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1

Introduction

This thesis is devoted to the numerical solution of time-dependent partial dif-
ferential equations of parabolic type. This kind of equations is frequently used
when modelling a wide variety of physical phenomena from different fields of sci-
ence and engineering. A particular class of such equations governs the so-called
reaction–diffusion processes, most commonly arising in environmental modelling
or mathematical biology. Practical applications can be found in connection with
subsurface flow modelling (cf. Russell and Wheeler (1983); Celia et al. (1990);
Das et al. (1994)) or in pattern formation problems (cf. Murray (1989); Ru-
uth (1995)). Broadly speaking, evolutionary phenomena which combine nonlin-
ear diffusion and reaction processes can be formulated by means of a parabolic
equation of the form:

ψt +A(ψ) = r(ψ) + f, (1.1)

where A(ψ) and r(ψ) represent the nonlinear diffusion and reaction terms, re-
spectively, and f denotes a source/sink term. Additional initial and boundary
conditions are required in order to complete the formulation. Hereafter, A(ψ)
will be considered as given by A(ψ) = −div(Kgradψ), with K being a sym-
metric and positive definite tensor coefficient. If such a tensor depends on ψ
(i.e., K ≡ K(ψ)), (1.1) constitutes a quasilinear parabolic problem; otherwise,
the problem reduces to its semilinear form. These two cases will be addressed
throughout the thesis. From a modelling viewpoint, equation (1.1) may be re-
lated to various natural processes, such as flow dynamics in porous media, in
which case ψ represents the pressure, or contaminant reaction–diffusion phenom-
ena, where ψ stands for the chemical concentration.

The numerical solution of problems of type (1.1) has been widely discussed
in the monograph by Hundsdorfer and Verwer (2003). This kind of problems
are usually discretized by using the method of lines approach. In other words,
the discretization of the spatial differential operators and the time integration
are carried out in a two-stage procedure. The first step in this procedure is
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to discretize the physical domain with a suitable mesh. To this end, we shall
consider the use of logically rectangular meshes. In such meshes, the (i, j)-node
is given by the coordinates (xi,j , yi,j), for i = 1, 2, . . . , Nx and j = 1, 2, . . . , Ny.
Examples of smooth logically rectangular meshes are typically obtained when a
smooth mapping is applied from a rectangular domain onto the physical domain.
In such a case, a Cartesian mesh covering the rectangular domain is transformed
into a logically rectangular mesh in the physical domain. A survey on this
topic can be found in Knupp and Steinberg (1994). Further examples for either
smooth (Arbogast et al. (1996); Calhoun et al. (2008)) and non-smooth meshes
(Shashkov and Steinberg (1996); Hyman et al. (1997)) arise in a wide variety of
applications.

To introduce the spatial semidiscretization technique, we first rewrite prob-
lem (1.1) as a system of first-order equations. This system conforms a so-called
mixed formulation. In many applications, each newly defined equation has a nat-
ural connection with physical aspects of the underlying problem. For instance,
a classical model of water flow through soil profiles is provided by Richards’
equation (first proposed by Richards (1931)). This equation can be viewed as
the combination of Darcy’s law and a mass conservation law, thus involving
two different unknowns, namely: pressures, ψ, and fluxes, u = −Kgradψ. The
discretization methods presented in the sequel yield simultaneous approxima-
tions to these two (or even more, as mentioned below) physical variables. More
precisely, we describe several families of cell-centered finite difference (CCFD)
methods which are designed to approximate mixed formulations. Typically, finite
difference methods are seldom used for solving complex problems due to their
lack of flexibility in non-trivial geometries. There are, however, some notable
exceptions to this fact, which are well suited to logically rectangular meshes.
Two of such exceptions are considered in this thesis.

The first class of schemes under study corresponds to the so-called mimetic
finite difference (MFD) methods. These methods are based on the support-
operator technique, first introduced on the early Russian works by Korshiya
et al. (1980) and Samarskĭı et al. (1981, 1982). A detailed description of mimetic
schemes can be found in the monograph by Shashkov (1996). The key to such
schemes is the approximation of the divergence and flux (i.e., −Kgrad) opera-
tors by using their adjoint relationship in suitable discrete inner products. The
MFD method is equivalent to a mixed finite element (MFE) method involving
a discrete bilinear form obtained by numerical integration. This equivalence
naturally arises when considering the lowest order Raviart–Thomas spaces on
quadrilateral elements. Further, it permits to derive a priori error estimates for
the MFD approximation in the abstract setting of Galerkin methods. The first
convergence results for mimetic methods were obtained by Lipnikov (2002) in
the context of linear elliptic problems (see also Berndt et al. (2001)). In this
thesis, we extend such results to the semilinear parabolic case (cf. Chapter 3).
A variant of the preceding method is further studied in Chapters 2 and 5.

On the other hand, we further deal with another family of CCFD schemes,
also suitable for logically rectangular meshes. These methods are derived from
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the so-called expanded MFE method: an extension of the standard mixed for-
mulation which introduces the negative gradient, λ = −gradψ, as an additional
variable (cf. Koebbe (1993); Chen (1998)). If the vector inner products arising
in the variational formulation are approximated by suitable quadrature rules, we
obtain a CCFD scheme for the variable ψ under a special choice of the approxi-
mation spaces (cf. Arbogast et al. (1997)). Hereafter, we shall define a variant of
this technique by focusing on the following idea: before applying numerical inte-
gration, the physical (possibly irregular) domain is mapped onto a rectangular
computational domain. This permits to solve the original problem as an entirely
rectangular problem and then map the numerical solution back onto the physical
domain. Therefore, a smooth invertible mapping F must be defined from the
computational domain onto the physical domain. The new expanded formula-
tion then involves a so-called adjusted gradient, λ = −G−1gradψ, instead of
the negative gradient previously considered. Note that G is a symmetric and
positive definite tensor depending on both the mapping F and tensor K. For-
mally, the original first-order system is transformed into an analogous system
on the computational domain by suitably introducing the Jacobian matrix of F
as a tensor coefficient. In addition, tensor K is modified in such a way that,
even if considered to be a diagonal tensor in the original problem, it produces
a full tensor in the transformed problem (unless K is diagonal and the map-
ping is orthogonal). This fact induces the appearance of mixed derivative terms
within the newly defined problem, which will have to be properly handled in the
time integration process. As specified below, this will demand the adaptation
of alternating direction implicit (ADI) schemes to deal with problems involv-
ing mixed derivatives. The convergence analysis of CCFD methods of this kind
uses the functional framework of MFE methods. In the context of linear ellip-
tic problems, Yotov (1996) and Arbogast et al. (1998) derived the first error
estimates on logically rectangular meshes for the lowest order Raviart–Thomas
elements. As proposed for the MFD scheme above, we generalize these results
to the semilinear parabolic case in Chapter 4.

To conclude, we shall remark the fact that the preceding methods are built
on related foundations. Both MFD and CCFD are finite difference schemes
which handle full tensor coefficients and can be adapted to logically rectangular
meshes. This makes them a natural choice in reservoir simulation and porous
media applications, where the presence of anisotropic conductivity tensors K on
distorted geological strata are rather common. As suggested by Russell (2000),
these methods can be classified into K and K−1 methods, depending on how the
tensor coefficient is treated. More precisely, some MFD schemes are considered
to be K−1 methods, since they express the flux through a relationship of the
form K−1u = −δψ, where δψ stands for a pressure difference. In other words,
there exist explicit expressions for pressure drops in terms of fluxes. This is also
the case of MFE formulations, in which an inner product containing the inverse
of the conductivity tensor is used. As we shall see in Chapter 3, this property
implies the equivalence between MFD and MFE methods. By contrast, those
CCFD schemes derived from an expanded MFE formulation belong to the class
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of K methods, since they define the flux as u = −Kδψ. That is to say, there
exist explicit expressions for fluxes in terms of pressure drops. Recall that the
expanded MFE method adds a negative gradient variable to the standard MFE
scheme, thus involving an inner product containing the conductivity tensor. In
this way, K methods are more easily viewed as extensions of finite volume dis-
cretizations. An insightful comparison of the preceding and some other methods
is given by Klausen and Russell (2004).

The spatial semidiscretization derived from any of the preceding techniques
gives rise to stiff systems of nonlinear ordinary differential equations (ODEs).
Thus, the unknown ψ in (1.1) is suitably approximated by Ψh satisfying:

Ψht +Ah(Ψh) = Rh(Ψh) + Fh. (1.2)

In this case, Ah(Ψh) andRh(Ψh) are semidiscrete approximations to the diffusion
and reaction terms, respectively, and Fh approximates f .

Plenty of methods have been studied for the time integration of problems of
type (1.2). Owing to the stiffness of the semidiscrete diffusion term, Ah(Ψh),
the use of explicit schemes usually requires excessively small time steps (mainly
when fine spatial meshes are used). This fact can lead to computations which are
prohibitively expensive, especially when dealing with multi-dimensional prob-
lems. On the other hand, fully implicit methods require the implicit treatment
of both Ah(Ψh) and Rh(Ψh). Hence, one or several nonlinear systems need to
be solved at each time step. The so-called splitting methods provide an efficient
alternative to these classical time integrators. Broadly speaking, they combine
a suitable splitting function with a splitting formula (cf. van der Houwen and
Verwer (1979)).

In order to describe such methods, we first consider the case in which Ah(Ψh)
can be expressed as AhΨh. Then, both Ah and Fh are decomposed into a
number of simpler split terms, that is, Ah = Ah1 + Ah2 + . . . + Ahm and Fh =
Fh1 + Fh2 + . . . + Fhm. In this framework, two different types of partitioning
techniques can be defined. If the splitting is based on different spatial variables,
it is referred to as a dimensional or component-wise splitting. Otherwise, if it is
related to a suitable decomposition of the spatial domain, it is called a domain
decomposition splitting.

The first type of splitting reformulates the original multi-dimensional prob-
lem as a set of essentially one-dimensional problems, following the idea of the
well-known ADI methods (cf. Marchuk (1990); Hundsdorfer and Verwer (2003)).
These methods combine certain advantages of classical explicit and implicit
schemes. In particular, they preserve a stable behaviour independently of the
time step and spatial mesh sizes, while showing the same computational com-
plexity per time step as explicit methods. However, although a variety of stable
ADI methods are available for multi-dimensional parabolic equations in the ab-
sence of mixed derivatives, it is well known that cross terms are difficult to be
handled implicitly using the ADI technique. So far, several approaches have been
proposed for the case in which mixed derivative terms are present (cf. McKee
et al. (1996); in ’t Hout and Welfert (2007, 2009) and references therein). In
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this respect, we propose and analyze an ADI method which considers an explicit
contribution of the mixed derivatives to the time integrator (cf. Chapter 4).

In certain situations –e.g., when dealing with unstructured grids or non-
smooth logically rectangular meshes–, a domain decomposition splitting is much
more flexible than a dimensional partitioning. Domain decomposition splittings
were introduced by Vabishchevich (1989, 1994) in the context of regionally-
additive schemes and subsequently extended in Mathew et al. (1998), Portero
(2007) and Vabishchevich (2008) for solving linear parabolic problems. The key
to the efficiency of these splittings lies in reducing the system matrix to a col-
lection of uncoupled submatrices of lower dimension. As compared to classical
domain decomposition methods (cf. Quarteroni and Valli (1999)), this technique
does not involve Schwarz iteration procedures, thus reducing the computational
cost of the overall solution process. This type of splitting will be considered
within Chapters 2, 3 and 5.

As mentioned above, once the splitting function is chosen, it has to be com-
bined with a proper splitting formula. A suitable choice for such formulae is the
family ofm-part fractional step Runge–Kutta (FSRKm) schemes. Basically, they
are one-step time integrators that merge m diagonally implicit Runge–Kutta
schemes into a single composite method, thus permitting to solve problems of
type (1.2), where Ah and Fh are split along the lines of alternating direction
or domain decomposition techniques. A survey of these methods in the context
of linear parabolic problems can be found in Jorge (1992), Bujanda (1999) and
Portero (2007). In our case, the presence of the semidiscrete nonlinear reaction
term Rh(Ψh) suggests the addition of an explicit Runge–Kutta scheme to the
FSRKm formula in order to avoid the solution of nonlinear systems. The newly
constructed time integrators are called linearly implicit FSRKm+1 methods (cf.
Bujanda and Jorge (2006a, 2007)) and permit to reduce the nonlinear semidis-
crete problem to a collection of linear systems whose solution can be efficiently
parallelized.

On the other hand, if (1.2) represents the spatial semidiscretization of a
quasilinear parabolic problem, the discrete diffusion term Ah(Ψh) is nonlinear.
This situation is much more intricate than the preceding one. In this case, we first
consider a local linearization of problem (1.2) in such a way that, at each time
step, Ah(Ψh) is decomposed in the form Ah(Ψh) = F̆h + JhΨh +Bh(Ψh). The
seminal works by Cooper and Sayfy (1980, 1983) suggest the combination of an
implicit time integrator for the linear part of Ah(Ψh) with an explicit formula for
the remaining terms. Such methods are in close relation to the so-called implicit–
explicit (IMEX) schemes (cf. Ruuth (1995); Ascher et al. (1997)). Alternatively,
we propose a suitable decomposition of Jh into m simpler split terms, i.e., Jh =
Jh1 + Jh2 + . . . + Jhm. In turn, F̆h is treated as an additional source/sink term,
thus being split as Fh above, i.e., F̆h = F̆h1 + F̆h2 + . . . + F̆hm. These splitting
functions are subsequently inserted into a linearly implicit FSRKm+1 formula,
in which the terms Rh(Ψh) and Bh(Ψh) are considered to be explicit at each
time step. As a result, problem (1.2) is reduced to the solution of one or several
linear systems per time step, thus improving the computational efficiency of the
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resulting algorithm (cf. Chapter 5).

The rest of the thesis is organized as follows. In Chapter 2, we consider a semi-
linear problem of type (1.1) with homogeneous Dirichlet boundary conditions.
This chapter is mainly concerned with computational issues and is intended to
be an introduction to mimetic fractional step methods for subsequent chapters.
In order to obtain a numerical approximation to the solution of the original
problem, we combine a cell-node MFD method with an FSRKm+1 scheme. In
particular, the mimetic technique considers the degrees of freedom for ψ to be lo-
cated at the geometric centers of the cells, while assuming those for the Cartesian
components of u on the mesh nodes. As for the time integration, we introduce a
domain decomposition operator splitting in combination with a linearly implicit
variant of the well-known Yanenko’s method (cf. Yanenko (1971)). The fully
discrete scheme provides unconditionally stable solutions which are tested to be
second-order convergent in space and first-order convergent in time. The nu-
merical results further illustrate the behaviour of the algorithm on a collection
of logically rectangular grids.

Based on the preceding discretization techniques, Chapter 3 establishes a
suitable theoretical framework which permits to develop the convergence anal-
ysis for both the semidiscrete and totally discrete schemes. In this case, we
consider the semilinear problem of the previous chapter with homogeneous Neu-
mann boundary conditions. Again, a mimetic fractional step method aims to be
constructed for the solution of such a problem. Regarding the spatial semidis-
cretization, we introduce a cell-edge MFD scheme whose degrees of freedom for
ψ are again defined at the cell centers, while those for u are chosen to be located
at the midpoints of the mesh edges –in fact, they provide an approximation to
the orthogonal projections of u onto the unit vectors normal to the mesh edges.
Note that such degrees of freedom are precisely those of the lowest order Raviart–
Thomas quadrilateral element. This property permits to derive an equivalence
between the MFD scheme and a suitable MFE method, which will be the key to
formulating the convergence analysis of the former within the abstract setting
of the latter. On the other hand, we adapt the domain decomposition splitting
of the preceding chapter to the newly defined discrete diffusion operator, and
further combine it with a family of linearly implicit FSRKm+1 methods inspired
in the Peaceman–Rachford ADI scheme. The resulting algorithm is shown to
be second-order convergent in both space and time, while preserving its uncon-
ditional stability. To conclude, the theoretical results are illustrated by some
numerical examples.

Thus far, the problems under consideration are posed on polygonal domains
which are likely to be covered with a logically rectangular mesh. In Chapter 4, we
consider physical domains of general geometry which admit a smooth transfor-
mation into a rectangular computational domain. In this case, (1.1) is endowed
with non-homogeneous Dirichlet boundary conditions. After the original prob-
lem is mapped onto the computational domain, we apply a proper combination
of a CCFD scheme with an FSRKm+1 method based on a component-wise split-
ting. More precisely, we first introduce an expanded MFE formulation, which
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can be subsequently reduced to a CCFD scheme by the use of numerical inte-
gration. An alternating direction splitting is next defined for the semidiscrete
operators. Since the smooth mapping usually inserts full tensor coefficients into
the transformed problem, standard ADI schemes need to be adapted to han-
dle mixed derivative terms. This component-wise splitting is further combined
with a linearly implicit variant of Yanenko’s method, which assumes an explicit
contribution of the mixed derivatives. Note that, for a particular value m = 2,
our proposal belongs to the family of FSRKm+1 schemes described in Chapter
2. To conclude, the numerical approximation obtained on the computational
domain is mapped back onto the physical domain. In this context, we derive a
priori error estimates for both the semidiscrete and fully discrete schemes. The
method shows second-order convergence in space and first-order convergence in
time, and can be proved to be unconditionally stable. At the end of the chapter,
some numerical tests confirm these theoretical results. It is significant to note
that the second-order time integrator of Chapter 3 is no longer considered here,
since it fails to preserve the unconditional stability of the first-order method.

Finally, Chapter 5 is devoted to the construction of efficient discretization
methods for solving quasilinear problems of type (1.1). Recall that the quasi-
linearity of (1.1) is determined by the presence of a nonlinear tensor coefficient
K(ψ) in the diffusion term. This fact demands a suitable extension of the tech-
niques presented so far. In particular, we recover the situation of Chapter 2,
in which the problem was posed on a polygonal domain involving homogeneous
Dirichlet boundary conditions. The spatial semidiscretization retrieves the cell-
node MFD scheme introduced in that chapter and incorporates a biquadratic
interpolation method to deal with the nonlinear tensor K(ψ). This procedure
permits to preserve the second-order convergence of the mimetic technique. The
resulting system of ODEs contains a nonlinear discrete diffusion operator, which
will be further linearized at each time step as explained above. In this frame-
work, the fully discrete scheme results from the application of a linearly implicit
time integrator in combination with a domain decomposition splitting for the lin-
ear terms. That is to say, the method implicitly handles the linear split terms,
while considering an explicit contribution of the nonlinear remainder. This local
linearization procedure permits to avoid the solution of nonlinear systems in the
resulting algorithm. Two specific FSRKm+1 methods are proposed along these
lines: a first-order unconditionally stable scheme, based on a variant of Yanenko’s
method; and a second-order conditionally stable scheme (involving a mild sta-
bility restriction), which extends the generalization of the Peaceman–Rachford
method introduced in Chapter 3 to the quasilinear case. The behaviour of the
preceding methods and some additional comparisons to existing Rosenbrock-type
schemes are illustrated by numerical experiments.

The thesis concludes with a closing chapter in which we summarize the main
contributions of the present work and report some relevant publications de-
rived from them. In addition, we suggest some ideas for extending the proposed
methods in different directions, thus providing a number of guidelines for future
research.





2

Cell-Node Mimetic Domain Decomposition
Methods

This chapter is devoted to the numerical approximation of semilinear time-
dependent reaction–diffusion problems. Via the method of lines approach, we
combine a mimetic finite difference method with a family of fractional step time
integrators which consider domain decomposition operator splittings. Although
both discretization techniques have been separately used for solving evolutionary
problems, a proper combination of them has been lacking so far. The acronyms
MFD and FSRKm will be used throughout this chapter to denote mimetic finite
difference and m-part fractional step Runge–Kutta methods, respectively.

2.1. Introduction

Let us consider the following semilinear parabolic initial-boundary value prob-
lem: Find ψ : Ω× [0, T ] → R such that

ψt − div (K(x) gradψ) = g(ψ, t) + f(x, t), (x, t) ∈ Ω× (0, T ], (2.1a)

ψ(x, 0) = ψ0(x), x ∈ Ω, (2.1b)

ψ(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ]. (2.1c)

The spatial domain Ω ⊂ R2 is assumed to be a bounded polygonal open set with
boundary ∂Ω and K ≡ K(x) is a symmetric and positive definite tensor defined
to be:

K =

(
KXX(x) KXY (x)

KXY (x) KY Y (x)

)
, (2.2)

On the other hand, g(·) ≡ g(·, t) denotes a nonlinear function assumed to be
globally Lipschitz in the first variable and f ≡ f(x, t) is a sufficiently smooth
source/sink term. Here and henceforth, x ≡ (x, y).
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Frequently, the second-order partial differential equation (2.1a) is replaced
by an equivalent system of first-order equations of the form:

ψt + divu = g(ψ) + f, (x, t) ∈ Ω× (0, T ], (2.3a)

u = −Kgradψ, (x, t) ∈ Ω× (0, T ], (2.3b)

where the new auxiliary unknown u ≡ u(x, t) is a vector-valued function that
we refer to as the flux.

In this chapter, we combine an MFD method with an FSRKm scheme to
obtain an efficient numerical approximation to the solution of (2.3), (2.1b) and
(2.1c). The choice of a mimetic technique for the spatial semidiscretization
is based upon the features described in Shashkov and Steinberg (1996). First
of all, the MFD scheme is conservative and preserves the main properties of
the differential operators involved in the original problem. It is formulated on
non-orthogonal quadrilateral meshes and naturally incorporates boundary con-
ditions of Dirichlet, Neumann or Robin type (cf. Hyman and Shashkov (1998)).
Furthermore, the method is valid for tensors K with jump discontinuities and
permits to obtain simultaneous approximations to both the scalar and flux vari-
ables, ψ and u. This is quite useful in many applications, such as the simulation
of fluid flow through porous media: in such a case, both the pressure, ψ, and
the Darcy velocity, u, need to be accurately computed; moreover, the conduc-
tivity tensor K is usually assumed to be discontinuous due to the nature of
the porous medium (see, e.g., Berndt et al. (2005a)). The MFD method can
also be defined on unstructured triangular and polygonal meshes (cf. Ganzha
et al. (2004); Kuznetsov et al. (2004); Vabishchevich (2005)) and even extended
to three-dimensional meshes composed of general polyhedra (cf. Brezzi et al.
(2005, 2006b)).

The system of nonlinear ODEs resulting from the spatial semidiscretization
process is integrated in time by means of a linearly implicit fractional step
method. To this end, both the discrete diffusion operator and the semidiscrete
source/sink term are first partitioned by using a suitable domain decomposition
operator splitting. This kind of splitting was introduced by Vabishchevich (1989,
1994) in the context of regionally-additive schemes and has been subsequently
extended in Mathew et al. (1998), Portero (2007) and Vabishchevich (2008) for
solving linear parabolic problems. The monographs by Samarskĭı et al. (2002)
and Mathew (2008) show an overview of some recent contributions to the topic.

The previous operator splitting requires a time integrator which allows for
multiterm partitioning. A suitable choice for such a method can be found within
the aforementioned class of FSRKm schemes. These time integrators are con-
structed by merging m diagonally implicit Runge–Kutta schemes into a single
composite method. A survey on their use for solving linear parabolic prob-
lems can be found in Bujanda and Jorge (2002). In our case, the presence of
the nonlinear reaction term g(ψ) suggests the addition of an explicit Runge–
Kutta scheme to the FSRKm formula in order to avoid the solution of nonlinear
systems. The newly constructed time integrator is called a linearly implicit
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FSRKm+1 method and permits to reduce the nonlinear semidiscrete problem to
a collection of linear systems which can be efficiently parallelized.

The rest of the chapter is organized as follows. Section 2.2 describes some
relevant properties of the first- and second-order differential operators arising in
(2.1a) and (2.3). Based on these properties, the semidiscrete scheme is formu-
lated on general non-orthogonal meshes by using a second-order MFD method
(cf. Section 2.3). In Section 2.4, we set the basis for the domain decomposition
splitting technique and introduce a family of linearly implicit FSRKm+1 meth-
ods of classical order 1. To conclude, we report on some numerical experiments
in Section 2.5.

2.2. Properties of the continuous operators

Let us denote Hs as the space of scalar functions endowed with the inner
product:

(ψ, ϕ)Hs =

∫
Ω

ψϕdx+

∮
∂Ω

ψϕds, ψ, ϕ ∈ Hs. (2.4)

The solution of problem (2.1) belongs to a subspace H0
s ⊆ Hs involving those

functions of Hs which are equal to zero on ∂Ω, i.e., ψ : [0, T ] → H0
s. Note that

the previous inner product reduces to the first integral in (2.4) if any of the
considered functions belongs to H0

s.
Next, we can define the second-order operator A : D(A) ⊆ Hs → Hs such

that Aψ = −div (Kgradψ). When applied to functions ψ ∈ H0
s, A can be proved

to be symmetric and positive definite in the inner product (2.4). To this end,
let us recall Green’s first identity:∫

Ω

φ divw dx+

∫
Ω

⟨w, gradφ⟩ dx =

∮
∂Ω

φ ⟨w, n⟩ ds (2.5)

where ⟨·, ·⟩ denotes the standard dot product, φ and w are arbitrary smooth
scalar and vector functions, respectively, and n is the outward unit vector normal
to ∂Ω. Obviously, (2.5) reduces to:∫

Ω

φdivw dx+

∫
Ω

⟨w, gradφ⟩ dx = 0, (2.6)

for those scalar functions φ ∈ H0
s. Hence, using (2.4) and (2.6), it holds that:

(Aψ, ϕ)Hs
= −

∫
Ω

ϕ div (Kgradψ) dx =

∫
Ω

⟨Kgradψ, gradϕ⟩ dx, (2.7)

provided that ϕ ∈ H0
s. Therefore:

(Aψ, ϕ)Hs = (ψ,Aϕ)Hs , (Aψ,ψ)Hs > 0, (2.8)

for all ψ, ϕ ∈ H0
s, since K is assumed to be symmetric and positive definite.
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Next, let us define Hv as the space of vector functions endowed with the
inner product:

(u, v)Hv =

∫
Ω

⟨u, v⟩ dx, u, v ∈ Hv. (2.9)

If we consider the first-order operators D : D(D) ⊆ Hv → Hs and G : D(G) ⊆
Hs → Hv such that Du = div u and Gψ = −gradψ, respectively, it is possible
to rewrite the integral identity (2.6) as:

(Dw,φ)Hs = (w,Gφ)Hv , (2.10)

which means that D = G∗, i.e., the divergence operator is the negative adjoint
of the gradient operator in the inner products (2.4) and (2.9) for scalar functions
in H0

s.
Finally, we introduce K : D(K) ⊆ Hv → Hv such that Kw = Kw. Due to

the initial assumptions on tensor K, it is easy to prove that:

(Kw, v)Hv = (w,Kv)Hv , (Kw,w)Hv > 0, (2.11)

that is, K = K∗ > 0 in the inner product (2.9).
Since the second-order operator A can be expressed as A = DKG, the symme-

try and positivity of A stated in (2.8) are actually a consequence of the properties
D = G∗ and K = K∗ > 0. These are crucial properties of the continuous prob-
lem that will have to be preserved in the semidiscrete case when constructing
mimetic schemes for (2.1).

For the sake of convenience, we have considered the case of homogeneous
Dirichlet boundary data. Nevertheless, if (2.1c) is replaced by ψ(x, t) = ψD(x, t),
we can apply an appropriate transformation in order to recover zero boundary
conditions (provided that the domain satisfies the so-called extendability condi-
tion, see Hyman and Shashkov (1998) and references therein). In such a case,
we can introduce a smooth function ξ(x, t) which is equal to ψD(x, t) on the
boundary, i.e., ξ(x, t) = ψD(x, t) for (x, t) ∈ ∂Ω × (0, T ]. Then, if we define a
new unknown γ(x, t) = ψ(x, t)− ξ(x, t), we can reformulate the original problem
in terms of γ(x, t) to obtain a transformed problem with homogeneous Dirichlet
boundary data and a modified right-hand side. As a consequence, the results
presented here for the homogeneous formulation are easily extensible to the non-
homogeneous case.

2.3. Spatial semidiscretization: a cell-node MFD method

The spatial semidiscretization of the original problem is accomplished by
means of an MFD method. This method approximates the first-order differ-
ential operators by discrete operators which preserve the underlying properties
described in the previous section. The MFD technique is based on the early
Russian works by Korshiya et al. (1980) and Samarskĭı et al. (1981, 1982). A
detailed description of the method was subsequently reported in Shashkov (1996)
and several variants for solving linear elliptic and parabolic problems have been
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recently proposed in Shashkov and Steinberg (1995, 1996) and Hyman et al.
(1997, 2002).

More precisely, the semidiscretization process may be outlined as follows.
First, we introduce the vector spaces of semidiscrete scalar and vector functions
approximating Hs and Hv, respectively. Then, a discrete analogue of the di-
vergence operator D is deduced from the coordinate invariant definition of the
divergence, based on Gauss’s divergence theorem:

divw = lim
|V |→0

1

|V |

∮
∂V

⟨w, n⟩ ds, (2.12)

where |V | denotes the area of a given region V with boundary ∂V . We next
define discrete approximations to the scalar and vector inner products given in
(2.4) and (2.9), respectively. The discrete analogue of the gradient operator G
is then obtained by requiring it to be the adjoint of the discrete divergence, thus
imposing a discrete version of (2.10). Finally, we properly approximate K in
order to define a discrete analogue of the product KG. The approximation to
the elliptic operator A = DKG trivially follows from the previous discretizations,
giving rise to an MFD semidiscrete scheme for (2.1). This mimetic technique
is based on the so-called support-operator method, which considers the discrete
divergence as a primary operator that supports the construction of the discrete
gradient, usually referred to as the derived operator (cf. Shashkov (1996) and
references therein).

2.3.1. Spaces of semidiscrete functions. Let us first discretize Ω by means of
a logically rectangular grid Ωh, where h denotes the maximum mesh size. The
structure of such a grid uses the following indexing: if Nx and Ny are both pos-
itive integers, then the (i, j)-node is given by the coordinates (xi,j , yi,j), for i =
1, 2, . . . , Nx and j = 1, 2, . . . , Ny. Furthermore, the quadrilateral Ωi+1/2,j+1/2,
defined by the nodes (i, j), (i + 1, j), (i, j + 1) and (i + 1, j + 1), is called the
(i + 1/2, j + 1/2)-cell. The center of such a cell is given by xi+1/2,j+1/2 ≡
(xi+1/2,j+1/2, yi+1/2,j+1/2), whose coordinates can be obtained as follows:

xi+1/2,j+1/2 =
1

4
(xi,j + xi+1,j + xi,j+1 + xi+1,j+1),

yi+1/2,j+1/2 =
1

4
(yi,j + yi+1,j + yi,j+1 + yi+1,j+1),

for i = 1, 2, . . . , Nx − 1 and j = 1, 2, . . . , Ny − 1. Finally, the area enclosed by
the cell is denoted by |Ωi+1/2,j+1/2|, while the lengths of the sides that connect

the nodes (i, j)-(i, j +1) and (i, j)-(i+1, j) are given by |ℓαi,j+1/2| and |ℓβi+1/2,j |,
respectively (see Figure 2.1 (a)).

The MFD method proposes a cell-centered semidiscretization for scalar func-
tions and a nodal semidiscretization for vector functions. Based on this idea, let
us introduce the vector spaces of semidiscrete functions which approximate the
functional spaces Hs and Hv. On one hand, we denote by Hs the vector space
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Figure 2.1: (a) Global indexing of nodes, sides and center at the (i+1/2, j+1/2)-cell.
(b) Cell-centered discretization for scalar functions, Ψh, at the (i+1/2, j+1/2)-center,
and nodal discretization for vector functions, Uh, at the (i, j)-node.

of cell-centered semidiscrete scalar functions Ψh ≡ Ψh(t), whose components
are stored by ordering the mesh cells in a row-wise fashion. As shown in Fig-
ure 2.1 (b), we refer to such components as Ψhi+1/2,j+1/2, for i = 1, 2, . . . , Nx − 1
and j = 1, 2, . . . , Ny − 1. The space Hs further involves the Dirichlet bound-
ary data by considering those values located at the midpoints of the boundary
segments, i.e.:

Ψh1,j+1/2, ΨhNx,j+1/2, for j = 1, 2, . . . , Ny − 1,

Ψhi+1/2,1, Ψhi+1/2,Ny
, for i = 1, 2, . . . , Nx − 1.

Concerning the semidiscretization of the homogeneous problem (2.1), it is quite
useful to define a subspace H 0

s ⊆ Hs involving the semidiscrete scalar functions
of Hs which are zero on the boundary, i.e.:

Ψh1,j+1/2 = ΨhNx,j+1/2 = 0, for j = 1, 2, . . . , Ny − 1,

Ψhi+1/2,1 = Ψhi+1/2,Ny
= 0, for i = 1, 2, . . . , Nx − 1.

On the other hand, we denote by Hv the vector space of nodal semidiscrete
vector functions Uh ≡ Uh(t). In this case, Uh contains the Cartesian components
UXi,j and UYi,j located at the corresponding (i, j)-node, for i = 1, 2, . . . , Nx and
j = 1, 2, . . . , Ny (see Figure 2.1 (b)). As in the space of scalar functions, such
components are successively stored by ordering the mesh nodes in a row-wise
fashion.

2.3.2. Discrete divergence operator. The discrete divergence operator ap-
proximating D is defined as D : Hv → Hs. In order to derive a compact
expression for D on each cell of the mesh, recall the invariant definition stated
in (2.12) and assume that V = Ωi+1/2,j+1/2. Then, the contour integral on the
right-hand side of (2.12) can be expressed as the sum of four integrals over the
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•(
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1
2

)
⊗

⊗

⊗

⊗

(i, j)

(i+ 1, j)

(i+ 1, j + 1)
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Figure 2.2: Stencil for the discrete divergence operator located at the (i+1/2, j+1/2)-
cell center. Symbols: ⊗ : WX

·,· , W
Y
·,· ; • : (DWh)i+1/2,j+1/2.

sides of the cell:∮
∂Ωi+1/2,j+1/2

⟨w, n⟩ ds =
∫
ℓβ
i+1/2,j

⟨w, n⟩ ds+
∫
ℓα
i+1,j+1/2

⟨w, n⟩ ds

+

∫
ℓβ
i+1/2,j+1

⟨w, n⟩ ds+
∫
ℓα
i,j+1/2

⟨w, n⟩ ds.
(2.13)

Since each side of the cell is a straight line, the outward unit vector normal to
that side is constant. For instance, for the side ℓβi+1/2,j , we have:

ni+1/2,j =

(
yi+1,j − yi,j

|ℓβi+1/2,j |
,
−(xi+1,j − xi,j)

|ℓβi+1/2,j |

)T
.

This normal vector is involved in the first integral on the right-hand side of (2.13).
Thus, we can approximate the value of such an integral by the trapezoidal rule
as: ∫

ℓβ
i+1/2,j

⟨w, n⟩ ds ≈
WX
i,j +WX

i+1,j

2
(yi+1,j − yi,j)

−
WY
i,j +WY

i+1,j

2
(xi+1,j − xi,j),

(2.14)

where we have introduced the nodal values of the semidiscrete vector Wh ∈ Hv.
The integrals over the other sides can be obtained analogously. As a result, the
discrete divergence D at a mesh cell can be expressed as:

(DWh)i+1/2,j+1/2 =

(WX
i+1,j+1 −WX

i,j)(yi,j+1 − yi+1,j)− (WX
i,j+1 −WX

i+1,j)(yi+1,j+1 − yi,j)

2 |Ωi+1/2,j+1/2|

−
(WY

i+1,j+1 −WY
i,j)(xi,j+1 − xi+1,j)− (WY

i,j+1 −WY
i+1,j)(xi+1,j+1 − xi,j)

2 |Ωi+1/2,j+1/2|
,

(2.15)
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)

Figure 2.3: Area of the triangle in the (i+1/2, j+1/2)-cell which contains the angle

at the (i+ 1, j + 1)-node, T
i+1/2,j+1/2
i+1,j+1 .

for i = 1, 2, . . . , Nx − 1 and j = 1, 2, . . . , Ny − 1. The stencil for D is displayed
on Figure 2.2.

2.3.3. Discrete inner products. The next step in the mimetic method is the
introduction of discrete inner products associated to the spaces of semidiscrete
functions Hs and Hv. In the space of cell-centered scalar functions Hs, the
discrete analogue of (2.4) is given by:

(Ψh,Φh)Hs =

Nx−1∑
i=1

Ny−1∑
j=1

Ψhi+1/2,j+1/2 Φ
h
i+1/2,j+1/2 |Ωi+1/2,j+1/2|

+

Nx−1∑
i=1

Ψhi+1/2,1 Φ
h
i+1/2,1 |ℓ

β
i+1/2,1|+

Ny−1∑
j=1

ΨhNx,j+1/2 Φ
h
Nx,j+1/2 |ℓ

α
Nx,j+1/2|

+

Nx−1∑
i=1

Ψhi+1/2,Ny
Φhi+1/2,Ny

|ℓβi+1/2,Ny
|+

Ny−1∑
j=1

Ψh1,j+1/2 Φ
h
1,j+1/2 |ℓ

α
1,j+1/2|,

(2.16)
for all Ψh, Φh ∈ Hs. Note that the previous inner product reduces to the first
double sum if any of the given functions belongs to the subspace H 0

s ⊆ Hs.
In the space of nodal vector functions Hv, the discrete analogue of (2.9) is

given by:

(Uh, V h)Hv
=

Nx−1∑
i=1

Ny−1∑
j=1

(Uh, V h)i+1/2,j+1/2 |Ωi+1/2,j+1/2|, (2.17)

for all Uh, V h ∈ Hv, where (Uh, V h)i+1/2,j+1/2 is an approximation to the

dot product of vectors Uh and V h in the cell. The expression for such an
approximation is set to be:

(Uh, V h)i+1/2,j+1/2 =
1∑

k,ℓ=0

ω
i+1/2,j+1/2
i+k,j+ℓ (UXi+k,j+ℓV

X
i+k,j+ℓ + UYi+k,j+ℓV

Y
i+k,j+ℓ),
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Figure 2.4: Stencil for the discrete gradient operator located at the internal node
(i, j). Symbols: • : Ψh

·,·; ⊗ : (G XΨh)i,j , (G
Y Ψh)i,j .

where each index (k, ℓ) corresponds to one of the vertices in the (i+1/2, j+1/2)-
cell and the weights are given by:

ω
i+1/2,j+1/2
i+k,j+ℓ =

|T i+1/2,j+1/2
i+k,j+ℓ |

2 |Ωi+1/2,j+1/2|
, (2.18)

being |T i+1/2,j+1/2
i+k,j+ℓ | the area of the triangle in the (i + 1/2, j + 1/2)-cell which

contains the angle at the (i + k, j + ℓ)-node (see Figure 2.3). It is easy to see
that such weights satisfy the following properties (cf. Shashkov (1996); Hyman
and Shashkov (1999)):

ω
i+1/2,j+1/2
i+k,j+ℓ > 0,

1∑
k,ℓ=0

ω
i+1/2,j+1/2
i+k,j+ℓ = 1. (2.19)

2.3.4. Discrete gradient operator. In order to derive the discrete gradient
operator G : Hs → Hv approximating G, we shall impose a discrete analogue
of formula (2.10), i.e.:

(DWh,Ψh)Hs = (Wh,GΨh)Hv , (2.20)

for all Ψh ∈ H 0
s and Wh ∈ Hv. Therefore, the discrete gradient is obtained as

the adjoint of the discrete divergence, G = D∗, in the discrete inner products
(2.16) and (2.17). Note that G and D are defined in such a way that their
corresponding domains and ranges are mutually consistent.

Now, if we apply the definitions (2.16) and (2.17) to the formula (2.20) and
subsequently insert (2.15) into the resulting expression, we can obtain an explicit
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formula for the components of G at the internal (i, j)-node:

(GXΨh)i,j =
Ψhi−1/2,j−1/2 (yi−1,j − yi,j−1) + Ψhi+1/2,j−1/2 (yi,j−1 − yi+1,j)

|T i−1/2,j−1/2
i,j |+ |T i+1/2,j−1/2

i,j |+ |T i−1/2,j+1/2
i,j |+ |T i+1/2,j+1/2

i,j |

+
Ψhi−1/2,j+1/2 (yi,j+1 − yi−1,j) + Ψhi+1/2,j+1/2 (yi+1,j − yi,j+1)

|T i−1/2,j−1/2
i,j |+ |T i+1/2,j−1/2

i,j |+ |T i−1/2,j+1/2
i,j |+ |T i+1/2,j+1/2

i,j |
,

(2.21)
for i = 2, 3, . . . , Nx − 1 and j = 2, 3, . . . , Ny − 1. The formula for (G YΨh)i,j
is obtained by replacing y by −x in the previous expression. The local stencil
for both (GXΨh)i,j and (G YΨh)i,j is displayed on Figure 2.4. For the bottom
boundary, we get:

(GXΨh)i,1 =
Ψhi−1/2,3/2 (yi,2 − yi−1,1) + Ψhi+1/2,3/2 (yi+1,1 − yi,2)

|T i−1/2,3/2
i,1 |+ |T i+1/2,3/2

i,1 |
, (2.22)

for i = 2, 3, . . . , Nx−1. Similar equations can be derived for the other boundaries.
Finally, at the corner node (1, 1), we have:

(GXΨh)1,1 =
Ψh3/2,3/2 (y2,1 − y1,2)

|T 3/2,3/2
1,1 |

. (2.23)

Again, we can deduce analogous expressions for the remaining corner nodes. Fig-
ure 2.5 shows the local stencils for the components of G at the bottom boundary
and corner nodes (subfigures (a) and (b), respectively). Note that, if we intro-
duce the following fictitious nodes:

y0,j = y1,j , yNx+1,j = yNx,j , for j = 1, 2, . . . , Ny,

yi,0 = yi,1, yi,Ny+1 = yi,Ny , for i = 1, 2, . . . , Nx,

together with the boundary values:

Ψh1/2,j+1/2 = Ψh1,j+1/2, ΨhNx+1/2,j+1/2 = ΨhNx,j+1/2,

Ψhi+1/2,1/2 = Ψhi+1/2,1, Ψhi+1/2,Ny+1/2 = Ψhi+1/2,Ny
,

(2.24)

for i = 1, 2, . . . , Nx − 1 and j = 1, 2, . . . , Ny − 1, then formula (2.21) can be
extended to the boundary and corner nodes1, thus including both (2.22) and
(2.23). This fact is very useful for programming purposes, since then the whole
discrete domain (i.e., internal, boundary and corner nodes) can be represented
by a single discretization formula.

1Under the assumption that Ψh
i+1/2,j+1/2

= 0, for i = 0, Nx and j = 0, Ny . Recall that,

for the Dirichlet problem under study, (2.20) is true provided that Ψh ∈ H 0
s , i.e., for those

scalar functions which are zero on the boundary; therefore, the boundary values (2.24) are also
considered to be zero.



§2.3 spatial semidiscretization: a cell-node mfd method 19

• •

• •
⊗(

i− 1
2 , 1

) (
i+ 1

2 , 1
)

(
i− 1

2 ,
3
2

) (
i+ 1

2 ,
3
2

)

(a)

•

•

•

⊗

(
1, 3

2

)

(
3
2 , 1

)
(
3
2 ,

3
2

)

(b)

Figure 2.5: (a) Stencil for the discrete gradient operator located at the bottom
boundary node (i, 1). Symbols: • : Ψh

·,·; ⊗ : (G XΨh)i,1, (G
Y Ψh)i,1. (b) Stencil for

the discrete gradient operator located at the corner node (1, 1). Symbols: • : Ψh
·,·;

⊗ : (G XΨh)1,1, (G
Y Ψh)1,1.

2.3.5. The MFD semidiscrete scheme. Finally, we define the discrete ana-
logue of the tensor operator K as K : Hv → Hv. At the (i, j)-node, we have:

(K Wh)i,j =

(
KXX
i,j WX

i,j +KXY
i,j WY

i,j

KXY
i,j WX

i,j +KY Y
i,j W

Y
i,j

)
, (2.25)

where KXX
i,j , KXY

i,j and KY Y
i,j denote the evaluations at the (i, j)-node of the

components of matrix K given in (2.2). Note that the matrix-vector multiplica-
tion is well defined, since such evaluations are located at the same points as the
Cartesian components WX

i,j and WY
i,j , for i = 1, 2, . . . , Nx and j = 1, 2, . . . , Ny.

Observe that K further mimics the properties (2.11) satisfied by the continuous
operator K, since:

(K Wh, V h)Hv = (Wh,K V h)Hv , (K Wh,Wh)Hv > 0. (2.26)

Thus, K = K ∗ > 0 in the discrete inner product (2.17), provided that the
corresponding weights satisfy (2.19).

Combining the definitions for the discrete operators D , G and K , we can
obtain a general expression for the discrete diffusion operator A : Hs → Hs

given by A Ψh = DK GΨh. As in the continuous case, since D = G ∗ and
K = K ∗ > 0, A is symmetric and positive definite in the inner product (2.16),
i.e.2:

(A Ψh,Φh)Hs
= (Ψh,A Φh)Hs

, (A Ψh,Ψh)Hs
> 0, (2.27)

for all Ψh, Φh ∈ H 0
s . In fact, both properties can be deduced from (2.20) and

(2.26) in the following way:

(A Ψh,Φh)Hs = (K GΨh,GΦh)Hv = (GΨh,K GΦh)Hv = (Ψh,A Φh)Hs ,

2Recall that the inner product (2.16) involves the cell areas |Ωi+1/2,j+1/2|, for i =
1, 2, . . . , Nx − 1 and j = 1, 2, . . . , Ny − 1. Thus, in order to obtain a symmetric and posi-
tive definite diffusion matrix in the standard dot product, we shall need to multiply A by a
diagonal matrix with as many rows and columns as the number of mesh cells, containing the
quantity |Ωi+1/2,j+1/2| at the corresponding diagonal entry (cf. Shashkov (1996)).
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for the former, while:

(A Ψh,Ψh)Hs = (K GΨh,GΨh)Hv > 0,

for the latter. As displayed on Figure 2.6, A can be represented by a local nine-
cell stencil, which implies that the diffusion matrix has a banded structure with
nine non-zero diagonals. The modified stencils for the bottom boundary and
corner cells are shown in Figure 2.7 (subfigures (a) and (b), respectively).

The spatial semidiscretization of problem (2.1) gives rise to a stiff nonlinear
initial value problem of the form: Find Ψh : [0, T ] → H 0

s such that

Ψht (t) + A Ψh(t) = Gh(Ψh, t) + Fh(t), t ∈ (0, T ], (2.28a)

Ψh(0) = Ψh0 , (2.28b)

where Gh(Ψh, t), Fh(t) and Ψh0 are vectors in Hs. Their components at the
(i+ 1/2, j + 1/2)-cell are given by:

(Gh(Ψh, t))i+1/2,j+1/2 = g(Ψhi+1/2,j+1/2, t),

(Fh(t))i+1/2,j+1/2 = f(xi+1/2,j+1/2, t),

(Ψh0 )i+1/2,j+1/2 = ψ0(xi+1/2,j+1/2),

(2.29)

respectively, for i = 1, 2, . . . , Nx − 1 and j = 1, 2, . . . , Ny − 1.
The mimetic technique described in this section has been theoretically proved

to be second-order convergent when applied to linear elliptic problems with either
Dirichlet or Neumann conditions discretized on smooth grids. Also if linear
parabolic problems are considered, the numerical behaviour of the MFD method
shows convergence of order 2. In both cases, if we take into account more
general rough grids, the order of convergence decays to 1 (cf. Shashkov (1996)
and references therein).

2.3.6. Discrete operators on a rectangular grid. In this subsection, we
introduce the formulae for operators D and G on a uniform rectangular grid with
spatial mesh sizes hX and hY . For such a grid, |ℓβi+1/2,j | = hX , |ℓαi,j+1/2| = hY

and |Ωi+1/2,j+1/2| = hXhY .
The discrete divergence operator (2.15) at the (i+ 1/2, j + 1/2)-cell is given

by:

(DWh)i+1/2,j+1/2 =
(WX

i+1,j +WX
i+1,j+1)− (WX

i,j +WX
i,j+1)

2hX

+
(WY

i,j+1 +WY
i+1,j+1)− (WY

i,j +WY
i+1,j)

2hY
,

(2.30)

for i = 1, 2, . . . , Nx − 1 and j = 1, 2, . . . , Ny − 1. This expression provides a
natural discretization for the divergence on a rectangular grid. On the other
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Figure 2.6: Stencil for the discrete operator A located at the internal cell center
(i + 1/2, j + 1/2). Symbols: • : Ψh

·,·; ⊗ : (G XΨh)·,·, (G
Y Ψh)·,·, K

XX
·,· , KXY

·,· , KY Y
·,· ;

•⊙ : (A Ψh)i+1/2,j+1/2.

hand, the components of GΨh at the internal (i, j)-node reduce to:

(GXΨh)i,j =
(Ψhi−1/2,j−1/2 +Ψhi−1/2,j+1/2)− (Ψhi+1/2,j−1/2 +Ψhi+1/2,j+1/2)

2hX
,

(G YΨh)i,j =
(Ψhi−1/2,j−1/2 +Ψhi+1/2,j−1/2)− (Ψhi−1/2,j+1/2 +Ψhi+1/2,j+1/2)

2hY
,

(2.31)
for i = 2, 3, . . . , Nx − 1 and j = 2, 3, . . . , Ny − 1. The obtained formulae give an
approximation to the partial derivatives ∂xψ and ∂yψ, respectively. By contrast,
the expressions for the discrete gradient on the boundary nodes involve one-sided
differences. For instance, the x-component of GΨh on the bottom boundary is
defined as:

(GXΨh)i,1 =
Ψhi−1/2,3/2 −Ψhi+1/2,3/2

hX
,

for i = 2, 3, . . . , Nx−1. Similar equations can be derived for the other boundaries.
Finally, at the left bottom corner, we get:

(GXΨh)1,1 = −
Ψh3/2,3/2

1
2 h

X
.

Formulae for the remaining corner nodes are deduced analogously.
In order to obtain the formula for the discrete diffusion operator A = DK G ,

we shall apply the discrete divergence (2.30) to a vector Wh whose components
at the (i, j)-node are given by:

WX
i,j = KXX

i,j (GXΨh)i,j +KXY
i,j (G YΨh)i,j

WY
i,j = KXY

i,j (GXΨh)i,j +KY Y
i,j (G YΨh)i,j ,

(2.32)
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Figure 2.7: (a) Stencil for the discrete operator A located at the bottom boundary
cell center (i + 1/2, 3/2). Symbols: • : Ψh

·,·; ⊗ : (G XΨh)·,·, (G
Y Ψh)·,·, K

XX
·,· , KXY

·,· ,
KY Y

·,· ; •⊙ : (A Ψh)i+1/2,3/2. (b) Stencil for the discrete operator A located at the corner
cell center (3/2, 3/2). Symbols: •, ⊗ : idem; •⊙ : (A Ψh)3/2,3/2.

where the components of the discrete gradient are those defined in (2.31). Using
the stencil notation, we may write:

(A Ψh)i+1/2,j+1/2 =
1∑

k,ℓ=−1

Sk,ℓi+1/2,j+1/2Ψ
h
i+1/2+k,j+1/2+ℓ , (2.33)

where Sk,ℓi+1/2,j+1/2 denotes an element of the stencil matrix, Si+1/2,j+1/2, defined

to be:

Si+1/2,j+1/2 =


S−1,1
i+1/2,j+1/2 S0,1

i+1/2,j+1/2 S1,1
i+1/2,j+1/2

S−1,0
i+1/2,j+1/2 S0,0

i+1/2,j+1/2 S1,0
i+1/2,j+1/2

S−1,−1
i+1/2,j+1/2 S0,−1

i+1/2,j+1/2 S1,−1
i+1/2,j+1/2

 . (2.34)

If we properly combine expressions (2.30)-(2.32), we get:

S−1,−1
i+1/2,j+1/2 = −

KXX
i,j

4(hX)2
−

KXY
i,j

2hXhY
−

KY Y
i,j

4(hY )2
,

S−1,0
i+1/2,j+1/2 = −

KXX
i,j +KXX

i,j+1

4(hX)2
+
KY Y
i,j +KY Y

i,j+1

4(hY )2
,

S−1,1
i+1/2,j+1/2 = −

KXX
i,j+1

4(hX)2
+
KXY
i,j+1

2hXhY
−
KY Y
i,j+1

4(hY )2
,

S0,−1
i+1/2,j+1/2 =

KXX
i,j +KXX

i+1,j

4(hX)2
−
KY Y
i,j +KY Y

i+1,j

4(hY )2
,

S0,1
i+1/2,j+1/2 =

KXX
i,j+1 +KXX

i+1,j+1

4(hX)2
−
KY Y
i,j+1 +KY Y

i+1,j+1

4(hY )2
,
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S1,−1
i+1/2,j+1/2 = −

KXX
i+1,j

4(hX)2
+
KXY
i+1,j

2hXhY
−
KY Y
i+1,j

4(hY )2
,

S1,0
i+1/2,j+1/2 = −

KXX
i+1,j +KXX

i+1,j+1

4(hX)2
+
KY Y
i+1,j +KY Y

i+1,j+1

4(hY )2
,

S1,1
i+1/2,j+1/2 = −

KXX
i+1,j+1

4(hX)2
−
KXY
i+1,j+1

2hXhY
−
KY Y
i+1,j+1

4(hY )2
.

Note that the central element is obtained as:

S0,0
i+1/2,j+1/2 = −

(
S−1,−1
i+1/2,j+1/2 + S−1,1

i+1/2,j+1/2 + S1,−1
i+1/2,j+1/2 + S1,1

i+1/2,j+1/2

)
and it holds that:

S−1,0
i+1/2,j+1/2 + S0,−1

i+1/2,j+1/2 + S0,1
i+1/2,j+1/2 + S1,0

i+1/2,j+1/2 = 0, (2.35)

so that the sum of all of the elements of the stencil matrix is equal to zero.
To conclude, it is easy to check that the preceding elements fulfill the following
conditions:

S−1,−1
i+1/2,j+1/2 = S1,1

i−1/2,j−1/2,

S−1,0
i+1/2,j+1/2 = S1,0

i−1/2,j+1/2,

S−1,1
i+1/2,j+1/2 = S1,−1

i−1/2,j+3/2,

S0,−1
i+1/2,j+1/2 = S0,1

i+1/2,j−1/2,

thus ensuring the symmetry of the diffusion matrix A characterized by (2.33)
(cf. Das et al. (1994)).

2.4. Time integration: a linearly implicit FSRKm+1 method

Once we have derived the MFD semidiscrete scheme (2.28a), endowed with
the initial data (2.28b), we are in condition to introduce a suitable time in-
tegrator for the approximation of the semidiscrete solution. In this section, we
initially define an appropriate operator splitting belonging to the class of domain
decomposition methods. Then, we combine it with a linearly implicit fractional
step method in order to reduce the nonlinear system of ODEs to a set of uncou-
pled linear systems per internal stage.

2.4.1. Domain decomposition operator splitting. Let us first introduce the
basic tools required to define a suitable domain decomposition splitting for prob-
lem (2.28). In particular, the spatial domain Ω is decomposed into a certain
number of overlapping subdomains and a partition of unity is subsequently de-
fined over Ω. Based on this partition, the discrete diffusion operator Ah ≡ A
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and the semidiscrete source/sink term Fh(t) are then split into as many terms
as the number of subdomains3. The overall procedure is described in the sequel.

Let Ω∗
1,Ω

∗
2, . . . ,Ω

∗
m form a non-overlapping decomposition of Ω into m sub-

domains. Each Ω∗
k ⊂ Ω is considered to be an open disconnected set involving

mk connected components, i.e.:

Ω∗
k ≡

∪mk

l=1 Ω
∗
kl, for k = 1, 2, . . . ,m.

Such components are also pairwise disjoint (that is, Ω∗
ki ∩ Ω∗

kj = ∅, for i ̸= j)
and typically chosen to be shape regular of diameter h0. For example, the
components Ω∗

kl may correspond to the quadrilateral cells in a coarse partition
Ωh0 of Ω with mesh size h0. The non-overlapping decomposition {Ω∗

k}mk=1 fulfills
the conditions Ω̄ =

∪m
k=1 Ω̄

∗
k and Ω∗

k ∩ Ω∗
l = ∅, for k ̸= l.

