
Nonlinear resonant tunnelling through double-barrier structures 
Enrique Diez a, Francisco Dominguez-Adame b, Angel Sanchez a 

a Escuela Politecnica Superior. Universidad Carlos III de Madrid. cl Butarque 15. E-28911 Leganes, Madrid. Spain 
b Deparfamento de Ffsica de Materiales. Faculfad de Ffsicas. Universidad Complutense. E-28040 Madrid. Spain 

Received 29 November 1994: revised manuscript received 17 January 1995: accepted for publication 18 January 1995 
Communicated by A.R. Bishop 

Abstract 

We study resonant tunnelling through double-barrier structures under an applied bias voltage, in which nonlinearities due to 
self-interaction of electrons in the barrier regions are included. As an approximation, we concern ourselves with thin barriers 
simulated by 8-function potentials. This approximation allows for an analytical expression of the transmission probability 
through the structure. We show that the typical peaks due to resonant tunneling decrease and broaden as non linearity increases. 
The main conclusion is that nonlinear effects degrade the peak-to-valley ratio but improve the maximum operation frequency 
of the resonant tunnelling devices. 

Resonant tunnelling (RT) through a heterostruc
ture quantum well has recently attracted considerable 
attention because of its applications in ultra-high
speed electronic devices. As an example, RT in 
GaAs/GaAlAs double-barriers at THz frequencies 
has been reported in the literature [I]. RT is a basic 
phenomenon which can be explained with elemen
tary quantum mechanics [2]: there exists a dramatic 
increase of the transmission probability whenever the 
energy of an incident electron matches one of the 
unoccupied quasi-bound states inside the well. The 
energy of the incident electron is close to the Fermi 
energy, which is constant in the device. Therefore, 
to obtain a RT current in practice, one must modify 
the energy of the discrete level in the well applying 
a bias voltage. If initially there are no electrons in 
the well and the electrons are forced to tunnel by the 
applied voltage, after a time of a few cv /i/ r, r be
ing the width of the discrete level, high transmission 
is achieved by multiple reflection. This mechanism 
is physically analogous to what occurs in a Fabry-

Perot resonator. Since multiple scattering of waves 
is required for RT, it can be realized that such a 
phenomenon depends crucially on the linear superpo
sition principle. Then a natural question arises in this 
context, namely how spatial nonlinearities affect RT. 
Nonlinearity may arise in semiconductors when elec
trons polarize the surrounding medium, which reacts 
changing the electron state by a feedback process, or 
when electron-electron interaction is taken into ac
count. There are two important magnitudes which, in 
principle, could be largely modified by nonlinearity: 
the peak-to-valley ratio and the level width r, which 
is related to the reliability of the device at high fre
quencies. For instance, several satellite peaks in ad
dition to the main peak have recently been found via 
coupled electron-phonon states in RT double-barrier 
heterostructures [3]. Moreover, the occurrence of 
nonlinearities opens the possibility of studying new 
and interesting phenomena in semiconductor devices, 
like bistability or chaotic wavefunctions [4] 

In this Letter we focus our attention on a simple 
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model to study non linear effects in double-barrier het
erostructures. We consider very narrow barriers of a 
non linear material embedded in a linear material. We 
simulate the two barriers by means of 8-function po
tentials, which allow for an analytical treatment even 
in the presence of nonlinearities. Similar models have 
been proposed to study wave propagation in nonlin
ear periodic media [5] and nonlinear Stark-Wannier 
resonances [6]. Thus, the propagation of a stationary 
wave in the nonlinear double-barrier heterostructure 
is described by means of the following Schrodinger 
equation (we use units such that fi :: m :: 1), 

-P"(x) + V(x)P(x) 

+ [8(x) + 8(x - a)] [,8 + iiP (x)P* (x)] P(x) 

= EP(x). (I) 

The parameter ,8 is the strength of the 8-potential in the 
linear case (i.e. the area of the semiconductor barrier) 
and ii measures the strength of the non linear coupling. 
The width of the quantum well is denoted by a. The 
potential due to the applied bias is V (x). This potential 
may be simulated by step functions, which have been 
demonstrated to be a good approach to linearly rising 
potentials, reproducing accuratel y the properties of the 
electronic states, even the subtle ones [7]. Therefore 
we take 

Vex) = 0, x < 0, 

=-~v, O<x<a, 

::-v, x>a, 

where V is the applied voltage. 

(2) 

The solution of Eq. (1) in the linear semiconduc
tor is a combination of travelling waves. As usual in 
scattering problems, we assume an electron incident 
from the left and evaluate the transmission and reflec
tion probabilities when passing through the structure. 
To this end we take 

P(x):: A (eik{)x +re-ik{)X), x < 0, 

:: A(Ceik,X +De-ik,X), 0 < x < a, 

x> a. (3) 

t and r denote the transmission and reflection ampli
tudes, and we have defined for simplicity k6 :: E, kT :: 
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Fig. I. Transmission probability T as a function of the applied 
voltage V and the nonlinear coupling a for E = 2, f3 = 10. and 
a = 1.5. 

