxi

e(α+jβ)la 0
0 ΠTyi

e−(α+jβ)(LT−la)

]
(A4)

where α and β are the waveguide attenuation and the propaga-
tion constant, respectively, LT is the total waveguide length,
la is the waveguide length connecting the input coupler and
the TRF (see Fig. 1) and ΠN

1 (Txi
) and ΠM

1 (Tyi
) are the N

transmission transfer functions between the input coupler and
the TRF and theM transmission transfer functions between the
TRF and the input coupler, respectively.

The TRF transfer matrix is given by

[TRF] =
[ 1

FR −FT
FR

FT
FR

FR2−FT2

2

]
. (A5)

∣∣∣∣ ∂φz

∂K2

∣∣∣∣ =
(

8(1−K1)
(1− 2K2)2(2−K1)

√
−K2

1 (1− 2K2)2 + 16(1−K1)(1−K2)K2

)
(42)

∣∣∣∣ ∂φz

∂K1

∣∣∣∣ =
(

−2K1

(1− 2K2) (2−K1)2
√

−K2
1 (1− 2K2)2 + 16(1−K1)(1−K2)K2

)
(43)
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It represents a general TRF, and not only a symmetric dis-
continuity as in [13].

The transfer matrices of the original elements and their
mirror images are equals [g] = [g′] and [ac] = [ac′].

APPENDIX B
COMPOUND RR USING THE z-TRANSFORM TECHNIQUE

The filter architecture is shown in Fig. 1. In deriving the
transfer function in z at output port E3, we use the following
equations, considering the TRF placed at the middle of the ring:

E3 =(1− γ1)
1
2

[
(1−K1)

1
2E1 + jK

1
2
1 E2

]
(B1)

E4 =(1− γ1)
1
2

[
jK

1
2
1 E1 + (1−K1)

1
2E2

]
(B2)

E2 =
M∏
i=1

Tyi
· z−1

[
N∏

i=1

Txi
· FT · E4 +

M∏
i=1

Tyi
· FR · E2b

]

(B3)

E2b =(1− γ1)
1
2 (1−K1)

1
2E4b (B4)

E4b =
N∏

i=1

Txi
· z−1

[
M∏
i=1

Tyi
· FT · E2b +

N∏
i=1

Txi
· FR · E4

]

(B5)

where FR and FT are the transfer functions in reflection and in
transmission, respectively, of the TRF, and z−1 represents the
unit delay related to LT.

Combining the previous equations, the transfer function at
port E3 reported in (5) is obtained.
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