Let Ωkl be the extension of Ω∗
kl obtained by translating its internal bound-

aries, ∂Ω∗
kl ∩ Ω, within a distance βh0 in Ω. The parameter β > 0 is usually

referred to as the overlapping factor and its value is such that the extended com-
ponents are also pairwise disjoint (i.e., Ωki ∩ Ωkj = ∅, for i ̸= j). Furthermore,
the distance ξ = 2βh0 is called the overlapping size. If we denote by Ωk ⊂ Ω the
open disconnected set defined as:

Ωk ≡
∪mk

l=1 Ωkl, for k = 1, 2, . . . ,m, (2.36)

then the collection Ω1,Ω2, . . . ,Ωm form an overlapping decomposition of Ω into
m subdomains. Such a decomposition satisfies Ω =

∪m
k=1 Ωk.

Subordinate to this overlapping covering {Ωk}mk=1 of Ω, we subsequently con-
struct a smooth partition of unity consisting of a family of m non-negative and
C∞(Ω) functions {ρk(x)}mk=1. Each function ρk : Ω̄ → [0, 1] is chosen to be:

ρk(x) =


0, if x ∈ Ω̄ \ Ω̄k,
hk(x), if x ∈

∪m
l=1; l ̸=k (Ω̄k ∩ Ω̄l),

1, if x ∈ Ω̄k \
∪m
l=1; l ̸=k (Ω̄k ∩ Ω̄l),

(2.37)

where hk(x) must be C∞(Ω) and satisfy the following requirements:{
0 6 hk(x) 6 1, for k = 1, 2, . . . ,m,∑m
k=1 hk(x) = 1, if x ∈

∪m
l=1; l ̸=k (Ω̄k ∩ Ω̄l).

Therefore, the preceding partition of unity {ρk(x)}mk=1 is such that:
supp(ρk(x)) ⊂ Ω̄k, for k = 1, 2, . . . ,m,

0 6 ρk(x) 6 1, for k = 1, 2, . . . ,m,∑m
k=1 ρk(x) = 1, if x ∈ Ω̄.

(2.38)

3Here and henceforth, we denote the discrete diffusion A by Ah for the sake of consistency
in notations with the remaining semidiscrete terms.



§2.4 time integration: a linearly implicit fsrkm+1 method 25

Remark 2.1 Alternatively, some authors propose the use of certain partitions
of unity {ρk(x)}mk=1 which are not necessarily C∞(Ω) but are continuous and
piecewise smooth (see Mathew et al. (1998); Mathew (2008)). Such partitions
can be constructed as follows:

1. For x ∈ Ωk, let ςk(x) denote the distance of x to the boundary ∂Ωk:

ςk(x) =

{
dist(x, ∂Ωk), if x ∈ Ωk,

0, if x /∈ Ωk.
(2.39)

By construction, ςk(x) > 0 is a continuous function with support in Ωk.

2. Define ρk(x) by normalizing ςk(x) so that
∑m
k=1 ρk(x) = 1, i.e.:

ρk(x) ≡
ςk(x)∑m
l=1 ςl(x)

, for k = 1, 2, . . . ,m. (2.40)

As a result, the functions {ρk(x)}mk=1 will be continuous and piecewise
smooth, with discontinuous derivatives across

∪m
k=1 ∂Ωk. Furthermore,

they will fulfill the conditions (2.38).

Given a partition of unity {ρk(x)}mk=1 subordinate to the overlapping cov-
ering {Ωk}mk=1, a domain decomposition splitting of the discrete elliptic opera-
tor is defined as Ah =

∑m
k=1A

h
k . Each term Ahk is obtained as Ahk = Γhk A

h,
for k = 1, 2, . . . ,m, where Γhk is a diagonal matrix whose entries are given
by ρk(xi+1/2,j+1/2), for i = 1, 2, . . . , Nx − 1 and j = 1, 2, . . . , Ny − 1 (see Re-

mark 2.2 below). Accordingly, we decompose the source/sink term as Fh(t) =∑m
k=1 F

h
k (t). Recalling the formula for Fh(t) given in (2.29), we set:

(Fhk (t))i+1/2,j+1/2 = ρk(xi+1/2,j+1/2) f(xi+1/2,j+1/2, t). (2.41)

Remark 2.2 From an algorithmic viewpoint, the diagonal matrix Γhk is con-
structed by introducing two new matrices, namely Rk and Qk, in such a way
that Γhk = QkRk. Let N and Nk be the number of unknowns in Ω and Ωk,
respectively. Then, matrix Rk ∈ RNk×N represents a restriction mapping from
Ω to Ωk and is given by:

(Rk)i,j =

{
1, if index(Ωk, i) = j ,

0, if index(Ωk, i) ̸= j ,

for k = 1, 2, . . . ,m, where index(Ωk, i) denotes the global index of the i-th local
unknown in Ωk, for i = 1, 2, . . . , Nk. On the other hand, matrix Qk ∈ RN×Nk

is defined as:

(Qk)i,j =

{
ρk(ci), if index(Ωk, j) = i,

0, if index(Ωk, j) ̸= i,
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for k = 1, 2, . . . ,m, where ci denotes the center of the i-th mesh cell. Typically,
we shall say that matrices Q1,Q2, . . . ,Qm form a discrete partition of unity with
respect to R1,R2, . . . ,Rm, since:

m∑
k=1

QkRk = I,

where I denotes the identity matrix of size N ×N (cf. Mathew (2008)).

Similar domain decomposition operator splittings have been previously dis-
cussed in the literature (see Vabishchevich (1989, 1994, 2008); Mathew et al.
(1998); Samarskĭı et al. (2002); Portero (2007)). The simplest representations
are given by the aforementioned splitting Ahk = Γhk A

h and its counterpart
Ahk = Ah Γhk . In both cases, the corresponding discrete suboperators fail to pre-
serve the symmetry of Ah and, thus, Ahk ̸= (Ahk)

∗. Conversely, it is possible to
define Ahk as the discretization of −div(Kk(x) grad), where Kk(x) ≡ ρk(x)K(x).
Under this choice, the symmetry is preserved and it holds that Ahk = (Ahk)

∗ > 0.

Remark 2.3 When dealing with a linear problem and an operator splitting of
type Ahk = Γhk A

h or Ahk = Ah Γhk , it is possible to accomplish a symmetrization
procedure. For that purpose, the semidiscrete problem can be defined for the
new unknown Ψ̂h = (Ah)1/2Ψh or Ψ̂h = (Ah)−1/2Ψh, respectively. Then, the
corresponding symmetric discrete suboperators are given by:

Âhk = (Ah)1/2 Γhk (A
h)1/2, if Ahk = Γhk A

h,

Âhk = (Ah)−1/2 Γhk (A
h)−1/2, if Ahk = Ah Γhk ,

thus satisfying Âhk = (Âhk)
∗ > 0. See Vabishchevich (1994) for further details.

In our case, the chosen components Ahk = Γhk A
h, for k = 1, 2, . . . ,m, preserve

some properties of the discrete operator Ah, such as being block-tridiagonal and
non-negative definite4. Nevertheless, as mentioned above, they are no longer
symmetric and do not commute pairwise. From a theoretical viewpoint, this
lack of commutativity demands the use of specific time integrators which can
be proved to be stable for non-commuting operators. In the next subsection, we
introduce a family of FSRKm+1 methods which fulfills such a property.

2.4.2. The linearly implicit FSRKm+1 method. The preceding domain de-
composition operator splitting suggests the introduction of a time integrator
which admits a multiterm partitioning. In this framework, we shall define a
family of FSRKm+1 methods belonging to the class of linearly implicit splitting
schemes, which avoid the solution of large systems of nonlinear equations.

4By construction, although Ah is defined to be positive definite, the components Ah
k are

just non-negative, since they vanish outside Ω̄k.
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More precisely, let us construct a linearly implicit variant of the so-called
fractional implicit Euler method, first proposed by Yanenko (1971). This method
permits to reduce the nonlinear stiff problem (2.28) to a set of linear systems of
the form:

For n = 0, 1, . . . , NT :

Ψhn,1 = Ψhn + τ (−Ah1Ψhn,1 + Fh1 (tn+1)) + τGh(Ψhn, tn),

For k = 2, 3, . . . ,m :

Ψhn, k = Ψhn, k−1 + τ (−AhkΨhn,k + Fhk (tn+1)),

Ψhn+1 = Ψhn,m,

(2.42)

where Ψhn is an approximation to the solution of the semidiscrete scheme (2.28) at
t = tn. For the sake of simplicity in the exposition, the time step τ is considered
to be constant, being tn = nτ and NT ≡ [T/τ ]− 1.

The choice of a linearly implicit scheme entails an explicit treatment of the
nonlinear semidiscrete function Gh(Ψh, t). Therefore, at the k-th internal stage,
we have to solve a linear system of the form:

(Ih + τAhk)Ψ
h
n,k = Qhn,k, (2.43)

for k = 1, 2, . . . ,m, where Ih denotes the identity matrix and Qhn,k is the corre-
sponding right-hand side from (2.42). Since ρk(x) is involved in the construction
of matrix Ahk , the elements of those rows associated to the cells lying outside Ωk
will be zero. As a result, the solution to the previous linear system (2.43) can
be computed at the cost of solving a single subdomain problem in Ωk, i.e.:

(Ψhn,k)i+1/2,j+1/2 =


(Qhn,k)i+1/2,j+1/2, in Ω \ Ωk,

For l = 1, 2, . . . ,mk :

(Ψhn,kl)i+1/2,j+1/2, in Ωkl,

where each Ψhn,kl is obtained as:

Ψhn,kl = (Ihkl + τAhkl)
−1RklQ

h
n,k, (2.44)

being Ihkl = Rkl I
hRT

kl and Ahkl = RklA
h
k RT

kl. Here, Rkl is defined to be a
restriction matrix from Ω to Ωkl (see Remark 2.4 below). In other words, the
linear system (2.43) is reduced to a smaller linear system with as many unknowns
as the number of cell centers lying inside Ωk. Since Ωk consists of the union ofmk

disjoint parts, namely Ωkl, such a system is indeed a collection of mk uncoupled
subsystems of the form (2.44), which can be solved in parallel. It is remarkable
to point out that, as compared to classical domain decomposition techniques (cf.
Quarteroni and Valli (1999)), this technique has the advantage of not requiring
any Schwarz iteration procedure.
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Remark 2.4 The rectangular matrices Rkl and RT
kl are usually called restric-

tion and extension mappings, respectively, and represent a type of domain de-
composition preconditioners. Formally, let N and Nkl be the number of total
unknowns in Ω and Ωkl, respectively. As introduced in Remark 2.2, we shall use
an index function index(Ωkl, i) to denote the global index of the i-th local un-
known in Ωkl, for i = 1, 2, . . . , Nkl. Then, the restriction matrix Rkl ∈ RNkl×N

is defined to be:

(Rkl)i,j =

{
1, if index(Ωkl, i) = j ,

0, if index(Ωkl, i) ̸= j .

This matrix restricts a vector v ∈ RN , whose components are associated to the
mesh cells in Ω, to a vector Rkl v ∈ RNkl with components in Ωkl (using the
local ordering). Likewise, the transpose matrix RT

kl ∈ RN×Nkl extends a vector
vkl ∈ RNkl with components in Ωkl to a vector RT

kl vkl ∈ RN with components
in Ω, inserting zero entries for the global indices which do not belong to Ωkl.
Note that, given a global matrix M ∈ RN×N , its submatrix Mkl ∈ RNkl×Nkl

corresponding to the mesh cells in Ωkl may be obtained from the restriction and
extension mappings as Mkl = RklM RT

kl (cf. Mathew (2008)).

From a computational viewpoint, in order to minimize the number of sequen-
tial steps (i.e., internal stages) in the algorithm, the number of subdomains m
should be chosen to be as small as possible. Additionally, to ensure that the loads
assigned to each processor are balanced, there should be approximately the same
number of connected components mk in each subdomain Ωk and, moreover, each
such a component should be approximately of the same diameter. For instance,
suppose that we have q processors available for parallel computing. Then, if the
number of connected components mk is approximately the same in each subdo-
main Ωk and also a multiple of q, each such a component can be partitioned into
q groups of mk

q components and each group assigned to one of the processors.
Finally, it is remarkable to mention that the linearly implicit FSRKm+1

method (2.42) is convergent of classical order 1, as can be deduced from its
close relation to the implicit Euler scheme (cf. Verwer (1984)). In fact, one in-
tegration step with (2.42) may be seen as m consecutive steps with the implicit
Euler scheme, each with a different right-hand side function. Further assuming
that function g(ψ, t) is globally Lipschitz in the first variable, (2.42) can also
be proved to be unconditionally stable (cf. Bujanda and Jorge (2006a)). In the
next section, we shall illustrate the numerical behaviour of our proposal with
some numerical experiments.

Remark 2.5 Yanenko’s scheme belongs to a class of methods which are usually
referred to as component-wise splitting or locally one-dimensional schemes, most
commonly in the context of alternating direction techniques (cf. van der Houwen
and Verwer (1979)). Nonetheless, when combined with an appropriate domain
decomposition splitting, this type of schemes may be interpreted as locally variable
time step methods (since they use different time steps for different subdomains).
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Figure 2.8: Pseudo-random logically rectangular grids, for N = 17, 33, 65.

In particular, if we consider linear problems and splittings of the form Ahk =
Γhk A

h, for k = 1, 2, . . . ,m, then the local time step, τk, depends on x and is given
by τk(x) = τρk(x). Under this interpretation, the convergence of the splitting
schemes may be studied along the lines of Samarskĭı et al. (2002).

2.5. Numerical experiments

This last section is devoted to the numerical testing of the proposed scheme.
The reliability of the method for different types of meshes is confirmed through
a set of experiments on pseudo-random and smooth grids. The numerical results
show unconditional convergence of second order in space and first order in time.

2.5.1. A problem on a pseudo-random grid. Let us first consider the semi-
linear parabolic problem (2.1) posed on the following space-time domain:

Ω× (0, T ] = {x ≡ (x, y) ∈ R2 : 0 < x < 1, 0 < y < 1} × (0, 1].

Tensor K(x) is defined as K(x) = RθD(x)RTθ , where Rθ is a 2 × 2 rotation
matrix with angle θ = 5π

12 and D(x) is a 2 × 2 diagonal matrix whose diagonal
entries are 1+ 2x2 + y2 and 1+ x2 +2y2. The nonlinear reaction term is chosen
to be5 g(ψ) = 1/(1 + ψ3). Finally, both the source/sink term f(x, t) and the
initial condition ψ0(x) are such that:

ψ(x, t) = e−2π2t sin(πx) sin(πy) (2.45)

is the exact solution of the problem.
The numerical solution of the previous problem follows the method of lines

approach: we initially consider a spatial semidiscretization based on the mimetic
method of Section 2.3, and then apply a linearly implicit time integrator along
the lines of Section 2.4. To this end, the spatial domain Ω is discretized by

5This expression is a simplification of van Genuchten’s model for root water uptake func-
tions, commonly used in porous media applications (cf. van Genuchten (1987)).
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means of a pseudo-random logically rectangular grid Ωh, with N nodes in each
direction (i.e., Nx = Ny = N) and a spatial mesh size h = 1/(N − 1). Given
Ωh ≡ {(xi,j , yi,j)}Ni,j=1, the (i, j)-node coordinates are defined as:

xi,j = (i− 1)h− 1
4 h+ 1

2 h℘x,

yi,j = (j − 1)h− 1
4 h+ 1

2 h℘y,
(2.46)

for i, j ∈ {1, 2, . . . , N}, where ℘x and ℘y are pseudo-random numbers uniformly
distributed in the interval (0, 1). Figure 2.8 (a) shows an example of a pseudo-
random grid for N = 17. This grid is generated from a uniform orthogonal
grid, by randomly displacing each interior node by 25% of the original spatial
mesh size. Specifically, given a uniform mesh size h, each node is located at a
random position in a circle of radius 1

4 h, centered at the original position of
the node. Then, we subsequently refine the resulting grid by connecting the
midpoints of the opposite sides on each cell. Figures 2.8 (b) and 2.8 (c) show
the first two refinements for the grid on Figure 2.8 (a). Similar experiments
on randomly perturbed orthogonal grids have been performed in Shashkov and
Steinberg (1996).

Once we have derived a semidiscrete scheme of the form (2.28), we decompose
Ω into a number of overlapping subdomains, as described in Subsection 2.4.1.
More precisely, Ω is partitioned into m = 4 overlapping subdomains {Ωk}mk=1,
each of which consists of mk = 4 disjoint connected components {Ωkl}mk

l=1, for
k = 1, 2, 3, 4. To do so, let us first introduce the intervals:

I1 ≡
(
0, 14 + ε

)
∪
(
1
2 − ε, 34 + ε

)
,

I2 ≡
(
1
4 − ε, 12 + ε

)
∪
(
3
4 − ε, 1

)
,

(2.47)

where ε is chosen to be 1
16 . Note that the overlapping width takes a value of

ξ = 2ε = 1
8 . The corresponding subdomains are then constructed as follows:

Ω1 ≡ I1 × I1, Ω2 ≡ I2 × I1, Ω3 ≡ I1 × I2, Ω4 ≡ I2 × I2. (2.48)

In order to obtain a smooth partition of unity in accordance with (2.38), we
define:

φ1(x) =



1, if x ∈
[
0, 3

16

]
∪
[

9
16 ,

11
16

]
,

0, if x ∈
[

5
16 ,

7
16

]
∪
[
13
16 , 1

]
,

χ
(
8x− 3

2

)
, if x ∈

(
3
16 ,

5
16

)
,

1− χ
(
8x− 7

2

)
, if x ∈

(
7
16 ,

9
16

)
,

χ
(
8x− 11

2

)
, if x ∈

(
11
16 ,

13
16

)
,

(2.49)

and φ2(x) = 1− φ1(x), where χ (z) = 2
exp(2− 1

z
)

2(z−1) , for z ∈ (0, 1). Then, the family
of functions {ρk(x)}mk=1 is given by (see Figure 2.9):

ρ1(x, y) = φ1(x)φ1(y), ρ2(x, y) = φ2(x)φ1(y),

ρ3(x, y) = φ1(x)φ2(y), ρ4(x, y) = φ2(x)φ2(y).
(2.50)



§2.5 numerical experiments 31

0
0.2

0.4
0.6

0.8
1

0
0.2

0.4
0.6

0.8
1
0

0.2

0.4

0.6

0.8

1

x

y

ρ 1(x)

0
0.2

0.4
0.6

0.8
1

0
0.2

0.4
0.6

0.8
1
0

0.2

0.4

0.6

0.8

1

x

y

ρ 2(x)

Function ρ1(x) Function ρ2(x)

Ω11 Ω21 Ω12 Ω22

Ω31 Ω41 Ω32 Ω42

Ω13 Ω23 Ω14 Ω24

Ω33 Ω43 Ω34 Ω44

0
0.2

0.4
0.6

0.8
1

0
0.2

0.4
0.6

0.8
1
0

0.2

0.4

0.6

0.8

1

x

y

ρ 3(x)

0
0.2

0.4
0.6

0.8
1

0
0.2

0.4
0.6

0.8
1
0

0.2

0.4

0.6

0.8

1

x

y

ρ 4(x)

Function ρ3(x) Function ρ4(x)

Figure 2.9: Decomposition of Ω into m = 4 overlapping subdomains (central plot)
and corresponding functions ρk(x), for k = 1, 2, 3, 4 (corner plots).
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Subordinate to such a decomposition, we introduce the splittings Ah =∑m
k=1A

h
k and Fh(t) =

∑m
k=1 F

h
k (t), for the discrete diffusion operator and the

semidiscrete source/sink term, respectively. Both Ahk and Fhk (t) are defined in
the spirit of Subsection 2.4.1. These splittings are then combined with the lin-
early implicit variant of Yanenko’s method in order to obtain a totally discrete
scheme of the form (2.42). In this case, the linear system to solve at the k-
th internal stage is reduced to a set of four uncoupled subsystems associated
to the corresponding disjoint components {Ωkl}4l=1, for k = 1, 2, 3, 4. These
subsystems can be readily solved in parallel, thus decreasing the number of un-
knowns from (N − 1)× (N − 1) to a number between n1×n1 and n2×n2, being
n1 = (N − 1)

(
1
4 + ε

)
and n2 = (N − 1)

(
1
4 + 2ε

)
.

Remark 2.6 A sharp question concerning the previous technique is whether the
overlapping size affects the numerical behaviour of the method. Theoretically,
the scheme under study is likely to be second-order convergent in space and first-
order convergent in time, which means that the global error is expected to be
bounded by C(h2 + τ) in a suitable discrete norm. The constant C > 0 in this
expression is independent of h and τ , but depends on negative powers of the
overlapping size ξ; that is to say, such a constant deteriorates as ξ → 0+ (cf.
Vabishchevich (1994); Mathew et al. (1998); Samarskĭı et al. (2002)). Thus, it
is convenient to set the value of ξ to a fixed quantity in order to compute the
numerical orders of convergence. Typically, for a given fixed ξ, the computed
orders will become lower than expected if the number of mesh cells lying inside
the overlapping region, nξ, is not large enough. This is due to the fact that such
a region is the only part of the domain in which the partition of unity functions
{ρk(x)}mk=1 smoothly vary from 0 to 1. In other words, a small value of nξ will
prevent the totally discrete scheme (2.42) from capturing the smoothness of each
function ρk(x). On the other hand, a decreasing value of ξ reduces the amount
of CPU time used by the algorithm. The compromise between the size of the
error constant and the required CPU time determines the optimal value for the
overlapping size. For this example, the adopted value of ξ = 1

8 is a good choice,
according to the mesh sizes to be considered in the sequel.

In our first experiment, we compare each component of the numerical solu-
tion Ψhn to the evaluation of the exact solution ψ(x, t) at the corresponding cell
center and time level. If we consider a sufficiently small fixed time step τ , this
quantity measures the global error in space and can be used to test the order of
convergence in space of the proposed method. Such an error, denoted by Ehτ , is
computed in the discrete L2-norm in space and the discrete maximum norm in
time, i.e.:

9Ehτ92 = max
n∈{1,2,...,NT+1}

N−1∑
i=1

N−1∑
j=1

|Ωi+1/2,j+1/2|
(
ψ(xi+1/2,j+1/2, tn)

− (Ψhn)i+1/2,j+1/2

)2)1/2
.

(2.51)
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h h0 h0/2 h0/2
2 h0/2

3 h0/2
4

9Eh
τ 92 4.64e-03 1.91e-03 4.65e-04 1.16e-04 2.89e-05

q2 1.280 2.039 2.006 2.001 –

Table 2.1: Global errors and numerical orders of convergence in space (h0 = 2−4 and
τ = 10−7).

τ τ0 τ0/2 τ0/2
2 τ0/2

3 τ0/2
4 τ0/2

5

9Eh
τ 92 3.43e-02 2.07e-02 1.18e-02 6.50e-03 3.50e-03 1.85e-03

p2 0.732 0.810 0.858 0.893 0.921 –

Table 2.2: Global errors and numerical orders of convergence in time (τ0 = 10−3 and
h = 2−7).

In particular, we consider a fixed time step τ = 10−7 and, starting from a pseudo-
random grid with h0 = 2−4, we obtain the successive global errors by doubling
the number of cells in both directions (as shown in Figure 2.8). The numerical
orders of convergence, denoted by q2, are then computed in the usual way:

q2 = log2

( 9Ehτ929Eh/2τ 92

)
. (2.52)

Table 2.1 shows the values of both 9Ehτ92 and q2. As expected, the numerical
orders asymptotically approach a value of 2 (as h tends to zero), thus illustrating
the second-order convergence of the mimetic technique on pseudo-random grids.

In our second experiment, we test the order of convergence in time of scheme
(2.42), by assuming a sufficiently small fixed mesh size h and computing the
corresponding global error with formula (2.51). More precisely, we consider a
pseudo-random grid with h = 2−7 (i.e., N = 129) and, assuming an initial time
step τ0 = 10−3, we obtain the successive global errors by halving the value of τ .
In this case, the numerical orders of convergence, denoted by p2, are given by:

p2 = log2

( 9Ehτ929Ehτ/292

)
. (2.53)

The global errors and numerical orders of convergence in time are displayed on
Table 2.2. As expected from its relation to the implicit Euler method, scheme
(2.42) is first-order convergent. Remarkably, although the nonlinear term is
treated explicitly at the first internal stage, the method shows an unconditionally
stable behaviour.
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2.5.2. A problem on a smooth grid. The second example considers the semi-
linear parabolic problem (2.1) posed on the following space-time domain:

Ω× (0, T ] = {x ≡ (x, y) ∈ R2 : 0 < x < 1, 0 < y < 1 + 1
2 sin(2πx)} × (0, 1].

Both tensor K(x) and function g(ψ) are chosen to be the same as in the previous
example. Likewise, data functions f(x, t) and ψ0(x) are such that (2.45) is the
exact solution of the problem.

The discretization process follows the steps described in Subsection 2.5.1.
Initially, we define a smooth logically rectangular grid Ωh ≡ {(xi,j , yi,j)}Ni,j=1,
which discretizes the spatial domain Ω by using a collection of N nodes in each
direction (that is, Nx = Ny = N) and a spatial mesh size h = 1/(N − 1). The
coordinates of the (i, j)-node are then given by:

xi,j = (i− 1)h,

yi,j = (1 + 1
2 sin(2πxi,j)) (j − 1)h,

(2.54)

for i, j ∈ {1, 2, . . . , N}. Figure 2.10 shows an example of such a smooth grid, for
N = 17. More examples of sinusoidal grids can be found in Shashkov (1996).
Next, using the MFD method introduced in Section 2.3, we obtain a semidiscrete
scheme of the form (2.28).

As in the preceding test, the spatial domain Ω is decomposed into m = 4
overlapping subdomains {Ωk}mk=1, each of which consists of mk = 4 disjoint
connected components {Ωkl}mk

l=1, for k = 1, 2, 3, 4. In this case, we introduce the
following intervals:

I1 ≡
(
0, 14 + ε

)
∪
(
1
2 − ε, 34 + ε

)
,

I2 ≡
(
1
4 − ε, 12 + ε

)
∪
(
3
4 − ε, 1

)
,

I1,x ≡
(
0,
(
1
4 + ε

)
γ(x)

)
∪
((

1
2 − ε

)
γ(x),

(
3
4 + ε

)
γ(x)

)
,

I2,x ≡
((

1
4 − ε

)
γ(x),

(
1
2 + ε

)
γ(x)

)
∪
((

3
4 − ε

)
γ(x), γ(x)

)
,

where γ(x) = 1 + 1
2 sin(2πx) and ε = 1

16 . Now, the overlapping width in the
x-direction takes a constant value of ξx = 2ε = 1

8 , whereas that in the y-direction
depends on x as ξy(x) = 2εγ(x) = 1

8γ(x). Hence, the subdomains {Ωk}mk=1 are
defined as:

Ω1 ≡ I1 × I1,x, Ω2 ≡ I2 × I1,x,

Ω3 ≡ I1 × I2,x, Ω4 ≡ I2 × I2,x.
(2.55)

On the other hand, the partition of unity {ρk(x)}mk=1 is constructed upon the
aforementioned functions φ1(x) (cf. formula (2.49)) and φ2(x). Furthermore,



§2.5 numerical experiments 35

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

x

y

Figure 2.10: Smooth logically rectangular grid, for N = 17.

two additional functions are required in this case, namely:

φ̂1(x, y) =



1, if y ∈
[
0, 3

16γ(x)
]
∪
[

9
16γ(x),

11
16γ(x)

]
,

0, if y ∈
[

5
16γ(x),

7
16γ(x)

]
∪
[
13
16γ(x), γ(x)

]
,

χ
(

8
γ(x)y −

3
2

)
, if y ∈

(
3
16γ(x),

5
16γ(x)

)
,

1− χ
(

8
γ(x)y −

7
2

)
, if y ∈

(
7
16γ(x),

9
16γ(x)

)
,

χ
(

8
γ(x)y −

11
2

)
, if y ∈

(
11
16γ(x),

13
16γ(x)

)
,

and φ̂2(x, y) = 1 − φ̂1(x, y), where χ (z) = 2
exp(2− 1

z
)

2(z−1) , for z ∈ (0, 1). Then, we
have:

ρ1(x, y) = φ1(x) φ̂1(x, y), ρ2(x, y) = φ2(x) φ̂1(x, y),

ρ3(x, y) = φ1(x) φ̂2(x, y), ρ4(x, y) = φ2(x) φ̂2(x, y).
(2.56)

Figure 2.11 shows the partitioning of the spatial domain Ω, together with a graph
for each function ρk(x) associated to Ωk, for k = 1, 2, 3, 4.

Finally, we define the splittings for Ah and Fh(t) (cf. Subsection 2.4.1)
and subsequently combine them with the linearly implicit variant of Yanenko’s
method (cf. Subsection 2.4.2). The resulting totally discrete scheme is of the
form (2.42) and can be easily parallelized.

In order to test the behaviour of our numerical scheme on the given grid, we
shall compute global errors in the discrete maximum norm in both space and
time, i.e.:

9Ehτ9∞ = max

i,j ∈{1,2,...,N−1}
n∈{1,2,...,NT+1}

(
ψ(xi+1/2,j+1/2, tn)− (Ψhn)i+1/2,j+1/2

)
.

Again, we perform two different experiments which separately determine the
numerical orders of convergence in space, q∞, and time, p∞. Such values are
computed according to formulae (2.52) and (2.53), respectively, under the newly
defined discrete norm.
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Figure 2.11: Decomposition of Ω into m = 4 overlapping subdomains (central plot)
and corresponding functions ρk(x), for k = 1, 2, 3, 4 (corner plots).



§2.5 numerical experiments 37

h h0 h0/2 h0/2
2 h0/2

3 h0/2
4

9Eh
τ 9∞ 1.32e-02 3.35e-03 8.42e-04 2.13e-04 5.35e-05

q∞ 1.981 1.990 1.984 1.993 –

Table 2.3: Global errors and numerical orders of convergence in space (h0 = 2−4 and
τ = 10−7).

τ τ0 τ0/2 τ0/2
2 τ0/2

3 τ0/2
4 τ0/2

5

9Eh
τ 9∞ 2.88e-02 1.73e-02 1.00e-02 5.53e-03 2.91e-03 1.49e-03

p∞ 0.738 0.785 0.860 0.924 0.965 –

Table 2.4: Global errors and numerical orders of convergence in time (τ0 = 6.25×10−5

and h = 2−7).

In the first test, we consider a sufficiently small fixed time step τ = 10−7

and a smooth grid with h0 = 2−4 (cf. Figure 2.10). Then, we successively
refine the initial mesh by doubling the number of cells in both directions. The
resulting global errors and numerical orders of convergence in space are displayed
on Table 2.3. As observed in the pseudo-random grids of the previous example,
the mimetic method shows second-order convergence on smooth sinusoidal grids.

The second experiment is performed on a spatial grid with a fixed mesh size
h = 2−7, assuming an initial time step τ0 = 6.25×10−5. In this case, we compute
the global errors in time by successively halving the value of τ . Table 2.4 shows
the resulting global errors and corresponding numerical orders of convergence
in time. Once more, we observe that the proposed method is unconditionally
convergent of order 1.





3

Cell-Edge Mimetic Domain Decomposition
Methods

In this chapter, we extend the mimetic fractional step methods proposed in Chap-
ter 2 to approximate semilinear evolutionary problems. Regarding the spatial
semidiscretization, this extension permits to establish an appropriate theoretical
framework for the convergence analysis of the mimetic technique. As for the
time integration, we consider a new family of methods which improves the order
of convergence of Yanenko’s formula. A priori error estimates are derived for
both the semidiscrete and fully discrete schemes. In the sequel, the acronyms
MFD and MFE refer to mimetic finite difference and mixed finite element meth-
ods, respectively, while FSRKm stands for m-part fractional step Runge–Kutta
schemes.

3.1. Introduction

Let us consider the semilinear parabolic problem given by the expressions (2.1a)
and (2.1b), together with a homogeneous Neumann boundary condition. For
the sake of completeness, we reproduce here its corresponding formulation: Find
ψ : Ω× [0, T ] → R such that

ψt − div (K(x) gradψ) = g(ψ, t) + f(x, t), (x, t) ∈ Ω× (0, T ], (3.1a)

ψ(x, 0) = ψ0(x), x ∈ Ω, (3.1b)

⟨K(x) gradψ, n⟩ = 0, (x, t) ∈ ∂Ω× (0, T ]. (3.1c)

The spatial domain Ω ⊂ R2 is assumed to be a bounded polygonal open set with
boundary ∂Ω and K ≡ K(x) is a symmetric and positive definite tensor of the
form (2.2) which satisfies, for some 0 < κ∗ 6 κ∗ <∞:

κ∗ ξ
T ξ 6 ξTK ξ 6 κ∗ ξT ξ, ∀ ξ ̸= 0 ∈ R2. (3.2)
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Recall that g(·) ≡ g(·, t) denotes a nonlinear function assumed to be globally
Lipschitz in the first variable, f ≡ f(x, t) is a sufficiently smooth source/sink
term, n is the outward unit vector normal to ∂Ω and ⟨·, ·⟩ represents the standard
dot product. Once again, the second-order equation (3.1a) can be expressed as
a first-order system of the form (2.3), involving the flux function u.

In this chapter, we present a family of methods for the numerical approxi-
mation of problem (3.1), which extends the techniques described in Chapter 2
and permits to place them into a suitable abstract setting. Again, we consider a
proper combination of an MFD method with an FSRKm scheme by the method
of lines approach. However, in contrast to the previous chapter, we introduce
some changes affecting both the spatial semidiscretization and time integration
processes.

Initially, we construct a mimetic method that combines cell-based unknowns
for the scalar function ψ with edge-based unknowns for the vector function u.
That is, ψ is defined at the cell centers of the mesh, while u is chosen to be at
the midpoints of the edges. Recall that the previous MFD method was also cell-
based for ψ, but the components of u were defined at the mesh nodes. This subtle
modification yields significant consequences from a theoretical viewpoint, since
the newly constructed MFD scheme has exactly the same degrees of freedom as
the lowest order Raviart–Thomas MFE method. In other words, we can establish
an equivalence between the MFD and MFE schemes in order to develop the
convergence analysis of the proposed method.

This sort of analysis for mimetic methods was first introduced by Berndt
et al. (2001, 2005a) in the context of linear elliptic problems. In particular, the
former work proved first-order convergence in the scalar and flux variables on
general quadrilateral meshes, while the latter obtained flux superconvergence on
a special type of meshes involving certain restrictions on the geometry of the
mesh. Exploiting the ideas introduced in such works, we extend the analysis to
the case of semilinear parabolic problems. The transition from the elliptic to
the parabolic case requires the introduction of the so-called elliptic projection
operator, first suggested by Wheeler (1973) and subsequently used by Ewing
and Lazarov (1993) and Thomée (1997). Under further suitable assumptions, we
prove second-order convergence in ψ for the semidiscrete scheme, thus preserving
the order of the MFD method presented in Chapter 2.

Once the semidiscrete scheme is derived, we accomplish the time integration
of the corresponding system of nonlinear ODEs by means of a linearly implicit
fractional step method. The idea is the same as that of the preceding chapter: to
define a suitable domain decomposition operator splitting and further combine it
with a linearly implicit FSRKm+1 scheme. At this point, though, we introduce
certain variations in both directions. Regarding the splitting, we adapt the
decomposition formula to the newly defined discrete diffusion operator in order
to ensure the self-adjointness of the resulting suboperators. Furthermore, we
increase the order of convergence of Yanenko’s time integration formula (2.42)
by introducing a family of second-order FSRKm+1 methods.

The convergence analysis of the totally discrete scheme is based on a classical
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combination of suitable consistency and stability properties, and takes advantage
of the error estimates derived for the semidiscrete scheme. The time integrator
can be regarded as a generalization of the Peaceman–Rachford alternating di-
rection scheme (cf. Peaceman and Rachford (1955); Portero and Jorge (2006))
and, thus, it is not surprising to recover the second-order convergence in time of
such a scheme.

To conclude these introductory remarks and enable the subsequent analysis,
suitable smoothness and compatibility conditions are imposed on data to ensure
that the solution of (3.1) is ψ ∈ C6,3(Ω̄× [0, T ]). More precisely, we assume data
functions to satisfy:

g ∈ C4,2(R× [0, T ]), f ∈ C4,2(Ω̄× [0, T ]), ψ0 ∈ C6(Ω̄).

Furthermore, necessary compatibility conditions take the form:

⟨KgradΛs(x), n⟩ = 0, for s = 0, 1, 2, 3, x ∈ ∂Ω,

where:

Λ0(x) = ψ0(x),

Λ1(x) = div(KgradΛ0(x)) + g(Λ0(x), 0) + f(x, 0),

Λ2(x) = div(KgradΛ1(x)) + gt(Λ0(x), 0) + gψ(Λ0(x), 0)Λ1(x) + ft(x, 0).

Λ3(x) = div(KgradΛ2(x)) + gtt(Λ0(x), 0) + 2gψt(Λ0(x), 0)Λ1(x)

+ gψψ(Λ0(x), 0)Λ
2
1(x) + gψ(Λ0(x), 0)Λ2(x) + ftt(x, 0).

The rest of the chapter is organized as follows. Section 3.2 describes some
relevant properties of the differential operators arising in problem (3.1). Based on
these properties, we construct an MFD scheme for the spatial semidiscretization
of the given problem. A detailed formulation of such a scheme for non-orthogonal
meshes is provided in Section 3.3. Next section introduces the related MFE
method for the lowest order Raviart–Thomas quadrilateral element and shows
its connection with the MFD scheme. The error analysis of the semidiscrete
scheme is then derived in the functional framework of mixed methods (cf. Section
3.5). In Section 3.6, we first reformulate the MFD method on a rectangular
mesh in order to obtain a discrete diffusion operator with local stencil. Right
afterwards, we set the basis for the domain decomposition splitting technique
and introduce a family of linearly implicit FSRKm+1 methods. The convergence
analysis of the totally discrete scheme is derived in Section 3.7. Finally, Section
3.8 provides a brief description of the general non-orthogonal MFD-FSRKm+1

method. To conclude, we report on some numerical experiments which illustrate
the theoretical results of the chapter (cf. Section 3.9).

3.2. Properties of the continuous operators

As in the cell-node case, we defineHs as the space of scalar functions endowed
with the inner product (2.4). The solution of (3.1), unlike that of the Dirichlet
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problem described in the previous chapter, belongs to Hs, namely ψ : [0, T ] →
Hs.

Now, we define the second-order operator A : D(A) ⊆ Hs → Hs as:

Aψ =

{
−div (Kgradψ), in Ω× (0, T ],

⟨Kgradψ, n⟩, on ∂Ω× (0, T ].
(3.3)

Note that, if we introduce both the time derivative operator T : D(T) ⊆ Hs →
Hs and the right-hand side F(ψ) as:

Tψ =


∂ψ

∂t
, in Ω× (0, T ],

0, on ∂Ω× (0, T ],
F(ψ) =

{
g(ψ) + f, in Ω× (0, T ],

0, on ∂Ω× (0, T ],

then we can rewrite (3.1) in operator form:

(T + A)ψ = F(ψ), in Ω̄× (0, T ], (3.4a)

ψ(x, 0) = ψ0(x), in Ω, (3.4b)

Based on the definition of the inner product (2.4) and recalling Green’s first
identity (2.5), operator A satisfies:

(Aψ, ϕ)Hs = −
∫
Ω

ϕ div (Kgradψ) dx+

∮
∂Ω

ϕ ⟨Kgradψ, n⟩ ds

=

∫
Ω

⟨Kgradψ, gradϕ⟩ dx.

Since K is assumed to be symmetric and positive definite, it is straightforward
to prove that A is also symmetric and positive definite in the inner product (2.4),
i.e.:

(Aψ, ϕ)Hs = (ψ,Aϕ)Hs , (Aψ,ψ)Hs > 0, (3.5)

for all ψ, ϕ ∈ Hs.
Let us now define H†

v as the space of vector functions endowed with the inner
product:

(u, v)H†
v
=

∫
Ω

⟨K−1u, v⟩ dx, u, v ∈ H†
v. (3.6)

Note that we have replaced the inner product (2.9), used in the previous chapter,
by a weighted inner product which involves the term K−1. Since K is symmetric
and positive definite, so is K−1, thus implying that (3.6) is, indeed, an inner
product. Such a weighted inner product naturally arises in mixed finite element
formulations and, as we shall see in Section 3.4, it plays a crucial role for the
convergence analysis of the MFD scheme.

Now, we introduce the first-order operators that will set the basis for the
construction of the discrete analogues arising in the mimetic technique. On one
hand, we define the flux operator G : D(G) ⊆ Hs → H†

v, such that Gψ =
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−Kgradψ. Note that, differing from the Dirichlet case, we have considered the
negative flux operator −Kgrad, rather than just the negative gradient −grad, as
one of the basic invariant operators. This fact is related to the definition of the
weighted inner product (3.6) and entails the connection between the MFD and
MFE methods. Furthermore, as discussed by Hyman et al. (1997), it is a key
to improving the accuracy of the support-operator technique when considering
non-diagonal and non-smooth tensors K. On the other hand, we define the
extended divergence operator D : D(D) ⊆ H†

v → Hs as:

Du =

{
divu , in Ω× (0, T ],

−⟨u, n⟩, on ∂Ω× (0, T ].
(3.7)

Taking into account (3.7), Green’s first identity (2.5) and the definition of the
inner product in Hs (2.4), we get:

(Du, ψ)Hs =

∫
Ω

ψ div u dx−
∮
∂Ω

ψ ⟨u, n⟩ ds = −
∫
Ω

⟨u, gradψ⟩ dx

= −
∫
Ω

⟨u, K−1(Kgradψ)⟩ dx,

and, hence, by recalling the expressions of both the inner product in H†
v (3.6)

and the flux operator G:

(Du, ψ)Hs = (u,Gψ)H†
v
, (3.8)

for all ψ ∈ Hs, u ∈ H†
v. Equation (3.8) is equivalent to the expression (2.10)

obtained for the Dirichlet case and states that D = G∗, i.e., the extended diver-
gence operator is the negative adjoint of the flux operator in the inner products
(2.4) and (3.6).

Note that, if we let u in (3.7) be u = Gψ = −Kgradψ, then the second-order
operator A given by (3.3) may be expressed as a function of the first-order oper-
ators D and G, i.e., A = DG. Therefore, properties (3.5) are a straightforward
consequence of property (3.8). Furthermore, the operational formulation (3.4)
can be rewritten as the first-order system:

Tψ +Du = F(ψ), in Ω̄× (0, T ], (3.9a)

u = Gψ, in Ω× (0, T ], (3.9b)

ψ(x, 0) = ψ0(x), in Ω. (3.9c)

Recall that the vector-valued function u = −Kgradψ is referred to as the flux
and, thus, system (3.9) is said to be written in flux or mixed form. This formu-
lation includes the Neumann boundary data in the definition of the operators
and spaces of functions in a natural way. As a consequence, the approach is also
valid if non-homogeneous boundary conditions are imposed. Finally, it should
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be mentioned that the definition of an extended divergence operator D permits
to express Gauss’s divergence theorem:∫

Ω

divu dx =

∮
∂Ω

⟨u, n⟩ ds, (3.10)

in the equivalent form:
(Du,1)Hs = 0, (3.11)

where 1 is the constant function with value 1.

3.3. Spatial semidiscretization: a cell-edge MFD method

This section describes the MFD scheme which is used to discretize in space
problem (3.1). This method is an extension of the mimetic technique introduced
in the preceding chapter and is based on the works by Hyman and Shashkov
(1997a,b, 1998, 1999). As any mimetic method, the new scheme approximates
the first-order differential operators arising in the continuous problem by discrete
operators which preserve their underlying properties. However, the definition of
such discrete operators differs from that considered in Chapter 2. A general
outline of the cell-edge MFD method is given next.

Initially, we define the vector spaces of semidiscrete scalar and vector func-
tions which approximate Hs and H†

v, respectively. Then, a discrete analogue
of the extended divergence operator (3.7) is introduced. In the interior of the
domain, such an approximation is based on the coordinate invariant definition
stated in (2.12). On the boundaries, though, it returns the normal component
of a given vector. This new operator is called discrete extended divergence and
naturally incorporates the Neumann boundary conditions into the semidiscrete
scheme. The next step is to construct scalar and vector discrete inner prod-
ucts in accordance with (2.4) and (3.6), respectively. In this case, since the
expression (3.6) is weighted by the inverse of tensor K, its discrete counterpart
will involve certain evaluations of the elements of K−1. Finally, by imposing
a discrete analogue of (3.8) under the new discrete inner products, we can de-
rive an approximation for the flux operator G. Note that the cell-edge MFD
method discretizes the flux operator −Kgrad rather than the negative gradient
considered in the cell-node technique. This approach is usually considered when
constructing compact finite difference schemes (see, e.g., Lele (1992)) and it has
the drawback of leading to a non-local discrete flux operator. That is, the matrix
associated to the discrete flux is not banded and, consequently, it is not possible
to derive explicit formulae for the corresponding flux components. In Section
3.8, we shall see how to deal with global discrete operators of this kind. To sum
up, if we combine the previous discretizations, it is easy to obtain an approxi-
mation to the second-order diffusion operator A = DG. The MFD semidiscrete
scheme for (3.1) follows from such an approximation.

3.3.1. Spaces of semidiscrete functions. As in the previous chapter, we con-
sider the spatial domain Ω to be discretized by means of a logically rectangular
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Figure 3.1: (a) Global indexing of nodes, sides, angles and center at the (i+ 1/2, j +
1/2)-cell and orientation of normal vectors to the cell sides. (b) Cell-centered dis-
cretization for scalar functions, Ψh, and edge-based discretization for vector functions,
Uh.

grid Ωh, where h denotes the maximum mesh size. Once again, the grid nodes
are denoted with integer indices (i, j), for i = 1, 2, . . . , Nx and j = 1, 2, . . . , Ny,
whereas the grid cells make use of fractional indices1 (i + 1/2, j + 1/2), for i =
1, 2, . . . , Nx−1 and j = 1, 2, . . . , Ny−1. The area enclosed by the (i+1/2, j+1/2)-
cell is given by |Ωi+1/2,j+1/2| and the lengths of the sides that connect the nodes

(i, j)-(i, j +1) and (i, j)-(i+1, j) are denoted by |ℓαi,j+1/2| and |ℓβi+1/2,j |, respec-
tively. Finally, the angle between two adjacent sides of the (i+1/2, j+1/2)-cell

that meet at the (k, ℓ)-node is denoted by φ
i+1/2,j+1/2
k,ℓ (see Figure 3.1 (a)).

The first step in the construction of the MFD method is to define the vector
spaces of semidiscrete scalar and vector functions approximating the functional
spaces Hs and H†

v. We shall see that the mimetic technique proposed in this
chapter involves certain semidiscrete functions differing from those described in
the previous chapter.

The vector space of semidiscrete scalar functions Ψh ≡ Ψh(t) is denoted
by Hs and involves semidiscrete degrees of freedom located at the geometric
centers of the grid cells. The components of Ψh are stored by ordering the mesh
cells in a row-wise fashion; in the sequel, we shall refer to such components as
Ψhi+1/2,j+1/2, for i = 1, 2, . . . , Nx−1 and j = 1, 2, . . . , Ny−1 (see Figure 3.1 (b)).
Additional semidiscrete unknowns are located at the midpoints of the boundary
segments of Ωh, i.e.:

Ψh1,j+1/2, ΨhNx,j+1/2, for j = 1, 2, . . . , Ny − 1,

Ψhi+1/2,1, Ψhi+1/2,Ny
, for i = 1, 2, . . . , Nx − 1.

On the other hand, we denote by H †
v the vector space of semidiscrete vector

functions Uh ≡ Uh(t). Any element Uh from H †
v is a vector whose components

are located at the midpoints of the cell sides and defined to be perpendicular

1Recall that the (i+1/2, j +1/2)-cell is defined by the nodes (i, j), (i+1, j), (i, j +1) and
(i+ 1, j + 1), as shown in Figure 3.1 (a).
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to them. In fact, these components represent the orthogonal projections of a
given vector field onto the unit vectors normal to the cell sides. The direction of
such normal vectors is fixed a priori, as displayed on Figure 3.1 (a). The choice
of normal components lies in the fact that they are continuous on the interface
between different cells. As we shall see in Section 3.4, this property is important
for the connection of our MFD method with mixed finite element formulations.

Every Uh ∈ H †
v can be expressed as Uh = (Uh,α, Uh,β)T , being:

Uh,α = {Uαi,j+1/2, for i = 1, 2, . . . , Nx; j = 1, 2, . . . , Ny − 1},

Uh,β = {Uβi+1/2,j , for i = 1, 2, . . . , Nx − 1; j = 1, 2, . . . , Ny},

where the components of Uh,α and Uh,β are located at the midpoints of sides
ℓαi,j+1/2 and ℓβi+1/2,j , respectively (see Figure 3.1 (b)). For that reason, this kind

of approximation is sometimes referred to as edge-based discretization. If we
introduce the vector spaces:

H α
v = {Uh = (Uh,α, Uh,β)T ∈ H †

v : Uh,β ≡ 0 },

H β
v = {Uh = (Uh,α, Uh,β)T ∈ H †

v : Uh,α ≡ 0 },
(3.12)

we can define H †
v as the direct sum of H α

v and H β
v , i.e.:

H †
v = H α

v ⊕ H β
v .

According to Hyman and Shashkov (1999), this is the natural choice for the space
of vector functions when the approximations are based on Gauss’s divergence
theorem (3.10).

3.3.2. Discrete extended divergence operator. The discrete extended di-
vergence operator approximating D is defined as D : H †

v → Hs. As described
in Subsection 2.3.2, we derive the expression for D on each cell of the mesh by
considering the invariant definition of the divergence given in (2.12), assuming
that V = Ωi+1/2,j+1/2. Next, we decompose the contour integral on the right-
hand side of (2.12) into four integrals over the sides of the cell, as proposed in
(2.13). Differing from the approximation given in (2.14), the new MFD method
discretizes the first integral arising on the right-hand side of (2.13) by:∫

ℓβ
i+1/2,j

⟨w, n⟩ ds ≈ −W β
i+1/2,j |ℓ

β
i+1/2,j |,

where the negative sign is due to the fixed direction of the normal component at
side ℓβi+1/2,j (cf. Figure 3.1). The integrals over the other sides can be obtained

analogously. As a result, the discrete extended divergence D at a grid cell can
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be expressed as:

(DWh)i+1/2,j+1/2 =
Wα
i+1,j+1/2 |ℓ

α
i+1,j+1/2| −Wα

i,j+1/2 |ℓ
α
i,j+1/2|

|Ωi+1/2,j+1/2|

+
W β
i+1/2,j+1 |ℓ

β
i+1/2,j+1| −W β

i+1/2,j |ℓ
β
i+1/2,j |

|Ωi+1/2,j+1/2|
,

(3.13)

for i = 1, 2, . . . , Nx− 1 and j = 1, 2, . . . , Ny− 1. The local stencil for D is shown
in Figure 3.2. Finally, the extension of the discrete operator to the boundary is
given by:

(DWh)i+1/2,1 = W β
i+1/2,1, for i = 1, 2, . . . , Nx − 1,

(DWh)i+1/2,Ny
= −W β

i+1/2,Ny
, for i = 1, 2, . . . , Nx − 1,

(DWh)1,j+1/2 = Wα
1,j+1/2, for j = 1, 2, . . . , Ny − 1,

(DWh)Nx,j+1/2 = −Wα
Nx,j+1/2, for j = 1, 2, . . . , Ny − 1.

(3.14)

for any Wh ∈ H †
v . The equations (3.14) are natural discretizations of the

expression Dw = −⟨w, n⟩, which gives the value of the extended divergence on
the boundary ∂Ω× (0, T ], for any w ∈ H†

v (see (3.7)).

3.3.3. Discrete inner products. Following the outline of the previous chapter,
the next step in the mimetic method is the introduction of discrete inner products
associated to the spaces of semidiscrete functions Hs and H †

v . In the space of
cell-centered scalar functions Hs, the discrete analogue of the continuous inner
product (2.4) is given by (2.16). In this context, if we consider (3.13) and (3.14)
and telescope the sums arising in (2.16), we obtain:

(DWh,1)Hs = 0, (3.15)

which is a discrete analogue of Gauss’s divergence theorem (3.11).
On the other hand, the construction of the discrete analogue of (3.6) in

the space of edge-based vector functions H †
v is much more involved because
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Figure 3.3: Bilinear mapping from the unit square (logical space) onto the quadri-
lateral cell (physical space) and local indexing of nodes and normal vectors to the cell
sides.

of the presence of tensor K−1 in the definition of the inner product. The MFD
method proposed in this chapter considers evaluations of the elements ofK (and,
consequently, of K−1) at the cell centers2 of Ωh. This kind of discretization for
tensor K is compatible with that used, for instance, in Lagrangian gas dynamics
(cf. Shashkov and Steinberg (1996)). However, it has the drawback of locating
the evaluations ofK at different positions from those used for vector components.
This circumstance, together with the fact that such vector components are not
co-located (i.e., they are not located at the same point), makes it complex to
properly define the discrete inner product.

In order to overcome these difficulties, we shall first introduce a set of cell-
based inner products which are locally defined on every single cell. These local
inner products can be subsequently summed up over all the cells in Ωh to define
the global inner product. The definition of such an inner product is similar to
that given in (2.17):

(Uh, V h)H †
v
=

Nx−1∑
i=1

Ny−1∑
j=1

(K−1Uh, V h)i+1/2,j+1/2 |Ωi+1/2,j+1/2|, (3.16)

for all Uh, V h ∈ H †
v , where (K−1Uh, V h)i+1/2,j+1/2 is an approximation to

the dot product of vectors K−1Uh and V h in the cell. Let us now define this
approximation in terms of the orthogonal projections of Uh and V h onto the
unit vectors normal to the cell sides.

To this end, we shall consider any quadrilateral cell in Ωh as the result of a
bilinear mapping from the unit square. The given cell is usually referred to as
the physical space, while the unit square is called the logical space (see Figure
3.3). If the vertices of such a square are (0, 0)T , (1, 0)T , (1, 1)T and (0, 1)T and
we denote by ri = (xi, yi)

T , for i = 1, 2, 3, 4, the corresponding vertices of the
cell (numbered in a rotating counter-clockwise order), then the bilinear mapping

2Conversely to the mimetic technique of the previous chapter, which used nodal evaluations
of the elements of K.
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can be expressed as:

x(x̂, ŷ) = r1 (1− x̂)(1− ŷ) + r2 x̂(1− ŷ) + r3 x̂ŷ + r4 (1− x̂)ŷ, (3.17)

where 0 6 x̂, ŷ 6 1 are the coordinates in the logical space. The unit vectors
normal to the cell sides are denoted by n̂i and ni in the logical and physical
spaces, respectively, for i = 1, 2, 3, 4 (cf. Figure 3.3).

Now, consider two arbitrary vector fields U and V defined on the cell by their
normal components to each side, given by:

Ui = ⟨U, ni⟩, Vi = ⟨V , ni⟩, for i = 1, 2, 3, 4. (3.18)

In order to construct our cell-based inner product, we first decompose the cell
into four triangles given by any three of the cell corners. The triangle with
vertices ri−1, ri and ri+1 is denoted by Ti, for i = 1, 2, 3, 4 (with r0 = r4 and r5 =
r1). As shown by Hyman et al. (2001), if we consider the triangle T1 and assume
that both vector fields U and V are constant in it, we can obtain an expression for
a triangle-based inner product which just depends on the corresponding normal
components (i.e., U1, U4 for U and V1, V4 for V ):

(U, V )T1 =
U1V1 + (U1V4 + U4V1) cosφ1 + U4V4

sin2 φ1

, (3.19)

where φ1 is the angle associated to corner r1. Since our discrete inner product
also involves the contribution of tensor K−1, the expression (3.19) needs to be
modified in the following way (cf. Hyman et al. (1997)):

(K−1U, V )T1 =
κ111U1V1 + κ112(U1V4 + U4V1) + κ122U4V4

sin2 φ1

, (3.20)

where:

κ111 = (K−1)XX cos2 θ1 + 2 (K−1)XY cos θ1 sin θ1 + (K−1)Y Y sin2 θ1,

κ112 = (K−1)XX cos θ1 cosϕ1 + (K−1)XY (cos θ1 sinϕ1 + sin θ1 cosϕ1)

+ (K−1)Y Y sin θ1 sinϕ1,

κ122 = (K−1)XX cos2 ϕ1 + 2 (K−1)XY cosϕ1 sinϕ1 + (K−1)Y Y sin2 ϕ1.
(3.21)

Here, we denote by θ1 and ϕ1 the angles with respect to the horizontal of sides
r1-r2 and r1-r4, respectively (see Figure 3.4). Subindex 1 indicates that both
angles refer to cell sides belonging to the triangle T1. Analogously, superindex 1
on κ111, κ

1
12 and κ122 also denotes specificity to T1.