E + ~ V, and k~ :: E + V. The transmission probability 
is then found to be T :: (ko! k2) ! t!2. To compute it we 
must set appropriate boundary conditions at the barri
ers, in order to eliminate the two unknowns C and D. 
These can be obtained by integrating Eq. (I) around 
x = 0 and x :: a. In so doing, we find that the wave 
function itself is continuous whereas its derivative sat
isfies 

P'(O+) - P'(O-):: [,8+iiIP(O)1 2]P(O), 

P'(a+) - p'(a-) :: [,8 + iiIP(a)1 2]P(a). (4) 

Using these boundary conditions and solution (3) we 
have after a little algebra 

r:: t ( cos(k,a) + Sin(~,a) [(,8 + altl 2
) - ik2]) 

- 1, (5a) 

sin(k,a) 
t = (I + r) k, 

x ([ k, cot( k,a) + iko +,8 + ail + r12] - 2ikor}, 
(5b) 

where a == ii1A12. Finally, inserting (5a) in (5b) we 
obtain an expresion for the transmission amplitude, 
and thus the transmission probability can be found for 
a given set of parameters (E, a, ,8, a and V). 

Fig. 1 shows the transmission probability as a func
tion of the applied voltage V and the nonlinear cou
pling a. The energy of the particle is taken to be E :: 
2, {3 = 10, and a :: 1.5. It is important to mention 
that the qualitative aspects of the results remain al
most unchanged when varying the parameters E, {3, 
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Fig. 2. Transmission probability T as a function of the applied 
voltage V for E = 2, f3 = 10, a = 1.5, and (a) Cl' = -10, (b) 0, 
and (c) +10. 

and a. From this plot it is clear that several peaks ap
pear on increasing the applied voltage, independent of 
the value of the nonlinear coupling a. Each peak cor
responds to a quasi-bound state level in the well. It 
is also apparent that the width of these peaks is rel
atively large, specially for higher order ones. At this 
point we should remark that the width of the peaks 
appearing in Fig. I (transmission probability versus 
applied voltage) is not exactly equal to r, i. e., the 
level width. In addition, we note that a rigorous defi
nition of r requires the complicated expression (5b) 
to be a Lorentzian when approximated around each 
resonance. This is a cumbersome calculation which 
we have not attempted, but rather, we have numeri
cally fitted Lorentzian shapes to our transmission co
efficient curves with good agreement. Therefore, we 
feel confident that the following procedure gives a 
close approximation to r: Assuming that the lifetime 
is not strongly dependent on the position of the level 
(so that it remains almost unchanged under minor 
variations of the applied voltage), it is clear that the 
width of the resonance peak in the transmission co
efficient is very close to r. Hence we can accurately 
determine r from Fig. I. The fact that r is relatively 
large is easily understood by considering that the bar
riers are, in fact, very narrow, so that the coupling of 
the quantum well states with the continuum is very 
strong. Thus the lifetime is very short and, accord
ingly, r is large. Also r increases upon increasing 
the order of the quasi-bound state in the well, as ex
pected. Now let us discuss the main effects of nonlin
earity. In Fig. lone can see that the peak-to-valley ra
tio decreases dramatically on increasing a from -30 
up to 30. Moreover, it is also clear that the resonances 
shift to higher voltages when increasing a > 0 but, 
on the contrary, resonances shift to lower voltages for 
a < O. This means that the quasi-bound states within 
the well region are raised on increasing nonlinearity. 
With more elaborate models, a similar shift to higher 
voltages whenever Coulomb repulsion between elec
trons increases in quasi-one-dimensional systems has 
been recently found [8] . Hence we are led to the con
clusion that our model retains most of the physics of 
resonant tunneling, since Coulomb repUlsion can be 
regarded as a possible origin of nonlinearities within 
the one-particle approach. 

Since the width of the peaks is a very important pa
rameter for the design of high-speed devices, we have 
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also studied r as a function of the nonlinear parame
ter. Results are shown in Fig. 2 for three different val
ues of the nonlinear parameter a. Besides the relative 
shift of the peaks mentioned above, it is seen that r 
decreases with a for peaks of the same order. Hence 
we are led to the conclusion that, in order to improve 
the quality of the RT device, one should look for a 
compromise between the peak-to-valley ratio which 
decreases with a, and the width of the levels which 
also decreases. Hence, on increasing nonlinearity, one 
obtains a lower RT current but, in principle, a higher 
operation frequency. 

A possible extension of this work concerns narrow
gap semiconductors for RT [9,10]. In this case RT 
takes place by an interband tunnelling mechanism, 
and a simple one-band description is no longer valid. 
Instead, one must use a more elaborate band struc
ture including the effects of several bands of the host 
semiconductors. One of the simplest models is the 
two-band model [11], in which envelope functions 
of the conduction- and valence-bands are included. 
The equation of motion is then analogous to the Dirac 
equation for relativistic electrons. Hence, Eq. (1) 
should be replaced by a Dirac-like equation with 
nonlinear terms. Fortunately, the nonlinear Dirac 
equation with o-function potentials is also exactly 
solvable [ 12] and, therefore, the generalization of the 
present work to narrow-gap heterostructures seems to 
be achievable. In addition, more realistic and elabo
rate models are indeed required to describe nonlinear 
electron dynamics through thick barriers even if only 
oneenvelope function is used, for which the o-function 

approach is no longer valid. Work in this direction is 
in progress. 
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