If we apply this procedure to the remaining triangles in the cell, we shall
obtain similar expressions to (3.20) for the corresponding triangle-based inner
products. Finally, by computing a weighted average of such inner products
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Figure 3.4: Construction of the angles θ1 and ϕ1 at triangle T1.

(based on the ratio between the area of each triangle and the area of the cell),
the cell inner product arises:

(K−1U, V )cell = ω1
κ111U1V1 + κ112(U1V4 + U4V1) + κ122U4V4

sin2 φ1

+ω2
κ211U1V1 − κ212(U1V2 + U2V1) + κ222U2V2

sin2 φ2

+ω3
κ311U2V2 + κ312(U2V3 + U3V2) + κ322U3V3

sin2 φ3

+ω4
κ411U3V3 − κ412(U3V4 + U4V3) + κ422U4V4

sin2 φ4

,

(3.22)

where the corresponding weights are given by ωi = |Ti|/2S, for i = 1, 2, 3, 4,
being |Ti| the area of triangle Ti and S the total area of the cell. Recall that our
aim is to obtain an approximation to (K−1Uh, V h)i+1/2,j+1/2 in (3.16). This
approximation can be easily deduced from expression (3.22) by using global
notations, i.e.:

(K−1Uh, V h)i+1/2,j+1/2 =
1∑

k,ℓ=0

ω
i+1/2,j+1/2
i+k,j+ℓ

sin2 φ
i+1/2,j+1/2
i+k,j+ℓ

× ((κ11)
i+1/2,j+1/2
i+k,j+ℓ Uαi+k,j+1/2V

α
i+k,j+1/2

+(−1)k+ℓ (κ12)
i+1/2,j+1/2
i+k,j+ℓ (Uαi+k,j+1/2V

β
i+1/2,j+ℓ + Uβi+1/2,j+ℓV

α
i+k,j+1/2)

+ (κ22)
i+1/2,j+1/2
i+k,j+ℓ Uβi+1/2,j+ℓV

β
i+1/2,j+ℓ),

(3.23)
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where, for instance, (κ11)
i+1/2,j+1/2
i+k,j+ℓ is an extension of κ111 in (3.21):

(κ11)
i+1/2,j+1/2
i+k,j+ℓ = (K−1)XXi+1/2,j+1/2 cos

2 θ
i+1/2,j+1/2
i+k,j+ℓ

+2 (K−1)XYi+1/2,j+1/2 cos θ
i+1/2,j+1/2
i+k,j+ℓ sin θ

i+1/2,j+1/2
i+k,j+ℓ

+(K−1)Y Yi+1/2,j+1/2 sin
2 θ

i+1/2,j+1/2
i+k,j+ℓ .

(3.24)

The global notation of (3.23) is the same as that of the previous chapter, i.e.,
each index (k, ℓ) corresponds to one of the vertices in the (i+ 1/2, j + 1/2)-cell.

Furthermore, the weights ω
i+1/2,j+1/2
i+k,j+ℓ are given in (2.18) and can be proved to

satisfy properties (2.19).

3.3.4. Discrete flux operator. Once we have deduced the expressions for the
discrete inner products, we shall define the discrete flux operator G : Hs → H †

v

approximating G. In this case, a discrete analogue of formula (3.8) is imposed,
i.e.:

(DWh,Ψh)Hs = (Wh,GΨh)H †
v
, (3.25)

for all Ψh ∈ Hs andW
h ∈ H †

v . Hence, the discrete flux is obtained as the adjoint
of the discrete extended divergence, G = D∗, in the discrete inner products (2.16)
and (3.16). Both G and D are defined in such a way that their corresponding
domains and ranges are mutually consistent.

Differing from the results of the previous chapter, a direct substitution of
the discrete extended divergence (3.13) into (3.25) under inner products (2.16)
and (3.16) does not lead to an explicit formula for the components of GΨh. An
alternative for computing the adjoint relationship between discrete operators is
to introduce auxiliary inner products in the spaces of scalar and vector functions.
Let us first consider the standard dot product of two scalar functions Ψh,Φh ∈
Hs:

⟨Ψh,Φh⟩ =

Nx−1∑
i=1

Ny−1∑
j=1

Ψhi+1/2,j+1/2 Φ
h
i+1/2,j+1/2

+

Nx−1∑
i=1

Ψhi+1/2,1 Φ
h
i+1/2,1 +

Ny−1∑
j=1

ΨhNx,j+1/2 Φ
h
Nx,j+1/2

+

Nx−1∑
i=1

Ψhi+1/2,Ny
Φhi+1/2,Ny

+

Ny−1∑
j=1

Ψh1,j+1/2 Φ
h
1,j+1/2.

(3.26)

Note that this expression corresponds to the dot product of two vectors in Rm,
where m stands for the total number of unknowns. If we compare (2.16) to
(3.26), we can derive the following relationship between both expressions:

(Ψh,Φh)Hs = ⟨CΨh,Φh⟩, (3.27)
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where C is set to be:

(CΨh)i+1/2,j+1/2 = Ψhi+1/2,j+1/2 |Ωi+1/2,j+1/2|, for i = 1, 2, . . . , Nx − 1;

j = 1, 2, . . . , Ny − 1,

(CΨh)i,j+1/2 = Ψhi,j+1/2 |ℓ
α
i,j+1/2|, for i = 1, Nx;

j = 1, 2, . . . , Ny − 1,

(CΨh)i+1/2,j = Ψhi+1/2,j |ℓ
β
i+1/2,j |, for i = 1, 2, . . . , Nx − 1;

j = 1, Ny.
(3.28)

It is easy to show that C is a symmetric and positive definite operator in the
inner product (3.26), i.e.:

⟨CΨh,Φh⟩ = ⟨Ψh,CΦh⟩, ⟨CΨh,Ψh⟩ > 0,

for all Ψh,Φh ∈ Hs. On the other hand, the standard dot product of two vector
functions Uh, V h ∈ H †

v is given by:

⟨Uh, V h⟩ =
Nx∑
i=1

Ny−1∑
j=1

Uαi,j+1/2V
α
i,j+1/2 +

Nx−1∑
i=1

Ny∑
j=1

Uβi+1/2,jV
β
i+1/2,j . (3.29)

This expression may be seen as the dot product of two vectors, each of which is
obtained by direct sum of an element from the spaces H α

v and H β
v , previously

defined in (3.12). The relationship between (3.16) and (3.29) is:

(Uh, V h)H †
v
= ⟨SUh, V h⟩, (3.30)

where S can be written in block form as:

SUh =

(
S11 S12

S21 S22

)(
Uh,α

Uh,β

)
=

(
S11U

h,α + S12U
h,β

S21U
h,α + S22U

h,β

)
. (3.31)

In order to obtain an explicit formula for S , we first rewrite the right-hand side
of (3.30) by blocks:

⟨SUh, V h⟩ =

Nx∑
i=1

Ny−1∑
j=1

((S11U
h,α)i,j+1/2 + (S12U

h,β)i,j+1/2)V
α
i,j+1/2

+

Nx−1∑
i=1

Ny∑
j=1

((S21U
h,α)i+1/2,j + (S22U

h,β)i+1/2,j)V
β
i+1/2,j
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and then compare it to the expanded version of (3.16) to get:

(S11 U
h,α)i,j+1/2 = Uαi,j+1/2

∑
ℓ=0,1
k=±1/2

|T i+k,j+1/2
i,j+ℓ |(κ11)i+k,j+1/2

i,j+ℓ

2 sin2 φ
i+k,j+1/2
i,j+ℓ

,

(S12 U
h,β)i,j+1/2 =

∑
ℓ=0,1
k=±1/2

|T i+k,j+1/2
i,j+ℓ |(κ12)i+k,j+1/2

i,j+ℓ

2 sin2 φ
i+k,j+1/2
i,j+ℓ

(−1)k+1/2+ℓ Uβi+k,j+ℓ,

(S21 U
h,α)i+1/2,j =

∑
ℓ=0,1
k=±1/2

|T i+1/2,j+k
i+ℓ,j |(κ12)i+1/2,j+k

i+ℓ,j

2 sin2 φ
i+1/2,j+k
i+ℓ,j

(−1)k+1/2+ℓ Uαi+ℓ,j+k,

(S22 U
h,β)i+1/2,j = Uβi+1/2,j

∑
ℓ=0,1
k=±1/2

|T i+1/2,j+k
i+ℓ,j |(κ22)i+1/2,j+k

i+ℓ,j

2 sin2 φ
i+1/2,j+k
i+ℓ,j

.

(3.32)

The operators S11 and S22 are diagonal, while the stencils for S12 and S21 are
displayed on Figure 3.5. The previous formulae are only valid for internal cell
sides, i.e., for i = 2, 3, . . . , Nx − 1 and j = 2, 3, . . . , Ny − 1. However, they
can be easily extended to the boundary sides if we introduce fictitious nodes for
i = 0, Nx + 1 and j = 0, Ny + 1, with the same coordinates as those of their
adjacent nodes (cf. Hyman et al. (1997)). Like operator C , S is symmetric and
positive definite in the inner product (3.29), i.e.:

⟨SUh, V h⟩ = ⟨Uh,S V h⟩, ⟨SUh, Uh⟩ > 0,

for all Uh, V h ∈ H †
v .

Taking into account the relationships (3.27) and (3.30) between discrete inner
products and standard dot products, we can express the adjoint formula (3.25)
as follows:

⟨DWh,CΨh⟩ = ⟨Wh,S GΨh⟩.

If we denote by D† the adjoint of D with respect to ⟨·, ·⟩, the left-hand side of
the previous equation can be rewritten to obtain:

⟨Wh,D†CΨh⟩ = ⟨Wh,S GΨh⟩.

This expression holds true for all Wh ∈ H †
v and Ψh ∈ Hs, so that:

D†C = S G ,

and, therefore, the discrete analogue of the flux operator is given by:

G = S −1D†C . (3.33)
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Figure 3.5: (a) Stencil for the operator S12. Symbols: ♢ : Uβ
·,·; • : (S12 U

h,β)i,j+1/2.
(b) Stencil for the operator S21. Symbols: ⊗ : Uα

·,·; • : (S21 U
h,α)i+1/2,j .

Since S is a banded matrix, S −1 is likely to be full (unless S is diagonal)
and so is G . That is, for non-orthogonal logically rectangular grids, it is not
possible to derive explicit formulae for the components of GΨh. In other words,
the discrete flux operator presents a non-local stencil. If we denote this discrete
flux by Wh = GΨh, (3.33) gives:

Wh = S −1D†CΨh,

which can be written as a system of linear equations:

SWh = D†CΨh. (3.34)

In this expression, we already know that both S and C are banded matrices
(as stated in (3.32) and (3.28), respectively3). In order to derive an explicit
formula for D†, let us recall that it represents the adjoint of D in the standard
dot product ⟨·, ·⟩, i.e.:

⟨DWh,Ψh⟩ = ⟨Wh,D†Ψh⟩.

The standard dot products for scalar and vector functions were defined in (3.26)
and (3.29), respectively. Thus, if we expand such definitions and use the expres-
sions (3.13) and (3.14) for the discrete extended divergence DWh, it is easy to
obtain an explicit formula for the components of D†Ψh:

(D†Ψh)αi,j+1/2 =

(
Ψhi−1/2,j+1/2

|Ωi−1/2,j+1/2|
−

Ψhi+1/2,j+1/2

|Ωi+1/2,j+1/2|

)
|ℓαi,j+1/2|,

(D†Ψh)βi+1/2,j =

(
Ψhi+1/2,j−1/2

|Ωi+1/2,j−1/2|
−

Ψhi+1/2,j+1/2

|Ωi+1/2,j+1/2|

)
|ℓβi+1/2,j |,

(3.35)

3In particular, S is a banded matrix with five non-zero elements in each row, as deduced
from Figure 3.5, while C is a diagonal matrix.
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for i = 2, 3, . . . , Nx−1 and j = 2, 3, . . . , Ny−1. These equations can be extended
to the boundaries of the domain by introducing the boundary values:

Ψh1/2,j+1/2 = Ψh1,j+1/2, ΨhNx+1/2,j+1/2 = ΨhNx,j+1/2,

Ψhi+1/2,1/2 = Ψhi+1/2,1, Ψhi+1/2,Ny+1/2 = Ψhi+1/2,Ny
,

(3.36)

together with the geometric relationships:

|Ω1/2,j+1/2| = |ℓα1,j+1/2|, |ΩNx+1/2,j+1/2| = |ℓαNx,j+1/2|,

|Ωi+1/2,1/2| = |ℓβi+1/2,1|, |Ωi+1/2,Ny+1/2| = |ℓβi+1/2,Ny
|,

for i = 1, 2, . . . , Nx − 1 and j = 1, 2, . . . , Ny − 1. Combining (3.28) and (3.35),
we obtain the components of the right-hand side of flux system (3.34):

(D†CΨh)αi,j+1/2 = (Ψhi−1/2,j+1/2 −Ψhi+1/2,j+1/2) |ℓ
α
i,j+1/2|,

(D†CΨh)βi+1/2,j = (Ψhi+1/2,j−1/2 −Ψhi+1/2,j+1/2) |ℓ
β
i+1/2,j |.

(3.37)

Recall that (3.34) is a linear system with as many equations and unknowns as
the number of cell sides in Ωh, including those located on the boundary4. The
system matrix S , given by (3.31), is symmetric and positive definite. Since we
are dealing with homogeneous Neumann boundary conditions, the following flux
values are known data:

Wα
1,j+1/2 = Wα

Nx,j+1/2 = 0, for j = 1, 2, . . . , Ny − 1,

W β
i+1/2,1 = W β

i+1/2,Ny
= 0, for i = 1, 2, . . . , Nx − 1.

Therefore, the equations for the boundary edges are not included in system
(3.34).

3.3.5. The MFD semidiscrete scheme. As described in Section 3.2 for the
continuous problem, it is possible to obtain a general expression for the discrete
diffusion operator A : Hs → Hs by combining the definitions of the first-order
discrete operators D and G . More precisely, A Ψh = DGΨh. Since A is defined
to be the discrete analogue of A, it mimics the continuous properties (3.5) in the
following way:

(A Ψh,Φh)Hs = (Ψh,A Φh)Hs , (A Ψh,Ψh)Hs > 0,

for all Ψh, Φh ∈ Hs. That is, A is a symmetric and positive definite operator
in the inner product (2.16). Both properties can be derived from the adjoint
relationship (3.25), since:

(A Ψh,Φh)Hs = (GΨh,GΦh)H †
v
= (Ψh,A Φh)Hs ,

4The expanded version of (3.34) is given by:

(S11 W
h,α)i,j+1/2 + (S12 W

h,β)i,j+1/2 = (Ψh
i−1/2,j+1/2

−Ψh
i+1/2,j+1/2

) |ℓα
i,j+1/2

|,

(S21 W
h,α)i+1/2,j + (S22 W

h,β)i+1/2,j = (Ψh
i+1/2,j−1/2

−Ψh
i+1/2,j+1/2

) |ℓβ
i+1/2,j

|,

for i = 1, 2, . . . , Nx and j = 1, 2, . . . , Ny .
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for the former, while:

(A Ψh,Ψh)Hs = (GΨh,GΨh)H †
v
> 0,

for the latter. Note that A presents a non-local stencil, because G is directly
involved in its construction. From a formal viewpoint, the properties of A in
the inner product (·, ·)Hs can be rewritten in terms of the standard dot product
⟨·, ·⟩ as:

⟨C A Ψh,Φh⟩ = ⟨Ψh,C A Φh⟩, ⟨C A Ψh,Ψh⟩ > 0,

where we have applied the relationship (3.27) between both products. Therefore,
the discrete operator C A is symmetric and positive definite in the dot product
(3.26). This fact will be important when deriving the MFD semidiscrete scheme,
since matrix C A , rather than just matrix A , will be used for that purpose.

The spatial semidiscretization of problem (3.1) gives rise to a stiff nonlinear
initial value problem of the form: Find Ψh : [0, T ] → Hs such that

(T + A )Ψh(t) = F (Ψh, t), t ∈ (0, T ], (3.38a)

Ψh(0) = Ψh0 , (3.38b)

where F (Ψh, t) = Gh(Ψh, t) + Fh(t) and T Ψh, Gh(Ψh, t), Fh(t) and Ψh0 are
vectors in Hs. Their components at the (i+ 1/2, j + 1/2)-cell are given by:

(T Ψh)i+1/2,j+1/2 =
d

dt
Ψhi+1/2,j+1/2,

(Gh(Ψh, t))i+1/2,j+1/2 = g(Ψhi+1/2,j+1/2, t),

(Fh(t))i+1/2,j+1/2 =
1

|Ωi+1/2,j+1/2|

∫
Ωi+1/2,j+1/2

f(x, t) dx,

(Ψh0 )i+1/2,j+1/2 =
1

|Ωi+1/2,j+1/2|

∫
Ωi+1/2,j+1/2

ψ0(x) dx,

(3.39)

respectively, for i = 1, 2, . . . , Nx − 1 and j = 1, 2, . . . , Ny − 1. On the boundary
segments, the first three vectors are considered to be null, while the fourth one
is given by the line integrals:

(Ψh0 )i,j+1/2 =
1

|ℓαi,j+1/2|

∫
ℓα
i,j+1/2

ψ0(s) ds, for i = 1, Nx;

j = 1, 2, . . . , Ny − 1,

(Ψh0 )i+1/2,j =
1

|ℓβi+1/2,j |

∫
ℓβ
i+1/2,j

ψ0(s) ds, for i = 1, 2, . . . , Nx − 1;

j = 1, Ny,

depending on the boundaries under consideration. Note that system (3.38) is
the discrete analogue of (3.4). Applying C to both sides of (3.38a), we get:

(C T + C A )Ψh(t) = C F (Ψh, t), (3.40)
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where matrix C A is symmetric and positive definite, as discussed above. Recall
that G = S −1D†C and, thus, C A = C DS −1D†C . Since S −1 has a non-local
stencil for non-orthogonal grids, equation (3.40) is primarily interesting from a
theoretical viewpoint, but it is not explicitly constructed when deriving the finite
difference method. In Section 3.8, we shall discuss how to formulate the totally
discrete scheme so that it can be efficiently solved. Finally, the mixed form of
(3.38) is given by the first-order system: Find (Uh,Ψh) : [0, T ] → H †

v ×Hs such
that

T Ψh(t) + DUh(t) = F (Ψh, t), t ∈ (0, T ], (3.41a)

Uh(t) = GΨh(t), t ∈ (0, T ], (3.41b)

Ψh(0) = Ψh0 , (3.41c)

which is the discrete analogue of (3.9).

In the next section, we develop the convergence analysis of the MFD semidis-
crete scheme described above. As we shall see, an adequate connection between
MFD and MFE methods permits to use Galerkin orthogonality principles in
order to prove the second-order convergence of the mimetic technique on quadri-
lateral meshes. This idea was initially proposed by Berndt et al. (2001) in the
context of linear elliptic problems for proving first-order convergence in the scalar
and flux variables. Subsequently, they adapted their analysis to get flux super-
convergence on a special type of meshes involving certain restrictions on the
geometry of the cell (cf. Berndt et al. (2005a)). Here, we shall extend these
ideas to the class of semilinear parabolic problems stated in (3.1).

3.3.6. Discrete operators on a rectangular grid. As we did for the MFD
method of the previous chapter, we now derive the corresponding formulae for
operators D , G and A on a uniform rectangular grid with spatial mesh sizes
hX and hY . In order to obtain local stencils for operators G and A , we shall
consider a diagonal and positive definite tensor of the form K ≡ K(x) = ν(x) I,
where I stands for the identity matrix and ν(x) > 0 for all x ∈ Ω. For such

a grid, the geometric quantities reduce to |ℓβi+1/2,j | = hX , |ℓαi,j+1/2| = hY and

|Ωi+1/2,j+1/2| = hXhY .

Based on (3.13), the discrete extended divergence at an internal cell is given
by:

(DWh)i+1/2,j+1/2 =
Wα
i+1,j+1/2 −Wα

i,j+1/2

hX
+
W β
i+1/2,j+1 −W β

i+1/2,j

hY
, (3.42)

for i = 1, 2, . . . , Nx − 1 and j = 1, 2, . . . , Ny − 1. Otherwise, the discrete flux

Wh = GΨh is obtained by solving the linear system (3.34). For rectangular
grids with diagonal tensors K, the system matrix S turns to be diagonal, since

its extra-diagonal blocks vanish due to the fact that (κ12)
i+1/2,j+1/2
k,ℓ = 0 (cf.
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(3.32)). Furthermore, it holds that:

(κ11)
i+1/2,j+1/2
k,ℓ = (κ22)

i+1/2,j+1/2
k,ℓ =

1

νi+1/2,j+1/2
,

where νi+1/2,j+1/2 ≡ ν(xi+1/2,j+1/2). Finally, |T i+1/2,j+1/2
k,ℓ | = hXhY /2 and

sinφ
i+1/2,j+1/2
k,ℓ = 1. From (3.34), the equations for the vertical components at

internal cell sides reduce to:

Wα
i,j+1/2

hXhY

2

∑
k=±1/2

1

νi+k,j+1/2
= (Ψhi−1/2,j+1/2 −Ψhi+1/2,j+1/2)h

Y ,

for i = 2, 3, . . . , Nx − 1 and j = 1, 2, . . . , Ny − 1. Rearranging terms, we get:

Wα
i,j+1/2 = −

2 νi−1/2,j+1/2 νi+1/2,j+1/2

νi−1/2,j+1/2 + νi+1/2,j+1/2
·
Ψhi+1/2,j+1/2 −Ψhi−1/2,j+1/2

hX
. (3.43)

Note that this approach leads to the well-known harmonic average for the coef-
ficient ν(x). The corresponding formula for the horizontal components of flux is
given by:

W β
i+1/2,j = −

2 νi+1/2,j−1/2 νi+1/2,j+1/2

νi+1/2,j−1/2 + νi+1/2,j+1/2
·
Ψhi+1/2,j+1/2 −Ψhi+1/2,j−1/2

hY
, (3.44)

for i = 1, 2, . . . , Nx − 1 and j = 2, 3, . . . , Ny − 1. On the boundary, fluxes are

given by one-sided difference formulae. For instance, the components of Wh on
the left and bottom boundaries can be stated as:

Wα
1,j+1/2 = − ν3/2,j+1/2

Ψh3/2,j+1/2 −Ψh1,j+1/2

1
2 h

X
,

W β
i+1/2,1 = − νi+1/2,3/2

Ψhi+1/2,3/2 −Ψhi+1/2,1

1
2 h

Y
,

respectively, for i = 1, 2, . . . , Nx−1 and j = 1, 2, . . . , Ny−1. As described above
for the non-orthogonal case, since we are considering homogeneous Neumann
boundary conditions, all these components are equal to zero. Finally, in order
to find an explicit expression for the second-order operator A = DG , we first
introduce the following notations for the harmonic average in the x- and y-
directions:

ν̄Xi+1/2,j+1/2 =
2 νi−1/2,j+1/2 νi+1/2,j+1/2

νi−1/2,j+1/2 + νi+1/2,j+1/2
,

ν̄Yi+1/2,j+1/2 =
2 νi+1/2,j−1/2 νi+1/2,j+1/2

νi+1/2,j−1/2 + νi+1/2,j+1/2
,

(3.45)
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respectively. For convenience, we also define the generalized operators of central
differencing as follows:

(δXΨh)k,ℓ =
Ψhk+1/2,ℓ −Ψhk−1/2,ℓ

hX
, (δYΨh)k,ℓ =

Ψhk,ℓ+1/2 −Ψhk,ℓ−1/2

hY
,

where k and ℓ can be either integer or half-integer indices. Inserting (3.43) and
(3.44) into (3.42) and taking into account the previous notations, we get the
explicit formula for A Ψh:

(A Ψh)i+1/2,j+1/2 =

ν̄Xi+1/2,j+1/2 (δ
XΨh)i,j+1/2 − ν̄Xi+3/2,j+1/2 (δ

XΨh)i+1,j+1/2

hX

+
ν̄Yi+1/2,j+1/2 (δ

YΨh)i+1/2,j − ν̄Yi+1/2,j+3/2 (δ
YΨh)i+1/2,j+1

hY
,

(3.46)

which is valid at any strictly internal cell and requires the corresponding adapta-
tion for the next-to-the-boundary cells. Note that this expression is a standard
five-cell approximation of −div (K gradψ) on a rectangular grid.

3.4. The mixed finite element method

This section is devoted to describe and formulate a mixed finite element
approximation to the first-order system (3.9). In doing so, we first have to intro-
duce a variational formulation of such a system and then define the finite element
mappings and corresponding Raviart–Thomas spaces. On the other hand, the
MFD scheme (3.41) is rewritten by using element-based notations, in order to
make it comparable with the preceding MFE method. In this way, it is possible
to relate the MFD and MFE discretizations by means of a suitable quadrature
rule. Based on this relation, the convergence analysis of the MFD semidiscrete
scheme will be developed in the next section by using finite element techniques.

3.4.1. Preliminaries: the MFD method revisited. In this subsection, we
translate the notations of the MFD scheme from the cell-based context in-
troduced in Section 3.3 to an element-based terminology suitable for Galerkin
methods. Within this framework, let T h be a shape regular and quasi-uniform
partition of Ω into convex quadrilateral elements e, where he = diam(e) and
h = maxe∈T h he. Furthermore, let Eh be the trace of T h on the boundary ∂Ω
(cf. Ciarlet (2002)).

The MFD discretization was described in four successive stages contained in
Subsections 3.3.1 to 3.3.4. The main notational changes related to these stages
may be outlined as follows:

1. First, we consider the vector spaces of semidiscrete functions for both
the scalar and vector unknowns. Recall that Hs represents the space
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Figure 3.6: (a) Local indexing of vertices, edges and normal vectors at the element
e. (b) Discrete degrees of freedom for scalar and vector functions, Ψh and Uh, at the
element e.

of semidiscrete scalar functions Ψh ≡ Ψh(t). Each component of Ψh, de-
noted by Ψhe in the new notation, is located at the geometric center of the
element e ∈ T h and provides an approximation to ψ(x, t)|e. Additional
components Ψhb are defined analogously at the midpoints of the boundary
edges b ∈ Eh. For later use, we further denote by H †

s the vector space
involving only element-based unknowns (and thus excluding the bound-
ary terms). On the other hand, H †

v is the space of semidiscrete vector
functions Uh ≡ Uh(t). In this case, the components of Uh are denoted
element-wise by Uhk,e, for k = 1, 2, 3, 4 and e ∈ T h. Each one is located
at the midpoint of the edge ℓk,e ⊂ ∂e (where ∂e stands for the boundary
of e) and provides an approximation to the orthogonal projection of the
flux vector u(x, t) onto the unit vector normal to ℓk,e, i.e., ⟨u, nk,e⟩. Fig-
ure 3.6 (a) shows the local indexing of mesh edges ℓk,e, with corresponding
normal vectors nk,e, and mesh vertices rk,e, for k = 1, 2, 3, 4 and e ∈ T h.
Finally, Figure 3.6 (b) represents the semidiscrete degrees of freedom for
scalar and vector functions, located at the element e (cf. Figure 3.1).

2. Once the vector spaces are defined, we are in condition to introduce the
discrete divergence operator, D̃ : H †

v → H †
s . On any element e of the

partition T h, D̃Uh has the form:

(D̃Uh)e =
1

|e|
(Uh2,e|ℓ2,e| − Uh4,e|ℓ4,e|+ Uh3,e|ℓ3,e| − Uh1,e|ℓ1,e|), ∀ e ∈ T h,

(3.47)
where |e| represents the area of e and |ℓk,e| is the length of its k-th edge,
for k = 1, 2, 3, 4. The discrete extended divergence operator D : H †

v → Hs

is then defined to be:

DUh =

{
(D̃Uh)e, ∀ e ∈ T h,

−Uhb , ∀ b ∈ Eh,
(3.48)

where −Uhb is an approximation to −⟨u, n⟩ on the boundary edge b ∈ Eh. In
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this formula, we assume an external orientation of normal vectors; however,
if the normal vector to any edge b points into the element, −Uhb must be
replaced by Uhb . Note that (3.48) involves both formulae (3.13) and (3.14).

3. In the third stage of the mimetic technique, we equip the previous vector
spaces with appropriate inner products. The inner product on Hs is given
by:

(Ψh,Φh)Hs =
∑
e∈T h

ΨheΦ
h
e |e|+

∑
b∈Eh

ΨhbΦ
h
b |b|, (3.49)

for all Ψh, Φh ∈ Hs, where |b| represents the length of b. Formula (3.49)
is equivalent to (2.16). Note that the inner product on H †

s , represented
by (·, ·)H †

s
, will be given by the first sum in (3.49). On the other hand,

the inner product on H †
v is constructed element-wise as:

(Uh, V h)H †
v
=
∑
e∈T h

(Uh, V h)H †
v ,e
, (3.50)

for all Uh, V h ∈ H †
v , similarly to (3.16). The expression (Uh, V h)H †

v ,e
is

a local inner product over the element e, involving just normal components
on the element edges. It is given by:

(Uh, V h)H †
v ,e

=
1

2

4∑
k=1

|Tk,e| ⟨K−1
e uh(rk,e), v

h(rk,e)⟩, (3.51)

where |Tk,e| is the area5 of the triangle with vertices rk−1,e, rk,e and rk+1,e

(with r0,e = r4,e and r5,e = r1,e) and Ke is obtained from the evaluation

of K at the center of the element e. The corner vector uh(rk,e) is uniquely
determined at the k-th vertex of e by using the corresponding components
of Uh, i.e.:

uh(rk,e) = Uhk−1,e nk−1,e + Uhk,e nk,e, (3.52)

where Uh0,e = Uh4,e and n0,e = n4,e. Recall that Uhk−1,e and Uhk,e are as-
sociated to the edges ℓk−1,e and ℓk,e, respectively, thus approximating
⟨u, nk−1,e⟩ and ⟨u, nk,e⟩, for k = 1, 2, 3, 4 and e ∈ T h. Vector vh(rk,e) is

obtained analogously. Figure 3.7 shows the construction of vector uh(r3,e)

from the orthogonal projections Uh2,e and Uh3,e. Note that formula (3.51)
is the element-based counterpart of expressions (3.22) and (3.23), which
give the cell-based inner product of K−1Uh and V h in local and global
notations, respectively.

4. Finally, the discrete flux operator, G : Hs → H †
v , is obtained as the

adjoint of D with respect to the inner products (3.49) and (3.50). That is,
as stated in formula (3.25), G = D∗ such that:

(DUh,Ψh)Hs = (Uh,GΨh)H †
v
,

5This quantity is equivalent to the cell-based parameter |T i+1/2,j+1/2
i+k,j+ℓ | of the expression

(2.18).
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Figure 3.7: Construction of vector uh(r3,e) from the orthogonal projections Uh
2,e and
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for all Ψh ∈ Hs and Uh ∈ H †
v . Along the lines of Subsection 3.3.4,

operator G may be proved to satisfy G = S −1D†C , thus presenting a
non-local stencil on general non-orthogonal meshes.

The mixed form of the MFD method is then given by (3.41). Note that the
expressions in (3.39) are now rewritten as:

(T Ψh)e =
d

dt
Ψhe ,

Ghe (Ψ
h, t) = g(Ψhe , t),

Fhe (t) =
1

|e|

∫
e

f(x, t) dx,

(Ψh0 )e =
1

|e|

∫
e

ψ0(x) dx,

(3.53)

with their corresponding adaptation to the boundary segments.

3.4.2. The weak formulation. For a domain G ⊂ R2, let W k,p(G) be the
standard Sobolev space of k-times differentiable functions in Lp(G), for 1 6 p 6
∞ and k any non-negative integer, endowed with the norm ∥ · ∥Wk,p(G). For

ϕ ∈W k,p(G), such a norm is given by:

∥ϕ∥Wk,p(G) =


∑

|α|6k
∥Dαϕ∥pLp(G)

1/p

, if 1 6 p <∞,

max|α|6k ∥Dαϕ∥L∞(G), if p = ∞,

where α = (α1, α2) is a pair with non-negative integer components, being |α| =
α1 + α2 and Dα = ∂|α|/(∂xα1∂yα2). Let Hk(G) be the Hilbert space W k,2(G)
with norm ∥ · ∥k;G ≡ ∥ · ∥Wk,2(G). Furthermore, let (·, ·)G and ∥ · ∥G be the inner
product and norm, respectively, in L2(G) or (L2(G))2. We shall also use the
space:

H(div;G) = {v ∈ (L2(G))2 : div v ∈ L2(G)},
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with corresponding norm:

∥v∥div;G = (∥v∥2G + ∥div v∥2G)1/2.

The subscript G will be omitted whenever G = Ω. Finally, if χ(G) denotes
any of the above normed spaces, with associated norm ∥ · ∥χ, we shall consider
Lq([0, T ];χ) as the space of χ-valued functions φ : [0, T ] → χ(G) with norm:

∥φ∥Lq([0,T ];χ) =


(∫ T

0

∥φ(t)∥qχ dt

)1/q

, if 1 6 q <∞,

ess supt∈[0,T ] ∥φ(t)∥χ, if q = ∞.

If the boundary ∂Ω is sufficiently smooth, it is possible to define the trace of
a function ω ∈ H1(Ω) on ∂Ω as γω = ω|∂Ω. The traces of functions in H1(Ω)
span a functional space denoted by H1/2(∂Ω), i.e., γ : H1(Ω) → H1/2(∂Ω).
Likewise, we may define the normal trace of a function v ∈ H(div; Ω) on ∂Ω
as γnv = ⟨v, n⟩|∂Ω. In this case, the spanned space is denoted by H−1/2(∂Ω)
and, thus, γn : H(div; Ω) → H−1/2(∂Ω). In this context, we shall introduce the
following subspace of H(div; Ω) (see Brezzi and Fortin (1991)):

H0(div; Ω) =
{
v ∈ H(div; Ω) : (⟨v, n⟩, ω)∂Ω = 0, ∀ω ∈ H1(Ω)

}
. (3.54)

This space contains those functions of H(div; Ω) whose normal trace weakly
vanishes on ∂Ω and it is related to the Neumann boundary condition (3.1c).
The notation (·, ·)∂Ω arising in (3.54) stands for the duality pairing of the spaces
H−1/2(∂Ω) and H1/2(∂Ω) with respect to the L2(∂Ω)-inner product.

The variational formulation of the first-order system (3.9) is given by: Find
(u, ψ) : [0, T ] → H0(div; Ω)× L2(Ω) such that

(ψt, ϕ) + (divu, ϕ) = (g(ψ), ϕ) + (f, ϕ), ∀ϕ ∈ L2(Ω), (3.55a)

a(u, v) = (ψ, div v), ∀ v ∈ H0(div; Ω), (3.55b)

(ψ(0), ϕ) = (ψ0, ϕ), ∀ϕ ∈ L2(Ω), (3.55c)

where a(·, ·) is a bilinear form given by:

a(u, v) =

∫
Ω

⟨K−1 u, v⟩ dx. (3.56)

Note that such a bilinear form is equivalent to the inner product in H†
v defined

by (3.6).

3.4.3. Finite element mappings. Let us consider a shape regular and quasi-
uniform partition T h of Ω, consisting of convex quadrilaterals e, for the dis-
cretization of (3.55). Let ê be the reference unit square with vertices r̂1 = (0, 0)T ,
r̂2 = (1, 0)T , r̂3 = (1, 1)T and r̂4 = (0, 1)T and define a bijection mapping



64 cell-edge mimetic domain decomposition methods Ch. 3

• •

••

(0, 0) (1, 0)

(1, 1)(0, 1)

6

-

6

-

n̂1

n̂2

n̂3

n̂4
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Figure 3.8: Bilinear mapping Fe from the reference element ê onto the quadrilateral
element e ∈ T h.

Fe : ê → R2 which transforms the vertices of ê into the vertices of e = Fe(ê)

(see Figure 3.8, cf. Figure 3.3). For k = 1, 2, 3, 4, let ℓ̂k ⊂ ∂ê be the edges
of the reference element ê (with ∂ê being its boundary) and denote by n̂k the

corresponding unit vectors normal to ℓ̂k. Setting x̂ ≡ (x̂, ŷ) and x ≡ (x, y), if we
further represent by rk,e = (xk,e, yk,e)

T the vertices of e (numbered in a rotating
counter-clockwise order), we can define Fe as the following bilinear mapping:

x = Fe(x̂) = r1,e (1− x̂)(1− ŷ) + r2,e x̂(1− ŷ) + r3,e x̂ŷ + r4,e (1− x̂)ŷ

= r1,e + r21,e x̂+ r41,e ŷ + (r34,e − r21,e) x̂ŷ, (3.57)

where rkl,e = rk,e − rl,e. Note that this transformation is identical to (3.17)
rewritten in a finite element context. Let us denote by Be ≡ Be(x̂) = DFe the
Jacobian matrix of Fe and let Je ≡ Je(x̂) = |det(Be)|. It is easy to see that
both Be and Je are affine functions of the coordinates x̂ and ŷ, i.e.:

Be = ((1− ŷ) r21,e + ŷ r34,e, (1− x̂) r41,e + x̂ r32,e)

= (r21,e, r41,e) + ((r34,e − r21,e) ŷ, (r34,e − r21,e) x̂) (3.58)

and

Je = 2 |T1,e|+ 2 (|T2,e| − |T1,e|) x̂+ 2 (|T4,e| − |T1,e|) ŷ, (3.59)

where, once more, |Tk,e| is the area of the triangle formed by the edges of element
e sharing vertex rk,e. Since we require e ∈ T h to be convex, the determinant of
Be is always positive and, therefore, Be is non-singular. The expression for the
unit vector normal to any edge ℓk,e ⊂ ∂e is given by:

nk,e =
1

|ℓk,e|
JeB

−T
e n̂k, (3.60)

where we use the mapping definitions (3.57)-(3.59) and the chain rule (cf. Wang
and Mathew (1994), Lemma 3.1). Here, the superscript −T denotes inversion
and transposition.
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3.4.4. MFE spaces. Let us now consider the lowest order Raviart–Thomas finite
element spaces on the reference element ê, given by V̂ = Q1,0(ê) ×Q0,1(ê) and

Ŵ = Q0,0(ê) (cf. Raviart and Thomas (1977)). Here, V̂ ×Ŵ ⊂ H(d̂iv; ê)×L2(ê)
are the spaces of reference shape functions and Qm,n(ê) refers to the space of
polynomial functions on ê of degree at most m in x̂ and at most n in ŷ. For any

v̂h ∈ V̂ , it holds that d̂iv v̂h ∈ Ŵ and ⟨v̂h, n̂k⟩ ∈ Q0,0(ℓ̂k). Finally, if v̂
h ∈ V̂ and

ϕ̂h ∈ Ŵ , the degrees of freedom in V̂ are the values of ⟨v̂h, n̂k⟩ at the midpoints

of the edges, while that in Ŵ is the value of ϕ̂h at the element center.
The corresponding spaces V h ×Wh ⊂ H0(div; Ω) × L2(Ω) on T h are given

by:

V h =

{
vh ∈ H0(div; Ω) : v

h|e =
(

1

Je
Be v̂

h

)
◦ F−1

e , v̂h ∈ V̂ ∀ e ∈ T h

}
,

Wh = {ϕh ∈ L2(Ω) : ϕh|e = ϕ̂h ◦ F−1
e , ϕ̂h ∈ Ŵ ∀ e ∈ T h}.

via the Piola transform (cf. Thomas (1977)). It is usually denoted by PFe and
can be expressed as:

v = PFe v̂ =

(
1

Je
Be v̂

)
◦ F−1

e , (3.61)

for any v ∈ (L2(e))2 and v̂ ∈ (L2(ê))2. This transformation permits to define

the space of shape functions on e, PFe V̂ , in such a way that any vh ∈ V h is

assumed to satisfy vh|e ∈ PFe V̂ . Note that the use of the Piola transform is a
natural way to define finite element subspaces of H(div; Ω) by mapping from a
reference element. In fact, it preserves the continuity of the normal components
of flux vectors across interelement edges; this is a necessary condition that must
be satisfied by any subspace of H(div; Ω) (cf. Arnold et al. (2005)).

Following Wang and Mathew (1994) (cf. Lemma 4.1), two important prop-

erties of the Piola transform are quoted: for any v̂ ∈ H(d̂iv; ê) and v = PFe v̂ ∈
H(div; e),

(div v, ϕ)e = (d̂iv v̂, ϕ̂)ê, ∀ ϕ̂ ∈ L2(ê), ϕ ∈ L2(e), (3.62a)

(⟨v, nk,e⟩, φ)ℓk,e
= (⟨v̂, n̂k⟩, φ̂)ℓ̂k , ∀ φ̂ ∈ H1/2(∂ê), φ ∈ H1/2(∂e). (3.62b)

Here and henceforth, the hat over any given variable entails its definition on x̂ (we
omit the corresponding composition with F−1

e to shorten notations). Likewise,
the hat over the differential operator indicates that the derivatives are taken
with respect to x̂. Taking into account (3.60) and (3.61), we can deduce that:

⟨v, nk,e⟩ =
⟨

1

Je
Be v̂,

1

|ℓk,e|
JeB

−T
e n̂k

⟩
=

1

|ℓk,e|
⟨v̂, n̂k⟩. (3.63)

Moreover, a standard change of variables yields:

(div v, ϕ)e = (d̂iv v, ϕ̂Je)ê,
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which, together with (3.62a), leads to:

div v =
1

Je
d̂iv v̂. (3.64)

Since Je is an affine function of x̂ and ŷ (see (3.59)), then div v does not belong
to Q0,0(e), for any v = PFe v̂ ∈ H(div; e). Therefore, the property div V h ⊂Wh

does not hold for general quadrilateral elements6, although this was the case for

rectangular elements (actually, d̂iv V̂ ≡ Ŵ , see Arnold et al. (2005)).
Given the finite element spaces V h and Wh, the MFE approximation to

(3.55) reads: Find (uh, ψh) : [0, T ] → V h ×Wh such that

(ψht , ϕ
h) + (divuh, ϕh) = (g(ψh), ϕh) + (f, ϕh), ∀ϕh ∈Wh, (3.65a)

ah(u
h, vh) = (ψh, div vh), ∀ vh ∈ V h, (3.65b)

(ψh(0), ϕh) = (ψh0 , ϕ
h), ∀ϕh ∈Wh, (3.65c)

where g(ψh) is a piecewise constant function such that g(ψh)|e = g(ψh(ce)),
being ce the center of the element e ∈ T h, and ψh0 denotes the elliptic mixed
finite element projection of ψ0 (to be defined below). Finally, ah(·, ·) is a discrete
bilinear form corresponding to the application of a numerical quadrature rule
for computing a(·, ·). Note that the initial condition ψh(0) determines uh(0) by
(3.65b).

3.4.5. Relating MFD and MFE methods. Now, we are in condition to intro-
duce the basic tool for the error analysis of the mimetic method described in the
previous section. Based on the definition of both the finite difference and finite
element spaces, it is possible to establish an isometry between H †

s and Wh and
an isomorphism between H †

v and V h, i.e.:

IH †
s
: H †

s →Wh and IH †
v
: H †

v → V h, (3.66)

respectively (cf. Berndt et al. (2001, 2005a)). In particular, we say that H †
s

is isometric to Wh in the sense that, for any ψh ∈ Wh, there exists a unique
Ψh = (Ψh1 ,Ψ

h
2 , . . . ,Ψ

h
Ne

)T ∈ H †
s such that ψh =

∑Ne

i=1 Ψ
h
i ω

h
i . Here, Ne denotes

the number of mesh elements and {ωhi }
Ne
i=1 is a basis of Wh satisfying ωhi (cj) =

δij , for j = 1, 2, . . . , Ne. Note that the semidiscrete MFD scalar variable Ψhi is
the value of the MFE scalar function at the center of the corresponding element,
ψh(ci). On the other hand, H †

v is isomorphic to V h in the sense that, for
any uh ∈ V h, there exists a unique Uh = (Uh1 , U

h
2 , . . . , U

h
Nℓ

)T ∈ H †
v such that

uh =
∑Nℓ

i=1 U
h
i v

h
i . Here, Nℓ denotes the number of mesh edges and {vhi }

Nℓ
i=1 is a

basis of V h satisfying ⟨vhi , nj⟩ = δij , for j = 1, 2, . . . , Nℓ (where nj represents the

6It is possible to introduce a modification of the Raviart–Thomas spaces for which the diver-
gence of a discrete flux vector remains piecewise constant even when considering quadrilateral
elements (see Shen (1994); Boffi and Gastaldi (2009)).



§3.4 the mixed finite element method 67

unit vector normal to the edge ℓj). In this case, the semidiscrete MFD vector
component Uhi corresponds to the MFE normal flux component ⟨uh, ni⟩.

The next step is to reformulate the MFD scheme in a way that can be
connected with the variational mixed formulation (3.65). Multiplying (3.41a),
(3.41c) by CΦh and (3.41b) by S V h, using (3.27) and (3.30), and omitting the
time dependence, we get: Find (Uh,Ψh) : [0, T ] → H †,0

v × H †
s such that

(T Ψh,Φh)H †
s
+ (D̃Uh,Φh)H †

s
= (F (Ψh),Φh)H †

s
, ∀Φh ∈ H †

s , (3.67a)

(Uh, V h)H †
v
= (Ψh, D̃V h)H †

s
, ∀V h ∈ H †,0

v , (3.67b)

(Ψh(0),Φh)H †
s
= (Ψh0 ,Φ

h)H †
s
, ∀Φh ∈ H †

s , (3.67c)

where we introduce H †,0
v ⊂ H †

v as the subspace of vector functions with zero
normal components on the boundary7. With an abuse of notation, T , F (Ψh)
and Ψh0 are defined in the strict interior of Ω.

Remark 3.1 In (3.67), the homogeneous Neumann boundary condition is di-
rectly involved in the definition of the vector space H †,0

v , thus representing an
essential boundary condition. Further, the values of Ψh on the boundary do not
participate in the formulation and, therefore, the vector space Hs is replaced
by H †

s . These two considerations permit to define the isometry IH †
s

and the

isomorphism IH †
v

introduced in (3.66). In turn, (3.67) provides an alternative

approach to the semidiscrete scheme (3.41). Recall that this latter form makes
use of the extended divergence operator, thus treating the Neumann condition
as a natural boundary condition. In this case, we need to consider the extended
vector space Hs, equipped with the discrete inner product (·, ·)Hs involving the
corresponding boundary terms. These two formulations are known as the flux
form approach and the modified inner product approach, respectively (cf. Hyman
and Shashkov (1998)).

Let us now consider a term-by-term comparison between the MFE equations
(3.65) and the MFD equations (3.67). Using the definition for the inner product
(·, ·)H †

s
, it is straightforward to prove:

(ψht , ϕ
h) = (T Ψh,Φh)H †

s
, (f, ϕh) = (Fh,Φh)H †

s
,

(g(ψh), ϕh) = (Gh(Ψh),Φh)H †
s
, (ψh0 , ϕ

h) = (Ψh0 ,Φ
h)H †

s
,

under the mappings (3.66) and the element-wise formulae (3.53) for T Ψh, Fh,
Gh(Ψh) and Ψh0 . In addition, the next lemma proves the equivalence relation-

ship (ψh, div vh) = (Ψh, D̃V h)H †
s
. Note that this expression shares the same

structure as (divuh, ϕh) = (D̃Uh,Φh)H †
s
, for which the result of the lemma is

also valid.

7This vector space is introduced at this point in order to establish a connection with the
MFE space V h ⊂ H0(div; Ω).
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Lemma 3.1 Under the isometry IH †
s
: H †

s →Wh and the isomorphism IH †
v
:

H †
v → V h, the relationship:

(ψh, div vh) = (Ψh, D̃V h)H †
s
, (3.68)

is satisfied, for (vh, ψh) ∈ V h ×Wh and (V h,Ψh) ∈ H †
v × H †

s .

Proof . The left-hand side of (3.68) can be rewritten as:

(ψh, div vh) =
∑
e∈T h

(ψh, div vh)e. (3.69)

Using (3.62a), each local inner product satisfies (ψh,div vh)e = (ψ̂h, d̂iv v̂h)ê,

where ψ̂h = ψh|e ◦ Fe ∈ Ŵ and v̂h = P−1
Fe
vh|e ∈ V̂ . Since both ψ̂h and d̂iv v̂h

are constant functions, then (ψ̂h, d̂iv v̂h)ê = ψ̂hd̂iv v̂h, provided that |ê| = 1.

Recalling that the reference space V̂ = Q1,0(ê) × Q0,1(ê), any element v̂h ∈ V̂
has the form:

v̂h =

(
α1 + β1 x̂
α2 + β2 ŷ

)
,

where αi, βi ∈ R, for i = 1, 2. The basis functions for V̂ are given by:

χ̂
1
=

(
0

1− ŷ

)
, χ̂

2
=

(
x̂
0

)
,

χ̂
3
=

(
0
ŷ

)
, χ̂

4
=

(
1− x̂
0

)
.

(3.70)

They are defined on the reference element ê in order to satisfy ⟨χ̂
k
, n̂l⟩ = δkl,

for k, l = 1, 2, 3, 4. Thus, v̂h is uniquely determined from a linear combination
of the previous basis functions, i.e.:

v̂h =

4∑
k=1

v̂hk χ̂k,

where v̂hk = ⟨v̂h, n̂k⟩, for k = 1, 2, 3, 4. Simple algebra yields the value of the
coefficients α1 = v̂h4 , α2 = v̂h1 , β1 = v̂h2 − v̂h4 and β2 = v̂h3 − v̂h1 . Hence:

d̂iv v̂h = β1 + β2 = v̂h2 − v̂h4 + v̂h3 − v̂h1 .

If we now consider the element e ∈ T h and denote vhk,e = ⟨vh, nk,e⟩, for k =

1, 2, 3, 4, then each v̂hk = vhk,e |ℓk,e| due to (3.63). In sum, the inner product

(ψh,div vh) from (3.69) is given by:

(ψh, div vh) =
∑
e∈T h

ψh|e (vh2,e|ℓ2,e| − vh4,e|ℓ4,e|+ vh3,e|ℓ3,e| − vh1,e|ℓ1,e|). (3.71)
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Let us next expand the right-hand side of (3.68) by using the definition of
the inner product in H †

s :

(Ψh, D̃V h)H †
s
=
∑
e∈T h

Ψhe (D̃V
h)e |e|. (3.72)

On any element e, recall that Ψhe is located at the element center and (D̃V h)e is
given by (3.47). Inserting these expressions into (3.72) and taking into account
that ψh = IH †

s
(Ψh) and vh = IH †

v
(V h), we recover (3.71) and complete the

proof. �

Finally, in order to establish the equivalence between both formulations, we
must identify the discrete bilinear form ah(·, ·) with the inner product in H †

v

(3.50), i.e.:

ah(u
h, vh) ≡ (Uh, V h)H †

v
.

More precisely, ah(u
h, vh) can be viewed as a global quadrature rule given by:

ah(u
h, vh) ≡ (K−1uh, vh)h =

∑
e∈T h

(K−1uh, vh)h,e, (3.73)

for uh, vh ∈ V h. Thus, each local quadrature rule must be defined on an element
e by the expression (K−1uh, vh)h,e = (Uh, V h)H †

v ,e
. Recalling (3.51), this fact

implies8:

(K−1uh, vh)h,e =
1

2

4∑
k=1

|Tk,e| ⟨K−1
e uh(rk,e), v

h(rk,e)⟩. (3.74)

The corner vector uh(rk,e) is uniquely determined by its normal components to
the edges that share vertex rk,e. More precisely:

uh(rk,e) = ⟨uh, nk−1,e⟩nk−1,e + ⟨uh, nk,e⟩nk,e, (3.75)

where n0,e = n4,e. The values ⟨uh, nk−1,e⟩ and ⟨uh, nk,e⟩ are the degrees of

freedom associated to vertex rk,e, for k = 1, 2, 3, 4 and e ∈ T h. Note that (3.75)
is the finite element counterpart of expression (3.52). The following proposition
shows that the quadrature rule (3.73) produces a continuous and coercive bilinear
form.

8Similar quadrature rules –with K−1
e replaced by K−1(rk,e) in (3.74)– have been recently

used for the construction of various mixed methods, such as the multipoint flux mixed finite
element method (cf. Wheeler and Yotov (2006a,b)) or the mortar mimetic finite difference
method (cf. Berndt et al. (2005b)). In Chapter 4, we shall use a quadrature rule of this kind
on rectangular elements.
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Proposition 3.1 Let K−1 ∈ (W 2,∞(Ω))2×2. Then, there exist positive con-
stants α0 and β0, independent of h, such that the discrete bilinear form ah(·, ·)
satisfies:

|ah(uh, vh)| 6 α0 ∥uh∥div ∥vh∥div, ∀uh, vh ∈ V h, (3.76a)

ah(u
h, uh) > β0 ∥uh∥2, ∀uh ∈ V h. (3.76b)

Proof . The continuity bound (3.76a) is a consequence of Lemma 6.1 from Berndt
et al. (2005b), which provides the following result:

|(K−1uh, vh)e − (K−1uh, vh)h,e| 6 Ch2e ∥uh∥1; e ∥vh∥1; e,

for any uh, vh ∈ V h and e ∈ T h. The inverse inequality9 for quadrilaterals on
the associated seminorm |uh|1; e reads:

|uh|1; e 6 Ch−1
e ∥uh∥e.

Using this expression, we obtain:

|(K−1uh, vh)e − (K−1uh, vh)h,e| 6 C ∥uh∥div; e ∥vh∥div; e

and rearranging terms yields:

|(K−1uh, vh)h,e| 6 |(K−1uh, vh)e|+ C ∥uh∥div; e ∥vh∥div; e,
6 C ∥uh∥div; e ∥vh∥div; e,

where the bilinear form (K−1uh, vh)e is assumed to be continuous. Finally,
(3.76a) results from the summation over all of the elements e ∈ T h.

To prove the coerciveness of ah(·, ·), let {χ̂k}
4
k=1 be a basis for the reference

space V̂ given by (3.70). As mentioned above, it is defined on the reference
element ê in order to satisfy ⟨χ̂

k
, n̂l⟩ = δkl, for k, l = 1, 2, 3, 4. Using the Piola

transform, we can obtain a basis for the space PFe V̂ as follows:

χ
k,e

= PFe χ̂k =
1

Je
Be χ̂k, for k = 1, 2, 3, 4.

From (3.63), it is easy to deduce that each basis function χ
k,e

is defined on

a general quadrilateral e in such a way that ⟨χ
k,e
, nl,e⟩ = δkl/|ℓk,e|, for k, l =

1, 2, 3, 4. Therefore, the restriction of any uh ∈ V h to the element e may be
expressed as a linear combination of {χ

k,e
}4k=1 in the following way:

uh|e =
4∑
k=1

uhk,e χk,e, (3.77)

9This property can be established by standard scaling arguments (cf. Berndt et al. (2005b)).
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where uhk,e = ⟨uh, nk,e⟩, for k = 1, 2, 3, 4. Then, recalling that the discrete

bilinear form ah(·, ·) ≡ (K−1 ·, ·)h is defined element-wise by (3.73), we shall
state:

(K−1uh, uh)h,e > C
1

κ∗

4∑
k=1

⟨uh(rk,e), uh(rk,e)⟩ > C
1

κ∗

4∑
k=1

(uhk,e)
2, (3.78)

where we have used (3.2), (3.74) and (3.77). On the other hand, it is true that:

∥uh∥2e =

(
4∑
k=1

uhk,e χk,e,
4∑
l=1

uhl,e χl,e

)
e

6 C
4∑
k=1

(uhk,e)
2. (3.79)

A combination of the bounds (3.78) and (3.79) implies (3.76b) and completes
the proof. �

We end this subsection by noting the following result.

Corollary 3.1 The discrete bilinear form ah(·, ·) is an inner product in V h that
induces the norm (ah(·, ·))1/2.

Proof . Since ah(u
h, vh) is bilinear and symmetric for any uh, vh ∈ V h, Proposi-

tion 3.1 entails that it is indeed an inner product. Such an inner product gives

rise to a norm in V h, namely (ah(·, ·))1/2 ≡ (K−1 ·, ·)1/2h . �

3.5. Convergence analysis of the semidiscrete scheme

In this section, we establish the second-order convergence of the scalar vari-
able. To this end, we first introduce several auxiliary results that will be subse-
quently used in the analysis.

3.5.1. The L2(Ω) and Raviart–Thomas projections. Let us first introduce
several projection operators that will be used in the convergence analysis. We
denote by P̂ : L2(ê) → Ŵ the standard L2(ê)-projection operator onto the

reference space Ŵ . For any ϕ̂ ∈ L2(ê), the orthogonality property:

(P̂ϕ̂− ϕ̂, φ̂)ê = 0, ∀ φ̂ ∈ Ŵ (3.80)

is satisfied. If We represents the space of shape functions on e ∈ T h, i.e.,
We = {ϕ̂ ◦ F−1

e : ϕ̂ ∈ Ŵ}, then it is possible to define Pe : L2(e) → We

such that Peϕ = (P̂ϕ̂) ◦ F−1
e with ϕ̂ = ϕ ◦ Fe. Hence, the global projection

operator Ph : L2(Ω) → Wh is given by (Phϕ)|e = Pe(ϕ|e). In this case, for any
ϕ ∈ W 1,p(e) with 1 6 p 6 ∞, the following approximation property holds (cf.
Arnold et al. (2002)):

∥Peϕ− ϕ∥Lp(e) 6 Che ∥ϕ∥W 1,p(e). (3.81)
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On the other hand, let Π̂ be the so-called Raviart–Thomas projection opera-
tor onto the reference space V̂ , i.e., Π̂ : (H1(ê))2 → V̂ (cf. Raviart and Thomas

(1977)). For v̂ ∈ (H1(ê))2, Π̂ is obtained from the following relationship:∫
ℓ̂k

⟨Π̂ v̂, n̂k⟩ dŝ =
∫
ℓ̂k

⟨v̂, n̂k⟩ dŝ,

where ℓ̂k ⊂ ∂ê, for k = 1, 2, 3, 4. Then, we define the corresponding projection
Πe : (H

1(e))2 → PFe V̂ for an arbitrary element e ∈ T h via the Piola transform,

i.e., Πe = PFe ◦ Π̂ ◦ P−1
Fe

. This property can be expressed by the following
commuting diagram:

(H1(ê))2 -Π̂
V̂

(H1(e))2 PFe V̂

? ?
-

Πe

PFe PFe

Finally, the global projection operator Πh : (H1(Ω))2 → V h is constructed piece-
wise as (Πhv)|e = Πe(v|e). Following Wang and Mathew (1994), the operator
Πh satisfies, for any v ∈ (H1(Ω))2, the following orthogonality property:

(div(Πhv − v), φh) = 0, ∀φh ∈Wh, (3.82)

together with the bound:

∥Πhv∥div 6 C ∥v∥1. (3.83)

3.5.2. The elliptic MFE projection. In this subsection, we extend the ideas
introduced by Wheeler (1973) in the context of standard Galerkin approxima-
tions to nonlinear parabolic problems. This work defined a so-called elliptic
projection operator10 in order to obtain a priori error estimates in the L2-norm.
In an MFE setting, such an operator has been subsequently used for analyz-
ing mixed formulations of linear parabolic problems (cf. Johnson and Thomée
(1981); Ewing and Lazarov (1993)). This technique avoids the use of a duality
argument involving the adjoint problem (i.e., a retrograde equation from T to 0),
thus simplifying the error analysis of the mixed scheme (see Chen et al. (1998)
for a detailed description of duality techniques).

In particular, we define an elliptic MFE projection for the semilinear parabo-
lic problem (3.55) in the following way: Find (Rhu,Shψ) : [0, T ] → V h ×Wh

10The elliptic projection is sometimes referred to as Ritz projection (see, e.g., Thomée
(1997)).
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such that

(divRhu, ϕ
h) = (λ, ϕh), ∀ϕh ∈Wh, (3.84a)

ah(Rhu, v
h) = (Shψ, div vh), ∀ vh ∈ V h, (3.84b)

(Shψ(0), ϕh) = (ψh0 , ϕ
h), ∀ϕh ∈Wh, (3.84c)

where λ ≡ λ(x, t) = g(ψ(x, t), t) + f(x, t) − ψt(x, t), for t ∈ (0, T ]. Note that
the pair (Rhu,Shψ) is precisely the solution of the MFE approximation to a
continuous elliptic problem whose exact solution is (u, ψ). Subtracting (3.84)
from (3.55) and taking v = vh and ϕ = ϕh, we get the error equations:

(div(u−Rhu), ϕ
h) = 0, ∀ϕh ∈Wh,

a(u, vh)− ah(Rhu, v
h) = (ψ − Shψ, div vh), ∀ vh ∈ V h,

(ψ(0)− Shψ(0), ϕh) = (ψ0 − ψh0 , ϕ
h), ∀ϕh ∈Wh.

If we further define the quadrature error εh(·, ·) ≡ a(·, ·)− ah(·, ·) and make use
of the orthogonality properties (3.80) and (3.82), we have:

(div(Πhu−Rhu), ϕ
h) = 0, ∀ϕh ∈Wh, (3.85a)

a(u−Rhu, v
h) + εh(Rhu, v

h) = (Phψ − Shψ, div vh), ∀ vh ∈ V h, (3.85b)

(ψ(0)− Shψ(0), ϕh) = (ψ0 − ψh0 , ϕ
h), ∀ϕh ∈Wh. (3.85c)

To obtain the right-hand side of equation (3.85b), we have used the relationship:

(ψ −Phψ, div vh) = 0. (3.86)

This expression can be deduced by applying (3.62a) element-wise, i.e.:

(ψ −Peψ, div vh)e = (ψ̂ − P̂ψ̂, d̂iv v̂h)ê, (3.87)

where ψ̂ = ψ|e ◦ Fe and v̂h = P−1
Fe
vh|e. Since d̂iv v̂h ∈ Ŵ , the right-hand side of

(3.87) vanishes due to (3.80), thus implying the global result (3.86).
Note that the error equations (3.85) are the same as those derived in Berndt

et al. (2001, 2005b) when analyzing a linear elliptic problem. Although the
error estimates obtained in the former work are O(h) for both the scalar and
flux variables, an O(h2) superconvergence of the scalar variable is shown in the
latter. Next lemma quotes such a result.

Lemma 3.2 Let T h be a shape regular and quasi-uniform quadrilateral partition
of Ω and let Shψ(t) denote the elliptic MFE projection of ψ(x, t) given by (3.84).
If we consider K ∈ (W 1,∞(Ω))2×2 and K−1 ∈ (W 2,∞(Ω))2×2, then there exists
a positive constant C, independent of h, such that:

∥Phψ(t)− Shψ(t)∥ 6 Ch2(∥ψ∥2 + ∥u∥2), ∀ t ∈ [0, T ]. (3.88)
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Proof . The proof is based on a duality argument and can be found in Berndt
et al. (2005b), Theorem 6.1. �

To conclude this subsection, we report on some comments concerning the
stability of the elliptic MFE projection. Let us first introduce the following
subspace of V h:

Zh = {uh ∈ V h : (div uh, ϕh) = 0, ∀ϕh ∈Wh}. (3.89)

Then, (3.84) is said to be stable under the following conditions: the discrete
bilinear form ah(·, ·) is continuous and coercive on Zh, and the MFE spaces
V h and Wh further satisfy the so-called discrete inf–sup condition or Babuška–
Brezzi condition (see Babuška (1973); Brezzi (1974)). More precisely, there exists
a constant β∗ > 0, independent of h, such that:

sup
uh∈V h\{0}

(div uh, ϕh)

∥uh∥div
> β∗ ∥ϕh∥, ∀ϕh ∈Wh. (3.90)

The continuity of ah(·, ·) is provided by (3.76a). In turn, its coerciveness on Zh

can be easily deduced from (3.76b) and the fact that Zh just contains divergence-
free vector-valued functions in V h. In other words, for any uh ∈ Zh, it holds
that div uh = 0 (cf. Wang and Mathew (1994), Lemma 4.4). Thus:

ah(u
h, uh) > β0 ∥uh∥2div, ∀uh ∈ Zh. (3.91)

Finally, based on Fortin’s lemma (cf. Fortin (1977)), the existence of a projection
operator Πh satisfying (3.82) and (3.83) determines the discrete inf–sup condition
(3.90). Therefore, the pair (V h,Wh) is said to be stable, thus yielding the
stability of the elliptic MFE projection introduced above (see, e.g., Brezzi and
Fortin (1991); Arnold et al. (2005)).

Remark 3.2 According to Shen (1996), the domain of the Raviart–Thomas
global projection operator Πh can be extended from (H1(Ω))2 to H(div; Ω). In
such a case, the discrete inf–sup condition (3.90) holds under the assumption:

∥Πhv∥div 6 C ∥v∥div,

for any v ∈ H(div; Ω); this bound thus replaces (3.83).

3.5.3. Convergence of the MFD method. The next step in the analysis is
focused on the estimation of the distance between the elliptic projection Shψ(t)
and the MFE solution ψh(t). In fact, such an estimate, together with the bound
from Lemma 3.2, proves the second-order convergence of the scalar variable.
Recalling the existence of an isometry IH †

s
, this result provides an error esti-

mate for the semidiscrete MFD scheme (3.41). Next theorem states the main
contribution of this section.
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Theorem 3.1 Let T h be a shape regular and quasi-uniform quadrilateral par-
tition of Ω and let ψh(t) denote the MFE approximation to Phψ(t) given by
(3.65). If K ∈ (W 1,∞(Ω))2×2 and K−1 ∈ (W 2,∞(Ω))2×2, then there exists a
positive constant C, independent of h, such that:

∥Phψ(t)− ψh(t)∥ 6 Ch2, ∀ t ∈ [0, T ]. (3.92)

Proof . Let us split the error term into two parts by means of the triangle in-
equality:

∥Phψ − ψh∥ 6 ∥Phψ − Shψ∥+ ∥Shψ − ψh∥. (3.93)

Moreover, let us shorten the notations by setting ξh = Shψ−ψh, γh = Phψ−Shψ
and ζh = Rhu−uh. Then, subtracting (3.65) from (3.55) and taking into account
(3.85), we get:

(ξht + γht , ϕ
h) + (div ζh, ϕh) = (g(ψ)− g(ψh), ϕh), ∀ϕh ∈Wh, (3.94a)

ah(ζ
h, vh) = (ξh, div vh), ∀ vh ∈ V h, (3.94b)

(ξh(0), ϕh) = 0, ∀ϕh ∈Wh. (3.94c)

In this derivation, we use the easily established fact that the projection operators
Ph and Sh commute with time differentiation. Since the pair (ζh, ξh) belongs to

V h ×Wh, we may choose vh = ζh and ϕh = ξh. Then, by adding (3.94a) and
(3.94b), we obtain:

(ξht , ξ
h) + ah(ζ

h, ζh) = −(γht , ξ
h) + (g(ψ)− g(ψh), ξh).

Now, we may give a lower bound for the terms on the left-hand side and an
upper bound for those on the right-hand side. Recalling (3.76b), we can apply
the Cauchy–Schwarz inequality in order to get:

1

2

d

dt
∥ξh∥2 + β0 ∥ζh∥2 6 1

2
(∥γht ∥2 + ∥ξh∥2) + (g(ψ)− g(ψh), ξh), (3.95)

where we use Young’s inequality in the form:

ab 6 1

2

(
ϵ a2 +

1

ϵ
b2
)
, ∀ a, b > 0, (3.96)

with ϵ = 1. The last term in (3.95) may be expressed as:

(g(ψ)− g(ψh), ξh) = (g(ψ)− g(Phψ), ξh) + (g(Phψ)− g(ψh), ξh).

Let B1 ≡ (g(ψ)−g(Phψ), ξh) and B2 ≡ (g(Phψ)−g(ψh), ξh). By assuming that
g(ψ) is a globally Lipschitz continuous function with Lipschitz constant L, |B2|
can be bounded as follows:

|B2| 6
L

2
∥γh∥2 + 3L

2
∥ξh∥2. (3.97)
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On the other hand, if we express B1 =
∑
e∈T h B1,e, then each B1,e may be

expanded as:

B1,e = (gψ(ψ)(ψ − Peψ), ξh)e −
(
g∗ψψ
2

(ψ − Peψ)2, ξh
)
e

,

where g∗ψψ is the evaluation of gψψ(ψ) at the point ψ(x∗, t∗) that fulfills the
condition |ψ(x, t)| 6 |ψ(x∗, t∗)| 6 |Peψ(x, t)|. Let us denote θ = ψ − Peψ and
consider the following result (cf. Chen et al. (2003), Lemma 3.3):

|(gψ(ψ)θ, ξh)e − (ḡψθ, ξ
h)e| 6 CK0he∥θ∥e∥ξh∥e,

where ḡψ denotes the average value of gψ(ψ) on the element e ∈ T h and
∥grad gψ∥L∞(e) 6 K0. Now, by using (3.81) and (3.96), we get:

|B1,e| 6 CK0he∥θ∥e∥ξh∥e + C∥θ∥2L4(e)∥ξ
h∥e

6 C(h4e + ∥ξh∥2e). (3.98)

Summing up (3.98) over all the elements in T h, we get:

|B1| 6 C(h4 + ∥ξh∥2), (3.99)

where h = maxe∈T h he and:

∥ξh∥2 =
∑
e∈T h

∫
e

|ξh|2dx =
∑
e∈T h

∥ξh∥2e.

An alternative way of bounding the last term in (3.95) is based on the milder
assumption |gψ(ψ)| 6 C(1 + |ψ|p), with arbitrary p, and makes use of Hölder’s
inequality (see Thomée (1997) for details). Finally, inserting the bounds (3.97)
and (3.99) into (3.95), if we integrate the resulting expression with respect to t
and apply Gronwall’s lemma, we obtain:

∥ξh(τ)∥2 + β0 ∥ζh∥2L2((0,τ);L2(Ω))

6 C
(
h4 + ∥γh∥2L2((0,τ);L2(Ω)) + ∥γht ∥2L2((0,τ);L2(Ω))

)
,

(3.100)
for τ ∈ (0, T ], where ξh(0) = 0 with a proper choice of the initial condition,
namely ψh0 = Shψ0. The term in γh is bounded by (3.88). In order to obtain
an error estimate for the term in γht , we differentiate (3.85) with respect to t,
considering ϕh and vh to be independent of time. Using an argument along the
lines of Lemma 3.2, the resulting error bound for ∥γht ∥ = ∥Phψt − Shψt∥ is also
O(h2), thus leading to:

∥ξh(τ)∥ = ∥Shψ(τ)− ψh(τ)∥ 6 Ch2, ∀ τ ∈ [0, T ].

This bound, together with (3.88) and (3.93), implies (3.92) and completes the
proof. �
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3.6. Time integration: a linearly implicit FSRKm+1 method

Before describing the time integration method, we shall introduce the frame-
work and basic notations to be used henceforth. More precisely, we initially
reformulate the semidiscrete scheme (3.38) for the case in which the computa-
tional domain is a rectangular grid and the tensor coefficient is chosen to be
K(x) = ν(x) I, where ν(x) > 0 for all x ∈ Ω. In such a case, the discrete oper-
ator A is locally defined by a five-cell stencil, as expressed in (3.46). This fact
highly facilitates the use of splitting techniques in combination with fractional
step time integrators. Moreover, as we shall see below, it simplifies the conver-
gence analysis of the totally discrete scheme. Anyway, the general case (involving
full tensors and/or non-orthogonal grids) is briefly described in Section 3.8 and
numerically tested at the end of the chapter.

The stiff nonlinear initial value problem to solve is thus: Find Ψh : [0, T ] →
Hs such that

Ψht (t) +AhΨh(t) = Gh(Ψh, t) + Fh(t), t ∈ (0, T ], (3.101a)

Ψh(0) = Ψh0 , (3.101b)

where the discrete operatorAh ≡ A is given by (3.46) and the remaining semidis-
crete functions are defined component-wise in (3.39). Here and henceforth, we
denote the discrete diffusion A by Ah for the sake of consistency in notations
with other semidiscrete terms.

3.6.1. Domain decomposition operator splitting. This subsection describes
the domain decomposition method and corresponding splitting technique which
are used to solve the semidiscrete problem (4.53). Following the ideas of Subsec-
tion 2.4.1, Ω is initially partitioned into a number m of overlapping subdomains
{Ωk}mk=1. Under such a decomposition, we subsequently introduce a family of
m smooth functions {ρk(x)}mk=1 conforming a partition of unity. Finally, by
means of this partition, both Ah and Fh(t) are decomposed into m split terms
to further apply a fractional step time integration method.

Let us first consider an overlapping decomposition of Ω into m subdomains
{Ωk}mk=1, in such a way that Ω ≡

∪m
k=1 Ωk. Each Ωk ⊂ Ω constitutes an open

disconnected set involving mk connected components. Hence, as stated in for-
mula (2.36), Ωk ≡

∪mk

l=1 Ωkl, for k = 1, 2, . . . ,m. Such components are chosen to
be pairwise disjoint, thus satisfying Ωki∩Ωkj = ∅, for i ̸= j. As in the preceding
chapter, this overlapping decomposition is constructed by first defining a set of
non-overlapping subdomains {Ω∗

k}mk=1 and then extending this set in a suitable
pattern (cf. Subsection 2.4.1 for details).

The next step is to introduce a smooth partition of unity consisting ofm non-
negative and C∞(Ω) functions {ρk(x)}mk=1. Each such a function ρk : Ω̄ → [0, 1]
is piecewise defined by (2.37), in such a way that the global family fulfills the
conditions (2.38).

Based on this partition, we finally introduce a splitting for the discrete diffu-
sion operator, namely Ah =

∑m
k=1A

h
k . In this case, the resulting suboperators
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Ahk are designed to preserve the self-adjointness of Ah, conversely to what hap-
pened in the previous chapter. More precisely, each split term Ahk is obtained at
the (i+ 1/2, j + 1/2)-cell as follows:

(AhkΨ
h)i+1/2,j+1/2 =

ρk(xi+1/2,j+1/2) ν̄
X
i+1/2,j+1/2 (δ

XΨh)i,j+1/2

hX

−
ρk(xi+3/2,j+1/2) ν̄

X
i+3/2,j+1/2 (δ

XΨh)i+1,j+1/2

hX

+
ρk(xi+1/2,j+1/2) ν̄

Y
i+1/2,j+1/2 (δ

YΨh)i+1/2,j

hY

−
ρk(xi+1/2,j+3/2) ν̄

Y
i+1/2,j+3/2 (δ

YΨh)i+1/2,j+1

hY
.

(3.102)

This expression is a modification of formula (3.46) to include the partition of
unity functions. Note that the usual idea of considering Ahk as the discretization
of −div(Kk(x) grad · ), where Kk(x) = ρk(x)K(x) = ρk(x) ν(x) I, cannot be
used here. The reason is very simple: if we represent the diagonal element of
Kk(x) by νk(x) = ρk(x) ν(x), then its harmonic averages (ν̄Xk )i+1/2,j+1/2 and
(ν̄Yk )i+1/2,j+1/2, as obtained from formula (3.45), are not well defined at the cell
centers lying outside Ω̄k (since ρk(x) = 0 if x ∈ Ω̄ \ Ω̄k, cf. (2.37)). Formula
(3.102) provides an alternative for dealing with such terms.

Likewise, the source/sink term is partitioned as Fh(t) =
∑m
k=1 F

h
k (t). Re-

calling the expression for Fh(t) given in (3.39), we set:

(Fhk (t))i+1/2,j+1/2 =
ρk(xi+1/2,j+1/2)

|Ωi+1/2,j+1/2|

∫
Ωi+1/2,j+1/2

f(x, t) dx. (3.103)

Note the difference between this expression and the splitting formula (2.41)
proposed in the previous chapter.

By construction, the components {Ahk}mk=1 are block-tridiagonal, symmetric
and non-negative definite, thus preserving the main features of operator Ah.
Nonetheless, they do not commute pairwise. This fact, already mentioned in
Subsection 2.4.1, demands the use of a fractional step time integrator whose
stability is not affected by the lack of commutativity of the split terms. The
next subsection introduces a new family of linearly implicit FSRKm+1 methods
which shows unconditional stability even in the non-commuting case.

3.6.2. The linearly implicit FSRKm+1 method. The operator splitting de-
scribed above can be naturally combined with an FSRKm+1 time integration
method which allows for multiterm partitioning. According to Subsection 2.4.2,
we further require the scheme to be linearly implicit in order to avoid the solution
of large systems of nonlinear equations.
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More precisely, let us introduce a family of linearly implicit FSRKm+1 meth-
ods to integrate in time the system of ODEs (4.53). Such methods were first
proposed by Portero and Jorge (2008) as a linearly implicit variant of the classical
two-cycle scheme (cf. Marchuk (1990)). In fact, they also achieve second-order
convergence, while reducing by two the number of internal stages, thus improving
the computational efficiency. This family of time integrators has been regarded
as a generalization of the Peaceman–Rachford alternating direction scheme (cf.
Peaceman and Rachford (1955); Portero and Jorge (2006)). When applied to
(4.53), they transform the nonlinear stiff problem into the following set of linear
systems:

For n = 0, 1, . . . , NT :

Ψhn,1 = Ψhn,

For k = 2, 3, . . . , 2m− 1 :

Ψhn, k = Ψhn, k−1 + τ
k∑

ℓ=k−1

αℓ (−AhiℓΨ
h
n,ℓ + Fhiℓ(tn,ℓ)) + τ Ghn,k ,

Ψhn+1 = Ψhn, 2m−1,

(3.104)

where Ψhn is an approximation to the solution of the semidiscrete scheme (4.53)
at t = tn. Furthermore, we have:

Ghn,k =


1
2 G

h(Ψhn,1, tn,1), for k = 2,

0, for k = 3, 4, . . . , 2m− 2,

Gh(Ψhn,m, tn,m)− 1
2 G

h(Ψhn,1, tn,1), for k = 2m− 1,

(3.105)
and the double indices are assumed to be:

ik =

{
k, for k = 1, 2, . . . ,m,

2m− k, for k = m+ 1,m+ 2, . . . , 2m− 1.
(3.106)

As usual, the constant time step is denoted by τ , NT ≡ [T/τ ] − 1 and the
intermediate times are given by:

tn,k =


tn, for k = 1,

tn + τ
2 , for k = 2, 3, . . . , 2m− 2,

tn+1, for k = 2m− 1,

(3.107)

where tn = nτ . Lastly, the coefficients associated to the internal stages are
chosen to be:

αk =

{
1
2 , for k ∈ {1,m, 2m− 1},
1
4 , for k ∈ {2, 3, . . . ,m− 1} ∪ {m+ 1,m+ 2, . . . , 2m− 2}.

(3.108)

As in Yanenko’s time integration formula (2.42), the nonlinear semidiscrete
function Gh(Ψh, t) contributes explicitly to the totally discrete scheme (3.104).
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Hence, the linear system to solve at the k-th internal stage is now given by:

(Ih + ταkA
h
ik
)Ψhn,k = Qhn,k, (3.109)

for k = 2, 3, . . . , 2m − 1 and ik ∈ {1, 2, . . . ,m}, where Ih denotes the identity
matrix and Qhn,k is the corresponding right-hand side from (3.104), namely:

Qhn,k = (Ih − ταk−1A
h
ik−1

)Ψhn,k−1 + τ (αk−1F
h
ik−1

(tn,k−1) + αkF
h
ik
(tn,k) + Ghn,k).

Let us denote Bik = ∂Ωik ∩ ∂Ω. Since we are dealing with Neumann-type
boundary conditions, system (3.109) must take into account both the internal
and boundary subdomain unknowns, i.e., those lying on either Ωik or Bik . Re-
calling that ρik(x) is involved in the construction of matrix Ahik through (3.102),
the solution to (3.109) can be computed at the cost of solving a single subdomain
problem in Ωik ∪ Bik , i.e.11:

(Ψhn,k)i+1/2,j+1/2 =


(Qhn,k)i+1/2,j+1/2, in Ω̄ \ (Ωik ∪ Bik),

For l = 1, 2, . . . ,mik :

(Ψhn,ikl)i+1/2,j+1/2, in Ωikl ∪ Bikl,

where each Ψhn,ikl is obtained as:

Ψhn,ikl = (Ihikl + ταkA
h
ikl

)−1RiklQ
h
n,k, (3.110)

being Ihikl = Rikl I
hRT

ikl
, Ahikl = RiklA

h
ik
RT
ikl

and Bikl = ∂Ωikl ∩ ∂Ω. As in
the preceding chapter, Rikl is chosen to be a restriction matrix, now defined
from Ω̄ to (Ωikl ∪ Bikl) (see Remark 2.4). Since Ωik involves mik disjoint con-
nected components, namely Ωikl, the linear system (3.109) is a collection of
mik uncoupled subsystems of the form (3.110), which can be solved in parallel.
To conclude, recall that the solution to such subsystems –unlike most classical
domain decomposition algorithms– does not require any iteration procedure12.

3.7. Convergence analysis of the totally discrete scheme

The error analysis of the totally discrete scheme (3.104) is based on a classical
combination of suitable consistency and stability properties of the time integra-
tor. These properties, together with the bound given in Theorem 3.1 for the
semidiscrete scheme, yield second-order convergence of the proposed method in
both space and time.

Throughout this section, we shall use the restriction operator to the cell
centers rh : Wh → H †

s . Such an operator may be seen as the inverse of the

11In this formulation, we use the convention introduced in (3.36) for extending the equations
to the boundaries of the domain.

12Note that the internal stages in (3.104) are solved sequentially and, therefore, artificial
boundary conditions need not be imposed on subdomains during the solution process.
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isometry IH †
s

defined in (3.66). Further, we shall denote by (·, ·)h the discrete

L2-inner product, being ∥ · ∥h = (·, ·)1/2h the induced discrete L2-norm. Note
that this inner product corresponds to the inner product13 in H †

s . Thus, we can
identify (·, ·)h ≡ (·, ·)H †

s
and ∥·∥h ≡ ∥·∥H †

s
. For functions inWh, the continuous

and discrete L2-norms can be related by means of the restriction operator rh as
follows:

∥rhϕh∥h = ∥ϕh∥, ∀ϕh ∈Wh. (3.111)

3.7.1. Consistency. Generally speaking, FSRKm methods belong to the wider
class of m-part additive Runge–Kutta (ARKm) methods, which were introduced
by Cooper and Sayfy (1980, 1983) and subsequently extended by many other
authors (cf. Jorge (1992); Araújo et al. (1997); Kennedy and Carpenter (2003)).
In particular, the linearly implicit FSRKm+1 scheme (3.104) admits the following
ARKm+1 formulation:

For n = 0, 1, . . . , NT :

Ψhn,1 = Ψhn,

For k = 2, 3, . . . , 2m− 1 :

Ψhn, k = Ψhn + τ
m∑
i=1

2m−1∑
ℓ=1

aikℓ (−Ahi Ψhn,ℓ + Fhi (tn,ℓ))

+ τ

2m−1∑
ℓ=1

am+1
kℓ Gh(Ψhn,ℓ, tn,ℓ),

Ψhn+1 = Ψhn + τ
m∑
i=1

2m−1∑
ℓ=1

biℓ (−Ahi Ψhn,ℓ + Fhi (tn,ℓ))

+ τ
2m−1∑
ℓ=1

bm+1
ℓ Gh(Ψhn,ℓ, tn,ℓ),

(3.112)

where tn,ℓ = tn + cℓτ and many of the coefficients aikℓ and biℓ are chosen to be
zero, for i = 1, 2, . . . ,m + 1. Since the method has 2m − 1 internal stages, we
can define the coefficient matrices Ai ≡ (aikℓ) ∈ R(2m−1)×(2m−1), together with
the vectors bi ≡ (biℓ) ∈ R2m−1 and c ≡ (cℓ) ∈ R2m−1, for i = 1, 2, . . . ,m + 1.
Typically, they can be organized in a Butcher tableau as:

c A1 A2 . . . Am Am+1

bT1 bT2 . . . bTm bTm+1

As we shall see, matrices A1,A2, . . . ,Am are lower triangular, whereas Am+1 is
strictly lower triangular. That is, the standard Runge–Kutta methods (c,Ai, bi)

13As shown in Hyman and Shashkov (1998), (·, ·)
H †

s
satisfies the axioms of inner products,

thus inducing the norm:

∥ · ∥
H †

s
= (·, ·)1/2

H †
s

.
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are diagonally implicit if i = 1, 2, . . . ,m (i.e., aikℓ = 0, for ℓ > k) and explicit if
i = m+ 1 (i.e., am+1

kℓ = 0, for ℓ > k). In particular, the coefficient matrices and
vectors of (3.104) are given by:

c = (0, 12 , . . . ,
1
2 , 1)

T ;

b1 = ( 12 , 0, . . . , 0,
1
2 )
T , b2 = (0, 12 , 0, . . . , 0,

1
2 , 0)

T , . . . ,

bm−1 = (0, . . . , 0︸ ︷︷ ︸
m−2

, 12 , 0,
1
2 , 0, . . . , 0︸ ︷︷ ︸

m−2

)T , bm = bm+1 = (0, . . . , 0︸ ︷︷ ︸
m−1

, 1, 0, . . . , 0︸ ︷︷ ︸
m−1

)T ;

A1 =



0
1
2 0

...
...

. . .
1
2 0 . . . 0
1
2 0 . . . 0 1

2

 ,

A2 =



0

0 1
4

0 1
2 0

...
...

...
. . .

0 1
2 0 . . . 0

0 1
2 0 . . . 0 1

4

0 1
2 0 . . . 0 1

2 0


, . . . ,

Am−1 =



0
...

. . .

0 . . . 0

0 . . . 0 1
4

0 . . . 0 1
2 0

0 . . . 0 1
2 0 1

4

0 . . . 0 1
2 0 1

2 0

...
...

...
...

...
...

. . .

0 . . . 0 1
2 0 1

2 0 . . . 0


,

︸ ︷︷ ︸
m−2

︸ ︷︷ ︸
m−2
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Am =



0

...
. . .

0 . . . 0

0 . . . 0 1
2

0 . . . 0 1 0

...
...

...
...

. . .

0 . . . 0 1 0 . . . 0


,

︸ ︷︷ ︸
m−1

︸ ︷︷ ︸
m−1

Am+1 =



0
1
2 0

...
...

. . .
1
2 0 . . . 0
1
2 0 . . . 0 0
1
2 0 . . . 0 0 0

...
...

...
...

...
. . .

1
2 0 . . . 0 0 0 . . . 0

0 0 . . . 0 1 0 . . . 0 0



.

︸ ︷︷ ︸
m−1

︸ ︷︷ ︸
m−1

Let us now introduce the local error at time tn+1 for a general one-step time
integrator as:

ehn+1 = Ψh(tn+1)− Ψ̂hn+1, for n = 0, 1, . . . , NT ,

where Ψ̂hn+1 denotes the numerical solution obtained after a single step of the
method, starting from the semidiscrete solution at tn (i.e., by assuming that
Ψhn = Ψh(tn)). Then, we shall say that the time integrator is consistent of order
p if, for sufficiently smooth semidiscrete functions Ψh(t), its local error is such
that:

∥ehn+1∥1,h 6 Cτp+1, for n = 0, 1, . . . , NT and ∀ τ ∈ (0, τ0],

where C is a positive constant, considered to be independent of h and τ . Here,
∥ · ∥1,h denotes the so-called graph norm, defined by:

∥Φh∥1,h = ∥Φh∥h + τ
2 ∥A

h
1Φ

h∥h, ∀Φh ∈ D(Ah1 ). (3.113)

This norm is usually considered when dealing with methods with a first explicit
stage, as is the case of scheme (3.104). Under these considerations, it is possible
to prove the following result.
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Theorem 3.2 The linearly implicit FSRKm+1 method (3.104) is second-order
consistent for any m > 2, thus satisfying:

∥ehn+1∥1,h 6 Cτ3, for n = 0, 1, . . . , NT and ∀ τ ∈ (0, τ0], (3.114)

where C is a positive constant, independent of h and τ .

Proof . A general study of order conditions for linearly implicit ARKm methods
is carried out in Bujanda and Jorge (2004, 2007) by generalizing the classical
Butcher’s tree theory. Taking into account these results, the first step to prove
(3.114) is to verify the following sufficient conditions:

Ai e = c, for some i ∈ {1, 2, . . . ,m+ 1},
bTi e = 1, ∀ i ∈ {1, 2, . . . ,m+ 1},
bTi Aj e =

1
2 , ∀ i, j ∈ {1, 2, . . . ,m+ 1},

(3.115)

where e = (1, 1, . . . , 1)T ∈ R2m−1. The proof of (3.115) for the linearly im-
plicit FSRKm+1 method (3.104) can be found in Portero and Jorge (2008) (cf.
Theorem 2.1). The second step to obtain the desired bound is to impose suit-
able smoothness conditions on problem (3.38). A detailed description of such
conditions is given in Bujanda and Jorge (2007) (cf. Theorem 2.1). In that
work, the linearly implicit time integrator is applied to a semilinear parabolic
problem expressed in operational form. A straightforward generalization to the
case in which the method acts on a spatial semidiscretization of such a parabolic
problem yields (3.114). �

Remark 3.3 As mentioned above in Remark 2.6, the constant C > 0 appearing
in bound (3.114) is not a function of h and τ , but depends on negative powers
of the overlapping size ξ. Hence, unlike what happens to dimensional splitting
(i.e., ADI) methods, the local error associated to domain decomposition splitting
schemes can deteriorate as ξ → 0+ (cf. Vabishchevich (1994); Mathew et al.
(1998); Samarskĭı et al. (2002)).

3.7.2. Stability. In order to study the stability of (3.104), let us consider a
solution Ψhn+1 of such a scheme and define Φhn+1 as the solution of the following
scheme:

Φh0 = Ψh0 + δh0 ,

For n = 0, 1, . . . , NT :

Φhn,1 = Φhn,

For k = 2, 3, . . . , 2m− 1 :

Φhn, k = Φhn, k−1 + τ
k∑

ℓ=k−1

dℓ (−AhiℓΦ
h
n,ℓ + Fhiℓ(tn,ℓ)) + τ Ĝhn, k + δhn,k ,

Φhn+1 = Φhn, 2m−1,
(3.116)
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where:

Ĝhn,k =


1
2 G

h(Φhn,1, tn,1), for k = 2,

0, for k = 3, 4, . . . , 2m− 2,

Gh(Φhn,m, tn,m)− 1
2 G

h(Φhn,1, tn,1), for k = 2m− 1.

Note that (3.116) is obtained by perturbing (3.104) with the perturbations δh0
and δhn,k, for k = 2, 3, . . . , 2m − 1. The difference between Φhn+1 and Ψhn+1 is
given by the recursion:

Φhn+1 −Ψhn+1 = Rh(Ih − τ
2A

h
1 )(Φ

h
n −Ψhn) +

2m−1∑
k=2

Shk δ
h
n,k

+ τ
2 R

h(Gh(Φhn, tn)−Gh(Ψhn, tn, ))

+ τ (Ih + τ
2A

h
1 )

−1(Gh(Φhn,m, tn,m)−Gh(Ψhn,m, tn,m))

+ τ
2 (I

h + τ
2A

h
1 )

−1(Gh(Ψhn, tn)−Gh(Φhn, tn)), (3.117)

where:

Rh ≡ (Ih + τ
2A

h
1 )

−1Th2m−2 T
h
2m−3 · · ·Th2 , (3.118a)

Shk ≡ (Ih + τ
2A

h
1 )

−1Th2m−2T
h
2m−3 · · ·Thk , for k = 2, 3, . . . , 2m− 2, (3.118b)

Sh2m−1 ≡ (Ih + τ
2A

h
1 )

−1, (3.118c)

Thℓ ≡ (Ih − τdℓA
h
iℓ
)(Ih + τdℓA

h
iℓ
)−1, for ℓ = 2, 3, . . . , 2m− 2. (3.118d)

Observe that Rh = Sh2 .

The stability of the proposed method will be guaranteed if the difference
(3.117) between the numerical and perturbed solutions is bounded in terms of
such perturbations. To obtain this bound, we first quote two auxiliary results
which can be derived from basic properties of linear algebra.

Lemma 3.3 Suppose that Mh is a symmetric and non-negative definite matrix.
Then, for every α > 0, it holds:

∥(Ih − αMh)(Ih + αMh)−1∥h 6 1,

∥αMh(Ih + αMh)−1∥h 6 1,

∥(Ih + αMh)−1∥h 6 1,

where ∥ · ∥h denotes the spectral norm.

Taking into account that matrices {Ahk}mk=1 defined by (3.102) are symmetric and
non-negative definite, the bounds from the previous lemma yield the following
result.
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Lemma 3.4 Consider the matrices {Ahk}mk=1 as given in (3.102). Then, for
every τ > 0 and p ∈ N, it holds:

∥(Rh(Ih − τ
2A

h
1 ))

pΘh∥1,h 6 C ∥Θh∥1,h, (3.119a)

∥ShkΘh∥1,h 6 C ∥Θh∥h, for k = 2, 3, . . . , 2m− 1, (3.119b)

where both Rh and Shk are defined by (3.118), Θh ∈ D(Ah1 ) and C is a positive
constant, independent of h and τ .

The main result of this subsection can be derived from (3.117) and (3.119). Next
theorem states such a result.

Theorem 3.3 Let Ψhn+1 and Φhn+1 be the solutions of the schemes (3.104) and
(3.116), respectively. If the matrices {Ahk}mk=1 are defined by (3.102), then it
holds:

∥Φhn+1 −Ψhn+1∥1,h 6 C

∥δh0 ∥1,h +
n∑
j=0

2m−1∑
k=2

∥δhj,k∥h

 , for n = 0, 1, . . . , NT ,

where C is a positive constant, independent of h and τ .

Proof . From the recurrence relation (3.117), it follows:

Φhn+1 −Ψhn+1 = (Rh(Ih − τ
2A

h
1 ))

n+1δh0 +

n∑
j=0

2m−1∑
k=2

(Rh(Ih − τ
2A

h
1 ))

n−jShk δ
h
j,k

+ τ
2

n∑
j=0

(Rh(Ih − τ
2A

h
1 ))

n−jSh2 (G
h(Φhj , tj)−Gh(Ψhj , tj))

+ τ
n∑
j=0

(Rh(Ih − τ
2A

h
1 ))

n−jSh2m−1(G
h(Φhj,m, tj,m)−Gh(Ψhj,m, tj,m))

+ τ
2

n∑
j=0

(Rh(Ih − τ
2A

h
1 ))

n−jSh2m−1(G
h(Ψhj , tj)−Gh(Φhj , tj)). (3.120)

The nonlinear reaction term is assumed to be globally Lipschitz in the first
variable, with Lipschitz constant L, thus yielding:

∥Gh(Υh, t)−Gh(Ξh, t)∥h = ∥rh(g(υh, t)− g(ξh, t))∥h = ∥g(υh, t)− g(ξh, t)∥

6 L ∥υh − ξh∥ = L ∥rh(υh − ξh)∥h

6 L ∥Υh − Ξh∥h, (3.121)

for any Υh, Ξh ∈ H †
s and υh, ξh ∈ Wh, with rh(υ

h) = Υh and rh(ξ
h) = Ξh.

Note that the relationship (3.111) between ∥ · ∥ and ∥ · ∥h is used. Inserting
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(3.119) and (3.121) into (3.120), we obtain:

∥Φhn+1 −Ψhn+1∥1,h 6 C ∥δh0 ∥1,h + C
n∑
j=0

2m−1∑
k=2

∥δhj,k∥h + Cτ
n∑
j=0

∥Φhj −Ψhj ∥h

+ Cτ

n∑
j=0

∥Φhj,m −Ψhj,m∥h,

which can be expressed as:

∥Φhn+1 −Ψhn+1∥1,h 6 C ∥δh0 ∥1,h + C(1 + τ)
n∑
j=0

2m−1∑
k=2

∥δhj,k∥h

+ Cτ(1 + Cτ)
n∑
j=0

∥Φhj −Ψhj ∥1,h,

by using:

∥Φhj,m −Ψhj,m∥h 6 (1 + Cτ) ∥Φhj −Ψhj ∥1,h +
m∑
k=2

∥δhj,k∥h,

for j = 0, 1, . . . , NT . Therefore, we get:

∥Φhn+1 −Ψhn+1∥1,h 6 C(1 + Cτ)n

∥δh0 ∥1,h +
n∑
j=0

2m−1∑
k=2

∥δhj,k∥h

 ,

and, since (1 + Cτ)n 6 enCτ 6 eCT, the assertion of the theorem follows. �

Remark 3.4 As mentioned in the previous chapter, if the discrete operators are
chosen to be either Ahk = Γhk A

h or Ahk = Ah Γhk , for k = 1, 2, . . . ,m (cf. Remark
2.3), then similar stability results may be obtained by using alternate norms.
In particular, if Dh denotes a symmetric and positive definite matrix, we can
define the weighted norm ∥·∥2Dh = (Dh ·, ·)h, where (·, ·)h is the discrete L2-inner
product introduced above. Within this framework, Samarskĭı et al. (2002) prove
unconditional stability for the ADI method of Douglas and Rachford (1956) (a
scheme of stabilizing corrections), in the following norm:

∥(Ih + τAh2 ) · ∥Dh ,

where Dh ≡ Ah, if Ahk = Γhk A
h, and Dh ≡ (Ah)−1, if Ahk = Ah Γhk .

Remark 3.5 A second-order fractional step method based on the so-called Strang
splitting, in combination with the Crank–Nicolson scheme, is analyzed in Mathew
et al. (1998). Under the operator splitting Ah = Ah1+A

h
2 , such a method provides
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unconditionally stable approximations if Ahk are symmetric and non-negative def-
inite, for k = 1, 2. When an arbitrary number of matrices is considered (i.e.,
Ah = Ah1 + Ah2 + . . . + Ahm), the method may be derived by a recursive use of
splittings into two matrices (see Mathew (2008)). In such a case, although the
unconditional stability is preserved, the method requires more linear systems to
be solved than (3.104).

An alternative to the Strang splitting is given by the ADI method of Douglas
and Gunn (1964), which is also of second order, but requires fewer systems to
be solved than (3.104). In this case, though, unconditional stability demands
additional assumptions. In particular, if the matrices Ahk are symmetric and
non-negative definite and, moreover, Ahk and Ahℓ commute pairwise, for k ̸= ℓ
and k, ℓ ∈ {1, 2, . . . ,m}, then the ADI scheme is unconditionally stable. In the
non-commuting case, the unconditional stability is preserved for m = 2 in the
norm ∥(Ih + ατAh2 ) · ∥h, with α > 0, but the method turns to be conditionally
stable for m > 3 (see Mathew et al. (1998)).

3.7.3. Convergence of the MFD-FSRKm+1 method. A proper combina-
tion of the consistency and stability results stated in Theorem 3.2 and Lemma
3.4, respectively, together with the bound given in Theorem 3.1 for the spatial
semidiscretization method, yields the convergence of the totally discrete scheme
(3.104).

Theorem 3.4 Let Ψhn+1 be the fully discrete approximation to rh(Phψ(tn+1))
given by (3.104). Then, under the hypotheses of Theorem 3.1, there exists a
positive constant C, independent of h and τ , such that:

∥rh(Phψ(tn+1))−Ψhn+1∥h 6 C(h2 + τ2), for n = 0, 1, . . . , NT . (3.122)

Proof . We start by decomposing the global error into two terms:

∥rh(Phψ(tn+1))−Ψhn+1∥h 6 ∥rh(Phψ(tn+1))−Ψh(tn+1)∥h

+ ∥Ψh(tn+1)−Ψhn+1∥h. (3.123)

The former contains the error due to the spatial semidiscretization, while the
latter involves the corresponding contribution of the time integration. Under the
relationship (3.111), the convergence result (3.92) for the semidiscrete scheme
can be rewritten in the discrete norm ∥ · ∥h as follows:

∥rh(Phψ(tn+1))−Ψh(tn+1)∥h 6 Ch2, (3.124)

thus providing a bound for the first term on the right-hand side of (3.123). In
order to show that the last term of such an inequality is O(τ2), we shall prove
that:

∥Ψh(tn+1)−Ψhn+1∥1,h 6 Cτ2, (3.125)
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under the graph norm (3.113). To this end, let us first consider the following
decomposition:

Ψh(tn+1)−Ψhn+1 = (Ψh(tn+1)− Ψ̂hn+1) + (Ψ̂hn+1 −Ψhn+1). (3.126)

As quoted in Subsection 3.7, Ψ̂hn+1 denotes the numerical solution resulting from
a single step of (3.104), with Ψhn = Ψh(tn). Now, it is immediate to see that:

Ψ̂hn+1 −Ψhn+1 = Rh(Ih − τ
2A

h
1 )(Ψ

h(tn)−Ψhn)

+ τ
2 R

h(Gh(Ψh(tn), tn)−Gh(Ψhn, tn))

+ τ (Ih + τ
2A

h
1 )

−1(Gh(Ψ̂hn,m, tn,m)−Gh(Ψhn,m, tn,m))

+ τ
2 (I

h + τ
2A

h
1 )

−1(Gh(Ψhn, tn)−Gh(Ψh(tn), tn)), (3.127)

where Rh is defined by (3.118a) and (3.118d). Inserting the expression (3.127)
into (3.126), we obtain:

Ψh(tn+1)−Ψhn+1 =

n+1∑
j=1

(Rh(Ih − τ
2A

h
1 ))

n+1−j(Ψh(tj)− Ψ̂hj )

+ τ
2

n∑
j=1

(Rh(Ih − τ
2A

h
1 ))

n−jRh(Gh(Ψh(tj), tj)−Gh(Ψhj , tj))

+ τ
n∑
j=1

(Rh(Ih − τ
2A

h
1 ))

n−j(Ih + τ
2A

h
1 )

−1(Gh(Ψ̂hj,m, tj,m)−Gh(Ψhj,m, tj,m))

+ τ
2

n∑
j=1

(Rh(Ih − τ
2A

h
1 ))

n−j(Ih + τ
2A

h
1 )

−1(Gh(Ψhj , tj)−Gh(Ψh(tj), tj)).

Formulae (3.119a) and (3.121) can be used here to deduce:

∥Ψh(tn+1)−Ψhn+1∥1,h 6C
n+1∑
j=1

∥Ψh(tj)− Ψ̂hj ∥1,h + Cτ
n∑
j=1

∥Ψh(tj)−Ψhj ∥h

+ Cτ
n∑
j=1

∥Ψ̂hj,m −Ψhj,m∥h. (3.128)

Recalling the totally discrete scheme (3.104), we can bound ∥Ψ̂hj,m−Ψhj,m∥h, for
j = 1, 2, . . . , NT . To this end, we need to apply Lemma 3.3 and the inequality
given in (3.121), thus obtaining:

∥Ψ̂hj,m −Ψhj,m∥h 6 ∥Ψh(tj)−Ψhj ∥1,h + Cτ ∥Ψh(tj)−Ψhj ∥h.
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Coming back to (3.128), we get:

∥Ψh(tn+1)−Ψhn+1∥1,h 6
n+1∑
j=1

C ∥Ψh(tj)− Ψ̂hj ∥1,h

+ Cτ(1 + Cτ)

n∑
j=1

∥Ψh(tj)−Ψhj ∥1,h.

Finally, using the local error estimate (3.114), we derive the expression:

∥Ψh(tn+1)−Ψhn+1∥1,h 6 Cτ2 + Cτ(1 + Cτ)
n−1∑
j=0

(1 + Cτ(1 + Cτ))jCτ2,

which implies (3.125). This bound, together with (3.123) and (3.124), yields
(3.122) and proves the theorem. �

3.8. The mimetic fractional step method on
non-orthogonal grids

This section briefly describes how to handle the general case in which non-
orthogonal meshes and/or non-diagonal tensors K are considered. In both situ-
ations, the discrete diffusion Ah is no longer a local operator and, thus, it cannot
be represented by explicit formulae like (3.46). As a consequence, operator split-
tings in the spirit of (3.102) cannot be constructed anymore.

To overcome these issues, we shall reverse the order in which the original
problem is fully discretized. The way to proceed is as follows. Initially, we define
a domain decomposition operator splitting for the continuous diffusion operator
and source/sink term. The resulting partitioned problem is then integrated in
time by means of the linearly implicit FSRKm+1 method. Hence, we reduce
the nonlinear parabolic problem to a linear elliptic problem per internal stage.
Since each internal stage is associated to a single subdomain, the corresponding
elliptic equation will be restricted to this particular subdomain. As a result,
the spatial discretization must be separately accomplished subdomain by subdo-
main; in other words, we must define a subdomain-specific MFD method. The
totally discrete scheme is derived to be a set of linear systems of the form (3.104).

3.8.1. Time integration. Let us consider problem (3.1), with K being defined
as a full tensor of the form (2.2). Following Subsection 3.6.1, let {Ωk}mk=1

conform a suitable overlapping decomposition of Ω. Recall that each Ωk in-
volves mk disjoint connected components {Ωkl}mk

l=1, for k = 1, 2, . . . ,m. Ac-
cordingly, let {ρk(x)}mk=1 be a smooth partition of unity, subordinate to such a
decomposition under conditions (2.38). If we denote the diffusion operator by14

14Henceforth, we recover the notation of the preceding chapter for operator A, no longer
using the extended version given by (3.3).
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A ≡ −div (Kgrad · ), it is possible to define a splitting of the form A =
∑m
k=1 Ak,

where Ak ≡ −div (Kk grad · ) and Kk ≡ Kk(x) = ρk(x)K(x). Likewise, the
source/sink term can be decomposed into m split terms as f =

∑m
k=1 fk, where

fk ≡ fk(x, t) = ρk(x) f(x, t). As a result, equation (3.1a) can be rewritten as
follows:

ψt +

m∑
k=1

Akψ = g(ψ, t) +

m∑
k=1

fk(x, t), (x, t) ∈ Ω× (0, T ].

In this context, the second-order linearly implicit FSRKm+1 method pro-
posed by Portero and Jorge (2008) yields:

For n = 0, 1, . . . , NT :

ψn,1 = ψn,

For k = 2, 3, . . . , 2m− 1 :

ψn, k = ψn, k−1 + τ
k∑

ℓ=k−1

αℓ (−Aiℓψn,ℓ + fiℓ(x, tn,ℓ)) + τ Gn,k, in Ω,

⟨Kik gradψn,k, n⟩ = 0, on Bik ,

ψn+1 = ψn, 2m−1,
(3.129)

where ψn ≡ ψn(x) is an approximation to ψ(x, tn). Furthermore:

Gn,k =


1
2 g(ψn,1, tn,1), for k = 2,

0, for k = 3, 4, . . . , 2m− 2,

g(ψn,m, tn,m)− 1
2 g(ψn,1, tn,1), for k = 2m− 1,

(3.130)

and ik, tn,k and αk are given in Subsection 3.6.2, for k = 1, 2, . . . , 2m− 1.
Since supp(ρk(x)) ⊂ Ω̄k due to (2.38), the local diffusion operator Ak is

indeed the null operator outside Ω̄k, for k = 1, 2, . . . ,m. More precisely, the
k-th internal stage of (3.129) comprises a linear elliptic problem restricted to
Ωik ∪ Bik and the functional evaluation:

ψn,k = (I − τ αk−1 Aik−1
)ψn,k−1 + τ αk−1 fik−1

(x, tn,k−1) + τ Gn,k,

in Ω̄ \ (Ωik ∪ Bik).

3.8.2. Spatial discretization. To discretize in space the linear elliptic problem
arising at each internal stage of (3.129), we shall use the MFD method described
in Section 3.3. In the sequel and for the sake of clarity, we recover the finite
element notations introduced in Section 3.4.

Recall that T h is defined to be a partition of Ω into convex quadrilateral
elements, while Eh is the trace of T h on the boundary ∂Ω. We further denote
by T h

k the corresponding partition of subdomain Ωk; note that, by construction,
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T h =
∪m
k=1 T h

k . Accordingly, T h
kl represents the partition of each connected

component Ωkl and satisfies T h
k =

∪mk

l=1 T h
kl. Finally, let Ehk and Ehkl be the traces

of T h
k and T h

kl on ∂Ωk and ∂Ωkl, respectively.
In this context, the MFD discretization of problem (3.129) can be outlined

in four successive steps. These are analogous to those explained in Subsection
3.4.1, but consider Ωkl –instead of Ω– as the reference domain. More precisely:

1. Let Hs,kl and H †
v,kl be the vector spaces of discrete functions in Ωkl, involv-

ing the degrees of freedom for the pressure and flux variables, respectively.
In particular, the pressure space Hs,kl contains discrete scalar functions
Ψhn,kl, whose components Ψhe are located at the geometric centers of the

elements e ∈ T h
kl. Additional components Ψhb are defined at the midpoints

of the boundary edges b ∈ Ehkl. On the other hand, the flux space H †
v,kl in-

volves discrete vector functions Uhn,kl, whose components Uhq,e are located

at the midpoints of the edges ℓq,e ⊂ ∂e, for q = 1, 2, 3, 4 and e ∈ T h
kl

(where ∂e stands for the boundary of e). Finally, we denote by Uhb the flux
components associated to the boundary edges b ∈ Ehkl.

2. The discrete extended divergence, Dkl : H †
v,kl → Hs,kl, is obtained on any

element e ∈ T h
kl as:

(Dkl U
h
n,kl)e =

1

|e|
(Uh2,e|ℓ2,e| − Uh4,e|ℓ4,e|+ Uh3,e|ℓ3,e| − Uh1,e|ℓ1,e|), ∀ e ∈ T h

kl,

where |e| represents the area of e and |ℓq,e| is the length of its q-th edge,
for q = 1, 2, 3, 4 (cf. formula (3.47)). The extension of Dkl to the boundary
edges b ∈ Ehkl is given by:

(Dkl U
h
n,kl)b = −Uhb , ∀ b ∈ Ehkl.

where, according to (3.48), an external orientation of normal vectors is
assumed.

3. Let us now equip the previous vector spaces with suitable inner products.
The inner product on Hs,kl, in analogy to (3.49), is defined as:

(Ψhn,kl,Φ
h
n,kl)Hs,kl

=
∑
e∈T h

kl

ΨheΦ
h
e |e|+

∑
b∈Eh

kl

ΨhbΦ
h
b |b|, (3.131)

for all Ψhn,kl, Φ
h
n,kl ∈ Hs,kl, where |b| denotes the length of b. On the

other hand, the inner product on H †
v,kl is constructed by assembling the

element-wise contribution from each e ∈ T h
kl:

(Uhn,kl, V
h
n,kl)H †

v,kl
=
∑
e∈T h

kl

(Uhn,kl, V
h
n,kl)H †

v,kl,e
, (3.132)
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for all Uhn,kl, V
h
n,kl ∈ H †

v,kl. The expression (Uhn,kl, V
h
n,kl)H †

v,kl,e
is a local

inner product given by:

(Uhn,kl, V
h
n,kl)H †

v,kl,e
=

1

2

4∑
q=1

|Tq,e| ⟨K−1
k,e u

h
n,kl(rq,e), v

h
n,kl(rq,e)⟩,

where |Tq,e| is the area of the triangle with vertices rq−1,e, rq,e and rq+1,e

(with r0,e = r4,e and r5,e = r1,e) and K
−1
k,e is derived from the evaluation

of the local tensor K−1
k at the center of e. The corner vectors uhn,kl(rq,e)

and vhn,kl(rq,e) are uniquely determined at the q-th vertex of e by inserting

the corresponding components of Uhn,kl and V
h
n,kl, respectively, in formula

(3.52). Recall the notations introduced in Figures 3.6 and 3.7. Finally,

note that the expressions for the global and local inner products on H †
v,kl

are closely related to (3.50) and (3.51), respectively.

4. To conclude, let Gkl : Hs,kl → H †
v,kl be the discrete flux operator ap-

proximating (−Kk grad · ) at each component Ωkl. The expression for Gkl
is obtained by compelling it to be the adjoint of Dkl with respect to the
inner products (3.131) and (3.132), i.e.:

(Dkl U
h
n,kl,Ψ

h
n,kl)Hs,kl

= (Uhn,kl,GklΨ
h
n,kl)H †

v,kl
,

for all Ψhn,kl ∈ Hs,kl and U
h
n,kl ∈ H †

v,kl. Once more, following Subsection
3.3.4, operator Gkl can be proved to satisfy:

Gkl = S −1
kl D†

klCkl. (3.133)

In this case, Skl is a symmetric and positive definite matrix with a 5-point
stencil, which can be expressed in block form according to (3.31). Its cor-
responding blocks are computed via (3.32), replacing the components of

tensor K−1 by those of K−1
k . Moreover, D†

kl is the adjoint of Dkl with re-
spect to the standard dot product ⟨·, ·⟩ (see (3.35)), while Ckl is a diagonal
matrix involving the areas and lengths of the elements e ∈ T h

kl and bound-
ary edges b ∈ Ehkl, respectively (see (3.28)). Since Skl is a banded matrix,
S −1
kl is full and so is Gkl; in other words, the discrete flux operator –as

obtained from (3.133)– presents a non-local stencil. Nevertheless, the fact

that Gkl may be expressed as the product of a banded matrix, D†
klCkl, and

the inverse of a banded matrix, S −1
kl , allows the use of efficient iterative

solvers. Further details on this issue are provided in the next subsection.

Combining the first-order discrete operators Dkl and Gkl, we define the dis-
crete diffusion operator, Ahkl : Hs,kl → Hs,kl, as A

h
kl = Dkl Gkl. In this context,

the mimetic discretization of problem (3.129) gives rise to the following set of
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linear systems:

Ψh0 ,

For n = 0, 1, . . . , NT :

Ψhn,1 = Ψhn,

For k = 2, 3, . . . , 2m− 1 :

Ψhn,k = Ψhn,k−1 + τ
k∑

ℓ=k−1

αℓ (−AhiℓΨ
h
n,ℓ + Fhiℓ(tn,ℓ)) + τ Ghn,k,

Ψhn+1 = Ψhn,2m−1,

(3.134)

where Ψhn is an approximation to the solution ψn(x) of (3.129). Note that both
Ψhn and Ψhn,k represent global vectors whose components are defined at the cen-

ters of the elements e ∈ T h and the midpoints of the boundary edges b ∈ Eh.
The local unknown Ψhn,kl is related to Ψhn,k by the restriction matrix Rkl, ac-

cording to the expression Ψhn,kl = RklΨ
h
n,k, for l = 1, 2, . . . ,mk (see Remark

2.4). Likewise, the global diffusion operator Ahk approximating Ak is obtained
from Ahkl in the following way:

Ahk =

mk∑
l=1

RT
klA

h
klRkl. (3.135)

On the other hand, we derive the discrete source/sink term on each element
e ∈ T h as15:

(Fhiℓ(tn,ℓ))e =
1

|e|

∫
e

ρiℓ(x) f(x, tn,ℓ) dx. (3.136)

Note that, by construction, the partition of unity function ρiℓ(x) is now part
of the integrand, in contrast to the structure of the splitting formula (3.103)
used for rectangular grids. Furthermore, the explicit expression for the discrete
nonlinear function Ghn,k is given by (3.105); in this case, however, it stems from

(3.130) by considering (Gh(Ψhn,k, tn,k))e = g((Ψhn,k)e, tn,k). Finally, the initial

data vector Ψh0 is obtained as the integral average of ψ0(x) on each element, with
the corresponding adaptation to the boundary segments.

Although (3.134) has the same formulation as the totally discrete scheme
(3.104) derived for rectangular grids, they differ from each other in the construc-
tion of the split terms Ahiℓ and Fhiℓ(tn,ℓ). Consequently, the resulting algorithms
show quite a different structure.

3.8.3. Solving a system of equations with non-local stencil. According
to Subsection 3.6.2, the linear system to solve at the k-th internal stage of
(3.134) has the form (3.109). Therefore, we can compute its solution at the cost

15Recall that the notation (v)e refers to the corresponding component of vector v at the
center of element e.
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of solving a single subdomain problem in Ωik ∪ Bik , for k = 2, 3, . . . , 2m − 1
and ik ∈ {1, 2, . . . ,m}. As mentioned above, since Ωik involves mik disjoint
connected components, such a linear system is a set ofmik uncoupled subsystems
of the form:

(Ihikl + ταkA
h
ikl

)Ψhn,ikl = RiklQ
h
n,k, (3.137)

to be solved in Ωikl ∪ Bikl, where Ih is the identity matrix and Qhn,k denotes the

corresponding right-hand side from (3.134). Each system matrix Ihikl + ταkA
h
ikl

is full and positive definite, but not symmetric. To recover the symmetry of
the system, we can multiply both sides of (3.137) by the diagonal matrix Cikl
(as discussed for the semidiscrete scheme in (3.40)). Let us denote the resulting
system matrix by M . Due to the full structure of M , algorithms which only
require matrix-vector products –such as the conjugate gradient method– are
most suitable for solving such a system. The way to proceed is simple: for a
given vector Ψ, the product MΨ can be efficiently computed by inserting the
discrete flux U = GiklΨ into the discrete diffusion term, i.e., AhiklΨ = Dikl U .
Recalling (3.133), U is indeed the solution of the linear system:

Sikl U = D†
ikl

CiklΨ,

which can be efficiently solved by the block Gauss–Seidel method due to the
sparsity pattern of matrix Sikl. Finally:

MΨ = CiklΨ+ ταkCiklDikl U.

3.9. Numerical experiments

To conclude the chapter, we shall illustrate the theoretical results derived
in the preceding sections with two numerical tests. The first experiment is per-
formed on a rectangular grid, while the second one makes use of a non-orthogonal
grid. The behaviour of the proposed method is analyzed in terms of uncondi-
tional stability and second-order convergence in both space and time.

3.9.1. A problem on a rectangular grid. Let us consider the semilinear
parabolic problem (3.1) posed on the following space-time domain:

Ω× (0, T ] = {x ≡ (x, y) ∈ R2 : 0 < x < 1, 0 < y < 1} × (0, 1].

Tensor K(x) is chosen to be K(x) = (1 + x2 + y2) I, where I denotes the 2× 2
identity matrix, and the nonlinear reaction term is given by g(ψ) = −1/(1+ψ2).
Furthermore, data functions f(x, t) and ψ0(x) are defined in such a way that:

ψ(x, t) = e−t(x2(1− x)2 + y2(1− y)2)

is the exact solution of the problem.
The discretization of the given problem is based on the method of lines ap-

proach. That is to say, we first accomplish a spatial semidiscretization using
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the mimetic technique described in Section 3.3, and then integrate in time the
semidiscrete problem by means of the fractional step method of Section 3.6.
For this purpose, the spatial domain Ω is initially covered with a rectangular
mesh Ωh involving Nx × Ny nodes. The spatial mesh size h is assumed to be
the maximum between 1/(Nx − 1) and 1/(Ny − 1). Typically, the coordinates
of the (i, j)-node are then defined as xi,j = (i − 1)h and yi,j = (j − 1)h, for
i = 1, 2, . . . , Nx and j = 1, 2, . . . , Ny. The preceding MFD method leads to a
semidiscrete scheme of the form (4.53), with a local discrete operator Ah given
by (3.46).

To integrate in time the resulting problem, we first decompose Ω into m = 4
overlapping subdomains {Ωk}mk=1, each consisting of mk = 4 disjoint connected
components {Ωkl}mk

l=1, for k = 1, 2, 3, 4. The construction of such subdomains
requires the definition of two intervals I1 and I2, as expressed in (2.47), and
a suitable combination of them in accordance with (2.48). The overlapping
width is assumed to be ξ = 1

8 . In order to obtain a smooth partition of unity
{ρk(x)}mk=1 subordinate to {Ωk}mk=1, we retrieve the function φ1(x) introduced in
(2.49) and define each corresponding ρk(x) according to (2.50), for k = 1, 2, 3, 4.
The domain decomposition splittings for Ah and Fh(t) are then obtained from
(3.102) and (3.103), respectively16. Finally, by combining these splittings with
the linearly implicit FSRKm+1 method of Portero and Jorge (2008), we derive
a totally discrete scheme of the form (3.104).

The numerical testing of such a scheme requires a precise definition of global
errors in a suitable discrete norm. Taking into account the convergence result of
Theorem 3.4, we shall compute such global errors within the structure of formula
(3.122). If we consider the discrete L2-norm in space and the discrete maximum
norm in time, we have:

9Êhτ92 = max
n∈{1,2,...,NT+1}

αNx−1∑
i=1

Ny−1∑
j=1

(
(rh(Phψ(tn)))i+1/2,j+1/2

− (Ψhn)i+1/2,j+1/2

)2)1/2
,

(3.138)

where α = ((Nx − 1)(Ny − 1))−1 and the index (i + 1/2, j + 1/2) refers to the

cell center under consideration. The notation Êhτ is introduced to distinguish
the newly defined global errors from those derived in the preceding chapter (see,
e.g., expression (2.51)). In order to test the second-order convergence in space
of scheme (3.104), we consider a sufficiently small fixed time step τ = 10−5.
Then, starting from a rectangular mesh with 3 × 4 cells (or (Nx, Ny) = (4, 5)),
we obtain the successive global errors by doubling the number of cells in both
directions. The numerical orders of convergence in space, namely q̂2, are derived
from formula (2.52) by replacing each Ehτ by the corresponding Êhτ . Table 3.1

shows the resulting values of both 9Êhτ92 and q̂2. As expected from Theorem
3.4, the numerical orders of convergence approach a value of 2 as h tends to zero.

16In this case, the integral average of f(x, t) over each cell is computed at the corresponding
time level by using the two-dimensional Simpson’s rule.
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(Nx, Ny) (4, 5) (7, 9) (13, 17) (25, 33) (49, 65) (97, 129)9Êh
τ 92 6.53e-03 2.09e-03 5.51e-04 1.40e-04 3.50e-05 8.77e-06

q̂2 1.641 1.925 1.982 1.995 1.997 –

Table 3.1: Global errors and numerical orders of convergence in space (τ = 10−5).

τ τ0 τ0/2 τ0/2
2 τ0/2

3 τ0/2
4 τ0/2

5

9Ēh
τ 92 8.76e-02 4.52e-02 2.22e-02 1.02e-02 4.16e-03 1.56e-03

p̄2 0.954 1.013 1.135 1.292 1.417 1.672

τ τ0/2
6 τ0/2

7 τ0/2
8 τ0/2

9 τ0/2
10 τ0/2

11

9Ēh
τ 92 4.89e-04 1.42e-04 4.04e-05 1.08e-05 2.78e-06 7.01e-07

p̄2 1.781 1.819 1.904 1.958 1.985 –

Table 3.2: Global errors and numerical orders of convergence in time (τ0 = 10−1 and
(Nx, Ny) = (97, 129)).

An alternate estimate for the global error is used to study the convergence
in time of the proposed algorithm. Under the aforementioned discrete norm, it
is given by the expression:

9Ēhτ92 = max
n∈{1,2,...,NT+1}

αNx−1∑
i=1

Ny−1∑
j=1

(
(Ψhn)i+1/2,j+1/2

− (Ψ̄hn)i+1/2,j+1/2

)2)1/2
.

(3.139)

Note that, in this case, we are comparing the numerical solution associated to a
spatial mesh size h and a time step τ (denoted by Ψhn) with that obtained for h
and τ

2 (denoted by Ψ̄hn). If we consider a sufficiently small fixed h, this quantity
provides a good estimation for the global errors in time. For this experiment,
we assume a spatial mesh with 96 × 128 cells. Then, if we take an initial time
step τ0 = 10−1, such global errors may be obtained by successively halving
the value of τ . The numerical orders of convergence in time, namely p̄2, are
computed from (2.53) by replacing each Ehτ by the corresponding Ēhτ . Both9Ēhτ92 and p̄2 are displayed on Table 3.2. Essentially, we observe that the
resulting numerical orders asymptotically approach a value of 2, as predicted
by Theorem 3.4. Remarkably, although the nonlinear reaction term contributes
explicitly to (3.104), the method shows an unconditionally stable behaviour.

3.9.2. A problem on a non-orthogonal grid. As in the previous example, we
consider the semilinear parabolic problem (3.1) posed on the following space-time
domain:

Ω× (0, T ] = {x ≡ (x, y) ∈ R2 : 0 < x < 1, 0 < y < 1} × (0, 1].
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In this case, however, we define a symmetric and positive definite full tensor
K(x), given by (cf. Berndt et al. (2005a)):

K(x) =

(
(x+ 1)2 + y2 −xy

−xy (x+ 1)2

)
.

The nonlinear reaction term is chosen to be an exponential function of the form
g(ψ) = e−ψ. Both the source/sink term f(x, t) and the initial condition ψ0(x)
are defined in such a way that:

ψ(x, t) = e−tx2(1− x)2y2(1− y)2

is the exact solution of the problem.
The aim of this numerical example is to test the behaviour of the proposed

method in the most general case, which involves a full tensor coefficient and a
non-orthogonal mesh. As described in Section 3.8, the way to proceed is the
converse of that adopted in the previous experiment: we first integrate in time
the original parabolic problem and then discretize in space the linear elliptic
problem arising at each internal stage.

To begin with, let us decompose the spatial domain Ω into m = 4 over-
lapping subdomains {Ωk}mk=1, each involving mk = 4 disjoint connected com-
ponents {Ωkl}mk

l=1, for k = 1, 2, 3, 4. Subordinate to such a decomposition, we
define a family of m non-negative and C∞(Ω) functions {ρk(x)}mk=1, which con-
form a partition of unity in accordance with (2.38). The overlapping subdo-
mains {Ωk}mk=1 and their corresponding functions {ρk(x)}mk=1 are constructed
as discussed in the preceding subsection. Within this framework, the diffu-
sion operator A = −div (K(x) grad · ) and the source/sink term f(x, t) are
partitioned into m split terms of the form Ak = −div (ρk(x)K(x) grad · ) and
fk(x, t) = ρk(x) f(x, t), respectively, for k = 1, 2, . . . ,m. If we further insert
both operator splittings into the linearly implicit FSRKm+1 method of Portero
and Jorge (2008), we obtain a semidiscrete scheme of the form (3.129). As
mentioned above, such a scheme comprises a linear elliptic problem per internal
stage, which is separately posed on its corresponding subdomain.

The numerical solution of the resulting elliptic problems is accomplished by
the subdomain-specific MFD method described in Subsection 3.8.2. For this
purpose, Ω is discretized by using a sequence of trapezoidal meshes, as shown in
Figure 3.9. This sort of meshes was previously studied by Arnold et al. (2005);
Boffi and Gastaldi (2009) in the context of mixed finite element approximations
of stationary diffusion problems. Let us briefly describe how to generate them.
Initially, we construct a primal mesh T ∗ on the unit square, consisting of four
congruent elements e1, e2, e3 and e4 (see Figure 3.9, upper left corner). The
element e1 is located at the lower left position of the mesh and the rest of the
elements are ordered counter-clockwise. Note that the lower left corner of e1
is the point (0, 0) and the remaining vertices are placed at ( 12 , 0), ( 12 , 1 − α)
and (0, α). For definiteness, we set α = 1

3 . In order to obtain the sequence of
trapezoidal meshes of Figure 3.9, we first divide the unit square into a uniform
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Figure 3.9: Sequence of trapezoidal meshes on the unit square, for N = 1, 2, 4, 8.

mesh involving N×N subsquares of side length h = 1/N . Then, each subsquare
S is discretized by adapting the previous mesh pattern to the new geometry.
More precisely, the mesh over S is obtained by applying the affine isomorphism:

FS(x) = r1,S + hx

to T ∗, where r1,S denotes the lower left corner of S. The resulting mesh over Ω

is denoted by T h. Recalling the finite element notations introduced in Section
3.4, it is possible to define a bilinear mapping Fe from the unit square ê onto
each element e ∈ T h. To this end, let us first introduce an auxiliary bilinear
mapping of the form:

F β(x̂) = (x̂, (β + x̂)ŷ),

which maps ê to the quadrilateral eβ with vertices (0, 0), (1, 0), (1, β + 1) and
(0, β). If we compose F β with the linear isomorphism:

L(x) =

(
x

2
,

y

1 + 2β

)
,

we obtain a bilinear mapping Fe1 from the unit square onto the trapezoid e1 ∈
T ∗. To recover the vertices of e1 mentioned above, we set β = α/(1 − 2α); in
particular, β = 1 for the value α = 1

3 . Further composition with the natural
isometries of e1 onto e2, e3 and e4 gives rise to the bilinear mappings Fek , which
transform the unit square into each of the trapezoids ek, for k = 2, 3, 4. By
finally applying the affine transformation FS , we get the bilinear mapping Fe,
which connects ê to each element e ∈ T h. Note that FS represents a dilation
and translation mapping of ê onto the subsquare S containing e.

/ 
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τ τ0 τ0/2 τ0/2
2 τ0/2

3 τ0/2
4 τ0/2

5

9Ēh
τ 92 3.96e-03 1.73e-03 6.28e-04 2.15e-04 6.40e-05 1.78e-05

p̄2 1.197 1.461 1.547 1.748 1.848 –

Table 3.3: Global errors and numerical orders of convergence in time (τ0 = 2.5×10−2

and h = 2−7).

h h0 h0/2 h0/2
2 h0/2

3 h0/2
4

9Êh
τ 92 1.44e-04 3.77e-05 1.02e-05 2.61e-06 6.56e-07

q̂2 1.932 1.891 1.960 1.994 –

Table 3.4: Global errors and numerical orders of convergence in space (h0 = 2−5 and
τ = 10−6).

Once we have constructed the partition T h of Ω, a proper discretization of
the split diffusion Ak is accomplished in two steps: a local discrete operator Ahkl is
first defined on each local component Ωkl, for l = 1, 2, . . . ,mk, and subsequently
extended to its corresponding subdomain Ωk. As a result, we obtain the discrete
split diffusion Ahk , according to the expression (3.135). The split source/sink
term is likewise approximated by using (3.136). In sum, the semidiscrete scheme
reduces to a set of linear systems of the form (3.134), whose solution is derived
along the lines of Subsection 3.8.3.

The numerical behaviour of the proposed algorithm is analyzed through a
pair of experiments which separately test the orders of convergence in time and
space. In the first case, we estimate global errors by comparing the numerical
solution obtained for the parameters h and τ with that derived for h and τ

2 . Using
the discrete L2-norm in space and the maximum norm in time, we compute such
estimates according to the expression17 (3.139). In particular, we consider a
sufficiently small fixed mesh size h = 2−7 and, assuming an initial time step
τ0 = 2.5 × 10−2, we compute the global errors obtained by halving τ . Table
3.3 shows such global errors, 9Ēhτ92, and their corresponding numerical orders
of convergence in time, p̄2. As expected, these orders asymptotically approach
a value of 2. Despite the explicit treatment of the nonlinearity in (3.134), the
method preserves its unconditional stability.

To further study the convergence behaviour in space, we define the global
error as the difference between each component of the numerical solution, Ψhn,
and the integral average of ψ(x, tn) on the corresponding element. Under the
previous discrete norms, this definition matches the expression (3.138). Then,
if we fix a sufficiently smooth time step τ = 10−6 and the initial mesh size

17Recall that the partition T h is characterized by a spatial mesh size h = 1/N , where N
denotes the number of subsquares dividing Ω. In other words, T h contains 2N + 1 nodes in
each direction and, thus, we must set Nx = Ny = 2N + 1 in (3.139).
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h0 = 2−5, we can compute the successive global errors obtained by repeatedly
halving h (i.e., by doubling the number of elements of T h in both directions).

Such global errors, denoted by 9Êhτ92, and their corresponding numerical orders
of convergence in space, q̂2, are displayed on Table 3.4. Observe that the resulting
orders approach a value of 2 as h tends to zero, thus illustrating the second-order
convergence of the mimetic technique in the non-orthogonal case.





4

Cell-Centered Finite Difference Alternating
Direction Implicit Methods

The problems considered so far in the preceding chapters were posed on polyg-
onal domains which allowed for a discretization by logically rectangular meshes.
Throughout this chapter, we focus on physical domains of general geometry
which admit a smooth transformation into a rectangular computational domain.
In this context, after the original problem is mapped onto the computational
domain, we apply a combined cell-centered fractional step method. Component-
wise partitioning functions are used instead of domain decomposition operator
splittings. Finally, the numerical approximation is mapped back onto the physi-
cal domain. Following the ideas of Chapter 3, we derive a priori error estimates
for both the semidiscrete and totally discrete schemes. Recall that MFE and
CCFD refer to mixed finite element and cell-centered finite difference methods,
while ADI is used to denote alternating direction implicit schemes. As usual,
FSRKm stands for m-part fractional step Runge–Kutta methods.

4.1. Introduction

Let us consider the following semilinear parabolic initial-boundary value prob-
lem: Find ψ̃ : Ω̃× [0, T ] → R such that

ψ̃t − d̃iv (K̃(x̃) gr̃ad ψ̃) = g̃(ψ̃, t) + f̃(x̃, t), (x̃, t) ∈ Ω̃× (0, T ], (4.1a)

ψ̃(x̃, 0) = ψ̃0(x̃), x̃ ∈ Ω̃, (4.1b)

ψ̃(x̃, t) = ψ̃D(x̃, t), (x̃, t) ∈ ∂Ω̃× (0, T ]. (4.1c)

In the sequel, we discuss the case in which Ω̃ ⊂ R2 is a possibly irregular physical
domain, but there exists a smooth invertible mapping F̃ : Ω → Ω̃ of a rectangular
computational domain Ω ⊂ R2 onto Ω̃. Both Ω̃ and Ω are bounded open sets with
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boundaries ∂Ω̃ and ∂Ω, respectively. Further, K̃ ≡ K̃(x̃) is a 2 × 2 symmetric
and positive definite tensor, which satisfies, for some 0 < κ̃∗ 6 κ̃∗ <∞:

κ̃∗ ξ
T ξ 6 ξT K̃ ξ 6 κ̃∗ ξT ξ, ∀ ξ ̸= 0 ∈ R2. (4.2)

The nonlinear reaction term g̃(·) ≡ g̃(·, t) is assumed to be globally Lipschitz in

the first variable, with Lipschitz constant L̃.
As we have seen in the preceding chapters, the second-order partial differ-

ential equation (4.1a) can be replaced by the following system of first-order
equations:

ψ̃t + d̃iv ũ = g̃(ψ̃) + f̃ , (x̃, t) ∈ Ω̃× (0, T ], (4.3a)

ũ = −K̃gr̃ad ψ̃, (x̃, t) ∈ Ω̃× (0, T ], (4.3b)

where the new auxiliary unknown ũ ≡ ũ(x̃, t) is a vector-valued function that
we refer to as the flux. In this case, we further introduce an additional unknown
λ̃ ≡ λ̃(x̃, t), called the adjusted gradient, which is defined to be:

λ̃ = −G̃−1gr̃ad ψ̃, (4.4)

where G̃ is a symmetric and positive definite tensor (cf. Arbogast et al. (1998)).
Using (4.4), the equation (4.3b) can be rewritten as:

G̃λ̃ = −gr̃ad ψ̃, (x̃, t) ∈ Ω̃× (0, T ], (4.5a)

ũ = K̃G̃λ̃, (x̃, t) ∈ Ω̃× (0, T ], (4.5b)

These two equations, together with (4.3a), represent the so-called expanded mixed
formulation of (4.1a) in the triple (ũ, λ̃, ψ̃).

As mentioned before, it is quite illuminating to consider the previous problem
as a model of Darcy flow through a porous medium. In such a case, ψ̃ is defined
to be the pressure, ũ denotes the velocity field and K̃ can be thought of as the
hydraulic conductivity tensor. Under field conditions, it is not unusual for K̃
to vanish in a specific subdomain of Ω̃. If the standard mixed variational form
is used, this fact turns out to be a problem, since then K̃ is required to be
inverted (cf. (3.55)). By introducing the expanded mixed formulation, we avoid
the need to invert the tensor and permit to construct a well-defined scheme for
this degeneracy.

The aim of this chapter is to propose and analyze an efficient numerical
method for solving the system of equations (4.3a) and (4.5) on the physical do-

main Ω̃, under suitable initial and boundary conditions. Assuming the existence
of the smooth mapping F̃ : Ω → Ω̃, such a system can be transformed into an
analogous system on the computational domain Ω. In a variational setting, this
mapping modifies the coefficients of the integrals either by multiplication by the
Jacobian matrix of F̃ or by a tensor transformation. This latter modification
introduces a full tensor K in the transformed problem, even when considering a
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diagonal tensor K̃ in the original problem1. This fact induces the appearance of
mixed derivative terms within the newly defined problem, which will have to be
properly handled in the time integration process.

Since the computational domain Ω is rectangular, it can be partitioned into
standard affine elements. Thus, the spatial semidiscretization of the transformed
problem may be achieved by using an expanded MFE method on rectangles (see,
e.g., Koebbe (1993); Yotov (1996); Arbogast et al. (1995, 1997, 1998)). Following
the approach of this latter work, the vector integrals arising in the expanded
mixed scheme can be approximated by using suitable quadrature rules. This
approximation yields a CCFD method with a local nine-cell stencil.

The convergence analysis of the semidiscrete scheme is carried out in the
abstract setting of Galerkin methods. In fact, since the resulting finite difference
scheme stems from an MFE formulation involving some discrete bilinear forms,
the overall analysis is based upon the ideas of the preceding chapter. In this case,
though, we need to introduce the concept of expanded elliptic MFE projection to
properly handle the augmented formulation. This tool permits us to generalize
the results of Arbogast et al. (1997) for linear elliptic problems to the semilinear
parabolic case. As a result, the semidiscrete pressure unknowns are shown to be
second-order convergent to the standard L2(Ω)-projection of the true solution
ψ.

The resulting system of nonlinear ODEs is then integrated in time by using
a linearly implicit fractional step method. Recall that such methods combine
a certain splitting technique with a suitable time integrator which allows for
multiterm partitioning. In previous chapters, we defined a partitioning of the
discrete diffusion operator and the source/sink term in connection with an over-
lapping decomposition of the spatial domain. Hereafter, we propose a different
approach based on a component-wise splitting technique. The combination of
such a splitting with a linearly implicit variant of Yanenko’s method (2.42) pro-
vides a so-called ADI scheme. More precisely, we consider a partitioning of the
discrete diffusion operator Ah into the split terms Ah0 , A

h
1 and Ah2 . The former

term involves the discrete mixed derivatives, whilst the two latter terms include
the discrete second-order derivatives with respect to x and y, respectively. Then,
both Ah1 and Ah2 act implicitly at the first and second stages (i.e., we set m = 2
in (2.42)), whereas Ah0 and the discretized nonlinear reaction term are explicit
contributions to the scheme. This explicit treatment of mixed derivative terms
in ADI schemes has been suggested by several authors (cf. McKee and Mitchell
(1970); McKee et al. (1996); in ’t Hout and Welfert (2007, 2009)). Remarkably,
the linearly implicit splitting algorithm involves a set of linear systems (one per
internal stage), each of which can be decomposed into sets of uncoupled tridiag-
onal subsystems. The overall procedure can be solved in parallel.

The convergence analysis of the totally discrete scheme is based on a clas-
sical combination of consistency and stability properties. In particular, this

1This is true unless K̃ is isotropic (that is to say, K̃ = kI, where k > 0 and I denotes the
2× 2 identity matrix) and the mapping is orthogonal.
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last attribute is obtained by using a von Neumann stability analysis. Further
considering the convergence of the semidiscrete method, we can derive the corre-
sponding error estimates for the fully discrete solution. In addition, by mapping
back onto the physical domain Ω̃ via the invertible transformation F̃ , we recover
an approximation to the solution ψ̃ of (4.1). The theoretical results directly ex-
tend to the general curvilinear case, yielding second-order convergence in space
and first-order convergence in time.

To conclude, we shall specify suitable smoothness and compatibility condi-
tions on data to ensure that the solution of (4.1) is ψ̃ ∈ C4,2(Ω̃∪ ∂Ω̃× [0, T ]). In
particular, data functions are required to fulfill:

g̃ ∈ C2,1(R× [0, T ]), f̃ ∈ C2,1(Ω̃ ∪ ∂Ω̃× [0, T ]),

ψ̃0 ∈ C4(Ω̃ ∪ ∂Ω̃), ψ̃D ∈ C4,2(∂Ω̃× [0, T ]).

Further necessary compatibility conditions are given by:

Λ̃s(x̃) =
∂sψ̃D
∂ts

(x̃, 0), for s = 0, 1, 2, x̃ ∈ ∂Ω̃,

where:

Λ̃0(x̃) = ψ̃0(x̃),

Λ̃1(x̃) = d̃iv (K̃gr̃ad Λ̃0(x̃)) + g̃(Λ̃0(x̃), 0) + f̃(x̃, 0),

Λ̃2(x) = d̃iv (K̃gr̃ad Λ̃1(x̃)) + g̃t(Λ̃0(x̃), 0) + g̃ψ̃(Λ̃0(x̃), 0) Λ̃1(x̃) + f̃t(x̃, 0).

Note that the previous conditions are preserved under the smooth transformation
F̃ .

The rest of the chapter can be outlined as follows. Section 4.2 describes the
spatial semidiscretization of the original problem. In particular, the expanded
MFE method is defined on the rectangular computational domain and a related
CCFD scheme is obtained through the use of a suitable quadrature rule. The
convergence analysis of the semidiscrete scheme is addressed in Section 4.3. Re-
garding the time integration, Section 4.4 introduces a component-wise splitting
of the diffusion operator and the source/sink term, which allows for its subse-
quent combination with a linearly implicit FSRKm+1 method (with m = 2).
The totally discrete scheme shows unconditional stability and is proved to be
second-order convergent in space and first-order convergent in time (cf. Section
4.5). Finally, some numerical results are provided in Section 4.6.

4.2. Spatial semidiscretization: a CCFD method

In this section, we describe a suitable procedure to approximate in space the
equations (4.3a) and (4.5), together with the initial and boundary data (4.1b)
and (4.1c). To this end, we first derive an expanded variational formulation on

Ω̃ and then construct a suitable smooth transformation which maps this weak
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form to Ω. In doing so, we make a careful choice of tensor G̃ in order to simplify
the resulting equations. An expanded MFE method is subsequently proposed
to discretize in space such equations. With the aim of deriving a CCFD scheme
for the scalar unknown, we introduce a suitable quadrature rule to compute
the vector integrals of the mixed method. The semidiscrete solution is formally
obtained on the rectangular domain as a finite difference approximation with a
nine-cell stencil.

Prior to introducing the expanded variational form of the continuous prob-
lem, let us summarize some historical remarks on expanded mixed discretiza-
tion techniques. The so-called expanded MFE method was first introduced by
Koebbe (1993) for the solution of evolutionary diffusion problems involving full
tensor coefficients. This work was mainly concerned with implementation issues
and did not attempt to obtain theoretical results. Subsequently, in the con-
text of elliptic problems, Chen (1998) derived error estimates for the expanded
mixed method by using Brezzi–Douglas–Marini triangular elements (cf. Brezzi
et al. (1985)). Almost at the same time, Arbogast et al. (1997) developed the
convergence analysis for the lowest order Raviart–Thomas mixed spaces on rect-
angles. Thereafter, this analysis was extended to curved quadrilateral elements
on logically rectangular grids (see the monograph by Yotov (1996) and also the
works by Arbogast et al. (1995, 1998)). Alternatively, Gatica and Heuer (2001)
introduced the expanded weak formulation in the form of a so-called dual–dual
formulation and analyzed the resulting method in the framework of the classical
Babuška–Brezzi theory. In doing so, they considered the lowest order Raviart–
Thomas mixed spaces on triangles. Further analysis and applications for non-
linear parabolic problems have been investigated by San Soucie (1996), Dawson
et al. (1998), Woodward and Dawson (2000) and Chen et al. (2003).

As for the subsequent discretization, we shall adopt the framework of Arbo-
gast et al. (1998).

4.2.1. The expanded weak formulation. In the sequel, the notations for
functional spaces, inner products and norms are essentially the same as those
introduced in the preceding chapter (cf. Subsection 3.4.2).

The variational formulation of the expanded system (4.3a) and (4.5), endowed
with the initial and boundary conditions (4.1b) and (4.1c), is given by: Find

(ũ, λ̃, ψ̃) : [0, T ] → H(d̃iv; Ω̃)× (L2(Ω̃))2 × L2(Ω̃) such that

(ψ̃t, ϕ̃)Ω̃ + (d̃iv ũ, ϕ̃)Ω̃ = (g̃(ψ̃), ϕ̃)Ω̃ + (f̃ , ϕ̃)Ω̃, ∀ ϕ̃ ∈ L2(Ω̃), (4.6a)

(G̃λ̃, ṽ)Ω̃ + (ψ̃D, ⟨ṽ, ñ⟩)∂Ω̃ = (ψ̃, d̃iv ṽ)Ω̃, ∀ ṽ ∈ H(d̃iv; Ω̃), (4.6b)

(G̃ũ, µ̃)Ω̃ = (G̃K̃G̃λ̃, µ̃)Ω̃, ∀ µ̃ ∈ (L2(Ω̃))2, (4.6c)

(ψ̃(0), ϕ̃)Ω̃ = (ψ̃0, ϕ̃)Ω̃, ∀ ϕ̃ ∈ L2(Ω̃), (4.6d)

where ψ̃D : [0, T ] → H1/2(∂Ω̃) and ñ denotes the outward unit vector normal to

∂Ω̃. Note that, if G̃ = K̃−1, then λ̃ = ũ due to (4.4) and the standard mixed

formulation is obtained (see, e.g., (3.55)). Instead, if G̃ is considered to be the
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identity matrix, we recover the expanded formulation proposed by Chen (1998)
and subsequently exploited by Arbogast et al. (1997). In this case, we shall

carefully define G̃ in terms of the smooth mapping F̃ , as specified below.

4.2.2. Finite element mappings. In our approach, we assume that there exists
a reference or computational domain Ω, which can be partitioned into standard
affine elements. Recall that an affine element is the image by an affine mapping
of the reference element. In this case, we consider the reference element to be
the unit square and, thus, all affine elements are rectangles (i.e., we obtain a
rectangular partition of Ω). Further, a single global mapping takes Ω to the

physical domain Ω̃. If Ω̃ is considered to be of general geometry, then a curved
element partition is derived on Ω̃ from the rectangular partition of Ω.

More precisely, we shall denote by Fe : ê→ R2 the invertible affine mapping
which takes the unit square ê to a rectangular element e. Through Fe, Ω is locally
discretized by means of a rectangular partition T h. Let ê be the reference unit
square with vertices r̂1 = (0, 0)T , r̂2 = (1, 0)T , r̂3 = (1, 1)T and r̂4 = (0, 1)T and
define an affine mapping Fe : ê → R2 which transforms the vertices of ê into
the vertices of the rectangle e = Fe(ê). Setting x ≡ (x, y) and x̂ ≡ (x̂, ŷ), if we
denote by rk,e = (xk,e, yk,e)

T , for k = 1, 2, 3, 4, the vertices of e (taking r1,e as
the lower left vertex and numbering them in a rotating counter-clockwise order),
then we have:

x = Fe(x̂) = r1,e +Be x̂, (4.7)

where Be = diag (hXe , h
Y
e ) contains the corresponding side lengths of e, with

hXe , h
Y
e > 0. Note that Be = DFe is the constant Jacobian matrix of Fe and

Je = | detBe| = hXe h
Y
e . Under the affine mapping Fe, a scalar function is

transformed as follows:

ϕ = ϕ̂ ◦ F−1
e , (4.8)

for any ϕ ∈ L2(e) and ϕ̂ ∈ L2(ê). For vector fields, the Piola transform (3.61) is
simply given by:

v = PFe v̂ =

(
1

Je
Be v̂

)
◦ F−1

e , (4.9)

for any v ∈ (L2(e))2 and v̂ ∈ (L2(ê))2.
As mentioned above, the elements obtained through Fe conform a rectangular

partition T h of Ω, with h = maxe∈T h(hXe , h
Y
e ). Then, we introduce the (at least

C2(Ω̄)) bijection mapping F̃ : Ω → Ω̃ in such a way that a curved partition T̃ h

can be obtained as the image by F̃ of the rectangular partition T h. Actually, T̃ h

is a logically rectangular mesh covering Ω̃. Further, we consider the shape regular
and quasi-uniform partition T̃ h

0 of Ω̃ into convex quadrilaterals with the same

vertices as those of T̃ h. In this framework, let ẽ ∈ T̃ h be a curved quadrilateral
and denote by ẽ0 ∈ T̃ h

0 the underlying straight quadrilateral. Setting x̃ ≡ (x̃, ỹ),
let r̃k,e = (x̃k,e, ỹk,e)

T , for k = 1, 2, 3, 4, be the vertices of both ẽ and ẽ0, defined

analogously to rk,e. Formally, ẽ is constructed as a perturbation of ẽ0 via the
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mapping F̃e : ê→ R2, which is defined to be:

F̃e = F̃ 0
e + R̃e, (4.10)

where F̃ 0
e : ê→ R2 is a bilinear mapping of type (3.57), i.e.:

x̃ = F̃ 0
e (x̂) = r̃1,e + r̃21,e x̂+ r̃41,e ŷ + (r̃34,e − r̃21,e) x̂ŷ, (4.11)

with r̃kl,e = r̃k,e − r̃l,e. According to Wheeler and Yotov (2006b), R̃e : ê → R2

is such that:
∥R̃e∥Wk,∞(ê) 6 Ch̃2e, for k = 0, 1, 2, (4.12)

where2 h̃e = diam(ẽ) = diam(ẽ0). For curved quadrilateral elements satisfying

(4.10)-(4.12), the Jacobian matrix B̃e = DF̃e admits the following bound:

∥B̃e∥∞,ê 6 Ch̃e,

where ∥ · ∥∞,ê = supx̂∈ê ∥ · ∥, being ∥ · ∥ the spectral norm of the matrix function

argument. Moreover, J̃e = |det B̃e| is such that:

C1h̃
2
e 6 ∥J̃e∥L∞(ê) 6 C2h̃

2
e, (4.13)

where C1 and C2 are positive constants defined to be independent of h̃e. For
the subsequent convergence analysis, we shall consider throughout this chapter
an additional assumption on the second-order mixed derivative of F̃ 0

e , namely:

|r̃34,e − r̃21,e| 6 Ch̃2e. (4.14)

Following Ewing et al. (1999), a quadrilateral element satisfying (4.14) is called
an h2-parallelogram. For such an element, the distance between the midpoints
of both diagonals is O(h̃2e).

Remark 4.1 Given a general quadrilateral partition T̃ h
0 , this property is the

consequence of a uniform refinement procedure. Such a procedure is defined as
follows: we first divide each element ẽ0 ∈ T̃ h

0 into four subelements by splitting
every edge into two equal half edges. Let r̃k,s represent the vertices of any of
those subelements, for k = 1, 2, 3, 4, and denote r̃kl,s = r̃k,s − r̃l,s. Then, in the

new refinement level, |r̃34,s − r̃21,s| = 1
4 |r̃34,e − r̃21,e|. After the mesh size is

halved n times, this quantity is reduced by a factor of 2−2n, thus proving (4.14).

Note that the notion of h2-parallelograms can be readily extended to curved
elements obtained from F̃e, as defined in (4.10), provided that F̃ 0

e satisfies (4.14).
In such a case, it is not difficult to verify that:

J̃e = α+ β(x̂) + γ(x̂), (4.15)

2For later use, note that h̃ = max
ẽ∈T̃ h h̃e.
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where |α| 6 Ch̃2e is a constant, |β(x̂)| 6 Ch̃3e is a bilinear function and |γ(x̂)| 6
Ch̃4e. In this context, the mapping for scalar functions is given by:

ϕ̃ = ϕ̂ ◦ F̃−1
e , (4.16)

for any ϕ̃ ∈ L2(ẽ) and ϕ̂ ∈ L2(ê). As usual, vector functions make use of the
Piola transform, i.e.:

ṽ = PF̃e
v̂ =

(
1

J̃e
B̃e v̂

)
◦ F̃−1

e , (4.17)

for any ṽ ∈ (L2(ẽ))2 and v̂ ∈ (L2(ê))2.

The global mapping F̃ may be locally defined as F̃ |e = F̃e ◦ F−1
e . We shall

next characterize the inverse mapping F−1
e . From the definition of Fe, it follows

trivially that the Jacobian matrix is given by B−1
e ≡ B−1

e (x) = (Be(x̂))
−1, while

its determinant can be obtained as J−1
e ≡ J−1

e (x) = 1/Je(x̂). Furthermore, the

Piola transform is PF−1
e

= P−1
Fe

. Back to the global mapping F̃ , the following
relationships hold element-wise by construction:

B̃ = B̃eB
−1
e , J̃ = J̃e J

−1
e . (4.18)

As a consequence of (4.13), J̃ ≡ J̃(x) can be proved to satisfy, for some 0 < ς∗ 6
ς∗ <∞:

ς∗ 6 ∥J̃∥L∞(Ω) 6 ς∗, (4.19)

provided that F̃ is at least C2(Ω̄). This bound will be subsequently used for
proving superconvergence of the scalar unknown. In this case, the transformation
for scalar functions takes the form:

ϕ̃ = ϕ ◦ F̃−1, (4.20)

for any ϕ̃ ∈ L2(ẽ) and ϕ ∈ L2(e). For vector fields, the Piola transform is defined
to be PF̃ = PF̃e

◦ PF−1
e

, thus yielding3:

ṽ = PF̃ v =

(
1

J̃
B̃ v

)
◦ F̃−1, (4.21)

for any ṽ ∈ (L2(ẽ))2 and v ∈ (L2(e))2, with B̃ and J̃ as defined in (4.18).
At this point, we are in condition to transform the expanded mixed for-

mulation (4.6) on the physical domain Ω̃ to an equivalent formulation on the

3According to Arnold et al. (2005), if G1 : ê → R2 and G2 : e → R2, then the Piola
transform satisfies the following property (which follows directly from the chain rule):

PG1◦G2 = PG1 ◦ PG2 .
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computational domain Ω. To this end, let us first specify the special form of
tensor G̃. For ũ, ṽ ∈ (L2(ẽ))2, we have that:

⟨G̃ũ, ṽ⟩ = ⟨G̃PF̃u, PF̃ v⟩ =
⟨

1

J̃2
B̃T G̃B̃ u, v

⟩
, (4.22)

where u, v ∈ (L2(e))2. In order to simplify the previous expression, we make a

careful choice of matrix G̃, namely:

G̃ = J̃B̃−T B̃−1, (4.23)

in such a way that (4.22) reduces to:

⟨G̃ũ, ṽ⟩ =
⟨
1

J̃
u, v

⟩
. (4.24)

Following Arbogast et al. (1995) (cf. Lemmata 4.2 and 4.4), the Piola transform
PF̃ satisfies the following properties: for any u ∈ H(div; e) and ũ = PF̃u ∈
H(d̃iv; ẽ),

(d̃iv ũ, ϕ̃)ẽ = (div u, ϕ)e, ∀ϕ ∈ L2(e), ϕ̃ ∈ L2(ẽ), (4.25a)

(⟨ũ, ñe⟩, φ̃)∂ẽ = (⟨u, ne⟩, φ)∂e, ∀φ ∈ H1/2(∂e), φ̃ ∈ H1/2(∂ẽ), (4.25b)

where ñe and ne denote the outward unit vectors normal to the element bound-
aries ∂ẽ and ∂e, respectively. In the last equation, (·, ·)∂ẽ (respectively, (·, ·)∂e) is
the duality pairing of H−1/2(∂ẽ) and H1/2(∂ẽ) with respect to the L2(∂ẽ)-inner
product (respectively, of H−1/2(∂e) and H1/2(∂e) with respect to the L2(∂e)-
inner product). In particular, this expression states that the normal trace of a
function u ∈ H(div; e) is preserved in H−1/2(∂e) after mapping by the Piola
transform PF̃ .

Using (4.20), (4.24) and (4.25), the variational formulation (4.6) on Ω̃ can
be transformed into the following weak form on Ω: Find (u, λ, ψ) : [0, T ] →
H(div; Ω)× (L2(Ω))2 × L2(Ω) such that

(J̃ψt, ϕ) + (div u, ϕ) = (J̃g(ψ), ϕ) + (J̃f, ϕ), ∀ϕ ∈ L2(Ω), (4.26a)

(λ, v) + (ψD, ⟨v, n⟩)∂Ω = (ψ, div v), ∀ v ∈ H(div; Ω), (4.26b)

(u, µ) = (Kλ, µ), ∀µ ∈ (L2(Ω))2, (4.26c)

(ψ(0), ϕ) = (ψ0, ϕ), ∀ϕ ∈ L2(Ω), (4.26d)

where ψD : [0, T ] → H1/2(∂Ω), n denotes the outward unit vector normal to

∂Ω and K = J̃B̃−1K̃B̃−T . Observe that, provided that tensor G̃ is given by
(4.23), there are no coefficients in the vector L2-inner products appearing on the
left-hand side of equations (4.26b) and (4.26c).

To conclude, note that the properties of K̃ and g̃(ψ̃) are preserved by K and
g(ψ), respectively. By construction, K ≡ K(x) is a 2×2 symmetric and positive
definite tensor, which satisfies, for some 0 < κ∗ 6 κ∗ <∞:

κ∗ ξ
T ξ 6 ξTK ξ 6 κ∗ ξT ξ, ∀ ξ ̸= 0 ∈ R2. (4.27)
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This condition is analogous to (4.2) and can be easily verified provided that

J̃ > 0. On the other hand, the nonlinear reaction term g(·) ≡ g(·, t) satisfies a

global Lipschitz condition in the first variable, with Lipschitz constant L ≡ L̃.
This is a direct consequence of (4.20).

4.2.3. Expanded MFE spaces. In this subsection, we derive the expanded
MFE approximation to the variational problem (4.26). To this end, the corre-
sponding finite element spaces need to be defined on rectangular elements.

Recalling Subsection 3.4.4, let us first consider the lowest order Raviart–
Thomas spaces on the reference element ê, given by V̂ = Q1,0(ê)×Q0,1(ê) and

Ŵ = Q0,0(ê). These spaces are defined to be V̂ × Ŵ ⊂ H(div; ê) × L2(ê) and

further satisfy d̂iv v̂h ∈ Ŵ and ⟨v̂h, n̂k⟩ ∈ Q0,0(ℓ̂k), for any v̂h ∈ V̂ . As usual,

ℓ̂k denotes the k-th edge of element ê, being n̂k the corresponding unit vector

normal to ℓ̂k, for k = 1, 2, 3, 4. If v̂h ∈ V̂ and ϕ̂h ∈ Ŵ , the degrees of freedom

in V̂ are the values of ⟨v̂h, n̂k⟩ at the midpoints of the edges, while that in Ŵ is

the value of ϕ̂h at the element center.
Under the affine mapping Fe given by (4.7), we define a rectangular partition

T h of Ω composed of rectangular elements e = Fe(ê). Then, using the scalar and
vector mappings (4.8) and (4.9), the corresponding global spaces V h×Λh×Wh ⊂
H(div; Ω)× (L2(Ω))2 × L2(Ω) on T h are constructed as follows:

V h = {vh ∈ H(div; Ω) : vh|e = PFe v̂
h, v̂h ∈ V̂ ∀ e ∈ T h},

Λh = {λh ∈ (L2(Ω))2 : λh|e = PFe λ̂
h
, λ̂

h
∈ V̂ ∀ e ∈ T h},

Wh = {ϕh ∈ L2(Ω) : ϕh|e = ϕ̂h ◦ F−1
e , ϕ̂h ∈ Ŵ ∀ e ∈ T h}.

Note that, unlike V h, the discrete space Λh is not a subspace of H(div; Ω), since
the continuity of the normal components across the edges is not required for λh.
In other words, we could think of Λh as a possibly discontinuous version of V h,
although we shall assume Λh ≡ V h for the subsequent analysis (cf. Arbogast
et al. (1997)).

The expanded MFE approximation to (4.26) is given by: Find (uh, λh, ψh) :
[0, T ] → V h × V h ×Wh such that

(J̃ψht , ϕ
h) + (div uh, ϕh) = (J̃g(ψh), ϕh) + (J̃f, ϕh), ∀ϕh ∈Wh, (4.28a)

(λh, vh) + (ψD, ⟨vh, n⟩)∂Ω = (ψh, div vh), ∀ vh ∈ V h, (4.28b)

(uh, µh) = (Kλh, µh), ∀µh ∈ V h, (4.28c)

(ψh(0), ϕh) = (ψh0 , ϕ
h), ∀ϕh ∈Wh, (4.28d)

where g(ψh) is a piecewise constant function such that g(ψh)|e = g(ψh(ce)),
being ce the center of the element e ∈ T h, and ψh0 denotes the elliptic MFE
projection of ψ0 (to be defined below). Note that the initial condition ψh(0)
determines λh(0) by (4.28b); in turn, the resulting value λh(0) permits to obtain
uh(0) by (4.28c).
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4.2.4. Towards a finite difference scheme: a quadrature rule. In this
subsection, we introduce a suitable quadrature rule which permits to reduce the
expanded MFE method (4.28) to a CCFD scheme for ψh. This idea has been
previously used by several authors in the context of elliptic problems.

In the case of the Laplace operator on triangular grids, Baranger et al. (1996)
proposed the first successful attempt to eliminate the velocity unknowns in order
to derive a system for the pressures. Subsequently, Micheletti et al. (2001) ex-
tended this technique to reaction–diffusion problems involving a diagonal tensor
coefficient K. In a recent work, Brezzi et al. (2006a) provide an overview of
elimination methods for diffusion equations on triangular and tetrahedral ele-
ments. In passing, they further show the close relation of the derived schemes
to classical finite volume formulations.

Concerning the use of rectangular grids, these strategies were first addressed
by Russell and Wheeler (1983). In the diagonal tensor case, they showed that
the standard MFE formulation could be reduced to a finite difference method
for the pressure unknowns with a five-cell stencil. Some years later, Weiser and
Wheeler (1988) proved that the newly derived scheme preserved the convergence
properties of the MFE technique. More recently, Arbogast et al. (1997) extended
the preceding ideas to the full tensor case. In doing so, they introduced the
expanded formulation and defined alternative quadrature rules to obtain a finite
difference scheme with a nine-cell stencil. The generalization to smooth logically
rectangular grids was considered by Arbogast et al. (1995, 1998).

Here, we adapt this latter approach to the parabolic case by replacing the
equations (4.28b) and (4.28c) by:

(λh, vh)T + (ψD, ⟨vh, n⟩)∂Ω = (ψh, div vh), ∀ vh ∈ V h, (4.29a)

(uh, µh)T = (Kλh, µh)T, ∀µh ∈ V h, (4.29b)

where we define (·, ·)T as a discrete bilinear form corresponding to the applica-
tion of the trapezoidal quadrature rule to the vector integrals in (4.28). In the
presence of tensor K, such a rule is given by:

(Kuh, vh)T =
∑
e∈T h

(Kuh, vh)T,e, (4.30)

for uh, vh ∈ V h. The global quadrature rule is locally defined on an element
e ∈ T h by the expression:

(Kuh, vh)T,e =
|e|
4

4∑
k=1

⟨
K(rk,e)u

h(rk,e), v
h(rk,e)

⟩
. (4.31)

Observe that, unlike (3.74), the previous equation no longer evaluates tensorK at
the element center, but rather at each of the element corners. The corner vector
uh(rk,e) is uniquely determined by its normal components to the two edges that

share vertex rk,e (cf. (3.75)). The corresponding formulae for either (λh, vh)T or

(uh, µh)T are obtained by replacing tensor K with the identity matrix in (4.30).
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As a final remark, recall that the dimension of the Raviart–Thomas flux space
V h is given by dimV h = Nℓ, where Nℓ denotes the number of mesh edges. Let
{vhi }

Nℓ
i=1 be a basis of V h satisfying ⟨vhi , nj⟩ = δij , for j = 1, 2, . . . , Nℓ, being nj

the unit vector normal to the edge ℓj . Further, we consider aij = (vhj , v
h
i )T and

define the matrix A = (aij) ∈ RNℓ×Nℓ . It is immediate to see that, with respect
to this basis, A is a diagonal matrix. Therefore, this choice of quadrature rule
produces diagonal coefficient matrices4 for λh in (4.29a) and uh in (4.29b).

Remark 4.2 The quadrature rule proposed and analyzed in Berndt et al. (2005b)
and Wheeler and Yotov (2006a) for quadrilateral elements is given by the expres-
sion:

(M−1uh, vh)h,e =
1

2

4∑
k=1

|Tk,e|
⟨
M−1(rk,e)u

h(rk,e), v
h(rk,e)

⟩
, (4.32)

where M is a symmetric and positive definite matrix (and so is M−1) and |Tk,e|
denotes the area of the triangle associated to the corner node rk,e. The properties

of (4.32) are preserved if M−1 is replaced by any symmetric and positive definite
matrix (cf. Wheeler and Yotov (2006a), Remark 2.3). Further, in the particu-
lar case of rectangular elements, |Tk,e| is constant and satisfies the relationship
1
2 |Tk,e| =

1
4 |e|. Thus, if we consider M−1 ≡ K, the preceding trapezoidal rule

(K ·, ·)T,e can be identified with (M−1·, ·)h,e.

The following proposition shows that the quadrature rule (4.30) provides a
continuous and coercive discrete bilinear form.

Proposition 4.1 Let K ∈ (W 2,∞(Ω))2×2. Then, there exist positive constants
α0 and β0, independent of h, such that the discrete bilinear form (K ·, ·)T satis-
fies:

|(Kuh, vh)T| 6 α0 ∥uh∥div ∥vh∥div, ∀uh, vh ∈ V h, (4.33a)

(Kuh, uh)T > β0 ∥uh∥2, ∀uh ∈ V h. (4.33b)

Proof . The continuity bound (4.33a) can be shown along the lines of Proposition
3.1. First, recall the following result from Berndt et al. (2005b) (cf. Lemma 6.1):

|(M−1uh, vh)e − (M−1uh, vh)h,e| 6 Ch2e ∥uh∥1; e ∥vh∥1; e,

for any uh, vh ∈ V h and e ∈ T h, where (M−1·, ·)h,e is given by (4.32). In this
case, the exponent of he is 2 provided that T h is a rectangular grid. Then, using
the argument of Proposition 3.1 (based on inverse inequalities) and taking into
account that (M−1·, ·)h,e ≡ (K ·, ·)T,e due to Remark 4.2, we obtain (4.33a).

4In a variational framework, the approximation of integrals through suitable quadrature
rules in order to obtain diagonal matrices is usually referred to as lumping (see, e.g., Arbogast
et al. (1997); Micheletti et al. (2001)).
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As for the coerciveness bound (4.33b), we refer to Wheeler and Yotov (2006a)
(cf. Lemma 2.4). In this work, (M−1·, ·)h,e is proved to be coercive on the lowest
order Brezzi–Douglas–Marini flux space. Since the lowest order Raviart–Thomas
space V h is contained in such a space, (4.33b) follows under Remark 4.2. �

To conclude the subsection, we quote the following result.

Corollary 4.1 The discrete bilinear form (K ·, ·)T is an inner product in V h

that induces the norm (K ·, ·)1/2T .

Proof . Since (Kuh, vh)T is bilinear and symmetric for any uh, vh ∈ V h, Propo-
sition 4.1 entails that it is indeed an inner product. Such an inner product gives

rise to a norm in V h, namely (K ·, ·)1/2T . �

4.2.5. The CCFD method. In this subsection, we describe how the expanded
MFE formulation (4.28a), (4.29) and (4.28d) reduces to a CCFD approximation
for the scalar unknown. More precisely, we express both uh and λh in terms of
ψh via the trapezoidal quadrature rule, thus obtaining a single equation for ψh.

To this end, let us first recall some standard finite difference notation from
the preceding chapters. If Nx and Ny denote two positive integers, we consider
the (i, j)-node as given by the coordinates (xi, yj), for i = 1, 2, . . . , Nx and
j = 1, 2, . . . , Ny. The rectangle Ωi+1/2,j+1/2, whose vertices are the nodes (i, j),
(i+1, j), (i, j+1) and (i+1, j+1), is referred to as the (i+1/2, j+1/2)-cell. Its cell
center is thus located at the point (xi+1/2, yj+1/2), being xi+1/2 = 1

2 (xi + xi+1)

and yj+1/2 = 1
2 (yj + yj+1), for i = 1, 2, . . . , Nx − 1 and j = 1, 2, . . . , Ny − 1.

Further, we denote by ℓi,j+1/2 the vertical edge whose endpoints are the nodes
(i, j) and (i, j + 1); analogously, ℓi+1/2,j is the horizontal edge with endpoints
at the nodes (i, j) and (i + 1, j). Finally, the spatial mesh sizes are obtained
to be hXi = xi+1 − xi and hYj = yj+1 − yj , for i = 1, 2, . . . , Nx − 1 and j =
1, 2, . . . , Ny−1. The structure of the cell-centered mesh on Ω is shown in Figure
4.1.

Next, we introduce the vector space H †
s of semidiscrete scalar functions

Ψh ≡ Ψh(t), whose degrees of freedom are located at the geometric centers
of the grid cells. The components of Ψh are denoted by Ψhi+1/2,j+1/2, for
i = 1, 2, . . . , Nx − 1 and j = 1, 2, . . . , Ny − 1, and they follow a row-wise or-
dering of the cells. Note that, unlike the space Hs defined in the preceding
chapters, H †

s no longer involves the degrees of freedom located at the midpoints
of the boundary segments. On the other hand, the vector space H †

v contains the
semidiscrete vector functions Uh ≡ Uh(t), whose degrees of freedom are located
at the midpoints of the cell edges. Each component of Uh provides an approx-
imation to the orthogonal projection of the flux vector onto the unit normal to
one of the edges. In this case, since we are considering a rectangular grid, such
orthogonal projections are indeed the corresponding Cartesian components of the
flux vector. Thus, every Uh ∈ H †

v can be expressed as Uh = (Uh,X , Uh,Y )T ,
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Figure 4.1: Cell-centered finite difference mesh on the computational domain Ω.

being:

Uh,X = {UXi,j+1/2, for i = 1, 2, . . . , Nx; j = 1, 2, . . . , Ny − 1},

Uh,Y = {UYi+1/2,j , for i = 1, 2, . . . , Nx − 1; j = 1, 2, . . . , Ny},
(4.34)

where UXi,j+1/2 and UYi+1/2,j are located at the midpoints of the vertical and
horizontal edges, respectively. In the context of our expanded formulation, the
corresponding approximation Λh ≡ Λh(t) to the negative gradient also belongs
to the vector space H †

v . Thus, its vertical and horizontal components (ΛXi,j+1/2

and ΛYi+1/2,j , respectively) are defined according to (4.34).

With the aim of relating the expanded MFE spaces to the newly defined
CCFD spaces, let us remind the isometry IH †

s
: H †

s →Wh and the isomorphism

IH †
v
: H †

v → V h introduced in (3.66). We refer to Subsection 3.4.5 for a detailed
description of both mappings. Briefly recall that, under such transformations,
the finite element variables ψh ∈ Wh and uh ∈ V h can be related to the finite
difference variables Ψh ∈ H †

s and Uh ∈ H †
v , respectively. Note that, in this

case, IH †
v

further permits to establish an equivalence between λh ∈ Λh and

Λh ∈ H †
v .

Now, we are in condition to derive the CCFD scheme from the expanded
MFE method presented above. To this end, let us consider two internal cells
ek ≡ Ωi−1/2,j+1/2 and el ≡ Ωi+1/2,j+1/2 and denote by ℓξkl

≡ ℓi,j+1/2 their

common edge5, i.e., ℓξkl
= ∂ek ∩ ∂el (see Figure 4.2 (a)). Further, let vhξkl

be the
velocity basis function associated to such an edge.

5For any couple of neighbouring rectangles ek and el of T h, let ℓξkl
be their common edge

and ξkl its corresponding numbering, with 1 6 ξkl 6 Nℓ for any k, l = 1, 2, . . . , Ne. Here, we
denote by Nℓ and Ne the total number of edges and elements of the partition T h, respectively.
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Figure 4.2: Stencil for the discrete terms: (a) ΛX
i,j+1/2; (b) ΛY

i+1/2,j ; (c) UX
i,j+1/2;

and (d) (A Ψh)i+1/2,j+1/2. Symbols: • : Ψh
·,·; × : ΛX

·,·, Λ
Y
·,·; � : UX

·,· , U
Y
·,·; ◦ :

KXX
·,· , KXY

·,· , KY Y
·,· ; •⊙ : (A Ψh)i+1/2,j+1/2.

First, we take vh = vhξkl
in equation (4.29a). The term (λh, vh)T can be

expressed as:
(λh, vhξkl

)T = (λh, vhξkl
)T,ek + (λh, vhξkl

)T,el .

Using (4.31) for each term on the right-hand side and taking into account that
the areas of the corresponding cells are |ek| = hXi−1h

Y
j and |el| = hXi h

Y
j , we get:

(λh, vhξkl
)T =

1

2
(hXi−1 + hXi )hYj Λ

X
i,j+1/2, (4.35)

provided that λh = IH †
v
(Λh). On the other hand, the term (ψh, div vh) can be

split into:
(ψh, div vhξkl

) = (ψh, div vhξkl
)ek + (ψh, div vhξkl

)el .

If we apply Green’s first identity to each term on the right-hand side, we obtain:

(ψh, div vhξkl
)ek = (Ψhi−1/2,j+1/2, ⟨v

h
ξkl
, nξkl

⟩)ℓξkl

(ψh, div vhξkl
)el = (Ψhi+1/2,j+1/2,−⟨vhξkl

, nξkl
⟩)ℓξkl

,

where nξkl
is the outward unit vector normal to ℓξkl

(positively oriented from ek
towards el) and ψ

h = IH †
s
(Ψh). As a result, it holds:

(ψh, div vhξkl
) = (Ψhi−1/2,j+1/2 −Ψhi+1/2,j+1/2)h

Y
j , (4.36)

taking into account that the length of the common edge is |ℓξkl
| = hYj . Combin-

ing (4.35) and (4.36), the equation (4.29a) reduces to:

ΛXi,j+1/2 = −
Ψhi+1/2,j+1/2 −Ψhi−1/2,j+1/2

1
2 (h

X
i−1 + hXi )

, (4.37)

whose stencil is represented in Figure 4.2 (a). This equation is valid for i =
2, 3, . . . , Nx− 1 and j = 1, 2, . . . , Ny− 1. Analogously, the y-component ΛYi+1/2,j
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can be derived to be:

ΛYi+1/2,j = −
Ψhi+1/2,j+1/2 −Ψhi+1/2,j−1/2

1
2 (h

Y
j−1 + hYj )

, (4.38)

for i = 1, 2, . . . , Nx − 1 and j = 2, 3, . . . , Ny − 1. The stencil for (4.38) is
given in Figure 4.2 (b). Note that both equations (4.37) and (4.38) provide a
CCFD approximation to the components of λ = −gradψ at the corresponding
edges. On the boundary, these approximations are given by one-sided difference
formulae. For instance, the components of Λh on the left and bottom boundaries
can be stated as:

ΛX1,j+1/2 = −
Ψh3/2,j+1/2 −Ψh1,j+1/2

1
2 h

X
1

,

ΛYi+1/2,1 = −
Ψhi+1/2,3/2 −Ψhi+1/2,1

1
2 h

Y
1

,

(4.39)

respectively, for i = 1, 2, . . . , Nx−1 and j = 1, 2, . . . , Ny−1. The values Ψh1,j+1/2

and Ψhi+1/2,1 are suitable approximations to the Dirichlet boundary data result-

ing from the term (ψD, ⟨vh, n⟩)∂Ω. More precisely:

Ψh1,j+1/2 =
1

hYj

∫ yj+1

yj

ψD(x1, y, t) dy,

Ψhi+1/2,1 =
1

hXi

∫ xi+1

xi

ψD(x, y1, t) dx,

(4.40)

for i = 1, 2, . . . , Nx − 1 and j = 1, 2, . . . , Ny − 1.
Now, let us consider µh = vhξkl

in equation (4.29b). According to (4.35), the

term on the left-hand side, (uh, µh)T, is given by:

(uh, vhξkl
)T =

1

2
(hXi−1 + hXi )hYj U

X
i,j+1/2, (4.41)

since uh = IH †
v
(Uh). As for the right-hand side, (Kλh, µh)T can be rewritten

in the form:

(Kλh, vhξkl
)T = (Kλh, vhξkl

)T,ek + (Kλh, vhξkl
)T,el . (4.42)

Once more, considering (4.31) and the isomorphism IH †
v
, the first term of this

sum reduces to:

(Kλh, vhξkl
)T,ek =

1

4
hXi−1h

Y
j

(
KXX
i,j+1Λ

X
i,j+1/2 +KXY

i,j+1Λ
Y
i−1/2,j+1

+ KXX
i,j ΛXi,j+1/2 +KXY

i,j ΛYi−1/2,j

)
, (4.43)



§4.2 spatial semidiscretization: a ccfd method 119

while the second one is obtained to be:

(Kλh, vhξkl
)T,el =

1

4
hXi h

Y
j

(
KXX
i,j+1Λ

X
i,j+1/2 +KXY

i,j+1Λ
Y
i+1/2,j+1

+ KXX
i,j ΛXi,j+1/2 +KXY

i,j ΛYi+1/2,j

)
. (4.44)

Finally, inserting (4.41)-(4.44) into the expression (4.29b) yields:

UXi,j+1/2 =
1

2
(KXX

i,j +KXX
i,j+1) Λ

X
i,j+1/2

+
1

2 (hXi−1 + hXi )

(
(KXY

i,j ΛYi−1/2,j +KXY
i,j+1Λ

Y
i−1/2,j+1)h

X
i−1

+(KXY
i,j ΛYi+1/2,j +KXY

i,j+1Λ
Y
i+1/2,j+1)h

X
i

)
,

(4.45)
for i = 2, 3, . . . , Nx − 1 and j = 1, 2, . . . , Ny − 1. Figure 4.2 (c) shows the stencil
for this formula. Analogously, a similar expression may be derived for the y-
component UYi+1/2,j , i.e.:

UYi+1/2,j =
1

2
(KY Y

i,j +KY Y
i+1,j) Λ

Y
i+1/2,j

+
1

2 (hYj−1 + hYj )

(
(KXY

i,j ΛXi,j−1/2 +KXY
i+1,jΛ

X
i+1,j−1/2)h

Y
j−1

+(KXY
i,j ΛXi,j+1/2 +KXY

i+1,jΛ
X
i+1,j+1/2)h

Y
j

)
,

(4.46)
for i = 1, 2, . . . , Nx−1 and j = 2, 3, . . . , Ny−1. Both (4.45) and (4.46) provide a
CCFD approximation to the components of u = Kλ at the corresponding edges.
The boundary adaptation of (4.45) is given by:

UXi,j+1/2 =
1

2
(KXX

i,j +KXX
i,j+1) Λ

X
i,j+1/2

+
1

2
(KXY

i,j ΛYı̂+1/2,j +KXY
i,j+1Λ

Y
ı̂+1/2,j+1),

(4.47)

for i = ı̂ = 1 or i = ı̂+ 1 = Nx and j = 1, 2, . . . , Ny − 1. A similar formula can
be derived from (4.46) for UYi+1/2,j , with j = 1 or j = Ny.

To conclude the construction of the CCFD scheme, we consider the equation
(4.28a) on a single cell el ≡ Ωi+1/2,j+1/2 and take ϕh to be the characteristic

function χl of such a cell. Then, the term (div uh, ϕh) is given by:

(div uh, χl) = (UXi+1,j+1/2 − UXi,j+1/2)h
Y
j + (UYi+1/2,j+1 − UYi+1/2,j)h

X
i . (4.48)

Moreover, the integrals (J̃ψht , ϕ
h), (J̃g(ψh), ϕh) and (J̃f, ϕh) reduce to:

(J̃ψht , χl) =
dΨhi+1/2,j+1/2

dt
J̃hi+1/2,j+1/2 h

X
i h

Y
j ,

(J̃g(ψh), χl) = g(Ψhi+1/2,j+1/2) J̃
h
i+1/2,j+1/2 h

X
i h

Y
j ,

(J̃f, χl) = (J̃f)i+1/2,j+1/2 h
X
i h

Y
j ,
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where J̃hi+1/2,j+1/2 and (J̃f)i+1/2,j+1/2 are the integral averages of J̃ and J̃f over

the cell Ωi+1/2,j+1/2, respectively, and |el| = hXi h
Y
j . These equations, together

with (4.48), yield:

dΨhi+1/2,j+1/2

dt
+
Dh
i+1/2,j+1/2

J̃hi+1/2,j+1/2

= g(Ψhi+1/2,j+1/2) + f̃hi+1/2,j+1/2, (4.50)

where f̃hi+1/2,j+1/2 is the quotient of (J̃f)i+1/2,j+1/2 and J̃hi+1/2,j+1/2, while

Dh
i+1/2,j+1/2 is given by:

Dh
i+1/2,j+1/2 =

(
UXi+1,j+1/2 − UXi,j+1/2

hXi
+
UYi+1/2,j+1 − UYi+1/2,j

hYj

)
, (4.51)

for i = 1, 2, . . . , Nx − 1 and j = 1, 2, . . . , Ny − 1. Note that (4.51) provides
a CCFD approximation to div u at the corresponding cell centers. Further, it
naturally incorporates the boundary cells; for instance, if we consider i = 1, the
boundary values (4.39) and (4.47) are involved in the resulting formula. Now,
inserting (4.37), (4.38), (4.45) and (4.46) into (4.51), we obtain the corresponding
CCFD approximation to −div (Kgradψ). At the cell Ωi+1/2,j+1/2, we shall

denote such an approximation by (A Ψh)i+1/2,j+1/2. The explicit formula for

(A Ψh)i+1/2,j+1/2 can be represented by the compact nine-cell stencil displayed
on Figure 4.2 (d). In order to derive the coefficients of such a stencil, we shall
assume uniformity of the mesh in each direction, i.e., for every i = 1, 2, . . . , Nx−1
and j = 1, 2, . . . , Ny − 1, let hXi = hX and hYj = hY . Then, using the stencil
notation introduced in (2.33), we get:

S−1,0
i+1/2,j+1/2 = −

KXX
i,j +KXX

i,j+1

2(hX)2
, S−1,−1

i+1/2,j+1/2 = −
KXY
i,j

2hXhY
,

S0,−1
i+1/2,j+1/2 = −

KY Y
i,j +KY Y

i+1,j

2(hY )2
, S−1,1

i+1/2,j+1/2 =
KXY
i,j+1

2hXhY
,

S0,1
i+1/2,j+1/2 = −

KY Y
i,j+1 +KY Y

i+1,j+1

2(hY )2
, S1,−1

i+1/2,j+1/2 =
KXY
i+1,j

2hXhY
,

S1,0
i+1/2,j+1/2 = −

KXX
i+1,j +KXX

i+1,j+1

2(hX)2
, S1,1

i+1/2,j+1/2 = −
KXY
i+1,j+1

2hXhY
.

(4.52)

The central element S0,0
i+1/2,j+1/2 is obtained as the negative sum of the eight

elements given above. As a result, the sum of all of the elements of the stencil
matrix is equal to zero. Note that, unlike in the cell-node MFD stencil (2.34),
the corner elements in (4.52) only involve evaluations6 of KXY ; furthermore, the

6As we shall see below, this fact will be crucial for the subsequent application of the ADI
scheme, since the element KXY is related to the mixed derivative term.
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relationship (2.35) no longer holds. Additionally, if the mesh is uniform (that
is, if hX = hY ) and tensor K is supposed to be constant, we recover a standard
finite difference scheme.

Extending (4.50) to the whole partition T h and including the time variable,
we obtain a stiff nonlinear initial value problem of the form: Find Ψh : [0, T ] →
H †
s such that

Ψht (t) +AhΨh(t) = Gh(Ψh, t) + Fh(t) +Bh(t), t ∈ (0, T ], (4.53a)

Ψh(0) = Ψh0 . (4.53b)

In this formulation, the diffusion matrix is defined to be Ah = (J̃h)−1A , where

A is the banded matrix given by (4.52) and J̃h ∈ RM×M , with M = (Nx −
1)(Ny−1), is a diagonal matrix which contains the integral average J̃hi+1/2,j+1/2

at the corresponding diagonal entry. In turn, both Gh(Ψh, t) and Fh(t) are
vectors in H †

s , whose components at the (i+ 1/2, j + 1/2)-cell are given by:

(Gh(Ψh, t))i+1/2,j+1/2 = g(Ψhi+1/2,j+1/2, t),

(Fh(t))i+1/2,j+1/2 = f̃hi+1/2,j+1/2(t),

respectively, for i = 1, 2, . . . , Nx − 1 and j = 1, 2, . . . , Ny − 1. Accordingly,
the vector Bh(t) involves the contribution of the Dirichlet boundary condition
ψD(x, t) to those cells adjacent to the boundary (cf. (4.40)). Finally, as for the
initial condition Ψh0 , we set:

(Ψh0 )i+1/2,j+1/2 =
1

hXi h
Y
j

∫ xi+1

xi

∫ yj+1

yj

ψ0(x, y) dx dy,

for i = 1, 2, . . . , Nx − 1 and j = 1, 2, . . . , Ny − 1.

4.3. Convergence analysis of the semidiscrete scheme

In this section, we derive a priori error estimates for the CCFD semidiscrete
scheme given by the equations (4.28a), (4.29) and (4.28d). In doing so, we ex-
tend the superconvergence results derived by Arbogast et al. (1997, 1998) for
linear elliptic problems to the semilinear parabolic case. As a by-product, a gen-
eralization of the elliptic MFE projection to expanded variational formulations
is proposed.

4.3.1.The L2(Ω) and Raviart–Thomas projections. For completeness, let us
first consider the standard projection operators introduced in Subsection 3.5.1.
On one hand, we denote by Ph : L2(Ω) → Wh the L2(Ω)-projection onto Wh.
Recall that Ph is a global operator which can be locally defined on e ∈ T h as
(Phϕ)|e = Pe(ϕ|e). Here, Peϕ = (P̂ϕ̂) ◦ F−1

e , where P̂ : L2(ê) → Ŵ is the

standard L2(ê)-projection onto the reference space Ŵ and ϕ̂ = ϕ ◦ Fe due to
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(4.8). For any ϕ ∈ L2(Ω), Phϕ satisfies:

(Phϕ− ϕ, φh) = 0, ∀φh ∈Wh. (4.54)

On the other hand, Πh : (H1(Ω))2 → V h stands for the Raviart–Thomas pro-
jection onto V h. In this case, Πh can be constructed element-wise as (Πhv)|e =
Πe(v|e), for any e ∈ T h. This local operator satisfies Πev = PFe(Π̂v̂), where

Π̂ : (H1(ê))2 → V̂ is the Raviart–Thomas projection onto the reference space V̂
and v̂ = P−1

Fe
v due to (4.9). For any v ∈ (H1(Ω))2, Πhv fulfills the orthogonality

condition:
(div(Πhv − v), φh) = 0, ∀φh ∈Wh. (4.55)

Both operators further satisfy the approximation properties quoted in Subsection
3.5.1.

4.3.2. The expanded elliptic MFE projection. In this subsection, we extend
the concept of elliptic MFE projection introduced in Subsection 3.5.2 to the
expanded case. More precisely, the so-called expanded elliptic MFE projection
of (4.28a), (4.29) and (4.28d) is defined to be: Find (Rhu,Lhλ,Shψ) : [0, T ] →
V h × V h ×Wh such that

(divRhu, ϕ
h) = (σ, ϕh), ∀ϕh ∈Wh, (4.56a)

(Lhλ, vh)T + (ψD, ⟨vh, n⟩)∂Ω = (Shψ, div vh), ∀ vh ∈ V h, (4.56b)

(Rhu, µ
h)T = (KLhλ, µh)T, ∀µh ∈ V h, (4.56c)

(Shψ(0), ϕh) = (ψh0 , ϕ
h), ∀ϕh ∈Wh, (4.56d)

where σ ≡ σ(x, t) = J̃ (g(ψ(x, t), t) + f(x, t) − ψt(x, t)), for t ∈ (0, T ]. Note
that the triple (Rhu,Lhλ,Shψ) is precisely the solution of the expanded MFE
approximation to a continuous elliptic problem whose exact solution is (u, λ, ψ).
If we subtract (4.56) from (4.26) and take v = vh, µ = µh and ϕ = ϕh, we get
the error equations:

(div(u−Rhu), ϕ
h) = 0, ∀ϕh ∈Wh,

(λ, vh)− (Lhλ, vh)T = (ψ − Shψ, div vh), ∀ vh ∈ V h,

(u, µh)− (Rhu, µ
h)T = (Kλ, µh)− (KLhλ, µh)T, ∀µh ∈ V h,

(ψ(0)− Shψ(0), ϕh) = (ψ0 − ψh0 , ϕ
h), ∀ϕh ∈Wh.

Let us denote by εT(·, ·) ≡ (·, ·)− (·, ·)T the quadrature error for the trapezoidal
rule. Then, the orthogonality properties (4.54) and (4.55) yield:

(div(Πhu−Rhu), ϕ
h) = 0, ∀ϕh ∈Wh, (4.57a)

(λ− Lhλ, vh) + εT(Lhλ, vh) = (Phψ − Shψ, div vh), ∀ vh ∈ V h, (4.57b)

(u−Rhu, µ
h) + εT(Rhu, µ

h) = (K(λ− Lhλ), µh)
+ εT(KLhλ, µh), ∀µh ∈ V h, (4.57c)

(ψ(0)− Shψ(0), ϕh) = (ψ0 − ψh0 , ϕ
h), ∀ϕh ∈Wh. (4.57d)
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Note that the right-hand side of equation (4.57b) is derived under the condition:

(ψ − Phψ, div vh) = 0.

Unlike what happened in the preceding chapter for quadrilateral meshes, this
expression can now be derived from the orthogonality property (4.54), since
div vh ∈Wh for rectangular (i.e., affine) elements.

The error equations (4.57) are the same as those derived in Arbogast et al.
(1997) when analyzing a linear elliptic problem. In such a work, the scalar
variable is proved to show an O(h2) superconvergent behaviour to the L2(Ω)-
projection of the continuous solution. Next lemma quotes such a result.

Lemma 4.1 Let T h be a rectangular partition of Ω and let Shψ(t) denote the
expanded elliptic MFE projection of ψ(x, t) given by (4.56). If we consider K ∈
(C1(Ω̄) ∩ W 2,∞(Ω))2×2, then there exists a positive constant C, independent of
h, such that:

∥Phψ(t)− Shψ(t)∥ 6 Ch2, ∀ t ∈ [0, T ]. (4.58)

Proof . The proof is based on a duality argument and can be found in Arbogast
et al. (1997), Theorem 5.8. �

Due to its expanded form, the stability analysis of (4.56) via the inf–sup con-
dition is rather more intricate than that of Subsection 3.5.2. Several approaches
to this analysis have been proposed in the literature. Chen (1998) proceeds by
adding the first and third equations in (4.56), while leaving the second one as
it stands, so that the resulting problem can be rewritten in a standard dual
mixed form. In turn, Gatica and Heuer (2001) go further and introduce what
they called the dual–dual mixed formulation. This idea is quite remarkable,
since it permits to extend the Babuška–Brezzi theory along the lines of Gatica
(2002). For its significance, we sketch it in the sequel. Let us first reformulate
our problem in an abstract setting by introducing the continuous bilinear forms:

a(λ, µ) = (Kλ, µ) =

∫
Ω

⟨Kλ, µ⟩ dx, ∀λ, µ ∈ (L2(Ω))2,

b(λ, v) = −(λ, v) = −
∫
Ω

⟨λ, v⟩ dx, ∀λ ∈ (L2(Ω))2, v ∈ H(div; Ω),

c(v, ϕ) = (div v, ϕ) =

∫
Ω

ϕdiv v dx, ∀ v ∈ H(div; Ω), ϕ ∈ L2(Ω).

In this case, the bilinear forms a(·, ·) and b(·, ·) are replaced by suitable approx-
imations ah(·, ·) and bh(·, ·) through the use of the trapezoidal quadrature rule.
When applied to the corresponding semidiscrete functions, they are defined to
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be:

ah(λ
h, µh) = (Kλh, µh)T =

∑
e∈T h

(Kλh, µh)T,e, ∀λh, µh ∈ V h,

bh(λ
h, vh) = −(λh, vh)T = −

∑
e∈T h

(λh, vh)T,e, ∀λh, vh ∈ V h,

where the element-wise formula (·, ·)T,e is given by (4.31). In this context, the
expanded elliptic MFE formulation (4.56) can be rewritten in the form: Find
(Rhu,Lhλ,Shψ) : [0, T ] → V h × V h ×Wh such that

ah(Lhλ, µh) + bh(Rhu, µ
h) = 0, ∀µh ∈ V h, (4.59a)

bh(Lhλ, vh) + c(vh,Shψ) = (ψD, ⟨vh, n⟩)∂Ω, ∀ vh ∈ V h, (4.59b)

c(Rhu, ϕ
h) = (σ, ϕh), ∀ϕh ∈Wh, (4.59c)

(Shψ(0), ϕh) = (ψh0 , ϕ
h), ∀ϕh ∈Wh. (4.59d)

Observe that the first and third equations correspond to (4.56c) and (4.56a), re-
spectively. For convenience, we adopt the usual ordering of equations considered
in an abstract framework. Further note that, besides the initial condition, we
obtain three equations instead of two (which would be the case of the standard
dual mixed formulation). In other words, if the problem is expressed as an op-
erator equation, it involves a 3 × 3 matrix of operators. Such a matrix has a
block dual-type structure similar to that of the 2 × 2 matrix associated to the
standard mixed form. In turn, its principal submatrix involving the first two
rows and columns also presents this dual-type structure. This is the reason why
the newly constructed problem is called a dual–dual mixed formulation.

The stability of the variational formulation (4.59) is then ensured under the
following conditions: the discrete bilinear forms ah(·, ·) and bh(·, ·) are continu-
ous, ah(·, ·) is coercive on a certain subspace of V h and both bh(·, ·) and c(·, ·)
satisfy specific discrete inf–sup conditions, independently of h. A thorough de-
scription of these conditions is beyond the scope of this chapter –we refer to
Gatica and Heuer (2001) for further details.

4.3.3. Convergence of the CCFD method. To conclude the analysis, we
must estimate the distance between the expanded elliptic projection Shψ(t) and
the expanded MFE approximation ψh(t). A suitable combination of such an
estimate with (4.58) yields the convergence of the pressure unknown to the
L2(Ω)-projection Phψ(t). In addition, under the isometry IH †

s
, this result is

also valid for the semidiscrete CCFD scheme (4.53). Next theorem states the
second-order convergence of the semidiscrete solution.

Theorem 4.1 Let T h be a rectangular partition of Ω and let ψh(t) denote the
expanded MFE approximation to Phψ(t) given by (4.28a), (4.29) and (4.28d).
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If we consider K ∈ (C1(Ω̄) ∩ W 2,∞(Ω))2×2, then there exists a positive constant
C, independent of h, such that:

∥Phψ(t)− ψh(t)∥ 6 Ch2, ∀ t ∈ [0, T ]. (4.60)

Proof . The strategy for proving (4.60) closely follows the ideas described in the
proof of Theorem 3.1 for the non-expanded method. Let us first split the error
term into two parts by means of the triangle inequality:

∥Phψ − ψh∥ 6 ∥Phψ − Shψ∥+ ∥Shψ − ψh∥. (4.61)

We further shorten the notations by setting ξh = Shψ − ψh, γh = Phψ − Shψ,
ζh = Rhu−uh and ηh = Lhλ−λh. Then, subtracting (4.28a), (4.29) and (4.28d)
from (4.26) and taking into account (4.57), we get:

(J̃(ξht + γht ), ϕ
h) + (div ζh, ϕh) = (J̃(g(ψ)− g(ψh)), ϕh), ∀ϕh ∈Wh, (4.62a)

(ηh, vh)T = (ξh, div vh), ∀ vh ∈ V h, (4.62b)

(ζh, µh)T = (Kηh, µh)T, ∀µh ∈ V h, (4.62c)

(ξh(0), ϕh) = 0, ∀ϕh ∈Wh, (4.62d)

where commutativity of the projection operators Ph and Sh with time differen-
tiation is used. Since the triple (ζh, ηh, ξh) belongs to V h × V h ×Wh, we may

choose vh = ζh, µh = ηh and ϕh = ξh. Then, if we add the first two equations
and subsequently subtract the third equation, we obtain:

(J̃ξht , ξ
h) + (Kηh, ηh)T = −(J̃γht , ξ

h) + (J̃(g(ψ)− g(ψh)), ξh).

Now, we lower bound the terms on the left-hand side and upper bound those
on the right-hand side. Recalling (4.19) and (4.33b), we can apply the Cauchy–
Schwarz inequality in order to get:

ς∗
2

d

dt
∥ξh∥2 + β0 ∥ηh∥2 6 ς∗

2
(∥γht ∥2 + ∥ξh∥2) + ς∗(g(ψ)− g(ψh), ξh), (4.63)

where we further use Young’s inequality (3.96) with ϵ = 1. As pointed out in
the proof of Theorem 3.1, the last term in (4.63) may be expressed as:

ς∗(g(ψ)− g(ψh), ξh) = ς∗(g(ψ)− g(Phψ), ξh) + ς∗(g(Phψ)− g(ψh), ξh).

Then, using the bounds (3.99) and (3.97) for each of these terms, respectively,
we get:

|ς∗(g(ψ)− g(ψh), ξh)| 6 C(h4 + ∥ξh∥2 + ∥γh∥2),

where C depends on the Lipschitz constant of g(ψ). This inequality further
permits to bound (4.63). The integration of the resulting expression with respect
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to t and the subsequent application of Gronwall’s lemma yields (3.100), which
is reproduced here for completeness:

∥ξh(τ)∥2 + β0 ∥ζh∥2L2((0,τ);L2(Ω))

6 C
(
h4 + ∥γh∥2L2((0,τ);L2(Ω)) + ∥γht ∥2L2((0,τ);L2(Ω))

)
,

for τ ∈ (0, T ], where ξh(0) = 0 with a proper choice of the initial condition,
namely ψh0 = Shψ0. The term in γh is bounded by (4.58). In order to obtain
an error estimate for the term in γht , we differentiate (4.57) with respect to t,
considering ϕh, vh and µh to be independent of time. Using an argument along

the lines of Lemma 4.1, the resulting error bound for ∥γht ∥ is also O(h2), thus
yielding:

∥ξh(τ)∥ 6 Ch2, ∀ τ ∈ [0, T ].

This bound, together with (4.58) and (4.61), implies (4.60) and completes the
proof. �

4.4. Time integration: a linearly implicit FSRKm+1 method

In this section, we introduce and analyze a suitable time integrator for the
semidiscrete scheme (4.53). Owing to the stiffness of this system of ODEs,
classical methods are known to provide computationally expensive algorithms.
In fact, if we use an explicit time integrator, we shall obtain a fully discrete
scheme which turns out to be cheap per time step but conditionally stable, thus
entailing a strong restriction between the time step and the mesh size (in order
to preserve the numerical stability of the algorithm). On the other hand, the
choice of an implicit time integrator leads to unconditionally stable schemes
which, however, require the solution of one or more large systems of nonlinear
equations per time step.

In the absence of mixed derivative terms, ADI schemes have been shown
to be a very efficient alternative with respect to classical approaches for those
problems posed on simple geometries (cf. Marchuk (1990)). The basis for such
methods lies in considering a decomposition of the elliptic operator into a num-
ber of terms equal to the spatial dimension; subsequently, the derivatives with
respect to the k-th spatial variable are grouped into the k-th term. Since just
one of these simpler operators acts implicitly at each internal stage, the original
multidimensional problem is reduced to a set of essentially one-dimensional sub-
problems (one per internal stage). However, when mixed derivative terms are
present, the numerical solution of these problems requires specific techniques.
Such a matter was probably first tackled by Lax and Richtmyer (1956), who ap-
proximated the solution of a two-dimensional linear problem by a θ-method; this
method reduced to Saul’yev scheme when θ = 1 (cf. Saul’yev (1964)). After-
wards, Seidman (1963) suggested a splitting approach for such problems, giving
rise to a difference scheme that could be solved explicitly under a judicious use of
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boundary conditions. One year later, Douglas and Gunn (1964) proposed a novel
4-stage ADI method which used four basic directions: the x-axis, the y-axis and
both diagonal directions inclined at an angle of π/4 to the positive and negative
x-axis, respectively. The work by McKee and Mitchell (1970) (subsequently gen-
eralized by McKee et al. (1996)) introduced a class of unconditionally stable ADI
schemes which explicitly handled the discrete mixed derivative terms. Finally,
a recent paper by in ’t Hout and Welfert (2007) revisits three well-known ADI
methods and proves their suitability for the numerical solution of a linear version
of the problem under consideration (see also in ’t Hout and Welfert (2009)).

Within this framework, the time integration of (4.53) is accomplished by
using a linearly implicit variant of Yanenko’s method, which considers an explicit
contribution of mixed derivative terms. Let us first introduce a decomposition
of matrix Ah and vector Bh(t) into three terms, namely:

Ah = Ah0 +Ah1 +Ah2 ,

Bh(t) = Bh0 (t) +Bh1 (t) +Bh2 (t),

satisfying:

Ah0Ψ
h(t)−Bh0 (t) ≈ A0ψ ≡ − 1

J̃

(
∂x
(
KXY ∂yψ

)
+ ∂y

(
KXY ∂xψ

))
,

Ah1Ψ
h(t)−Bh1 (t) ≈ A1ψ ≡ − 1

J̃
∂x
(
KXX∂xψ

)
,

Ah2Ψ
h(t)−Bh2 (t) ≈ A2ψ ≡ − 1

J̃
∂y
(
KY Y ∂yψ

)
,

together with a smooth splitting for the discrete source/sink term:

Fh(t) = Fh1 (t) + Fh2 (t).

The matrices Ah0 , A
h
1 and Ah2 are discrete versions of the operators A0, A1 and

A2, respectively, acting on the cell centers. In turn, the vectors Bh0 (t), B
h
1 (t)

and Bh2 (t) involve the contribution of the Dirichlet boundary conditions to each
of these matrices. Note that, if we order the mesh unknowns in a row-wise
fashion, then Ah1 is tridiagonal; in turn, Ah2 becomes tridiagonal by simply using
a column-wise ordering for such unknowns.

In this context, the newly defined variant of Yanenko’s method admits the
following formulation when applied to the semidiscrete problem (4.53):

For n = 0, 1, . . . , NT :

Ψhn,1 = Ψhn + τ
(
−Ah0Ψhn +Bh0 (tn) +Gh(Ψhn, tn)

)
+ τ

(
−Ah1Ψhn,1 +Bh1 (tn+1) + Fh1 (tn+1)

)
,

Ψhn,2 = Ψhn,1 + τ
(
−Ah2Ψhn,2 +Bh2 (tn+1) + Fh2 (tn+1)

)
,

Ψhn+1 = Ψhn,2.

(4.64)



128 cell-centered finite difference adi methods Ch. 4

Hereafter, τ denotes the constant time step, being tn = nτ . Moreover, Ψhn is
an approximation to Ψh(tn) and Ψhn,k, for k = 1, 2, contains the solution at the
k-th internal stage.

Note that both the discrete mixed derivatives and the nonlinear function act
explicitly at the first internal stage. Since Ah1 and Ah2 are further defined to be
tridiagonal matrices, (4.64) is indeed a set of tridiagonal linear systems (one per
internal stage). In turn, each such linear system may be naturally split into a
set of smaller tridiagonal subsystems, which can be efficiently solved in parallel
implementations.

4.5. Convergence analysis of the totally discrete scheme

The convergence analysis of the proposed method is based on a proper com-
bination of consistency and stability results. Throughout this section, we shall
denote by rh the restriction operator to the cell centers as defined in the previ-
ous chapter. In addition, (·, ·)h stands for the discrete L2-inner product, being

∥ · ∥h = (·, ·)1/2h the induced discrete L2-norm (except otherwise indicated).

4.5.1. Consistency. The linearly implicit FSRKm+1 method (4.64) admits the
following ARKm+1 formulation, with m = 2:



For n = 0, 1, . . . , NT :

Ψhn,0 = Ψhn,

For k = 2, 3 :

Ψhn,k−1 = Ψhn + τ

2∑
i=1

3∑
ℓ=1

aikℓ
(
−Ahi Ψhn,ℓ−1 +Bhi (tn,ℓ) + Fhi (tn,ℓ)

)
+ τ

3∑
ℓ=1

a3kℓ
(
−Ah0Ψhn,ℓ−1 +Bh0 (tn,ℓ) +Gh(Ψhn,ℓ−1, tn,ℓ)

)
,

Ψhn+1 = Ψhn + τ
2∑
i=1

3∑
ℓ=1

biℓ
(
−Ahi Ψhn,ℓ−1 +Bhi (tn,ℓ) + Fhi (tn,ℓ)

)
+ τ

3∑
ℓ=1

b3ℓ
(
−Ah0Ψhn,ℓ−1 +Bh0 (tn,ℓ) +Gh(Ψhn,ℓ−1, tn,ℓ)

)
,

(4.65)
where tn,ℓ = tn + cℓτ . The coefficients of this method can be organized through
the following Butcher tableau:

c A1 A2 A3

bT1 bT2 bT3
≡

0 0 0 0

1 0 1 0 0 1 0

1 0 1 0 0 0 1 1 0 0

0 1 0 0 0 1 1 0 0



§4.5 convergence analysis of the totally discrete scheme 129

The matrices Ai ≡ (aikℓ) ∈ R3×3 are defined to be lower triangular, for i = 1, 2,
and strictly lower triangular, for i = 3. Therefore, the standard Runge–Kutta
methods (c,Ai, bi) taking part in (4.65) in an additive way are diagonally implicit
in the former case and explicit in the latter. Note that the proposed technique
can be easily extended to m+1 levels, with m > 3, by considering the following
vectors and matrices in Rm+1 and R(m+1)×(m+1), respectively:

c = (0, 1, . . . , 1)T ;

b1 = (0, 1, 0, . . . , 0)T , b2 = (0, 0, 1, 0, . . . , 0)T , . . . , bm = (0, . . . , 0, 1)T ,

bm+1 = (1, 0, . . . , 0)T ;

A1 =



0

0 1

0 1 0

...
...

...
. . .

0 1 0 . . . 0


, A2 =



0

0 0

0 0 1

0 0 1 0

...
...

...
...

. . .

0 0 1 0 . . . 0


, . . . ,

Am =


0

...
. . .

0 . . . 0

0 . . . 0 1

 , Am+1 =


0

1 0

...
...

. . .

1 0 . . . 0

 .

(4.66)
Let us next recall the concept of local error that was introduced in the previous
chapter. The local error at time tn+1 is given by:

ehn+1 = Ψh(tn+1)− Ψ̂hn+1, for n = 0, 1, . . . , NT ,

where Ψ̂hn+1 is the approximate solution obtained after a single step of (4.64),
starting from the semidiscrete solution at tn (that is, by considering Ψhn =
Ψh(tn). In this framework, the following theorem provides the order of con-
sistency of the time integrator.

Theorem 4.2 The linearly implicit FSRKm+1 method whose coefficients are
given by (4.66) is first-order consistent for any m > 2, thus satisfying:

∥ehn+1∥h 6 Cτ2, for n = 0, 1, . . . , NT and ∀ τ ∈ (0, τ0], (4.67)

where C is a positive constant, independent of h and τ .

Proof . The proof of this result is analogous to that of Theorem 3.2. Sufficient
order conditions that need to be verified now reduce to:

bTi e = 1, ∀ i ∈ {1, 2, . . . ,m+ 1}, (4.68)
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as long as the time integrator is first-order consistent. Note that the proof of
(4.68) is straightforward. �

4.5.2. Stability: the von Neumann analysis. We start by introducing a clas-
sical von Neumann analysis in order to prove the stability of the time integrator
for a simplified version of (4.53). Afterwards, such a result is extended to the
general case and plays a significant role in the convergence analysis of the fully
discrete scheme.

Let us consider a homogeneous parabolic problem with periodic boundary
conditions posed on the unit square: Find ψ : Ω× [0, T ] → R such that

ψt − div (K gradψ) = 0, (x, t) ∈ Ω× (0, T ], (4.69a)

ψ(x, 0) = ψ0(x), x ∈ Ω, (4.69b)

ψ(0, y, t) = ψ(1, y, t), (y, t) ∈ I × (0, T ], (4.69c)

ψ(x, 0, t) = ψ(x, 1, t), (x, t) ∈ I × (0, T ], (4.69d)

where Ω = (0, 1) × (0, 1), I = (0, 1) and K is assumed to be a symmetric and
positive definite constant matrix.

If we use a uniform grid spacing in both directions (i.e., hXi ≡ hX and
hYj ≡ hY ), the spatial semidiscretization technique described in the previous
section reduces to a standard second-order finite difference scheme at the cell
centers. In particular, the mixed derivative term is approximated by using the
classical formula (cf. McKee and Mitchell (1970)):

∂xyψ(xi+1/2,j+1/2, t) ≈
1

4hXhY

(
ψ(xi−1/2,j−1/2, t)− ψ(xi−1/2,j+3/2, t)

+ψ(xi+3/2,j+3/2, t)− ψ(xi+3/2,j−1/2, t)
)
.

This spatial discretization transforms (4.69) into a large system of ODEs of the
form:

Ψht (t) +
(
Ah0 +Ah1 +Ah2

)
Ψh(t) = 0, (4.70)

whereAh0Ψ
h(t), Ah1Ψ

h(t) andAh2Ψ
h(t) approximate the terms−2KXY ∂xyψ(x, t),

−KXX∂xxψ(x, t) and −KY Y ∂yyψ(x, t), respectively. Given a, b, c ∈ R and
N ∈ N, let us introduce the following notation for N ×N circulant matrices:

circ(a, b, c;N) =



b c a

a b c
. . .

. . .
. . .

a b c

c a b

 ∈ RN×N .

In particular, each matrix Ahk , for k = 0, 1, 2, can be expressed as a product of
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two circulant matrices, i.e.:

Ah0 = − KXY

2hXhY
circ(−1, 0, 1;Ny − 1)⊗ circ(−1, 0, 1;Nx − 1),

Ah1 = −KXX

(hX)2
INy−1 ⊗ circ(1,−2, 1;Nx − 1),

Ah2 = −KY Y

(hY )2
circ(1,−2, 1;Ny − 1)⊗ INx−1,

where ⊗ denotes the direct (Kronecker) product7 and IN is the identity matrix
of size N × N . Note that, provided that A, B, C and D are matrices which
admit the matrix products AC and BD, then (A ⊗ B)(C ⊗ D) = AC ⊗ BD.
Taking into account this property, together with the commutativity of circulant
matrices of the same size, we conclude that Ahk , for k = 0, 1, 2, commute with
each other. Therefore, the stability of a time integrator applied to (4.70) can be
studied by means of the test scalar equation:

Ψht (t) = (λ0 + λ1 + λ2)Ψ
h(t), (4.71)

where λ0, λ1 and λ2 denote the eigenvalues of matrices −Ah0 , −Ah1 and −Ah2 ,
respectively, associated to the same eigenvector.

Upon inserting discrete Fourier modes, the scaled eigenvalues zk = τλk of
matrices −τAhk are defined to be, for k = 0, 1, 2:

z0 = −2KXY τ

hXhY
sin θXℓ sin θYm,

z1 = −2KXX τ

(hX)2
(
1− cos θXℓ

)
,

z2 = −2KY Y τ

(hY )2
(
1− cos θYm

)
,

where θXℓ = 2πℓhX and θYm = 2πmhY , being ℓ ∈ {1, 2, . . . , Nx − 1} and m ∈
{1, 2, . . . , Ny− 1}. These are real eigenvalues associated to the same eigenvector

v, whose components are given by e−2πi (ℓihX+mjhY ), for i ∈ {1, 2, . . . , Nx − 1}
and j ∈ {1, 2, . . . , Ny − 1}, with i =

√
−1. Note that both zk and v depend

explicitly on ℓ and m, and should be denoted by zℓ,mk and vℓ,m, respectively;
nonetheless, for brevity of notation, the superscripts will be dropped in the
sequel. Taking into account the positivity of KXX and KY Y , it is immediate
to see that z1 6 0 and z2 6 0, for every τ , hX and hY . Further using the

7For any two matrices K = (κij) ∈ Rk1×k2 and L ∈ Rl1×l2 , the Kronecker product K ⊗L
is the k1l1 × k2l2 block matrix with blocks κijL.
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relationship KXXKY Y − (KXY )2 > 0, we obtain:

z20 =
4 τ2 (KXY )2

(hX)2(hY )2
sin2 θXℓ sin2 θYm

6 4 τ2KXXKY Y

(hX)2(hY )2
(
1 + cos θXℓ

) (
1− cos θXℓ

) (
1 + cos θYm

) (
1− cos θYm

)
6 4z1z2,

for every τ, hX , hY , θXℓ and θYm.
At this point, if we integrate in time (4.71) by using the linearly implicit

variant of Yanenko’s formula proposed in this chapter, we get:

Ψhn+1 = Rh(z0, z1, z2)Ψ
h
n,

where:

Rh(z0, z1, z2) =
1 + z0

(1− z1)(1− z2)
.

Next proposition shows the unconditional stability of this method for the prob-
lem under study.

Proposition 4.2 The linearly implicit variant of Yanenko’s method is uncon-
ditionally stable for the time integration of the semidiscrete scheme (4.70).

Proof . We shall check that, under conditions:

z20 6 4z1z2, z1 6 0, z2 6 0, (4.72)

the bound: ∣∣Rh(z0, z1, z2)∣∣ 6 1

is satisfied. That is, we shall verify:

−1 + z1 + z2 − z1z2 6 1 + z0 6 1− z1 − z2 + z1z2. (4.73)

Note that the left-hand inequality in (4.73) is equivalent to the expression:

2 + z0 − z1 − z2 + z1z2 > 0.

Then, taking into account the conditions (4.72), it trivially follows:

2 + z0 − z1 − z2 + z1z2 > 2 + z0 +
z20
4
> 0,

for every z0 ∈ R. Let us next show the right-hand inequality in (4.73). This
bound can be deduced from the expression:

z20 6 (−z1 − z2 + z1z2)
2, (4.74)
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which, in turn, will be satisfied whenever 4z1z2 6 (−z1 − z2 + z1z2)
2, since

z20 6 4z1z2. Expanding the square and rearranging terms, we get:

(z1 − z2)
2 + z21z

2
2 − 2z21z2 − 2z1z

2
2 > 0,

which is straightforward to prove, provided that z1 and z2 are non-positive.
Therefore, (4.74) is satisfied and, thus:

z0 6 | − z1 − z2 + z1z2| = −z1 − z2 + z1z2.

This bound yields the right-hand side of (4.73) and completes the proof. �

Let us now define the transition operator:

Rh(τAh0 , τA
h
1 , τA

h
2 ) = (Ih + τAh2 )

−1(Ih + τAh1 )
−1(Ih − τAh0 ), (4.75)

associated to the modified Yanenko’s method given by (4.64). Furthermore, let
us assume that the preceding stability bound can be extended to the case under
study, namely:

∥Rh(τAh0 , τAh1 , τAh2 )∥h 6 1, (4.76)

where ∥ · ∥h denotes the spectral norm. The tridiagonal matrices (Ih+ τAhk), for
k = 1, 2, are strictly diagonally dominant and contain positive diagonal entries
and non-positive off-diagonal entries (i.e., they are M -matrices). Therefore, it is
not difficult to show that ∥(Ih + τAhk)

−1∥∞ 6 1 holds true. Nevertheless, owing
to the lack of symmetry of such matrices, the proof of the bound:

∥(Ih + τAhk)
−1∥h 6 1 (4.77)

is much more intricate and its validity will be conjectured. In this framework,
we shall prove a suitable stability result for the time integrator involved in the
fully discrete scheme (4.64). For that purpose, we shall compare the solution of
such a scheme with that of the following perturbed scheme:

Φh0 = Ψh0 + δh0 ,

For n = 0, 1, . . . , NT :

Φhn,1 = Φhn + τ
(
−Ah0Φhn +Bh0 (tn) +Gh(Φhn, tn)

)
+ τ

(
−Ah1Φhn,1 +Bh1 (tn+1) + Fh1 (tn+1)

)
+ δhn,1,

Φhn,2 = Φhn,1 + τ
(
−Ah2Φhn,2 +Bh2 (tn+1) + Fh2 (tn+1)

)
+ δhn,2,

Φhn+1 = Φhn,2.

(4.78)

Next theorem ensures the stability of the proposed method.

Theorem 4.3 Let Ψhn+1 and Φhn+1 be the solutions of the schemes (4.64) and
(4.78), respectively. Then, for n = 0, 1, . . . , NT , it holds:

∥Φhn+1 −Ψhn+1∥h 6 C

∥δh0 ∥h +
n∑
j=0

(
∥δhj,1∥h + ∥δhj,2∥h

), (4.79)
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where C is a positive constant, independent of h and τ .

Proof . Subtracting Ψhn+1 from Φhn+1 (as defined in (4.64) and (4.78), respec-
tively), we obtain:

∥Φn+1
h −Ψhn+1∥h 6 ∥Rh(τAh0 , τAh1 , τAh2 )(Φhn −Ψhn)∥h

+ ∥(Ih + τAh2 )
−1(Ih + τAh1 )

−1τ(Gh(Φhn, tn)−Gh(Ψhn, tn))∥h

+ ∥(Ih + τAh2 )
−1(Ih + τAh1 )

−1δhn,1∥h + ∥(Ih + τAh2 )
−1δhn,2∥h.

Then, the bounds (3.121), (4.76) and (4.77) lead to:

∥Φhn+1 −Ψhn+1∥h 6 (1 + Cτ) ∥Φhn −Ψhn∥h + ∥δhn,1∥h + ∥δhn,2∥h.

From this recursion, it is immediate to prove:

∥Φhn+1 −Ψhn+1∥h 6 (1 + Cτ)n+1∥Φh0 −Ψh0∥h

+

n∑
j=0

(1 + Cτ)j
(
∥δhj,1∥h + ∥δhj,2∥h

)
.

This expression yields (4.79) and completes the proof. �

4.5.3. Convergence of the CCFD-FSRKm+1 method. In order to prove the
convergence of the totally discrete scheme (4.64), we shall consider the expression
(4.60) derived for the semidiscrete scheme, together with the uniform consistency
(4.67) and the stability results (4.76) and (4.77) of the time integrator.

Theorem 4.4 Let Ψhn+1 be the fully discrete approximation to rh(Phψ(tn+1))
given by (4.64). Then, under the hypotheses of Theorem 4.1, there exists a
positive constant C, independent of h and τ , such that:

∥rh(Phψ(tn+1))−Ψhn+1∥h 6 C(h2 + τ), for n = 0, 1, . . . , NT . (4.80)

Proof . We start by decomposing the global error into two terms:

∥rh(Phψ(x, tn+1))−Ψhn+1∥h 6 ∥rh(Phψ(x, tn+1))−Ψh(tn+1)∥h

+ ∥Ψh(tn+1)−Ψhn+1∥h. (4.81)

The former contains the error due to the spatial semidiscretization, while the
latter involves the corresponding contribution of the time integration. Under the
relationship (3.111), the convergence result (4.60) for the semidiscrete scheme
can be rewritten in the discrete L2-norm as follows:

∥rh(Phψ(x, tn+1))−Ψh(tn+1)∥h 6 Ch2. (4.82)
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This expression provides a suitable bound for the first term on the right-hand
side of (4.81). In order to show that the last term is, in turn, O(τ), we shall
consider the following decomposition:

Ψh(tn+1)−Ψhn+1 = (Ψh(tn+1)− Ψ̂hn+1) + (Ψ̂hn+1 −Ψhn+1), (4.83)

where Ψ̂hn+1 denotes the numerical solution resulting from a single step of (4.64),
with Ψhn = Ψh(tn). Now, it is immediate to see that:

Ψ̂hn+1 −Ψhn+1 = Rh(Ψh(tn)−Ψhn)

+ τ (Ih + τ Ah2 )
−1 (Ih + τ Ah1 )

−1(Gh(Ψh(tn), tn)−Gh(Ψhn, tn)),

where Rh is given in (4.75). Inserting this expression into (4.83), taking norms
and using the bounds (3.121), (4.76) and (4.77), we get:

∥Ψh(tn+1)−Ψhn+1∥h 6 ∥Ψh(tn+1)− Ψ̂hn+1∥h + (1 + Cτ)∥Ψh(tn)−Ψhn)∥h.

Finally, the application of a standard recursive argument and the local error
estimate (4.67) yield:

∥Ψh(tn+1)−Ψhn+1∥h 6
n+1∑
i=1

(1 + Cτ)n+1−i∥Ψh(ti)−Ψhi ∥h

6
n+1∑
i=1

(1 + Cτ)n+1−iCτ2 6 Cτ.

This bound, together with (4.81) and (4.82), yields (4.80) and completes the
proof. �

At this point, the smooth invertible transformation F̃ permits to map the
numerical solution Ψhn on the rectangular mesh T h back onto the logically rect-

angular mesh T̃ h. In this way, we obtain a suitable approximation to the solution
ψ̃ of the original problem (4.1).

In order to show the convergence of the numerical solution in the physical
domain, we shall first extend the definition of the space Wh on rectangular
elements (described in Subsection 4.2.3) to the curvilinear case8. We shall denote

this new space by W̃h and it will be constructed upon the reference space Ŵ
defined on ê. Formally, recall that any curved element ẽ ∈ T̃ h is obtained through
the local mapping F̃e as ẽ = F̃e(ê). Then, using the scalar transformation (4.16),

the global space W̃h ⊂ L2(Ω̃) on T̃ h is given by9:

W̃h = {ϕ̃h ∈ L2(Ω̃) : ϕ̃h|ẽ = ϕ̂h ◦ F̃−1
e , ϕ̂h ∈ Ŵ ∀ ẽ ∈ T̃ h}.

8The generalization of MFE spaces to curved elements has been recently proposed in several
works. For more details, we refer to Rapún and Sayas (2006) (who consider the lowest order
Raviart–Thomas spaces on curved triangles) or Wheeler and Yotov (2006b) (in the case of the
lowest order Brezzi–Douglas–Marini spaces on curved quadrilaterals).

9An alternative way to construct the space W̃h lies in considering the representation F̃e =

F̃ ◦ Fe and then replacing the mapping ê
F̃e−→ ẽ by the composition ê

Fe−→ e
F̃−→ ẽ.
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We further denote by P̃h : L2(Ω̃) → W̃h the L2(Ω̃)-projection onto the space

W̃h. As in the rectangular case, r̃h represents the restriction operator to the
cell centers of the partition T̃ h and ∥ · ∥h̃ is the discrete L2-norm related to this
partition. Now, we are in condition to prove the convergence of the fully discrete
solution on T̃ h.

Theorem 4.5 Let F̃ be a C2(Ω̄) global mapping of a rectangular domain Ω onto

the curved domain Ω̃. Further, let T̃ h be a logically rectangular partition of Ω̃
generated as the image by F̃ of a rectangular partition T h of Ω. We consider
Ψhn+1 as the fully discrete approximation to rh(Phψ(tn+1)) of Theorem 4.4 and

define Ψ̃hn+1 ≡ Ψhn+1 to be the corresponding approximation to r̃h(P̃hψ̃(tn+1)).

If K̃ ∈ (C1(Ω̃ ∪ ∂Ω̃) ∩ W 2,∞(Ω̃))2×2, then there exists a positive constant C,
independent of h̃ and τ , such that:

∥r̃h(P̃hψ̃(tn+1))− Ψ̃hn+1∥h̃ 6 C(h̃2 + τ), for n = 0, 1, . . . , NT . (4.84)

Proof . The theorem follows from the result (4.80) of Theorem 4.4, the scalar
transformation (4.20) and the equivalence relationship:

C1 |ẽ| 6 |e| 6 C2 |ẽ|,

where |e| and |ẽ| denote the areas of e ∈ T h and ẽ ∈ T̃ h, respectively. These
inequalities, together with the regularity conditions10:

C1h
2
e 6 |e| 6 C2h

2
e, (4.85a)

C1h̃
2
e 6 |ẽ| 6 C2h̃

2
e, (4.85b)

permit to derive the global bound h2 6 Ch̃2, thus yielding (4.84). Note that both
C1 and C2 denote positive constants defined to be independent of the quantities
they are multiplied by, being different in each occurrence. �

4.6. Numerical experiments

The last section of this chapter contains two numerical tests which illustrate
the theoretical results derived above. Both experiments consider problems of the
form (4.1), posed on spatial domains which admit a smooth transformation to
a rectangular computational domain. In particular, we study the cases in which
both orthogonal and non-orthogonal mappings are involved. The numerical re-
sults obtained for the CCFD-FSRKm+1 scheme show unconditional convergence
of second order in space and first order in time.

10The expression (4.85a) can be easily verified by assuming a natural restriction of the form
C1 6 hX

e /hY
e 6 C2 and setting he = max(hX

e , hY
e ). On the other hand, (4.85b) is a direct

consequence of (4.15).
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-F̃1

Figure 4.3: Orthogonal mapping F̃1 from the computational domain Ω1 onto the
physical domain Ω̃1.

4.6.1. A problem on an orthogonal grid. Let us first consider a model prob-
lem with known exact solution, posed on a sector of a circular crown. More
precisely, we assume (4.1) to be located on:

Ω̃1 × (0, T ] ≡ {x̃ ≡ (x̃, ỹ) ∈ R2 : 1 < x̃2 + ỹ2 < 4, x̃ > 0, ỹ > 0} × (0, 1].

The tensor coefficient K̃ is taken to be a full matrix with constant entries of the
form:

K̃ =

(
2 1

1 2

)
,

while the nonlinear reaction term g̃(ψ̃) = 1/(1+ ψ̃3) is based on van Genuchten’s
model (cf. Subsection 2.5.1). The source/sink term f̃(x̃, t), together with the
initial condition ψ̃0(x̃) and the Dirichlet boundary condition ψ̃D(x̃, t), are chosen
in such a way that:

ψ̃(x̃, t) = 1
8 e

−t (x̃ỹ (x̃2 + ỹ2 − 1
) (
x̃2 + ỹ2 − 4

))2
is the exact solution. Note that, by considering a known analytical solution, we
can exactly compute the errors of the numerical approximation.

Next, we consider the orthogonal mapping F̃1(x) = (x cos y, x sin y) from a
computational domain:

Ω1 ≡ {x ≡ (x, y) ∈ R2 : 1 < x < 2, 0 < y < π/2}

onto the physical domain Ω̃1 (cf. Figure 4.3). Through F̃1, the given tensor

K̃ is transformed into a new tensor K(x), whose entries depend on the spatial
variables:

K(x) =

(
x (2 + sin (2 y)) cos (2 y)

cos (2 y) 1
x (2− sin (2 y))

)
.

Analogously, we obtain the corresponding transformed functions f(x, t), g(ψ),
ψ0(x) and ψD(x, t) on Ω1. The computational domain Ω1 is discretized by
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h h0 h0/2 h0/2
2 h0/2

3 h0/2
4

9Ẽh
τ 92 1.24e-01 3.50e-02 9.03e-03 2.29e-03 5.81e-04

q̃2 1.829 1.952 1.983 1.975 –

Table 4.1: Global errors and numerical orders of convergence in space (h0 = π/12
and τ = 10−6).

τ τ0 τ0/2 τ0/2
2 τ0/2

3 τ0/2
4 τ0/2

5

9Ẽh
τ 92 2.95e-01 1.50e-01 7.57e-02 3.82e-02 1.93e-02 9.78e-03

p̃2 0.977 0.985 0.989 0.987 0.978 –

Table 4.2: Global errors and numerical orders of convergence in time (τ0 = 10−2 and
h = π/192).

means of a rectangular mesh T h
1 . In this case, the mesh parameters are assumed

to be constant and equal to hX and hY in the x- and y-directions, respec-
tively. It further holds that hX = 1/(Nx − 1) and hY = π/(2(Ny − 1)), being
h = max(hX , hY ). As shown in Figure 4.3, the rectangular partition T h

1 is

transformed into a logically rectangular mesh T̃ h
1 through the use of F̃1.

In this framework, we obtain an approximation to the solution of the trans-
formed problem on T h

1 by using the totally discrete scheme (4.64). Such an

approximation is then mapped back onto T̃ h
1 , where the numerical behaviour of

the method is studied. For that purpose, we compute the global errors, Ẽhτ , in
the discrete L2-norm in space and the discrete maximum norm in time, i.e.:

9Ẽhτ92 = max
n∈{1,2,...,NT+1}

αNx−1∑
i=1

Ny−1∑
j=1

(
(r̃h(P̃hψ̃(tn)))i+1/2,j+1/2

− (Ψ̃hn)i+1/2,j+1/2

)2)1/2

,

where α = ((Nx−1)(Ny−1))−1 and the index (i+1/2, j+1/2) refers to the cell
center under consideration. Accordingly, the numerical orders of convergence in
space, q̃2, and time, p̃2, can be obtained from (2.52) and (2.53), respectively, by

replacing each Ehτ by the corresponding Ẽhτ .

Table 4.1 contains the global errors, 9Ẽhτ92, and numerical orders of con-
vergence in space, q̃2, for a uniform mesh in which Nx = Ny. Such errors are
derived by assuming a constant time step τ = 10−6 and a set of decreasing
mesh sizes h (i.e., we start from an initial value h0 = π/12, which is successively
halved). The asymptotic value of q̃2 illustrates the second-order convergence
of the spatial discretization. On the other hand, Table 4.2 displays the global
errors, 9Ẽhτ92, and numerical orders of convergence in time, p̃2. In this case, we
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-F̃2

Figure 4.4: Non-orthogonal mapping F̃2 from the computational domain Ω2 onto the
physical domain Ω̃2.

consider a sufficiently fine uniform mesh with h = π/192 (i.e., Nx = Ny = 97)
and, starting from an initial value τ0 = 10−2, we successively halve the time
steps τ . The numerical results show that the proposed algorithm is first-order
convergent in time and unconditionally stable.

4.6.2. A problem on a non-orthogonal grid. In the second example, we
consider a problem of type (4.1), posed on the space-time domain Ω̃2× (0, 1]. In

this case, Ω̃2 is defined to be the image of the unit square Ω2 under the following
non-orthogonal mapping (cf. Figure 4.4):

F̃2(x) =
(
x+ 1

10 cos(3y), y +
1
10 sin(6x)

)
.

The transformation F̃2 has been proposed and analyzed by Arbogast et al. (1998)
in the context of CCFD methods for stationary diffusion problems. We further
choose a constant diagonal tensor K̃ of the form:

K̃ =

(
10 0

0 1

)
,

which will be subsequently transformed into a non-constant full tensor, under
the smooth mapping F̃2. In turn, the reaction term is given by the nonlinear
function g̃(ψ̃) = sin(ψ̃). Finally, the source/sink term f̃(x̃, t), together with
the initial condition ψ̃0(x̃) and the Dirichlet boundary condition ψ̃D(x̃, t), are
determined by the true solution:

ψ̃(x̃, t) = 3te−3t+1
(
x̃3ỹ + ỹ4 + sin(x̃) cos(ỹ)

)
.

In a preprocessing step, we map the physical domain Ω̃2 onto the computa-
tional domain Ω2, as shown in Figure 4.4. As a result, the problem coefficients
are modified accordingly. More precisely, the original tensor K̃ is transformed
into the following tensor:

K(x) =
1

k(x)

(
500 + 9

2 sin
2(3y) 15 (sin(3y)− 20 cos(6x))

15 (sin(3y)− 20 cos(6x)) 10 (14 + 9 cos(12x))

)
,
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h h0 h0/2 h0/2
2 h0/2

3 h0/2
4

9Ẽh
τ 92 1.55e-02 4.49e-03 1.20e-03 3.11e-04 8.23e-05

q̃2 1.787 1.910 1.941 1.919 –

Table 4.3: Global errors and numerical orders of convergence in space (h0 = 1/6 and
τ = 10−6).

τ τ0 τ0/2 τ0/2
2 τ0/2

3 τ0/2
4 τ0/2

5

9Ẽh
τ 92 5.73e-02 3.60e-02 2.16e-02 1.24e-02 6.81e-03 3.64e-03

p̃2 0.671 0.738 0.802 0.860 0.905 –

Table 4.4: Global errors and numerical orders of convergence in time (τ0 = 10−2 and
h = 1/96).

where k(x) = 50 + 9 cos(6x) sin(3y), while the corresponding functions f(x, t),
g(ψ), ψ0(x) and ψD(x, t) are obtained in Ω2. The second step is to discretize
Ω2 by using a uniform grid T h

2 . To this end, we suppose N = Nx = Ny and
consider the mesh parameter to be h = hX = hY = 1/(N − 1). Once more,

the rectangular partition T h
2 is mapped onto a logically rectangular mesh T̃ h

2

through the use of F̃2. Now, the problem can be approximated on T h
2 by means

of the fully discrete scheme (4.64). The final step is a transformation back into

T̃ h
2 in order to recover the numerical solution of the original problem.
In the sequel, we design two numerical tests to analyze the convergence of

the CCFD-FSRKm+1 scheme. Table 4.3 shows the global errors, 9Ẽhτ92, and
numerical orders of convergence in space, q̃2, corresponding to a constant time
step τ = 10−6 and a set of decreasing mesh parameters h. Such parameters are
obtained by considering an initial value h0 = 1/6, which is successively halved.
In accordance with the theoretical results, the method is observed to be second-
order convergent in space, even when considering non-orthogonal logically rect-
angular meshes. To conclude, Table 4.4 displays the global errors, 9Ẽhτ92, and
numerical orders of convergence in time, p̃2, obtained for a sufficiently fine mesh
with h = 1/96 (i.e., N = 97). In this case, the time step is assumed to take an
initial value τ0 = 10−2, which is successively halved along the simulation. The
numerical results for p̃2 asymptotically approach a value of 1, thus illustrating
the first-order unconditional convergence in time established by Theorem 4.5.



5

Locally Linearized Mimetic Domain
Decomposition Methods

In this chapter, we take a step forward in our study by assuming the presence of
a nonlinear tensor coefficient in the model problem under consideration. Since
this coefficient is involved in the diffusion term, the resulting problem turns to be
quasilinear. The basis for the discretization of such a problem goes back to Chap-
ter 2. In particular, we combine the cell-node mimetic scheme presented there
with a suitable interpolation technique, and further apply a local linearization
procedure to the semidiscrete equations. The use of a linearly implicit split-
ting method for the time integration permits to avoid the solution of nonlinear
systems in the fully discrete scheme. Throughout this chapter, we shall use
the acronyms MFD and FSRKm to denote mimetic finite difference and m-part
fractional step Runge–Kutta methods, respectively.

5.1. Introduction

Let us consider a quasilinear initial-boundary value problem of the form: Find
ψ : Ω× [0, T ] → R such that

ψt − div (K(ψ) gradψ) = g(ψ, t) + f(x, t), (x, t) ∈ Ω× (0, T ], (5.1a)

ψ(x, 0) = ψ0(x), x ∈ Ω, (5.1b)

ψ(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ]. (5.1c)

Once again, Ω ⊂ R2 is chosen to be a bounded polygonal open set with boundary
∂Ω. However, K(·) is now defined as a symmetric and positive definite nonlinear
tensor, namely:

K(·) =

(
KXX(·) KXY (·)
KXY (·) KY Y (·)

)
. (5.2)
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The right-hand side involves a nonlinear reaction term g(·, t) –assumed to be
globally Lipschitz in the first variable–, together with the smooth source/sink
term f(x, t). Observe that the second-order equation (5.1a) can be rewritten as
a first-order system of the form (2.3), with K ≡ K(ψ) in (2.3b).

From a modelling viewpoint, an illustrative example based on equation (5.1a)
can be found within the field of flow dynamics through porous media. In particu-
lar, the water movement in unsaturated non-swelling soils is described by the so-
called Richards’ equation. This equation combines the extension of Darcy’s law
to unsaturated flows with a suitable conservation principle1. Generally speak-
ing, it can be formulated in terms of pressure or moisture content, or even in
mixed form (i.e., combining both unknowns). In the two-dimensional case, the
pressure-based form of Richards’ equation is a nonlinear reaction–diffusion equa-
tion in the spirit of (5.1a). On one hand, the diffusion term involves a nonlinear
tensor K(ψ) denoting the hydraulic conductivity of the porous medium. Such
a tensor reproduces the constitutive relation between pressure and conductivity,
which has been explicitly derived in various experimental models2 (see Arrarás
(2005) for a survey on this topic). In turn, the nonlinear reaction term describes
the root water uptake process taking place in soil profiles with a vegetation cover.
On the other hand, Richards’ equation further contains two additional terms, not
appearing in (5.1a): a nonlinear function c(ψ) multiplying the time derivative,
which denotes the specific moisture capacity; and the extra addend ∂K(ψ)/∂y,
where y stands for the vertical direction (namely, a gravitational term). In this
context, (5.1a) can be viewed as a simplification of the pressure-based form of
Richards’ equation, in which c(ψ) = 1 and the water flow takes place within a
horizontal plane.

The aim of this chapter is to discuss reliable discretization methods for the
numerical solution of time-dependent quasilinear problems of type (5.1). Such
methods are mostly based on the algorithms presented so far. More specif-
ically, the spatial semidiscretization is performed by extending the cell-node
mimetic scheme described in Chapter 2. As for the time integration, we con-
sider suitable variants of either Yanenko’s method (2.42) or the generalization of
the Peaceman–Rachford algorithm (3.104) that, in combination with a local lin-
earization procedure, yield the totally discrete scheme. The overall discretization
process is detailed in the sequel.

1Buchan (2008) provides an insightful description of the issue: �Darcy’s law is the basic
law governing the flow of water (or other liquids) in permeable materials, and it tells us that
the flow velocity at any point is proportional to the gradient of the water potential at that
point. However, Darcy’s law tells us only about the flow at individual points and is sufficient
to describe only steady flow processes. To model unsteady flows (where the moisture distribu-
tion changes with time), we must also know the relationship between velocities at neighboring
points. If the neighboring velocities are unequal, their ‘mismatch’ must be compensated by a
filling or emptying of pores between the points. The additional equation required to complete
the mathematical description of flow is the so-called continuity equation. Basically, this equa-
tion ensures that matter is not created or destroyed, and so is also called the conservation
equation. When Darcy’s law is combined with the continuity equation, we obtain Richards’
equation, first derived by the physicist Lorenzo Adolph Richards in 1931.�

2These models were constructed by fitting experimental data to a sigmoid curve.
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Following the method of lines approach, the original problem (5.1) is first
discretized in space by retrieving the cell-node MFD scheme introduced in Sec-
tion 2.3. Recall that, in such a case, we were approximating semilinear problems
with a linear diffusion term of the form −div (K(x) gradψ). In this case, though,
the presence of the nonlinear diffusion −div (K(ψ) gradψ) requires the addition
of a biquadratic interpolation procedure to properly define the corresponding
MFD scheme. As a result, we obtain a nonlinear discrete diffusion operator with
a local nine-cell stencil, while preserving the second-order convergence of the
mimetic technique (in accordance with the method from Chapter 2).

In a second step, the resulting system of nonlinear ODEs is integrated in
time by means of a linearly implicit FSRKm+1 method. This idea has been
widely illustrated in the preceding chapters. However, there is a novelty in the
present approach: since the discrete diffusion operator is nonlinear, we must
first define a local linearization procedure to avoid the subsequent solution of
nonlinear systems. More precisely, such a discrete operator is locally decomposed
at each time level by using a suitable Taylor expansion. The linear part of
the expanded operator, together with the source/sink term, is then partitioned
through a domain decomposition splitting. This splitting can be finally combined
with the linearly implicit time integrator to reduce the semidiscrete scheme to
a set of linear systems (one per internal stage). In this context, two specific
FSRKm+1 methods are proposed: a first-order unconditionally stable scheme,
based on a variant of Yanenko’s method (2.42); and a second-order conditionally
stable scheme (involving a mild stability restriction), which extends the use of
(3.104) to quasilinear problems like (5.1).

The chapter can be outlined as follows. Section 5.2 is devoted to the spatial
semidiscretization of the given problem. Primarily, we describe the newly pro-
posed MFD method, with a special emphasis on the biquadratic interpolation
procedure. Section 5.3 presents the local linearization and domain decomposition
splitting of the resulting system of ODEs. The linearly implicit time integrator
is then formulated in the general context of FSRKm+1 schemes. In turn, the
specific methods mentioned above are subsequently characterized in Subsections
5.3.3 and 5.3.4. Further comparison to other existing linearly implicit algorithms
of Rosenbrock type is also provided. To conclude, a collection of numerical ex-
periments –posed on three different sequences of logically rectangular meshes–
is given in Section 5.4.

5.2. Spatial semidiscretization: an interpolating
cell-node MFD method

The contents of this section highlight and extend the main ideas introduced
in Chapter 2 regarding the mimetic discretization technique. In particular, we
adapt the cell-node MFD scheme described in Section 2.3 to the quasilinear
problem (5.1), using a biquadratic interpolation formula to approximate the
nonlinear tensorK(ψ). Before setting the basis for such a scheme, it is important
to observe that the underlying properties of the continuous operators involved
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in (5.1) are the same as those exposed in Section 2.2 for the semilinear problem
(2.1). This is due to the fact that K(ψ) –in accordance with K(x)– is assumed to
be symmetric and positive definite. In this context, the newly proposed method
is derived as follows.

Let us introduce a logically rectangular grid Ωh, composed of convex quadri-
laterals, over the spatial domain Ω. As usual, h represents the maximum
mesh size. The mesh nodes are denoted with integer indices (i, j), for i =
1, 2, . . . , Nx and j = 1, 2, . . . , Ny, whereas the mesh cells involve fractional in-
dices (i+1/2, j+1/2), for i = 1, 2, . . . , Nx−1 and j = 1, 2, . . . , Ny−1. Further-
more, Ωi+1/2,j+1/2 stands for the (i+1/2, j+1/2)-cell and |Ωi+1/2,j+1/2| denotes
its corresponding area. Figure 2.1 (a) provides a graphical representation of the
previous notations.

Next, we introduce two vector spaces, namely Hs and Hv, which respec-
tively contain the semidiscrete scalar and vector functions (e.g., those referring
to pressures and fluxes in porous media applications). Specifically, Hs involves
the semidiscrete degrees of freedom Ψh ≡ Ψh(t), either located at the geometric
centers of the mesh cells or at the midpoints of the boundary segments. Recall
that Ψh is a vector whose components are stored by ordering the mesh cells in a
row-wise fashion; in the sequel, we shall refer to such components as Ψhi+1/2,j+1/2,

for i = 1, 2, . . . , Nx−1 and j = 1, 2, . . . , Ny−1 (with the corresponding extension
to the boundary of Ωh). Once again, since (5.1) is a homogeneous Dirichlet prob-
lem, we further consider the subspace H 0

s ⊆ Hs, which contains the semidiscrete
scalar functions of Hs defined to be zero on the boundary. On the other hand,
Hv includes the semidiscrete vector functions Uh ≡ Uh(t). In this case, each Uh

involves the Cartesian components UXi,j and UYi,j located at the corresponding
(i, j)-node, for i = 1, 2, . . . , Nx and j = 1, 2, . . . , Ny. As in the space of scalar
functions, such components are successively stored by ordering the mesh nodes
in a row-wise fashion. Figure 2.1 (b) shows the location of the scalar and vector
degrees of freedom at a particular mesh cell.

Once the vector spaces Hs and Hv are suitably defined, we are in condition
to construct a discrete analogue of the divergence operator, which will be con-
sidered to be the primary operator in our mimetic scheme. Following Subsection
2.3.2, the discrete divergence D can be obtained by applying Gauss’s divergence
theorem to a specific mesh cell Ωi+1/2,j+1/2. The numerical approximation of
the resulting integrals through the trapezoidal rule yields a local expression for
D of the form:

(DWh)i+1/2,j+1/2 =

(WX
i+1,j+1 −WX

i,j)(yi,j+1 − yi+1,j)− (WX
i,j+1 −WX

i+1,j)(yi+1,j+1 − yi,j)

2 |Ωi+1/2,j+1/2|

−
(WY

i+1,j+1 −WY
i,j)(xi,j+1 − xi+1,j)− (WY

i,j+1 −WY
i+1,j)(xi+1,j+1 − xi,j)

2 |Ωi+1/2,j+1/2|
,

for i = 1, 2, . . . , Nx − 1 and j = 1, 2, . . . , Ny − 1. Here, xi,j and yi,j denote the
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corresponding coordinates of the (i, j)-node and the vector function Wh belongs
to Hv. Accordingly, D : Hv → Hs. The preceding expression corresponds to
formula (2.15) and is recalled here for the sake of convenience. Observe that the
discrete divergence involves a four-node stencil which is shown in Figure 2.2.

The discrete gradient G is then deduced from the primary operator D and
receives the name of derived operator. More precisely, G : Hs → Hv approx-
imates the negative gradient and is formally defined through the discrete ana-
logue of Green’s first identity (2.20). Such a discrete identity is formulated
under the discrete inner products (·, ·)Hs and (·, ·)Hv , which were formerly in-
troduced in (2.16) and (2.17), respectively. Therefore, the explicit formula for
the x-component of G at the internal (i, j)-node is given by (cf. (2.21)):

(GXΨh)i,j =
Ψhi−1/2,j−1/2 (yi−1,j − yi,j−1) + Ψhi+1/2,j−1/2 (yi,j−1 − yi+1,j)

|T i−1/2,j−1/2
i,j |+ |T i+1/2,j−1/2

i,j |+ |T i−1/2,j+1/2
i,j |+ |T i+1/2,j+1/2

i,j |

+
Ψhi−1/2,j+1/2 (yi,j+1 − yi−1,j) + Ψhi+1/2,j+1/2 (yi+1,j − yi,j+1)

|T i−1/2,j−1/2
i,j |+ |T i+1/2,j−1/2

i,j |+ |T i−1/2,j+1/2
i,j |+ |T i+1/2,j+1/2

i,j |
,

for i = 2, 3, . . . , Nx−1 and j = 2, 3, . . . , Ny−1. Recall that |T i+1/2,j+1/2
i,j | denotes

the area of the triangle in the (i + 1/2, j + 1/2)-cell which contains the angle
at the (i, j)-node (see Figure 2.3). The formula for (G YΨh)i,j is obtained by
replacing y by −x in the previous expression. Similar equations can be derived
for the boundary and corner nodes, as discussed in Subsection 2.3.4. Finally,
the stencils for both (GXΨh)i,j and (G YΨh)i,j are displayed on Figures 2.4 and
2.5, at different locations within the computational domain.

To complete the discretization of the diffusion operator −div (K(·) grad ·),
we need to define a discrete tensor operator K (·) : Hv → Hv. Locally, it is
given by:

(K (Ψh)Wh)i,j =

(
KXX
i,j WX

i,j +KXY
i,j WY

i,j

KXY
i,j WX

i,j +KY Y
i,j W

Y
i,j

)
, (5.3)

where we restrict to the (i, j)-node. Note that this expression corresponds to the
formula (2.25); in this case, though, KXX

i,j ≡ KXX(Ψhi,j), with similar notations

for the remaining tensor entries. Here, Ψhi,j denotes the approximation to ψ at
the (i, j)-node.

Now, we are in condition to derive a formal expression for the discrete dif-
fusion operator A (·). More precisely, if we combine the definitions of D , G and
K (·), the discrete diffusion A (·) : Hs → Hs can be obtained as A (Ψh) =
DK (Ψh)GΨh. Observe that (DWh)i+1/2,j+1/2 presents the four-node stencil

shown in Figure 2.2; therefore, the explicit formula for (A (Ψh))i+1/2,j+1/2 will

consider those values of K (Ψh)GΨh located at the nodes (i, j), (i+1, j), (i, j+1)
and (i+1, j+1). As for the (i, j)-node, let us insertWh = GΨh into the formula
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(5.3), i.e.:

(K (Ψh)GΨh)i,j =

(
KXX
i,j (GXΨh)i,j +KXY

i,j (G YΨh)i,j

KXY
i,j (GXΨh)i,j +KY Y

i,j (G YΨh)i,j

)
.

Recall that the discrete gradient components further exhibit a four-cell stencil
(cf. Figure 2.4). In other words, while KXX

i,j , KXY
i,j and KY Y

i,j involve the nodal

approximation Ψhi,j , both (GXΨh)i,j and (G YΨh)i,j contain four cell-centered

values3. The expressions for K (Ψh)GΨh at the remaining three nodes are
obtained accordingly. As a result, the discrete diffusion term (A (Ψh))i+1/2,j+1/2

combines nine cell-centered with four nodal approximations to ψ. Since the
semidiscrete degrees of freedom Ψh ∈ Hs are defined to be cell-centered, we shall
estimate such nodal approximations as linear combinations of the corresponding
cell-centered values, i.e.:

Ψhi,j ≈
1∑

k,ℓ=−1

αk,ℓi,j Ψ
h
i+1/2+k,j+1/2+ℓ,

Ψhi+1,j ≈
1∑

k,ℓ=−1

αk,ℓi+1,j Ψ
h
i+1/2+k,j+1/2+ℓ,

Ψhi,j+1 ≈
1∑

k,ℓ=−1

αk,ℓi,j+1 Ψ
h
i+1/2+k,j+1/2+ℓ,

Ψhi+1,j+1 ≈
1∑

k,ℓ=−1

αk,ℓi+1,j+1 Ψ
h
i+1/2+k,j+1/2+ℓ,

where αk,ℓ·,· are certain coefficients to be determined next. To do so, we assume
these formulae to be exact for bivariate polynomials of degree n 6 2 in both x
and y; that is to say, for those polynomials belonging to the space:

Q2 [x, y] = {1, x, y, xy, x2, y2, x2y, xy2, x2y2}.

For illustration, we shall obtain the coefficients αk,ℓi,j associated to the (i, j)-node.

Let us first group them into the column vector αi,j ∈ R9:

αi,j =
(
α−1,−1
i,j , α0,−1

i,j , α1,−1
i,j , α−1,0

i,j , α0,0
i,j , α

1,0
i,j , α

−1,1
i,j , α0,1

i,j , α
1,1
i,j

)T
.

In order to derive the components of αi,j , we need to solve a linear system of
the form:

Mi+1/2,j+1/2 αi,j = bi,j , (5.5)

3In particular, Ψh
i−1/2,j−1/2

, Ψh
i+1/2,j−1/2

, Ψh
i−1/2,j+1/2

and Ψh
i+1/2,j+1/2

.
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whose right-hand side bi,j ∈ R9 is given by:

bi,j =
(
1, xi,j , yi,j , xi,j yi,j , x

2
i,j , y

2
i,j , x

2
i,j yi,j , xi,j y

2
i,j , x

2
i,j y

2
i,j

)T
. (5.6)

On the other hand, the coefficient matrix Mi+1/2,j+1/2 ∈ R9×9 involves the
coordinates of the cell centers under consideration. For the sake of convenience,
we shall denote them as:

x1 = xi−1/2,j−1/2, x2 = xi+1/2,j−1/2, x3 = xi+3/2,j−1/2,

x4 = xi−1/2,j+1/2, x5 = xi+1/2,j+1/2, x6 = xi+3/2,j+1/2,

x7 = xi−1/2,j+3/2, x8 = xi+1/2,j+3/2, x9 = xi+3/2,j+3/2,

and define Mi+1/2,j+1/2 to be:

Mi+1/2,j+1/2 =



1 1 · · · 1

x1 x2 · · · x9

y1 y2 · · · y9

x1 y1 x2 y2 · · · x9 y9

x21 x22 · · · x29
y21 y22 · · · y29
x21 y1 x22 y2 · · · x29 y9

x1 y
2
1 x2 y

2
2 · · · x9 y

2
9

x21 y
2
1 x22 y

2
2 · · · x29 y

2
9


.

This procedure yields a biquadratic interpolation formula for the nodal value
Ψhi,j . The coefficients αk,ℓ·,· associated to the other three nodes are obtained by
solving the following linear systems:

Mi+1/2,j+1/2 αi+1,j = bi+1,j ,

Mi+1/2,j+1/2 αi,j+1 = bi,j+1,

Mi+1/2,j+1/2 αi+1,j+1 = bi+1,j+1.

Note that these systems share with (5.5) the coefficient matrix Mi+1/2,j+1/2.
Conversely, they each have a different right-hand side, which is constructed
in analogy to (5.6). The preceding interpolation method permits to express
(A (Ψh))i+1/2,j+1/2 as a function of nine cell-centered values. Its corresponding
nine-cell stencil is displayed on Figure 2.6 and some variations at the boundary
and corner cells are further shown in Figure 2.7. As stated in (2.27) for the
linear case, the nonlinear operator A (·) is defined to be symmetric and positive
definite in the discrete inner product (2.16).

Following Subsection 2.3.6, if we consider a uniform rectangular grid with
spatial mesh sizes hx and hy, the explicit formula for the discrete diffusion term
at the (i + 1/2, j + 1/2)-cell is given by (2.33). The elements of the stencil
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matrix Sk,ℓi+1/2,j+1/2, for k, ℓ ∈ {−1, 0, 1}, stem form (2.34); in this case, though,

the tensor entries are assumed to be nonlinear, i.e.:

KXX
i,j ≡ KXX(Ψhi,j), KXY

i,j ≡ KXY (Ψhi,j), KY Y
i,j ≡ KY Y (Ψhi,j),

with similar expressions for the remaining three nodes. Observe that the nodal
value Ψhi,j must be approximated by the biquadratic interpolation formula de-
scribed above.

In sum, the spatial semidiscretization of problem (5.1) gives rise to a stiff
nonlinear initial value problem of the form: Find Ψh : [0, T ] → H 0

s such that

Ψht (t) + A (Ψh) = Gh(Ψh, t) + Fh(t), t ∈ (0, T ], (5.9a)

Ψh(0) = Ψh0 , (5.9b)

where Gh(Ψh, t), Fh(t) and Ψh0 are vectors in Hs. These functions are defined
component-wise in (2.29).

The MFD scheme derived in this section shows second-order convergence
when applied to a quasilinear problem of type (5.1). In other words, the addi-
tion of a biquadratic interpolation procedure to the cell-node method proposed
in Chapter 2 for semilinear problems permits to preserve its order of conver-
gence in the quasilinear case. At the end of the chapter, we shall illustrate the
behaviour of the newly defined mimetic technique with a collection of numerical
tests on different sorts of meshes.

5.3. Time integration: a locally linearized FSRKm+1 method

In this section, we present a special class of time integrators which manages to
reduce the nonlinear initial value problem (5.9) to a collection of uncoupled linear
systems. As compared with the methods introduced in the previous chapters,
the main difficulty of this approach is to deal with the discrete diffusion, which
is no longer given by the linear term A Ψh, but now becomes nonlinear, namely
A (Ψh).

The numerical solution of systems of ODEs of type (5.9) –using discretiza-
tion methods in which only linear equations are involved– has often been accom-
plished in literature by linearly implicit Runge–Kutta methods. Two different
approaches are usually pursued:

1. If we consider the given problem in its current form, a so-called Rosenbrock
method may be readily applied. Rosenbrock methods are linearly implicit
Runge–Kutta methods designed to integrate stiff nonlinear ODEs. They
are named after Rosenbrock (1963). The basic idea behind these methods
is to insert an approximation to the Jacobian matrix into the integration
formula, thus obtaining a linear system at each internal stage. They bear
a close resemblance to diagonally implicit Runge–Kutta methods, but no
longer require Newton-type iterative procedures (cf. Shampine (1982);
Ostermann and Roche (1993); Lubich and Ostermann (1995)).
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2. Alternatively, if we first carry out a formal linearization of the given prob-
lem at each time discretization interval, a different choice of linearly im-
plicit Runge–Kutta methods can be subsequently used. More precisely, we
may combine an A-stable diagonally implicit with an explicit Runge–Kutta
scheme to integrate in time the linear and nonlinear terms, respectively.
This idea was separately introduced by Cooper and Sayfy (1980, 1983) and
Strehmel and Weiner (1982, 1984) to construct what they referred to as
additive and adaptive Runge–Kutta methods, respectively. These methods
are closely related to IMEX schemes, which usually apply to convection–
diffusion or reaction–diffusion equations (cf. Ascher et al. (1995, 1997);
Ruuth (1995)). In such cases, the convective or reactive terms are treated
explicitly, due to their mildly stiff and nonlinear nature, while the diffusive
terms –generally stiff and linear– contribute implicitly to the scheme.

Generally speaking, the previous methods give rise to a system of linear
algebraic equations per internal stage, thus avoiding the use of Newton iterations.
In order to simplify the solution of such a system, it is possible to factorize the
system matrix into a number of somewhat simpler submatrices. This technique
is usually designated as approximate matrix factorization (AMF) and can be
applied to either Rosenbrock or IMEX Runge–Kutta methods. In the former
case, we obtain the so-called Rosenbrock AMFmethods (also known as factorized
Rosenbrock methods, see van der Houwen and Sommeijer (2001); Hundsdorfer
and Verwer (2003)), while the latter case leads to IMEX Runge–Kutta AMF
methods (cf. Calvo and Gerisch (2005)).

An alternative to factorization for IMEX Runge–Kutta methods is based on
replacing their diagonally implicit part by a suitable splitting formula. This
approach can be used whenever the implicit terms are likely to be partitioned
into a number of split subterms. In such a case, the splitting formula naturally
incorporates the multiterm partitioning, thus giving rise to the class of linearly
implicit splitting methods. In this context, Eichler-Liebenow et al. (1998) pro-
pose and analyze several families of splitting methods of order 2, formulated for
an arbitrary number of split terms.

The newly defined algorithms proposed in this section are inspired in the
latter approach, thus belonging to the class of linearly implicit splitting methods.
In particular, we shall adapt the domain decomposition FSRKm+1 schemes from
the preceding chapters to obtain splitting formulae of orders 1 and 2, which are
also valid for an arbitrary number of split terms.

Remark 5.1 The aforementioned factorized and splitting methods belong to the
class of one-step non-iterative algorithms, which are at most second-order ac-
curate (with the exception of factorized Rosenbrock W -methods4, see van der
Houwen and Sommeijer (2001)). A way to increase this accuracy while preserv-
ing the computational efficiency is to apply a factorized iteration to higher-order

4Rosenbrock methods using arbitrary Jacobian approximations are usually referred to as
W -methods (see Hairer and Wanner (1991)).
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time integration schemes. In this case, the usual stability problem related to the
non-iterative approach is replaced by a convergence problem for the iterative ap-
proach. Nonetheless, the study of the factorized iteration technique is beyond the
scope of this chapter (we refer to van der Houwen and Sommeijer (2001) for
further details on this issue).

5.3.1. Domain decomposition operator splitting with local lineariza-
tion. As in the preceding chapters, in order to integrate in time the semidiscrete
problem (5.9), we first consider a suitable splitting of the involved operators.
The nonlinear nature of the discrete diffusion requires the addition of a local
linearization to the general splitting process. Once the operator splitting is
properly defined, its subsequent combination with a family of fractional step
Runge–Kutta schemes yields the linearly implicit splitting methods described in
the next subsection. In the sequel, we shall denote the discrete diffusion A (·)
by Ah(·) to preserve the notational consistency with other discrete terms.

To begin with, let us briefly recall the key points and notations of the domain
decomposition technique. Initially, the spatial domain Ω is decomposed into a
set of m overlapping subdomains {Ωk}mk=1, in such a way that Ω ≡

∪m
k=1 Ωk.

In turn, each subdomain Ωk ⊂ Ω involves mk connected components {Ωkl}mk

l=1

satisfying Ωk ≡
∪mk

l=1 Ωkl, for k = 1, 2, . . . ,m. Such components are further
defined to be pairwise disjoint, i.e., Ωki ∩ Ωkj = ∅, for i ̸= j. Under the newly
constructed overlapping subdomains, we can introduce a smooth partition of
unity consisting of a family of m non-negative and C∞(Ω) functions {ρk(x)}mk=1.
Each such a function ρk : Ω̄ → [0, 1] is piecewise defined by (2.37), in such a
way that the global family fulfills the conditions (2.38). A detailed description
of this partitioning process is given in Subsection 2.4.1.

The next step in the time integration of (5.9) is to introduce a suitable
splitting for the discrete diffusion operator. As mentioned above, there is an
additional consideration for this particular case: since Ah(·) is assumed to be
nonlinear, a local linearization process needs to be applied first. To this end, let
us divide the time interval [0, T ] into subintervals [tn, tn+1] of the same length.
For a constant time step τ , we define tn = nτ , for n = 0, 1, . . . , NT ≡ [T/τ ]− 1.
Then, we consider numerical approximations Ψhn to the semidiscrete solution
values Ψh(tn). In this framework, the discrete diffusion term Ah(Ψh) will be
locally linearized around Ψhn at each time subinterval [tn, tn+1].

Remark 5.2 Before setting the basis for the proposed schemes, certain assump-
tions should be established on the discrete operator Ah(·). In general, the mimetic
method described in the previous section is valid even in the presence of non-
smooth tensor coefficients (see Hyman et al. (1997), where this method is tested
on linear elliptic equations involving non-diagonal tensors K ≡ K(x) with jump
discontinuities). However, in the nonlinear case, an appropriate construction
of locally linearized time integrators requires sufficient smoothness of the ele-
ments of K ≡ K(ψ). This assumption entails the existence of continuous partial
derivatives for the operator Ah(·). In other words, such an operator is enforced



§5.3 time integration: a locally linearized fsrkm+1 method 151

to be Fréchet differentiable (i.e., its Jacobian matrix is well defined), so that the
linearization process can be properly accomplished.

Let us expand Ah(Ψh) around Ψhn in the following way:

Ah(Ψh) = Ah(Ψhn) + FAh(Ψhn)(Ψ
h −Ψhn) +Bh(Ψh,Ψhn), (5.10)

where FAh(Ψhn)(·) is a linear operator denoting the Fréchet derivative of Ah at
Ψhn (see, e.g., Ortega and Rheinboldt (2000)). The matrix representation of such
an operator is given by the corresponding Jacobian matrix, namely Jh(Ψhn) · ≡
FAh(Ψhn)(·) . Hence, we can express the discrete diffusion term as:

Ah(Ψh) = F̆h(Ψhn) + Jh(Ψhn)Ψ
h +Bh(Ψh,Ψhn), (5.11)

where F̆h(Ψhn) ≡ Ah(Ψhn) − Jh(Ψhn)Ψ
h
n is treated as an additional source/sink

term. Note that the first two terms on the right-hand side of (5.11) are linear
in Ψh, whilst the last one is nonlinear. Using the partition of unity introduced
above, we may split Jh(Ψhn), F̆

h(Ψhn) and F
h(t) in such a way that:

Jh(Ψhn) =
m∑
k=1

Jhk (Ψ
h
n), F̆h(Ψhn) =

m∑
k=1

F̆hk (Ψ
h
n), Fh(t) =

m∑
k=1

Fhk (t),

(5.12)
where Jhk (Ψ

h
n) = Γhk J

h(Ψhn), F̆
h
k (Ψ

h
n) = Γhk F̆

h(Ψhn) and Fhk (t) = Γhk F
h(t), re-

spectively. For a formal definition of Γhk , see Remark 2.2. If we introduce the
notation Ph(Ψh, t) ≡ −Ah(Ψh) + Gh(Ψh, t) + Fh(t), then equation (5.9a) can
be rewritten in the form:

Ψht (t) = Ph(Ψh, t), t ∈ (0, T ]. (5.13)

The local expansion of Ah(Ψh) given in (5.11), together with the splitting for-
mulae (5.12), permit to express Ph(Ψh, t) at each time interval [tn, tn+1] as:

Ph(Ψh, t) = Ph0 (Ψ
h, t) + Ph1 (Ψ

h, t) + . . .+ Phm(Ψh, t). (5.14)

Here, Ph0 (Ψ
h, t) ≡ −Bh(Ψh,Ψhn) + Gh(Ψh, t) comprises the nonlinear part of

Ph(Ψh, t), whereas Phk (Ψ
h, t) ≡ −Jhk (Ψhn)Ψh − F̆hk (Ψ

h
n) + Fhk (t) are linear inho-

mogeneous terms, for k = 1, 2, . . . ,m.

5.3.2. The locally linearized FSRKm+1 method. In this subsection, we ex-
tend the ideas proposed in Bujanda and Jorge (2006a) for semilinear parabolic
problems to the quasilinear case. More precisely, under the splitting formula
(5.14), the system of ODEs (5.13) with the initial condition (5.9b) is discretized
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by means of a linearly implicit FSRKm+1 method with s internal stages, i.e.:

For n = 0, 1, . . . , NT :

For k = 1, 2, . . . , s :

Ψhn,k = Ψhn + τ
k∑
ℓ=1

aiℓkℓ P
h
iℓ
(Ψhn,ℓ, tn,ℓ) + τ

k−1∑
ℓ=1

am+1
kℓ Ph0 (Ψ

h
n,ℓ, tn,ℓ),

Ψhn+1 = Ψhn + τ

s∑
ℓ=1

biℓℓ P
h
iℓ
(Ψhn,ℓ, tn,ℓ) + τ

s∑
ℓ=1

bm+1
ℓ Ph0 (Ψ

h
n,ℓ, tn,ℓ),

(5.15)
where iℓ ∈ {1, 2, . . . ,m}, for all ℓ = 1, 2, . . . , s, and tn,ℓ = tn + cℓ τ . The

coefficients ajkℓ, b
j
ℓ and cℓ determine the chosen method, for 1 6 ℓ 6 k 6 s and

j = 1, 2, . . . ,m+ 1.
The scheme (5.15) considers implicit contributions of the linear functions

Phk (Ψ
h, t), for k = 1, 2, . . . ,m, while explicitly handling the nonlinear func-

tion Ph0 (Ψ
h, t). This latter expression involves the nonlinear reaction term

Gh(Ψh, t) and the higher-order terms from the Taylor expansion (5.10) included
in Bh(Ψh,Ψhn). Note that, although Gh(Ψh, t) is commonly a non-stiff term,
the remainder function Bh(Ψh,Ψhn) is defined to be stiff. In other words, the
explicit integration of these terms will comprise no stability restrictions due to
the reaction term5, but a mild constraint owing to the remainder. A deeper
insight on the stability properties of these methods will be provided in the last
section of the chapter.

As described in the previous chapters for Yanenko’s method (2.42) and the
generalization of the Peaceman–Rachford scheme (3.104), the linear system to
solve at the k-th internal stage of (5.15) is now given by:

(Ih + τaikkkJ
h
ik
(Ψhn))Ψ

h
n,k = Qhn,k, (5.16)

where ik ∈ {1, 2, . . . ,m}, for all k = 1, 2, . . . , s. As usual, Ih denotes the identity
matrix and Qhn,k is the corresponding right-hand side (including the explicit
nonlinear functions and the source/sink terms). Since ρik(x) is involved in the
construction of matrix Jhik(Ψ

h
n), the elements of those rows associated to the

cells lying outside Ωik will be zero. As a result, the solution to (5.16) can be
computed at the cost of solving a single subdomain problem in Ωik , i.e.:

(Ψhn,k)i+1/2,j+1/2 =


(Qhn,k)i+1/2,j+1/2, in Ω \ Ωik ,

For l = 1, 2, . . . ,mik :

(Ψhn,ikl)i+1/2,j+1/2, in Ωikl,

where each Ψhn,ikl is obtained as:

Ψhn,ikl = (Ihikl + τaikkkJ
h
ikl

(Ψhn))
−1RiklQ

h
n,k, (5.17)

5Whenever it satisfies a global Lipschitz condition, see Bujanda and Jorge (2006a).
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being Ihikl = Rikl I
hRT

ikl
and Jhikl(Ψ

h
n) = Rikl J

h
ik
(Ψhn)RT

ikl
. Recall that Rikl is

defined to be a restriction matrix from Ω to Ωikl, as defined in Remark 2.4. This
equation is similar to the expressions (2.44) and (3.110). Therefore, the k-th
linear system (5.16) can be viewed as a collection of mik uncoupled subsystems
of the form (5.17), which can be straightforwardly solved in parallel.

In the next subsections, we describe two specific locally linearized FSRKm+1

methods of type (5.15), which will be shown to be first and second-order con-
vergent. Both methods are formulated for an arbitrary number m of implicit
parts, what makes them likely to be combined with an operator splitting into an
arbitrary numberm of split terms. Such terms are not required to commute pair-
wise and, thus, the newly introduced methods preserve a rather general splitting
framework. Higher-order methods belonging to the family (5.15) can be further
designed. For the case of semilinear parabolic problems, third- and fourth-order
schemes have been recently proposed in Bujanda and Jorge (2006b,c), respec-
tively. Although these algorithms are still suitable for non-commuting operator
splittings (at least from a computational viewpoint), they are formulated as
FSRK3 methods with just m = 2 implicit parts. As a result, the corresponding
domain decomposition is limited to the case of m = 2 overlapping subdomains,
thus restricting its use to specific strip-type partitionings.

5.3.3. A first-order unconditionally stable method. The first method to
be described is a linearly implicit FSRKm+1 scheme with m internal stages. It
can be viewed as a locally linearized variant of Yanenko’s method and has the
following form:

For n = 0, 1, . . . , NT :

Ψhn,1 = Ψhn + τPh1 (Ψ
h
n,1, tn+1) + τPh0 (Ψ

h
n, tn),

For k = 2, 3, . . . ,m :

Ψhn,k = Ψhn,k−1 + τPhk (Ψ
h
n,k, tn+1),

Ψhn+1 = Ψhn,m.

(5.18)

This method is defined to be a modification of scheme (2.42) to deal with the
quasilinear problem. Differing from the general formulation (5.15), the nonlinear
termBh(Ψh,Ψhn) vanishes in (5.18), since it is evaluated at Ψh = Ψhn. As a result,
the explicit contribution at the first internal stage is reduced to Ph0 (Ψ

h
n, tn) =

Gh(Ψhn, tn). Following Bujanda and Jorge (2006a), we can say that (5.18) is
unconditionally stable, provided that the nonlinear reaction term is assumed to
be globally Lipschitz in the first variable. Due to its relation to the backward
Euler scheme, the time integrator is also first-order convergent.

The unconditional stability and computational efficiency of (5.18) make it an
alternative to other existing linearly implicit one-step methods. For illustration,
we shall compare it to the simplest IMEX Runge–Kutta scheme: the so-called
forward–backward Euler method (see, e.g., Ascher et al. (1995, 1997)). Differing
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from (5.18), this method involves a splitting into just two parts, one of which
is non-stiff (or mildly stiff) and, thus, suited to explicit treatment. As a result,
the decomposition given in (5.14) needs to be replaced by:

Ph(Ψh, t) = Ph0 (Ψ
h, t) + P̂h(Ψh, t),

where P̂h(Ψh, t) ≡ −Jh(Ψhn)Ψh − F̆h(Ψhn) + Fh(t). That is to say, in this case,

P̂h(Ψh, t) lacks partitioning into a number of split terms. This fact reveals a
disadvantage of IMEX with respect to factorized and splitting methods: the
parallel capabilities of the latter are no longer preserved and, consequently, the
computational efficiency is decreased. When applied to the semidiscrete problem
(5.13) with initial condition (5.9b), the considered IMEX scheme is given by:{

For n = 0, 1, . . . , NT :

Ψhn+1 = Ψhn + τPh0 (Ψ
h
n, tn) + τ P̂h(Ψhn+1, tn+1).

(5.19)

The forward–backward Euler method can be viewed as an IMEX θ-method,
with a value of θ = 1 (cf. Hundsdorfer and Verwer (2003) for a survey on such
a class of methods). Provided that Ph0 (Ψ

h
n, tn) = Gh(Ψhn, tn) is a non-stiff term,

(5.19) shows unconditional stability. Furthermore, the time integrator involved
in the scheme is designed to be first-order convergent, since it is derived from the
implicit and explicit variants of the Euler method. Abstract convergence results
for this method have been obtained by Akrivis et al. (1998), under stronger
restrictions on the nonlinear terms. Last section includes a numerical comparison
between (5.18) and (5.19) in terms of global errors and CPU times.

Remark 5.3 A closely related algorithm to the scheme (5.18) can be found
within the class of factorized Rosenbrock methods. More precisely, let us apply
the simplest one-stage Rosenbrock method to integrate in time the semidiscrete
problem (5.13):{

For n = 0, 1, . . . , NT :

Ψhn+1 = Ψhn + (I + γτJh(Ψhn))
−1(τPh(Ψhn, tn) + γτ2Ḟh(tn+γ)),

(5.20)

where γ > 0 is a real parameter and the overdot denotes differentiation with re-
spect to t. Note that the last term on the right-hand side is present because (5.13)
is a non-autonomous problem. If we approximate matrix Sh ≡ I + γτJh(Ψhn) in
the form:

Sh ≈ (I + γτJh1 (Ψ
h
n))(I + γτJh2 (Ψ

h
n)) · · · (I + γτJhm(Ψhn))

and insert this approximation back into (5.20), we obtain a so-called Rosenbrock
AMF method (cf. Hundsdorfer and Verwer (2003)). Such a method can be
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formulated in a recursive way –similar to (5.18)– as follows:

For n = 0, 1, . . . , NT :

δhn,0 = τPh(Ψhn, tn),

For k = 1, 2, . . . ,m :

δhn,k = δhn,k−1 − γτJhk (Ψ
h
n)δ

h
n,k + γτ2Ḟhk (tn+γ),

Ψhn+1 = Ψhn + δhn,m,

(5.21)

where the internal stages Ψhn,k are obtained from the increments δhn,k as Ψhn,k =

Ψhn + δhn,k, for k = 1, 2, . . . ,m. Loosely speaking, Ph0 (Ψ
h, t) is treated explic-

itly at the first internal stage (in a forward Euler fashion), whilst the remaining
split terms are integrated linearly implicitly one after the other. If the factorized
Rosenbrock method involved in (5.21) is used to solve linear autonomous prob-
lems, it can be identified with the Douglas ADI scheme of stabilizing corrections,
with θ = γ. Therefore, it is first-order convergent, for any value of γ; we do get
order 2 in case γ = 1

2 and Ph0 (Ψ
h, t) ≡ 0. A thorough discussion on the linear

stability of this method for the autonomous case can be found in Hundsdorfer
(1999, 2002).

Remark 5.4 The semidiscrete system of equations (5.13) has the following un-
split form:

Ψht (t) = −Ah(Ψh) +Gh(Ψh, t) + Fh(t), t ∈ (0, T ]. (5.22)

Since Ah(Ψh) approximates a quasilinear diffusion term, (5.22) can be rewritten
as a pseudo-linear system of the form (cf. Dekker and Verwer (1984)):

Ψht (t) = −Âh(Ψh)Ψh(t) +Gh(Ψh, t) + Fh(t), t ∈ (0, T ],

where Ah(Ψh) = Âh(Ψh)Ψh(t). For such a type of systems, Strehmel et al.
(1990) propose and analyze a pseudo-linear variant of the linearly implicit Euler
method, which is given by:{

For n = 0, 1, . . . , NT :

Ψhn+1 = Ψhn − τÂh(Ψhn)Ψ
h
n+1 + τGh(Ψhn, tn) + τFh(tn+1).

As compared to the preceding methods, this form is mainly attractive from a prac-
tical viewpoint, since it avoids the computation of the related Jacobian matrices.

5.3.4. A second-order conditionally stable method. In order to increase
the accuracy of the previous algorithms, we introduce a new family of linearly
implicit FSRKm+1 methods with 2m− 1 internal stages. Such methods extend
the use of the scheme (3.104), proposed in the preceding chapter for semilinear
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problems, to quasilinear equations of type (5.1). In particular, under the local
expansion (5.10), the semidiscrete system of ODEs (5.13) is reduced to:



For n = 0, 1, . . . , NT :

Ψhn,1 = Ψhn,

For k = 2, 3, . . . , 2m− 1 :

Ψhn,k = Ψhn,k−1 + τ
k∑

ℓ=k−1

αℓ P
h
iℓ
(Ψhn,ℓ, tn,ℓ) + τ Ĝhn,k,

Ψhn+1 = Ψhn, 2m−1,

(5.23)

where Ĝhn,k is defined, in analogy to Ghn,k in (3.105), as:

Ĝhn,k =


1
2 P

h
0 (Ψ

h
n,1, tn,1), for k = 2,

0, for k = 3, 4, . . . , 2m− 2,

Ph0 (Ψ
h
n,m, tn,m)− 1

2 P
h
0 (Ψ

h
n,1, tn,1), for k = 2m− 1.

(5.24)

Furthermore, formulae (3.106)-(3.108) quote the values of the indices ik, the in-
termediate time levels tn,k and the coefficients αk, for k = 1, 2, . . . , 2m − 1. In

this case, contrasting with (3.105), the explicit term Ĝhn,k involves evaluations of

both Gh(Ψh, t) and Bh(Ψh,Ψhn). This fact will considerably affect the stability of
(5.23). More precisely, the latter term Bh(Ψh,Ψhn) is evaluated in (5.24) at two
different points, namely Ψh = Ψhn,1 and Ψh = Ψhn,m (corresponding to the second

and (2m − 1)-th internal stages, respectively). Since Bh(Ψhn,1,Ψ
h
n) ≡ 0, we ob-

tain Ph0 (Ψ
h
n,1, tn,1) = Gh(Ψhn,1, tn,1) to be non-stiff, as what happened in (5.18).

However, Ph0 (Ψ
h
n,m, tn,m) combines the non-stiff contribution of Gh(Ψhn,m, tn,m)

with the stiff counterpart of Bh(Ψhn,m,Ψ
h
n), thus compelling the method to be

conditionally stable. Following Portero and Jorge (2008), (5.23) can be proved
to be second-order convergent in time. In fact, if we set m = 2 and apply the
scheme to a linear parabolic problem, we recover the time integration process
involved in the celebrated Peaceman–Rachford ADI scheme (cf. Portero and
Jorge (2006)).

The conditional stability of (5.23) involves a mild stability restriction, which
makes it competitive with other existing linearly implicit splitting methods of
order 2. In this case, we shall compare our proposal to the so-called Hundsdorfer–
Verwer scheme, analyzed by in ’t Hout and Welfert (2007, 2009) in the context
of parabolic problems with mixed derivative terms. This scheme is based on the
technique of stabilizing corrections and can be combined with operator splitting
formulae into an arbitrary number m of split terms. In particular, when applied
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to problem (5.13) with splitting (5.14), it leads to:

For n = 0, 1, . . . , NT :

Ψ̂hn,0 = Ψhn + τPh(Ψhn, tn),

For k = 1, 2, . . . ,m :

Ψ̂hn,k = Ψ̂hn,k−1 + θτ(Phk (Ψ̂
h
n,k, tn+1)− Phk (Ψ

h
n, tn)),

Ψ̂hn+1 = Ψ̂hn,m,

Ψhn,0 = Ψ̂hn,0 + στ(Ph(Ψ̂hn+1, tn+1)− Ph(Ψhn, tn)),

For k = 1, 2, . . . ,m :

Ψhn,k = Ψhn,k−1 + θτ(Phk (Ψ
h
n,k, tn+1)− Phk (Ψ̂

h
n+1, tn+1)),

Ψhn+1 = Ψhn,m.

(5.25)

The first part of the algorithm, resulting in the numerical approximation Ψ̂hn+1,
resembles the aforementioned Douglas ADI scheme. In this scheme, an explicit
Euler predictor step for Ph(Ψh, t) is followed by m implicit corrector steps for
the split terms Phk (Ψ

h, t), whose purpose is to stabilize the former step. Recall
from Remark 5.3 that the Douglas method has classical order 2, provided that
θ = 1

2 and Ph0 (Ψ
h, t) ≡ 0; otherwise, it is first-order convergent. This order

reduction is mainly due to the fact that the split term Ph0 (Ψ
h, t) is not stabilized

within the corrector step. The aim of the additional stages Ψhn,0 and Ψhn,k, for

k = 1, 2, . . . ,m, is to retrieve the second-order convergence whenever Ph0 (Ψ
h, t)

fails to vanish. The scheme (5.25) has classical order 2 if and only if σ = 1
2 , for

any value of θ > 0. In such a case, it is identical to the two-stage stabilizing
correction method proposed by Hundsdorfer (2002). Like the newly constructed
scheme (5.23), (5.25) is conditionally stable with a mild stability restriction. A
numerical comparison between both methods is provided in the next section.
From a computational viewpoint, observe that (5.25) requires two more implicit
stages than (5.23) to achieve the same accuracy.

Remark 5.5 As mentioned above, the split terms Phk (Ψ
h, t) arising in (5.25) are

defined to be linear, since they stem from the local linearization procedure (5.10).
Nevertheless, if the method is used to solve a general nonlinear semidiscrete
problem, whose right-hand side is partitioned into a set of nonlinear split terms,
we obtain a system of nonlinear algebraic equations per internal stage. In such
a case, an alternative way to avoid the solution of nonlinear systems is to apply
one Newton iteration, using Ψhn as starting point. In its autonomous form,
this local linearization of (5.25) leads to a Rosenbrock AMF method of order 2,
connected with the explicit trapezoidal rule. This method has been successfully
used by Verwer et al. (1999) for solving photochemical dispersion problems. Note
that the Rosenbrock formula is also equivalent to the time integrator involved in
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(5.25) whenever we consider linear autonomous problems (cf. Hundsdorfer and
Verwer (2003)).

5.4. Numerical experiments

In this section, we test the preceding methods on various quasilinear prob-
lems of type (5.1). Such problems are discretized by following the method of
lines approach. Thus, we first use the mimetic technique described in Section
5.2 on different sorts of logically rectangular grids (e.g., pseudo-random, smooth
and parametric grids). Then, we apply one of the time integrators proposed in
Section 5.3 to solve the resulting semidiscrete problem. The first two examples
involve the locally linearized variant of Yanenko’s method (5.18) and consider
problems with both diagonal and full tensor coefficients. In the second of them,
we further include a comparison to the IMEX method (5.19). As for the third
example, we use the generalization of the Peaceman–Rachford scheme (5.23) and
also compare it to the Hundsdofer–Verwer method (5.25).

5.4.1.A problem on a pseudo-random grid. Let us first consider the parabo-
lic problem (5.1) posed on:

Ω× (0, T ] = {x ≡ (x, y) ∈ R2 : 0 < x < 1, 0 < y < 1} × (0, 1]. (5.26)

The tensor coefficient is defined to be a nonlinear diagonal tensor of the form
K(ψ) = (1+ψ2)I, where I stands for the identity matrix of order 2. In turn, the
reaction term is given by the nonlinear function g(ψ) = 1/(1 + ψ3). We assume
a smooth exact solution of the form:

ψ(x, t) = e−2π2t sin(πx) sin(πy), (5.27)

in such a way that the source/sink term and the initial condition are obtained
as f(x, t) = ψt − div (K(ψ) gradψ) − g(ψ) and ψ0(x) = ψ(x, 0), respectively.
Observe that this quasilinear problem is similar to the semilinear example studied
in Subsection 2.5.1.

To begin with, we discretize the spatial domain Ω using a pseudo-random
logically rectangular grid Ωh ≡ {(xi,j , yi,j)}Ni,j=1, which contains N = Nx = Ny
nodes in each direction and a spatial mesh size h = 1/(N − 1). The coordinates
of the grid nodes are quoted in formulae (2.46). Furthermore, three succes-
sive refinements of the grid are displayed on Figure 2.8. Once we have defined
a suitable computational domain, we use the MFD method introduced at the
beginning of the chapter to obtain a semidiscrete problem of the form (5.9).

The time integration is then accomplished by the locally linearized variant of
Yanenko’s method, leading to a totally discrete scheme in the spirit of (5.18). In
order to derive such a scheme, we first introduce a domain decomposition oper-
ator splitting in accordance with Subsection 5.3.1. To this end, Ω is partitioned
into m = 4 overlapping subdomains {Ωk}mk=1, each of which consists of mk = 4
disjoint connected components {Ωkl}mk

l=1, for k = 1, 2, 3, 4. A precise definition
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of these subdomains is given in (2.48). Subordinate to such a decomposition, we
define a family of m = 4 non-negative and C∞(Ω) functions {ρk(x)}mk=1, which
conform a smooth partition of unity. The analytical expressions of such func-
tions are detailed in (2.50). Figure 2.9 further shows a graphical representation
of the domain decomposition and its related partition of unity.

The next step is to divide the time interval [0, 1] into subintervals [tn, tn+1] of
the same length. Recall that each time level tn is defined to be tn = nτ , where τ
denotes the constant time step and n = 0, 1, . . . , NT ≡ [1/τ ]− 1. The nonlinear
discrete diffusion term is then linearized at each time subinterval according to
(5.11). This local linearization permits to introduce the linear splitting formulae
(5.12), which are based on the partition of unity functions described above. As a
result, the right-hand side of the semidiscrete problem (5.13) is decomposed into
the sum of m + 1 split terms (with m = 4), as quoted in (5.14). At this point,
we are in condition to apply the linearly implicit FSRKm+1 method (5.18) in
order to obtain numerical approximations to the solution of the original problem.
Observe that the linear system to solve at the k-th internal stage of the algorithm
is reduced to a collection of four uncoupled subsystems of the form (5.17), for
ik = k = 1, 2, 3, 4.

In the sequel, we test the accuracy of the scheme (5.18) on the sequence of
pseudo-random grids displayed on Figure 2.8. For this purpose, we assume the
global errors to be obtained by the expression (2.51); that is to say, by using the
discrete L2-norm in space and the discrete maximum norm in time. As in the
preceding chapters, such global errors will be denoted by 9Ehτ92. Then, if we
fix a sufficiently small time step τ = 10−7 and the initial mesh size h0 = 2−4,
we can repeatedly halve the value of h in order to compute the corresponding
global errors. The related numerical orders of convergence in space, q2, are given
by formula (2.52). Table 5.1 shows the values of both 9Ehτ92 and q2. Observe
that, as h tends to zero, the numerical orders asymptotically approach a value of
2. In other words, the MFD scheme with quadratic interpolation is second-order
convergent on a pseudo-random grid.

On the other hand, we set the spatial mesh size to h = 2−7 and, starting from
τ0 = 10−3, we successively halve the time step τ in order to get the values of9Ehτ92. In this case, the numerical orders of convergence in time, p2, are given
by (2.53). Both 9Ehτ92 and p2 are displayed on Table 5.2. As mentioned above,
the close relation of (5.18) to the implicit Euler method determines its first-
order convergence. Concerning the stability, recall that the split term Ph0 (Ψ

h, t)
contributes explicitly to the first internal stage and, therefore, we must set Ψh =
Ψhn and t = tn. As a result, the nonlinear term Bh(Ψh,Ψhn) vanishes and the
numerical scheme (5.18) turns to be unconditionally stable. In practice, no
restrictions are imposed between the spatial mesh size h and the time step τ .

To conclude this first example, we shall consider a more general problem of
type (5.1) in which K(ψ) is chosen to be a full nonlinear tensor of the form
K(ψ) = RθD(ψ)RTθ . Here, Rθ is a 2 × 2 rotation matrix with angle θ = π

4 ,
while D(ψ) stands for the diagonal matrix D(ψ) = diag(1 + ψ2, 1 + 8ψ2). Once
again, the nonlinear reaction term is given by g(ψ) = 1/(1 + ψ3) and the exact
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h h0 h0/2 h0/2
2 h0/2

3 h0/2
4

9Eh
τ 92 4.51e-03 1.89e-03 4.60e-04 1.14e-04 2.86e-05

q2 1.257 2.037 2.006 2.002 –

Table 5.1: Global errors and numerical orders of convergence in space (h0 = 2−4 and
τ = 10−7).

τ τ0 τ0/2 τ0/2
2 τ0/2

3 τ0/2
4 τ0/2

5

9Eh
τ 92 2.55e-02 1.67e-02 1.00e-02 5.66e-03 3.08e-03 1.63e-03

p2 0.611 0.739 0.824 0.880 0.918 –

Table 5.2: Global errors and numerical orders of convergence in time (τ0 = 10−3 and
h = 2−7).

solution ψ(x, t) is taken to be the smooth function (5.27). Correspondingly, data
functions f(x, t) and ψ0(x) are derived from ψ(x, t).

The discretization of the full tensor problem is accomplished along the lines
of the previous experiment. That is to say, the locally linearized method (5.18)
provides numerical approximations to the exact solution (5.27) on a family of
pseudo-random grids like that presented in Figure 2.8. Within this framework,
we perform two separate tests in order to illustrate the convergence of the scheme
in both space and time. For the first one, we consider a sufficiently small time
step τ = 10−7 and, taking the initial mesh size to be h0 = 2−4, we successively
refine the spatial grid by halving the value of h. Table 5.3 shows the global
errors and numerical orders of convergence in space. As for the diagonal tensor
problem, we observe an asymptotic value of q2 = 2. Therefore, the mimetic
technique preserves its second-order convergence even when full tensor coeffi-
cients are considered. By contrast, if the mesh size and initial time step are
set equal to h = 2−7 and τ0 = 10−3, respectively, we can keep track of global
errors in time by repeatedly halving the value of τ . In this case, 9Ehτ92 and
p2 are exhibited in Table 5.4. As it can be observed, the numerical orders of
convergence asymptotically approach a value of 1, which confirms (5.18) to be
unconditionally convergent of classical order 1 (in time) for the full tensor case.

5.4.2. A problem on a smooth grid. In this subsection, we modify the pre-
ceding example to test the behaviour of method (5.18) on a non-square spatial
domain. More precisely, we consider:

Ω× (0, T ] = {x ≡ (x, y) ∈ R2 : 0 < x < 1, 0 < y < 1 + 1
2 sin(2πx)} × (0, 1].

In this case, bothK(ψ) and g(ψ) are chosen to be the same as those considered at
the end of the previous subsection. Recall that K(ψ) is the full nonlinear tensor
K(ψ) = RθD(ψ)RTθ . Likewise, data functions f(x, t) and ψ0(x) are such that
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h h0 h0/2 h0/2
2 h0/2

3 h0/2
4

9Eh
τ 92 5.31e-03 1.92e-03 4.69e-04 1.17e-04 2.89e-05

q2 1.467 2.034 2.008 2.012 –

Table 5.3: Global errors and numerical orders of convergence in space (h0 = 2−4 and
τ = 10−7).

τ τ0 τ0/2 τ0/2
2 τ0/2

3 τ0/2
4 τ0/2

5

9Eh
τ 92 3.70e-02 2.58e-02 1.61e-02 9.42e-03 5.25e-03 2.83e-03

p2 0.523 0.676 0.777 0.844 0.892 –

Table 5.4: Global errors and numerical orders of convergence in time (τ0 = 10−3 and
h = 2−7).

(5.27) is the exact solution of the problem. A similar experiment was described
in Subsection 2.5.2 for a semilinear reaction–diffusion problem.

The spatial domain Ω is first discretized by using a smooth logically rectan-
gular grid Ωh ≡ {(xi,j , yi,j)}Ni,j=1. As usual, we assume N = Nx = Ny nodes
in each direction, taking h = 1/(N − 1). The coordinates of the (i, j)-node are
specified in (2.54). A representation of such a smooth grid, with 17× 17 nodes,
is further shown in Figure 2.10. Regarding the domain decomposition of the
spatial domain, we consider Ω to be partitioned as Ω ≡

∪4
k=1 Ωk, where the

overlapping subdomains {Ωk}4k=1 are given by (2.55). Each subdomain further

satisfies Ωk ≡
∪4
l=1 Ωkl in such a way that the components {Ωkl}4l=1 are chosen

to be pairwise disjoint. Once again, the corresponding partition of unity con-
sists of four smooth functions {ρk(x)}4k=1, which are quoted in (2.56). Both the
domain decomposition of Ω and the partition of unity functions are displayed on
Figure 2.11. Along the lines of the previous examples, a proper combination of
the mimetic technique described in Section 5.2 with the locally linearized vari-
ant of Yanenko’s method gives rise to a fully discrete scheme of the form (5.18),
involving m = 4 internal stages.

Tables 5.5 and 5.6 provide the global errors and numerical orders of con-
vergence in space and time, respectively, for the problem under consideration.
They are obtained by using the same procedure (based on successive refinements
of h and τ) which permits to derive the aforementioned tables. The numerical
results reflect an asymptotic approach towards the values q2 = 2 and p2 = 1,
with no restrictions on the relation between the spatial mesh size and the time
step. In other words, (5.18) is also unconditionally convergent of second order in
space and first order in time when applied to smooth non-square computational
domains.

To end this subsection, we shall apply the scheme (5.19) for solving the given
problem on Ωh. Recall that such a scheme combines the mimetic spatial dis-
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h h0 h0/2 h0/2
2 h0/2

3 h0/2
4

9Eh
τ 92 5.34e-03 1.29e-03 3.17e-04 7.47e-05 1.83e-05

q2 2.044 2.029 2.085 2.026 –

Table 5.5: Global errors and numerical orders of convergence in space (h0 = 2−4 and
τ = 10−7).

τ τ0 τ0/2 τ0/2
2 τ0/2

3 τ0/2
4 τ0/2

5

9Eh
τ 92 3.71e-02 2.69e-02 1.75e-02 1.06e-02 6.12e-03 3.44e-03

p2 0.465 0.622 0.724 0.788 0.831 –

Table 5.6: Global errors and numerical orders of convergence in time (τ0 = 10−3 and
h = 2−7).

cretization with an IMEX time integrator which suitably connects the forward
and backward Euler methods. A comparison between (5.18) and (5.19) in terms
of accuracy and efficiency is provided in Table 5.7. In particular, we consider
an initial mesh size h0 = 2−4 and further choose τ0 = 10−3h0 to ensure a well-
balanced contribution to the global error of the space and time discretization
processes. Unlike what happened in the previous experiments, we shall reduce
the values of h and τ at the same time in order to study the convergence of
both algorithms in a single table. Since the tested methods are likely to be
second-order convergent in space and first-order convergent in time, we choose
the discretization parameters to satisfy τ/h2 = C, where C = 1.6 × 10−2. Ob-
serve that, under this ratio, we need to halve h while dividing by 4 the value
of τ . Table 5.7 shows the global errors, 9Ehτ92, and CPU times, CPUhτ , cor-

responding to the schemes (5.18) and (5.19) (which are referred to as FSRK
(I)
m+1

and IMEX, respectively). Loosely speaking, the resulting errors have the same
order of magnitude in both cases, but the amount of CPU time used by (5.18)
is much smaller than that of (5.19). Thus, from a computational viewpoint, the
former scheme proves to be an efficient alternative to non-splitting algorithms
like the latter IMEX method.

5.4.3.A problem on a parametric grid. To conclude the chapter, we report on
a numerical experiment for testing the locally linearized variant of the Peaceman–
Rachford scheme (5.23), as compared to the Hundsdofer–Verwer method (5.25).
With this aim, we consider (5.1) on the space-time domain given by (5.26).
In this case, K(ψ) is chosen to be the full nonlinear tensor introduced in the
preceding examples, but the nonlinear reaction term g(ψ) is now defined as
g(ψ) = −(1 + ψ2) e−ψ. The exact solution is assumed to be:

ψ(x, t) = e11−4tx4(1− x)4y4(1− y)4
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Method h h0 h0/2 h0/2
2 h0/2

3 h0/2
4

FSRK
(I)
m+1 9Eh

τ 92 4.91e-03 1.20e-03 3.98e-04 1.23e-04 3.24e-05

CPUh
τ 0.86 7.59 120.56 1966.57 32448.41

IMEX 9Eh
τ 92 5.32e-03 1.29e-03 3.21e-04 8.02e-05 2.00e-05

CPUh
τ 2.16 23.61 376.66 6055.57 99069.13

Table 5.7: Global errors and CPU times (seconds), for methods (5.18) and (5.19)
(h0 = 2−4 and τ/h2 = 1.6 × 10−2). In the table, such methods are referred to as

FSRK
(I)
m+1 and IMEX, respectively.

and both the source/sink term f(x, t) and the initial condition ψ0(x) are derived
from such a function.

In order to discretize the spatial domain, we define a logically rectangular
grid Ωh ≡ {(xi,j , yi,j)}Ni,j=1 involving N ×N nodes, where:

xi,j = ξi + 10 ξi ηj (1− ξi) (1− ηj)
(
1
2 − ξi

)
,

yi,j = ηj + 10 ηj ξi (1− ηj) (1− ξi)
(
1
2 − ηj

)
,

(5.28)

being ξi = (i − 1)h, ηj = (j − 1)h and h = 1/(N − 1). Observe that this grid
is obtained from a uniform mesh by using an analytical transformation. Figure
5.1 shows a representation of such a grid, for N = 17.

The construction of the overlapping domain decomposition of Ω is based
upon the structure of the discrete domain Ωh. More precisely, let us introduce
the intervals I1 and I2, already defined in (2.47) and quoted here for convenience:

I1 ≡
(
0, 14 + ε

)
∪
(
1
2 − ε, 34 + ε

)
,

I2 ≡
(
1
4 − ε, 12 + ε

)
∪
(
3
4 − ε, 1

)
,

where ε takes a value of 1
16 . Recalling the expressions (5.28), we further consider

the following parametric representation of the spatial coordinates x and y:

x(r, s) = r + 10 r s (1− r) (1− s)
(
1
2 − r

)
,

y(r, s) = s+ 10 s r (1− s) (1− r)
(
1
2 − s

)
,

where r and s are chosen to be two suitable parameters. In this framework, Ω
can be partitioned into four overlapping subdomains {Ωk}4k=1 of the form:

Ω1 ≡ {(x(r, s), y(r, s)) : r ∈ I1, s ∈ I1},
Ω2 ≡ {(x(r, s), y(r, s)) : r ∈ I2, s ∈ I1},
Ω3 ≡ {(x(r, s), y(r, s)) : r ∈ I1, s ∈ I2},
Ω4 ≡ {(x(r, s), y(r, s)) : r ∈ I2, s ∈ I2}.
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Figure 5.1: Parametric logically rectangular grid, for N = 17.

Note that, due to the structure of the intervals I1 and I2, each subdomain Ωk
is defined to be the union of four disjoint connected components {Ωkl}4l=1, for
k = 1, 2, 3, 4. According to such a decomposition, the corresponding partition of
unity {ρk(x)}4k=1 can be deduced from the auxiliary functions:

φ1(x(r, s), y(r, s)) =



1, if r ∈
[
0, 3

16

]
∪
[

9
16 ,

11
16

]
, s ∈ [0, 1],

0, if r ∈
[

5
16 ,

7
16

]
∪
[
13
16 , 1

]
, s ∈ [0, 1],

χ
(
8r − 3

2

)
, if r ∈

(
3
16 ,

5
16

)
, s ∈ [0, 1],

1− χ
(
8r − 7

2

)
, if r ∈

(
7
16 ,

9
16

)
, s ∈ [0, 1],

χ
(
8r − 11

2

)
, if r ∈

(
11
16 ,

13
16

)
, s ∈ [0, 1],

and:

φ̂1(x(r, s), y(r, s)) =



1, if r ∈ [0, 1], s ∈
[
0, 3

16

]
∪
[

9
16 ,

11
16

]
,

0, if r ∈ [0, 1], s ∈
[

5
16 ,

7
16

]
∪
[
13
16 , 1

]
,

χ
(
8s− 3

2

)
, if r ∈ [0, 1], s ∈

(
3
16 ,

5
16

)
,

1− χ
(
8s− 7

2

)
, if r ∈ [0, 1], s ∈

(
7
16 ,

9
16

)
,

χ
(
8s− 11

2

)
, if r ∈ [0, 1], s ∈

(
11
16 ,

13
16

)
,

where χ (z) = 2
exp(2− 1

z
)

2(z−1) , for z ∈ (0, 1). Two additional functions are also re-
quired, namely:

φ2(x(r, s), y(r, s)) = 1− φ1(x(r, s), y(r, s)),

φ̂2(x(r, s), y(r, s)) = 1− φ̂1(x(r, s), y(r, s)).
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h h0 h0/2 h0/2
2 h0/2

3 h0/2
4

9Eh
τ 92 4.53e-02 3.31e-03 5.03e-04 1.12e-04 2.64e-05

q2 3.777 2.717 2.167 2.085 –

Table 5.8: Global errors and numerical orders of convergence in space (h0 = 2−4 and
τ = 5× 10−8).

τ τ0 τ0/2 τ0/2
2 τ0/2

3 τ0/2
4 τ0/2

5

9Ēh
τ 92 1.42e-05 3.56e-06 8.91e-07 2.23e-07 5.57e-08 1.39e-08

p̄2 1.999 1.999 2.000 2.000 2.000 –

Table 5.9: Global errors and numerical orders of convergence in time (τ0 = 10−4 and
h = 2−7).

Now, we are in condition to define the components {ρk(x)}4k=1 as:

ρ1(x(r, s), y(r, s)) = φ1(x(r, s), y(r, s)) φ̂1(x(r, s), y(r, s)),

ρ2(x(r, s), y(r, s)) = φ2(x(r, s), y(r, s)) φ̂1(x(r, s), y(r, s)),

ρ3(x(r, s), y(r, s)) = φ1(x(r, s), y(r, s)) φ̂2(x(r, s), y(r, s)),

ρ4(x(r, s), y(r, s)) = φ2(x(r, s), y(r, s)) φ̂2(x(r, s), y(r, s)).

Figure 5.2 shows the domain decomposition of Ω and its related partition of
unity functions.

Under the previous partition, if we properly combine the MFD interpolation
method with the locally linearized variant of the Peaceman–Rachford scheme, we
get an algorithm of the form (5.23), for a value m = 4 (i.e., involving 2m−1 = 7
internal stages).

Tables 5.8 and 5.9 test the numerical convergence of the scheme (5.23) in
space and time, respectively. The idea behind both tables is similar to that used
in the preceding examples. In particular, the former displays both global errors,9Ehτ92, and numerical orders of convergence in space, q2, considering a fixed
time step τ = 5×10−8 and the initial mesh size h0 = 2−4. Then, by successively
halving h, we observe an asymptotic approach of q2 to a value of 2. That is
to say, the mimetic discretization scheme proves to be second-order convergent
when applied to parametric grids.

On the other hand, the second table introduces an alternate estimate for
computing global errors in time, namely:

9Ēhτ92 = max
n∈{1,2,...,NT+1}

Nx−1∑
i=1

Ny−1∑
j=1

|Ωi+1/2,j+1/2|
(
(Ψhn)i+1/2,j+1/2

− (Ψ̄hn)i+1/2,j+1/2

)2)1/2
.

(5.29)
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Figure 5.2: Decomposition of Ω into m = 4 overlapping subdomains (central plot)
and corresponding functions ρk(x), for k = 1, 2, 3, 4 (corner plots).
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Method h h0 h0/2 h0/2
2 h0/2

3 h0/2
4 h0/2

5

FSRK
(II)
m+1 τ∗

h 2.30e-03 1.90e-03 7.30e-04 3.00e-04 1.25e-04 5.10e-05

HV τ∗
h 2.20e-04 7.05e-05 2.12e-05 6.43e-06 1.90e-06 5.80e-07

Table 5.10: Maximum allowed time steps τ∗
h for the methods (5.23) and (5.25), under

different mesh sizes h (h0 = 2−4). In the table, such methods are referred to as FSRK
(II)
m+1

and HV, respectively.

In this case, we compare the numerical solution obtained for the parame-
ters h and τ with that computed for h and τ

2 (denoting them as Ψhn and Ψ̄hn,
respectively). This expression is similar to formula (3.139), but further consid-
ers the area |Ωi+1/2,j+1/2| within each term of the double sum. This is due to
the fact that, unlike (3.139), (5.29) is no longer defined on a rectangular grid
and, consequently, the area may vary from one cell to another. The results dis-
played on Table 5.9 are obtained by considering a starting value τ0 = 10−4 and
subsequently halving the time step τ (as long as the mesh size h is set equal
to 2−7). In this case, the newly defined global errors, 9Ēhτ92, yield the nu-
merical orders of convergence in time, p̄2. As expected from its relation to the
Peaceman–Rachford ADI scheme, (5.23) is also second-order convergent in time.

Note that the values τ = 5× 10−8 and τ0 = 10−4 adopted in Tables 5.8 and
5.9, respectively, are smaller than those considered in the convergence tables of
the previous experiments. The reason for this restriction lies in the fact that
the scheme (5.23) is conditionally stable. Recall from the expression (5.24) that
the term Ph0 (Ψ

h
n,4, tn,4) is explicitly handled at the seventh internal stage of

the algorithm. This term involves the stiff contribution of Bh(Ψhn,4,Ψ
h
n), which

gives rise to certain stability limitations between h and τ . In order to provide
a benchmark for the size of such limitations, we shall compare the behaviour
of (5.23) with that of the Hundsdorfer–Verwer scheme (5.25). In particular, we
set θ = 1 and σ = 1

2 , thus yielding second-order convergence in time for (5.25).
Table 5.10 establishes the maximum allowed time steps τ∗h for the methods (5.23)
and (5.25), under different values of the mesh size h (taking h0 = 2−4 as starting

value). These methods are referred to as FSRK
(II)
m+1 and HV, respectively. In view

of the numerical results, we can conclude that both schemes converge under a
non-severe stability restriction, which reveals to be somehow milder for (5.23).
Therefore, the newly proposed generalization of the Peaceman–Rachford scheme
constitutes a remarkable alternative to existing splitting methods of classical
order 2.
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Concluding Remarks

In this final chapter, we summarize the original contributions of the present
work and list some relevant publications related to them. Moreover, we remark
possible extensions of the proposed methods and discuss a number of topics
which deserve further research.

The main achievements derived in each single chapter are outlined in the
sequel:

1. In Chapter 2, we propose a mixed discretization technique that merges
together a mimetic finite difference method and a family of fractional step
time integrators. The overall algorithm is constructed upon a suitable
overlapping decomposition of the spatial domain, thus enabling its par-
allel implementation. Although both methods have been separately used
for solving evolutionary problems, a proper combination of them has been
lacking so far. In this context, the domain decomposition splitting pro-
posed in Portero (2007) has been adapted to the assembly of subdomains
with curvilinear boundaries. Suitable restriction and extension mappings
have been further introduced to connect the global problem to each sin-
gle subdomain subproblem. The main results of the preceding work are
published in the following paper:

A. Arrarás, L. Portero, and J.C. Jorge. Parallel non-iterative methods for
evolutionary semilinear flow problems. Internat. J. Numer. Methods
Fluids 56: 1131–1138, 2008.

2. In Chapter 3, we establish an appropriate theoretical framework for the
convergence analysis of mimetic fractional step methods. Regarding the
spatial semidiscretization, we derive a priori error estimates for the mimetic
scheme in the abstract setting of mixed finite element methods. These re-
sults extend the convergence analysis proposed by Berndt et al. (2005a)
for linear elliptic equations to the semilinear parabolic case. The key to
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such an extension is the introduction of a so-called elliptic mixed projec-
tion operator. As for the time integration, we first restrict ourselves to the
case of isotropic tensor coefficients on rectangular meshes; this assumption
yields a discrete diffusion operator with a local five-cell stencil. Then, we
define a domain decomposition splitting for such an operator which ensures
the self-adjointness of the resulting split suboperators. The time integra-
tor is obtained by inserting this splitting function into a linearly implicit
fractional step method, first proposed by Portero and Jorge (2008). This
method resembles the Peaceman–Rachford ADI scheme for an arbitrary
number of split terms. In order to derive a priori error estimates for the
fully discrete scheme, we combine the convergence results of the mimetic
scheme with a classical consistency and stability analysis of the time in-
tegrator. To conclude, we consider the case of full tensor coefficients on
non-orthogonal meshes; in this situation, the discrete diffusion is no longer
a local operator. The discretization process is then reversed: we first inte-
grate in time the continuous problem by using a fractional step method and
subsequently apply the mimetic technique to discretize in space the result-
ing scheme. Remarkably, this two-stage procedure requires the definition
of a subdomain-specific mimetic method. The following papers contain
the original contributions for the rectangular and non-orthogonal cases,
respectively:

A. Arrarás, L. Portero, and J.C. Jorge. Convergence of fractional step
mimetic finite difference discretizations for semilinear parabolic prob-
lems. Appl. Numer. Math. 60: 473–485, 2010.

A. Arrarás, L. Portero, and J.C. Jorge. Domain decomposition operator
splitting for mimetic finite difference discretizations of non-stationary
problems. Comput. & Fluids 46: 398–403, 2011.

3. In Chapter 4, we focus on the study of problems posed on physical domains
of general geometry which admit a smooth transformation into rectangular
computational domains. The numerical approximation of a problem of this
kind follows the subsequent procedure. Initially, a preprocessing step maps
the original equations –via the smooth transformation– from the physical
domain onto the computational domain. The resulting equations are then
solved as an entirely rectangular problem. Finally, the numerical solution
is mapped back onto the physical domain. As for the discretization of
the rectangular problem, we consider a combined cell-centered alternating
direction implicit scheme. The spatial semidiscretization is based on a so-
called expanded mixed finite element method, discussed by Arbogast et al.
(1998). When combined with adequate quadrature rules, this method re-
duces to a cell-centered finite difference scheme. In this chapter, we provide
a detailed description for the construction of such a scheme and further
obtain the corresponding a priori error estimates. These theoretical results
extend the convergence analysis proposed in the aforementioned work for
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linear elliptic problems to the semilinear parabolic case. As a by-product,
the elliptic mixed projection operator introduced in the preceding chapter
is generalized to its expanded version. On the other hand, we consider
a family of linearly implicit ADI methods for the time integration. At
this point, it is convenient to note the following fact: since the rectangular
problem usually involves a full tensor coefficient (obtained from the original
tensor by means of the smooth transformation), the alternating direction
technique will need to be adapted to handle mixed derivative terms. Fol-
lowing in ’t Hout and Welfert (2007), we consider such terms to be treated
explicitly in the time integration process. In spite of this assumption, the
totally discrete scheme is proved to be unconditionally stable via the von
Neumann stability analysis. The contents of this chapter are described in
the following paper:

A. Arrarás, L. Portero, and J.C. Jorge. A combined mixed finite element
ADI scheme for solving Richards’ equation with mixed derivatives on
irregular grids. Appl. Numer. Math. 59: 454–467, 2009.

4. Finally, Chapter 5 deals with a quasilinear problem which involves a non-
linear tensor coefficient in the diffusion term. The numerical solution of
this problem is carried out along the lines of Chapter 2. On one hand,
we discretize in space the original equations by extending the cell-node
mimetic scheme proposed in that chapter. The key to this generalization
is the addition of a biquadratic interpolation formula which permits to pre-
serve the local nine-cell structure of the discrete diffusion operator, while
preserving the order of convergence of the original method. Unlike what
happened in the preceding chapters, the resulting system of ODEs involves
a nonlinear discrete diffusion term. In order to avoid the solution of non-
linear systems in the fully discrete scheme, we consider a local linearization
procedure for such a diffusion term. The linear terms in the semidiscrete
scheme are then partitioned by using a domain decomposition operator
splitting. Finally, we introduce a linearly implicit fractional step method
which considers implicit contributions of the linear split terms, while ex-
plicitly handling the nonlinear remainder. Two families of time integrators
are designed along these lines. As compared to classical additive Runge–
Kutta methods (cf. Cooper and Sayfy (1980, 1983)) or implicit–explicit
schemes (Ruuth (1995); Ascher et al. (1997)), the newly proposed meth-
ods show a lower computational cost due to their parallel capabilities. The
main results of this chapter are included in the following papers:

A. Arrarás, L. Portero, and J.C. Jorge. Parallel solution of nonlinear
parabolic problems on logically rectangular grids. In J. Dongarra,
K. Karczewski, J. Wasniewski, and R. Wyrzykowski, editors, Parallel
Processing and Applied Mathematics, volume 4967 of Lecture Notes
in Comput. Sci., pages 371–380. Springer, Berlin, 2008.
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A. Arrarás, L. Portero, and J.C. Jorge. Linearly implicit domain decom-
position methods for time-dependent reaction–diffusion equations. In
M. Bercovier, M.J. Gander, R. Kornhuber, and O. Widlund, ed-
itors, Domain Decomposition Methods in Science and Engineering
XVIII, volume 70 of Lect. Notes Comput. Sci. Eng., pages 267–
274. Springer, Berlin, 2009.

A. Arrarás, L. Portero, and J.C. Jorge. Locally linearized fractional step
methods for nonlinear parabolic problems. J. Comput. Appl. Math.
234: 1117–1128, 2010.

To conclude, we briefly summarize some possible extensions of the preceding
methods:

1. The spatial discretization schemes analyzed throughout this thesis are con-
structed upon logically rectangular grids. However, it is possible to define
suitable variants of such schemes on triangular meshes. In the case of
the mimetic method, Ganzha et al. (2004) have tackled this issue for lin-
ear elliptic problems involving diagonal tensor coefficients on unstructured
grids. As for the cell-centered finite difference discretization described in
Chapter 4, Arbogast et al. (1995, 1998) propose an extension to equilateral
triangular meshes and obtain a finite difference approximation with a local
ten-cell stencil. The generalization of these ideas to semilinear parabolic
problems with full tensor coefficients is the subject of current research.

2. Another natural extension of the previous methods lies in the context of
three-dimensional problems. In such a case, some valuable ideas can be
gathered from the works by Brezzi et al. (2005, 2006b) and Arbogast et al.
(1998). The former proposes and analyzes new mimetic methods on un-
structured polyhedral meshes, which may contain non-planar faces in their
structure. In turn, the latter generalizes the cell-centered finite difference
schemes by introducing three-dimensional variants involving nineteen-cell
local stencils. In both cases, the authors deal with stationary diffusion
equations with full tensor coefficients. A proper adaptation of such strate-
gies to time-dependent reaction–diffusion problems is a topic of practical
interest for a large number of applications.

3. A particular generalization of the cell-centered method analyzed in Chapter
4 is also in order. In its current form, the proposed method performs well as
long as we consider a continuous tensor coefficient. Nonetheless, the order
of convergence usually decays if the tensor turns to be discontinuous. To
overcome this issue, we need to define the space of adjusted gradients Λh

as a discontinuous version of the flux space V h. In such a case, the use of
the trapezoidal rule in the expanded mixed finite element method permits
to obtain a cell-centered scheme only when dealing with diagonal tensors
on orthogonal grids. For arbitrary tensors, it is not possible to derive a
finite difference expression unless a proper splitting is applied to the flux
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equations (cf. Klausen and Russell (2004) for details). The convergence
analysis of the newly derived technique demands the abstract framework
described in Gatica and Heuer (2001).

4. The design and analysis of cell-centered domain decomposition methods
is also an open task. The idea is to provide more flexibility to the alter-
nating direction schemes proposed in Chapter 4. There are two further
advantages in this approach. On one hand, it is possible to increase the
order of convergence of the time integrator, while preserving its uncondi-
tional stability. On the other, the totally discrete scheme can be globally
defined on the spatial domain despite the structure of domain decompo-
sition splitting functions. This is due to the fact that cell-centered finite
difference methods are obtained from an expanded mixed finite element
formulation which avoids the inversion of the tensor coefficient. This fact
is quite useful in this case, since a splitting of this kind requires the tensor
to be multiplied by a family of partition of unity functions which vanish
at some regions of the spatial domain.

5. In the context of domain decomposition operator splittings, the influence of
the overlapping size on the numerical behaviour of the time integrator must
be taken into consideration. In particular, the error constant associated to
the adopted method depends on negative powers of such a parameter. As
a result, the corresponding local errors can deteriorate as the overlapping
size tends to zero. A theoretical analysis of this topic along the lines of
Mathew et al. (1998) and Samarskĭı et al. (2002) is lacking so far.

6. To conclude, we would like to emphasize the great potential of mimetic and
cell-centered fractional step methods in the numerical approximation of
real-world applications. A significant example, previously addressed within
this thesis, is provided by the modelling of water flow through unsaturated
porous media. A first approach to this issue can be found in Arrarás
(2005), where a central finite difference method on a uniform hexahedral
mesh was combined with a fractional step method involving a component-
wise splitting. Logically cubic meshes appear to be more appropriate in this
practical setting, since they can be naturally constructed to fit distorted
geological strata. The works by San Soucie (1996) and Woodward and
Dawson (2000) further describe the use of cell-centered finite difference
schemes –as derived from expanded mixed finite element methods– for
the numerical solution of variably saturated subsurface flow models. The
application of the newly proposed discretization methods, together with
some extensions, to realistic problems of this kind seems to be a promising
approach for a wide variety of fields.





Resumen

La presente memoria se enmarca en el ámbito de la resolución numérica de ecua-
ciones en derivadas parciales evolutivas de tipo parabólico. Este tipo de ecua-
ciones está involucrado en la modelización de una gran variedad de fenómenos
f́ısicos provenientes de diversos campos de la ciencia y la ingenieŕıa. Una clase
espećıfica de tales ecuaciones gobierna los denominados procesos de reacción–
difusión, que aparecen con frecuencia ligados a modelos medioambientales o de
la bioloǵıa matemática (cf. Russell y Wheeler (1983); Murray (1989)). En
ĺıneas generales, los fenómenos evolutivos que combinan procesos no lineales
de reacción–difusión pueden describirse mediante una ecuación parabólica de la
forma:

ψt +A(ψ) = r(ψ) + f, (R.1)

donde A(ψ) y r(ψ) representan los términos no lineales de difusión y reac-
ción, respectivamente, y f denota un término fuente/sumidero. La formu-
lación del problema se completa mediante condiciones iniciales y de contorno
adecuadas. En esencia, A(ψ) involucra a las derivadas espaciales de la forma
A(ψ) = −div(K gradψ), donde K es un tensor simétrico y definido positivo.
Si dicho tensor depende de ψ (i.e., K ≡ K(ψ)), (R.1) representa un problema
parabólico cuasilineal; en otro caso, el problema se ve reducido a su forma semi-
lineal. Ambos casos son objeto de análisis a lo largo de esta memoria. Desde el
punto de vista práctico, la ecuación (R.1) puede relacionarse con diversos fenó-
menos naturales, tales como la dinámica de flujos en medios porosos, en cuyo caso
ψ representa la presión, o los procesos de reacción–difusión de contaminantes,
en los que ψ denota una cierta concentración qúımica.

La resolución numérica de problemas de la forma (R.1) ha sido ampliamente
estudiada en la monograf́ıa de Hundsdorfer y Verwer (2003). Con frecuencia, la
aproximación de tales problemas responde al denominado método de ĺıneas, me-
diante el cual la discretización de los operadores diferenciales en espacio y la inte-
gración en tiempo se realizan en dos etapas consecutivas. El primer paso en este
proceso consiste en discretizar el dominio f́ısico mediante un mallado adecuado.
Con este objetivo, introducimos una familia espećıfica de mallas que recibe el
nombre de mallas rectangulares lógicas. En tales mallas, el nodo (i, j) está
definido por sus coordenadas (xi,j , yi,j), donde i = 1, 2, . . . , Nx y j = 1, 2, . . . , Ny.
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Este tipo de mallados surge de forma natural cuando se aplican transformaciones
suaves de un dominio rectangular en el dominio f́ısico del problema considerado.
Aśı, si discretizamos el dominio rectangular mediante una malla cartesiana y
aplicamos la transformación dada, obtendremos una malla rectangular lógica en
el dominio f́ısico. En Knupp y Steinberg (1994) se estudian en profundidad las
propiedades y aplicaciones de este tipo de mallados. Ejemplos adicionales para el
caso de mallas con distintos grados de suavidad pueden encontrarse en Arbogast
et al. (1996), Shashkov y Steinberg (1996) y Calhoun et al. (2008).

Con el fin de introducir las técnicas de semidiscretización espacial estudiadas
a lo largo de la tesis, comenzamos por reescribir el problema (R.1) como un
sistema de ecuaciones de primer orden. Este sistema constituye la denominada
formulación mixta, que involucra a las variables ψ y u = −Kgradψ. En este
contexto, presentamos varias familias de métodos de diferencias finitas centradas
en celdas, especialmente diseñados para la aproximación de formulaciones de este
tipo. En general, los métodos de diferencias finitas son escasamente utilizados
en la resolución de problemas de cierta complejidad, debido a su falta de flexi-
bilidad para adaptarse a geometŕıas no triviales. Existen, sin embargo, algunas
excepciones notables que resultan adecuadas para la discretización de problemas
planteados sobre mallados rectangulares lógicos. A continuación describimos
brevemente dos de tales excepciones.

La primera clase de métodos involucra a los denominados esquemas de dife-
rencias finitas miméticas. Tales esquemas están basados en la técnica del opera-
dor-soporte, inicialmente introducida en los trabajos de Korshiya et al. (1980)
y Samarskĭı et al. (1981, 1982). La monograf́ıa de Shashkov (1996) proporciona
una descripción detallada de la mencionada técnica. La idea clave de los métodos
miméticos es la obtención de aproximaciones adecuadas de los operadores diver-
gencia y flujo (i.e., −Kgrad) que satisfagan una versión discreta de la primera
identidad de Green. Los métodos miméticos son equivalentes a ciertos métodos
de elementos finitos mixtos que involucran una forma bilineal discreta obtenida
mediante integración numérica. Dicha equivalencia surge de forma natural al
considerar los espacios de Raviart–Thomas de orden más bajo sobre elementos
cuadriláteros. Adicionalmente, esta propiedad permite derivar estimadores del
error a priori para la variable discreta, en el marco abstracto de los métodos
de Galerkin. Los primeros resultados de convergencia para métodos miméticos
fueron obtenidos por Lipnikov (2002) en el contexto de problemas eĺıpticos linea-
les (véase también Berndt et al. (2001)). En esta memoria, dichos resultados son
extendidos al caso parabólico semilineal.

Por otra parte, consideramos una segunda familia de métodos de diferencias
finitas centradas en celdas, que también permite adaptarse a la discretización
sobre mallados rectangulares lógicos. Estos esquemas se derivan del denomi-
nado método de elementos finitos expandido. Dicho método constituye una
extensión de la formulación mixta estándar, que introduce el gradiente negativo,
λ = −gradψ, como variable adicional (cf. Koebbe (1993); Chen (1998)). Si
aproximamos mediante reglas de cuadratura adecuadas los productos escalares
sobre vectores de la formulación variacional, obtenemos un esquema de diferen-
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cias finitas centradas en celdas para la variable ψ (siempre y cuando los espacios
de aproximación sean elegidos de forma apropiada, véase Arbogast et al. (1997)).
Definimos a continuación una variante de esta técnica, teniendo en cuenta la
siguiente idea: como paso previo a la aplicación de las reglas de cuadratura, el
dominio f́ısico (de geometŕıa irregular) es transformado en un dominio computa-
cional rectangular. Para ello, es necesario introducir una aplicación F , suave e
invertible, del dominio computacional al dominio f́ısico. La nueva formulación
expandida sustituye el gradiente negativo por el denominado gradiente ajus-
tado, definido como λ = −G−1gradψ. En este caso, G es un tensor simétrico y
definido positivo, que depende a su vez de la aplicación F y del tensor K. El
sistema original de primer orden se transforma aśı en un sistema análogo sobre el
dominio computacional, que involucra adecuadamente a la matriz jacobiana de
F . Por su parte, la transformación de K da lugar a un tensor lleno en el nuevo
sistema (a menos que K sea un tensor isótropo y F una aplicación ortogonal).
Este hecho implica la aparición de términos en derivadas mixtas en el problema
transformado, que tendrán que ser convenientemente tratados en el proceso de
integración temporal.

La semidiscretización espacial que se deriva de cualquiera de los métodos
previamente descritos da lugar a sistemas no lineales de ecuaciones diferenciales
ordinarias ŕıgidas (stiff ). Aśı, la incógnita ψ en (R.1) es aproximada mediante
Ψh, que satisface:

Ψht +Ah(Ψh) = Rh(Ψh) + Fh. (R.2)

En este caso, Ah(Ψh) y Rh(Ψh) son aproximaciones semidiscretas de los términos
de difusión y reacción, respectivamente, y Fh aproxima a f .

La integración temporal de dichos problemas mediante métodos clásicos ad-
mite las variantes expĺıcita e impĺıcita. Debido a la rigidez (stiffness) del tér-
mino de difusión semidiscreto, Ah(Ψh), el uso de métodos expĺıcitos exige pasos
en tiempo excesivamente pequeños. Este hecho da lugar a algoritmos prohibiti-
vamente costosos, especialmente al considerar problemas en varias dimensiones.
Por otra parte, un tratamiento impĺıcito de Ah(Ψh) y Rh(Ψh) hace necesaria la
resolución de uno o varios sistemas de ecuaciones no lineales en cada paso en
tiempo. Los denominados métodos de fraccionamiento o splitting proporcionan
una alternativa eficiente a este tipo de integradores temporales clásicos (cf. van
der Houwen y Verwer (1979)).

Al objeto de describir tales métodos, comenzaremos por considerar el caso en
que Ah(Ψh) puede expresarse como AhΨh. Bajo este supuesto, tanto Ah como
Fh se descomponen en un cierto número de sumandos más sencillos en algún
sentido. Es decir, Ah = Ah1 + Ah2 + . . . + Ahm y Fh = Fh1 + Fh2 + . . . + Fhm. En
este contexto, es posible definir dos tipoloǵıas de particionamiento. Si éste se
realiza en virtud de las variables espaciales, recibe el nombre de descomposición
dimensional o por componentes. Por el contrario, si se encuentra relacionado
con una partición adecuada del dominio espacial, se dice de tipo descomposición
de dominios.

El primer tipo de particionamiento lleva a cabo una reformulación del proble-
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ma multidimensional en un conjunto de problemas esencialmente unidimensio-
nales, siguiendo la idea de los métodos clásicos de direcciones alternadas (cf.
Marchuk (1990); Hundsdorfer y Verwer (2003)). La caracteŕıstica más relevante
de dichos métodos radica en que son capaces de combinar las principales venta-
jas de los métodos expĺıcitos e impĺıcitos. En particular, muestran un compor-
tamiento estable, independientemente del tamaño de malla espacial y del paso en
tiempo, y poseen la misma complejidad computacional que los métodos expĺıci-
tos. Sin embargo, presentan ciertas dificultades para el tratamiento impĺıcito de
los términos en derivadas mixtas. Existen en la literatura diversas contribuciones
al estudio de los métodos de direcciones alternadas para la resolución de proble-
mas que involucran términos de este tipo (cf. McKee et al. (1996); in ’t Hout y
Welfert (2007, 2009)). En este sentido, el presente trabajo propone y analiza un
método de descomposición dimensional que considera la contribución expĺıcita
de las derivadas mixtas asociadas a un tensor K con elementos extra-diagonales
no nulos.

En ciertas situaciones, por el contrario, un particionamiento de tipo des-
composición de dominios puede presentar una mayor flexibilidad que otro por
componentes. Ejemplos de ello son el uso de mallados rectangulares lógicos sin
suavidad o la aplicación de mallados no estructurados. Las particiones asociadas
a descomposiciones del dominio espacial fueron introducidas por Vabishchevich
(1989, 1994), en el contexto de los esquemas regionalmente aditivos, y posterior-
mente extendidas por Mathew et al. (1998), Portero (2007) y Vabishchevich
(2008) a la resolución de problemas parabólicos lineales. En esencia, la aplicación
de este tipo de descomposiciones permite reducir la matriz del sistema a una
coleccion de submatrices desacopladas de menor dimensión. En comparación
con los métodos clásicos de descomposición de dominios (cf. Quarteroni y Valli
(1999)), la técnica aqúı descrita no involucra procesos iterativos de Schwarz,
reducienso aśı el costo computacional del proceso de resolución. Este tipo de
splittings es considerado a lo largo de esta tesis en combinación con los esquemas
miméticos antes descritos.

Una vez realizada la partición de Ah y Fh, ésta debe combinarse con un
integrador temporal adecuado. En este contexto, los métodos Runge–Kutta de
pasos fraccionarios de m niveles (RKPFm) constituyen una alternativa intere-
sante a otros métodos clásicos. Tales métodos son integradores temporales de un
paso que combinan m métodos Runge–Kutta diagonalmente impĺıcitos de forma
aditiva, lo que permite resolver problemas semidiscretos de la forma (R.2) en
los que Ah y Fh han sido previamente particionados. Un estudio exhaustivo de
estos métodos, en el contexto de problemas parabólicos lineales, puede encon-
trarse en Jorge (1992), Bujanda (1999) y Portero (2007). En nuestro caso, la
presencia del término semidiscreto de reacción no lineal, Rh(Ψh), sugiere la adi-
ción de un esquema Runge–Kutta expĺıcito al método RKPFm a fin de evitar la
aparición de sistemas de ecuaciones no lineales. Los integradores temporales aśı
obtenidos se denominan métodos RKPFm+1 linealmente impĺıcitos (cf. Bujanda
y Jorge (2006a, 2007)) y permiten reducir el problema semidiscreto no lineal a
una colección de sistemas de ecuaciones lineales cuya resolución es fácilmente
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paralelizable.

Finalmente, el caso cuasilineal –que involucra un término Ah(Ψh) no lineal–
considera una linealización local del problema (R.2). En esencia, Ah(Ψh) es
descompuesto en la forma Ah(Ψh) = F̆h + JhΨh + Bh(Ψh) en cada paso en
tiempo. Las contribuciones clásicas de Cooper y Sayfy (1980, 1983) sugieren
combinar un método impĺıcito para la parte lineal de Ah(Ψh) con una fórmula
expĺıcita para los términos restantes. Tales métodos se hallan estrechamente
relacionados con los métodos impĺıcitos–expĺıcitos (cf. Ruuth (1995); Ascher
et al. (1997)). Como alternativa a este tipo de esquemas, proponemos una des-
composición del término Jh dada por Jh = Jh1 + Jh2 + . . . + Jhm. Por su parte,
F̆h se considera como un término fuente/sumidero adicional y, por tanto, es
particionado al igual que Fh, i.e., F̆h = F̆h1 + F̆h2 + . . .+ F̆hm. A continuación, las
particiones de Jh, F̆h y Fh se combinan con un método RKPFm+1 linealmente
impĺıcito que considera contribuciones expĺıcitas de Rh(Ψh) y Bh(Ψh). Por
último, para obtener una solución aproximada al problema (R.2), habremos de
resolver uno o varios sistemas de ecuaciones lineales por cada paso en tiempo.

En esencia, el contenido de esta tesis está estructurado en torno a cinco
caṕıtulos. A continuación, realizamos una descripción somera de las principales
aportaciones de cada uno de ellos.

El Caṕıtulo 2 se plantea como una introducción a los métodos miméticos de
pasos fraccionarios y está centrado principalmente en aspectos computacionales.
Con el fin de obtener una aproximación numérica a la solución de un problema
parabólico semilineal, dichos métodos combinan un esquema de diferencias fini-
tas miméticas con un método RKPFm+1. En particular, la técnica mimética
introducida en este caṕıtulo localiza los grados de libertad de ψ en los centros
geométricos de las celdas y los correspondientes a las componentes cartesianas
de u en los nodos de la malla. En lo que respecta a la integración en tiempo,
se describe una partición del operador de tipo descomposición de dominios, que
será posteriormente utilizada en combinación con una variante linealmente im-
pĺıcita del método clásico de Yanenko (1971). El esquema totalmente discreto
aśı obtenido es convergente de segundo orden en espacio y primer orden en
tiempo e incondicionalmente estable. Los resultados numéricos ilustran el com-
portamiento del algoritmo sobre una colección de mallados rectangulares lógicos.

En el Caṕıtulo 3, consideramos ciertas variantes de los métodos miméticos
de pasos fraccionarios propuestos en el caṕıtulo anterior. La principal contribu-
ción de este caṕıtulo es la introducción de un marco teórico adecuado que nos
va a permitir desarrollar el análisis de convergencia de los métodos descritos.
Al igual que los esquemas discutidos previamente, la técnica mimética de este
caṕıtulo considera los grados de libertad de ψ en los centros geométricos de las
celdas. Sin embargo, traslada los correspondientes a u a los puntos medios de los
lados de la malla, proporcionando aśı aproximaciones adecuadas a la proyección
ortogonal de u sobre los vectores normales unitarios a cada uno de dichos lados.
Es interesante hacer notar que los grados de libertad de este método son precisa-
mente los asociados al elemento cuadrilátero de Raviart–Thomas de orden más
bajo. Esta propiedad nos permite establecer una equivalencia entre el esquema
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de diferencias finitas miméticas y determinados métodos de elementos finitos
mixtos. A través de dicha equivalencia, podremos desarrollar el análisis teórico
del primero en el marco abstracto de los segundos. Por otra parte, adapta-
mos la técnica de descomposición de dominios introducida previamente al nuevo
operador de difusión discreto para, a continuación, combinarla con una familia
de métodos RKPFm+1 linealmente impĺıcitos inspirados en el método clásico de
Peaceman–Rachford. En este contexto, demostramos que el algoritmo resultante
es incondicionalmente convergente de segundo orden en espacio y tiempo. Para
concluir, ilustramos los resultados teóricos con algunos ensayos numéricos.

Los problemas analizados hasta el momento están planteados sobre dominios
poligonales que pueden discretizarse mediante mallados rectangulares lógicos.
En el Caṕıtulo 4, consideramos dominios f́ısicos de geometŕıa general que ad-
miten una transformación suave a un dominio computacional rectangular. En
este caso, el proceso de discretización se realiza en tres etapas: 1) partiendo
del problema original, se define inicialmente un problema transformado sobre el
dominio computacional; 2) dicho problema puede resolverse mediante el uso de
técnicas de discretización espećıficas para mallados rectangulares; y 3) la solu-
ción aśı obtenida es transformada de nuevo sobre el dominio f́ısico y constituye
una aproximación adecuada a la solución del problema original. Para la reso-
lución de la etapa intermedia, proponemos el uso de un método combinado de
diferencias finitas centradas en celdas y pasos fraccionarios. En este caso, la
técnica de discretización espacial está basada en un método de elementos finitos
mixtos expandido que, mediante el uso de reglas de cuadratura adecuadas, puede
reducirse a un esquema centrado en celdas. El esquema semidiscreto aśı obtenido
es descompuesto a continuación según la técnica de direcciones alternadas. En
este punto, debido a que la transformación del problema original suele introducir
tensores llenos en el problema transformado, es necesario extender los métodos
clásicos de partición por componentes a la integración temporal de problemas
que involucran términos en derivadas mixtas. Una vez realizada dicha partición,
introducimos una nueva variante linealmente impĺıcita del método de Yanenko,
según la cual las derivadas mixtas contribuyen expĺıcitamente al esquema final.
El caṕıtulo proporciona estimadores del error a priori para los esquemas semidis-
creto y totalmente discreto. La familia de métodos propuesta es convergente de
segundo orden en espacio y primer orden en tiempo e incondicionalmente es-
table, tal y como confirman los ensayos numéricos incluidos al final del caṕıtulo.
Para terminar, es significativo observar que el integrador temporal de segundo
orden utilizado en el Caṕıtulo 3 no es adecuado en este caso, ya que no preserva
la estabilidad incondicional del método de primer orden.

Finalmente, el Caṕıtulo 5 está centrado en el diseño de algoritmos eficientes
para la resolución de problemas cuasilineales de la forma (R.1). Puesto que
la cuasilinealidad de tales problemas viene determinada por la presencia de un
tensor no lineal en el término de difusión, será necesaria una extensión ade-
cuada de las técnicas de discretización discutidas en los caṕıtulos anteriores.
La semidiscretización espacial se realiza mediante el esquema mimético intro-
ducido en el Caṕıtulo 2. Tal esquema incorpora un método de interpolación
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bicuadrática que nos permite obtener aproximaciones del tensor en los nodos de
la malla, preservando aśı el orden de convergencia del método. Por su parte,
el sistema de ecuaciones diferenciales ordinarias que resulta de la discretización
espacial contiene un término de difusión discreta no lineal que será linealizado
en cada paso en tiempo. En este contexto, el esquema totalmente discreto se
basa en un método de pasos fraccionarios linealmente impĺıcito que utiliza una
partición de tipo descomposición de dominios para los términos lineales. En
esencia, el método integra impĺıcitamente los términos lineales particionados y
considera una contribución expĺıcita de los términos no lineales. Este proceso
de linealización local evita la resolución de sistemas no lineales en el algoritmo
final. Para terminar, se proponen dos métodos RKPFm+1 espećıficos que ex-
tienden los esquemas utilizados previamente al caso cuasilineal: un método de
primer orden incondicionalmente estable, basado en las variantes del método
de Yanenko; y un método de segundo orden condicionalmente estable (con una
restricción de estabilidad leve), que se deriva de la generalización del método de
Peaceman–Rachford introducida en el Caṕıtulo 3. El comportamiento numérico
de los esquemas propuestos se ilustra mediante diversos ensayos, que establecen
a su vez comparaciones adicionales con métodos de tipo Rosenbrock.

La memoria finaliza con un caṕıtulo de conclusiones, en el que se resumen las
principales contribuciones de la tesis y se indican las publicaciones más relevantes
derivadas de la misma. Se incluyen también algunas sugerencias para extender
los métodos propuestos, estableciendo pautas concretas de trabajo futuro.
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Amando, Amandiño, que eras de Corredoira,
cómo vuelve esta noche, con qué mágica luz,

aquel baño silvestre, y nuestras cabriolas
desnudas por el prado salpicado de bostas,
y aquella canción tuya, amigo agreste, bucanero de siete años
–�Ay, ay, ay, bendito es el borracho�–,
bajando por las hondas carballeiras
desmedida, insistente y en pelotas.
De aquel verano todo se ha perdido
menos aquella hora
maravillosamente sediciosa.

Después
tú te quedaste por tu mundo, libre de calendarios;
yo me adentré en el olor intacto de los nuevos libros.
De ellos saĺıa el camino que –cursos, gentes, ciudades–
me ha tráıdo hasta esto.

Y ahora que contemplo mi vida
y me vienen ganas de darle una limosna,
le pregunto a los años
qué habrá sido de ti, Amandiño, amigo de un verano;
qué habrá sido de mı́.

4-VII-84

Miguel d’Ors


